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Abstract

In this thesis, we investigate the complezity of computing locally optimal solutions
of problems arising in the fields of game theory and optimization. For our investiga-
tion, we use the framework of PLS (short for “Polynomial-time Local Search”), as
introduced by Johnson, Papadimtriou, and Yannakakis [56].

Before presenting our results, we first revisit the framework of PLS and present
the necessary notation in Chapter 2] In Chapter [3| we survey the research on the
complexity of computing locally optimal solutions. There, we concentrate on well-
known and successful local search heuristics for various problems, where our focus is
on worst case complexity along with the existence of sequences of improving steps
of exponential length. We mostly concentrate on surveying research on congestion
games, which sparked the interconnection between local search and game theory.

In game theory, congestion games are a widely accepted model to investigate
the behavior and performance of large-scale distributed networks with autonomous
participants. The class of restricted network congestion games is a subclass of
congestion games where for each player there exists a set of edges which he is not
allowed to use. Rosenthal’s potential function guarantees the existence of a Nash
equilibrium, as local minima of the potential function coincide with Nash equilibria;
moreover, Rosenthal’s potential function is polynomial-time computable. This allows
to formulate the problem of computing a Nash equilibrium in a given restricted
network congestion game as a local search problem. In Chapter 5] we show that
computing a Nash equilibrium in a restricted network congestion game with two
players is PLS-complete, using a tight reduction from MAXCuUT. The result holds
for directed networks and for undirected networks.

From the field of optimization, we investigate the complexity of computing locally
optimal solutions of the MAXIMUM CONSTRAINT ASSIGNMENT (in short MCA) prob-
lem and of weighted standard set problems. In a nutshell, the MCA problem which
we study in Chapter [0]is a local search version of weighted GENERALIZED MAXIMUM
SATISFIABILITY on constraints (functions mapping assignments to positive integers)
over variables with higher valence. The parameters in (p,q,r)-MCAj_par simulta-
neously limit the maximum length p of each constraint, the maximum appearance
q of each variable and its valence r; additionally, the set of constraints is k-partite.
We focus on hardness results and show PLS-completeness of (3,2,3)-MCA3z par
and (2,3,6)-MCAj par, using tight reductions from CIrculT/FLIP. Our results are
optimal in the sense that (2,2,7)-MCA is solvable in polynomial time for every
r € IN. We also pay special attention to the case of binary variables and show
that (6,2,2)-MCA is tight PLS-complete. For our results, we extend and refine a
technique from Krentel [67].



Finally, in Chapter[7] we study the complexity of computing locally optimal solutions
of weighted standard set problems such as SETPACKING, SETCOVER, and many more,
as pooled in problems [SP1]-[SP10] in the book of Garey and Johnson [40], page 221ff.].
We show that for most of these problems, computing a locally optimal solution is
already PLS-complete for a simple natural neighborhood of size one. For the local
search versions of weighted SETPACKING and SETCOVER, we derive tight bounds for
a simple neighborhood of size two. To the best of our knowledge, these are one of the
very few PLS results on local search for weighted standard set problems.

The investigations in this thesis are mainly led by showing hardness results for
the local search problems outlined above. Ideally, we would like to demarcate the
tractability of computing locally optimal solutions for these problems. Moreover,
we are interested in commonalities between the reductions we present, as well as
potential sources of intractability in the problems we show hardness for. We discuss
these superior questions in Chapter [§] and point out potential directions for further
research, by stating various open problems.

vi
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Chapter 1
Introduction

Imagine the following scenario: It’s already noon and it seems like work is progressing
at a snail’s pace! That pivotal meeting of the board of directors is coming up at
two o’clock, including your election to the board of directors. Besides all the bustle
at work, the kids have to be picked up from school at five. In the meantime, there
remains a lot of unfinished business in your area of responsibility:

1. There is a department moving to a new floor and it is your duty to assign the
employees to the available cubicles. There are certain constraints to obey when
designing the seating chart. Some employees need to be seated in clusters for
collaboration, some require a fax machine nearby, and others just want to be
located closest to the coffee machine; apparently, everybody wants his or her
own cubical. The priority of a given set of employees moving to the new floor
is expressed as a positive integer. This leaves you with the task of finding a
pairwise disjoint subset of the set of given sets of employees which has maximum
total priority and obeys the above constraints.

2. Since creating seating charts for moving departments is not your sole task, you
decide to hand it over to some of your assistants, as you have done before. The
assistants all have different levels of expertise and are only productive when
working in teams of like-minded colleagues. Assigning a team to a set of tasks
incurs a certain cost. All tasks must be completed and for that you are willing
to tolerate double execution of a task. This leaves you with the responsibility
of finding a least expensive subset of the given teams such that the selected
teams execute all tasks.

3. In addition to the above internal affairs, the day-to-day business needs your
attention. The set of your clients can be split into three equally large groups,
namely consumers, producers, and distributors. They need to be matched
in triples such that no triple contains two members of the same group. The
contentment of each triple is expressed in a monetary reward which is handed
to you upon assignment. Not all combinations are available, as for example
a car manufacturer can make little use of a consumer who wants green tea
and both parties interact using a broker who is specialized on florists. This
leaves you with the task of finding a matching between the three groups which
maximizes your personal reward and obeys the given constraints.
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4. The above minutiae should not distract you from further fueling your career
in the conglomerate that employs you. An additional salary stimulus comes
from serving on as many boards of directors as possible. On the downside, each
position claims a share of your precious time; for that reason, you decided to take
at most k positions. On the upside, each taken position returns some monetary
compensation; some positions are linked to one another, as for example a
subsidiary company might share some directors with the parent group. This
leaves you with the task to single out the at most k positions to aspire in order
to maximize your income.

Due to time constraints you cannot afford to tackle each of the above problems
individually. Fortunately, you recall an optimization lecture back at the university
on the capabilities of WEIGHTED MAXIMUM SATISFIABILITY. The labor-saving
approach is now to model each of the above problems as a WEIGHTED MAXIMUM
SATISFIABILITY problem, i.e. to express them as a set of weighted clauses over a
set of binary variables such that an optimal solution of an instance of WEIGHTED
MAXIMUM SATISFIABILITY constructed this way induces an optimal solution of the
instance of the corresponding problem you modeled. This approach reduces the
workload from constructing four approaches to the four different problems above
to creating a single approach for WEIGHTED MAXIMUM SATISFIABILITY. Luckily,
decades of research in computer science have provided you with a solver for WEIGH-
TED MAXIMUM SATISFIABILITY that supplies you with the appropriate answers such
that with great chance you will be there in time to pick up the kids from school.

1.1 Optimization Problems, Intractability, and
Approximation

The above examples in items illustrate that we are surrounded by optimization
problems in our everyday life. The relocation of the department in item [l] is an
optimization version of a weighted SETPACKING problem (see next subsection or
confer [SP3] in the book of Garey and Johnson [40] for a formal definition). Finding
a least expensive subset of the given teams such that the selected teams execute
all tasks in item [2] is an optimization version of a weighted SETCOVER problem
(see next subsection or confer [SP5] in the book of Garey and Johnson [40)] for a
formal definition). Matching each consumer, producer, and distributor in item
such that the reward is maximized is an optimization version of a weighted 3-D1-
MENSIONALMATCHING problem (confer [SP1] in the book of Garey and Johnson [40]
for a formal definition). Raising the salary in item 4| by serving at most k& positions
on the boards of directors simultaneously, while maximizing the revenue represents
an optimization version of a weighted HITTINGSET problem (confer [SP8| in the
book of Garey and Johnson [40] for a formal definition). Finally, the WEIGHTED
MAXIMUM SATISFIABILITY problem as used above is an optimization version of the
well-known SATISFIABILITY problem (see Subsection or confer [LO1| in the
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book of Garey and Johnson [40] for a formal definition). Numerous theoretical and
practical applications have made both SATISFIABILITY problems subject to intense
investigation in the literature.

Identifying and Categorizing Hard Problems

In computer science, the problems outlined in items are pooled as set problems.
Together with the SATISFIABILITY problems described above, they have been under
severe investigation for the last decades. The investigation of optimization problems
was in large parts led by the quest of finding algorithms which efficiently compute
solutions for the respective problems. In computer science, an algorithm is widely
accepted as efficient when its running time is polynomial in the size of the input; such
algorithms are commonly referred to as polynomial-time algorithms. A problem is
widely regarded as tractable if there exists a polynomial-time algorithm which solves
the problem. For the set problems and the SATISFIABILITY problems outlined above,
there does not exist a polynomial-time algorithm for a single problem up to the point
of publication of this thesis; the general belief is that there is indeed little hope for
efficient algorithms.

The Class NP and the Concept of Reductions A decision problem is a problem
whose solution is either “yes” or “no”. The decision problems which can be derived
from the above optimization problems belong to the class of decision problems which
can be solved by a polynomial-time bounded non-deterministic Turing machine; the
corresponding class is called NP. On the one hand, NP contains problems for which
polynomial-time algorithms are known such as SHORTESTPATH or LINEARPROGRAM.
On the other hand, NP also includes an extensive list of important problems for
which no polynomial-time algorithm is known, such as the TRAVELING SALESMAN
PROBLEM, the SATISFIABILITY problem, and decision problems which can be derived
from the set problems outlined above. In order to further categorize the problems in
NP by computational complexity, the concept of N'P-completeness was introduced.
An NP problem B is N'P-complete if for each NP problem A, every instance of
A can be transformed into an instance of B in polynomial time such that for each
instance of A, “yes” is a solution if and only if “yes” is a solution of the transformed
instance of B. The corresponding mapping is called a reduction. Intuitively, problem
A cannot be harder than problem B. Loosely speaking, this also means that while
there are instances of problem B which can be solved efficiently, problem B is in
general capable of capturing the complexity of the entire class N'P. Note that we have
already implicitly applied reductions in the introduction. The approach to bypass
having to solve each set problem in items individually by modeling them as a
WEIGHTED MAXIMUM SATISFIABILITY problems, requires to construct a reduction
between the respective problems.

Hardness and Intractability Besides the categorization and simulation of problems,
the concept of N'P-completeness also has a large impact on the existence of efficient
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algorithms for problems in N'P. By design of N'P-completeness, the existence of a
polynomial-time algorithm for a single N'P-complete problem implies the existence
of a polynomial-time algorithm for each problem in N'P. The well-known decision
problems which can be derived from all the optimization problems outlined in the
introduction have been categorized as N'P-complete. Up to the point of publication
of this thesis, there does not exist a polynomial-time algorithm for any AP-complete
problem. The general belief is that there is little hope for efficient algorithms for N'P-
complete problems. NP-complete problems are widely regarded as hard problems
and are therefore also coined intractable problems.

The categorization of specific problems by tractability also has the potential to
unveil insights on the computational complexity of optimization problems in general.
Moreover, it can help derive a deeper understanding of the involved complexity classes.
For a thorough introduction to the theory of AP-completeness and intractability in
general, confer the excellent book of Garey and Johnson [40].

1.1.1 Standard Set Problems

As the examples in items demonstrate, weighted set problems are fundamental
combinatorial optimization problems with a wide range of applications. In general, the
input to a weighted set problem consists of a set system along with a weight function
on the set system. The task is to compute a solution maximizing or minimizing some
objective function on the set system while obeying certain constraints. Besides the
examples outlined above, the application of weighted standard set problems ranges
from crew scheduling in transportation networks and machine scheduling problems
to facility location problems [52].

Intractability of Weighted Standard Set Problems Now, focus on the weighted
SETPACKING and SETCOVER problem, which are well-known representatives of
standard set problems. For an annotated bibliography on the application of the two
problems, confer the survey by Balas and Padberg [13]. In the weighted SETPACKING
problem, we are given a set C of weighted sets over a finite set B. The objective
is to compute a set S of pairwise disjoint sets from C, which maximizes the sum of
the weights of the sets in S. Analogously, on an identical input, in the SETCOVER
problem the objective is to compute a covering S of B—a subset S of C in which every
element from B is contained in at least one set—which minimizes the sum of the
weights of the sets in S. The book of Garey and Johnson [40, page 221ff.] pools a total
of eleven prominent unweighted set problems as decision problems in [SP1|-[SP11].
The standard set problems listed there range from matching and packing to covering
problems, including unweighted decision problems which can be derived from the set
problems outlined in items For all set problems listed in [SP1]-[SP11], deciding
if a solution exists is NP-complete.
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1.1.2 Satisfiability Problems

The SATISFIABILITY problem and its extensions are well-studied fundamental problems
in computer science whose groundbreaking results lead to the development of entire
subdisciplines.

The Satisfiability Problems In the optimization problem WEIGHTED MAXIMUM
SATISFIABILITY, an instance consists of a finite set of weighted clauses C over a finite
set of variables X. A clause C; € C is a set of literals, where a literal is a variable
or its negation. An assignment for the set of variables X" is a function X — {0,1}.
For a given assignment, a literal flips the value of its variable if the literal is the
negation of its variable, otherwise it inherits the assignment of its variable. A clause
is satisfied by a given assignment if at least one of its literals is assigned 1. Note that
this corresponds to connecting the literals by the boolean operator OR. The task is to
compute an assignment maximizing the sum of the weights of the satisfied clauses.
The SATISFIABILITY problem denotes a decision problem derived from WEIGHTED
MAXIMUM SATISFIABILITY where each clause has weight one. The task is now to
decide if there exists an assignment which satisfies all clauses simultaneously.

Theoretical and Practical Impact In complexity theory, the SATISFIABILITY prob-
lem was the first decision problem shown to capture the complexity of the entire class
NP [23]; SATISFIABILITY was the initial N'P-complete problem. The intractability of
SATISFIABILITY led to the N"P-completeness of 21 combinatorial and graph theoreti-
cal problems, now known as “Karp’s 21 N'P-complete Problems” [60]. Succeedingly,
numerous other problems were proven to be N'P-complete and the theory of complete-
ness was carried beyond decision problems; confer e.g. Ausiello et al. [I1]. Extensions
of the SATISFIABILITY problem are also fundamental for other complexity classes,
such as the class of decision problems which can be solved by a polynomial-space
bounded Turing machine [102]; the corresponding class is called PSPACE.

The N'P-completeness of SATISFIABILITY does not only show the intractability of
the problem itself but can also serve as a starting point for solving other intractable
problems. By definition of A/P-completeness, the SATISFIABILITY problem is able to
simulate each problem in NP. Furthermore, many problems can be modeled as SAT-
ISFIABILITY problems. This approach is used to solve problems arising from bounded
model checking, hardware design, planning, software verification, and countless other
problems from various disciplines [14]. The constant demand for solving the seem-
ingly omnipresent SATISFIABILITY problem and its extension in practice, led to the
development of numerous solvers. For a survey of the applications of SATISFIABILITY,
its derivatives, and solvers confer Gu et al. [46] and the book of Biere et al. [14].

1.1.3 Approximation of Intractable Problems

The decision problems which can be derived from the weighted set problems in the
introduction and also the SATISFIABILITY problem are known to be A'P-complete,
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as outlined in the previous paragraphs. These problems are in good company, as over
40 years of research in computer science unveiled that roughly 3,000 problems, and
counting, are intractable. Garey and Johnson [40] compiled a list of 300 fundamental
NP-complete problems and included this catalog in their book. The problems which
are identified as N'P-complete are on the one hand of great interest but on the other
hand have resisted tractability up to now. Therefore, numerous approaches have been
developed to tackle these problems.

Approximation Algorithms The general idea of approximation algorithms is to
sacrifice solution quality in return for a polynomial running time. Hence, instead of
striving for (globally) optimal solutions, one now pursues approzimate solutions, i.e.
solutions which might not be (globally) optimal, but are at least good, with respect
to some measure or the personal perspective. For instance, approximation algorithms
compute solutions whose objective function value is guaranteed not to be more
than a predetermined factor away from an optimum. Several approaches have been
developed for SETPACKING, SETCOVER, HITTINGSET, and other weighted standard
set problems. For a survey of approximation algorithms for covering and packing
problems, confer Paschos [88], Hoffman and Padberg [52] (and references therein).
The SATISFIABILITY problem and its extensions have been intensively studied in
the literature with numerous approaches being developed for these fundamental
problems. For a survey of the various approaches, we refer the reader to the surveys
by Gu [45], Gu et al. [46], Kautz and Selman [61], the corresponding chapters in
the handbooks by Gonzalez [43], Kao [58|, and the recently published book by Biere
et al. [I4]. For a general overview of approximation algorithms, confer the book
of Hochbaum [51].

Metaheuristics Unfortunately, some problems in NP even resist polynomial-time
approximation in the sense that the existence of a polynomial-time algorithm which
computes an approximate solution would directly imply that P = NP. For example,
unless P = NP, SETPACKING does not admit a constant-ratio polynomial-time
approximation algorithm [9]; moreover, SETCOVER and HITTINGSET do not admit a
polynomial-time approximation scheme [40, [84] (an approximation algorithm with an
additional input parameter € > 0, which—when neglecting e—produces a solution in
polynomial time that is within a factor of 1+ € from being optimal), unless P = N'P.
Hastad [49] shows that for WEIGHTED MAXIMUM SATISFIABILITY where all clauses
have three literals and all weights are equal to one, no approximation algorithm can
achieve a performance guarantee better than 7/8, unless P = N'P.

A popular approach to tackle problems which even resist polynomial-time approxi-
mation at a certain degree, are (meta-)heuristics. Nearly all metaheuristics like local
search, simulated annealing, evolutionary algorithms, to name a few popular ones,
share the same general approach. Starting from a given (population of) solution(s),
they compute a new (population of) solution(s) and continue the computation with
the new one(s); here, solutions with a higher quality, with respect to the objective
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function, are preferred. For the local search approach, the preference for improved
solutions is strict, i.e. the computation only proceeds with strictly better solutions.
This approach is most suitable for convex optimization problems since in convex
optimization problems, local optima coincide with global optima. Metaheuristics with
strict preferences for improved solutions are tailored to find local optima, by design.
If local optima are frequent in the solution space but of rather different quality with
respect to the objective function, then local search with a strict preference for new
solutions might be regarded as a drawback. For this, metaheuristics with non-strict
preferences for new solutions are suitable, since they can escape local optima. How-
ever, the focus in this thesis is on the local search approach and in particular the
complexity of computing a local optimum.

Local search is one of the most frequently used approaches to solve hard combinato-
rial optimization problems. Famous examples of successful applications of local search
algorithms are the SIMPLEX method for solving linear programs [15], [103], the k-OpT
heuristic for finding solutions of the TRAVELING SALESMAN PROBLEM [I], and the
k-MEANS algorithm for clustering objects [26], [54]. For further information on local
search, its complexity, and related problems confer also Solis-Oba [100], Yannakakis
[108, [110].

1.2 Local Search

Local search is a standard approach to approximate solutions of hard combinatorial
optimization problems. In this section, we first present the concept of local search in
Subsection [T.2.1] before surveying successful applications of local search in Subsec-
tion We present the class PLS, introduced by Johnson, Papadimtriou, and
Yannakakis [56], as a theoretical framework to investigate the complexity of local
search in Subsection [L2.3] Subsection [[.2.4] then draws the connection between local
search and game theory. Let us stress that in this thesis, we merely focus on the
complexity of computing locally optimal solutions. For an overview of the quality of
solutions obtained via local search, confer the survey by Angel [g].

1.2.1 The Concept of Local Search

Local search is a natural and intuitive approach to compute locally optimal solutions:
Starting from an arbitrary feasible solution, a sequence of feasible solutions is itera-
tively generated, such that each solution is contained in the predefined neighborhood
of its predecessor solution and strictly improves a given cost function. If no improve-
ment within the neighborhood of a solution is possible, a local optimum (or locally
optimal solution) is found. Hence, a local search problem may be constructed from
an arbitrary optimization problem by superimposing a neighborhood structure on
the set of feasible solutions. A generic local search algorithm for computing locally
optimal solutions may now work as given in Algorithm [I}

For an instance I of a local search problem P, an improving step is a move from a
solution s of I to a better neighboring solution s’ of I'; note that this corresponds to a
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Algorithm 1 GENERICLOCALSEARCH (Instance I of Local Search Problem P)

1: Compute an initial feasible solution s for instance I
2: while s is not locally optimal do
3 Compute a better solution s’ within the neighborhood of s
4: Set s:=¢
5: end while

6: return s

call of the while loop in lines in Algorithm [I] Now, assume that each single step
in lines including verifying or disproving local optimality of a solution s in line
and the implicit computation of the cost of a solution s in line [3]is polynomial-time
computable. Then, there is no a priori guarantee that the number of calls of the
while loop in lines and hence the length of every sequence of improving steps is
bounded by a polynomial in the size of the input. Now, consider the following simple
minimization local search problem:

Definition 1.1 (Exp [78]). Instances of EXPONENTIAL (in short EXP) are natural
numbers n € IN, encoded as a binary string. The set of feasible solutions consists of all
binary strings {0,1}". The cost of a solution is the natural number the binary string
represents and the single neighbor is the natural number the binary string represents
minus one; the neighborhood of the all-zero vector is empty.

Starting with the all-one vector, it is obvious to see that by design, every sequence
of improving steps in a given instance of EXPONENTIAL requires exponentially many
steps to reach the locally optimal all-zero vector, which is also the single local optimum.
This shows that there exist local search problems and initial feasible solutions such
that every sequence of improving steps has exponential length. Despite this general
negative result on the rapid convergence of sequences of improving steps, local search
algorithms often require only a few steps to compute a locally optimal solution in
practice. However, the running time is in many times pseudo-polynomial and even
exponential in the worst case, as pointed out above. The concept of local search
reaches back to the late 1950s and early 1960s when it was first applied to the
TRAVELING SALESMAN PROBLEM [71]. Since then it has been successfully applied
to a wide range of problems from different areas.

1.2.2 Successful Applications of Local Search

Here, we consider three combinatorial optimization problems in which local search
celebrated its greatest practical successes, namely LINEARPROGRAMs, the TRAVELING
SALESMAN PROBLEM, and the problem of CLUSTERING objects.

LinearPrograms An instance of a LINEARPROGRAM consists of a matrix A and two
vectors b and c. The task is to compute a vector & maximizing ¢’z such that Az < b.
Due to the convexity of LINEARPROGRAMS, local optima coincide with global optima.
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This suggests the use of local search in a natural way. In 1947, Danzig [24] introduced
the famous SIMPLEX Algorithm which computes an optimum by starting at a vertex
of the polytope formed by the constraints Az < b and iteratively advances to better
vertices, with respect to ¢!z, until an optimum is reached. Since its introduction, the
SIMPLEX Algorithm has been successfully applied to LINEARPROGRAMS originating
from a wide range of applications, including scheduling problems, production planning,
routing problems, and problems arising in game theory. Although the running time
of the SIMPLEX algorithm was quickly observed to be polynomial on “real-world”
instances, significant progress in speeding up the algorithm took until the end of the
1980s [15].

The existence of exponentially long improving sequences caught the interest in the
early years of the SIMPLEX method. LINEARPROGRAMSs were constructed on which
the SIMPLEX method with the steepest descent pivoting rule takes an exponential
number of pivoting steps [65]. Similar results were shown for other pivot rules [64] [T03].
Despite that, Kalai and Kleitman [57] showed that for every initial solution of a
LINEARPROGRAM with n inequalities and d variables, the distance to a local optimum
in the polytope formed by the inequalities is at most n'°¢?*2 pivot steps. This
raises the question whether it is possible to find such a path efficiently. However,
computing an optimum point of a LINEARPROGRAM is known to be in P due to
the Ellipsoid method by Khachiyan [62] which uses an approach different from local
search. Karmarkar [59] subsequently introduced the interior point method which
also requires polynomial time and even outperforms the SIMPLEX algorithm in some
practical applications.

The Traveling Salesman Problem An instance of the TRAVELING SALESMAN
PROBLEM consists of a complete undirected edge-weighted graph. The task is to
compute a round trip (or tour) of minimum weight which visits each node of the
given graph exactly once. Already in the 1960’s, local search was proposed to solve
the TRAVELING SALESMAN PROBLEM in practice [71]. The probably most frequently
used local search heuristic for the TRAVELING SALESMAN PROBLEM is the k-OPT
heuristic, where k = 2 in most cases. Starting from an initial tour, up to k edges may
be rearranged in an improving step in order to construct a tour of lower cost [71]. An
alternative heuristic, also based on local search, is the more complex LIN-KERNIGHAN
heuristic (confer Johnson and McGeoch [55] for a formal definition) [72]. For random
and “real-world” Euclidean instances, the 2-OpPT and LIN-KERNIGHAN heuristics
are known to compute very good tours within a sub-quadratic number of improving
steps [55), O1].

Despite the fast convergence on practical instances, it was shown that there exist
instances and initial solutions of the TRAVELING SALESMAN PROBLEM for which
the k-OPT heuristic for k£ > 2 can take exponentially many improving steps [19, [73].
However, these instances do not satisfy the triangle inequality and the existence of
such instances in the metric TRAVELING SALESMAN PROBLEM remained unsettled for
a long time. Eventually, Englert et al. [33] prove the existence of Euclidean instances
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on which the 2-OPT heuristic can take exponentially many improving steps.

Clustering The problem CLUSTERING asks for a partition of a set of data into
subsets (also known as clusters) such that some given measure for the similarity
within the clusters is maximized. The problem of clustering data occurs in many
applications, including pattern recognition, data compression, and load balancing with
problem-specific nuances, depending on the application. A well-studied algorithm for
clustering points in the Euclidean space is the k-MEANS algorithm. It starts with
an initial set of k centers for the clusters; each data point is assigned to its closest
center. Then, the solution is improved by repeatedly performing the following two
steps: First, a new center is defined for each cluster as the average of all points of
the cluster, i.e. the “mean” of all points in the specific cluster. Finally, all points
are assigned to their clusters, according to the minimum distance of the new center
points. Note that in each improving step, the sum of the distances of the data
points to their corresponding closest center, decreases; this can be regarded as a
potential function. Let us remark that in the Euclidean space, an improving step of
the k-MEANS algorithm is uniquely determined.

For practical instances, the number of steps of the k-MEANS algorithm was observed
to be linear in the number of data points [26]. Similar to the two previously mentioned
famous problems, there exist instances and initial solutions of the CLUSTERING
problem for which the k-MEANS algorithm takes an exponential number of improving
steps to converge [105].

Randomized Instances and Smoothed Complexity For many years, the running
time of local search algorithms in general, and the SIMPLEX method in particular, was
observed to be very low on most instances occurring in practical applications. Inspired
by this observation, the complexity of the SIMPLEX algorithm was investigated for
numerous distributions of random inputs and shown to be in expected polynomial
time [6}, (16, [99]. The same observation was made for the 2-OPT heuristic for computing
solutions of the TRAVELING SALESMAN PROBLEM on random instances in the
unit hypercube [19]. However, in contrast to the constructed inputs for which an
exponential number of improving steps are possible, it can be argued that the random
instances may have certain properties that do not reflect the properties of real-world
instances.

In order to understand why the running time is polynomial on so many real-world
instances, Spielman and Teng [I01] introduced the notion of smoothed complexity. In
a nutshell, smoothed complexity measures the expected running time of an algorithm
under small random perturbations of the input. The authors show that the SIMPLEX
algorithm for LINEARPROGRAMS has polynomial smoothed complexity. Subsequently,
the notion of smoothed complexity was adapted for algorithms of various problems,
including other local search algorithms. The smoothed complexity of the 2-OpT
heuristic for Euclidean instances was shown to be polynomial [33]. Recently, the
k-MEANS algorithm was also shown to have polynomial smoothed complexity [10].

10
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1.2.3 A Framework to Investigate the Complexity of Local Search

Subsection outlines the concept of local search and shows that in general, there
does not exist an upper bound on the length of every sequence of improving steps
which is polynomial in the size of the input. However, the previous subsection outlined
that in practice, local search algorithms often require only a few steps to compute a
locally optimal solution.

Formalizing Local Search In order to investigate the computational complexity
of local search algorithms, Johnson, Papadimtriou, and Yannakakis [56] introduced
the class PLS (short for “Polynomial-time Local Search”) in 1988. Essentially,
a problem in PLS is given by some minimization or maximization problem over
instances with finite sets of feasible solutions along with a non-negative integer cost
function. A neighborhood structure is superimposed over the set of feasible solutions,
with the property that a local improvement in the neighborhood can be found in
polynomial time. Additionally, an initial solution and the cost of a solution can be
computed in polynomial time for each instance of a PLS problem. The objective
is to find a locally optimal solution, i.e. a solution which lacks a better neighboring
solution. Note that this description matches the definition of a local search problem
in Subsection except for the restrictions of a polynomial bound on the running
time of the corresponding algorithms.

Identifying and Categorizing Local Search Problems In order to establish rela-
tionships between PLS problems and to further classify them, Johnson, Papadimtriou,
and Yannakakis [56] define the notion of a PLS reduction. In essence, a PLS reduc-
tion from PLS problem A to a PLS problem B maps instances of A to instances of B
in polynomial time such that local optima of B can be transformed into local optima
of A in polynomial time. Intuitively, problem A cannot be harder than problem B.
A PLS problem B is PLS-complete if every problem in PLS is PLS-reducible to
B. The concept of PLS-completeness is in line with the general use of completeness
in complexity theory. In the case of PLS, the concept entails that if some PLS-
complete problem is polynomial-time solvable, then all problems in the class PLS
are polynomial-time solvable. Similar to NP-complete problems, no polynomial-time
algorithm is known for any PLS-complete problem. PLS-complete problems are
widely regarded as hard problems and are therefore also referred to as intractable
problems.

A drawback of PLS reductions from A to B, as outlined above, is that they may
introduce additional sequences of improving steps in instances of B such that shortcuts
between two solutions of an instance of A are opened up, under some reduction. Hence,
there is no a priori guarantee that the exclusiveness of exponentially long sequences of
improving steps is preserved under this type of reduction. Tight reductions circumvent
this obstacle, by enforcing a more structured reduction. In a nutshell, a PLS reduction
is tight if all sequences of improving steps in the instance created by the reduction
correspond to sequences of improving steps in the original problem whose length

11
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may only be increased by introducing intermediate solutions. We present formal
definitions for all of the above concepts in Chapter [2l Overall, not many problems are
known to be PLS-complete, since reductions are mostly technically involved, which
seems to be in large parts due to the transformation of the neighborhood under the
reduction.

Local Search in Complexity Theory In general, not much is known about the
relation of PLS to other complexity classes. By construction, PLS is contained in
TFNP, the class of total functions from N'P. It is though rather unlikely that PLS
equals TFNP, since this would imply that NP is closed under complement [56].
Nevertheless, some notions of hardness hold for PLS-complete problems, to which
CIRcUIT /FLIP (confer Definition 2.12]in Chapter [2|for a formal definition) is reducible
via a sequence of tight reductions [95]. The standard algorithm problem is, for a
given instance I of a PLS problem L and some feasible solution s, to compute
a local optimum s* which is reachable from s by successive improvements. The
standard algorithm problem of CIRcUIT/FLIP is known to be PSP.ACE-complete 87,
109]. Tight reductions as sketched above preserve the PSPACE-completeness of
the standard algorithm problem [87], T09]. Moreover, tight reductions also preserve
the property that there exist instances and initial feasible solutions such that every
sequence of improving steps has exponential length before reaching a locally optimal
solution [56]. Though a handful of problems have been shown to be PLS-complete,
the knowledge about PLS is still very limited and not at all comparable with our
rich knowledge about N'P.

