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Abstract

Permanent magnet synchronous motors dominate many industries due to their superior
power and torque density. However, temperature sensitivity remains a key vulnerability, as
high temperatures can damage components like permanent magnets, stator windings, etc.
Monitoring the temperature inside these motors with physical sensors comes with its own
set of challenges, such as difficulty in measuring temperatures in a spinning rotor, sensor
drift, etc. In addition to that, multiple sensors are needed to obtain a complete thermal
profile, which poses another challenge in cost-prohibitive industries, such as automotive.
To solve these problems, alternative methods of temperature estimation have been a
focus of research. Data-driven temperature estimation models that integrate physical
knowledge, such as thermal neural networks (TNNs), have shown great potential here.
But their black-box nature and deterministic point predictions make them challenging to
deploy in safety-critical applications.

This work intends to address this challenge by quantifying the uncertainty in data-driven
temperature estimation models. It evaluates Gaussian processes, dropouts, deep ensem-
bles, evidential deep learning (EDL) optimized with negative log-likelihood (NLL), and
EDL optimized with the Continuous Ranked Probability Score (CRPS) on TNNs. To
maintain the baseline TNN’s gray-box physical interpretability, novel architectural solu-
tions are proposed. Furthermore, this work demonstrates that CRPS is a viable loss func-
tion for EDL, an approach that has not previously been explored in the literature.

The performance of these uncertainty quantification (UQ) methods has been rigorously
compared using a wide range of metrics, including CRPS, NLL, reliability diagrams, mis-
calibration area, inference time, and model storage requirements. Based on the analysis,
Gaussian processes emerged as the winner, with the best overall uncertainty calibration
performance. Dropout achieved the best accuracy on the MSE metric. EDL-based meth-
ods showed good performance, with negligible computational overhead. This work also
demonstrated the unsuitability of deep ensembles for UQ in TNNs.
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1 Introduction

Electric drives have seen an increase in demand, largely driven by the electric vehicle
industry. Permanent magnet synchronous motors (PMSMs) are the most commonly used
motors here due to their high power and torque density [1], [2]. However, PMSMs have
many heat-sensitive components, such as the permanent magnet, stator yoke, stator tooth,
and stator windings. Elevated temperatures in PMSMs do not merely result in efficiency
losses, but they can also cause bearing failure, irreversible magnet demagnetization, and
winding insulation breakdown. Conversely, to maximize performance, manufacturers aim
to operate these motors at their physical limits. This vulnerability is why there has been
a significant amount of research into the thermal modeling of PMSMs.

286 mm
267 mm

‘stator yoke

Fig. 1.1: Cross section of a PMSM (taken from [3])

Accurate internal temperature measurement through physical sensors alone presents sev-
eral limitations. The work presented in [4] outlines several drawbacks of relying solely
on sensor-based measurements. Sensors are prone to long-term failure and are costly
to repair. They also struggle with spatial resolution, specifically in identifying localized
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hotspots. Measuring temperatures within the rotating rotor with a physical sensor is also
rather challenging.

Reliance on a single sensor also often results in an incomplete thermal profile. The author
highlights the economic burden of integrating multiple sensors in cost-sensitive industries
like automotive. Finally, the necessity of independent validation tests under standards
such as ISO 26262 further complicates the use of physical sensors alone, motivating the
need for estimation models.

Data-driven models that incorporate physical knowledge have shown great potential in this
domain. A thermal neural network (TNN) is one such method. In [5], the authors showed
that this method outperformed all existing models suitable for real-time temperature
estimation.

However, these data-driven models have a critical problem, namely, their unexplainabil-
ity. This makes their use in safety-critical applications quite difficult. This study aims
to address this problem by quantifying the uncertainty in data-driven motor drive tem-
perature estimation models. It focuses on TNN in particular because of its accuracy and
gray-box nature that allows for a limited degree of explainability. This work investigates
five uncertainty quantification methods, integrates them into the TNN, and rigorously
evaluates their estimates.

This work is divided into three main sections. In the fundamentals section, a brief overview
of temperature estimation models is provided, followed by an introduction to uncertainty
quantification (UQ) and the methods used for UQ and calibration.

In the implementation section, a detailed overview of how the UQ methods were integrated
into the TNN is provided, along with an explanation of the novel branched architecture.
It also summarizes the hyperparameter optimization that was performed for the UQ
methods discussed in this work.

Finally, the results are presented, including plots that visualize model performance.



2 Fundamentals

2.1 Thermal modeling of PMSMs

Historically, computational fluid dynamics (CFD) and finite element analysis (FEA) have
been used to estimate temperatures, but these methods are too slow for online monitoring
and control(cf Fig. 2.1).

Material / Design
Experimental Knowledge
Data

Black-Box
Models

White-Box
Models

.
>

(Deep) Machine
....... Learning | Real-TimeConstraint |
such as
Artificial Neural Lumped-Parameter
Networks (ANN) Thermal Networks

(LPTN)

Temperature-Sensitive
Electrical Parameter
Tracking

Linear
Regression

Model / Computational Complexity

>

A Priori System Knowledge
Fig. 2.1: Overview of temperature estimation models (taken from [4])

As per [1], online temperature estimation models for PMSMs can be classified into 3
classes.

e Thermal-based models: These classes of models use thermal properties of materials
and fundamental heat theory to extrapolate the temperatures from temperature
measurements at easily accessible locations. Lumped-parameter thermal networks
(LPTNs) can be included in this section.
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o Electric-based models: These models try to estimate winding resistance and per-
manent magnet flux to estimate the temperature using electrical equations. Several
challenges arise when estimating temperatures using these models, including dis-
crepancies between actual and reference voltages due to inverter nonlinearities [1].

o Data-driven models: Modern systems can collect large amounts of data, including
operating speed, torque, reference voltage, and current. Data-driven models try
to estimate temperature from these measurements. These methods could be com-
pletely black-box, such as neural networks, or they could integrate the structure from
electrical or thermal-based models, yielding gray-box models. A current overview of
data-driven methods is available in [1]. These models can model nonlinearities in the
system and address approximation errors associated with other modeling methods.
Unexplainability remains a key weakness for this class of models.

The following sections will first introduce LPTNs and TNNs. Subsequent sections will
then focus on UQ methods in data-driven methods.

2.1.1 Lumped Parameter Thermal Network

LPTN is a thermal-based modeling technique for temperature estimation in complex
systems. It exploits the electrical analog of thermal components, i.e., certain thermal
elements behave like electrical components. For e.g., elements that store heat can be
thought of behaving like a capacitor. Temperature can be modeled as voltage, since a
temperature gradient drives heat flow. Heat flow can be modeled as a current. Thermal
resistance becomes an electrical resistance. The thermal behavior of the system is then
described through energy balance equations between these components. Fig 2.2 shows

Rswpm
Rsy,st ]
1
| I |
Rc sy Rsysw Rsw,st Rstpm Rpm.a
() l Psy Psw Pst Ppm
e — l sy — lﬂsw — lﬁST p— lﬁPM lﬁA
R v R iR

Fig. 2.2: Thermal equivalent circuit of a PMSM including nodes for coolant and ambient
temperature (taken from [3]).

a thermal equivalent circuit of a PMSM that is taken from [3]. Values of the thermal
resistances, power losses, and capacitance are generally unknown and must be estimated.
These estimates require material and geometric data and sometimes use approximations
for geometric shapes. After accounting for boundary conditions, material and geometrical
data, and other approximations, the dynamics of the thermal equivalent circuit can be
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written as a system of ordinary differential equations, as shown below

dd; ¥ — 9, "o — 9,
Ci(¢(t)— =m(C(t) + Yy L
€O =mCO+ X 7w & R, @)
Here C',m,R, and 9 represent thermal capacitance, power losses, resistance, and tem-
perature, respectively. Temperatures that are measured during operation are referred to
as ancillary temperatures, and are denoted by 9. Due to the approximations involved
in deriving Eq. 2.1, parameters vary not just with time but also vary with operating
conditions. {(t), known as the scheduling vector, is used to denote this property of these
parameters.

(2.1)

LPTNs can be classified into dark gray-box, light gray-box, and white-box depending on
the level of abstraction of the components. White-box LPTNs are not suitable for online
temperature monitoring in PMSMs due to computational demands. Gray-box and black
LPTNs remain a contender for online temperature estimation. A detailed overview of
LPTNs is available in [3].

2.1.2 Thermal Neural Network

TNN is a data-driven method inspired by gray-box LPTN. It uses neural networks to
estimate the LPTN parameters. This enables temperature estimation without material
information or geometric approximations. Unlike LPTN, TNN can learn to approximate
parameters across a wide range of operating conditions with a single model, provided
these conditions are sufficiently captured in the training data. TNNs were introduced in
[5]. Eq. 2.1 can be rewritten using first-order Euler discretization as

Vilk + 1] = 0;[k] + Tiri[K] (Wi[k] + > (O5[k] = Oilk])vig (k] + > _(9;[K] — Oi[k])vi (]
jeEM\i Jj=1
(2.2)
T, denotes sampling time. Thermal resistance R has been replaced by thermal conduc-
tance v for numerical stability, % = ~. Similarly, thermal capacitance C' has been replaced
1

by inverse capacitance, 5 = x. Eq. 2.2, can be rewritten in matrix form as follows,

Ok + 1] = D[k + Tuwlk] © (lk] + ((Loag - D117 = D[] - Lur) © GlM 1) - Lint)
(2.3)

Here, M denotes the number of nodes being modeled, n denotes the number of ancillary
temperatures being available, 1, denotes a row matrix of ones with dimensions (1, a),

. o Iy
Voxt = [19T ﬁT} and © represents element-wise multiplication. G denotes thermal
conductance adjacency matrix such that

[ 0 V1,2 71,3 T V1, |M|+n ]

1,2 0 Y23t Y2 Ml+n

Y, M4n—1 V2, M|4+n—1 V3 M|+n—-1 " V|M|+n—1,|M|+n
| VL, M|+n V2 M]+n V3 M|4+n T 0




Fundamentals

D[k

Ik + 1]
~ el state 59‘— D

e _‘ l_ I:
Therm. Conductances —CD+

Therm."é‘::;:ceitances = _‘ l_ [
> CD

......... Power Loss _' I

®)
|_|I|_|
it

Thermal 7-‘- m-th Order LPTN Structure

Neural Network

L
l

Fig. 2.3: TNNs as defined by [5]. Here ~ indicates thermal capacitances 7 indicates
power losses, k indicates inverse capacitances and 1 indicates the temperatures.

G is time-varying; Eq. 2.4 is one such realization. In TNNs, neural networks are used to
estimate equivalent power losses and thermal conductance. The inverse thermal capaci-
tance is treated as a learned parameter for simplification. Data-driven TNNs offer high
accuracy and low computational overhead. But they are black-box models, incorporating
UQ is essential in these models for safety-critical applications to provide a measure of
confidence in the model’s predictions, especially when operating in transient or edge-case
conditions where thermal runaway is a risk. By comparing different U(Q methods, this
study seeks to enhance the reliability and interpretability of TNNs.