1.2.4 Local Search and Game Theory: Optimization in Competition

Recently, the field of local search has attracted additional attention from game theory,
considering the complexity of computing a pure Nash equilibrium. In this subsection,
we only consider pure Nash equilibria; thus, we omit pure for sake of readability.

Non-Cooperative Games and Nash Equilibria In game theory, a game is charac-
terized by a set of players, a set of strategies for the players, and a set of cost functions
for the players. Here, the cost function of each player represents his private cost and
depends on the choices of strategies of all other players. A state of the game is an
assignment of each player to a strategy. A famous solution concept for non-cooperative
games is the Nash equilibrium [80]. In a Nash equilibrium, no player can unilaterally
deviate and strictly improve his private cost. Hence, a Nash equilibrium defines a
stable state of the game. The definition of a Nash equilibrium gives rise to a simple
dynamics, known as Nash dynamics, to compute these stable states: In each round, a
single player is allowed to perform a selfish step, i.e. unilaterally change his strategy
and strictly improve his private cost; the dynamics terminates once no such player
exists and is synonymously referred to as the SELFISHSTEPS algorithm. In the special
Nash dynamics known as best-response dynamics, each player selects a strategy which
maximizes the improvement of his private cost.

12
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Nash Equilibria and Local Search Problems Proving the existence of Nash equi-
libria for classes of games is usually done using some potential function argument. A
potential function maps every state of the game to a positive integer such that every
selfish step of each player strictly decreases the potential function. Local optima of
potential functions then coincide with Nash equilibria. In case of polynomial-time
computable potential functions, the problem of finding a Nash equilibrium can be
formulated as a PLS problem, where the neighborhood structure is superimposed by
the Nash dynamics. For a thorough introduction to game theory, confer the book
of Myerson [79].

1.2.5 The Class of Congestion Games

Inspired by road traffic and more recently the internet, the class of congestion games
has been under severe scrutiny for the last years. Congestion games are a widely
accepted model to investigate the behavior and performance of large-scale distributed
networks with autonomous participants.

Congestion Games and Nash Equilibria Congestion games are non-cooperative
games where n weighted players myopically select strategies s; from their set of
strategies S; (subsets of the set of shared resources R) such that their individual delay
on all resources in the current state of the game s = (s1,..., ;) is minimized. Here,
the individual delay of a player is the sum of the delays on each resource the player
is using. The delay on resource r € R is the value of the delay function d, : IN — Ny
for the sum of the weights of the players using the resource. A congestion game is
unweighted, if the weights of all players are equal. In that case, n,(s) denotes the
number of players using resource r € R in state s of the game. In network congestion
games, the set of strategies for each player corresponds to all his source-sink paths.
A congestion game is symmetric if all players have the same set of strategies and
asymmetric otherwise.

Unweighted congestion games are known to possess an exact potential function
O(s) = >, cr Z?;gs) d,(7), also known as Rosenthal’s potential function [92]; hence,
computing a Nash equilibrium can be formulated as finding a minimum of the
potential function. For weighted congestion games, a recent result [48] shows that
affine linear [37] and exponential [83] delay functions are the only general classes
which admit Nash equilibria. Note that for unweighted congestion games, the Nash
dynamics converges after at most a polynomial number of iterations, if all delay
functions are polynomials. In contrast to that, if a potential function exists for
a weighted congestion game, then its number of states is no longer polynomially
bounded in general.

Restricted Network Congestion Games In this thesis, our focus in the area of
game theory is on the class of restricted network congestion games. Restricted
network congestion games are network congestion games where for each unweighted
player there exits a set of edges which he is not allowed to use. Rosenthal’s potential
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function [92] guarantees the existence of a Nash equilibrium. As in unweighted
congestion games, the problem of computing a Nash equilibrium can be formulated

as a PLS problem.

1.3 Central Questions of this Thesis

To the best of our knowledge, the exact tractability of computing locally optimal
solutions of weighted standard set problems, of WEIGHTED MAXIMUM SATISFIA-
BILITY problems, and the tractability of computing Nash equilibria in restricted
network congestion games is unsettled. This leads us to the below stated central
questions which we investigate in this thesis. We classify these central questions as
superior questions which affect all problems in the class PLS and questions specific
to the problems we consider. Superior questions are stated in Subsection [1.3.1]

problem-specific questions are listed in Subsections

1.3.1 Superior Questions

The Algorithm [[] GENERICLOCALSEARCH presented in Subsection succeeds
in computing some locally optimal solution but lacks a general polynomial-time
bound on its running time. The most evident and superior question is thus whether
there exist potentially sophisticated algorithms for the problems we investigate which
compute locally optimal solutions in polynomial time.

Question 1. What is the complexity of computing a locally optimal solution of the
problems we consider?

In this thesis, our emphasis will not be on particular algorithms, but rather on
demarcating the tractability of computing locally optimal solutions of the problems
we study. For our investigation, we use the framework of PLS, as introduced
by Johnson, Papadimtriou, and Yannakakis [56]. We try to either present polynomial-
time algorithms which compute locally optimal solutions or show the intractability of
the respective problems, using reductions within the framework of PLS. Intractability
results will then suggest that there is little hope for polynomial-time algorithms
for the corresponding problems. Most of the reductions we present will be rather
technically involved and consist of problem-specific constructions. Nonetheless, we are
interested in commonalities between the reductions we present. These commonalities
might lead the way to uncover some common proof patterns or schemes behind our

reductions. Ideally, we would like to have something similar to a “recipe” for future
PLS reductions.

uestion 2. Is it possible to identify a general structure behind the reductions we
tion 2. Is it ble to identi [ structure behind the reducti
present?

A PLS-completeness proof not only shows the intractability of the corresponding
problem, but also provides a valuable insight perspective of the problem. Additionally,

14
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the PLS-completeness proofs we present might provide some feedback for a better
understanding of hard problems in the class PLS and how to identify them according
to tractability.

Question 3. What are the potential sources of intractability in the problems we show
PLS-completeness for?

A potential answer to the latter question might prove useful in identifying if a
future PLS problem tends to be tractable or resists tractability. In the long run, this
might fuel the hope for a non-complex, general criterion for PLS-hardness.

1.3.2 Restricted Network Congestion Games

Considering congestion games, we are interested in the complexity of computing Nash
equilibria when either the number of players, resources, or the size of each strategy
is a priori fixed. For a constant size of each strategy, Fabrikant et al. [34] give a
surrounding intractability answer, requiring only two strategies per player which can
be further lowered to at most five resources per strategy [34] [104]. We present a more
comprehensive overview of these and other results addressing congestion games in
Subsection For a fixed number of resources, computing a Nash equilibrium
is polynomial-time solvable since the total number of strategies is bounded by a
polynomial in the size of the input [4]. Hence, the tractability of computing Nash
equilibria in congestion games in the presence of an a priori fixed number of players
remains unsettled.

Question 4. Which impact does the number of players have on the complexity of
computing a Nash equilibrium in a given congestion game?

For our investigation, we consider the subclass of restricted network congestion
games (confer Definition in Chapter [2|for a formal definition). Let us remark that
Question 4 is also addressed in the work of Ackermann and Skopalik [4]. There, the
authors show that computing a Nash equilibrium in a restricted network congestion
game involving three players only is PLS-complete. In this thesis, we are interested
in the tractability of computing Nash equilibria in restricted network congestion
games involving two players only.

Question 5. What is the complezity of computing a Nash equilibrium in a restricted
network congestion game involving two players only?

Let us stress that an answer to Question [§] settles the complexity of computing Nash
equilibria in restricted network congestion games, since for one player, computing
a Nash equilibrium reduces to finding a shortest path, which is polynomial-time
computable.
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1.3.3 Maximum Constraint Assignment

Regarding the optimization problem WEIGHTED MAXIMUM SATISFIABILITY, we
study the tractability of computing locally optimal solutions of the MAXIMUM CON-
STRAINT ASSIGNMENT problem (in short MCA; confer Definition in Chapter
for a formal definition). In a nutshell, the MCA problem is a local search version of
weighted GENERALIZED MAXIMUM SATISFIABILITY (confer problem [LOG6] in the book
of Garey and Johnson [40] for a formal description) on constraints (functions mapping
assignments to positive integers) over variables with higher valence. Additional
parameters in (p,q,r)-MCA simultaneously limit the maximum length p of each
constraint, the maximum appearance g of each variable and its valence r. For our
investigation, we build on a work from Krentel [67], who outlines that (4, 3,3)-MCA
is PLS-complete. We will provide more information on the work of Krentel [67] in
Subsection [3.1.4] and Section We are mostly interested in simultaneous small
combinations of both the maximum length of each constraint and the maximum
appearance of each variable. Furthermore, we are also interested in the special case
of binary variables. As we believe that the MAXIMUM CONSTRAINT ASSIGNMENT
problem is a fundamental problem for the class PLS, we would like to delimit the
intractability of computing locally optimal solutions of the MAXIMUM CONSTRAINT
ASSIGNMENT problem.

Question 6. What are the bounds on the intractability of the MAXIMUM CONSTRAINT
ASSIGNMENT problem?

Notably, (2,2,7)-MCA is solvable in polynomial time for every r € IN and this
might additionally fuel the hope for demarcating results.

1.3.4 Weighted Standard Set Problems

Local search algorithms are widely used in practice with large success to approximate
weighted standard set problems such as SETPACKING and SETCOVER, presented in
Subsection [[.I.1} For our investigations, we choose local search versions of problems
[SP1]-[SP10] in the book of Garey and Johnson [40, page 221ff.] as representatives of
a broader class of standard set problems. We are again interested in demarcating the
tractability of computing locally optimal solutions of the corresponding weighted stan-
dard set problems (confer Definitions in Chapter [2| for a formal definition).
Tight PLS reductions then provide a feedback for existing heuristics in the sense
that there are instances and initial feasible solutions which require an exponential
number of improving steps before reaching a locally optimal solution. When focusing
on hardness results, we are also interested in the structure of intractable instances of
the problems we investigate.

Question 7. Does the approach of local search yield polynomial-time algorithms for
the weighted standard set problems we consider?

Let us stress once more that in our investigations, we merely focus on the complexity
of computing a locally optimal solution, regardless of the solution quality. When
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presenting polynomial-time algorithms we therefore aim to reduce the degree of
complexity of the algorithms; we suggest to regard them as proof-of-concept algorithms,
rather than algorithms to directly apply. To the best of our knowledge, this is one of
the first investigations of weighted standard set problems in the context of PLS.

1.4 Publications

This thesis is founded on four publications [28] 29] BT, [78] which are joint work with
the respective co-authors and are incorporated as follows: Predominantly Chapter
but also parts of Chapter [I] and [§] are founded on a publication by Monien, Dumrauf,
and Tscheuschner [78] in the Proceedings of the 37th International Colloquium on
Automata, Languages and Programming (ICALP 2010). Chapteris based on a paper
by Dumrauf and Monien [28] submitted to publication in Parallel Processing Letters
(PPL). Chapter [f is based on a paper by Dumrauf and Monien [31] submitted to
publication in Theoretical Computer Science (TCS). Chapterbuilds on a publication
by Dumrauf and Siifs [29] in the Proceedings of the 6th Conference on Computability
in Europe (CiE 2010).

1.5 Roadmap of this Thesis

This thesis is organized as follows: Chapter [2] presents the notation, classes and
problems used in this thesis. In Chapter [3] we survey the research on the complexity
of computing locally optimal solutions in the framework of PLS. In Chapter [ we
summarize the main results we show in this thesis, including a graphical overview
(Figure of our main PLS reductions which we present in this thesis. Chapter
investigates the complexity of computing a Nash equilibrium in a given restricted
network congestion game involving two players only and discusses Questions [] and
In Chapter [6] we study the complexity of computing locally optimal solutions of the
MAXIMUM CONSTRAINT ASSIGNMENT problem and discuss Question[6} In Chapter[7]
we investigate the complexity of computing locally optimal solutions of weighted
standard set problems and discuss Question []} We close this thesis with a general
conclusion in Chapter [§] discuss Questions state various open problems, and
outline directions for further research.
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Chapter 2
Notation

In this chapter, we introduce the notation, classes, and problems used in this thesis.
Section 2.1 presents the definition of a PLS problem, the class PLS, and the definition
of a PLS reduction. In Section we introduce the PLS problems considered in
this thesis.

A Note on Our General Notation For sake of readability, we denote computational
problems as well as algorithms in small capitals; sets are denoted in calligraphic
letters, where the special sets of complexity classes have names of length at least
three. For some set S, denote Sy := S U {0} and 2° the power set of S. For all
J. k € Ny, denote [k] :={1,...,k} and

i {{j,...,k:} itj <k

0 otherwise.

Given a k-tuple T', let P;(T), for i € [k], denote the projection to the i-th coordinate.
We denote an arbitrary value of a parameter by an asterisk symbol ().

2.1 PLS, Reductions, and Completeness

The fundamental definitions of a PLS problem and the class PLS were introduced
by Johnson, Papadimitriou, and Yannakakis [56]. The definition of a tight reduction
was introduced by Schéffer and Yannakakis [95]. All definitions can also be found in
the book of Aarts et al. [2]. In the following definitions, we assume that all elements
of all occurring sets are encoded as binary strings of finite length.

Definition 2.1 (PLS Problems [56]). A PLS problem L is characterized by seven
parameters

L= (D, Fr,cr,Np,IniT, COSTL, IMPROVE]).

The set of instances is given by a polynomial-time recognizable subset Dy, C {0, 1}*.
Every instance I € Dy, has a set of feasible solutions Fr,(I), where feasible solutions
s € Fr(I) are strings that have length bounded by a polynomial in the length of
I. FEvery feasible solution s € Fr,(I) has a non-negative integer cost cr(s,I) and
a neighborhood N (s,I) C Fr(I). INiTL(I), CosTL(s,I), and IMPROVEL(s,I) are
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polynomial-time algorithms. Algorithm INITL(I), given an instance I € Dy, computes
an initial feasible solution s € Fr(I). Algorithm COSTL(s,I), given a feasible solution
s € Fr(I) and an instance I € Dy, computes the cost of solution s. Algorithm
IMPROVEL(s, I), given a feasible solution s € Fr,(I) and an instance I € Dy, finds a
better solution in Np(s,I) or returns that there is no better one.

For sake of readability, we drop the index of the problem, where it is is clear from
the context. Note that locally optimal solutions can be found non-deterministically in
polynomial time by first guessing a feasible solution and subsequently verifying local
optimality. It is known that if a PLS problem L is N'P-hard, then NP is closed
under complement [56].

Definition 2.2 (Improving Steps [56]). Let L be a PLS problem and I € Dy, be
an instance of L. A move from solution s € Fr(I) to solution § € Np(s,I) is an
improving step if cp (s, 1) > cp(s,I) in case L is a mazimization PLS problem and
er(s,I) < cp(s,I) in case L is a minimization PLS problem.

Definition 2.3 (All-Exp/Is-Exp Property [78]). A PLS problem L has the all-exp
property if there exists an instance I € Dy and an initial feasible solution s € Fr,(I)
that is exponentially many improving steps away from any local optimum. A sequence
of improving steps has exponential length if its number of improving steps is at least
2 VI for some k € IN. A PLS problem has the is-exp property if there exist instances
such that there is a sequence of improving steps of exponential length.

Note that by definition, the class all-exp is closed under polynomial reductions.
Furthermore, for problems where each solution has at most one better neighboring
solution, the is-exp property directly implies the all-exp property. In particular, this
is the case for the EXPONENTIAL problem and the CLUSTERING problem where the
neighborhood structure is superimposed by the k-MEANS algorithm. Remarkably, for
the combinatorial optimization problems where local search was applied in practice, as
outlined in Section the is-exp property was shown but not the all-exp property.

Definition 2.4 (Local Optima [56]). Let L be a PLS problem and I € Dy, be an
instance of L. A solution s € Fr,(I) is locally optimal (or a local optimum ), if for
every solution s € Nr(s,I), cp(5,1) < cr(s,I) in case L is a maximization PLS
problem and cr,(s',I) > cr(s,I) in case L is a minimization PLS problem.

The standard algorithm problem is, for a given instance I of a PLS problem L and
some solution s € F,(I), to compute a local optimum s* € F,(I) which is reachable
from s by successive improvements. There exists a PLS problem whose standard
algorithm problem is PSPACE-complete [87, 109).

Definition 2.5 (The Class PLS [56]). A search problem R is given by a relation
over {0,1}* x {0,1}*. An algorithm “solves” R, when given I € {0,1}* it computes
an s € {0,1}* such that (I,s) € R or it correctly outputs that such an s does not ezist.
Given a PLS problem L, let the according search problem be

R :={(,s)| I € Dr,se€ Fr(I) is a local optimum}.
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Then, the class PLS is defined as
PLS :={Rp | L is a PLS problem}.

Definition 2.6 (PLS Reductions [56]). A PLS problem L is PLS-reducible to a
PLS problem Ly (written Ly <ps Lo), if there exist two polynomial-time computable
functions ® : Dy, — Dr, and V defined for {(I,s) | I € Dr,,s € Fr,(®(I))} with
V(I,s) € Fr,(I) such that for all I € Dy, and for all solutions s € Fr,(®(I)), if
(®(I),s) € Ry, then (I,V(I,s)) € Rr,. A PLS problem L is PLS-complete, if every
PLS problem is PLS-reducible to L.

The concept of PLS-completeness is in line with the general use of completeness
in complexity theory. For PLS, the concept entails that if some PLS-complete
problem is polynomial-time computable, then all problems in the class PLS are
polynomial-time computable. Up to the point of publication of this thesis, there does
not exist a polynomial-time algorithm for any PLS-complete problem. PLS-complete
problems are widely regarded as hard problems and we therefore also refer to them
as intractable problems. A PLS problem L is commonly regarded as tractable if
there exists a polynomial-time algorithm which computes a locally optimal solution
of each instance I € Dy. Note that by definition of PLS reductions, there is not
necessarily an a priori relation between each sequence of improving steps in ®(I) and
in I. Tight PLS reductions are now more structured PLS reductions. In a nutshell,
a PLS reduction is tight if all sequences of improving steps in ®(I) correspond to
sequences of improving steps in I whose length may only be increased by introducing
intermediate solutions.

Definition 2.7 (Transition Graphs [95]). Let L be a PLS problem and I € Dy, be
an instance of L. The transition graph TG(I) of instance I is a directed graph with
a node for each solution s € Fr,(I) and an arc s — t, whenever solution t € N(s,I)
and cr,(t,I) is strictly better than cr(s, ).

Definition 2.8 (Tight PLS Reductions [95]). A PLS reduction (®,¥) from PLS
problem Ly to Ly is tight, if for each instance I € Dy, , there exists an Z C Fr,(®())
for the image instance J = ®(I) € Dy, such that the following properties are satisfied:

1. % contains all local optima of J.

2. For every solution s € Fr,,(I), a solution t € % can be constructed in polynomial
time such that ¥(I,t) = s.

3. Suppose that the transition graph of J, TG(J), contains a directed path q —
-+« — ¢ such that q,q € Z but all internal path vertices are outside of Z, and
let p=W(I,q) and p = V(I,q) be the corresponding feasible solutions of I.
Then, either p=p' or TG(I) contains an arc from p to p'.

Tight reductions are of special interest, since they preserve the PSPACE-complete-
ness of the standard algorithm problem [87] [109], as well as the all-exp property [56].
Note that tight reductions are transitive. This allows to define the tight PLS-
completess of PLS problems recursively:
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Definition 2.9 (Tight PLS-Completeness [78]). PLS problem CIRCUIT/FLIP is
tight PLS-complete [87]. A PLS problem B is tight PLS-complete if there ezists a
tight PLS reduction A <,;s B for some tight PLS-complete problem A.

We will outline the tight PLS-completeness of CIRCUIT/FLIP in Subsection
Let us remark that linear programming with the SIMPLEX neighborhood does not
have the all-exp property [57] and is therefore not tight PLS-complete.

2.2 PLS Problems Considered in this Thesis

We next present the PLS problems which we consider in this thesis. We separate the
problems into basic PLS problems in Subsection which we reduce from in later
chapters, the problem of computing a Nash equilibrium in a given restricted network
congestion game in Subsection [2.2.2] local search versions of the GENERALIZED
MAXIMUM SATISFIABILITY problem in Subsection [2.2.3] and local search versions of
weighted standard set problems in Subsection [2.2.3]

On Algorithms and the Notation for Problems For all PLS problems L studied
in this thesis, the algorithms INIT; and COST, are straightforward and polynomial-
time computable. The size of the neighborhood is limited by a constant which is
independent of the size of the input and therefore algorithm IMPROVEL (s, ) can
search the neighborhood of N (s, I) in polynomial time. For sake of readability, we
write limitations to a problem as a prefix and the size of the neighborhood as a suffix.

2.2.1 Basic PLS Problems

The intractability results we present in this thesis rely on known intractability results
for the following three maximization PLS problems MAXCUT, CNF-SATISFIABILITY,
and CIrcUIT/FLIP. Here, MAXCUT is an edge-weighted local search version of the
well-known NP problem MAXCUT (confer [ND16] in the book of Garey and Johnson
[40] for a formal definition).

Definition 2.10 (MAXCuT [95]). An instance I € Dy of problem MAXCUT (in
short MC) is an undirected graph G = (V, E) along with a function w : E — WNg. The
set of feasible solutions Farc(I) consists of all partitions p: V' — {0,1}; we use the
term cut synonymously for a partition. Given a solution p € Fnie(I), the cost is

eme(pI) = Z w(e);

edge e = {u,v} € E is in the cut if p(u) # p(v). The neighborhood Nyic(p, I) of a
solution p € Fyne(I) consists of all solutions p € Fyve (1), where ploresults from p by
a single node switching its partition.

e={u,0}€ B,p(u)#p(v)

The PLS problem (h)-CNFSAT, we reduce from in this thesis is a clause-weighted
local search version of the well-known NP problem SATISFIABILITY (confer [LO1] in
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the book of Garey and Johnson [40] for a formal definition). Here, the parameter
h € IN denotes the a priori fixed maximum length of each clause. We drop the prefix
when we refer to instances where clauses can have arbitrary length.

Definition 2.11 ((h)-CNFSAT [67]). An instance I € D(y).cnrsar of (h)-CNF-SAT-
ISFIABILITY (in short (h)-CNFSAT) with h € IN is a set of clauses C = {C1,...,Cpn}
over a set of binary variables X = {z1,...,x,}. Fach clause Ci(z;,, ... ,xihi) e,
with i € [m] and h; < h, is a function C; : [2]" — {0,w;} with w; € IN of the form

Cil@iys - Ty ) = {Wi if (Zje[hi](l‘ij +bi; mod 2)) >1

0  otherwise,

where by, € {0,1} is a constant for all j € [h;]. Parameter h; is also called length
of C; and parameter w; is also called weight of C;. The set of feasible solutions
Finy-cnwsar(I) consists of all assignments a : X — {0,1}. The cost of a solution

a € Fpy.onrsar(l) is

C(h)—CNFSAT(aa I) = Z Ci(a(xil)a s a(l'ihi));

C;eC
clause Cj is satisfied if Cy(a(xi, ), . . ., a(i, ) > 0. The neighborhood Ny cNpsar(a, 1)
of a solution a € F(py.cnrsar(I) consists of all solutions & € Fpy.cnrpsar(I), where
a results from a by switching the assignment of a single variable.

Let us remark that the notation for (h)-CNFSAT in the above definition slightly
differs from the standard notation for the AP problem SATISFIABILITY. We choose
this definition, since it is in line with the notation used in the MAXIMUM CONSTRAINT
ASSIGNMENT problem (see Definition [2.15). Recall that the standard definition of an
instance of the decision problem SATISFIABILITY with maximum clause length h € IN
is a set of variables X = {z1,...,z,}, a set of literals £ := {z1,..., 2y, Z1,...,Zpn},
and a set of clauses C = {C1,...,Cp} with C; = {l;; V---V I;, } where i € [m],
li; € £, and h; < h such that there exists an assignment a : X' — {OZ, 1} with f(a) =1,
where f(a) = A/~ (a(li,) V -+~ Va(l;, )). Note that in our definition of (h)-CNFSAT,
the constants b;; take the role of neglatmg variables.

CircUIT/FLIP denotes the PLS problem of finding an input assignment for a
given feedback-free boolean circuit & where the output, treated as a binary number,
cannot be increased by flipping a single input bit.

Definition 2.12 (Circurt/Frip [56]). An instance I € Dy of problem CIR-
cutr/Frip (in short C/F) is a feedback-free boolean circuit S consisting of a
set of gates G and a set of links L; denote input links Xi,..., X, and output
links Z1,...,2Z,. The circuit S defines a function R : £ x {0,1}" — {0,1}. Here,
R, (z1,...,xy)) is the value computed by S for link €, if input links X1, ..., X, have
input bits x1,...,x,. For output link Z; with i € [n| and input bits x = (z1,...,2y),
denote Z(x); := R(Z;,x). The set of feasible solutions of instance I is Fc/p(I) :=

23



Chapter 2 Notation
{0,1}". The cost of a solution x = (x1,...,2n) € Fo p(I) is defined as

cor(x 1) = Zi:l 2" Z(x);.

The neighborhood N¢ w(x,I) of a solution x € Fc () consists of all solutions
X € Fo/r(I), where X results from x by flipping the value of a single input bit.

2.2.2 Restricted Network Congestion Games

In Chapter [5] we investigate the complexity of computing a Nash equilibrium in
a restricted network congestion game. In a nutshell, restricted network congestion
games are network congestion games where for each unweighted player there exits a
set of edges which he is not allowed to use.

Definition 2.13. An instance I = (G = (V, E), N, (E;)ien, (ai, bi)ien, (d.)ecE) of
an n-player restricted network congestion game is characterized by five parameters:

1. a directed or undirected network G = (V, E) with a set of nodes V' and a set of
edges F,

2. a set of n players N = {1,...,n},

3. a set of edges E; C E for every player i € N,

4. a source-sink pair (a;, b;) for every player i € N, and

5. a non-decreasing delay function d, : N — INgy for every edge e € E.

The strategy space for each player i € N is restricted to all simple paths connecting a;
and b; via edges in E;. We denote the state of the game by s = (s1,...,5sy), where s;
for all i € N, denotes the strategy chosen by player i in s. Given some state s of the
game, denote by ne(s) :=|{i € N'| e € s;}| the number of players using edge e € E
in s, which we denote as the congestion on edge e in s. Player i € N, given some
state s of the game, incurs a private cost of

5i(9) = Y delnel9)

we use the term delay synonymously. Players act selfishly and try to minimize their
private cost. A state s of the game is a Nash equilibrium if no player can unilaterally
deviate and strictly decrease his private cost.

Rosenthal’s potential function, which is polynomial-time computable, guarantees
the existence of a Nash equilibrium in every restricted network congestion game [92].
This allows to formulate the problem of computing a Nash equilibrium in a given
k-player restricted network congestion game on a directed (resp. undirected) network
as a minimization PLS problem.
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Definition 2.14 ((n)-RDNCG/(n)-RUNCG []). An instance I € D,).rpNca
(resp. I € Dy)-runce) is an n-player restricted network congestion game

(G = (V,E),N,(Ei)ien (ai, bi)iens (de)eeE)

on a directed (resp. undirected) network G = (V, E) with |[N'| = n players. The set
of feasible solutions F,).rpnca(I) (resp. Fny-runca(l)) consists of all states of
the game. The cost of a solution s € Fi,).rpnca(l) (resp. s € Fiyrunca(l)) is
defined as the value of Rosenthal’s potential function [92] at s, i. e.

ne(s

) )
¢(n)-rDNCG (S, 1) = cmy-runca(s, I) == ZeeE > ).

i=1
The neighborhood N, .rpnca(s 1) (resp. Nyy-runca(s, 1)) of a solution s €

Fny-ronea(I) (resp. s € F(n)-RUNCG(I)) consists of all solutio@s s e F(")'RDN.CG(I)
(resp. s € Fny.runca(l)), which result from s by a player unilaterally deviating.

2.2.3 Local Search Versions of Generalized Maximum Satisfiability
Problems

In Chapter [6 we investigate the complexity of computing locally optimal solutions of
local search versions of the well-known GENERALIZED MAXIMUM SATISFIABILITY
problem (confer problem [LO6| in the book of Garey and Johnson [40] for a formal
description). Essentially, the problems we study there are extensions of (h)-CNFSAT
to more generalized clauses over variables with larger valence; additionally, the appear-
ance of each variable is a priori limited. For all local search versions of GENERALIZED
MAXIMUM SATISFIABILITY problems, we use the neighborhood structure where two
solutions are mutual neighbors, if they can be transformed into each other by changing
the assignment of a single variable. Except for MINIMUM CONSTRAINT ASSIGNMENT,
all problems we consider in this subsection are maximization problems.

Definition 2.15 ((p, ¢,7)-MCA [31]). An instance I € Dy, qy-mca of (P, 7)-MAX-
IMUM CONSTRAINT ASSIGNMENT (in short (p,q,7)-MCA), with p,q,7 € N, is a
set of constraints C = {C1,...,Cp} over a set of variables X = {x1,...,x,}. Each
constraint Cy(zs,, ..., xi, ) € C, with i € [m] and p; < p, is a function C; : [r]Pi — No;
p;i 1s also called length of C;. Every variable x € X appears in at most q constraints
and takes values from [r]. The set of feasible solutions F, 4 y-mca(I) consists of all
assignments a: X — [r]. The cost of a solution a € Fp, ¢ -y -mca(f) is

C(p,q,r)-MCA(a7 ]) = ZCZEC Ci(a(xh)a ceey a(xipi))‘

We denote by (p, ¢, 7)-MINIMUM CONSTRAINT ASSIGNMENT (in short (p, ¢, 7)-MINCA)
the minimization version of (p, ¢,7)-MCA. As a modification of (p,q,r)-MCA, we
introduce (p, q,7)-VCA where p now denotes the maximum sum of the valences of the
variables minus the number of variables in each constraint. Note that (p,q,2)-MCA
equals (p, q,2)-VCA, by definition.
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Definition 2.16 ((p,q,7)-VCA [31]). An instance of (p,q,7)-VALUE CONSTRAINT
ASSIGNMENT (in short (p,q,7)-VCA) is also a set of constraints C over a set of
variables X. Parameter q has the same meaning as in Definition [2.15. Parameter
r denotes the mazximum valence of the variables in X. For each constraint C; € C,
> wec; (r(@) — 1) < p, where r(x) denotes the valence of variable x € X.