2.2 Uncertainty Quantification

In real-world modeling and data acquisition, unknowns are inevitable. These range from
microscopic sensor defects to the numerous approximations inherent in the modeling pro-

6
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cess itself. Such unknowns result in prediction errors, while these may be tolerable in
certain fields, safety-critical applications necessitate that they are rigorously quantified.
This discipline, known as UQ, provides a mathematical framework to transform these
unknowns into measurable, actionable confidence intervals. Historically, UQ has focused
on uncertainty propagation, analyzing how input variabilities, such as sensor tolerances,
manifest in the output of a system (e.g., a Finite Element Analysis model). This method
range includes Monte-Carlo simulations, unscented transforms, polynomial chaos expan-
sion, etc. An overview of some of these methods can be found in [6]. Even though [6]
focuses on uncertainty in orbital mechanics, these methods are generalizable. Uncertain-
ties are classified into two categories: aleatoric and epistemic. Aleatoric uncertainty is

---- True Model (sin(x))
—— Estimated Model (x — x3/6)
e Observations

—33 ) ) 0 1 2 3

Fig. 2.4: The true underlying data generation model is sin(x), but the observations
shown here by red dots are noisy. The predictive model is a third-order Taylor expansion
of sin(z). Here, epistemic uncertainty is 0 near the origin but explodes away from it.
Aleatoric uncertainty remains the same everywhere.

defined as inaccuracies in predictions arising from uncertainty in the data acquisition
process. These could be due to sensor noise or environmental factors such as moisture
or vibrations. It is informally referred to as data uncertainty. In thermal modeling, this
typically stems from stochastic sources such as sensor noise, measurement tolerances, or
environmental fluctuations that arise during data collection. This type of uncertainty is ir-
reducible without using lower-tolerance sensors or controlling the environment. Collecting
more data using the same sensors under the same conditions will not reduce it.
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Epistemic uncertainty is defined as inaccuracies in predictions due to assumptions made
during the modeling process. It could include a vast array of factors, such as poor model
choice (e.g., using a linear model on non-linear data), poor input parameter choices,
insufficient data, etc. It is informally referred to as model uncertainty. Unlike aleatoric
uncertainty, epistemic uncertainty is reducible. It can be reduced by providing the model
with more diverse training data or by refining the modeling architecture.

The difference between them can be visually seen in Fig. 2.4.

2.2.1 Overview of uncertainty quantification methods
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Fig. 2.5: Classification of UQ methods in neural networks (taken from [7])

Fig 2.5 shows the classification of UQ methods for neural networks as presented in [7].
The authors of [7] classified them into the following categories.

o Deterministic methods use fixed weights and attempt to estimate uncertainty with
a single forward pass. These methods were historically suitable only for aleatoric
uncertainties, but new methods, such as evidential deep learning, demonstrate their
suitability for epistemic uncertainty as well.

« In Bayesian neural networks(BNNs), instead of using deterministic weights, weights
themselves are probabilistic. By marginalizing over their distributions, the model
captures epistemic uncertainty. They are introduced in Sec. 2.5.

e In ensemble methods, multiple deterministic methods are combined, and the vari-
ance between them is used for estimating the uncertainty. They are introduced in

Sec. 2.6.
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o Test-time augmented methods(TTA) methods estimate uncertainty by passing sev-
eral modified versions of the same input (like rotated or flipped images) through a
trained network. If the outputs vary significantly, the model is considered uncertain.

There are also other methods that are not strictly limited to neural networks and can
be used for UQ in TNN, such as Gaussian processes (GP). GP are introduced in Sec.
2.4. In this work, GP and one representative method from each of the first three classes
are compared. TTA methods are excluded from this comparative analysis due to time
constraints and their lower effectiveness for regression-related tasks.

2.3 Scoring Rules

Scoring rules are used to evaluate the fit of predictive distributions to deterministic data.
A scoring rule is considered proper if it is minimized when the predictive distribution is
equal to the true distribution. When there exists only a unique value that minimizes the
score, it is called a strictly proper metric [8]. In this work, CRPS(Continuous ranked
probability score) and NLL(Negative log likelihood) are considered. Both are strictly
proper scoring rules.

2.3.1 Negative log likelihood

NLL comes from Bayesian decision theory, where the goal is to find the optimal parameters
of a probabilistic distribution that maximizes the likelihood of the observed input data
@. Input data is assumed to be independent and identically distributed (i.i.d).

n

p(w(l), R 7CU(n) ‘ BLL) = Hp(w(’) | OLL)' (25)

=1

Here, 0 indicates the parameters of the assumed probabilistic distribution and a®
indicates the i-th sample in the input set. Equation (2.5) represents the likelihood of
observing the data. To separate out the multiplicative term, a logarithm of the likelihood
is used. For numerical reasons, likelihood is minimized, therefore, a negative sign is

added.
NLL = — > logp(z'” | 011). (2.6)
i=1

For a single-dimensional normally distributed data,

n

1
NLLporma =Y 5 log(2767) +

i=1

(2.7)

where [i; indicates predicted mean and &; indicates predicted standard deviation for the
i-th sample.
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1.0 (a) CRPS Score : 0.0833 1.0 (b) CRPS Score : 0.4229
. 1 . 1
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Fig. 2.6: This illustration of CRPS assumes the predictive distribution to be normal.
Ground truth is 3 = 5. In figure (a), 9 = 5.1,6 = 0.3, there is low error and low
uncertainty. This is the ideal case. In figure (b), §¥ = 5.1,6 = 1.8, there is low error
but high uncertainty. Predictions are punished for being underconfident. In figure (c),
§) = 75,6 = 1.8, there is high error and high uncertainty. Here, the model is being
punished for being inaccurate. In figure (d), §) = 7.5, = 0.3, there is high error but
low uncertainty. Here, the model is being punished for being overconfident.
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2.3.2 Continuous Ranked Probability Score

CRPS was first defined in [9], [10]. Since then, it has been used for weather forecasting.
With an increased focus on probabilistic machine learning, CRPS is being adopted more
widely. Mathematically,

e}

CRPS(F, ) = [ [F(9) — H(5 — y)dy. (28)

— 00

here Fj(.) is the cumulative distribution function at i-th prediction and H(.) is the Heav-
iside function. '
0 ifj—y® <0

. : 2.9
1 ifg—y® >0 (2.9)

H(j—y") = {

Fig. 2.6 gives a graphical overview of CRPS. The lowest possible value for CRPS can be 0.
For NLL, there is no minimum value. CRPS and NLL can be considered as extensions of
maximum absolute error and mean squared error, respectively, in probabilistic modeling

8], [11].

2.4 (Gaussian Processes

GP provides a probabilistic framework for regression that naturally incorporates uncer-
tainty in predictions. Before introducing GP regression (GPR), it is helpful to first discuss
Bayesian regression, which serves as a conceptual and mathematical foundation for un-
derstanding GP.

2.4.1 Bayesian regression with Gaussian prior

Given a dataset
D= {(m(l)’ y(l))’ (a:(2), y(2)), e (w(n)7 y(n))}’ (2_10)

where 2(® € R? denotes the input vector and y® € R the corresponding scalar output.
Observations are assumed to be corrupted by additive Gaussian noise € such that

y D = fl@D)+e, e~ N(0,07%). (2.11)

Here, N denotes a Gaussian distribution and o denotes measurement noise variance. The
discussion first focuses on linear regression models. A linear function can be represented
as

f(x) = w + wy 2. (2.12)

where w; € R is a bias term and w, € R? is a vector of weights. Augmented feature

vectors are defined as
i 1 w
P(z") = lxu)] , w= l 11 : (2.13)

wy

With this notation, the model can be written compactly as

11
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f(@) = (@) Tw. (2.14)
Let the design matrix @ € R™ (41 be defined as

(x)) T
@NT
b = 4 _ ) . (2.15)
()T
and let output y be
y(l)
(2)
Y= y' (2.16)
)
The observation model for the full dataset can then be written as
y=dw +e, e ~N(0,0°L,). (2.17)

Here, I, denotes an identity matrix of size n. A Gaussian prior is placed over the
weights:
p(w) = N(w | po, Xop). (2.18)

Here, u,, and X, denote the mean and the covariance matrix of the weights, respectively.
Conditioned on the weights w, the likelihood of the observed targets is given by

ply | w,x) = N(y | dw,o*I,). (2.19)
Using Bayes’ theorem, the posterior distribution over the weights is

plw |y, z) xp(y | w,z)p(w). (2.20)
Substituting the expressions for the likelihood and the prior yields

plw |y, z) < N(y | Sw, o’ L) N(w | pu, Zu). (2.21)

Since both the prior and the likelihood are Gaussian and the model is linear in w, The
posterior distribution is also Gaussian:

pw |y, ) = N(W | Kpost, Zpost)- (2.22)

The posterior mean and covariance can be obtained in closed form and are given by
1 -1
St = (z;l + 245%) , (2.23)
o
_ 1
Hpost = 2post (Ewlﬂw + O_QQSTy> . (224)

12



Fundamentals

a
(a) 3
2
o 1
s
@ 0
3 -1
-2
-3
(b)
3
2
o 1
s
@ 0
3 -1
-2
-3
(c)
10
5
> 0
-5
-10

Weight Space P(w)

x  Weight Samples

23 -2 -1 0 1 2

wy (Intercept)

Weight Space P(w|D)

x  Weight Samples

e

23 2 -1 0 1 2

wy (Intercept)

Cubic Prior Predictive P(y)

Predictive Unc. (20)
—— Mean &’y
e Training Data (y)

-4 -2 0 2 4
X

10

-10

Prior Predictive P(y)

Predictive Unc. (20)
—— Mean &7y
e Training Data (y)

23 -2 -1 0 1 2 3

X

Posterior Predictive P(y|D)

Predictive Unc. (20)
Mean &7
e Training Data (y)

Cubic Posterior Predictive P(y|D)

Predictive Unc. (20)
— Mean 97,
e Training Data (y)

—4 -2 0 2 4
X

Fig. 2.7: Illustration of Bayesian linear regression on a synthetic dataset. The data is
generated according to y = 0.5z + 1.0 + &, with & ~ N(0,1), where the inputs x are
sampled uniformly from the interval [—1,1]. Panel (a) shows the prior distribution over
the weights, N'([0, 0]7, L), visualized in both weight space and function space. Panel (b)
shows the posterior distribution obtained after conditioning on the observed data, using
the posterior mean and covariance defined in Equations (2.23) and (2.24) on and linear
mapping. In Figure (c), the prior and posterior function spaces for the same dataset,
using a cubic mapping, are shown. These illustrations are inspired by the lecture series
of Universitdt Tubingen [12].
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The Bayesian linear regression framework is not restricted to linear functions of the input.
The model allows for nonlinear dependence on the input through a suitable choice of basis
functions.

As an example, a regression model of the following form can be considered.
f(x) = wy + wex + wasin(x) + wycos(x). (2.25)

Defining the feature vector as

1 w1
b(z) = Sm"”(w) . w= gz . (2.26)
cos(x) wy

In case of x being multidimensional, operations are done element-wise. The model can
be written compactly as

fla) = ¢(z) w. (2.27)

Despite the nonlinear dependence on the input x, the model remains linear in the weights
w. Consequently, the posterior distribution over the weights is still Gaussian, and the
expressions for the posterior mean and covariance given in equations (2.23) and (2.24)
remain valid.

2.4.2 Kernel Trick

As seen in section 2.4.1, @ maps an input @ into a higher-dimensional feature space. It is

also possible to choose a feature map whose output has infinitely many dimensions. For
1

1/x

example, one can define ¢(x) = | /2| The kernel trick allows one to work with such

infinite-dimensional objects. Working with an infinite-dimensional feature space allows
GP models to represent a very rich class of functions, making them universal function
approximators. Equations (2.23) and (2.24) for the posterior mean and covariance ma-
trix can be rewritten using the matrix inverse lemma identity [13]. The equations then
become: .

Shost = Ty — Ty @' (85,8 +0°L,) B3, (2.28)

-1
Ppost = o + Zu®' (83,87 4+ 0°L,)  (y — Bpy). (2.29)

The kernel trick is then used to compute the value of X, directly, instead of keeping
the individual matrices in memory. The derivation uses the matrix inverse lemma identity
and algebraic manipulation. A full detailed derivation is available in [14]. It defines a
kernel (covariance) function k(x, ') such that
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kz,a') = (p(x). ¢(a))s, = ¢(x) o). (2.30)

Here, k(x,x') denotes the i,j-th element of the hence obtained kernel matrix, whereas x
denotes the i-th sample and @’ denotes the j-th sample. In GP literature, it is also common
practice not to include 3,,, as it is often assumed to be the identity matrix of appropriate
size, with prior information already encoded in the kernel function. GP can be thought
of as using Bayesian regression for a Gaussian prior and defining the covariance matrix
using a kernel function. A GP is specified by a mean function and the corresponding
kernel function.

ful@) ~ GP(m(a), k(w.a)). (231)

Here, m(z) is the mean function and GP represents GP. It represents the modeled func-
tion’s baseline behavior in the absence of the data, while the kernel controls how the
function varies around that baseline and how values at different inputs are correlated. In
principle, m(x) can be any function of x, for example, a constant, a linear trend, or a
parametric model.

m(x) = c, m(x) =a'x+b, m(z) = g(z; 0). (2.32)

Here, a, b, c represent arbitrary matrices of appropriate dimensions, and @ represents
the model parameters when the mean function is defined parametrically. However, in
many applications, a complex mean function is unnecessary. It is common to use a simple
choice such as m(x) = 0 (often after centering the targets), and let the kernel capture the
required variation and structure in the data. A convenient decomposition is

fop() = m(x) + g(x),  g(x) ~GP(0, K). (2.33)

where m(x) models any known global trend and the GP term g(a) models the remaining
structured deviations. Given inputs V), ..., 2™, the kernel matrix K € R™*" is defined
by Ki; = k(z@,21)). Computing all entries of K typically costs O(n?) kernel evaluations.
Total cost also depends on the cost of evaluating k. Many common kernel choices and
their function space are summarized in Fig 2.8. A detailed overview of kernels is available
n [14]. A function k(x, ') is a valid kernel if, for any finite set of inputs {z®, ... &™)},
the kernel matrix K with entries K;; is a valid covariance matrix. Therefore, K must be
symmetric and positive semi-definite, i.e.,

K=K'" and v Kv>0 forallveR" (2.34)

Multiple kernels can be combined to capture different characteristics of the data. For
example, if one expects a periodic component and a general trend otherwise, two separate
kernels can be used. A common approach is to add kernels:

k(z,x') = ki(z, ') + ko, 2'). (2.35)

In a GP, this corresponds to modeling the function as a sum of independent latent func-
tions,
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Fig. 2.8: Illustration of common kernels and their associated function space with 95%
intervals(20 for Gaussian), here [ indicates length-scale, a hyperparameter for kernels.

9(x) = gi(x) + g2(z), (2.36)

where g1 ~ GP(0,k1) and go ~ GP(0,ky). For this reason, kernel addition is often
described informally as an “OR” operation: either component can explain structure in
the data. For example, if the data is believed to contain short-term, rough spike-like
behavior but is otherwise smoothly varying, a sum of a Matérn v = 1/2 kernel and a
Matérn v = 5/2 kernel can be used:

k(wa wl) = kMatérn—y:1/2(m7 CC/) + kMatérn—u:5/2<w? CC/). (237)

This lets the GP capture both local irregularities and a smooth underlying trend. Kernels
can also be combined by multiplication:

k(z,z') = ki(x,2') ko, x'). (2.38)

This is sometimes described informally as an “AND” operation: two inputs @ and «’ have
high covariance only if both kernels assign them high similarity. In other words, if either
ki(x,x') or ky(x,x’) becomes small, the product kernel and hence the covariance also
becomes small. Multiplication is useful for expressing interactions or modulation between
structures. For example, multiplying a periodic kernel by a radial-basis function(RBF)
kernel produces a locally periodic kernel. This function exhibits periodic behavior, but
correlations between points far apart decay, so the periodicity is only maintained over a
limited range:
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k(z,z') = kpor(x, ') krpr(x, ). (2.39)

Under the GP prior f(x) ~ GP(m(x), k(x,x')), the vector of function values at any
finite set of inputs is jointly Gaussian. In particular, for training inputs ®i.. =

[m‘ggina e 7wégin]—r and test inputs Lyes; = [wggta e ’wEgE]T’
Jirain = f(@train), Jiest = f(Ttest)- (2.40)
The kernel blocks are defined as
Kiyain = k(wtraim wtrain); Ktrain,test = k(“’train, wtest); Kiest = k?(wtest, wtest)-
(2.41)

where, [Kiain)ij = k;(a:égin, mgim) and so on for other terms. Then

ftrain m (mtrain) Ktrain Ktrain,test
[ftest N M Trest) |’ K, Kiest . (2.42)

train,test
If noisy targets Yirain = firain + € with i.i.d. Gaussian noise are observed,
e ~N(0,0°I,), (2.43)

then the joint distribution of (Ysest, frest) is

Ytrain ~ N m(“%rain) Ktrain + UQIn Ktrain,test 92 44

l ftest ] <[m(mtest> ‘| ’ [ Kt—gain,test Ktest ’ ( ' )

Conditioning this joint Gaussian yields the GP posterior (predictive) mean and covari-
ance:

p(.ftest | Lirains Yerain, wtest) - N(ﬂtestu Etest)‘ (245)

ﬂtest - m(wtest) + K;ain,test(Ktrain + U2In)_1(ytrain - m(wtrain»‘ (246)

S T
Etest = Ktest - K,

train,test

(Ktrain + J2In)7thrain,test- (247)

Here, o is typically learned through data using maximum likelihood or similar estima-
tion methods. It can also be used directly if sensor noise is known. For the predictive
distribution of noisy observations Yiest at Tiest:

p(ﬁtest | Ltrain, Ytrain, wtest) - N(/:l/testa 2test + U2In)' (248)

The posterior equations also reveal the main computational bottleneck of GP regression.
The matrix Kipain + 021, € R™" is typically dense, and computing its inverse is compu-
tationally expensive. The time complexity for inverse is O(n?) and the memory cost is

O(n?).

As a result, exact GP inference becomes computationally infeasible for large datasets. In
[15], the authors demonstrated an approach to use an exact GP on a larger dataset, but it
required significant computational resources (8 V100 GPUs). Some solutions work with
low-dimensional data, such as state-space GP[16] or by projecting high-dimensional data
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onto lower-dimensional ones, as shown in [17]. There are a lot of other solutions for ap-
proximating the posteriors, such as KISS-GP|[18], stochastic variational GP (SVGP)[19],
vecchia approximations [20], etc. The most famous and most commonly used approxima-
tion approach is SVGP.

In this work, SVGP is chosen over other approximations for its numerical stability and
support in standard libraries. SVGP is used for residual modeling, to quantify uncertainty
and capture systematic discrepancies in a baseline TNN. Concretely,

j(@) = goxx(@) + (@), (@) ~ GP(0, hreiduar (@, ) ). (2.49)

where grnn () is the prediction of the baseline TNN and r(x) models the remaining error.
This decomposition allows the TNN to capture the dominant thermal dynamics, while
the GP focuses on smaller, structured nonlinearities and provides a principled estimate
of predictive uncertainty. A similar idea was used in [21].

2.4.3 Variational Inference

Variational Inference (VI) is used to approximate the posterior in GP without incurring
the n® time complexity of SVGPs. VI is typically used in latent variable models for
calculating the posterior. In latent variable models, a latent variable z and p(x | z) are
assumed to have a simple distribution, typically a Gaussian. The mapping from z to
parameters of & given z can be arbitrarily complex. The goal is to find p(z | x), but
calculating this using Bayes theorem requires evaluating the marginal likelihood,

pl@) = [ ol | 2)p(=) dz, (2.50)

which is generally intractable. VI replaces the true posterior with a tractable distribution
q(z | ) and optimizes this approximation. Rewriting the log marginal

logp(x) = log/p(a: | z) p(z) d=z. (2.51)
Multiplying and dividing inside the integral by ¢(z | «):

q(z | x)
q(z | x)

logp(x) = log/p(:c | z) p(2) dz. (2.52)

This then becomes

vaqu' 053

9(z | z)
Since the log is concave, Jensen’s inequality can be applied to obtain the evidence lower
bound (ELBO):

logp(x) = log Ey(z1a) l

08(2) > By [ log X2 )| (2.54)

q9(z [ x)
Expanding the log yields:
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logp(x) > Ey(zjelogp(x | 2)] + Eq(ze) log p(2)] — Eyzje)[log g(2 | )] (2.55)
Grouping these terms produces
ELBO = E,o)logp(x | 2)] — KL(g(z | ) || p(2)). (2.56)

Here, KL refers to KL. divergence. The first term encourages the model to explain the
data, while the KL term keeps the variational posterior close to the prior. logp(x) can
be rewritten as

logp(x) = ELBO + KL(¢(z | @) || p(z | ®)) . (2.57)

Because the KL divergence is always non-negative, maximizing the ELBO pushes ¢(z | x)
toward the true posterior.