Definition 2.17 (k-partite Constraints [31]). A set of constraints is k-partite if there
exists a partition p : X — [k] of the variables such that for every two distinct variables
x,y occurring in the same constraint, p(x) # p(y). Denote by (p,q,7)-MCA_par the
subclass of all (p,q,r)-MCA instances where the set of constraints is k-partite.

Definition 2.18 (Weighted Predicates [31]). A weighted predicate P(z1,...,2,)
over a set of r-valued variables {x1,...,xn} is a function P : [r]™ — {0,1} along with
a weight w € INg. A weighted predicate can be viewed as a constraint with binary
function values 0 and w.

Let © € {z1,...,x,} be a variable in predicate P. We say that setting variable
x to a new value improves predicate P, if P was previously unsatisfied and is now
satisfied. Setting variable = to a new value wviolates predicate P, if P was previously
satisfied and is now unsatisfied. Note that every constraint can be decomposed into a
set of weighted predicates sharing the same set of variables; the function value for a
given assignment is the sum of the weighted predicates which are satisfied. In the
following definition, we assume that each constraint is viewed as a set of predicates

Definition 2.19 (Hierarchical Set of Predicates [31]). A set of predicates is hierar-
chical if the weight of each single predicate dominates the sum of the weights of all
predicates of smaller weight. A set of constraints is hierarchical if the union of all
constraints is hierarchical.

2.2.4 Local Search Versions of Weighted Standard Set Problems

In Chapter [7} we investigate the complexity of computing locally optimal solutions of
weighted standard set problems. All weighted standard set problems we present are
local search versions of their respective decision problems, as included in the book
of Garey and Johnson [40]. For an instance of a problem considered in this subsection,
let B denote some finite set and let C = {C1,...,C,} denote a set of subsets of B.
We refer to a set of sets also as a collection. Let we : C — INg and wg : B x B — INg.
Denote by mpg and m¢ positive integers with mg < |B| and m¢ < |C|.

Unless otherwise mentioned, we use the k-differ neighborhood. Here, two solutions
are mutual neighbors if they can be transformed into each other by adding, deleting,
or exchanging at most k elements which describe a solution; more details are given in
the respective definitions. Except for SETCOVER, all problems we consider in this
subsection are maximization problems.

Definition 2.20 (W3DM-(p, q) [30]). An instance I € Dywspm-(p,q) 0f WEIGHTED-
3-DIMENSIONALMATCHING-(p, q) (in short W3DM-(p, q)) is a pair (n,w) withn € IN

26



2.2 PLS Problems Considered in this Thesis

and w is a function w : [n]> — INg. The components of triples are identified with
boys, girls, and homes. The set of feasible solutions F\ysp-(p,q)(1) are all matchings
of boys, girls, and homes, i.e. all S C [n]3, with |S| = n, Pp(T;) # Pe(T}), for all
T;,Tj €S, i# j, and k € [3]. Given a solution S € Fyyspm-(p,q)(I), the cost is

CW3BDM-(p,q) (S I) = Z (T).

The neighborhood Nyyspm-(p,g) (S, I) of a solution S € Fyyspum-(p,q)(I) consists of all
solutions S € FW3DM_(p,q)(I) which result from S by replacing at most p triples and
moving up to q boys or girls to new homes.

w
TeS

Definition 2.21 (X3C-(k) [29]). An instance I € Dxszc.gr) of EXACT-COVER-
By-3-SETS-(k) (in short X3C-(k)) is a tuple (C,w¢), where C = {C4,...,Cp} is a
collection of all 3-element sets of a finite set B, with |B| = 3q for some ¢ € N. The
set of feasible solutions Fxsc_k)(I) are all collections S C C such that every b € B is
in exactly one C; € S. Given a solution S € Fxzc_y)(I), the cost is

exse-n (S 1) = c(Cy).

The neighborhood Nxsc.()(S, I) of a solution S € Fxzc.(x)(I) consists of all solutions
S' € Fxsc.x)(I) which differ from S in at most k sets.

W,
C,eS

Definition 2.22 (SP-(k) [29]). An instance I € Dgp_) of SETPACKING-(k) (in
short SP-(k)) is a triple (C,wc, mc). The set of feasible solutions Fsp_g,)(I) are all
collections S C C with |S| < me. Given a solution S € Fsp_()(I), the cost is

csp-()(5 1) = ZCiGSAPwD(Ci,S) we(Ca),
where

true ifVC; € S\{C;}: CinC; =10

false otherwise.

The neighborhood Nsp_()(S, 1) of a solution S € Fgp_1;)(I) consists of all solutions
Se Fsp_(xy(I) which differ from S in at most k sets.

Let us remark that the technical restriction on the maximum size of a feasible solu-
tion of an instance of SETPACKING-(k) is crucial for our corresponding intractability
result in Chapter [7}

Definition 2.23 (SSp-(k) [29]). An instance I € Dsgp_(x) of SETSPLITTING-(k) (in
short SSp-(k)) is a tuple (C,wc). Feasible solutions Fgsp_(1)(I) are all partitions of
B, i.e. all pairs (S1,S2) with S1,S2 C B, S1 NSy =0, and S; U Sy = B. Given a
solution S = (S1,S2) € Fsgp_(k)(I), the cost is

csse-(k) (S, 1) = Z we (Cy),

C;eCASpLIT(C;,S)
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where

true  if (C;N ST #0)A(C;N Sy #0)

false otherwise.

SpLIT(C;, S) == {

The neighborhood Nggp_(1) (S, I) of a solution S € Fggp_i)(I) consists of all solutions
Se Fssp-(iy (1), which result from S by at most k elements switching partition.

Definition 2.24 (SC-(k) [29]). An instance I € Dgc ) of SETCOVER-(k) (in short
SC-(k)) is a tuple (C,wc) such that Up.ce Ci = B. The set of feasible solutions
Fsc_y(I) are all collections S C C with Jg,esCi = B. Given a solution S €
Fsc.(x)(I), the cost is

Csc_(k)(s, I) = ZC,ES Wc(Ci).

The neighborhood Ny ) (S, 1) of a solution S € Fsc_(x)(I) consists of all solutions
Se Fsc.(xy(I) which differ from S in at most k sets.

Definition 2.25 (T'S-(k) [29]). An instance I € Dyg_ (i) of TESTSET-(K) (in short
T8S-(k)) is a triple (C,wp, mp). Feasible solutions Frrg ) (I) are all collections S C C
with |S| € [mp]. Given a solution S € Frg_(y)(I), the cost is

CTS-(k) (5’ I) = Za,ceB,a;éc/\TEST(a,c,S) WB(G’ C)’
where

true fJA,Ce€S:(ac ANcgA)N(agCNhceC)

false otherwise.

TEST(a,c,S) == {

The neighborhood Nrg_(x)(S, ) of a solution S € Frg_y(I) consists of all solutions
Se Frs. (k) (I) which differ from S in at most k sets.

Definition 2.26 (SB-(k) [29]). An instance I € Dgp.(r) of SETBASIS-(k) (in short
SB-(k)) is a triple (C,wc, me). The set of feasible solutions Fgp_)(I) are all collec-
tions S = {S1,..., Sme}, where S; € 28 with |S;| € [h] for all i € [mc] and some fived
h € IN which is not part of the input. Given a solution S € Fsp_)(I), the cost is

csp-(k) (5 1) 1= ZCiEC/\SET(Ci,S) we(Ci),
where

true fITCS:C; = UTieTTi

false otherwise.

SET(C;, S) := {

The neighborhood Nsp_1) (S, I) of a solution S € Fsp_(x)(I) consists of all solutions
Se Fsp(k)(I) which differ from S in at most k sets.
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Let us remark that with the technical restriction on the maximum size of each set
in a feasible solution S of an instance of SETBASIS-(k), the size of the neighborhood
is again limited by a constant which is independent of the size of the input; the
technical restriction that S # () is crucial for our corresponding intractability result
in Chapter [7}

Definition 2.27 (HS-(k) [29]). An instance I € Dyg.(x) of HITTINGSET-(k) (in
short HS-(k)) is a triple (C,wc, mp). The set of feasible solutions Fys_(x)(1) are all
sets S C B with |S| < mp. Given a solution S € Fyg_(y)(1), the cost is

cus-(k) (S, 1) = Zciemsﬂcﬁé@ we (Cy).

The neighborhood Nyg_ () (S, 1) of a solution S € Fys_ () (I) consists of all solutions
Se Fus_y(I) which differ from S in at most k elements.

Definition 2.28 (IP-(k) [29]). An instance I € Dip_(;) of INTERSECTIONPATTERN-(k)
(in short IP-(k)) is a triple (A, B, D) consisting of two symmetric n X n matrices
A = (aij)ijem and B = (bij)ijeln) with positive integer entries and a collection
D = {D1,...,D¢} with £ > n over a finite set B. The set of feasible solutions
Fip_xy(I) are all vectors €& = (Eu, ..., Ey) with E; € D for all i € [n]. Given a
solution E € Fyp_(I), the cost is

crp-(k) (B 1) = Zi,jE[n],iSj/\\EiﬁEﬂ:aij bi

The neighborhood Nip_(y)(E, I) of a solution E € Fyp_)(I) consists of all solutions
E e Fip_y(I) which differ from E in at most k vector entries.

Definition 2.29 (CC-(k) [29]). An instance I € Doc.(x) of COMPARATIVECON-
TAINMENT-(k) (in short CC-(k)) is a triple (C,D,w) consisting of two collections
C ={C1,...,Cn}, and D = {Dy,..., Dy} over a finite set B, and a function w :
CUD — Ny. The set of feasible solutions Foo ) (I) are all sets S C B. Given a
solution S € Foc.(x)(I), the cost is

coo-(r) (5 1) =W+ ZCieC:SCCi w(Ci) = ZDieD:SCDi w(Ds),
where W > ZDiEDW(Di)’ in order for coc_(k)(S,I) > 0 for each S € Foco ().

The neighborhood Noc.k) (S, I) of a solution S € Foo k) (I) consists of all solutions
Se Foc-ky(I) which differ from S in at most k elements.
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Chapter 3
Related Work

In this chapter, we survey the research on the complexity of computing locally
optimal solutions in predominantly chronological order. We first focus on early results
in Section starting with the fundamental problem CircuiT/FLip. We then
continue by presenting results for the TRAVELING SALESMAN PROBLEM, MAXCUT,
and local search versions of SATISFIABILITY problems, weighted set problems, and
graph problems. Most of the pioneering results are from Johnson, Papadimitriou,
and Yannakakis [56, 87] or from Schéffer and Yannakakis [95] [109]. We close by
surveying recent results from game theory in Section considering the complexity of
computing pure Nash equilibria. Here, we concentrate on the research on congestion
games, which sparked the interconnection between local search and game theory.

For further known PLS-complete problems, we refer the reader to the works
of Alekseeva et al. [7], Brandt et al. [I7], Klauck [63], Kochetov and Ivanenko
[66], Papadimitriou et al. [87], Prokopyev et al. [90], Vredeveld and Lenstra [107].
An excellent overview of local search algorithms in general, their applications and
known tractability results, is presented in the books of Aarts et al. [2] and Aarts and
Lenstra [1], of which the first one contains a list of PLS-complete problems known so
far. A survey of the quality of solutions obtained via local search is given by Angel
[8]. Unless otherwise mentioned, we assume that all numbers are integers, for the
remainder of this chapter.

3.1 Early Results

The early results in the field of PLS were motivated by determining the complexity
of computing locally optimal solutions of well-known hard combinatorial optimization
problems. Here, the neighborhood structure is superimposed by successful local
search algorithms, such as the ones presented in Section [[.2.2]

3.1.1 Circuit/Flip

The first PLS problem which was proven to be PLS-complete is CIRcUIT/FLIP. In
a nutshell, the intractability proof given by Johnson, Papadimtriou, and Yannakakis
[56] involves three intermediate PLS reductions:

1. First, the authors reduce an instance I of an arbitrary problem L € PLS to
an instance I’ of an intermediate problem L’ € PLS; L’ only differs from L in
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the neighborhood structure, as in L’ no feasible solution has more than one
neighbor. The design of the reduction is such that each solution s’ € Fr/(I') has
at most one neighbor and local optima coincide. For this, the single neighbor
of each solution s € Fy/(I') is defined to be the output of IMPROVE(s, I).

2. Without loss of generality, assume that all solutions s € F,(I) are binary strings
of length at most a polynomial in the length of I; denote the latter one by
p(|I]). Second, the authors reduce L’ to another problem L” € PLS which has
the set of solutions of L', but every bit string of length p(|I|) is now a feasible
solution; two solutions are mutual neighbors if they differ in a single bit. Note
that this exactly matches the neighborhood structure of CircuiT/FLip. The
cost function is defined such that every minimum length sequence of bit-flips
between two solutions s,t € Fr/(I') yields an improving path s~ t if and only
if t = Np/(s,I'). The crucial idea here is to assign every intermediate solution
u on each such minimum length sequence s ~ t the cost of t scaled by some

factor plus the Hamming distance between u and t; call the resulting instance
1"

3. The final reduction from L” to CIRcUIT/FLIP simply involves constructing a
feedback-free boolean circuit which computes the cost function of I”.

For all technical details, we refer the reader to the original paper [56].

Notably, this reduction is tight [87]. Hence, the exclusiveness of exponentially
long sequences of improving steps in PLS problem EXPONENTIAL is preserved by
the reduction; subsequently, CIRCUIT/FLIP possesses the all-exp property. Further-
more, the tightness of the reduction implies that the standard algorithm problem for
Circult/Furip is PSPACE-complete, since the PLS problem whose standard algo-
rithm problem is PSP.ACE-complete can be directly simulated using CIRCUIT/FLIP.
By Definition in Chapter CirculT/FuLip is tight PLS-complete. Hence,
problems shown to be tight PLS-complete via a sequence of tight reductions from
CirculT/FLIP are again tight PLS-complete, implying that these problems possess
the all-exp property and their standard algorithm problem is PSP ACE-complete.

3.1.2 Traveling Salesman Problem

As outlined in Section [I.2.2] local search algorithms have been applied with huge
success to compute approximate solutions of the TRAVELING SALESMAN PROBLEM
on random Euclidean instances [55]. On the negative side, finding a locally optimal
solution of the TRAVELING SALESMAN PROBLEM, where the neighborhood structure
is superimposed by the well-known k-OPT heuristic [71] for some k& > 1,000 is
PLS-complete [67]. In the k-OPT neighborhood, two solutions are mutual neighbors
if they differ in at most k£ edges. Computing a locally optimal solution with respect
to the Lin-Kernighan heuristic [72] (confer Johnson and McGeoch [55] for a formal
definition) is also PLS-complete [85, [87].
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3.1.3 MaxCut

The MAXCUT problem is known to be tight PLS-complete [95]. Let us remark
that in the reduction given by Schéffer and Yannakakis [95], the maximum degree
of the constructed graph is required to be unbounded. Recently, it was shown that
a maximum degree of five is sufficient such that MAXCuT is PLS-complete [104].
If the maximum degree of the input graph is at most three, then every sequence of
improving steps has at most a length which is quadratic in the size of the input [89].
Hence, locally optimal solutions can be computed in polynomial time via successive
improvements. This does no longer hold for graphs of maximum degree four, as it
was recently shown that in this case MAXCUT has the all-exp property [77].

3.1.4 Local Search Versions of Satisfiability Problems

In their seminal paper, Johnson, Papadimtriou, and Yannakakis [56] conjecture
that for a problem to be PLS-complete, the problem of verifying local optimality
is required to be P-complete. Krentel [68] disproves this conjecture by showing
that CNF-SATISFIABILITY is PLS-complete, though the problem of verifying local
optimality can be solved in LOGSPACE. Let us remark that in the reduction given
by Krentel [68], the length of each clause is required to be unbounded. In a succeeding
paper, Krentel [67] outlines that (4,3,3)-MCA is PLS-complete. This result can be
extended to (h)-CNFSAT for some fixed maximum length h € IN of each clause where
simultaneously the maximum appearance of each variable in every instance is fixed to
some ¢ € IN which is independent of the instance [67, [104]. Furthermore, POSITIVE-
NOTALLEQUAL-2-FLIP, a reformulation of MAXCUT, is known to be PLS-complete,
along with MAXIMUM 2-SATISFIABILITY [95]. For any generalized local search version
of SATISFIABILITY, the dichotomy theorem by Chapdelaine and Creignou [20] states
that the corresponding PLS problem is either in P or PLS-complete; this is in spirit
with the dichotomy theorem presented by Schaefer [94].

3.1.5 Weighted Set Problems and Graph Problems

The knowledge of the complexity of computing locally optimal solutions of weighted set
problems is rather limited. Known results are based on results for local search versions
of graph problems that can be reformulated as set problems. Besides the edge-weighted
graph problems in PLS outlined above and considered in the works of Johnson et al.
[56], Papadimitriou et al. [87], Schéffer and Yannakakis [95], Vredeveld and Lenstra
[107], we now present the following two representatives of vertex-weighted graph
problems in PLS.

The INDEPENDENT DOMINATING h-SET problem is a minimization local search
version of DOMINATING SET (confer [GT?2] in the book of Garey and Johnson [40]
for a formal definition). In the INDEPENDENT DOMINATING A-SET problem, the
input consists of a vertex-weighted undirected graph of maximum degree h. Feasible
solutions are all binary assignments for the vertices, such that no two adjacent vertices
may be assigned 1 and for each vertex which is assigned 0, there exists an adjacent
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vertex which is assigned 1. The cost of an assignment is the sum of the weights of the
vertices which are assigned 1. Given an assignment, its neighborhood consists of all
assignments, where at most &k vertices switch their assignment. The INDEPENDENT
DOMINATING h-SET problem is known to be PLS-complete for sufficiently large, but
constant h and k [63].

Shimozono [97] provides a more generalized intractability result for vertex-weighted
graph problems by showing PLS-completeness of the maximization problem WEIGH-
TED GREEDY MAXIMAL-II. In the WEIGHTED GREEDY MAXIMAL-II problem, the
input consists of a vertex-weighted graph. The set of feasible solutions contains all
subsets of the vertices that induce a subgraph which satisfies a fixed graph property
II; property II is required to be checkable in polynomial time. The cost of a solution
is the sum of the weights of its vertices; the neighborhood structure is superimposed
by an algorithm that finds a greedy maximal subgraph. If II is any nontrivial and
hereditary graph property, then WEIGHTED GREEDY MAXIMAL-II is known to be
PLS-complete [97].

3.2 Recent Results and the Connection to Game Theory

Recently, the field of local search has attracted additional attention from game
theory, considering the complexity of computing a pure Nash equilibrium. In this
section, we only consider pure Nash equilibria, unless otherwise mentioned; thus, we
omit pure for sake of readability. In the following, we survey results considering the
complexity of computing a Nash equilibrium in a given congestion game, as introduced
in Subsection For PLS-completeness results in other games, we refer the reader
to the works of Ackermann et al. [5], Dunkel and Schulz [32], Goemans et al. [41].
For related work including other aspects of decentralized autonomous systems like
congestion games such as the price of anarchy or network design problems, confer the
book of Nisan et al. [81].

3.2.1 Computing Nash Equilibria in Unweighted Congestion Games

First, we consider unweighted congestion games. In their seminal paper, Fabrikant,
Papadimitriou, and Talwar [34] settle the complexity of computing a Nash equilibrium.
Finding a Nash equilibrium in a symmetric network congestion game is polynomial-
time solvable by reduction to the MIN-CoOsT-FLOW problem [34]. Computing a Nash
equilibrium in a symmetric congestion game and in an asymmetric network congestion
game is tight PLS-complete; hence, these games possess the all-exp property [34].
Notably, neither the numbers of players nor the number of resources per strategy is
a priori bounded in both reductions. A recent result by Tscheuschner [104] implies
that the above intractability results of Fabrikant et al. [34] can be extended to hold
for at most five resources per strategy. Despite the polynomial-time computability
of Nash equilibria in symmetric network congestion games, an asymmetric network
congestion game having the all-exp property can be embedded; hence, the class of
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symmetric network congestion games possess the all-exp property [5]. The PLS-
completeness result for asymmetric network congestion games was refined to hold for
undirected networks even if all latency functions are linear, including an elegant proof
for the PLS-completeness of directed asymmetric network congestion games [5]. If
the strategy space of each player consists of the bases of a matroid over the set of
resources, then Nash equilibria can be efficiently computed, using a best-response
Nash dynamics. The matroid property is a sufficient and necessary condition on the
combinatorial structure of the players’ strategy spaces to guarantee fast convergence
to Nash equilibria [5]. On the other hand, if the strategies of a congestion game fulfill
a so called (1, 2)-exchange property, then the problem of finding a Nash equilibrium
has the is-exp property [5].

3.2.2 Approximate Nash Equilibria in Unweighted Congestion Games

Since in many cases, the computation of a Nash equilibrium is as hard as finding
a local optimum for any problem in PLS, one might hope that the computation
of approximate Nash equilibria yields a significant performance improvement. A 4-
approximate Nash equilibrium is a state of the game in which no player can unilaterally
improve his delay by a factor of at least §. The existence of a J-approximate Nash
equilibrium is guaranteed by Rosenthal’s potential function and may be computed
by adapting the Nash dynamics to now incorporate unilateral deviations which
improve the delay of the deviating player by a factor of at least §. The hope for an
efficient computation of d-approximate Nash equilibria might be additionally fueled
by the existence of an FPTAS for computing approximate local optima for all linear
combinatorial optimization problem in PLS [82]. In particular, the authors provide
a rule for choosing improving steps that lead to an approximate solution within
a polynomial number of steps. Unfortunately this notion of approximation is not
sufficient for approximate Nash equilibria, since each selfish player is ignorant of the
potential function. There might be solutions which are up to a factor of § close to a
local optimum, considering the potential function, but a single player might still have
an incentive of § or more to unilaterally deviate.

As outlined in Subsection if all delay functions in unweighted congestion
games are polynomials, then Nash equilibria can be efficiently computed. The question
arises to which extent the delay functions can be generalized such that polynomial-
time convergence to approximate Nash equilibria is still guaranteed. A congestion
game satisfies the a-bounded jump condition, if for every resource with at least one
player, the addition of a single player increases the delay by at most a factor of a.
Note that delay functions satisfying the a-bounded jump condition are more general
than polynomial delay functions, but not exponential. This condition does not trim
the inherent complexity of congestion games, as finding a Nash equilibrium in a
symmetric congestion game satisfying the a-bounded jump condition with a = 2 is
PLS-complete [22]. On the other hand, computing a d-approximate Nash equilibrium
in a symmetric congestion game, where each edge satisfies the a-bounded jump
condition, is polynomial-time computable, since the sequence of slightly restricted
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d-selfish steps converges within a number of steps that is polynomial in the number of
players, v, and §!. The problem of computing a Nash equilibrium in an asymmetric
congestion game satisfying the a-bounded jump condition via d-best improvement
steps possesses the all-exp property [98]. Hence, the positive result is restricted to
symmetric congestion games. Computing a J-approximate Nash equilibrium in an
arbitrary congestion game is PLS-complete, for every polynomial-time computable
approximation factor ¢ [98]. As the reduction by Skopalik and Vécking [98] is
tight, the problem of computing a d-approximate Nash equilibrium in an arbitrary
congestion game has the all-exp property.

3.2.3 Player-Specific (Singleton) Congestion Games

Now, we turn our attention to a variation of congestion games known as congestion
games with player-specific latency functions, originally introduced by Milchtaich [75].
While in congestion games, all players share the same delay function for a resource,
player-specific delay functions rather emphasize the players’ personal preferences
for certain resources. Note that this setting also allows to model that each player
may only use a certain subset of the resources. In the model of singleton congestion
games, every strategy of each player consists of a single resource. Symmetric singleton
congestion games are then a subclass of network congestion games where players
route their demand through a simple network of parallel edges between two nodes s
and t.

First, we consider symmetric singleton congestion games with player-specific latency
functions. In general, unweighted symmetric singleton congestion games with player-
specific delay functions possess Nash equilibria, but may not necessarily have a
potential function, even in the case of three players [75]. Moreover, this result is tight
since in the case of two players, the Nash dynamics converges [75]. In the case of
weighted players and player-specific non-decreasing latency functions, Nash equilibria
might not exist for games with three players [75]. Unweighted symmetric singleton
congestion games with player-specific linear delay functions without a constant term
possess a potential function and therefore also Nash equilibria [39]. This result
does not extend to player-specific linear delay functions. Concatenations of two
unweighted symmetric singleton congestion games possess Nash equilibria [76] but
may not necessarily have a potential function [39]. The special class of unweighted
symmetric singleton congestion games with player-specific constants, where all player-
specific delay functions are composed of a common resource-specific delay function, but
each player may have a player-specific constant for the particular resource, possesses
a potential function [74].

Now, we consider general (singleton) congestion games with player-specific latency
functions. Computing a Nash equilibrium in a symmetric network congestion game
with player-specific constants is PLS-hard [74]. Restricted network congestion games
can also be regarded as network congestion games with player-specific constants zero
or infinity. For restricted network congestion games with three players, finding a Nash
equilibrium is PLS-complete [4]. On the other hand, computing Nash equilibria in
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singleton congestion games can be efficiently done if all delay function are the identity
function [38]. Notably, all delay functions are required to be the identity function;
for arbitrary linear delay functions, the complexity is unknown.

3.2.4 Symmetric Singleton Congestion Games

Here, we only consider symmetric singleton congestion games where for each resource,
all players share the same latency function. In case all latency functions are non-
decreasing, Nash equilibria are guaranteed to exist [36]. If all latency functions are
linear, then Nash equilibria can be efficiently computed using Graham’s LONGEST
PROCESSING TIME (in short LPT) algorithm [36], 44]. Notably, these games also
possess the is-exp property, even for the best-response Nash dynamics [35]. The
simplicity of the network seems in most cases to allow for efficient algorithms which
compute Nash equilibria, but the situation somewhat changes, once weighted players
may form arbitrary non-fixed coalitions. If players may form such coalitions of size at
most 8 and in each improving step of a coalition, the maximum cost of its members
decreases, then computing a Nash equilibrium is PLS-complete [27].

3.2.5 Related: Equilibrium Search and PPAD

The previous subsections outline that the computation of a Nash equilibrium in a
congestion game can be treated as a local search problem. However, there are finite
games for which only the existence of a mired Nash equilibrium is guaranteed by
Nash’s theorem [80]. In a mixed Nash equilibrium, each player chooses a probability
distribution over his set of strategies such that a unilateral deviation to a different
probability distribution does not strictly improve his expected private cost. Note
that pure Nash equilibria that have been considered so far are mixed Nash equilibria
where each player commits to a single strategy. BIMATRIX, the problem of computing
a mixed Nash equilibrium of a 2-player game with rational utilities for the players, is
a famous example of a finite game in which in general only the existence of mixed
Nash equilibria is guaranteed.

Already in 1964, Lemke and J. T. Howsen [70] developed an algorithm that computes
a mixed Nash equilibrium for 2-player games. Their algorithm works similar to the
SIMPLEX algorithm and is comparably successful in practical applications. However,
it is known that there are 2-player games, for which the LEMKE-HOWSON algorithm—
even in the best case—takes an exponential number of steps before reaching a mixed
Nash equilibrium [93]. Motivated by proofs that show the existence of solutions via
the lemma that “every graph has an even number of odd degree nodes”, Papadimitriou
[86] introduced the complexity class PPAD (short for “Polynomial Parity Argument
in a Directed graph”). The problems in this class are defined via implicitly given,
exponentially large directed graphs consisting of directed paths, cycles, and single
nodes, where one artificial source is given. The problems ask for an endpoint of a
path, i.e. a source or a sink, distinct from the given source. Shapley [96] shows that
the possible steps of the LEMKE-HOWSON algorithm induce a graph with the above
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properties and therefore BIMATRIX € PPAD [106].

Significant progress in the classification of the complexity of computing mixed
Nash equilibria for games with a finite number of players was achieved by Daskalakis,
Goldberg, and Papadimitriou [25], who show that computing a mixed Nash equilibrium
for four-player games is PPAD-hard. Using their construction, Chen, Deng, and
Teng [21] show that BIMATRIX is PPAD-complete. However, as for congestion games,
the approximation of mixed Nash equilibria of 2-player games appears no easier than
the computation of a mixed Nash equilibrium itself, since the existence of an FPTAS
would imply that PPAD is in P [2I]. For an overview of further results related to
PPAD, we refer the reader to the survey by Yannakakis [110].
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Chapter 4

Our Contribution

In this chapter, we summarize the main results, we present in this thesis. Here,
Section pools our main results on the tractability of computing Nash equilibria in
restricted network congestion games, which we investigate in Chapter [f] Section
lists our results on the complexity of computing locally optimal solutions of the MAX-
IMUM CONSTRAINT ASSIGNMENT problem which we study in Chapter [6] Section
summarizes our results on the tractability of computing locally optimal solutions of
weighted standard set problems which we investigate in Chapter

Our contribution consists in large parts of intractability results, which we prove
along a chain of PLS reductions. A graphical overview of the main reductions we
present is given in Figure Here, a directed arrow between A and B denotes
a PLS reduction from A to B. The endpoints of the arrows either refer to PLS
problems or to the entire class PLS, as is the case for the upmost reduction, showing
the PLS-completeness of CIRCUIT/FLIP. Arrow labels either refer to the publication
where the corresponding reduction is given or to the corresponding theorem or lemma
where we present the proof of PLS-completeness. Braces on the left hand side of the
figure indicate the corresponding chapters, where the PLS reductions can be found.
For sake of readability, the endpoints of braces have been extended across the figure.

4.1 Computing Nash Equilibria in Two-Player Restricted
Network Congestion Games

In Chapter 5] we investigate the complexity of computing Nash equilibria in restricted
network congestion games involving two players only, as introduced in Subsection [2.2.2]
As our main result, we show the intractability of the corresponding PLS problem for
directed and undirected networks.

Theorem [5.1} (2)-RDNCG and (2)-RUNCG are tight PLS-complete for graphs

of degree at most three.

Our results are optimal in the sense that for one player, computing a Nash equilib-
rium reduces to finding a shortest path, which is polynomial-time computable. To
the best of our knowledge our result is the single PLS-intractability result for games
with two players only.
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Figure 4.1: Graphical overview of the main PLS reductions, we present in this thesis.

4.2 On the PLS-Complexity of Maximum Constraint
Assignment

In Chapter [6] we study the complexity of computing locally optimal solutions of the
MAXIMUM CONSTRAINT ASSIGNMENT problem. We first show that all intractability
results for (p, q,7)-MCAj_par extend to (p,q,r)-MINCAy_pa for all p,q,r, k € IN.

Lemma (P, ¢, 7)-MCA_par <pis (0, q,7)-MINCA_por for all p,q, 7,k € IN, using
a tight reduction.

We then focus on the hardness of (3,2, x)-MCAgz_par and (2, 3, x)-MCAg_par, as intro-
duced in Subsection and optimize for minimum valence of the variables. As our
main result, we show the intractability of (3,2,3)-MCAs.par and (2,3,6)-MCA2 par,
using tight reductions.

Theorem CIRCUIT/FLIP <p (3,2,3)-MCA3_pq, using a tight reduction.
Theorem CIRCUIT/FLIP <ps (2,3,6)-MCAg_p,, using tight reductions

The above intractability results are optimal in the sense that (2,2,r)-MCA is
solvable in polynomial time for every r € IN. Additionally, we present a general
technique to simulate arbitrary (p,q,r)-VCA-instances with VCA-instances over
solely binary variables. We present a reduction in Subsection [6.5] where the sum of
the valences of the variables minus the number of variables in each constraint remains
constant. Our construction eventually proves the following theorem:

Theorem For all p,q € N and r > 3, (p,q,7)-VCA <, (p,q,2)-VCA using a
tight reduction.
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As a direct consequence of Theorem we obtain the tight PLS-completeness of
(6,2,2)-MCA.

Corollary CIrcUIT/FLIP <y (6,2,2)-MCA using a tight reduction.

For the proofs of Theorem and Theorem [6.2] we use a technique introduced
by M. W. Krentel [67]. Krentel outlines that (4,3,3)-MCA is PLS-complete. His
construction is not complete and we do not think that it can be extended to obtain a
tight reduction. We sharpen essential parts of the reduction, reduce both parameters
p and g and also obtain tightness. We think that reducing the parameters p and ¢ is
important. The tight PLS-completeness of (3,2, 3)-MCA3 ., and especially the fact
that each variable appears in at most two constraints will prove crucial in Chapter
in order to demarcate the tractability of SETPACKING and SETCOVER; furthermore,
the tight PLS-completeness of (3,2,3)-MCA3 . will also play a vital role in order
to lower the bounds on the intractability of other local search versions of weighted
standard set problems.

Moreover, many problems can be modeled in a natural way as SATISFIABILITY
problems. In the AP-world, this has been exploited in a large number of cases.
We think that also for PLS problems it will help to sharpen the boundary between
PLS-complete and solvable in polynomial time.

4.3 On the Complexity of Local Search for Weighted
Standard Set Problems

In Chapter[7 we investigate the tractability of computing locally optimal solutions for
the weighted standard set problems introduced in Subsection We show that for
most of these problems, computing a locally optimal solution is PLS-complete for the
1-differ neighborhood. This means, that the respective problems are already intractable,
when one element describing the solution is allowed to be added, deleted, or exchanged
for another element which is not part of the solution. For SETPACKING-(k) and
SETCOVER-(k), we delimit the tractability of computing locally optimal solutions for
the 2-differ neighborhood. As our main result, we prove the following two theorems:

Theorem 7.1 The problems SSp-(k), TS-(k), HS-(k), SB-(k), IP-(k), and CC-(k)
are tight PLS-complete for all k > 1. The problems SP-(k) and SC-(k) are tight
PLS-complete for all k > 2. The problems W3DM-(k,¥) and X3C-(k) are tight
PLS-complete for all k > 6 and £ > 12.

Theorem The problems SP-(1) and SC-(1) are polynomial-time solvable.

A graphical representation of our results in Chapter [7]is given in Figure [£.2] Here,
arrows represent problems. From bottom to top, they indicate problems which
are polynomial-time computable; from top to bottom, they indicate PLS-complete
problems. Additionally, a dashed line denotes the border between polynomial-time
computable and PLS-complete problems. Note that this dashed line is not extended
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Figure 4.2: Graphical overview of our results on the complexity of local search for
weighted standard set problems, presented in Chapter m

to the first two problems, since our results do not yield an exact border in these cases.
Let us stress that all reductions we present are tight in the sense of Schiffer and
Yannakakis [95].

Differing from previous known results, which we outlined in Subsection [3.1.5] our
results for weighted standard set problems do not rely on a reformulation of local
search versions of graph problems. To the best of our knowledge, the results we
present are one of the first PLS results directly shown for these problems. Moreover,
they are one of the very few PLS results for weighted standard set problems, as
intensively studied in the literature.

4.4 A Note on the Presentation of Our Reductions

Most of the reductions we present in this thesis tend to be rather technically involved
constructions.

Presentation of Techniques and Core Ideas For sake of presentation, we first
present the underlying techniques used in Chapters in separate subsections of the
respective chapters. The core idea for the proof of intractability of (2)-RDNCG and
(2)-RUNCG is given in Subsection We describe the technique from Krentel
[67], which we extend and refine for the intractability proofs of (3,2, 3)-MCA3 par
and (2, 3,6)-MCAg par, in Subsection The intractability proofs of locally optimal
solutions for the weighted standard set problems we investigate, follow a technique
which we present in Subsection In Chapter [7], we additionally present the core
ideas of each reduction in a nutshell first, before stepping into the corresponding
construction.
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4.4 A Note on the Presentation of Our Reductions

The Structure of our Presentation Each reduction includes the presentation of
the reduction function ® and the solution mapping ¥. The latter one often involves
a subclass of feasible solutions for the problem under investigation which we define
as standard solutions or solutions which are consistent for a certain property. In
spirit with the widely accepted “quod erat demonstrandum” symbol (J), we choose to
indicate the end of each reduction by a circle (O), for sake of readability. For rather
involved proofs, we present a roadmap before stepping into the proof of correctness
and tightness of the respective reduction. Essentially, the proofs of correctness can be
split into two parts. In the first part, we show that every locally optimal solution is a
standard solution or consistent for the respective property. In the second, part, we
show that locally optimal solutions in the constructed instance correspond to locally
optimal solutions of the input instance; here, the first part allows to solely focus on
standard or consistent solutions. Generally and for sake of readability, we drop the
index of the problem in identifiers in our presentations, where the problem is clear
from the context.
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Chapter 5

Computing Nash Equilibria in
Two-Player Restricted Network
Congestion Games

In this chapter, we show that computing a Nash equilibrium in a restricted network
congestion game is already PLS-complete for two players. The result holds for
directed networks and for undirected networks. Our reduction from MAXCUT only
requires two gadgets and is conceptionally simpler than the reduction presented
by Ackermann and Skopalik [4] which shows the intractability of computing Nash
equilibria in restricted network congestion games with three players. The results we
present are optimal, since for one player, computing a Nash equilibrium reduces to
finding a shortest path, which is polynomial-time computable. Let us remark that
the complexity of computing a Nash equilibrium in a standard network congestion
game with a fixed number of players remains unsettled.

This chapter is organized as follows: In Section we show the PLS-completeness
of (2)-RUNCG and (2)-RDNCG. In Section [5.2] we discuss Questions [4] and [5] and
also present open problems.

5.1 The Complexity of (2)-RUNCG and (2)-RDNCG

In this section, we first present an outline of our reduction from MAXCUT to (2)-
RDNCG and (2)-RUNCG in Subsection before stepping into the construction
in Subsection and the proofs of correctness and tightness in Subsection [5.1.3]
For our hardness result, we build on the tight PLS-completeness of MAXCUT [95].
We initially show our hardness result for directed graphs of unbounded degree and
modify our construction afterwards.

The General Setting of the Reduction Let I = (Gyic = (Vume, Evmc),w) € Dyvic
be an instance of MAXCuT. Without loss of generality, we assume that V\ic =
{1,...,n}. Denote

W* =2 ZeeE w(e)
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Figure 5.1: General layout of the resulting network G = (V, E).

and let W > W*. Given I, we construct an instance

(I)(I) = (g = (V7 E)? {PvQ}7EP7EQ7 (aP7bP)7 (anbQ)v (de)eéE) S D(2)-RDNCG-

Here, G = (V, E) is a directed or undirected graph whose edges have non-decreasing
delay functions (d,)ecg. The two players are denoted by P and @ and have source-
sink pairs (ap,bp) and (ag,bg). Ep denotes the set of edges player P is allowed to
use and Eg denotes the set of edges player () is allowed to use.

Notation We use the following notation in our reduction: For o € {T, F}", we
denote the i-th component of a by «;. If V = [n], then we denote a function
p:V — {T,F} also by a vector p € {T, F}". Since our reduction only involves two
players, we denote the delay function for each edge e € E by d (1)/d.(2).

5.1.1 The Network and the Reduction in a Nutshell

We construct a restricted network congestion game G = (V, E) which consists of a
subnetwork Gp = (V, Ep) for player P and a subnetwork Gg = (V, Eq) for player
(). Edges which can be used by both players are called shared edges; edges which
can only be used by one player are called exclusive edges. Figure depicts the
network G = (V, E). For sake of readability, we present the underlying network paths
in a compressed representation. A dashed line marked with some set of shared edges
represents a subpath. We use the two types of edges to construct two frameworks
to simulate the MAXCuT-instance I in G. The first framework consists of exclusive
edges. It guarantees that by selecting strategies, each of the two players P and Q
chooses a path as indicated in Figure For player @), a path can be described by
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5.1 The Complexity of (2)-RUNCG and (2)-RDNCG

a € {T,F}" and for player P, a path can be described by (i, k) for some i € [n] and
k € {T,F}". A second framework consisting of some type of shared edges heavily
punishes if o and & differ by more than one bit, so that in a local optimum « and &
differ by at most one bit.

Note that o and & can also be viewed as a partition of Ve = [n]. Our approach
is rather similar to the construction used in the paper of Ackermann and Skopalik [4].
The main difference to the reduction by Ackermann and Skopalik [4], resulting in the
hardness already for two players, is that players P and () cooperational simulate the
MaxCuTt-instance I. For each edge e = {u,v} € Enc, two shared edges c¢., with
e1 = (u,v) and ¢, with ex = (v,u) are introduced in E. Note that v and v define
the names of c., and c., but do not actually connect v and v in E. Our construction
is such that player P chooses an assignment for u in ¢., and for v in c.,; player @
chooses an assignment for v in c., and for u in c,. If both assignments for a pair
of vertices are equal, i.e. they belong to the same partition, then both players have
a delay which is equal to the weight of the edge; if both assignments disagree, then
both players have no delay.

5.1.2 The Reduction

In this subsection, we present our reduction which implements the network depicted
in Figure [5.1] and described in the previous subsection.

Shared Edges Our construction crucially relies on first replacing every undirected
edge in the given input instance I € Dyic by two pairs of vertices; denote the resulting
set

E' = {(u,v), (v,u) | {u,v} € E}.
We introduce the following shared edges:

1. For every e € E' and i € [n], we introduce two shared edges czi and cg ;» each
with delay function 0/w(e). We call these shared edges MAXCuUT-edges. Let C

denote the set of all MAXCuT-edges.

2. For every u,j € [n] with u # j, we introduce two shared edges df,j and dij,

each with delay function 0/W. We call these shared edges deviation tester. Let
D denote the set of all deviation testers.

Exclusive Edges, Subpaths, and Strategies As outlined in the previous subsection,
a dashed line marked with some set of shared edges

R={r,...,m} CCUD

represents a subpath. The subpath is described in Figure [5.2] using additional
exclusive edges s1, S2, ..., sg4+1. Note that the vertices in Figure [5.1] are colored black
and the newly introduced vertices in Figure [5.2 are colored white. The white vertices
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Transform Into ﬁ Network Path
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Figure 5.2: Constructing a network path between vertices u and v from its set repre-
sentation.

occurring on the subpath between black vertices u, v only occur on this subpath. As
indicated by Figure the exclusive edges on a subpath defined by a set Pj; with
k € {T, F} and u,i € [n] can only be used by player P and the exclusive edges on
a subpath defined by a set Q% with o € {T', F'} and u € [n] can only be used by
player Q. We construct the sets Py, with x € {T', F'} and u,i € [n] such that they
are pairwise disjoint and their union is equal to C'U D. Similar, we construct the sets
QS with o € {T, F'} and u € [n] such that they are pairwise disjoint and their union
is equal to CUD. Let R = {r1,...,ri} € C'UD define some subpath II(R) between
black vertices u and v for, say, player P, as described above. The exclusive edges in
constructing II(R) enforce that after entering II(R) through w, player P can solely
traverse all shared edges in R and exit in v. Traversing less or more shared edges
than present on II(R) would imply that player P traverses an edge which he is not
allowed to use. All edges leaving ap and all edges entering bp can only be used by
player P. So, the set of strategies for player P are then all paths connecting ap and
bp in Ep. By construction, there is no connection between endpoints for subpaths
Py and P}, for all i,j € [n] with i # j. A strategy sp for player P then consists
of selecting some path i € [n] from the n available paths leaving ap and selecting
subpaths

K1 Kn
PrL,.. P

with k; € {T, F'} for all j € [n]; we denote this by sp = (4, ). The set of strategies
for player @ are all paths connecting ag and bg. A strategy sq for player @ consists
of selecting subpaths

aq Qn
1 -y

with a; € {T, F'} for all i € [n]; we denote this by sg = a.

We now present the sets of shared edges which were used to represent subpaths. For
MaxCuT-edges, our construction is such that for every pair of vertices (u,v) € F’,
player P chooses an assignment for u and player () chooses an assignment for v.
Denote Ff(u) := {(u,v) | v € V, (u,v) € E'}. For every € {T,F} and u, j € [n]

e fle e i) o=
{dy ;yU{ct, | e€ E(u)} otherwise.

u7j :
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5.1 The Complexity of (2)-RUNCG and (2)-RDNCG

Note that subpath P}, does not contain any deviation tester. Denote Ej(u) :=
{(v,u) |v eV, (v,u) € E'}. For every k € {T, F} and u € [n]

Q= {5 |5 € [n).j #u} UL, | e € By(u),j € [n]}.
Note that for j # u, subpaths Py and QF intersect in deviation tester dy, j» by design.

Definition 5.1. Let s= (sp,sqg) € F(®(I)) be a state of the game with sp = (i, k)
and sq = «, where i € [n] and o,k € {T,F}". Then, s is a standard solution if
kj = aj for all j € [n] with j # i.

Solution Mapping If s € F(®(I)) is a standard solution then ¥(I,s) := sq; if s is
not a standard solution then W¥(I,s) returns the solution p computed by INITMc(1).
This terminates the description of the reduction. O

5.1.3 Proving the Correctness and Tightness of the Reduction

In this subsection, we show that locally optimal solutions in ®(I) yield locally optimal
solutions in I under function ¥ and that the reduction presented above is tight.
Before stepping into the proof, we first present a roadmap. In the remainder of this
subsection, let K, € {T, F'}".

Roadmap of the Proof In Lemma we show a crucial relationship between the
private cost of a player in a standard solution s € F(®(I)) and the cost of solution
U(I,s) for MAXCuT-instance I. Lemmaunveils that every locally optimal solution
is a standard solution. Given this structural insight, we prove in Theorem that
every locally optimal solution s € F(®(I)) induces a locally optimal solution ¥(I,s)
for I and that our reduction is tight. Furthermore, we extend our result to hold for
directed and undirected networks of degree at most three.

Lemma 5.1. Let s= (sp,sq) € F(®(I)) be some state of the game with sp = (i, k)
and sg = a. Solution s is a standard solution if and only if 5p(s) < W or dg(s) < W.
If s is a standard solution, then dp(s) = dg(s) = W* — (emc(k,I) + emc(a, I)).

Proof. First, let s be not a standard solution. This implies that x, = &, for some
u € [n] with u # i. Hence, players P and () share deviation tester d“ with latency
0/W. This implies that 6p(s) > W and do(s) > W. ’

Now, let s be a standard solution and 7 € {T, F'} in the following. Then, player P
is using deviation testers dZ”Z for all u € [n] with u # i and player @ is using deviation
testers di‘:} for all u € [n] and j € [n] with j # u. Hence, every deviation tester dj, ;
for u, j € [n] with u # j is used by at most one player. Furthermore, player P is using
MAaxCuT-edges c.% for all u € [n] and e € Ej(u); player @ is using MAXCUT-edges
o for all u,j € [n] and e € El(u). Hence, for all j € [n] with j # ¢ and e € F’,
MaxCuT-edge ¢ ; is used by at most one player. Now, consider MAXCUT-edge cf
for some e = (u,v) € E'. MAXCuT-edge ] ; is used by player P if and only if r, = 7.
MaxCuT-edge c ; is used by player @ if and only if o, = 7. Since s is a standard
solution, the cases k; = a; and K; # «; have to be considered:
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1. First, let k = o := . MAXCuT-edge ¢ ; is used by players P and @ if and
only if k, = a, = 7. Hence, we obtain

e={u,w}eFr
/Buzﬂv

= W* — (CMc(H,I) +CMC(O‘>I))'

2. Now, let k # «. Since s is a standard solution, this implies that x; # a; and
k; = aj := [ for all j € [n] with j # i. Now, consider edges e; = (u,v) € E',
es = (v,u) € E' with u,v # i, and MAXCuUT-edges Cey.i»Ceyi- Then, both
MaxCuT-edges are used by players P and @ if and only if 5, = 8, = 7. Now,
let w =4 without loss of generality. MAXCUT-edge cf, ; is used by players P
and @ if and only if Ky = B, = 7. MAXCUT-edge ¢, ; is used by players P and

Q if and only if o, = 8, = 7. Hence, we obtain

Sp(s)=dg(s) =2 > wle)+ > wle)+ Y  wle)

e={uv}ek {iv}eE {i,v}eE
u, v Ki=PBy ;=B
u:ﬁv

=W*— (CMC(HJ, I) + CMC<a7'[))‘

Lemma 5.2. Every locally optimal solution s € F(®(I)) is a standard solution.

Proof. Consider any state s = (sp, sg) € F(®(I)) with sp = (i, k) and sg = o where
Ky = @y, for some u € [n] with u # i. By construction, players P and () share
deviation tester d;* with latency 0/W. Then, player P can improve by switching
from strategy sp to strategy s = (i, ). Now, s’ = (s’p, sg) is a standard solution
and by Lemma the private cost of player P in s’ is strictly less that W. Hence,
player P strictly decreases his private cost. Thus, s is not locally optimal.

O

Theorem 5.1. (2)-RDNCG and (2)-RUNCG are tight PLS-complete for graphs
of degree at most three.

Proof. We first show the hardness result for directed graphs of unbounded degree and
modify our construction afterwards. Assume there exists a solution s = (sp, sq) €
F(®(I)) with sp = (i, k) and sg = «, which is locally optimal for ®(I), but ¥(/,s)
is not locally optimal for I. By Lemma [5.2] s is a standard solution. This implies
that Kk = ay, for all k € [n] with k # 4. Since ¥(I,s) = « is not locally optimal for I,
there exists some node v € V, which can be flipped such that the objective function
strictly increases. Denote by a(v) the vector a, where the assignment of «, is flipped,
i.e. replaced by {T, F'} \ o,. We distinguish two cases:
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1. First, let kK = a or emc(a(v),I) > emc(a(i),I). Then, player P has an
incentive to switch to strategy s = (v,a(v)). Then, s' = (s, s¢q) is also a
standard solution and by Lemmal[5.1] §p(s') = W* — (emc (a(v), I) + enmc (e, I)).
Hence, player P strictly decreases his private cost.

2. Now, let K # a and cvce(a(v),I) < emc(a(i),I). Then, player @ has an
incentive to switch to strategy si; = a(i). Then, s" = (sp, sg) is also a standard
solution and by Lemma [5.1] 6¢(s’) = W* — (emc(k, 1) + emc(a(i), I)). Hence,

player @ strictly decreases his private cost.

In both cases, we obtain a contradiction to s being locally optimal for ®(I).

Considering tightness, we define # as the set of all standard solutions. By
Lemma all locally optimal solutions are contained in Z. Now, let s = (sp,sq) € Z
with sp = (i,x) and sg = a and let s’ € F(®(I)) be some better neighboring solu-
tion. Lemma implies that s’ is also a standard solution. We show that either
U(l,s) = VU(I,s') or U(I,s) is a better neighboring solution of ¥(I,s). If player
P changes strategy in s', then ¥(I,s) = W(I,s'). If player () changes strategy in
s/, then Lemma implies that player @) switches to strategy s’Q = «(i). Hence,
U(I,s') € Nue(¥(,s),I) and by Lemma [5.1] exie(¥(1,s), 1) < emc(¥(1,8'), ).

Now, we show that we can adapt our construction to also work for directed graphs
of degree at most three. We replace all outgoing edges from ap by a binary tree
with n leaves labeled ab,...,a’k. For every leaf a’» with i € [n], we introduce an
edge (a%,a;), where a; denotes the entry point to subpaths Pf ;, and Pf ;- A similar
construction can be applied to lower the degree of node bp to three. Furthermore, we
replace all nodes connecting subpaths P;; and Py, for all k € {T, F'}, u € [n] and
i € [n— 1] by a directed edge whose tail node is the exit of subpaths P}, and whose
head node marks the entry for subpaths PJ, ;. All other nodes in our construction
have degree at most three.

Finally, note that by the design of our graph, replacing all directed edges in our
construction by undirected edges does not change the set of strategies for each player.
Let us first have a closer look at player ). Also in the undirected version, a simple
path from ag to b is determined by o € {T, F'}" and follows the path marked in
Figure by Q7. Q5% ...,Q%. If in the undirected version, a simple path would
bend after having passed Q",,..., Q7" for some ¢ € [n] and go against the direction
of the edges on the subpath marked by Q?i, then it would never reach bg. In the
same way, a path from ap to bp in the undirected version is determined by i € [n]
and k € {T, F}" and follows the directed path described in Figure . O

5.2 Conclusion and a Discussion of Questions 4 and

In this chapter, we studied the complexity of computing Nash equilibria for n-
player restricted network congestion games. Nash equilibria in these games coincide
with local optima of Rosenthal’s potential function [92], which is polynomial-time
computable. This allowed to formulate the computation of a Nash equilibrium in an

ol



Chapter 5 Computing Nash Equilibria in Two-Player Restricted Network Congestion Games

n-player restricted network congestion as a PLS problem. The corresponding PLS
problem for directed (resp. undirected) networks is denoted by (n)-RDNCG (resp.
(n)-RUNCG).

Results Obtained For n > 3 players, the intractability of (n)-RDNCG was shown
by Ackermann and Skopalik [4], using a PLS reduction from POSITIVENOTALL-
EQUAL-2-FLIP (a reformulation of MAXCUT as a MAXIMUM CONSTRAINT ASSIGN-
MENT problem over binary variables; here, each constraint is a weighted clause which
models an XOR of two variables). In this chapter, we showed that already (2)-RDNCG
and (2)-RUNCG are tight PLS-complete for graphs of degree at most three and
hence possess the all-exp property. The latter implies that there exist instances and
initial states of the game, such that every sequence of selfish steps has exponential
length. For our constructions, we first presented the underlying idea in a nutshell in
Subsection The reduction from MAXCUT in Subsection only required two
gadgets and was conceptionally simpler than the reduction presented by Ackermann
and Skopalik [4]. The results we presented are optimal in the sense that for one
player, computing a Nash equilibrium reduces to finding a shortest path, which is
polynomial-time computable.

Discussion of Questions [4] and [5| The intractability results for (2)-RDNCG and
(2)-RUNCG which we obtained in this chapter yield a surrounding PLS-completeness
answer to Question [5] Moreover, our results settle the complexity of computing
a Nash equilibrium in a given restricted network congestion game. Considering
Question [} we can only provide an answer for the special case of restricted network
congestion games. For restricted network congestion games, limiting the number of
players to two does not significantly smoothen the complexity of computing a Nash
equilibrium. Note that for standard congestion games with a fixed number of players,
finding a Nash equilibrium is polynomial-time computable. In that case, each strategy
of every player is explicitly given and therefore the total strategy space is bounded
by a polynomial in the size of the input. For other models, our results do not yield
an indication on the tractability of computing Nash equilibria.

Open Problems We should point out that the complexity of computing a Nash
equilibrium in a standard network congestion game with a fixed number of players
remains unsettled. Note that differing from standard congestion games, standard
network congestion games possess a compact representation of the set of strategies of
each player. Hence, the total strategy space is not bounded by a polynomial in the
size of the input any longer. When using our construction as a starting point for the
above open problem, an obstacle to overcome is how to transform the exclusiveness
of edges for certain players to standard network congestion games. Note that our
construction in Subsection [5.1.2 heavily exploited the exclusiveness of edges for certain
players; in restricted network congestion games, this can be realized by definition.
With this exclusiveness, we designed strategies for the two players which corresponded
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to, node-by-node, assignments of nodes to partitions and this eventually yielded a
solution of MAXCUT.
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Chapter 6

On the PLS-Complexity of Maximum
Constraint Assignment

In this chapter, we investigate the complexity of computing locally optimal solu-
tions for the fundamental PLS problem MAXIMUM CONSTRAINT ASSIGNMENT (in
short MCA). In a nutshell, the MCA problem is a local search version of weighted
GENERALIZED MAXIMUM SATISFIABILITY on constraints (functions mapping assign-
ments to positive integers) over variables with higher valence. The parameters in
(p, q,r)-MCA}, par simultaneously limit the maximum length p of each constraint, the
maximum appearance g of each variable and its valence r; additionally, the set of
constraints is k-partite. We focus on hardness results and show P LS-completeness of
(3,2,3)-MCA3 par and (2,3, 6)-MCAg_par, using tight reductions from CircuiT/FLIp.
For our results, we extend and refine a technique from Krentel [67]. The results we
present are optimal in the sense that (2,2, r)-MCA is solvable in polynomial time for
every r € IN. We are also interested in the special case of binary variables. For this,
we investigate the (p, q,r)-VCA problem which differs from (p,q,7)-MCA in p now
denoting the maximum sum of the valences of the variables minus the number of
variables in each constraint. We present a general technique to reduce VCA-instances
with arbitrary valence to VCA-instances over solely binary variables. As a corollary,
we obtain that (6,2,2)-MCA is tight PLS-complete.

Roadmap of this Chapter The remainder of this chapter is organized as follows:
We first present an observation that all intractability results for (p, q,r)-MCAj_par
extend to (p,q,r)-MINCAj pa for all p,g,7,k € IN in Section Section
then presents the general method which we apply to prove Theorems and [6.2]
Section proves the tight PLS-completeness of (3,2,3)-MCA3.ar. Section
alters the reduction from Section and shows the tight PLS-completeness of
(2,3,6)-MCAg par. Section presents our general technique to simulate arbitrary
(p,q,7)-VCA instances with with p,¢ € IN and r > 3 with VCA-instances over solely
binary variables and proves Theorem and Corollary
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6.1 On the Relation of Maximum Constraint Assignment
to Minimum Constraint Assignment

The remainder of this chapter solely focuses on the MAXIMUM CONSTRAINT ASSIGN-
MENT problem. Let us remark that all intractability results we show in this chapter
also extend to the MINIMUM CONSTRAINT ASSIGNMENT problem with the same
restrictions on the set of instances, as the following lemma shows.

Lemma 6.1. (p,q,7)-MCAy_por <pis (0, ¢, 7)-MINCAy_po, for allp,q,r, k € IN, using
a tight reduction.

Proof. The following reduction (®,¥) only modifies the function values of the
constraints in a given instance of (p,q,7)-MCAj_par to construct an instance of
(p,q,r)-MINCA}_par; the set of variables and the parameter list of each constraint
remains untouched. Hence, where possible, we neglect the parameters p,q, 7,k € N,
for sake of readability. Let I = (C,X) € Dymca be an instance of MAXIMUM
CONSTRAINT ASSIGNMENT where each constraint has length at most p and denote

W > ggg{Ci(a(xil), a(wy,)) a(w,), .. azg, ) € P,

with p; < p. We construct an instance ®(I) = (C’, X’) € Dyiwca of MINIMUM CON-
STRAINT ASSIGNMENT, where X’ := X’ and for each constraint C;(z;,, ..., 2, ) € C
with p; < p, we introduce a constraint

Cll(le,,xzpl) = W— Cl(le,,xzpl)

in C'. Here, ¥(I,a) := a for each solution a € F(®(I)). This terminates the description
of the reduction. O

Now, assume there exists a solution a € F(®(I)) which is locally optimal for ®(I),
but (I, a) is not locally optimal for /. This implies that there exists a variable x € X
in instance I € Dyica, which can be set from value i € [r] to some value j € [r] such
that the objective function strictly increases by some A > 0. By construction,

CosTawca(a @) =), Cia(zy),. . a(zi,))

= ZCZEC (W — C’i(a(xil), . ,a(:cl-pi)))
=lCl-W=3_,  Cila@i), . a(s,))
=|C|-W — CosTmca(¥(I,a),I).

Therefore, variable x can also be set from value i € [r] to j € [r] in ®(I) and the

objective function strictly decreases by A > 0. When defining Z := F(®([1)), it is
obvious to see that our reduction is tight. O
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6.2 The General Method for the Intractability Proofs of (3,2,3)-MCA3_ .y and (2,3,6)-MCAg_par
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Figure 6.1: The general setting which is modeled with constraints.

6.2 The General Method for the Intractability Proofs of
(3,2,3)-MCA; par and (2,3,6)-MCA_par

In this section, we present the general method which we apply in Sections [6.3] and
We first present the setting and the general idea of our reductions before stating the
necessary assumptions for CIRCUIT/FLIP. We close with the concept of propagation
trees.

6.2.1 The Setting

We reduce from problem CIrRCUIT/FLIP which is known to be tight PLS-complete [56].
Given an instance I € Dgyrourr/Fup, We construct an instance of (p, q,7)-MCAy_par.
In more detail, given a circuit S, we construct a set of constraints of length at
most p from a set of variables, where each variable takes at most r values and
appears in at most ¢ constraints; additionally, the set of constraints is k-partite. Our
construction extends and refines a method introduced by Krentel [67] who outlines
that (4,3,3)-MCA is PLS-complete. The general layout, which we model with
constraints in the reductions is now as follows.

6.2.2 The Idea in a Nutshell

We depicted the general setting of our reductions in Figure It follows the technique
introduced by Krentel [67]. The reduction involves two copies S°, S of the given
circuit S, a circuit S, a comparator, a loading logic, and a steering logic. For all
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k € {0,1}, circuit S* has input links X7, ... X} and computes the output bits in
links Zf, ..., Z;. Additional output links Y{¥,...,Y,” compute the best neighboring
solution if one exists or output the input vector otherwise. While all computations in
the given circuit S are binary, we will use values 0, 1, d for variables £, which represent
links. Binary values for £ model the computation of circuit S. The additional value d
(for “don’t care”) allows to reset the computation of circuits S° and S!. In detail, for
the reduction this means that if all variables which represent output links of a gate g
are set to d, then variables which represent input links for g can be modified without
changing the correctness of the constraint modeling g. The output bits from output
links Z? vy 29 and le, ..., Z} are compared using a comparator that also stores
the current value of the cost function. The involved constraints represent a large part
of our contribution. The loading logic takes as input the result of the comparator and
additionally the better neighbors Y{,...,¥,Y and Y{!,...,Y,l. It controls loading the
neighbor from the circuit whichever of the first two circuits yields the bigger output
into whichever of the first two circuits yields the smaller output. Circuit S? has
2n input links labeled X2, ..., X2, X3, ..., X3 and operates on the identical input
bits as circuits S° and S! in a local optimum. In the single output link best, S?
returns the index of the input vector with the larger binary output or e if both input
vectors yield the identical binary output. The results of best and the comparator
feed the steering logic. The steering logic controls the reset procedure for the first
two circuits and sets incentives for the special comparator. More details, outlining
the control logic, which are essential for the correctness of our reductions and the
improved results, are given in the respective sections.