2.4.4 SVGP Approximation using VI

In SVGP [19], the latent variable z is replaced by a set of inducing variables uw. These
inducing variables are selected from the input space. There are multiple options for
selecting inducing points, such as equidistant spacing, random selection, or clustering
algorithms like K-Means. In general, the number of inducing points (M) is much smaller
than the number of data points (n), denoted as M < n. The parameters of the variational
distribution ¢(u) are also initialized. In the case of a Gaussian distribution:

q(u) = N(m,S) (2.58)

where m denotes the mean, and S denotes the covariance function.

p(u) = N(0, Kyu). (2.59)
BLBO = 3~ {los N | RuCplm. ) = 52503 |~ KLig(u) [ pw). (260

Here, K, is the kernel matrix obtained from the inducing points. &y, indicates the
estimated epistemic uncertainty of the data point and is given by

6-fi = k:“ - kwK;q} (Kuu - S) K;ulkuz (2.61)

In the case of a Gaussian distribution, the KL divergence also has a closed-form solution
and is given by:

KL(g(ur) | puw)) = ; |10 |I|<;r|

— M +tr(K,.S)+m' 'K, m)|. (2.62)

A detailed derivation of the above equations is available in [19]. Using SVGP drops the
time complexity from O(n?) to O(nM? + M?3).
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2.5 Bayesian Neural Networks

Bayesian neural networks (BNNs) build upon the concepts of Bayesian linear regression
introduced in Sec. 2.4.1. Eq.(2.12) is analogous to the formulation of a simple perceptron
in a classical neural network. By treating the network weights as random variables rather
than fixed deterministic values, the model becomes a BNN. BNNs can be used to predict
both epistemic and aleatoric uncertainty of the predictions. A visual representation of
BNNs can be seen in Fig 2.9 During inference, weights are sampled from their posterior

Hidden likelihood

Inputs @ hs3
]l]
Output

OO, :
O,
() h

Fig. 2.9: A sample Bayesian Neural Network. The left panel shows the network, and the
right panel shows the probabilistic nature of the hidden nodes, depicting their distributions
with varying means and variances.

distribution, and a prediction is made. This is repeated multiple times, resulting in mul-
tiple predictions. The mean of the predictions is taken as the final prediction, and the
variance among them is treated as uncertainty. [22] gives an overview of methods that
can be used for training BNNs. But in general, training and inference with BNNs is com-
putationally more expensive than conventional neural networks of similar size. Because
of the computational overhead of training BNNs, alternative ways of inferring uncertainty
have been explored. One such method is based on dropouts [23].

2.5.1 Dropout as Bayesian approximation

Dropouts were first introduced in 2014 as a simple way to avoid overfitting in neural
networks [24]. When used to reduce overfitting, it involves dropping a pre-defined per-
centage of neurons during training. Dropout is then no longer used during inference. An
overview of dropout is shown in Fig 2.10. In [23], the authors demonstrated that keeping
the dropouts active even during inference resulted in a predictive distribution that was an
approximation of the BNN posterior. In this approach, M inference runs are performed
with different dropout masks, yielding M predictions that are then combined using their
mean and variance to estimate the posterior distribution.
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Fig. 2.10: Illustration of dropouts.

~ sz\il(gl - er@pou?ﬁ)2

N 1 &L 2
Ydropout = M Z:ZI Yi O epistemic—dropouts — M—1 (263)

If the network also explicitly predicts an uncertainty, the mean of them becomes the
aleatoric uncertainty.

2.6 Deep Ensembles

Another popular technique for UQ is deep ensembles. They were first introduced in
[25]. Deep ensembles can be considered as a frequentist alternative to BNNs. The loss
landscape for neural networks tends to be quite complex, as shown in Fig 2.11. Due to
the complex loss landscape, neural networks often fail to converge to the global minimum
and instead settle into a local minimum. This minimum could differ due to stochasticity
in training. This stochasticity could arise from randomness in the initial weights or from
the sampling performed in this work. Deep ensembles involve training multiple networks
with different initial weights, leading to convergence to different local minima, as shown
in 2.12. It is also possible to combine models with different architectures here, but in
standard deep ensembles, networks with the same architecture are used. If R models are
trained then,

R R A A~ 2
N . l Z ~ ~92 o Zi:l(yi - yensembles) (2 64)
Yensembles = R Yi Uepistemz’c—ensembles - R 1 :
i=1 -

The idea behind deep ensembles is that if the model encounters out-of-distribution data,
each model will output noticeably different values, resulting in wider uncertainty esti-
mates. Similar to dropouts, they can be used for estimating both aleatoric and epistemic
uncertainty.
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Fig. 2.11: Loss landscape visualization of a neural network (taken from [26]).

Model 1 Model 2 Model 3

Inputs

Fig. 2.12: Demonstration of how deep ensembles work.
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2.7 Evidential Deep Learning

Evidential deep learning (EDL) offers an alternative way of quantifying uncertainties to
BNN-based approaches. Instead of placing priors over the weights of neural networks,
here, priors are placed directly on the parameters of the likelihood for the network’s
output. It is achieved by predicting the parameters of a higher-order distribution referred
to in the literature as an evidential distribution. EDL solves the problems associated
with other discussed UQ methods as neither it have the scalability bottlenecks as seen in
GP nor it requires sampling or multiple forward passes as required in dropouts and deep
ensembles. EDL comes with different sets of problems that will be addressed later in this
Sec. 2.7.1.

EDL was initially introduced for classification [27]. Later, in [28], it was extended to
regression. This work uses the approach presented in [28], but modifies the architecture
to accommodate the existing TNN architecture. This approach is suitable only for 1-D
targets. It is possible to extend EDL to multi-dimensional targets, but the conjugate
distribution then changes, as shown in [29]. In this work, in addition to the NLL as
proposed in [28], CRPS loss is used for training and compared with NLL. The integration
of the EDL layer into the existing architecture is detailed in the implementation section.
In EDL, data is assumed to be Gaussian with unknown mean and variance:

pYspL) ~ N (u®, 0%). (2.65)

Conjugate priors are placed over the estimated mean and variance:

(NEDL‘O-(z EDL) ™ N(df(i), (l)EDL>. (2.66)

Q](Z)

p(&(zz')EDL> ~ F_l(a(i)aﬁ(i))- (2.67)

Here o, 3@ @ and v are referred to as evidential parameters. In standard EDL
literature, the predicted mean ¥ is written as . For numerical reasons, a® > 1,
O v® > 0. The parameter ¥ can be thought of as virtual observations contributing
toward the estimation of the variance. Conversely, (¥ denotes the virtual observations
contributing toward the estimation of the predictive mean . Together, 20 + (9
denotes the total evidence. A similar physical interpretation of 8% is not explicitly
available in the foundational paper [28]. The I'"! distribution is defined only for positive
real values. Effects of changing its parameters and function itself are visualized in Fig.
2.13. Combining the two equations above yields the higher-order normal inverse-gamma
(NIG) distribution:

p(ﬂ%)DLa 6(2i)EDL) = p(NEDL’U EDL) p(6(2i)EDL> = N[G(Oé(i)a 5(i)7¢(i):v(i))' (2.68)

Since,

D= [ [ p@Epla®,69%) - p(a, 692, du, do® (2.69)
0 —oo
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Fig. 2.13: Illustration of I'~' and the effect of changing its parameters a® and 5®.
a controls the shape of the distribution. Increasing it reduces the variance and creates
sharper peaks. ), on the other hand, controls the scale of the distribution. A higher
value of 5 increases the variance and shifts the peak to the right.

Solving this marginalization yields the predictive distribution in the form of a Student-t
distribution:

, . VB + o) ,
@) @, @ B+ (0
p(yEDL) St (y ﬂﬁ ) ’U(Z)Ck(l) ,20[ . (270)
Here, St denotes student-distribution, % denotes the total variance, and 2a(?)

denotes the degrees of freedom (DOF) of the student-t distribution. Effect of changing
DOF is shown in Fig. 2.14. The negative log likelihood can be expanded as:
[NLL

1 T j i o 1 i i)\2, (i i
iepL = 5 log (M) — o log(Qf),) + (a() + 2) log ((y() — )2l 4 Q(E)DL)

+ log (F(O‘())> . (2.71)

I'(a® + 3)

where Q) = 280 (1 + v®). [28], also introduced a regularizer defined as:

LR =y — O] (200 4 o). (2.72)

LEDL

The total loss for the EDL is defined as

ﬁtotalEDL = £NLL + AfZER (273)

1EDL tEDL’

Here, Ar punishes the model for being overconfident. Total uncertainty as given by
Equation (2.70) can be further decomposed into aleatoric uncertainty and epistemic un-
certainty. Expressions of them are provided below. A detailed derivation is available in
the appendix of [28].
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Fig. 2.14: Illustration of student-t distribution and the effect of changing its DOF. As
DOF increases, it converges to a normal distribution. For small values of DOF, it has
heavier tails.

. s .
U?i)EDL—aleatoric = m’ O-(Qi)EDL—epistemic = NORION (274)

In this work, in addition to NLL, CRPS loss is also considered. Analytical expression as
derived in [30] is being used,

N PTORPYAC) (1) _ (D
LORPS _ ;D) [y Y <2F2a<1-) (y Y ) B 1)

iEDL -0 -0
S S

; (1) _ ()
Y@ — 0 20 + (¥ U(;)/; )
+ 202a(i) 0‘21) 204(2) 1
2v2a B(%, 220 — ;)1

220 -1 B(},a)?

(2.75)

Here, F and o indicate the CDF and PDF of a Student’s t distribution with DOF = 2a,
respectively. B indicates a beta function [31]. The regularizer function used is the same
as in equation (2.73).

2.7.1 Criticism of EDL

There have been a few issues with predictive distributions under EDL. As seen by equation
(2.74), there is a mathematical relation between aleatoric and epistemic uncertainty, i.e.,
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OEDL—ateatoric = VOEDL—epistemic- Lhis kind of relationship between uncertainties is scien-
tifically inaccurate. In [32], the authors introduce a reference distribution to represent
the frequentist ground truth for predictive uncertainty. Their analysis demonstrates that
the epistemic uncertainty predicted by EDL is unfaithful, as it fails to accurately recover
the reference distribution. However, they observed that while absolute values are unreli-
able, EDL measures remain useful in a relative sense, effectively identifying the ranking
of certain versus uncertain regions. There are also issues with positivity constraints on
evidential parameters, which can cause zero gradients and lead to evidence contraction.
This limitation, though, can be addressed using a different regularization as presented
in [33]. This work adopts the stance that while the uncertainty breakdown provided by
EDL may be unfaithful in isolation, the total uncertainty remains a valid metric for the
predictive distribution. Despite issues raised by [32], [33], EDL is still promising for UQ
because of noticeably faster inference, and a lot of these criticisms can be resolved by
doing uncertainty calibration.

2.8 Uncertainty Calibration

Despite UQ methods being rooted in statistics, predictive distributions are frequently
miscalibrated, manifesting either as overconfident or as under-confident. As per [34], a
primary driver of miscalibration is the generalization gap. MSE is typically higher on
an unseen test set than on the training set. Unless the predicted uncertainty is inflated
proportionally, the model will produce miscalibrated uncertainty. This issue is further
exacerbated by the use of approximations, such as in dropout and SVGP. It is also crucial
to calibrate uncertainty when working with EDL for reasons discussed in section 2.7.1.
For regression, common alternatives include variance scaling, isotonic regression, and
conformal prediction. This work focuses exclusively on variance scaling. This choice is
motivated by the fact that, for neural network-based modeling, variance scaling often
yields superior performance and robustness, as it prevents overfitting to the calibration
set[34]. The idea for variance scaling is summarized in the equation below. Here, 62 is
the predicted uncertainty, 62, 414, and s is a scaling factor.