6.2.3 Assumptions and Notation for Circuit/Flip

For an instance I € D¢y with circuit S, we make the following assumptions: Without
loss of generality, cc/p(x, 1) # cc/r(X, I) for solutions x,x" € Fc /p(I) with x # X
Otherwise, we may redefine the cost of each solution as

C/C/F(Xv I):=M - cc/p(x,I)+num(x).

Here, M is a sufficiently large integer and num(x) denotes the numerical interpretation
of solution x. Circuit S consists of gates with at most three links. For technical
reasons, every gate with three links is solely adjacent to gates with two links; every
input link X; and every output link Z; for all i € [n] is incident to a gate with one
input link and one output link. Furthermore, for every input link X; with ¢ € [n] and
every output link Z; with j € [n], there exists a path in circuit S from X; to Z;. For
output links Z; and Z,, we assume that Z(x); = Z(x), = 0 for all x € Fo/p([). We
assume that for given input bits x = (x1, ..., z,), circuit S additionally computes the
best solution X" € Neyreurr/Frie(X, I), if such a better solution x” exists or sets x' = x
otherwise. Note that x’ is polynomial-time computable and thus can be implemented
in circuit S with at most a polynomial number of gates [69]. For representing x’,
additional output links Y1,...,Y, are used, i.e. x; = R(Y;,x) for all i € [n].
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Denote by CORRECT, : {0,1}" — {T, F}, with i € {2,3} depending on gate g,
the predicate describing the correct computation of the gate. We call a gate with
i € {1,2} input links and j € {1,2} output links an (7, j)-gate. We denote the gate
with input link X[ for all x € {0,1} and i € [n] by g,». For each (1,1)-gate g € G,
we denote the input link by /1(g) and the output link by l2(g). For each (2,1)-gate
g € G, we denote the input links by 1;(g) and l3(g) and the output link by I3(g). For
each (1,2)-gate g € G, we denote the input link by I1(g) and the output links by l2(g)
and I3(g).

Let I be an instance of D¢ /g which contains circuit S with n output links. Denote
by SY and S* copies of circuit S and let A € {0,1}. Given a bit string a € {0, 1}*,
where a(z*) denotes the assignment of input bits for S*, define

_ minge{Z@@); > Z(a(@)i} if eppal@), 1) > cop(al@), 1)
pos(a) : n—+1 otherwise.

We drop the assignment where it is clear from the context.

6.2.4 The Concept of Propagation Trees

In our reductions, we need to spread the value of some variable a to some auxiliary
variables. In each locally optimal solution, we require that if a has value « then all
auxiliary variables also have value a. In both reductions, we use a binary tree with
root a, consisting of auxiliary variables as nodes and predicates of length two as edges.
Here, predicates propagate the value of the parent node u to the children vy, vs. The
actual implementation in the two reductions now differs in the use of the predicates.
In our reduction for (2,3, *)-MCAg p,r, we include these predicates as constraints
to spread the value of a; by construction, every such constraint has length two and
every variable appears at most three times. In our reduction for (3,2, x)-MCA3s_par,
we introduce a constraint consisting of the predicates for {u,v1} and {u,v2}. By
construction, every such constraint has length three and every variable appears twice.
Generally, weights exponentially decrease on each level from the root node to the
leaves. We denote the root of some propagation tree T' by root(7T") and its set of
leaves by leaves(T).

6.3 (3,2,3)-MCA; par is Tight PLS-Complete

In this section, we show that (3,2, 3)-MCA3z.pq, is tight PLS-complete. The variables,
predicates, and constraints are defined with their extensibility in mind. We present
the reduction function ® and the solution mapping ¥. Given an instance I €
Dcireurr /Fup, We construct an instance

(1) = (F, X) € D(323)-MCAspar

with a set of constraints F and a set of at most ternary variables X. Every constraint
C; € F has length at most 3 and every variable x € X appears in at most 2 constraints.
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Identifier Meaning

S* copy i of input circuit S

G set of gates in circuit St

G set of gates incident to some input link in circuit S*
Ll set of links in circuit S°

Xé set of variables corresponding to links in £°

Q QYU Q! for all Q € {G, L, X}

Table 6.1: The labeling and meaning of identifiers we use. Here, i € {0, 1,2}.

6.3.1 The Set of Constraints

In our reduction, we use the notation for sets as listed in Table [6.1] We define
constraints which are composed of sets of predicates. In the following, whenever
we use k£ in the index of a predicate this is to denote that there are actually two
predicates in F, one for k = 0 and one for K = 1. Constraints consisting of more than
one weighted predicate are listed in Table [6.2] All other constraints are weighted
predicates. The set of constraints is then

F:=GUG*U{D;,P;,Bl,q | i€ [n]}U
{Qz ‘ (S [n - 1]} U {Bpropagatea BsetIncentives} U T7

where T denotes the set of predicates for all propagation trees T; with j € [3] (see
next paragraph for details). We make the set of constraints hierarchical by defining
the weights of the predicates in powers of 2. For joining expressions within a predicate,
we write “|” to denote the boolean OR operator. We assign numbers , ceey
to the predicates and predicates with a higher number have smaller weight. Within
every label that contains more than one predicate, weights increase or decrease.

6.3.2 The Set of Variables

We will use the same letters for links and variables. With slight abuse of notation, we
denote the variables and gates for all special links X[*, X f“, Y, and ZF with i € [n]
and x € {0,1} in small letters. Recall that by assumption on input circuit S, each
gate g € Giy is a (1,1)-gate. We introduce the link variables listed in the upper section
of Table We additionally introduce link variables with special names y}* and zf
in Xf and 272 in X2 for all i € [n]. We call a variable associated to an input link
of a gate g € G input variable of g, correspondingly for output links. We introduce
the wvariables for comparison and controlling listed in the middle and lower section
of Table [6.3} for sake of readability, we omit identical comments in succeeding rows.
Here, propagation tree 17 spreads the value of a to all a?, a} for ¢ € [n]; propagation
tree T spreads the value of b to b" and all b, for g € Ga (1,1)-gate; propagation tree
T3 spreads the value of ¢ to all variables ¢; for ¢ € [0 : n — 1]. Eventually, the set of
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Variable 7 Index

Domain 7 Constraint

Comment

Ll leXp \{zF,yf,2F|i€en]} {0,1,d} | g,¢ Variables for links in S°, S*
xzf | i€ n] {0,1} 9, Bloaq, Special variables for links X
yr | i € [n] {0,1,d} | g, Bjtaq, Special variables for links Y;*
2l | i€ n] {0,1,d} | g, D; Special variables for links ZF
L 1€ X2\ {{best}U {22 |ien]}|{0,1} 9,9 Variables for links in S?
a2 | i€ [n) {0,1} | g, Bf.q, Special variables for links X
best {0,1,e} | g, Bpropagate Special variable for link best
comp; | i € [n—1] {0,1,e} | D;, P; Ternary comparator variables
comps,; | 1 € [n — 2] {0,1,e} | P, Qit1
comps; | | i € [n— 2] {0,1,e} | Qit1, Piy1
comp,, {0,1} Dy, P, Binary comparator variables
oogﬁm:\w AOv HW wﬁlf @:IH
comps, {0,1} Qn, Py
comps,, {0,1} Py, N*(comp,)
a {0,1} N1(a), Bpropagate Control variables
a {0,1} N! AQ\Y Wmumﬁcom:ﬁ?mm
o |iem 0.1} | N'(at), Bl
b ﬁov wa anovmmmnmv ZMAS
v AOQ Hw N? Qw\v“ Wmmﬁzombn?om
by | g€G,a(l,1)-gate {0,1} N2(by), g
c {0,1,e} | N3(c), P
ci|1€0:n—1] {0,1,e} | N3(c:), Q;

Table 6.3: The set of variables, their respective domains

and constraints for x € {0,1}. Here, constraints g and ¢’ refer to gates
with the respective input or output variable; N’(x) denotes the constraint containing variable x € X in propagation
tree T; with i € [3].
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variables is

X = X UXZ2U {comp, | i € [n]} U {comp} | i€ [2:2n]}U
{a?aailacl'*l | S [n}} U {bg | g€ g~a a (17 1)-gate}U
{a,d’, b,V c,best} UV, UVp, UVp,,

where Vr, with i € [3] denotes the set of variables in propagation tree T;.

Our Notation for Values of Variables

Depending on the context, we use three different notations to denote the value of a
variable z € X: If the solution a € F(®(I)) is relevant, then we denote the assignment
of variable x by a(z). For sake of readability, we drop the solution, where it is clear
from the context and then use the following notation: For all link and control variables
£, including variable best, but excluding special link variables for input and output
links, we denote the assignment by v(¢). For all other variables, we use the name and
the value of a variable interchangeable.

6.3.3 The Constraint-Graph of Our Reduction

Since every variable appears in at most two constraints, we can interpret an instance
of (3,2,3)-MCA3 o as a graph, where constraints are nodes and variables are edges.
Figure shows the resulting graph of our reduction. Boxes represent constraints
containing the predicates sorted by weight in decreasing order. For sake of readability,
we additionally included the names of the variables spanning edges in the graph.
Furthermore, we used thinner lines for edges spanned by auxiliary variables from
propagation trees.

6.3.4 A More Detailed Overview of the Reduction

Figure [6.2] also depicts a more detailed overview of the reduction where boxes are
constraints and arcs are variables. The variables control different tasks, according to
the general setting outlined in Section [6.2

The computation on three copies of input circuit § is simulated. We use variables
in X to simulate circuits S° and S!. Here, binary values 0 and 1 simulate the
computation of the corresponding circuit and the auxiliary value d allows to reset the
computation. Our construction is such that if in a locally optimal solution v(¢) = d
for some link variable £ € X \ {z%,..., 2%}, then v(f;) = d holds also for all link
variables ¢, which are successors of £ in the topological order of S. We model circuit
S? with binary variables from X 52 In a locally optimal solution, circuit S? operates
on the same input bits as circuits S° and S'. If all predicates for gates in circuit S?
are correct, then the computation—and in particular the value of variable best—is
correct, with respect to the input. This differs from circuits S° and S!, where all
predicates for gates may be correct, but all output variables are d and are thus of little
help in determining the circuit with the larger output. Recall that by assumption,
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circuit S outputs the best neighbor in case one exists or the input bits otherwise.
In our construction, the new input bits for circuit S* with x € {0,1} are either the
input bits of circuit S* if no better neighbor exists for input bits of circuit S* or the
best neighbor for input bits of circuit S*.

The core of our reduction are predicates f which model the comparator.
Compared to Krentel [67], we change these predicates and this is a key modification
in order to lower the maximum length of any constraint. Additionally, this leads to a
more focused control structure and improves the readability. Predicates f
control the setting of the weighted output, when an improved solution is found. For
these constraints, variables, comp;, compj;, and compy,,; for i € [n] are used. In a
locally optimal solution, the values of all variables modeling the comparator point
to the index of the circuit with the larger output. Variables in Vp, for propagation
tree 17 forward the result of the comparator to the loading logic for which we use
variables a_. The steering logic consists of propagation trees Tb and 73 and its
values are largely controlled by output link best of circuit S2. Variables b__ in V7,
for propagation tree T support loading of a better neighbor. Variables ¢ in Vr,
for propagation tree T3 set the small incentives for the comparator in dependence of
its current value and the value of best. We define the weights of the predicates in
the following decreasing order: predicates controlling the computation of circuits S°
and S! are the heaviest, followed by predicates modeling the comparator. Predicates
which model the loading logic outweigh the corresponding predicates for circuit S,
which are again larger than the corresponding predicates for the steering logic.

In order to show tightness of our construction, we introduce crucial additional
predicates —. These predicates trim the possibilities for changes to variables
modeling the comparator in each improving step and are carefully designed not to
interfere with the correctness of our construction. Let us stress that for the proof of

PLS-completeness, predicates |D are not necessary.

6.3.5 The Set of Predicates

In this subsection, we present a complete description of the set of constraints. Recall
that whenever we use k in the index of a predicate this is to denote that there
are actually two predicates in F, one for Kk = 0 and one for k = 1. We introduce
predicates in the following three levels:

Level I: Computing and Comparing the Output

The heaviest predicates model the computation of gates. All (2,1)-gates g € G are
described by predicates of length three

Acorr( ( ( ) ( )7l3( ))
[(li(g) = d V Ia(g) = d) = I3(g) = d] and (6.1)
(l1(9),12(9),13(g9) € {0,1} = CorRECT,(l1(9),l2(9), 3(9))]-
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Note that Acop(g) s satisfied, if I3(g) = d. All (1,2)-gates g € G are described by two
predicates

Aore(g)(11(9),12(9)) = [l2(9) = d | 6.1)
li(g),12(g) € {0,1} A COrRRECT(1(g),12(9))]-

Alorr(g) (11(9):13(9)) = [l3(9) = d | 6.1)
l1(g),13(9) € {0,1} A CorRRECT(L1(g),13(9))]-

All (1,1)-gates g € G are described by predicate Acore(g)(11(9), 12(g)) which is defined
as predicate Agorr( y(l1(9),12(g)) in (6.1). The weights of the predicates decrease in
the topological order of the gates. For each satisfied predicate, values 0 and 1 mean
that with respect to gate g, the output variable is verified to be correct and d (for
“don’t care”) means that the output variable is unverified. The core of our reduction
are the following predicates 7. For all i € [n], we introduce predicates for
the comparison in

P
[comp, = e A2 =2} € {0,1} Ai < n |
comp; = 0 Az € {0,1} |
comp; = 1Az} € {0,1}].

(6.2)

Predicates (6.3)—(6.7) for the comparator are in interleaving order ..., Agarry(Qi),

1 2 3 0 1 2
Acarry(P-)’ Acarry(P) AOHt( D;)» Acarry(P)’ Acarry(QH_l) Acarry(PH.l) Acarry(PH_l) AOUt(Dz+1)

garr for all ¢ € [n — 1] and weights decrease in this order; for ¢ = 1, predi-

cates . are not defined. Recall that variables comp,,, comps,, and comp3, ;
are deﬁned as binary variables. For all i € [2 : n], we introduce predicates which
propagate the values from comp3, 5 to comp3; ; in

0 .
Acarry( )(ComPQz 29 COIHPQZ 1) [Compgi—Q =eNt<n |

comp?;_y = comp;_4 € {0, 1}].
For all ¢ € [2 : n], we introduce predicates which propagate the values from comps,; ,

to comps, in predicate

A(lzarry( )(Compm 1,compy;) = [comps;,_ =eAi<n|

compy; _; = compj; € {0,1}].

For all i € [2 : n], we use a special predicate to propagate the value of comps, ; to
comp; in

AEarry(Pi) (Compgi—lu Compi) = [Compgi—l =eANi<n ’
comp, =eAi<n | (6.5)
compy;_, = comp; € {0,1}].
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For all ¢ € [n], we define predicates rewarding output

Aout(Di)(Compia Z?? Z’Ll) =
[comp, =eAz) =zl =1Ai<n| (6.6)
comp; =0A z) =1 .

comp; = 1 Az = 1].

For all ¢ € [n], we introduce predicates propagating the ternary values from comp; to
,
compy; in

Az’arry(Pi) (COmpi, Compgi) = [COmpi =eNi<n |

(6.7)

comp; = compy; € {0,1}].

Foreveryi € [2:n—2],7€[2:n—1], and k € [n — 2], we introduce additional
predicates in

ASare(Pi)(Comp;i—laCompgi) = [comp3;_; = e V compj; € {0, 1}] (6.8)
Acare(Qj)(Compgj—%Compgj—l) = [Compgj—Q = ¢V compy;_; € {0,1}]. (6.9)
Aiare(Pk)(compk,compgk) = [comp;, = e V comps;, € {0,1}] (6.10)

Recall that variables comp,, and compj* for all j € [2n — 2 : 2n| are defined as binary
variables. The value of comp,, is propagated to all variables a¥ with ¢ € [n] and a, d’,
using propagation tree 17 where

root(T}) = comp,,;

/ K . (611)
leaves(Th) = {a,a’} U{af | i € [n],k € {0,1}}.
Level II: Loading a Better Neighbor and Pushing the Comparator
For all i € [n], if aff = K then we copy the values of y¥ to zf in predicates
Bload, (27, 45" ar) = [27 = yi' Aaf = k]. (6.12)
The weights are decreasing in 4. For all z¥ with i € [n], we copy the values of zf to
xf“ in predicates
BCOPy(gm;e)(fU?W?H) = [af = a7 (6.13)

For all (2,1)-gates g € G2, we introduce predicates

Bcorr(g) (ll(g)a l2(g)7 l3(g)) = [CORRECTQ(ZI (g)v l2 (g)v 13(9))] (614>

We use a similar predicate for (1,2)-gates ¢ € G? with the modification that

Beorr(g) (11(9); 12(g)) splits into two predicates; predicate Bgorr(g)(h(g), l3(g)) describes

the dependence of I5(g) on I1(g) and predicate B! (9) describes the dependence of

corr
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13(g) on I1(g). All (1,1)-gates g € G* are described by predicate Beoy(g)(l1(9), l2(9))
which is defined as predicate Bgorr( 9) (11(g9),12(g)). The weights of the predicates again
decrease in the topological order of the gates. Recall that in the single output link
best, S? returns the index of the input vector which yields the larger binary output or
e if both input vectors yield the identical binary output. If best # e then its value is
propagated to variable b, otherwise the value of a is copied to variable b in predicate

Bpropagate(beSt7 a, b) =
[best =eAb=a | (6.15)
b = best].
The value of b is then propagated to variable b and all by with g € Ga (1,1)-gate,
using propagation tree 1o, where
root(Ty) = b;

) (6.16)
leaves(Th) = {V'} U {by | g € G, a (1,1)-gate}.

We determine the value of variable ¢ in predicate
BsetIncentives (b/’ a,7 C) =
[a £V Av(e) =e| (6.17)
a = Av(c)=V].
The value of ¢ is then propagated to all variables ¢; with ¢ € [0 : n — 1], using
propagation tree T3, where
root(T3) = ¢;

leaves(T3) = {c; | i € [0:n —1]}. (6.18)

Level IllI: Small Incentives

For all i € [2:n] and j € [2: n — 1], we introduce predicates which reward setting all
comps; o, comps; 4 to ¢;—1 and all comp3; 5, compj; 4 to ¢j—1 in

?ncentive(Qi)(CiflvCompgz‘—ﬂ = [¢i—1 = comp}; _,] (6.19)
Cilncentive(Qj)(cj—17Compgj?l) = [cj—l = Compgjfl]' (620)

The weights are increasing in 7. We introduce a predicate which rewards setting
comp; to ¢g in

Cincentive(P1)(CO> Compl) = [CO = Compl]' (621)

For all 7 € [2 : n — 1], we introduce an incentive to set comp; according to comps,
in

Cincentive(Pi)(Compgifla Compi) = [Compgifl = Compi]' (622)
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For every (1,1)-gate g € G \ Gin, we introduce small incentives for its link variables
l1(g"),12(g") for all i = 1,2 in

C:i/alue(g’”") (bgN Ai(g") =
by = R A (") = d| (6.23)

The weights of the predicates increase in the topological order of the links. Recall
that by assumption on &, every gate with three links is solely adjacent to gates with
two links.

Solution Mapping

Recall that every solution in F/p () assigns values to all input links X1,..., X, of
circuit S; every solution in F(®(I)) assigns values to all variables in X. Now, let
a € F(®(I)) and denote

a(x’\) = (a(mi‘), cel, a(m;\l))

for A € {0,1}. Function ¥(/,a) returns a(z*) if cc p(a(z?), 1) > CC/F(Q(Z’X),I) for
some )\ € {0,1} and a(2") otherwise. This terminates the description of the reduction.
O

6.3.6 Proving the Correctness and Tightness of the Reduction

In this subsection, we prove the correctness and tightness of our reduction via a
sequence of lemmas. In Lemmas [6.2H6.6] and Corollary [6.1], we prove properties of a
locally optimal solution a € F(®(I)). Unless otherwise mentioned, let A € {0, 1}, in
the following.

Roadmap of the Proof In Lemma [6.2] we first focus on the set of predicates
which are trivially satisfied in a and derive properties for the involved variables in
Corollary In Lemma (6.3} we show the connection between variables b, comp;, and
compj for all ¢ € [n] and j € [2: 2n]. In Lemma we show that for A = v(b), all

link variables in circuit S* are set to d; by Corollary all link variables in circuit
S* are set to binary values. In Lemma we prove that best = e. We close our
proof by explicitly stating the variable assignment in a in Definition [6.1] and show in
Lemma [6.6] that any deviating assignment cannot be locally optimal.

Lemma 6.2. All predicates in (6.1]), (6.3), (6.4), (6.11), and (6.13)—(6.18) are sat-
1sfied.

Proof. Note that in each of the above predicates, at least one variable appears for
the first time, with respect to the given order. In detail, l3(g), resp. l3(g) in (6.1)

for all g € G and comp?, ; in Agarry(Qi) in (6.3), and compj, in Aiarry( py in 6.4]) for
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all i € [2:n]. Furthermore 2t in (6.13), i2(g), resp. l3(g) in (6.14), b in

cin (6.17), for all i € [n], k € {0,1}, and g € g2 Thus, the value of the varlable
appearing for the first time can be set to satisfy the predicate and only predicates

of lower weight may become violated. In predicates (6.11)), , and (6.18) for
propagation trees, the value of each child node can be set to the value of the parent

node and only predicates of lower weight are violated. From this, the claim follows
by induction. O

Corollary 6.1. The following properties hold:
1. For alli € [n] and k € {0,1}, 2% = /2.

2. For all ¢ € XF and k € {0,1}, v(¢) € {d,R(¢, (z%))}; for all £ € X}, v(¥) =
R(¢, (2,21}

3. Ifv(f) = d for some £ € Xp, then v({s) = d for all {5 € Xr which are successors
of £ in the topological order of G.

4. There exists some i € [2: 2n — 2] such that comp; = e for all j € [i — 1] and
comp; = comps,, for all j € [i : 2n].

5. Foralli€ [n], k € {0,1}, and t € Vp,, v(t) =
for all (1,1)-gates g € G and u € Vp,, v(u)
i€0:n—1] and w € Vp,, v(w) =v(¢) = v(c).

6. If \ = v(b), then v(l) € {0,1} for all | € X}.
7. All predicates in (6.2)) are satisfied.
8. Let A\=w(b). For alli € [2:n], if comps, | = X then comp; = comps; .

9. Predicate A?c’am/(Pl) n is satisfied; for all i € [2:n —1], if comps,_| =e
then predicate Acam/( P) in (6.7) is satisfied.

Proof. 1. Follows since all predicates Beopy(g. ) in (6.13) for all i € [n] and k €
{0,1} are satisfied by Lemma 1

2. Forall g€ G, ge@G? and u,k € {0,1}, predicates Afjorr@, respectively Acom(g)

in (6.1)), Beopys 1 (6.13]) and B“ ore(g)’ respectively Beo(g) in (6.14) are satisfied

because of Lemma [6.2] From thrs the claim follows by induction.

3. Forall g € G and u € {0,1}, predlcates Acorr(g)7 respectively Aco(g) in (6.1) are

satisfied because of Lemma This implies for every g € G, that if [(g) = d
for an input variable I(g), then also l5(g) = d for all output variables l5(g) of g.
From this, the claim follows by induction.
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4. Assume that such an index 7 does not exist. This implies that there exists some
J € [2:2n — 1] such that compj € {0,1} and comp}; # comp}. If j = 2r for
some 7 € [n — 1] then predicate Agarry(Qr+1) in (6.3]) is not satisfied; if j = 2r+1

for some r € [n — 1] then predicate Aiarry( Py IR (6.4) is not satisfied. In both
cases, a contradiction to Lemma

5. All predicates for trees T; with ¢ € [3] in (6.11)), (6.16)), and (6.18)) are satisfied

by Lemma [6.2] From this, the claim follows by induction.

6. Suppose that the property does not hold. Let ¢ € G* be the smallest gate with
respect to the topological sorting of G* which has an output variable £ € X’ é\
with v(€) = d. Then v(¢') € {0,1} for all input variables ¢’ of g. Three cases
have to be considered:

a) If £ = 2 for some i € [n], then setting 27 to its correct value in {0, 1} does

not violate the corresponding predicate Ao(g) in (6.1), Acorr(p,) in (6.2),

and Agy¢(p,) in and improves C%alue( g) 0 (6.23)) and therefore improves
the solution

b) If I = y for some i € [n], then setting 3 to its correct value in {0, 1} does

not violate the corresponding predicate Agqr(g) in , Bf(‘)adi in (6.12))
and improves C> ) in (6.23), thus improving the solution.

value(g
¢) Otherwise, ¢ is an input variable of some gate ¢’. Note that if g is not
a (1,1)-gate, then ¢ is a (1,1)-gate. By definition, v({s;) = d for all
output variables £ of gate ¢’. Setting ¢ to its correct value in {0,1} does

not violate the corresponding predicate Ag orr(g)’ respectively Aco(g) and
, respectively Aqop(gry in (6.1) for p € {0,1} and improves Cf,alue( 9)
1

value(g’)

o
Acorr(g’)
in (6.23) if ¢ is the output variable of a (1,1)-gate or improves C
in (6.23)) otherwise, thus improving the solution.

7. By (), 2 € {0,1} for all i € [n], where A = v(b). Furthermore, for all i € [n],
variable comp; occurs in predicate Aco(p;) In for the first time, with
respect to the given order. Hence, comp; can be set to satisfy predicate Acorr(p,)
in and only predicates of lower weight are violated.

8. By (6], z;-‘ € {0,1} for all j € [n], where A = v(b). Assume there exists
some i € [2 : n] such that comp}, ; = A and comp; # A. By , comp}, =
comps; _; = A. If comp; = A, then setting comp, <~ A does not violate heavier
predicate Aco(p,) in , improves predicate Agarry( P) in , and only
predicates of lower weight are violated. If comp, = e, then setting comp; < A
does not violate heavier predicates Acorr(p,) In , Agarry( P) in , Aout(D;)
in , Ag’arry( py in , Aiare( p, in and improves predicate Cipcentive(P;)
in .

9. First, consider the case i = 1. If Ag’arry( P) in is unsatisfied then this implies
that comp; € {0,1} and compj # comp,. Setting comp? < comp; improves
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3

predicate A, (p,

) in and only violates predicates of smaller weight. Now,
assume that predicate Agarry( py) 0 (6.7) is unsatisfied for some i € [2: n — 1]
with comp}; ; = e. This implies that comp; € {0,1}, comp}; # comp;, and

predicate Aimy(PZ_) in (6.4) is satisfied. Setting comp3, < comp, improves

Ai’arry( py in (6.7), does not violate heavier predicate Aiarry( py in (6.4), and only

violates predicates of smaller weight.

O
Lemma 6.3. comp; = comp; = v(b) for alli € [n],j € [2: 2n].

Proof. By Corollary , xf = 22 for all i € [n] and k € {0,1}. By Corol-
lary , the value computed in variable best is correct with respect to the input.
Recall that by definition of S?, if best = A € {0, 1} then there exists some pos € [n],
such that Z(2})pos > Z(2)pos and Z(z*), = Z(2), for all r € [pos — 1]; if best = e
then for all r € [n], Z(2}), = Z(2*), and for simplicity reasons, we will treat this as
pos =n+ 1.

By Corollary there exists some p € [2: 2n — 2] such that comp} = e for all
j €[p—1] and compj = compy, for all j € [p : 2n]. Corollary @ implies that if p
is even, p = 2¢, and comp, = a € {0, 1} then comp, = a. All predicates in (6.2) are
satisfied by Corollary and therefore comp,,s € {, A} (only defined if pos < n)
and hence, p < 2pos.

Now, let A = v(b). By Corollary (@, 22 € {0,1} for all i € [n]. Set p = comp?,,.
By Corollary [6.1](f)), v(a) = v(a’) = p and v(b') = v(b) = A; furthermore predicate
Bpropagate in is satisfied by Lemma . Predicate BgetIncentives 1 is
satisfied by Lemma and therefore v(c) = X\ if 4 = A and v(c) = e otherwise. By
Corollary [6.1](B)), v(¢;) = v(c) for all j € [0: n—1]. In the following, we consider five
cases. In the first case, we show that comp; = comp} = v(b) holds for all i € [n] and
J € [2:2n]. Thus, the claim of the Lemma holds in this case. In all other cases, the
solution can be improved.

1. Let p = 2, p = A, and comp; = A. By assumption, comps, ; = A for all
t € [2: n]. Then, Corollary , implies that comp; = comps,_;.

2. Let p=2, =\, and comp; # \. Predicate A3 ) in (6.7)) is satisfied by

carry (P1
Corollary @D and therefore comp; = e. Setting comp; - A does not violate

heavier predicates Acor(p,) in (6.2)), Ague(p,) in (6.6). Ag’arry( pyy 0 (6.7), and
Aiare( py In (6.10), improves Cipcentive(py) in (6.21)) and therefore improves the

solution.
3. Let p € [3: 2pos| and pr = A. By definition, comp)_; = e. The proof now splits
on the parity of p — 1:
a) p—1is even, p — 1 = 2¢q. Predicate Ai’arry(Pq) in is satisfied by
Corollary @D and therefore comp, = e. Setting compy_; < A does not

violate heavier predicates Aiarry( P,) in (6.4), Agarry( P,) in (6.7)), Agarry(QqH)
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in . Acaire(P in .’ Acal“e (Qq+1) in 7 Acare ln 7 improves
C?ncenme(QqH) in and thus improves the solution.
b) p—11is odd, p = 2¢q. Predicate Ag’arry( p,) In (6.7) is satisfied by Corol-

lary @D and therefore comp, € {A, e}. Recall that comp,, was defined
as a binary variable, thus comp, = A if ¢ = n. Setting compy_; « A

does not violate heavrer predicates Acmy(Q in ., Acmy( p,) in (6.4)),
Carry in ., care( q in ., Acame (Qq) in , improves predi-

cate C1 in and may only violate the smaller predicate

incentive(Qq
Cincentive(p,) i1 (6.22)) and thus improves the solution.
4. Let p € [2 : 2pos — 1] and pu = . Predicate Bpropagate in (6.175) is satisfied by
Lemma [6.2] and therefore best # e; thus, pos < n + 1. Recall that by definition,
comppf1 = e and compy = p. The proof now splits on the parity of p:

a) p is odd, p+1 = 2q. Setting compy < e does not violate heavier predicates

carry(Q in . Acarry(P in . Acarry in .7 care(Py) in im’
Acare(Q,) 1 (6.9), improves Cincentive(Qq) in , may only violate the
smaller predicate Ciycentive(p,) i (6.22)), and thus improves the solution.

b) p is even, p = 2q. Predicate Acarry( P) in is satisfied by Corol-
lary @D and this implies that comp, € {e, u}. The proof now splits on
comp,,.

i. If comp, = e, then setting compy < e does not violate heavier
predicates Aiarry( P, in (only defined if ¢ > 1), Agarry( P, in ,
Agarry QqH in (6.3), Agare(P) in (6.8), Acare(Qi1) M (©6.9), Acl:are(Pq)
in , improves Clncentive(Q 1) in and therefore improves

the solutlon.

ii. Now, let comp, = u. By deﬁnition, Z(x%), = Z(a'),. Corol-
lary @ imply that zl;‘ = Z € {0,1}. Setting cornpq —e
does not violate heavier predicates ACorr ) in ., Acarry( P,) n (6.5))
(only defined if ¢ > 1), Aguy(p,) in , Carry p,) 0 (6.7), and

Aiare( p,) in (6.10). If ¢ > 1, predicate Ciycentive(p,) in (6-22) improves,
otherwise predicate Cipentive(p,) i (6.21]) improves and thus improves
the solution.

5. Let p = 2pos and p = A. Recall that by definition of circuit S,ifpos<n+1,
then pos € [2 : n — 1]. Predicate Acarry( Poos) is satisfied by Corol-

lary .@D and Acorr(Dpos) I (6.2) is satisfied by Corollary .. therefore
cornppos = ). By definition, compy_; = e. By Corollary .. @ . pos =1

and poS = 0. Setting cornppos < A does not violate the heavier predicates

Acorr(Dyos) 11 and Acarry( Ppos) 1 6.5)), improves predicate Aqyy(p,,.,) in

and only predicates of lower weight become violated.
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O

Lemma 6.4. Set A\ = v(b). Then v(l) =d for alll € Xé\{a}f‘ | i€ [n]}, and $5\ =y
for all i € [n].

Proof. By Lemmal6.3| comp?, = v(b) = A. By Corollary[6.1](5), v(af) = comps, = A
for all i € [n], k € {0,1}, and v(V) = v(by) = v(b) = A for all (1,1)-gates g € G.
Consider the two claims of the lemma:

1. Let g € G be the largest gate with respect to the topological sorting of G
which has an output variable ¢ with v(¢) € {0,1}. Three cases have to be
considered:

a) If £ = zg‘ for some i € [n] then, since 2 € {0,1} by Corollary @ and
comp; = A for all ¢ € [n] by Lemma setting 2 + d does not violate

the corresponding predicate Acor(g) in (6.1), Acorr(p,) i (6.2), and Agye(p,)
in , improves C2 ) in (6.23) and therefore improves the solution.

value(g

b) If ¢ = yf‘ for some i € [n] then setting y?‘ < d does not violate heavier

predicates A (g) in (6.1) and Bl’\oadz, in (6.12) since v(a}) = A, improves
predicate Cgalue( 9) in (6.23) and therefore improves the solution.

¢) Otherwise, ¢ is an input variable of some gate g’. Note that if g is not a
(1,1)-gate, then ¢’ is a (1,1)-gate. By definition, v(¢s) = d for all output
variables £ of gate ¢’. Setting v(¢) +— d does not violate heavier predicates
AL oy Tespectively Agg(q) and AL , respectively Agorp(gy in for

corr(g) corr(g’)
u € {0,1} and improves C\2/alue( g) 10 (6.23)), if £ is the output variable of a

1

(1,1)-gate or improves Cvalue(g/

solution.

) in (6.23)) otherwise, thus improving the

2. Assume there exists some i € [n] such that 2 # . As shown above, v(a}) = A.

Thus, predicate Bf;)adi in (6.12)) is unsatisfied. Setting $Z)‘ — yi)‘ improves

predicate Bl)é)adi in (6.12)) and does not violate heavier predicates (6.1)), since
v(l) =dfor alll € X} \ {2} | i € [n]}.

O
Lemma 6.5. best = e.

Proof. Assume that best = A € {0,1}. Then, Cc/F<fE)\,I) > cC/F(xX,I) by Corol-
lary and the definition of circuit S?. By Lemma z} =y for all i € [n].
But CC/F((y{\)?:l, I > CC/F<CE>\, I) by definition of variables y;. A contradiction. [

Definition 6.1. We define a final assignment B € F(323)-MCA;.,., (1) to fulfill the
following conditions: Set A = v(b). For alli € [n],j € [2:2n], comp; = comp; = A,
best = e, x} =y, 20 = 2} =22 = x3. For allk € {a,d’,V,c}, w € Vi, UVp, UV,

i€, je0:n—1], k€ {0,1}, and (1,1)-gates g € G, v(w) = v(k) = v(a¥) =
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v(by) = v(cj) = X. For alll € X, v(l) = R(l, (). For alll € X} \ {z} | i€ [n]},
v(l) =d. For alll € X2, v(l) = R(l, (2%, z1)).

Lemma 6.6. Fvery locally optimal assignment is a final assignment.

Proof. Assume that some assignment A is locally optimal with v(b) = A. By
Lemma (6.5 best = e. By Lemma comp; = comp; = A for all ¢ € [n], j € [2: 2n]
(z

By Lemma (6.4, 2} = y} for all i € [n]. For all [ € X2, v(l) = R(l, (2")) by
Corollary (6 . (). For all | € XL \ {:1:)‘ | i € [n]}, v(l) = d by Lemma .
For all I € X2, v(l) = R(l, (2% 1)) by Corollary .. By Corollary E.,
v(t) = v(a) = v(d) = v(a ~)—comp2n—)\f0rallz€[ |, K € {0,1}, t € Vp,, and
v(u) = v(b’) =v(bg) = A for all (1,1)-gates g € G and u € Vr,. Predicate Bgetincentives
in is satisfied by Lemmaand this implies that v(c) = A. By Corollary-.,
U(w) = v(cz) = \forall i € 0 n — 1] and w 6 Vr,. Variable best = e and for all
i € [n], 2} =y} by Lemma [6.4] therefore 20 = z} by definition of variables y# for all
# € {0,1}. By Corollary [6 . ), o = H? for all i [n], s € {0,1} and this implies
that ¥ = 2} = 2? = 3. g

Why Proving Tightness is Non-Trivial

Let I be an instance of CIRCUIT/FLIP and let x € {0,1}" be a feasible solution of I
such that IMPROVE (IMPROVE(x, I), I) is not a locally optimal solution of I. Let x and
x' ;= IMPROVE (x, I) differ in bit k1 and let x' and x” := IMPROVE(X/, I) differ in bit ko
with k1 # ka. Our construction ®(I) allows (with appropriate settings of the respective
variables) a sequence of improving steps which leads from an assignment a € F(®([)
with a(z?) := x and a(2) := ¥ to an assignment a’ € F(®(I) with a’(z) := x" and
a'(2*) := x'. Note that solutions x and x” differ in two bits. One of these bits has to
be changed first in 2* and this might be bit ks. Let x” € {0,1}" be the solution that
differs from x in bit k2. We have no information about CoST¢ /p(x", I). We cannot
exclude the case that CosTq p (X", I) < COST¢ r(x,I) and that IMPROVE(X", I)
is a locally optimal solution of I. We design the set #Z C F(®(I) in such a way
that starting from an assignment a € % with a(z?) = IMPROVE(a(z?), 1), the
assignment ofia;/\ can only be changed after the assignment of z* has been set to
IMPROVE(a(z?), ).

Our proof of tightness relies in large parts on predicates f and the
following assumptions on circuit S in the given instance I of CIRCUIT/FLIP, we made
in Section Recall that we assumed that cc/p(x,I) # cc/p(X,I) for solutions
x,X' € Fgp(I) with x # x'. Furthermore, for every input link X; with i € [n] and
every output link Z; with j € [n], there exists a path in circuit S from X; to Z;. For
output links Z; and Z,,, we assumed that Z(x)1 = Z(x), = 0 for all x € F¢ p(I).

Definition 6.2 (The Set #Z). For a solution a € F(®(I)), denote a(comp*) :=
(a(comp?))2"5 L. For k € [n], denote succ(k) := {l € L |1 s on a path from input link
X to some output link Z;,i € [n]} and let Xsucc(k) denote the set of link variables
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mn X};‘ defined by links from succ(k). We define the following predicates, where for
ke [n], A € {0,1}

Qi(a, N\ k) :=[a(l) =d V1€ X))

sSucc

Q2(a, \) == [a(comp®) = N*" 2 A a(comp;) = \ Vi € [n]].

We define Z to be the set of all solutions a € F(®(I)) which satisfy the following
properties:

1. All predicates in and are satisfied.

2. There exists some X € {0,1} such that
a) a(z) = IMPROVE(a(z?), I),
b) Q1(a,\ k) is satisfied for some k € [n], and
c) Qa(a, ) is satisfied.
In the following Lemma, we show that for every sequence of improving solution
which starts in some solution in Z#, the vector comp* is, loosely speaking, of the form

e*A*\*. For this, we solely focus on the set of predicates (6.3)(6.10) and prove the
claim by induction on the number of improving steps.

Lemma 6.7. Let A\ € {0,1} and let o be a sequence of improving solutions from
F(®(1)), where for the first solution ag in o items (1), 2b), and from Defini-
tion[6.9 are satisfied and for each solution a € o, ap(z") = a(z") for all k€ {0,1}.
Fiz some a € o and refer to pos(ag) by pos. Then, all predicates in ) and | .
are satisfied in a and

a(comp*) = wvw, where u € e*,v € X*,w € \* (INV)
with
1. |u] <2-pos—2 and if |v| > 0 then |u| + |v]| > 2- pos —1

2. For alli € [n— 1] with 1 < pos or compl;,_; = A, Acam/( y in (6.5) is satisfied
and Acamj(P n is satisfied if i < n

3. Aiawy( o) 6.5) is satisfied and if a(compy,,;) = X then a(comp,y,s) = A

Proof. We prove the lemma by induction on the number of improving steps. By
definition, is satisfied for ag. Now, let a be some solution in ¢. Since a is fixed
in the following, we omit the assignment, for sake of readability, where it is clear
from the context. We show that every step which violates does not improve
a. For this, we fix some i € [n] and investigate all changes to compz, compm 1,
and comps,. These variables occur in predicates Acomr y in . Acarry(Q in ,

carr in .7 Acarr P; in .’ AOUt Dy) in ’ Acarr in .’ Acare P;
y(P, Yy y(P;

in -, Acare(@;) in (6.9), and Acare( p, in (6.10) and in predlcates of lower weight.
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For sake of readability, we refer to these predicates only by their number. A predicate
with the number (X) but defined by the parameter i — 1 is denoted by (X)~.

By assumption, all predicates in and are satisfied in ag and as they are
the heaviest among the list of predicates, they remain satisfied throughout o. Hence,
we skip predicates Acoy(p,) in for all ¢ € [n], when listing satisfied predicates.
Furthermore, all predicates in being satisfied implies that if for some i € [n],
comp; = e then z{ = z! € {0,1} and if comp, = p € {0,1} then 2!' € {0,1}.

First, consider changes of comp;, i € [n]. By , predicate is satisfied
and as it is the largest predicate after predicate in which comp, appears, it
remains satisfied in each improving step. Predicate can only become violated
by improving predicate . If comps, | = p € {0,1}, then predicate being
satisfied implies that comp;, = § € {e,u}. Changing the value of comp; cannot
improve predicate , since predicate is satisfied. If comp}, ; = e, then (INV))
implies that ¢ < pos. We distinguish the cases ¢ < pos and ¢ = pos. First, let ¢ < pos.
Since Z(z°); = Z(x!); and predicate is satisfied, predicate cannot improve
by setting comp, to a new value. Now, let ¢ = pos. As shown above, predicate
is satisfied after each improving step. By , it is sufficient to consider the case
COMPypos = A. In this case, COMP s = A by and predicate (6.7)) is satisfied.
Now, predicates , , and are satisfied and remain satisfied in each
improving step.

Now, consider changes of variables comp}, j=2i—1 orj = 2i. For sake of read-
ability, we use the following notation: If j = 2i — 1, then predicate denotes

predicate (6.3]), predicate (6.3)6.4) ~ denotes predicate (6.4)), and predicate (6.5//6.7)
denotes predicate (6.5). If j = 2, then predicate (6.3]/6.4)) denotes predicate (6.4)),
predicate (6.3] ~ denotes predicate ([6.3) ", and predicate (6.5//6.7) denotes predi-

cate . For sake of presentation, we introduce an artificial variable compj, define
comp] = e to be constant, and naturally extend predicate to compj. Note
that this way predicate (6.3)/6.4) is satisfied, regardless of the value of comp3. Recall
that by definition, comps, ,,comp3, ; € {0,1} and (pos € [2: n—1] or pos = n+1).
We distinguish the following eight cases, where j € [2: 2n — 1]:

1. Let comp;_; = compj = e and comp},; = p € {e,0,1}. (INV)) implies that
i < pos and predicates (6.3)16.4)), (6.3}/|6.4) ~, and (6.5//6.7) are satisfied. If u = e,

then setting comp} « 3 € {0, 1} does not improve the solution, since predi-
cate remains satisfied and predicate (6.3}/6.4) ~ becomes violated. Now,
let ;1 € {0,1}. Predicate is satisfied and therefore comp; € {e, u}. Set-
ting comp’ < p does not violate , since predicates , _,
and 1 ) remain satisfied. Setting comp}f + [ does not improve the
solution, since predicate _ becomes violated.

2. Let compj_; = e, comp} = compj 4 = u € {0,1}, and (¢ < pos or i = pos and

j = 2i—1). Then, j < 2n—2. (INV]) implies that predicates (6.3}/6.4)), (6.3] -,
and (6.5//[6.7) are satisfied. Setting comp} < i does not improve the solution,
since predicate (6.3 ~ becomes violated. Now, consider setting comp} < e.
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First, let _] = 2z — 1. Setting comp} < e does not violate (INV)) since pred-

icates , ./. , and 1- 6.7) remain satisfied. Now, let j = 2i.

Predicate is satisfied and therefore comp; € {e, /r}. If compZ = e, then
setting comp* < e does not violate since predicates (|6 _
and remain satisfied. If comp,; = pu, then setting comp <— e does not
improve the solution, since predicate (6.5 ./. ) becomes v1olated

. Let comp}_; = e, comp} = A, compjﬂ = p € {0,1}, and j = 2pos. Then,
j < 2n—2. By W, predicate (6.9 is satisfied, comp,,s = A and thus,
predicate (6.7)) is satisfied. Setting comp + B € {e, \} does not improve the
solution, since predlcate . becomes Violated

. Let comp] 1 = €, comp; = A, and j = 2pos Then, ] < 2n — 2. m
implies that comp i1 = )\ Predicates and 1 are satisfied.
Predicate is satisﬁed and therefore comppOS € {0, 1 First let comp,,s =
A. This imphes that predicate (6.7)) is satlsfied Settmg comp} < p € {e, A}
does not improve the solution, predicate becomes violated Now, let
COMPypog = A. This implies that predicate (6.7) is unsatisﬁed Setting comp’ <

X does not violate (INV)), since predicates and ./. remain

satisfied. Settmg comp —e does not improve the solution since no predicate

in ., , . , ., or improves and predicate - ) becomes

violated.

. Let comp;_; = comp}k = p € {0,1}. Then, predicate (6.36.4) is satisfied
and settmg comp < [ € {e, i} does not improve the solution, since predi-

cate becomes violated.

Let us remark that the value of comp3,, is unknown. Note that for j = 2n — 1,
the above case especially implies that if comp3,, = & then this cannot lead to a
change of comp3,,_; which improves the solution.

. Let comp;f_1 = Xand comp]*- =\ implies that comp}fJrl =Xorj =2n—1.
Predicate (6.3)[6.4]) is unsatisfied and predicate _ is satisfied, in case
j < 2n — 1. Setting comp; < X does not violate . Now, consider setting
comp; < e. By definition, this is only possible for variables comp; with
j < 2n—1. If j is odd, then predicate (6.5) is satisfied. Settmg compy < e
does not 1mprove the solution, since no predlcate in . or improves and
predicate (6.8) becomes violated. If j is even, then setting comp] < e cannot
improve predicate |D The solution does not improve since no predicate

in , . 6.8]) improves and predicate becomes violated.
O

Lemma 6.8. (¢, V) is a tight reduction.

Proof. In this proof, we use the definition of # given in Definition Note that
by construction, all final assignments are contained in #. Lemma implies that
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Z contains all locally optimal solutions. Now, let a € #Z. We consider an arbitrary
sequence o of improving steps and show for the first solution a’ € # with a’ # a
which is reached during the sequence, that either W(I,a) = ¥(I,a’) or ¥(I,a’) is
a better neighbor of ¥(7I,a). By definition, all predicates in and are
satisfied in a and as they are the heaviest among the set of predicates, they remain
satisfied throughout o. First, consider the case cc/p(a(z?),I) = cc r(a(z!), I). Then,
a(2%) = a(z') since we assumed that cc /p(s, I) # cc/r(s, I) for solutions s,s" € F(I)
with s # s’ The input vectors a(z”) and a(z') cannot be changed in o, since by (2a)),
a(z?) = ImprOVE(a(z?), I) and thus a(y}) € {d,a(z?)} for all A € {0,1} and i € [n].
This implies that ¥(I,a’) = ¥(I,a) = a(2") for every solution a’ in o.

Now, let cc p(a(a?),I) > cc/p(a(a?), I). We split o into two phases. In a locally
optimal solution a* € F(®(I)), a*(2°) = a*(z!) by Lemma Thus, input vectors

x° or z! have to change at least once.

Phase One: This Phase Continues Until Input Vector z° or 2! Changes Since
Q1(a, A\, l%) is satisfied for some k € [n] and by assumption on S, there exists a path
in S from input link X} to all output links Z; with i € [n], therefore a(2}') = d for all
i € [n]. By assumption, property Q2(a, \) and all predicates in are satisfied and
therefore that a(z') € {0,1} for all i € [n]. All predicates in are satisfied and
therefore that a(l) € {0,1} for all [ € X}. Since a € %, a(z*) = IMPROVE(a(z?), I),
there are no predicates which would now become satisfied by changing the value of
some a:f‘ with ¢ € [n]. For some yf‘ to change its binary value in the sequence o,
thus incentivizing changes to *, this requires that some 27 with i € [n] changes its
value to produce the new output. This implies that input vector z* changes first.
Let a® € F(®(I)) be a solution which is reached at the end of phase one. There
exists some k € [n] such that a°(y}) € {0,1}, a°(y}) # a°(z}) and a°(1) = d for all

le Xs)l‘mc(k); foralli € [n] and [ € Xsﬁcc(i), a°(l) takes its correct value in {0,1}. Thus,
Q1(a°, A\, k) is satisfied.

Now, we show that Q2(a°, \) is satisfied. Let o1 denote the subsequence of ¢ until
the end of phase one. Because of Lemma holds during o1. Q1(a°,\, k) is
satisfied and this implies that a°(z}) = d for all i € [n]. By Lemma predicate
Acore(p;) In is satisfied for all i € [n]. Therefore, a®(comp;) = A for all i € [n].
Next, we show that a°(comp}) = a®(comp}, ;) = A. Together with this
implies that ao(comp;) = ) for all j € [2: 2n — 1]. Therefore, Q2(a°, \) is satisfied.

1. First, consider a®(comp3). By assumption, Z(x); = 0 for all x € F/p(I) and

therefore pos(a) > 2. (INV)) implies that predicate Az’arry( pyy in (6.7) is satisfied
in assignment a° and therefore, a®(comp}) = .

2. Now, consider a®(comp¥, ;). We want to show that a®(comp}, ;) = A. Assume

that a°(comp?,,_;) = A. (INV) implies that Agarry( p,) in (6.9) is satisfied in
assignment a® and therefore a°(comp,,) = A\. A contradiction.
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Phase Two: This Phase Starts with Changing the Value of 2* and Terminates
When the Entire Neighbor is Loaded For some S C {x7,..., 2}, denote a(z*/5)
the input vector when flipping all input bits k € S. Let ki be the bit in which
a(z*) and a(z?) = IMPROVE(a(z?), I) differ and let ko be the bit in which a(z?) and
IMPROVE (a(z?), I) differ. Phase one terminated by reaching a solution a® which
satisfies Q1(a°, \, k) for some k € {k1,ko} and Q2(a°, \). The input vectors are still
unmodified, thus a(z?) = a°(z") for all i € [0, 3].

Let setting 7 < a°(yy) with k € {ki,ko}, thus satisfying predicate be
the first change to a°(z?); denote the resulting assignment a!. By definition of I,
a(z*/{k1}) is the best neighbor of a(2*) and this implies that cc /p(a(a?/{k1}),1) >
ccyr(a(@?/{k}),I); hence, pos(a’) = n + 1. Let o’ be an arbitrary sequence of
improving steps without setting x% to a new value, where k € {kq,ko} \ {k} and let
al € ¢’ be a solution in o’. Note that we are under the conditions of Lemma when
replacing ag by al, o by ¢/, and \ by . Lemma now implies that af (comp*) = uw,
where u € e*, w € \*, and af(comp;) € {e, \} for all i € [n]. All predicates Acore(D,)
in are satisfied and therefore af(2)) € {0,1} for all i € [n]. All predicates in
are satisfied as shown above and therefore a'(¢) € {0, 1} for all £ € X). Hence, input
vector af(2*) cannot be modified. No locally optimal solution can be reached this way
and therefore z2 is set to a new value in some solution during o; denote the resulting
solution a’. This requires that Q1(a’, \, E) is satisfied; with the same argumentation
as in phase one, Q2(a’, \) is satisfied. Hence, we have reached a solution a’ € #Z for
which W(7,a’) is a better neighbor of ¥(I, a). O

Theorem 6.1. CIRCUIT/FLIP <, (3,2,3)-MCAsz_p,, using a tight reduction.

Proof. By Lemma every locally optimal assignment A for ®(I) is a final as-
signment. W(I,A) is locally optimal for I, since 2) = z} holds for all i € [n] and
this implies that cc/p((xf‘)”zl,l) = cC/F((y;\)?:l,I), where A = best. Thus, no
improving flip of an input bit is possible for W(I,A).

Now, we show that the resulting set of constraints in our reduction is 3-partite. We
present a tri-coloring of all variables in length three predicates and a bi-coloring of
all variables in length two predicates, using colors blue, red, and white. We slightly
extend the construction described up to now in order to allow an easier coloring. First,
consider the propagation trees in , , and . Each leaf can be colored
independent of the colors of the other leaves. This may require to extend the tree by
certain nodes of degree two. Next, consider the predicates and describing
the correct work of the circuits. Recall that we assumed that every gate with three
links is solely adjacent to gates with two links. Implanting gates with two links
into some links allows us to color the predicates and with three colors
independent of the colors given to the inputs and outputs l‘?, x}, y? , yil, z? , zil7 x? , xf‘
for all « € [n] and best. We choose the following coloring: For all i € [n] and j € [2 : n],
the variables a:?, l‘il, zlo, best, and comp, are colored white, the variables ac?, J?g’, yl,
yf, zil, compgj_l, and b are colored blue. For all ¢ € [n], the variable comp; is colored

red. We show that this coloring is a correct 3-coloring by giving the parameter list for
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(o) Replaced o)
Aco (9) - -
L() Y o

Figure 6.3: The modification for a predicate modeling a (2, 1)-gate.

Identifier Meaning

St copy ¢ of input circuit &
G set of gates in circuit St
gfn set of gates incident to some input link in circuit S°
L set of links in circuit S°
X é set of hexary variables derived from links in £7 for j € {0,1}
X g set of binary variables corresponding to links in £2
Al set of auxiliary link variables for (2,1)-gates in G*
Q Q0 U Q! for all Q € {G, L, Xz, AL}
Table 6.4: The labeling and meaning of identifiers we use, extending Table Here,
i€{0,1,2}.

each of the remaining constraints. Variables that are leaves of propagation trees are
denoted by dc (for “don’t care”). In constraints and , only one variable
is not a don’t care variable. For all i € [n], constraint D; has variables comp,, z?, zil;
for all i € [2 : n|, constraint @); has variables comp}, ,,comp}; ,, dc; constraint
P; has variables comp;, comp}, dc; for all i € [2 : n], constraint P; has variables
compj; _;,compy,, comp;; constraint has variables zF, y¥, dc; constraint
has variables zf, 212 constraint has variables b, best, dc. O

(2

6.4 (2,3,6)-MCAy o is Tight PLS-Complete

In this section, we prove that (2,3, 6)-MCAg_py, is tight PLS-complete. We show this
result by altering the reduction function ® presented in Section [6.3] Conceptionally,
we group two variables from a length three constraint as a pair and ensure consistency
between a single variable and a grouped variable in a pair via auxiliary constraints.
We have depicted this modification in Figure for a length three predicate from
which simulates some (2,1)-gate g € G. Given an instance I € Dcirourr/Frps We
construct an instance

Q*(1) = (F*, X) € D(2,36)-MCAs par
with a set of constraints F* and a set of at most 6-valued variables X*. Every

constraint C; € F* has length at most 2 and every variable x € XA™* appears in at
most 3 constraints.
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6.4.1 The Set of Constraints

Whenever we use x or A when listing constraints, then this is to denote that there are
actually predicates in F* for all k, A € {0,1}. Constraints consisting of more than
one predicate are listed in Table [6.5] All other constraints are weighted predicates.
Eventually, the set of constraints is

F*i=GuUGu
{or19€GUG? a (2,1)-gate} U{gr | g € GUG" a (1,2)-gate}U
{Aﬁ)iniv Bﬁ)adiv BlgopyiDiv P, Q7| i€ [n]}uU {Bpropagate} UT U1y,

where T1 and T5 denote the sets of predicates for the respective propagation trees
(see next paragraph for details).

6.4.2 The Set of Variables

We introduce the circuit variables listed in the upper section of Table [6.6] and the
variables for comparison listed in the lower section of Table Some of the variables
we use in this reduction are cartesian products of variables from Section [6.3} confer the
next paragraph for general similarities and differences to our reduction in Section [6.3]
We additionally introduce link variables with special names 27, ¢, and 2° in X7
and 2/ in A2 for all i € [n]. We also outlined the interpretation of the components
and their relation to variables from Section [6.3] where possible. Here, b; denotes a
binary variable which is introduced for each link I € £\ {X?, X} | i € [n]} in this
reduction. Variables b; correspond to binary variables b, from Section in the sense
that now each link variable [ € X, carries its separate b; variable. Note that, Pg(l;:i)
is binary for all i € [n] in order to keep the valence of k; at six, whereas variables ¢;
with ¢ € [n — 1] are defined as ternary variables in Section . We compensate for
this with additional predicates. Additional variables in tree T propagate the value

~

of Py(knt1) to all Py(&"2) with i € [n]. Additional variables in tree Ty propagate

)

the value of Py(k1) to all variables Po(l), which are not input links of (1,2)-gates.
Eventually, the set of variables is now

X* = Xp UAL UXZUX2U
{2,202 lien)yU{k|i€n+1]}U{best}UVp UV,

where Vp, with i € {1,2} denotes the set of variables in propagation tree T;.

6.4.3 Similarities and Differences to our Reduction in Section [6.3l

While our new construction still follows the general method presented in Section [6.2]
the actual implementation with constraints differs in the representation of the involved
circuits, the comparator, the loading and steering logic. These modifications have an
effect on the set of constraints, as well as the underlying set of variables.
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Variable 7 Index 7 Domain Constraint 7 Interpretation of the Tuple
T[1e L\ (X0 X i€ nl} 014} < {0,1) =)
if inp. link for a (1, 1)-gate g, ', N2(I)
if inp. link for a (1, 2)-gate g, 95 91

if inp. link Iy for a (2,1)-gate

g, g5, N%(0)

I | i€ n] {0,1} x {0, 1} 9. QF, Bloaq, Iy = (27, a7)
gr | ien] {0,1,d} x{0,1} 9: Bload,» N2(9F) i = (7 byy)
M% (S TL AOJ Hu&w X ,_ﬁo“ Hw 9, >ﬂmsi ZMAMMJ Mw = Awwgvmwv
Zi | i€ n] {0,1} x {0,1,¢e} Aloin,» Di >
hi2(g) | 9 €Ga(21)-gate {{0,1} x{0,1}} Ud | gx, g l2(9) = (li(9). L2(9))
if 11 2(g) € {0,1}?
272 | i€ [n] {0,1} x{0,1} N (#772), QF, Blopy, 22 = (2772, af)
1| 1€ X2\ {{best}}U{zf™?|ien]}} | {0,1}
if inp. link for a (1,1)-gate g, g
if inp. link for a (1, 2)-gate g, 90, 91
if inp. link [y for a (2,1)-gate g, g
l2(9) | g €G*a (2,1)-gate {0,1} x {0, 1} e 9 l2(9) = (1(9),12(9))
2 i e [n] {0,1} Blopy, 9
best {0,1,¢e} 9, Bpropagate
k1 {0,1,¢} x {0,1} Dy, P1,N?(ky) ki = (compy, c1)
ki lie2:n—2 {0,1,e} x {0,1} P,_1,D;, P; ki = (compy, ¢;)
ki |ie{n—1,n} {0,1} x {0,1} P,_1,D;, P, ki = (comp;, ¢;)
\MHS.TH AOJ Hw X AOQ Hw w:g ZHA.@:.THY WUSUNW@&@ .mw:.I = AOOEUSQ G:v

Table 6.6: The set of variables, their respective domains, and constraints for x, A € {0,1}. Here, constraints g and ¢’ refer
to gates with the respective input or output variable; N*(x) denotes the constraint containing variable € X* in

propagation tree T; with i € {1,2}.
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In this reduction, every constraint can only have length at most two which affects
the set, of predicates for circuits S°, S', and S2. Note that the description of (1,1)- and
(1,2)-gates in Section already contains predicates of length two where each variable
appears at most three times. For (2,1)-gates, we have to change the corresponding
predicates. For each (2, 1)-gates, we first introduce auxiliary constraints that pool
the two input values in a single variable taking five values and then simulate the
actual gate in a predicate using the variable taking five values and the corresponding
output variable. Hence, we have to alter the set of predicates in . In Section
we were able to feed the output links of both circuits directly into the comparator.
This approach is not suitable for our construction, where each constraint is limited
to length at most two. Instead, we introduce new variables Z; for all ¢ € [n] which
take six values. Here, the first component is binary and the second component is
ternary. The design principle is such that if the second component is e, then both
circuits output the same binary value stored in the first component; otherwise the
first component holds the binary value of the circuit the second component points to.
In order to implement this, we introduce a new predicate in for each output
variable zf for all ¢ € [n] and k € {0, 1}.

The comparator in this construction requires no auxiliary variables comp;* for all

J € [2:2n] as in Section and manages to solely work with variables k; for i € [n]
which are cartesian products of the respective variables comp, and binary variables
¢;. The newly introduced variables Z; take their toll on our construction, as we have
to change the crucial predicates in and . The most important change is
that predicates can also be satisfied in dependence on the output, in case the
comparator is binary. Additional, we introduce small incentives in predicates f

(6.19¢*]) which supersede predicates (6.19)—(6.22)) to nudge the comparator, as well
as the values of the circuits in the right direction.