&galibrated = 86-2' (276>
The goal is to find s on a held out calibration set such that a loss function with 62 ;. . ed
is minimized. Choices here include NLL, CRPS, miscalibration area, etc. There are a lot
of other loss functions that can be used here, but covering every single one of them is
beyond the scope of this work.

2.9 Uncertainty Evaluation Metrics
According to the authors of [35], the quality of predictive distributions can be evaluated

using two key properties: calibration and sharpness. Calibration measures whether pre-
dicted probabilities are statistically consistent with observed frequencies. For example,
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if a model predicts a 95% prediction interval, approximately 95% of the observed data
should fall within that interval. Calibration alone, however, is insufficient, since a model
with excessively large uncertainty bounds may still achieve good calibration. Sharpness
measures the concentration of predictive distributions and therefore penalizes overly broad
uncertainty estimates. In practice, most metrics implicitly balance calibration and sharp-
ness, though some place greater emphasis on one than the other. In this work, in addition
to CRPS and NLL, the miscalibration area has been used as an uncertainty evaluation
metric. Other metrics exist as well, but they have not been discussed in this work, as the
metrics covered are sufficient for thorough UQ evaluation.

2.9.1 Reliability diagram

A reliability diagram, also referred to as a calibration plot in some literature, is a graphical
method of representing the calibration quality. It plots the predicted probabilities against
the observed probabilities. They were initially used for classification tasks [36], [37], [38],
but [35] adapted it for regression-related tasks. A reliability diagram is plotted by first
calculating prediction intervals for multiple confidence intervals. For each interval, the
ratio of observed points in the predicted interval to the total points is calculated. In
an ideal case, for each interval, the observed ratio should match the confidence interval,
resulting in a straight line as shown by the dotted orange line in Fig. 2.15. Reliability
diagrams allow for the determination of underconfidence or overconfidence in predictions.
A line passing under this orange line signifies overconfidence, whereas a line above shows
underconfidence.

Performance measured by the reliability diagram can be quantified in a single number,
referred to as the miscalibration area. Miscalibration area is the area spanned between
the reliability curve of the ideal case and the prediction [39]. Miscalibration area ranges
between 0 and 0.5, where 0 indicates perfect calibration, and 0.5 indicates the worst
possible calibration.
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Fig. 2.15: Here, the dotted line represents perfect calibration, the blue line represents
the observed probabilities. The area spanned between these lines is the miscalibration
area. Here, the miscalibration area is 0.29. This reliability diagram is created using the
uncertainty toolbox [39].
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3 Implementation

All experiments and models in this work were implemented in Python (version 3.10.14)
and performed on the Noctua 2 high-performance computing (HPC) cluster [40]. The
deep learning architectures and automatic differentiation are implemented using PyTorch
(version 2.4) [41], GP is handled by GPyTorch (version 1.15.1) [42], and hyperparameter
optimization is performed using Optuna (version 4.7.0) [43]. Data pre-processing and
tabular manipulations were performed using standard scientific libraries. To ensure re-
producibility, all environment dependencies are fully documented in the supplementary
code repository!.

3.1 Dataset

Tab. 3.1: Considered input and target parameters.

Parameter name Symbol
ambient temperature P
liquid coolant temperature e

actual voltage d-axis component uq
actual voltage g-axis component u
actual current d-axis component 74
actual current g-axis component i
torque applied T
motor speed in rpm Urpm

permanent magnet temperature Jpy

stator teeth temperature gt
stator winding temperature Ygw
stator yoke temperature Jsy

This work utilizes the dataset provided by [44], [45]. The dataset comprises 185 hours
of recordings from a 52 kW torque-controlled PMSM. Data is sampled at 2 Hz and dis-

thttps://github.com/745Shubham /UQ TNN
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Fig. 3.1: Schematic showing the test bench and an overview of the model training envi-
ronment (taken from [45]). In this schematic, X represents the input data, Y represents

the measured temperatures of the 4 targets, sq;. indicates the motor control signal, and
w denotes the angular velocity of the PMSM.

tributed across 69 distinct driving profiles, yielding 1,330,815 multidimensional samples.
Each profile represents a 2-D random walk in the torque-speed plane to effectively simulate
real-world driving conditions. The data was collected at a test bench at the University of
Paderborn. A schematic of the test bench is shown in Fig. 3.1. A detailed overview of the
dataset, test bench architecture, and sensor selection is available in [46]. All measured
parameters utilized in this study are summarized in Table 3.1. This dataset is selected be-
cause it is the same one used in the original TNN implementation, providing a consistent,
direct benchmark for evaluating the proposed additions.

In this work, in addition to the ten measured parameters, feature engineering is performed
to compute the magnitudes of the current and voltage, denoted by 2, and ug, respectively.
As per [46], this combination can be assumed to be correlated with the thermal loss in

PMSMs.
ug = Jud +u2 i = /i + 2. (3.1)

For data normalization, all temperature-related variables were scaled by dividing by 200,
while all other variables were normalized by dividing by their respective maximum ob-
served values. Since the maximum temperature value is less than 200 °C, this normaliza-
tion ensures all inputs and targets are between -1 and 1. This normalization approach is
the same as that done in [46].

3.2 Baseline TINN architecture

In the foundational paper for TNN [5], the author proposed an HPO-optimized config-
uration that outperformed other approaches compared in that work. In the same work,

30



Implementation

Tab. 3.2: Baseline TNN Configuration

Hyperparameters

Value

hidden layers

1

nodes per hidden layer 32

7 activation

v activation

input activation
optimizer

initial learning rate
learning rate decay
total epochs

loss function

batch size

TBPTT window
chunk size

inv. capacitance s

tanh — biased ELU
sigmoid — biased ELU
linear

Adam

1073

0.5x after 75 epochs
150

MSE

32

512

2048

N(7,0.5)

the author also proposed that a smaller architecture can achieve similar results.

In this work, instead of using the HPO-optimized configuration, a smaller configuration
inspired by [5] is chosen. Since the exact configuration of the smaller architecture proposed
in [5] is not publicly available, an approximate implementation inspired by the reported
setup was used. The architecture is shown in Tab. 3.2. An overview of activation
functions, such as linear, ReLLU, tanh, sigmoid, biased ELU, and softplus, can be found in
[47]. TNN is recursive by definition; this recursion creates exploding/vanishing gradients
during training due to the influence of past gradients. To address exploding/vanishing
gradients, truncated backpropagation through time (TBPTT) is used. TBPTT places
an upper bound on the number of these recursive time steps during backpropagation.
Furthermore, to keep all sequences of similar size and avoid long sequences padded with
zeros, training profiles were split into chunks. Only the last section of this chunk is then
padded. The network is then trained with the adam optimizer [48] for 150 epochs. This
configuration achieved an MSE of ~ 3.3 °C?, similar to that of the small configuration
mentioned in [5].

3.3 Dropout

Dropout approximates uncertainty in predictions by running multiple forward passes
through the network with different dropout masks. This section provides implementa-
tion details, including the proposed architecture and other testing performed during the
integration of dropout-based uncertainty quantification in TNNs. In the initial dropout
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testing, the number of nodes in both the power loss and conductance networks was in-
creased to 64; everything else remained as in Tab. 3.2. Dropout rates from 0.1 to 0.9
were tested. Results from testing with 20 forward passes for dropout rates 0.1, 0.5, and
0.9 are shown in Fig. 3.2. Here, the mean prediction and the uncertainty were calculated
using Eq 2.63. Fig. 3.2 shows only the permanent magnet (pm) temperature results for
better readability, but similar results were observed across all targets. Since the model
itself does not explicitly predict uncertainty, the uncertainty shown in the figure is mostly
epistemic. Predictive uncertainty generally increased with increasing dropout rate. There
is no incentive for the model to learn calibrated uncertainty estimates. The solution to
this problem is to move beyond a deterministic loss function, such as MSE, and adopt
a probabilistic loss function, such as CRPS or NLL. It is also possible to continue using
MSE here, pick a random dropout rate, and perform uncertainty calibration. This is
not explored in this work because that approach cannot capture aleatoric uncertainty,
and accuracy depends on calibration profiles to sufficiently capture all motor operating
conditions. To predict aleatoric uncertainty, branching is introduced in both the 7 and
~ networks. An explicit uncertainty prediction branch for temperatures was intentionally
avoided. This design choice preserves interpretability by constraining uncertainty estima-
tion to physically meaningful quantities such as 7w and «. An overview of the branched
network for 7r is shown in Fig. 3.3. The « network also uses a similar branching structure.
In both networks, 8 nodes were used in the uncertainty branch, with Biased Elu during
initial testing. Various approaches were explored to propagate this uncertainty in 7 and
~ through the non-linear LPTN equation (Eq. 2.2) to estimate the uncertainty in the
predicted temperature.

o In the boundary value propagation approach, a combination of mean plus 1 standard
deviation is used across all predicted v and 7 to estimate an upper bound. A
similar lower bound is also calculated using the mean minus 1 standard deviation.
This approach produced pessimistic estimates (for permanent magnet) because all
variables were simultaneously pushed toward their extrema, implicitly assuming
highly correlated worst-case deviations.

e In the unscented transform, a fixed number of points distributed around the pre-
dicted mean are calculated. These points are referred to as sigma points and were
calculated based on [49]. These sigma points were then propagated through the
LPTN equation. This resulted in overly optimistic uncertainty predictions. Likely
causes here include insufficient tuning of the unscented transform parameters.

o In Monte-Carlo sampling, v and 7 are assumed to be normally distributed. 50 sam-
ples are drawn for v and 7r, and then 50 temperature estimates are predicted. The
mean of these temperatures is taken as the final prediction, and the variance across
them is treated as the predicted aleatoric uncertainty. Of the 3 approaches, only
this method provided plausible uncertainties and is therefore chosen. Models were
trained using the reparameterization trick [50]. The reparameterization trick allows
gradient flow through sampling. The proposed branched prediction architecture is
shown in Fig. 3.4.
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Fig. 3.2: Results from dropouts trained with MSE as a loss function on permanent
magnet (pm). The first plot shows performance with a dropout rate of 0.1, the middle
plot with a dropout rate of 0.5, and the last plot with a dropout rate of 0.9. Mean
standard deviation (uncertainty) is 0.16, 0.45, and 1.20, respectively.
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Fig. 3.3: Representative branched neural network for 7r. The ~ network also uses a
similar branching architecture.
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The extended Kalman filter was not considered as the method of choice because the
PyTorch implementation of the Jacobian is computationally slow for real-time predic-
tions.

In the proposed architecture 3.4, both NLL and CRPS were tested. Initial experiments
showed that models trained using NLL performed substantially worse than those trained
using CRPS on both predictions and uncertainty estimates. It was likely because NLL
penalizes over-confident estimates more severely. NLL for normal distribution also suffers
from numerical instability, as low uncertainty values can cause the log term to blow up to
infinity. Hence, the NLL-trained model converged to a sub-optimal minimum. Because
NLL has not been sufficiently explored with a different set of hyperparameters due to
the aforementioned reasons and time constraints, this work does not conclusively rule out
NLL as a possible loss function for the proposed architecture.