Additionally, the loading logic has to be adapted to fit the requirements of the
reduction. Now, variables af for all i € [n],x € {0,1} from Section are passed to
a component of newly introduced auxiliary variables :)C"f+2 and on to a component of
variables zf. Passing the value of zf' to :zszr2
using the same constraints. This way, we are able to ensure that each variable
appears in at most three constraints. We use predicates (6.11p*)—(6.13p*)) for this

construction.

is then done in the reverse direction,

Now, consider the steering logic. Propagation tree T3 is removed from the con-
struction, as we propagate the c_ values from Section [6.3] within the comparator,
using the structure of the constraints in predicates in . There are in principle
two possibilities to set the b; variables. One is to set these variables via additional
variables using e.g. a propagation tree, as done in Section [6.3}] The second method is
to propagate the value within the constraints which model the given circuit, using no
additional variables. The first method increments the appearance of the respective
variable by one, since the respective variable is already contained in a constraint of
length two. So, this method is not suitable for input variables of (1, 2)-gates, which
already appear three times. The second method requires that each link variable stores
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its own b; variable. By construction, I; »(g) variables from (2,1)-gates g € G do not
possess such a b; variable; hence, this approach is not suitable for these variables. To
overcome both obstacles, we choose a hybrid approach, where we use a propagation
tree to set the b; variables for all link variables [ € X, which are not input links of
(1,2)-gates in predicates (6.18p*). The b; variables of input links of (1,2)-gates are
then set by using the b; variables of incident links in predicates (6.18b*)). Setting
lAl,g(g) variables from (2, 1)-gates g € G to binary values or d is controlled using the
b; variables of incident links in predicates .

6.4.4 The Modified Constraint-Graph of Our Reduction

With these modifications, the constraint-graph from Section [6.3]is now a hypergraph
‘H. Here, nodes are constraints from F* and hyperedges are defined by variables
in X*. Each hyperedge consists of two or three nodes, corresponding to the fact
that each variable occurs in at most three constraints. Note that the definition of
R, (z1,...,x,)) naturally extends to hyperedges ¢. The topological sorting also
carries over to the hypergraph H.

6.4.5 The Set of Modified Predicates

We modify the set of predicates presented in Section [6.3] Predicates labeled (X)
from Section which are modified, carry the identifying label (X*). We preserve
the original hierarchical structure of the weights. Let us remark that some reused
predicates depend on three arguments, two of which are projections of the same
variable.

Level I: Computing and Comparing the Output

For all (1,2)-gates g € G, we replace predicates (6.1) with two predicates

Pi(11(9)), Pr(Irt2(9)) € {0, 1} A CorRECT(P1(I1(9)), Pi(Drr2(9))]-

For all (1,1)-gates ¢ € G with input link h (9) and output link ig(g), we replace
the existing predicate with a single predicate Acor(g)(l1(9),02(9)), as defined in

predicates (6.1p%). Every predicate in (6.1)) for a (2,1)-gate g € G is replaced by three
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predicates
Acorr(gn) (r1(9), T1.2(9)) =
[h2(9) =d | (6-1p*)
l12(9) € {0,132 A Pya(li2(9)) = Pi(laa(9))]

Acorr(g)(112(9), 13(g)) =
[l12(9) =d= Pl(lg( )) = d] and
[i1.2(g) € {0,1}* A Pa(l3(g)) € {0, 1}
= CORRECT,(P1(11,2(9)), Pa(l12(9)), Pi(I5(9)))].

We introduce two predicates which join the values of Pi(£F) in 2;, with weights
decreasing in ¢

E1b)

AL ( 22) = [PQ(Z) =kVDP (?:’Z) =P (f,’f)] (6.1C*)

join,

Recall that P;(2;) € {0,1} by definition. All predicates in (6.2)—(6.7)) are replaced by
the following length two predicates (6.2[), , and , which are in interleaving

order ..., Acorr(D¢)7 Aout(D¢)7 Acarry(Pi)a Acorr(Di+1)7 AOut(Di+1)7 Acarry(P¢+1)a ... for all
i € [n] and weight decrease in this order. For all i € [n], we replace each predicate

n (6.2) with predicate
Acorr(D )(Zla l;‘l) =
[Pl( -):PQ(éi):e/\i<n—1| ‘
Pi(k;) € {0,1} A [Pa() € {e, Pr(ka)} v Pr(25) = 1]].
and each predicate in . ) with predicate
Acut(py) (2is ki) = [Pa(%i) € {e, Pr(ki)} A Pi(2) = 1]. (©6.6r)
and each predicate in with predicate
Acarry( )(ku kz—i—l) [Pl(l%l) =eNi<n-—1 ‘
Pi(k;) = Pi(kiy1) € {0,1}].

All predicates in l’ are removed from the list of predicates. Instead, we
introduce predicates for all i € [n] with weight increasing in i

Acare( )(kZukz+1) [(Pl(k) _6/\Z<n_1)\/P1( H—l) € {0 1}] )

All predicates in are replaced by predicates which propagate the value of
Pi(kp41) to all Varlables Py(#52) with i € [n], using propagation tree T7, where

root(Ty) = Pi(kn1);
leaves(T1) = {Py(2772) | i € [n]}.

6.7)

For all i € [n], we propagate the value of Py(#712) to Py(#F), where weights decrease
in ¢ in predicates

~Kk+2

Bjoin(oz) (772, 2F) = [P(#777) = Pa(@7)]. (6.11b*)
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Level II: Loading a Better Neighbor and Pushing the Comparator
Predicates in (6.12)) remain unchanged
Bload, (27, 97) = [P1(2F) = Pu(95) A P2(7) = #]. (6.12f)

All predicates in (6.13)) are replaced by predicates of weight increasing in 4 which

copy the value of P;(Zf) to :Uf+2 in predicates

BCOPY(Q?)(‘%??:%f+2) = [P1(2]) = Pl@'f”)] (6.13p*)
B§0py,~ (i?Hvx?H) = [Pl(i‘fH) = 53?”]- (6.13b*)

For all (2,1)-gates g € G2, we replace all predicates in (6.14]) by two predicates

Beorr(gy) (n+1(9), 112(9)) = [Par1(l12(9)) = bis1(9)] (6.14p*)
Beorr(g) (11,2(9): 13(9)) = [CORRECT, (P1(l1,2(9)), P2(l1,2(9)), 1a(9))].  (614p7)
For all (1,2)-gates g € G2, we replace all predicates in (6.14)) with two predicates

Bcorr(gx)(ll(g)a Ixy2(9)) = [CORRECT(l1(g), Ix12(9))]- (6.14*)

For all (1,1)-gates g € G? with input link /;(g) and output link I3(g), we replace the
existing predicate (6.14) with a single predicate Beor(q)(l1(9),12(g)), as defined in
predicates . Recall that in the single output link best, S? returns the index
of the input vector which yields the larger binary output or e if both input vectors
yield the identical binary output. Predicate is replaced by predicate

A~

Bpropagate(kn+1a beSt) =
[best = e A Py(kpi1) = Po(kny1) | ©6.15)

~

best = Pg(kn+1)].
All predicates in (6.16))—(6.18)) are replaced by the following predicates: For all i € [n],

A ~

we introduce predicates which propagate the values of Po(ki11) to Pa(k;) in
Beopy (P (is kit1) = [Pa(ki) = Pa(kis1)] (6.161)
and weights increase in ¢. Predicate (6.17) 1s removed from the list of predicates. The
value of P(ky) is copied to all Py(I) with I € Xz \ {Zf | i € [n]}, which are not input
links of (1, 2)-gates, using propagation tree T5
root(Ts) = Pa(ky);

o (618
leaves(Ty) = {P(1) | L € Xz \ {2 | i € [n]} not inp. link of a (1, 2)-gate}. )

For all I1(9) € &r\ {27 | i € [n]} which are input links for (1,2)-gates with input link

A

l1(g) and output links I5(g), l3(g), we propagate the value of Py(I3(g)) and Py(I3(g))
to P»(l1(g)) in predicates

Beopy(gx) (1(9), Ix+2(9)) = [P2(11(9)) = Pa(lrs(9))]- (6.18p)

Weights decrease in the topological order of the gates and in A within the gates.
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Level Ill: Small Incentives

Predicates in (6.19)—(6.22]) are removed from the list of predicates. Instead, we
introduce predicates for all ¢ € [n] with weight increasing in 7 in

Ctighten(Pi)(l%i? zi) = [Pa(%) = P2(l%z) = Pl(l%z)] (6.19*)
C?elax(PZ)(’%i) = [P2(2) = €] (6.19p*)
Clighten(py) (Fi 2) = [Pa(%) = Pa(k:)] 6.19c)
Cgighten(Pi)(]%i) = [Py(k;) = Pa(ks)] (6.1910*)
Cpax(py) (ki) = [Pr(ks) = €. (6.19¢*)

Fredicates in (6.23]) are removed from the list Aof predicates. For all link variables
li2(g) € A from (2, 1)-gates with output link [3(g) € XF, we introduce predicates

A ll,g(g) #+d ’ 6.23*)
Py(l3(9)) = & Al1,2(9) = dJ;
for all link variables [(g) € X%\ {z¥ | i € [n]}, we introduce predicates
Cxlzalue(g) (lA(g)) =
[P2(i(9)) = kA Pa(i(g) # d | (6:23¢*)
Py(i(9)) = & A Pi(i(g)) = d]

Again, weights increase in the topological order of the gates.

Solution Mapping
Let a € F(®*(I)) and for A € {0,1} denote
a(z?) == a(Py(27)), ..., a(Pi(d))).
We drop the assignment, where it is clear from the context. Similar to Section [6.3

function W*(I,a) returns a(z*) for A € {0,1} if cqp(a(z?), I) > co p(a(z?), I) and
a(x%) otherwise. This terminates the description of the reduction. O

6.4.6 Proving the Correctness and Tightness of the Reduction

The proof of correctness and tightness of the reduction given above follows the proof
of Theorem [6.1]in Section [6.3] as we again show properties of a locally optimal solution
a € F(o*(I)).

89



Chapter 6 On the PLS-Complexity of MAXIMUM CONSTRAINT ASSIGNMENT

Roadmap of the Proof In Lemma we first focus on the set of predicates
which are trivially satisfied in a and derive properties for the involved variables in
Corollary |6.2l In Lemma @ we show the connection between P (k;) and Py (k1)
for all i € [n +1]. In Lemma6.11} we show that for A = Py(ky1), all link variables
in circuit S* are set to d; by Corollary [6 n all link variables in circuit S* are set
to binary values. In Lemma [6.12] we prove that best = e. We close our proof of
correctness by explicitly stating the variable assignment in a in Definition and
show that any deviating assignment cannot be locally optimal in Lemma [6.13] To
consider tightness, we present the set #Z* in Definition In Lemma [6.14], we prove
a structural invariant for the vector of variables Pl(l;:i) for all ¢ € [n] in any sequence
of improving steps which starts in #* and fulfills some additional properties which
are useful in the prove of tightness of our reduction in Lemma [6.15] Theorem [6.2]
then shows that (2,3,6)-MCAj_ sy is tight PLS-complete.

Lemma 6.9. All predicates in (6.107), (6.1b%), (6.77) -(6.11pY), and (6.13p¥) -(6.18h*)

are satisfied.

Proof. First, consider predicates (6.11p*)) and (6.18a*)) for propagation trees. The

value of each child node appearing for the first time can be set to the value of the
parent node and only predicates of lower weight are violated. Now, consider the
remaining predicates, except for predicates in . Note that in each of these
predicates, at least one variable or projection of a variable appears for the first time,
with respect to the given order. In case of the propagation trees, all variables except
the root occur for the first time. In detail, P, lg in - for all 1 1)-gates
geg, Pl(lAH ) in (6.1p*) for all (1, 2)- -gates g € g, )\ € {0,1}, and [ o 2 ) in (6.1p%)),
Pi(I3(g)) in - for all (2,1)- gates geg. Furthermore, Pl(kz+1) in , PQ( )
in (6. 11 ), Pi(z A“+2 in -, 512 n -, Py(k n+1 in and Pg(k:)
in (6.167)), for all i€ [ | and k € {0 1}. Finally, l2(g) in for all (1, 1)-gates
g€ 92 Ixt2(g) in (6.14p%) for all (1,2)-gates g € G, PAH(ll 2( )) in (6.14p%), and
l3(g) in - ) for all (2,1)-gates g € G2, X € {0,1}. Thus, the value of a Varlable
or a prOJectlon of a variable appearing for the first time can be set to satisfy the
predicate and only predicates of lower weight are violated. As shown above, all
predicates in are satisfied and this implies that all predicates in are
satisfied. O

Corollary 6.2. The following properties hold:
1. For alli € [n] and k € {0,1}, P(&F) = Py(af1?) = 22
2. Forallle)(ﬁ and k € {0,1}, P()E{d R(, (z5)}; for alll € XF and K €

{0, 1} with v(l) € {0, 1}2 Pyii(l ) R(l, (z%)); Foralll € X2, 1 =R(l, (22,23));
Jor all le Xz, PA+1(Z) R(l, (22, 2%)).

8. If Pr(l) = d oro(l [)=d for some € X UXy then Pl( s) =d forallly € Xp
and v(ls) = d for all I € Xy, which are successors ofl in the topological order

of H.
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Proof.

4.

6.4 (2,3,6)-MCAg s is Tight PLS-Complete

There exists some i € [n — 1] such that Py(kj) = e for all j € [i — 1] and
Py(kj) = Pi(knya) for all j € [i : n].

All predicates in (6.18b*) are satisfied.

For alli € [n], k € {0,1}, for all u € Vp,, Py(&F) = Po(if™?) = Pi(kpi1) =
v(u); for alli € [n], w € Vi, and | € X \ {2517 € [nl,x €{0,1}}, Py(k;) =
Pg(kn+1) = Pg(l) = U(w).

If Py(kny1) = A then Pi(I) € {0,1} for alll € X} and v(l12) € {0,1}2 for all
1172 S X]ﬁ‘

All predicates in (6.1c*|) are satisfied.

1. Follows since all predicates Beopy(gr) in (6.13p%) and Bg,,, in (6.13p%)
with i € [n] and & € {0,1} are satisfied by Lemma [6.9]

. For all g € G and &, A € {0,1}, predicates Acorr(gy) 10 (6.1p%)), respectively

Acorr(gy) I (6-1p*]), Acorr(g) in (6.1p%) are satisfied because of Lemma [6.9} For

all g € G2, predicates Beorr(gy) 10 (6.14R%)), respectively Beorr(g,) in (6.14R*)), and
Beorr(g) in (6.14p*)), are satisfied because of Lemma . From this, the claim

follows by induction.

. Forallgeg and )\ € {0, 1}, predicates Acor(gy) in (6.10%)), Acorr(gy) in (6.1p%),

and Acorr(g) In are satisfied because of Lemma This implies for
every (1,%)- gate g € Q that if Py(I(g 7)) = d for an input variable, then also
Pi(I5(g)) = d for all output variables [,(g) of g. For every (2,1)-gate g € G, all
predicates in (6.16%) and (6.1p%) being satisfied implies that if P;(I(g)) = d for
an input variable, then v(l12(g)) = d and subsequently P;(I3(g)) = d. From
this, the claim follows by induction.

Assume that such an mdex 1 does not exist. This nnphes that there exists some
j € [n] such that Py(k;) € {0,1} and Py (k;11) # Pyi(k;). In this case, predicate
Acarry(p;) in (6.7[)) is not satisfied; a contradiction to Lemma.

. Let I1(g) be an input link variable of a (1,2)-gate with two output links lo(g)

and I3(g) such that predicate Beopy(gy) for some A € {0,1} in (6.18p*) is not
satisfied. All predicates in (6.18a*|) are satisfied by Lemma and therefore

Py(I3(9)) = P(I3(g)) = p € {0,1}; hence, Beopy(gs) 18 also unsatisfied. Setting

Py(I1(g)) + p improves predicates Beopy(gx)» Beopy(gy) 10t (6.18b%) and may only
violate predicates of smaller weight.

. By Lemma predicates Bjoiy (@r) In 6.11p™)), Beopy(p,) in (6.16[]) are satisfied
a

for all i € [n] and x € {0,1}; all predicates for propagation trees T} in (6.11p*)
and T in (6.18p¥) are satisfied; all predicates in (6.18b) are satisfied by item (F]).

From this, the claim follows by induction.
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7. Suppose that the property does not hold. Recall that in H, constraints are
nodes and variables are hyperedges. Let [ be the smallest link variable with
respect to the topological sorting of H with v(l) =d if [ Xf;\ or Py(l) = d if
[ e x) i By item @ Py(I") = X for all I'e x) 7. For all link variables f smaller
than [, with respect to the topological sorting of H, P (i, ») 7é d if l € X} or

( p) # d if l € X]L, by definition. The proof now splits on I:

a) Ifl e A} then correctly setting l1,2 (9) € {0,1}? does not violate predicates
Acorr(ge) i (6.1p%)) for all £ € {0,1} and Acgpr(g) in (6.1b%) and improves
Cgalue( g) 10 (6.23p%) since Py(I3(g)) = A as shown above, thus improving
the solution.

b) Now, let [ € A2\ {#7,...,2)}. Three cases have to be considered:

i. If [ = 2} for some i € [n], then setting P;(2}) to its correct value in
{0,1} does not violate the corresponding predlcate Acorr(g) I ,

Ajoin, in , and improves Cy,jye(g) I - thus improving the
7

solution.

i, If | = g for some i € [n], then setting Py (g;) to its correct value in
{0,1} does not Violate the corresponding predicate Acorr(g) 1IN (6.1p%),
Bload; in and improves Cyajue(q) in - thus improving the

solution.

iii. Otherwise, let g € G* be the gate such that [ is an output variable of
g. We distinguish two cases:

First, let [ be the input variable to a (1 x)-gate g’ € QA By item (| .
Pi(l, ) = d for all output links [, of ¢/. Setting P;(l;) to its correct
binary value does not violate predicates Acorr(gr), Acorr(gl)s Acorr(g)s

or Acore(g,) in (6.1p) and Acgn(g) in (6.1p*) for all k € {0,1} and
improves Cyalue(g) i (6.23c™), thus improving the solution.

Now, let [ be an input variable of a (2,1)-gate ¢’ € G*. By item ( .,
(l1 2(g")) = d. Setting Pi(I) to its correct binary value does not

violate Acorr(g,)s I and Acorr(g) in (6.1p) and improves Cyaiye(g)
in (6.23b*)), thus improving the solution.

8. Let A = Py(kpy1). By item @, Pi(2}) € {0,1} for all i € [n]. Assume
there exists some ¢ € [n] and k € {0, 1} such that predicate Afoin, In is

unsatisfied. Setting 2; < (P1(2), )\) does not violate predicate AJOln in (6.1c),
improves predicate Ajoln in (6.1c*), and may only violate predicates of smaller
weight.

O

Lemma 6.10. Py(%;) = Py (ki) = Py(kn1) for all i € [n].

Proof. By Corollary , Pi(2%) = af*% for all i € [n] and & € {0,1}. By
Corollary , the value computed in best is correct with respect to the input.
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By definition of S2, if best = X € {0, 1} then there exists some pos € [n], such that
Z (M) pos > Z(z* )pos and Z(x )T = Z(2), for all r € [pos — 1]; if best = e then
for all r € [n], Z(2)), = Z(x ) and for simplicity reasons, we will treat this as
pos=n+1. All predicates in (| are satisfied by Corollary - and therefore
Pi(%) € {P1(2)) Z1)} for all i€ [ J. Recall that Py(2;) € {0,1} by definition.

By Corollary . there exists some p € [n — 1] such that Pl(k' ) = e for all
j € [p—1] and Pl(k:) = Pi(kni1) for all j € [p: n]. Let A = Pa(knt1). By
Corollary [6 .@ Py(k Py(kni1) = A for all i € [n).

First, we show that Pg(zz) =e for all i € [p — 1]. Assume that the claim does not
hold and let i € [p — 1] be minimal with P»(Z;) # e. This implies that predicate
Acore(p;) i (6.2 is unsatisfied. Setting P1(k;) < Py(%;) does not violate predicate
Acarry(p,_y) i (6.77]) (only defined if i > 1), improves predicate Aco(p,) in (6.2, and
only violates predicates of smaller weight. P»(Z,0s) # € since all predicates in m
are satisfied by Corollary [6.2) -. This implies that p < pos. In the following, we
consider three cases and show that either p =1 and Py(k;) = Py(2)) = Pa(kpy1) for
all i € [n] or the solution can be improved.

1. Let p=1 and P;(k1) = . Then, Corollary (6 . [4)) implies that Py (k; ) = A for
all i € [n+ 1]. Assume there exists some i € [n] such that P»(2;) # Pa(k;). The
proof now splits on Pa(%;):

a) First, let Py(2;) = e. Setting Pa(%;) + Py(k;) does not violate predicates
Ay, in (6.IcH) for all k € {0,1}, Acorr(p,) in (6.-2F], and Aqyy(p,) in (6.6F),
improves predicate Ctlghten( py in 6.192*)) and only violates predicates of
smaller weight.

b) Now, let P»(2;) = X. This implies that predicate Aout(Dy) 10 is un-
satisfied and setting 2; < (P1(k;), ) improves the solution. If previously,
P;(2;) =0, then predicate Acorr(Dy) 10 (6.2) improves. Otherwise, predi-

cate Acorr(p;) I remains satisfied, predicate Ctlghten( py in 6.19h%)
improves, and only predicatee of smaller weight become v1olated.

2. Let p>1 and Pl(l%p) = A. Then, by definition Pl(l%p_l) =eand P(2,-1) =e
as shown above. Setting Pl(l;:p_l) < A does not violate predicates Acmy( Py_o)
in (6.7) (only defined if p > 2), A corr(Dy-— in -, Aout(D ) in ,
Acarry(P,_y) it - Acare(P,_1)> ad Acare(p,_ 2) in (only defined in p > 2).
Predicate Ctlghten( Poy) in (6.19d*) improves and only predicate Crelax( Po_y)

in (6.19e*) of lower weight becomes violated.

3. Let Pl(l%p) = A Recall that p € [pos]. Predicate Bpropagate in is
satisfied by Lemma and therefore best # e; thus, pos < n + 1. Recall
that by definition, P;(k,—1) = e (only defined if p > 1). Two cases have to be
considered:

a) First, let p < pos. Then, Z(2°), = Z(x!), and the proof now splits on the
value of Pa(2p).
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i. If Pg(é'p) = e then setting Pl(/% ) < e does not violate predicates

corr ln - Acarry ‘i' (Only defined ifp > 1)a Aout(Dp)
in ; Acarry(P,) i 1-ib and Acare(Py_1) (only defined in p > 1),
Acare( p,) in (6.8[]). Predicate Ctlghten( p,y in (6.19d%) is still unsatisfied
but predicate Crelax( p,y in (6.19%) improves.

ii. Now, let P»(2,) € {0,1}. Setting P(2,) < e does not violate predi-
cates Aﬁ)m in (6.1c*) for all k € {0,1}, Acorr(D,) i (6.2, and Agy¢(p,)
in (6.6[]). Predicate nghten( p,) In 6.19p*) remains unsatisfied and
predicate Crelax( p,) 1N (6.19p*]) improves.

b) Now, let p = pos. Predicate Aj;, in (6.1c) is satisfied for all £ € {0, 1} by

Corollary [6.2(8) and therefore Py (2p) € {0,1}. This implies that predicate
Acorr(D,) in (6.2 is satisfied. The proof now splits on the value of P(2,):

i. If P»(2,) = A, then setting Pl(l%p) < X does not violate the heavier
predicates Acorr(p,) in (6.2f) and Acarry(p,_,) in (6.7 (only defined
if p> 1)), improves predicate Aqy(p,) in (6.6[]) and only predicates
of lower weight become violated.

ii. If P»(2,) = A, then setting 2, < (P (2;‘), A) does not violate predicates
Aﬁ)ln in ’ forall k € {O 1} Acorr(Dp) in i ) Aout(Dp) in 7
C?lghten( P) in , and Crelax( py in and improves predi-

cate Ctlghten py 0 - Note that predlcates AJOln in are
satisfied for all k € {0,1} and therefore predicate Aout( p,) in (6.6[)
was not satisfied prior to changing the value of 2,.

0

Lemma 6.11. Set A\ = ,F_)Q(];},H_l). Then, Pi(I) = d for all | € X};‘ \ {a:l,...,i'f_; ,
v(l12) = d for all l;5 € X, and Py(2 Z) Py(3).

Proof. By Corollary @, Py(kny1) = Po(l) for all [ € X\ {&},...,&5} and
P(2F) = Pi(kp41) for all ¢ € [n] and x € {0,1}. Consider the two claims of the
lemma:

1. Recall that in H, constraints are nodes and variables are hyperedges. Let ]
be the largest link variable with respect to the topological sorting of H with
v(l) # dif I € X or Pl( ) # dif [ € X} By Corollary@ Py(l') = X for
all I € X} 7. Corollary (6.2|(3]) implies that for all link variables I larger than l
with respect to the topologlcal sorting of H, v(ls) = dif I, € XA or Pi(ly)=d

if [, € X2 7. The proof now splits on L.

a) If [ € X]L then setting v(l) < d does not violate predicates Acorr(g )

in (6.1p%) for all x € {0,1} and Ao () in (6.1p*) and improves Cvalue( 9)
in (6.23p%) since P2(l3(g)) = A as shown above, thus improving the solution.
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b) Now, let [ € Xé_\ \ {;@%, ...,@}. Three cases have to be considered:

I = ;3;_\ for some i € [n] then setting P;(2}) < d does not violate the

corresponding predicates Aco(g) in 1ﬂ} and Afom in E for
all k € {0,1}, since P»(2;) = A by Lemma , improves predicate

C},alue( in (6.23c*)) and thus improves the solution.

ii. If | = g for some i € [n], then setting Py (;) < d does not violate the

corresponding predicate Aqq(g) in (6.1p%) and Byg,q, in (6.127) for all
# € {0,1} since P»(37) = ), improves predicate Cvalue( in (6.23c*)
and therefore improves the solution.

iii. Otherwise, let g € G be the gate such that [ is an output variable of
g. We distinguish two cases:
First, let [ be the input variable to a (1,%)-gate ¢ € G*. Setting
Py(l) + d does not violate predicates Acorr(g); Acorr(gn)s Acorr(g’)> OT
Acorr(g) i (6.1p*) and Acor(gy in (6.1p*) for all x € {0, 1}, improves

C\lfalue( ) in (6.23c*) and thus improves the solution.

Now, let [ be an input variable to a (2,1)-gate ¢’ € G*. Setting
Py(l) < d does not violate predicates Aqo(g) in (6.1p%)) and Acgper(gr)
in (6.1p*) for all x € {0,1}, improves Cialue( g) in (6.23c*) and thus

improves the solution.

2. Assume there exists some i € [n] such that P;(Z; Ay £ Pi(g). Since Py(# SEDW
predicate Bf;)adi in (6.12)) is unsatisfied. Setting P; (% 1) + Py(¢?) improves
predicate Bﬁ‘)adi in (6.12[)) and does not violate the corresponding heavier

predicate Acoq(g) in (6.1p%), since P(l)y=dforallle Xg‘ \ {itf‘ | i€ [n]}
O

Lemma 6.12. best = e.

Proof Assurne that best = A € {0,1}. Then, cc/p(z*,I) > cc/p(:c ,I) by Corol-
lary (6 and the definition of circuit S2. By Lemma [6.11} P;(2}) = Pi(4; ) for
all i € [ ] But cop(PL @), I) = coyp(a, I) by deﬁmtlon of Varlables g A
contradiction. O

Definition 6.3. We define a terminating assignment B € F{3 3 6)-MCA,_,,(I) to fulfill
the following conditions: Set A = Py(kns1). For alli € [n], Py(k;) = Pi(kns1) = A,
best = e, P1(2}) = Pi(3), P1(2)) = Pi(3)) = Pi(3?) = Pi(33) = 22 = x}. For
all i € [n], k €{0,1}, and u € Vp,, Py(i7) = Py(#51?) = Pl(l%m_l) = v(u); for all
w € Vp, and [ € &\{@ﬂ | i € [n]}, Pa(ki) = Pa(knsr) = Po(l) = v(w). For all
l e ap, Pi(l) = R(l (z2)); for all | € X and k € {0,1}, P,.;+1(l) R(, (z)). For
all g € X, v(lyz) = d; foralllEXﬁ\{x)‘\ze[ 1}, Pi(l) =d. Fomzue[ ],
Pi(%) = P(2)) € {0,1} and Pa(3;) = \. For alll € X%, 1 = R(l, (22,2%)). For all
[ € X2 and r € {0,1}, Poy1(l) = R(L, (2%, 21)).
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Lemma 6.13. Fvery locally optimal assignment is a terminating assignment.

Proof. Assume that some assignment A is locally optimalAwith A :APQ(];'n+1). By
Lemma , best = e. By Lemma Py(%) = Pi(ki) = Pi(kpt1) = A for
all i € [n]. By Corollary [6.2](8), all predlcates in 1} are satisfied and this
implies that P;(%;) = Pl(AA) By Lemma L Pi(27) = Pi(y; ) for all i € [n]. By

Corollary [6.2(@), (@), Pi(i) = R(, (= )) for all ] € Xﬁ, P,{H(l) = R(l, (z)) for all
I e ) and k € {0,1}. By Lemma o(l) = d for all [ € XH:\, Pi(l) = d for all

I e XL \ {x |7 € [n ]} By Corollary . R(l, (22, 23)) for all | € X2
and Pey1(l) = R(l, (22 )) for all [ € X2 and K G {0 1}. By Corollary |6 .@
Py (zF) = P2( A2y = P (kni1) = v(u) = X for all i € [n] & € {0,1}, u € Vi, and

Py(ki) = Py(kns1) = Po(l) = v(w) = X for all w € X{T2 and [ € Xp\ {7 i€ [n],k €
{0,1}}. Variable best = e and for all i € [n], P1(2}) = Py(;') by Lemma and
therefore Py(2?) = Py(2}) by definition of variables 5. O

Definition 6.4 (The Set #*). Fiz some solution a € F(®*(I)). For k € [n], denote
succ(k) == {l € L |l is on a path in H from input link X}, to some output link
Z;i,i € [n]}. Let X wee(k) denote the set of link variables in Xé‘ U A defined by links

from succ(k). With slight abuse of notation, we write a(l) = d for | € Xsucc(k) and

k € [n] to denote a(Py(l)) = d if | € X} and a(l) = d if | € X}. We define the
following predicates, where for k € [n], A € {0,1}

Qi(a, A\ k) == [a (l) =dvie Xsucc(k)] and

Q3(a,A) == [a(P1 (ki) = a(Pa(%)) = A Vi € [n]].
We define Z* to be the set of all solutions a* € F(®*(I)) which satisfy the following
properties:

1. All predicates in (6.1p*)—(6.1c*)) are satisfied.

2. There exists some X € {0,1} such that
a) a*(z*) = IMPROVE (a* (), I),
b) Qi(a,\ k) is satisfied for some k € [n], and
c) Q3(a, ) is satisfied.