The following equations detail how uncertainty is estimated in the proposed dropout-based
UQ architecture.

A . A A2
Uﬂ*dTOPOUt - \/Gepistemic—dropout + aaleatoric—dropout (32)

~92 A . A~
Here, 67, siemic—dropout and Y g,opout are calculated as shown in Eq.2.63, and 6 yicatoric—dropout
is the mean of M predictions from the uncertainty head, if M forward passes are performed.
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3.4 Deep Ensembles

This section introduces how uncertainty quantification can be done in TNNs using deep
ensembles. A straightforward integration could use a standard TNN network and retrain
it multiple times with a different seed and calculate the uncertainty as discussed in Sec.
2.6. Using this approach has the same issues as discussed in Sec. 3.3 for the motivation
of probabilistic loss functions.

Learnings from the dropout implementation were adopted here. Deep ensembles use the
same architecture as shown in Fig. 3.4 with sampling for uncertainty propagation. Nodes
in 7t and ~ networks were reduced to 32 during initial testing. The uncertainty network
still had 8 nodes. CRPS is chosen as the loss function. Multiple versions of this model
are trained, and the uncertainty is calculated as follows,

A . A 2 A 2
O 9—ensembles — \/Uepistemic—ensembles + O qleatoric—ensembles (33)

) A .
Here, 67 ,isemic—ensembies @A Densemples are calculated as shown in Eq.2.64, and

O wleatoric—ensembles 18 the mean of R predictions from the uncertainty head, if R models
are trained.

3.5 Evidential Deep Learning

This section introduces implementation details of EDL and integration into TNN. It is
not possible to use EDL directly in the 4 and 7 networks due to the EDL regularizer. In
EDL regularizer (equation 2.72), there is a |y — @] term. Using EDL directly in these
networks would require access to true v and 7 values, which are non-trivial to measure
or estimate. Furthermore, due to data normalization, TNN estimated ~ and 7 will be on
a different scale. To solve this challenge, a new architecture is proposed. « networks and
7 networks remain the same and predict the temperatures as in the standard TNN. This
prediction is then treated as v in EDL. This ¢ is then fed back into a new network, referred
to as an evidential network. This network predicts the remaining EDL parameters, i.e.,
a, 3, and v. The evidential network takes in input data, ¢, and outputs of the evidential
network from the previous timestep as input. A detailed block diagram is shown in Fig.
3.5.

In addition to the architecture shown in Fig. 3.5, two other architectures were also
tested. In one of them, v is explicitly predicted by the evidential network and used as a
temperature estimate. In the other one, feedback for «, 5, and v is skipped. Both versions
had worse performance and were not considered further. The configuration used for initial
testing is documented in Tab. 3.3. As discussed in Sec. 2.7, both CRPS and NLL were
tested in this configuration. Because the Student-t posterior has heavier tails, the NLL-
optimized model does not suffer from the same issues observed with dropout.
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Fig. 3.5: Block diagram showing the detailed structure of the proposed EDL integrated
TNN.
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Tab. 3.3: EDL Configuration for testing

Hyperparameters Value

hidden layers 1

nodes per hidden layer 32

m activation tanh — biased ELU
~ activation sigmoid — biased ELU
evidential activation tanh — softplus
input activation linear

optimizer Adam

initial learning rate 1072

lambda_ reg 0.01

learning rate decay 0.5x after 75 epochs
total epochs 150

loss function MSE

batch size 32

TBPTT window 512

chunk size 2048

inv. capacitance x N(=7,0.5)

3.6 Gaussian Processes

This section discusses how GP is used for UQ in TNN, including the reasoning behind
kernel choice. As discussed in Sec. 2.4, for the implementation of GP in TNN, SVGP is
selected as the method of choice. The GP framework is implemented as a probabilistic
residual model operating on top of a pre-trained TNN. This TNN is trained using the
same hyperparameters as detailed in Tab. 3.2. The TNN estimate, along with input data,
is fed into the SVGP model. The model is then trained using the Adam optimizer using
variational ELBO as a loss function.

Neural networks tend to overfit the training data. Using training data already seen by the
TNN risks producing artificially small residuals and overconfident uncertainty estimates.
It is also not ideal to remove a substantial amount of data and use an underperforming
TNN. To tackle this issue, in addition to the test and calibration set, four additional pro-
files were removed from the TNN training. These four profiles were then added back into
the training samples used for GP. These profiles serve as a regularizer and a punishment
for overfitting. Experiments were also conducted in which only these 4 additional pro-
files were used for GP training, but this caused convergence issues with the temperature
uncertainty in the permanent magnet. These 4 profiles were selected arbitrarily without
any cross-validation (CV). Data splitting is done as shown in the Fig. 3.6.

For the choice of kernel k, an addition of Matérn 5/2 and Matérn 1/2 is used. Matérn 5/2
is chosen to map the slowly changing global pattern in the data. Matérn- 5/2 is chosen over
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Fig. 3.6: Data split to minimize data leakage in residual modeling. Here 19; shows the
estimated temperatures at time step t.

the RBF kernel because they permit less restrictive smoothness assumptions and tends
to model physical systems better [14], [51]. Matérn 1/2 is included to model rapidly
varying local behavior and non-smooth residual structure. Their length scale (Fig . 2.8)
is automatically tuned during training using automatic relevance determination (ARD)
[14]. In addition to kernel hyperparameters, the observation noise variance (aleatoric
uncertainty) is also learned during training. The number of inducing points is correlated
with prediction accuracy, but comes at the cost of longer training and inference times.
In this work, 1024 inducing points are adopted for final training. This number is chosen
after a trial and error. Before training, these inducing points were placed using k-means
clustering.

The learning rate is the only parameter treated as a hyperparameter here. The optimal
learning rate is determined by trial and error without the use of optuna. Learning rate
is searched between 0.0001 to 0.01 for 200 epochs. The learning rate is also halved after
every 20 epochs. In this configuration, the best performing learning rate is 0.001.
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3.7 HPO

This section discusses how HPO was implemented for the four models, introduces their
search spaces, and presents the optimal configurations found. For HPO, Bayesian opti-
mization with the TPE optimizer [52] is chosen and implemented using Optuna. It is also
possible to use other optimizers, like GP. But, TPE is preferred because it can handle
both numerical and categorical hyperparameters natively. Bayesian optimization was se-
lected over grid or random search due to the prohibitively large size of the hyperparameter
search space.

Prior to hyperparameter optimization (HPO), three profiles were reserved for testing and
one profile for calibration. HPO was conducted using five-fold cross-validation for 120
epochs per configuration. The AdamW optimizer was applied to dropout and ensemble
models to add L2 regularization. AdamW is preferred over Adam for L2 regularization
[53]. Adam optimizer was utilized for EDL HPO. In EDL, a regularizer is already built
into the loss function, so no additional regularizer was used. A fixed chunk size of 2048
was used, and the learning rate was reduced every third epoch across all four HPOs.
Results from distributed trainings are recorded in a PostgreSQL database [54]. At least
2000 trials were conducted for each of the four HPOs.

For the dropout and deep-ensemble models, only a single parallel trial per configuration
was conducted due to computational constraints. To mitigate the influence of stochastic
effects in training, a multi-stage optimization procedure was employed. The top 50 and top
10 HPO configurations for dropout and deep ensembles, respectively, were re-evaluated
using three individual training runs. The resulting objective values were averaged and
used for comparison. Computational cost was not an issue with EDL because there is no
sampling, so 3 parallel training runs were performed during the HPO itself.

Search space and optimal values for dropout are summarized in Table 3.4. Optimal values
here are those found by comparing the top 50 trials. A full set of HPO plots is available
in Appendix A.1. In this and subsequent HPO tables, g and p are used instead of v and
7 respectively. For example, g fcl indicates the first layer of the v backbone. Bottleneck
refers to the uncertainty branch. Weight decay is a hyperparameter for L2 regularization
with the AdamW optimizer.

Search space and optimal values for deep ensembles are summarized in Table 3.5. HPO
optimal was also optimal after secondary optimization. A full set of HPO plots is available
in Appendix A.2. Search space and optimal values for EDL with NLL as a loss function
are summarized in Table 3.6. In this and subsequent HPO tables, e refers to the evidential
network. For example, e_hidden_layers refers to hidden layers in the evidential network.
A full set of HPO plots is available in Appendix A.3.

Search space and optimal values for EDL with CRPS as a loss function are summarized
in Table 3.7. A full set of HPO plots is available in Appendix A.4.
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Tab. 3.4: Hyperparameter search space and optimal configuration for dropouts: Dropout

rates were the same in the main branch and the uncertainty branch.

Category Hyperparameter Search space Optimal configuration
g_fcl units (2, 140] 7
g_fcl_activation {sigmoid, Softplus, tanh, relu, biased elu} tanh
g_hidden_layers [0, 2] 1

Conductance network g_hidden_i_units 12, 128] 59
g_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased elu} Softplus
g_output_activation {Softplus, relu, biased_elu, linear} Softplus
dropout_rate_g [0.05, 0.5] 0.4218
bottleneck_hidden_layers_g 11, 2] 2
bottleneck_hidden_g_i_units 2, 64] 60, 22

Conductance uncertainty branch

bottleneck_hidden_g_i_activation* {sigmoid, Softplus, tanh, relu, biased elu} tanh, relu

bottleneck_output_activation_g  {Softplus, relu, biased elu, linear} relu
p_fcl_units [2, 140] 140
p_fcl_activation {sigmoid, Softplus, tanh, relu, biased elu} sigmoid
p_hidden_layers [0, 2] 0
Power loss network p_hidden_i_units (2, 128] -
p_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased elu} -
p_output_activation {Softplus, relu, biased elu, linear} Softplus
dropout_rate_p [0.05, 0.5] 0.2894
bottleneck_hidden_layers_p 1, 2| 2
bottleneck_hidden_p_i_units 2, 64] 29, 17

Power loss uncertainty branch

bottleneck_hidden_p_i_activation* {sigmoid, Softplus, tanh, relu, biased elu} biased elu, sigmoid

bottleneck_output_activation_p  {Softplus, relu, biased elu, linear} linear
learning_rate (le-4, 1e-2] 5.5e-3
weight_decay (le-6, 1e-2] 8.6e-3
Training 1r_decay (0.90, 1.0] 0.91
tbptt_size [16, 2048] 398
batch_size [16, 128] 16
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Tab. 3.5: Hyperparameter search space and optimal configuration for deep ensembles.

Category Hyperparameter Search space Optimal configuration
g_fcl_units [2, 140] 137
g_fcl_ activation {sigmoid, Softplus, tanh, relu, biased elu} tanh

hidden_1 0, 2 1

Conductance network g_hidden_ ] ayers [0, 2]
g_hidden_i_units (2, 128] 116
g_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased_elu} relu
g_output_activation {Softplus, relu, biased elu, linear} Softplus
bottleneck_hidden_layers_g [1, 2] 1
bottleneck_hidden_g_i_units [2, 64] 32

Conductance uncertainty branch

bottleneck_hidden_g_i_activation {sigmoid, Softplus, tanh, relu, biased elu} tanh

bottleneck_output_activation_g {Softplus, relu, biased elu, linear} linear

p_fcl units [2, 140 97

p_fcl_activation {sigmoid, Softplus, tanh, relu, biased_elu} tanh
hidd 1 , 2 1

Power loss network p_hidden_ . ayers [0, 2]

p_hidden_i_units [2, 128] 18

p_hidden_¢_activation {sigmoid, Softplus, tanh, relu, biased elu} Softplus

p_output_activation {Softplus, relu, biased_elu, linear} Softplus

bottleneck_hidden_layers_p [1,2] 2

bottleneck_hidden_p_i_units 12, 64] {58, 64}

Power loss uncertainty branch

bottleneck_hidden_p_i_activation {sigmoid, Softplus, tanh, relu, biased elu} {sigmoid, tanh}

bottleneck_output_activation_p {Softplus, relu, biased elu, linear} relu
learning_rate [le-4, 1e-2] 5.53e-3
weight_decay [1e-6, 1e-2] 1.30e-4
Training 1r_decay [0.90, 1.0] 0.92
tbptt_size [16, 2048] 542
batch_size [16, 128] 18
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Tab. 3.6: Hyperparameter search space and optimal configuration for EDL (NLL Loss)

Category Hyperparameter Search space Optimal configuration
g_fcl_units [2, 128] 15
g_fcl_activation {sigmoid, Softplus, tanh, relu, biased_elu} sigmoid
hidd 1 2 1
Conductance network 81t en_‘ ayers 02
g_hidden i_units [2, 128] 105

g_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased_elu} tanh

g_output_activation {Softplus, relu, biased_elu, linear} biased__elu
p_fcl units [2, 128] 108
p_fcl_activation {sigmoid, Softplus, tanh, relu, biased_elu} relu

Power loss network p_hidden_layers 02 L
p_hidden i_units [2, 128] 21

p_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased_elu} Softplus

p_output_activation {Softplus, relu, biased_elu, linear} biased__elu
e_fcl units [2, 128] 3
e_fcl_activation {sigmoid, Softplus, tanh, relu, biased_elu} Softplus
Evidential network  e_hidden_layers [0, 2] 0
e_hidden_¢_units [2, 128] -

e_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased_elu} -

learning_rate [le-4, le-2] 8.64¢-3
lambda_reg [le-4, le-2] 8.24e-3
Training 1r_decay [0.90, 1.0] 0.9078
tbptt_size [16, 2048] 1038
batch_size [16, 128] 90
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Tab. 3.7: Hyperparameter search space and optimal configuration for EDL (CRPS loss)

Category

Hyperparameter Search space

Optimal configuration

Conductance network

g_fcl_units
g_fcl_activation
g_hidden_layers
g_hidden_i_units

g_output_activation {Softplus, relu, biased_elu, linear}

51

{sigmoid, Softplus, tanh, relu, biased_elu} biased_elu

0

g_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased_elu} -

relu

Power loss network

p_fcl_units
p_fcl_activation
p_hidden_layers
p_hidden_i_units

p_output_activation {Softplus, relu, biased_elu, linear}

40

{sigmoid, Softplus, tanh, relu, biased_elu} biased_elu

0

p_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased_elu} -

Softplus

Evidential network

e_fcl units
e_fcl _activation
e_hidden_layers

e_hidden i units

53

{sigmoid, Softplus, tanh, relu, biased_elu} sigmoid

1
49

e_hidden_i_activation {sigmoid, Softplus, tanh, relu, biased elu} tanh

Training

learning_rate

4.18e-3
2.20e-3
0.9165
648

16

45



Implementation

3.8 Uncertainty calibration

As mentioned in Sec.2.8, raw uncertainty estimates should not be used without calibration.
In this work, an uncertainty toolbox (version 0.1.1) [39] is used to calibrate uncertainty
and plot reliability diagrams for dropout, deep ensembles, and GP. For EDL, a custom
calibration function is written because the toolbox [39] does not support the Student-t
distribution. In either case, a scaling factor, as discussed in Sec. 2.8, is calculated for each
target such that the miscalibration area on the calibration profile is minimized. Predicted
uncertainties are then scaled by this scaling factor.
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4 Results

This section evaluates the presented UQ methods and the proposed architecture on a
held-out test set (profiles 60, 62, and 74). This assessment is performed after applying
uncertainty calibration on a separate held-out calibration set (profile 36). Metrics in-
cluding CRPS, NLL, MSE, and the miscalibration area are used to measure the quality
of the predictive distributions and the impact of the UQ enhancements on overall accu-
racy. Additionally, inference time and model storage size have been compared to evaluate
real-time capabilities on edge devices. Finally, performance on test sets is visualized, and
reliability diagrams are presented.

Both CRPS and NLL quantify the relationship between the prediction error and the pre-
dicted uncertainty at a given point. However, NLL relies on a quadratic penalty, whereas
CRPS uses a linear penalty, making NLL highly sensitive to a few outliers. CRPS is
more robust by comparison. Nonetheless, analyzing them together is critical, a model
exhibiting high NLL alongside a low CRPS can indicate issues about the quality of uncer-
tainty. Such models should not be used in safety-critical applications. The miscalibration
area, on the other hand, strictly evaluates the quality of the calibration, ensuring that the
predicted uncertainty bounds are neither too narrow nor excessively wide. Unlike CRPS
and NLL, the miscalibration area does not take the magnitude of the errors into account.
This makes it a particularly robust metric for evaluating targets where point-prediction
errors are inherently low, such as the stator yoke. Together, these metrics allow for a
comprehensive and robust analysis. The quantitative results across the evaluated metrics
are presented in Tab. 4.1.

As demonstrated in the data, GP significantly outperformed the other models in terms of
uncertainty calibration, achieving the best overall NLL, CRPS, and miscalibration area.
The slightly higher MSE observed for the GP approach can be attributed to the baseline
TNN model, which possessed an inherent average MSE of approximately 3.4 °C? (slightly
less than as presented in Sec. 3.2, because of data splitting as described in Sec. 3.6). The
fact that the MSE dropped after residual modeling indicates that the GP successfully
captured residual patterns that the TNN missed.

Dropout emerged as the strongest alternative, with excellent MSE and a similar CRPS
score. The two EDL approaches yielded comparable results. Even though NLL-optimized
EDL performed slightly better on average, its larger miscalibration area on the permanent
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Component Metric Deep ensembles Dropout EDL (NLL) EDL (CRPS) GP
CRPS 1.31 1.08 1.4 1.29 1.16
Permanent magnet NLL 11.67 4.67 2.62 2.47 2.13
miscal 0.29 0.18 0.26 0.13 0.04
MSE 3.80 2.93 4.76 4.37 4.12
CRPS 0.62 0.61 0.586 0.77 0.59
Stator yoke NLL 1.87 1.53 1.5 1.84 1.46
miscal 0.13 0.04 0.05 0.15 0.03
MSE 1.08 1.09 1.05 1.37 1.09
CRPS 0.81 0.77 0.78 0.74 0.69
NLL 2.51 1.83 1.77 1.79 1.64
Stator tooth sl 0,19 006 0.03 015  0.03
MSE 1.83 1.79 1.92 1.45 1.53
CRPS 0.75 0.71 0.72 0.69 0.7
Stator windings NLL 2.17 1.7 1.67 1.69 1.64
miscal 0.15 0.07 0.02 0.15 0.02
MSE 1.7 1.5 1.7 1.34 1.55
CRPS 0.87 0.79 0.87 0.87 0.79
Average NLL 4.6 2.43 1.89 1.95 1.72
miscal 0.19 0.088 0.09 0.145 0.03
MSE 2.1 1.83 2.36 2.13 2.07

Tab. 4.1: Model performance metrics with averages across components.
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magnet may be an issue. Finally, deep ensembles, as trained in this study, are not
recommended for this application. The exceptionally high NLL on the permanent magnet
indicates that the ensemble makes highly confident but erroneous predictions.

Compared with [5], all tested models have lower MSEs than those reported there, indi-
cating a positive effect on MSE from UQ enhancement.

Tab. 4.2 shows the inference time per prediction in milliseconds(ms) and model storage
requirements in Megabytes(MB) based on inference on an AMD Ryzen 7 7840 U
processor. As seen from the data, EDL provides uncertainty estimates with negligible
computational overhead. Tab. 4.3 gives aleatoric uncertainties for all four targets as

Model Inference time (ms) Storage requirements (MB)
Baseline TNN 0.019 0.025

EDL (CRPS) 0.034 0.054

EDL (NLL) 0.036 0.058

GP 0.330 17.1

Deep Ensembles 1.360 1.8

Dropout 1.460 0.12

Tab. 4.2: Inference time per prediction and storage size across models. The values for
deep ensembles reflect 10 constituent models, whereas the inference time for Dropout
reflects 20 forward passes.

Component Deep Ensembles Dropout EDL (NLL) EDL (CRPS) GP
Permanent magnet 0.089 0.18 0.75 0.53 1.62
Stator yoke 0.32 0.44 0.82 0.50 0.71
Stator tooth 0.24 0.47 0.88 0.59 0.99
Stator windings 0.32 0.49 0.68 0.56 0.91

Tab. 4.3: Aleatoric uncertainty in °C. For Deep ensembles, dropouts, and GP, the
first standard deviation is shown (Normal distribution). For the EDL-based model, the
corresponding certainty bound is shown (0.68 certainty for Student-t distribution)

predicted by different models. The value in the table represents the calibrated standard
deviation for all models except EDL-based models. For EDL-based models, the Student-t
model’s 68% certainty value is used. In the absence of the true value of sensor noise
for this dataset, the following interpretation is speculative. Typically, among all the
components, measuring the temperature of the permanent magnet is most challenging
due to the spinning rotor. So, in theory, aleatoric uncertainty should be highest for
the permanent magnet compared to other components. This dynamic is only faithfully
captured by the GP, though the values obtained are on the higher side compared to
what is typically seen in the sensor datasheet. One possible explanation of this mismatch
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could be that the designed kernel was not sufficiently able to capture all residual dynamics.

Figures 4.1, 4.2, 4.3, and 4.4 show the ground truth, predicted mean, and 95% certain

bounds for permanent magnet, stator yoke, stator tooth, and stator windings, respec-
tively.

Similarly, the reliability diagrams for Deep ensembles, dropouts, EDL (NLL), EDL
(CRPS), and GP are shown in Fig. 4.5, 4.6,4.7, 4.8, and 4.9, respectively.
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Fig. 4.1: Comparison of ground-truth and predicted permanent magnet (PM) tempera-
tures for all five UQ models with corresponding 95% certainty bounds.

o1



Results

stator_yoke deep

Temperature (in C)
w 2 v 2 N @ ©
g &§ & 8 3 8 8

P

i

10000

20000 30000
stator_yoke dropout

40000

50000 60000

Temperature (in C)
w & VU o N ®» v 5
& & & 8 3 8 8 8

10000

20000 30000
stator_yoke EDL (NLL)

40000

50000 60000

Temperature (in C)
w &2 v 9 N ® © 9
g 8§ & &8 3 8 8§ 8

N
S

10000

20000 30000
stator_yoke EDL (CRPS)

40000

50000 60000

Temperature (in C)

10000

20000 30000
stator_yoke GP

40000

50000 60000

Temperature (in °C)
w & v o N ® © B
g &5 & 8 3 8 8§ 8

10000

20000 30000

40000

50000 60000

Fig. 4.2: Comparison of ground-truth and predicted stator yoke temperatures for all five

UQ models with corresponding 95% certainty bounds.

52



Results

stator_tooth deep

Temperature (in C)
s o @ 5
5 2 2 S

Al

10000

20000 30000
stator_tooth dropout

40000 50000 60000

Temperature (in C)
5 o @ 1
3 3 3 8

10000

20000 30000

stator_tooth EDL (NLL)

40000 50000 60000

Temperature (in C)
s o © 38
8 3 g 8

10000

20000 30000
stator_tooth EDL (CRPS)

40000 50000 60000

-
S
3

Temperature (in C)
N 5 o @
S 3 3 3

10000

20000 30000

stator_tooth GP

40000 50000 60000

Temperature (in °C)
S Py @ 5
& g 8 8

10000

Fig. 4.3: Comparison of ground-truth and predicted stator tooth temperatures for

50000 60000

all

five UQ models with corresponding 95% certainty bounds.

53



Results

stator_

deep

120

® S
3 S

Temperature (in C)
o
3

L any ¢

10000

20000

30000
stator_winding dropout

40000

50000

60000

120

-
o
s

Temperature (in C)
o
3

10000

20000

30000
stator_winding EDL (NLL)

50000

60000

Temperature (in C)

10000

20000

30000
stator_windi EDL (CRPS)

50000

60000

120

G 100
£
g
ERY
o
@
a
£ 60
2

40|

20|

10000 20000 30000 20000 50000 60000
stator_winding GP

3
£
e
2
e
5}
a
€
2

20

10000 20000 30000 20000 50000 60000

Fig. 4.4: Comparison of ground-truth and stator windings
models with corresponding 95% certainty bounds.

54

temperatures for

all five UQ



Results

pm deep ensembles stator_yoke deep ensembles

1.0

1.0

o

©
o
©

o

o
o
o

©

IS
o
IS

Observed Proportion in Interval
Observed Proportion in Interval

0.2 0.2
) Miscalibration area = 0.34 4 Miscalibration area = 0.14
0.0 L L L L L 0.0 L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval Predicted Proportion in Interval
stator_tooth deep ensembles stator_winding deep ensembles
1.0 1.0
0.8 0.8
© ©
2 e
2 2
£ £
=06 0.6
s s
£ £
S S
¢ g
- -
204 204
2 2
@ @
2 2
[s] o
0.2 0.2
s Miscalibration area = 0.20 A Miscalibration area = 0.19
0.0 L L L L L 0.0 L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval Predicted Proportion in Interval

Fig. 4.5: Reliability diagram from deep ensembles. Based on the reliability diagram, it
can be seen that deep ensembles have been underconfident.

95



Results

pm dropout stator_yoke dropout
1.0 1.0
0.8 0.8
T ©
2 c
2 2
£ €
0.6 0.6
c c
2 2
k= i<
S S
3 e
& &
?0.4 ?0.4
2 2
@ @
2 2
[} o
0.2 0.2
S Miscalibration area = 0.18 Miscalibration area = 0.04
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval Predicted Proportion in Interval
stator_tooth dropout stator_winding dropout
1.0 1.0
0.8 0.8
© ©
2 2
2 2
€ €
0.6 0.6
s s
€ €
s s
g g
I I
204 204
2 2
@ @
2 2
o o
0.2 0.2
S Miscalibration area = 0.06 4 Miscalibration area = 0.07
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval Predicted Proportion in Interval

Fig. 4.6: Reliability diagram from Dropout. Based on the reliability diagram, it can be
seen that dropout is overconfident for the permanent magnet but well-calibrated for the

stator yoke, tooth, and winding.

56



Results

pm EDL (NLL)

0.8

o
o

I3
IS

Observed Proportion in Interval

0.2

< Miscalibration area = 0.26

0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval

stator_tooth EDL (NLL)

0.8

o
o

Observed Proportion in Interval
o
IS

0.2

Miscalibration area = 0.03

0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval

Observed Proportion in Interval

Observed Proportion in Interval

stator_yoke EDL (NLL)

1.0

0.8

o
o

IS
IS

0.2
Miscalibration area = 0.05
0.0
0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval
stator_winding EDL (NLL)
1.0
0.8

o
o

I3
>

0.2

Miscalibration area = 0.02

0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval

Fig. 4.7: Reliability diagram from EDL (NLL). Based on the reliability diagram, it can
be seen that EDL (NLL) is overconfident for the permanent magnet, but highly calibrated
for the stator yoke, tooth, and winding.

57



Results

pm EDL (CRPS) stator_yoke EDL (CRPS)
1.0 1.0
0.8 0.8
T ©
2 2
g g
£ £
c06 06
c c
2 2
€ =
S S
a a
g o
I o
T o4 T o4
e e
@ @
b &
2 2
o o
0.2 0.2
L Miscalibration area = 0.13 4 Miscalibration area = 0.15
4
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval Predicted Proportion in Interval
stator_tooth EDL (CRPS) stator_winding EDL (CRPS)
1.0 1.0
0.8 0.8

o

o
o
o

I3
>

o
IS
Observed Proportion in Interval

Observed Proportion in Interval

0.2 0.2

4 Miscalibration area = 0.15 4 Miscalibration area = 0.15

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Predicted Proportion in Interval Predicted Proportion in Interval
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5 Conclusion

Accurate temperature estimation in PMSMs is crucial to avoid catastrophic failures such
as magnet demagnetization or winding insulation damage. This work investigated five
UQ models: deep ensembles, dropouts, EDL with NLL loss, EDL with CRPS loss, and
residual modeling with GP (SVGP approximation) on TNN, a SOTA data-driven motor
drive temperature estimation model. These models, besides GP, were integrated into
TNN using novel architectural designs. For deep ensembles and dropouts, a branched
architecture was used. This choice helped retain the physical interpretability of TNN.
For EDL-based models, to bypass the limitations of the standard EDL regularizer when
ground truth - and 7 parameters are unavailable, this work introduced a novel evidential
feedback architecture. All models presented in this work predicted both aleatoric and
epistemic uncertainties.

The models were then compared in terms of MSE, CRPS, NLL, and the miscalibration
area. GP came out on top with the lowest overall NLL, CRPS, and miscalibration area.
It also had the lowest NLL across all four targets, making it suitable for safety-critical
thermal modeling of a PMSM. Dropout was the best-performing model in terms of MSE
and had a similar overall CRPS score to GP, but its performance was noticeably worse for
the permanent magnet. This work demonstrated that Deep Ensembles, with the proposed
architecture, are unsuitable for UQ in TNN because of their poor NLL for the permanent
magnet. EDL-based models didn’t perform as well as GP, but their inference time is only
marginally worse than that of standard TNN, and hence provides uncertainty bounds
with relatively low computational overhead.

In addition to quantifying uncertainties in thermal modeling of PMSM, this work also
identified a research gap in the current UQ literature. To the best of the author’s knowl-
edge, there is no published literature that uses CRPS as a loss function for EDL. This
work successfully trained an EDL with CRPS and obtained results similar to those of the
standard NLL-based EDL implementation, proving it as a viable option for EDL.

5.1 Limitations and Future Work

Despite the promising results, several limitations and opportunities for future work re-
main. This study assumed no uncertainty in the inverse capacitance k and treated it as
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a learned parameter. A natural extension would be to model uncertainty in & directly by
learning a distribution over its values and sampling accordingly during inference.

Because of the large number of models being trained, the computational demands of HPO,
and the time constraints, some assumptions were made that could lead to suboptimal
convergence. For all HPOs, only a single optimizer (Adam or AdamW) was tested. As
already discussed in Sec. 3.7, for deep ensembles and dropouts, only a single parallel trial
was used for HPO. Even though a multi-stage optimization was performed using the top
10/50 trials, there is a possibility that the optimal value did not make it into the top
10/50. Furthermore, the kernel choice for GP was manually engineered, and the learning
rate was selected by trial and error from a small set of rates. To address both of these
limitations, an HPO with a larger search space and parallel trials is recommended. For
GP, the search space could include multiple kernel combinations and learning rates.

This work arbitrarily split profiles for GP residual training as detailed in Sec. 3.6. Simi-
larly, a single profile was arbitrarily chosen for calibration. Choosing a single profile risks
not capturing all the operating dynamics. Although excellent miscalibration area results
across multiple models proved that this was not a limiting factor, it has been disclosed
here for transparency.

This work treated predictions across all temperature ranges as similar, even though mostly
high temperatures are critical. Future work could evaluate the predicted uncertainties
using a weighted score that penalizes low uncertainty and high error more severely in
high-temperature regions.

Finally, to extend the novel integration of CRPS as a loss function for EDL, future work
could benchmark its performance on the standard regression datasets used in the foun-
dational EDL regression literature [28].
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The following sections contain plots from the HPO for dropouts, deep ensembles, and

both versions of EDL

A.1 HPO plots for dropout
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A.3 HPO plots for EDL (NLL loss)
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A.4 HPO plots for EDL (CRPS loss)
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Fig. A.26: Detailed HPO plots for EDL (CRPS Loss) (Part 4)
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A.5 Artificial Intelligence use declaration

To ensure transparency and uphold academic integrity, this table lists the artificial intel-
ligence (AI) tools utilized during the preparation of this thesis.

Tool Scope Use case

Grammary 2026 [55]  Entire manuscript Grammar, and spell checking

Notebooklm [56] Entire manuscript Grammar, and spell checking

Gemini 3.1 [57] Fig. 3.3, 3.4, 3.5 and 3.6 Tikz code generation for these figures
based on a hand-drawn picture

Gemini 3.1 [57] Recalibration function Code generation/debugging

for Student-t distribution, Plotting
functions for HPO images, Fig. 2.6

Fig. 2.8,
Gemini 3.1 [57] Beautification of plot 2.7 and 2.14
Gemini 3.1 [57] Sec. 2.4, 2.7, and 2.1.2
Gemini 3.1 [57] Entire HPO code

Claude Haiku 4.5 [58]  Github README.md
and Github Copilot [59]

Tab. A.1: Al use declaration

Code generation

Latex code generation for equations
Code debugging to diagnose

numerical errors, nan gradient

Readme generation based on

abstract and conclusion from this work.
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