Lemma 6.14. Let A\ € {0,1} and let o be a sequence of improving solutions from
F(®*(1)), where for the first solution ag € o items , , and from Defini-
tion[6.4] are satisfied and for each solution a € o, ap(z*) = a(z") for all k € {0,1}.

Fiz some a € o and refer to pos(ag) by pos. Then, all predicates in (6.1p*])—(6.1c*)
are satisfied in a and

1. There exist p,q € [n] with p < pos and [qg = p or q > pos| and
a(Pi(k))=eVielp—1]
a(P(ki))=AYiep:q—1] (INV*)
a(Pi(k))=AVielg:n]
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2. If i < pos then a(Py(%)) € {e,a(Py(k;))}.
8. Predicate A orp(p,) in (6.2[)) is satisfied for all i € {pos} U [q:n].

Proof. The proof of this Lemma follows the proof of Lemma in Section [6.3] We
prove the lemma by induction on the number of improving steps. By deﬁnmon,
is satisfied for ag. Now, let a be some solution in ¢. Since a is fixed in the following,
we omit the assignment where it is Clear from the context, for sake of readability. We
show that every step which violates ) does not improve solution a. For this,
we fix some i € [n| and investigate all changes to P1(k;) and 2; Wthh affect (INVA).

These varlables occur in predicates Acorp(p,) 1 - Aout(D;) 11 Acmy( P)
, and Acare(p,) I - ) for all ¢ € ] predicates of smaller welght in which

Pl(k‘) and Z; appear Wlll not be considered. For sake of readability, we again refer
to predicates from Ac(p,) in - to Acare(p;) In - ") only by their number. A
predicate with the number ( ) but defined by the parameter i+ 1 is denoted by (X)*
By assumption, all predicates in f are satisfied in ag and as they are
the heaviest among the list of predicates, they remain satisfied throughout o. Hence,
we skip these predicates when listing satisfied predicates.

First, consider improvements which originate from setting P5(Z;) with ¢ € [n] to a
new value. We have to show that properties [2] and [3| remain satisfied.

1. Let i < pos and Py(k;) = e. Property [2|is satisfied and therefore Py(3;) = e;
hence, predicate (6.2])) is satisfied. Setting P»(%;) < S € {0,1} does not
improve the solution, since predicate (6.2]]) becomes violated.

2. Let i < pos and P(k;) = pu € {0,1}. Property [2| is satisfied and therefore
Py(%;) € {e, u}. Predicate is satisfied and this implies that P;(%;) = 2.
Consider setting Z; to a new value with P5(Z;) < fi. Predicates in need
to remain satisfied and therefore 2; < sz ,i). Predicate also needs to
remain satisfied and this implies that z' = 1. By assumption, ¢ < pos and by
definition this implies that 2" = 1. This implies that predicate (6.6f) is satisfied
in a. Setting 2; < (Zé1 , 1) does not improve the solution since predicate
becomes violated.

3. Consider 2; for some i € {pos} U [q : n]. By property |3, predicate Aco(p,)
in is satisfied. Setting 2, to a new value in an improving step cannot

Vlolate the satisfied predicates A Jom in (6.1c%) for k € {0,1} or Acory(p,) in (6.2F).
We will show below that in each improving step, ¢ does not decrease 1f q > Pos.

Hence, (INV*)) is satisfied after each improving step where the value of Z; is
changed.

Now, consider variables Py (k;) for all i € [n]. Recall that by assumption P (k,_1),

Pi(ky) € {0,1} and (pos € [2:n — 1] or pos = n+ 1). We distinguish the following
cases.
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1. Let i <p—1. Then, Py(k;) =e and (i = 1 or Py(ki_1) = e). Predicates (6.1c%)
and (6.2f) are satisfied and therefore Py(2;) = e and Pi(2Y) = Py(2}). The

proof now splits on P (kjt1):

~ ~

a) If Py(k;11) = e then setting P (k;) < u € {0,1} does not improve the solu-

tion, since predicates (6.2[) and (6.6[]) do not improve and predicate (6.7)

becomes violated.

b) If Pi(kis1) = p € {0,1} then setting P (ki) < p does not violate (INV).
Setting Pj(k;) < i does not improve the solution, since predicates ([6.2[))

and ([6.6[) do not improve and predicate (6.7]) becomes violated.

2. Let i = p and p < pos. Then i < n—1, Plﬁfi) =u € {0,1}, (1 =1

~

or Py(ki—1) = e), and Pi(ki+1) = p. Property

is satisfied and therefore

Py(%;) € {e,p}. Setting Pi(k;) < p does not improve the solution, since
predicates and do not improve and predicate becAomes
violated. Now, consider setting P (k;) <— e. If Py(2;) = e then setting P (k;) <
e does not violate (INV¥). If P5(%;) # e then setting Pi(k;) + e does not

improve the solution, since predicate (6.2[]) becomes violated.

3. Let i =p=pos. Then,i<n-—1, Pi(k;) =p€{0,1}, (i =1or Pi(ki—1) =e)
c(w=Xor u=\= Py(kis1)). Predicates and are satisfied
and therefore Py(2;) # e and (P2(2;) = p or Pi(2;) = 1). Setting Pi(k;) < e
does not improve the solution, since predicate becom(i;s violated. Now,

~

consider setting P;(k;) < . If Pa(2;) = p then setting P (k;) < i does not
improve the solution, since predicate becomes violated. If P»(%;) = [,
then predicate being satisfied implies that P;(2;) = 1. By definition,
i = pos and this implies that Py(2;) = A. If u = X and P(%;) = A then setting

A A~

Py (k;) < i does not violate (INV*)). Otherwise, setting Pj(k;) < i does not

improve the solution, since predicate (6.2[) becomes violated.

~ ~

4. Let p < i < g ori > q. Then, Pi(ki-1) = Pi(ki) = p € {0,1}. Setting

Py(ki) « B e{e,n}ifi € [n—2] or Pi(k;) « pifi € {n,n — 1} does not

improve the solution, since predicate (6.7f)) ™ becomes violated.

Let us remark that the value of P (k1) is unknown. Note that for i = n, the
above case especially implies that if Pj(k,1) = [t then this cannot lead to a

~

change of P (k,) which improves the solution.

5. Let i = g and ¢ > pos. Then, Pli(icl-_l) =\, Pl(fci) = )\, and predicate 1i)
is unsatisfied. Setting P;(k;) <— A does not violate (INV*). Setting P;(k;) < e
if i € [n — 2] does not improve the solution, since predicate (6.7f)* does not

improve and predicate (6.8))* becomes violated.

Lemma 6.15. (®*,¥*) is a tight reduction from CIRCUIT/FLIP.
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Proof. This proof follows the proof of Lemma [6.8] in Section [6.3] Here, we use the
definition of #* given in Definition [6.4] Note that by construction, all terminating
assignments are contained in Z*. Lemma [6.13]implies that Z* contains all locally
optimal solutions. Now, let a € Z*. We consider an arbitrary sequence ¢ of improving
steps and show for the first solution a’ € #* with a’ # a which is reached during
the sequence, that either W*(I,a) = U*(1,a’) or U*(I,a’) is a better neighbor of
U*(1,a). By definition, all predicates in (6.1p%)~(6.1c¥)) are satisfied in a and as
they are the heaviest among the set of predicates, they remain satisfied throughout
o. First, consider the case cc p(a(z?),I) = cor(a(z!),I). Then, a(z’) = a(z!)
since the cost of every solution is unique by assumption The input vectors a(x”)
and a(x!) cannot be changed in o, since by (24), a(z*) = ImPrROVE(a(2?),]) and
thus a(P1(93)) € {d,a(P(z}))} for all A € {0,1} and i € [n]. This implies that
U*(1,a") = W*(I,a) = a(z") for every solution a’ in o.

Now, let cq r(a(z?), I) > ccp(a(a?), I). We split o into two phases. Lemma
implies that in a locally optimal solution a* € F(®*(I)), a*(x°) = a*(x!). Thus, input

vectors ¥ or x! have to change at least once.

Phase One: This Phase Continues Until Input Vector z° or ' Changes Since
Q1 (a, \, l%) is satisfied for some k € [n] and by assumption on S, there exists a path
in S from input link X; to all output links Z; with i € [n], therefore a(Py(2})) = d
for all i € [n]. By assumption, all predicates in @ are satisfied and therefore
a(P1(2))) € {o, 1} for all i € [n]. All predicates in (6.1p%) and are satisfied
and therefore a(l) # d for all [ € X (i) and @ € [n]. Since a € #*, a(z?) =

succ

IMPROVE(a(z?), I) and there are no predicates which would now become satisfied
by changing the value of some P;(27) with i € [n]. For some P;(g;) to change its
binary value in the sequence o, thus incentivizing changes to P; (:%f‘), requires that
some Py (#)) with i € [n] changes its value to produce the new output. This implies
that input vector a(z*) cannot be changed and input vector a(z*) changes first. Let
a® € F(®*(I)) be a solution which is reached at the end of phase one. There exists
some k € [n] such that a°(Py(47)) € {0,1}, a°(PL()) # a°(Py(2})) and a°(I) = d
for all [ € x> Thus, Q7(a°, A, k) is satisfied.

succ(k)”

Now, we show that Q3(a°, ) is satisfied. Let o1 denote the subsequence of ¢ until
the end of phase one. We are under the conditions of Lemma when replacing ag
by a, o by o1, and X by . Hence, holds during o1. Q5(a%, A, k) is satisfied
and this implies that a°(P;(2})) = d for all i € [n]. By Lemma , all predicates
in are satisfied and this implies that a®(Py(2;)) = A for all i € [n]. Now, we
show that a®(Py (k1)) = a®(Py(kn)) = A. Lemmathen implies that a®( Py (k;)) = A

for all ¢ € [n] and hence, Q5(a°, \) is satisfied.
L. Recall that we assumed that Z(x); = 0 for all x € Fio/p(I); hence, pos(a) > 1.
By Lemmal6.14/ (@), a°(Py(k1)) = a°(Pa(51)) = \.
2. Now, we show that AaO(Pl(/Ac )) = A. Recall that by deﬁmtlon Py (k) € {0, 1}
Assume that a°(P(kn)) = A. Then, by property (3) of , predicate (
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is satisfied. This implies that a®(Pa(2,)) € {e, A}; recall that we assumed that
Z(x)n = 0 for all x € F/p(I). A contradiction.

Phase Two: This Phase Starts with Changing the Value of 2* and Terminates
when the Entire Neighbor is Loaded For some S C {x7,...,2)}, denote a(z/5)
the input vector when flipping all input bits h € S. Let h; be the bit in which
a(z*) and a(2z?) = IMPROVE(a(2?), ) differ and let hy be the bit in which a(z?)
and IMPROVE(a(z?), I) differ. Phase one terminated by reaching a solution a® which
satisfies Q%(a°, A, h) for some h € {hy,ha} and Q%(a, A). The input vectors are still
unmodified, thus a(z?) = a°®(z?) for all i € [0,3]. Denote a(P;(k)) == (a(Py (ki)

Let setting Py (z7) < a°(Pi(y;)) with h € {hy, ha}, thus satisfying predicate (6.12f)
be the first change to a®(2); denote the resulting assignment a'. By definition of
I, a(z*/{h1}) is the best neighbor of  and this implies that cc g (a(z*/{h1}),1) >
ccyr(a(a?/{h}),I); hence, pos(a') = n+ 1. Let o’ be an arbitrary sequence of
improving steps without setting P; (:1:2) to a new value, where h € {hy,ha} \ {h}
and let af € ¢/ be a solution in ¢’. Note that we are under the conditions of
Lemma when replacing ag by a', o by ¢/, and X by . Lemma now implies
that af(P;(k)) = uw, where u € e* and w € X*. For all i € [n], predicates Acorr(Dy)
in are satisfied and therefore a(Py(2;)) € {e, \} and af(P1(})) € {0,1}. All
predicates in and are satisfied by assumption and this implies that
input vector af(z*) cannot be modified. No locally optimal solution can be reached
this way, and therefore Pl(;r%) is set to a new value in some solution during ¢; denote
the resulting solution a’. This requires that Q7(a’, A\, h) is satisfied; with the same
argumentation as in phase one, Q%(a’, \) is satisfied. Hence, we have reached solution
a’ € # for which ¥(I,a’) is a better neighbor of ¥(I,a). O

Theorem 6.2. CIRCUIT/FLIP <, (2,3,6)-MCAg_qr using a tight reduction.

Proof. By Lemma every locally optimal assignment A for ®*(I) is a final
assignment. W*(I,A) is locally optimal for I, since 2° = x! and this implies that
CC/F(I‘)‘,I) > co/r((Pr (92)"_1,I), where A = best. Thus, no improving flip of an
input bit is possible for U*(1,A). By Lemma the reduction is tight.

Now, we show that the resulting set of constraints is bipartite. We slightly extend the
construction described up to now in order to allow an easier coloring. First, consider
the propagation trees in and . Each leaf can be colored independent
of the colors of the other leaves. This may require to extend the tree by certain nodes
of degree two. Next, consider the predicates (6.1p*), (6.1p*)), and (6.14R*)), (6.14p™),
describing the correct work of the circuits. Recall that we assumed that every
gate with three links is solely adjacent to gates with two links. Implanting gates
with two links into some links allows us to color the predicates , ,
and (6.14p*)), (6.14p*)) with two colors independent of the colors given to the inputs
and outputs 29, &1, 99, 9}, 29, 21, 22, 23 for all i € [n] and best. We choose the

At A

following coloring: For all i € [n] and s € {0,1}, variables &£, 72 are blue, all
variables :i‘f+2, y¥ are red. For all i € [n] and k € {0, 1}, if 7 is even then variables

100



6.5 A Reduction to Binary Logic

ZF, /2:1 are blue and Z; is red, if ¢ is odd then variables 2, l%z are red and %; is blue.
Variable ];'n+1 has the opposite color of l%n and variable best has the color of l%n We
show that this coloring is a correct 2-coloring by giving the parameter list for each
of the remaining constraints. For all i € [n] and x € {0,1}, constraint (6.1c*) has
variables £, Z;, constraint D; has variables Z;, l%i, constraint P; has variables k;, ]%i+1~
For each i € [n] and & € {0, 1}, constraint Q; has variables 272, &, each constraint
in has variables 2, §, each constraint in has variables 22 /2
constraint has variables l;:n+1,best. g

6.5 A Reduction to Binary Logic

In this section, we present a general technique to tightly reduce instances of (p, ¢, r7)-VCA
with p,q € IN and r > 3 to VCA-instances over solely binary variables.

6.5.1 The Reduction

The approach we present is iterative. We first describe how to reduce the maximum
valence of each variable by one in an arbitrary given (p, ¢, r)-VCA-instance.

Lemma 6.16. For allp,q € N andr > 3, (p,q,r)-VCA <pis (p,q,7—1)-VCA using
a tight reduction.

Proof. We present the reduction function ® and the solution mapping ¥. Let
I =(¢,X) € Dygr-vca With p,q, € IN, and r > 3, variable set X', and constraint
set . We construct an instance ®(I) = (¢",X") € D, 4,—1)-vca With a set of
variables X’ and a constraint set ¢”. Recall that we denote the valence of a variable
xz € X by r(z). Each variable x € X with r(z) < r also belongs to X’. Each variable
x € X with r(z) = r is replaced by two variables xg, z1 € X’ where r(zg) =7 — 1 and
r(x1) = 2. X’ is the set of variables generated this way. Let A be the domain of X,
i.e. A =TI [r(z;)], where X has n variables x;, i € [n]. Let A’ be the domain of
X' as defined above.

We now define a mapping h : A’ = A. If z € X with r(z) < r, then also z € X’
and we set h(v(z)) = v(z). If x € X with r(z) = r, then zo, 21 € X’ and we set

h(v(zo),v(z1)) == {U(ﬂﬁo) if v(z1)

0
r if v(z1) = 1.
Note that h is not an injective mapping. If v(z;) = 1 then h(v(zg),v(z1)) = r for all
v(zg) € [r — 1]. In our construction, we need further mappings from A’ onto A. For
every y € X with r(y) = r, we define a mapping h, : A’ = A. Function h, differs
from h only for the values of v(yg),v(y1), where yg,y; are the two variables in A’
associated to y € X by our construction and

hy(v(yo, v(y1)) == v(yo)-
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We are now ready to describe the set of constraints €. Let a’ € Fipgr—1)-vea(®(D)).
Each constraint C' € € is replaced by a constraint ¢’ € 4’ with parameter list
{z | z occurs in C and r(x) <r — 1} U{xzg,z1 | x occurs in C' and r(x) = r} and

eI\ o Al N
C'(@') = Cj@) + ZyEH(C) Cl (@),

where H(C) is the set of variables y with r(y) = r occuring in the parameter list of
C and

Co(@') := M - C(h(a)),
Cy(@") = C(hy("),

where M is a sufficiently large number which will be determined later. The sub-
constraints C{, for C' € €, are called high level sub-constraints and the sub-constraints
Cz// for C € €, where y € H(C), are called low level sub-constraints. An improvement
on the high level shall exceed all changes on the low level. This is the case if we
choose M = 1+ m - W, where m is the number of constraints in 4 and W is the
maximum value obtained by any constraint in %" by any setting of the variables. By
construction, r(z) < r —1 for all x € X/, the sum of the valences of the variables
minus the number of variables in each constraint did not change, and every variable
appears in at most g constraints.

Solution Mapping Given a solution a’ € F, 4.—1.vca(®([)), function ¥(/,a")
returns a = h(a’). This terminates the description of the reduction. O

6.5.2 Proving the Correctness and Tightness of the Reduction

We have to show that if a’ is a locally optimal solution of ®(I) then W([,a’) is a
locally optimal solution of I. We do this by proving the equivalent statement: If
U(I,a’) for some a’ € Dy qr—1)-vca 1s not a locally optimal solution of I then a’ is
not a locally optimal solution of ®([I).

So, let a’ € Dy, 4r—1)-vca and assume that a = W(I,a’) is not locally optimal for
I. Hence, there exists some variable x € X, whose value can be changed such that
the solution improves. Let a(x) = a and let setting a(x) < 5 improve the solution.
If r(x) < rorr(x) =r and « € [0, — 1] then the change can be done in ®(I) in
one step. The solution improves on the high level and this improvement exceeds
all changes on the low level by construction. Now, let us assume that a = r and
B € [0,r —1]. Then a’(z1) =1 and a’(xp) = 6 for some ¢ € [0, — 1]. If § = 3, then
again setting a(z) + 8 can also be done in ®(I) in one step by setting a’(x1) + 0.
Also, if § # 3, but a improves by setting a(z) « §, then setting a’(z1) < 0 improves
a’ in ®(I). The remaining case is « = r, f € [0,r — 1], a'(zg) = 4§, a’(x1) = 1, and
setting a(z) < d does not improve the solution a. We will show that in this case,
setting a’(xg) < B improves the solution a’.

Let % be the set of constraints in input instance I containing variable z and let a
(a, respectively) be the solution obtained by setting a(x) < 5 (a(x) < 4, respectively).
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By assumption, the change from a to a improves the solution and the change from a
to a does not improve the solution, thus

Y [C@) -C@)]=)_[C@a)-C(a) >0, and

Ccev Cebx
Y [CE) -C@)]=)_[C@H) -C) <o.
Cce? Ce%bx

Now, let &’ € F{;, 4 ,—1)-vca be the solution obtained by setting a’(zo) < 3. Note that
a’(xz1) = 1 and therefore the change a’(zg) < 8 does not influence the mapping h and
the mappings h, for y # x, while hy (2o, 21) = o, i.e. hy(5,1) = and hy(5,1) = 5.
Therefore,

Y@ -C'@) = ) [CLE) - @)
Ccree’ Cl,Ce%y

=Y [c@) -C@@)] >0

Ce%bx

Thus, setting a’(z() < 3 improves the solution a’, as needed.

Considering tightness, we define #Z := A’, the set of all solutions of ®(I). Fix
some solution a’ € Z and a better neighbor a’ of a’ for ®(I). By assumption, there
exists some variable 2’ € X’ whose assignment is flipped between a’ and a’. If
a'(r1) = @' (z1) = 1 and a’(zg) # ' (x0), then ¥(I,3’) = ¥(7,3a). In all other cases,
U(I,3") is a better neighbor of ¥([,3). O

Performing the above construction iteratively and decreasing the maximum valence
of the variables in each construction step by 1, we obtain the following result:

Theorem 6.3. For all p,q € N and r > 3, (p,q,7)-VCA <, (p,q,2)-VCA using a
tight reduction.

Proof. Iterating the above described reduction decreases the maximum valence of
each r-valued variable x € X by one and increases the variable list of each constraint
containing x by one auxiliary binary variable. Thus, for each constraint, the sum of
the valences of its variables remains constant. By construction, each variable appears
in at most g constraints. The correctness of the construction and the tightness of the
reduction follows by transitivity of the reduction presented above. Thus, the theorem
follows. O

As a direct consequence of Theorem we obtain the tight PLS-completeness of
(6,2,2)-MCA.

Corollary 6.3. CircUIT/FLIP <, (6,2,2)-MCA using a tight reduction.
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6.6 Conclusion and a Discussion of Question [0

In this chapter, we studied the MAXIMUM CONSTRAINT ASSIGNMENT problem,
which is a local search version of the well-known weighted GENERALIZED MAXI-
MUM SATISFIABILITY problem. Our focus was on the intractability of the subclass
(p,q,r)-MCA}_par, where each constraint has length at most p, each variable appears
in at most ¢ constraints and each variable takes at most r values; additionally, the set
of constraints is k-partite. In order to solely focus on the MAXIMUM CONSTRAINT
ASSIGNMENT problem, we first presented an observation in Section that all in-
tractability results also extend to the MINIMUM CONSTRAINT ASSIGNMENT problem
with the same restrictions.

Results Obtained After presenting the general method of our reductions in Sec-
tion , we first focused on the tight PLS-completeness of (3,2,3)-MCAz p,r in
Section and (2,3,6)-MCAg par in Section Additionally, we presented a gen-
eral technique to simulate arbitrary (p,q,r)-VCA-instances with VCA-instances
over solely binary variables in Subsection [6.5] As a corollary, we obtained that
(6,2,2)-MCA is tight PLS-complete. We think that reducing the parameters p
and ¢ is important. As we will see in Chapter [7] the tight PLS-completeness of
(3,2,3)-MCA3_ ar and especially the fact that each variable appears in at most two
constraints will prove crucial in order to demarcate the tractability of SETPACKING
and SETCOVER,; furthermore, the tight PLS-completeness of (3,2,3)-MCAgz s will
also play a vital role in order to lower the bounds on the intractability of other local
search versions of weighted standard set problems. Besides that, we believe that the
results presented in this chapter will prove useful for establishing that further PLS
problems with small parameters are PLS-complete. Overall, this will help sharpen
the boundary between PLS-complete and polynomial-time solvable problems.

Discussion of Question @ The intractability results for (3,2,3)-MCA3. s and
(2,3,6)-MCAg s are optimal in the sense that (2,2,7)-MCA is polynomial-time
solvable for every r € IN. Hence, our results delimit the tractability of the MAXIMUM
CONSTRAINT ASSIGNMENT problem, when neglecting the parameter r. For binary
valence, we were able to prove that (6,2,2)-MCA is intractable, where we are not
certain if our result is optimal.

Open Problems Nevertheless, we should mention that our discussion of Question [f]
lacks a surrounding answer, as there remain some gaps between the (p, ¢, r)-MCA
problems known to be in P and the ones we showed PLS-complete in this chapter:

1. The results we presented for (3,2,3)-MCAgz s and (2,3,6)-MCAg p,, are
optimal when neglecting the parameter r, but our results do not yield an
indication on the tractability of (3,2, 2)-MCAgz_par or (2,3,7)-MCA_ar for all
r <35.
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6.6 Conclusion and a Discussion of Question@

2. For binary variables, our intractability result on the one hand only requires
that each variable appears in at most two constraints; on the other hand, each
constraint is allowed to have length up to six. Our results do not yield an
indication on the tractability of (p,2,2)-MCA for p < 5.

Hence, the problem of determining the exact bounds of the PLS-completeness of the
MAXIMUM CONSTRAINT ASSIGNMENT problem and giving a surrounding answer to
Question [6] remains tantalizingly open. Having extended and refined the underlying
technique from Krentel [67], we believe that one would probably need substantially
new ideas in order to demarcate the tractability of the MAXIMUM CONSTRAINT
ASSIGNMENT problem for all three parameters.
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Chapter 7

On the Complexity of Local Search for
Weighted Standard Set Problems

In this chapter, we show that for most weighted standard set problems introduced in
Subsection computing a locally optimal solution is PLS-complete for the 1-differ
neighborhood. This means, that the respective problems are already intractable, when
one element describing the solution is allowed to be added, deleted, or exchanged
for another element which is not part of the solution. For SETPACKING-(k) and
SETCOVER-(k), we delimit the tractability of computing locally optimal solutions
for the 2-differ neighborhood. We believe that most PLS-complete problems we
investigate in this chapter have the potential to serve as candidates to reduce from in
future proofs of intractability.

The remainder of this chapter is organized as follows: In Section we present the
general technique of our reductions for weighted standard set problems. In Section
we prove Theorems and we present the results for each weighted standard set
problem in a separate subsection. We summarize our investigation with a conclusion

and a discussion of Question [7]in Section [7.3]

7.1 How to Show Intractability of Weighted Standard Set
Problems

Before stepping into the reductions in the next section, we outline in Subsection
how the neighborhood structure and the weights occurring in the standard set
problems we investigate are related to hardness results. We then present the general
technique of our reductions for weighted standard set problems in Subsection

7.1.1 Neighborhoods, Weights, and Tractability

The hardness of a PLS problem crucially depends on both the structure of the
neighborhood and the weights occurring in the problem.

If on the one hand, the neighborhood structure limits the options for improvements
in every step such that this can be exploited by polynomial-time algorithms, then the
problems become easy, regardless of the weights. This is the case in SETPACKING-(1)
and SETCOVER-(1) where we capitalize on the neighborhood structure with a greedy
algorithm. Interestingly, for all other problems we investigate, the neighborhood
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structure does not trim the complexity; loosely speaking, the neighborhood structure
does not interfere with the weights in terms of hardness. For most of the problems,
we obtain hardness results for the smallest possible neighborhood of size 1.

If on the other hand, all weights are polynomially bounded then locally optimal
solutions can be computed via successive improvements in polynomial time, regard-
less of the neighborhood structure. The problems (h)-CNFSAT for some h € NN,
(3,2,3)-MCA3z par, (3,2,3)-MINCA, and MAXCUT we reduce from in this chapter
were proven to be tight PLS-complete and the weights involved are of exponential
size. In all our reductions, we preserve the overall structure and range of the weights
of the given input instance we reduce from. Usually, we also introduce additional
weights which are not part of the input instance. They belong to auxiliary gadgets
which are specific to the reduction. The weights involved are either of size one or
such that a single weight exceeds the sum of all weights in a given instance.

7.1.2 The General Technique of Our Reductions

For all hardness results given in Section[7.2] we first present the core ideas in a nutshell
in the respective subsections before stepping into the corresponding reduction. Similar
to many non-trivial reductions in PLS [4, 27, 3T, ©95] 98, [104], each reduction (P, V)
typically consists of two parts: In one part, we encode a given instance I of the input
problem in instance ®(I) in a rather direct manner, while preserving the overall
structure and range of the weights in I. In the other part, which is specific to the
reduction and represents a large part of our contribution, we introduce auxiliary
gadgets that enforce a particular structure in all locally optimal solutions. Eventually,
these gadgets ensure that all locally optimal solutions in ®(I) correspond to locally
optimal solutions in I. Similar to our constructions, our proofs also consist of two
parts:

1. First, we show that all locally optimal solutions in F(®(I) use the gadgets as
intended. As a side-effect, this also yields an insight view of the structure of
locally optimal solutions in ®(I). Depending on the reduction, we call these
solutions standard solutions or to be consistent for some property.

2. Second, we show that all locally optimal solutions in F(®(I) correspond to
locally optimal solutions in F(I) under the corresponding reduction (®, V).
Part [1l now allows to concentrate on the set of all consistent or standard
solutions.

Let us stress that reducing from (3,2, x)-MCA (resp. (3,2, *)-MINCA) is crucial for
us to show exact bounds on the tractability of SETPACKING (resp. SETCOVER). In
general, we believe that reducing from very restricted but PLS-complete versions of
the MAXIMUM CONSTRAINT ASSIGNMENT problem might prove useful for establishing
that further PLS problems with small parameters are PLS-complete.
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7.2 The PLS-Complexity of Weighted Standard Set
Problems

In this section, we investigate the complexity of computing locally optimal solutions for
the weighted standard set problems introduced in Section[2.2.4]and prove Theorems|[7.]]
and [7.2]

Roadmap of this Section We first present the necessary assumptions and pre-
liminaries for our reductions in Subsection [7.2.1] In Subsections [7.2.2]7.2.10] we
study the PLS-complexity of W3DM-(p, q) and X3C-(k) (Subsection [7.2.2)), SP-(k)

(Subsection [7.2.3)), SSP-(k) (Subsection [7.2.4), SC-(k) (Subsection [7.2.5)), TS-(k)
(Subsection [7.2.6), SB-(k) (Subsection [7.2.7), HS-(k) (Subsection [7.2.8), IP-(k) (Sub-
section [7.2.9), and CC-(k) (Subsection [7.2.10). The proof of tightness for all our
reductions follows a common pattern and therefore, we present a generalized proof
of tightness in Subsection [7.2.11] All our intractability results are cumulated in
Theorem all our tractability results in Theorem both theorems are presented
in Subsection [7.2.12

7.2.1 Assumptions and Preliminaries

In this subsection, we present the assumptions and preliminaries for the problems
we reduce from. In general, for a given instance I of a PLS problem we reduce
from, let W € IN be larger than the sum of all weights occurring in I; details
for the corresponding problems are provided below. Recall that MAXCUT and
(h)-CNFSAT are tight PLS-complete for some fixed h € IN [67), 95| [104], as outlined
in Subsections [3.1.3| and [3.1.4] By Theorem in Chapter [6] (3,2,7)-MCA and
(3,2,7)-MCA3 par are tight PLS-complete for all 7 > 3. By Lemma [6.1]in Chapter [6]
all intractability results for (p, q,r)-MCAj_par extend to (p,q,7)-MINCAj_pa, for all
p,q,7, k € IN; hence, (3,2,7)-MINCA is also tight PLS-complete.

MaxCut Let I = (G = (V, E),w) € Dyic be a given instance of MAXCuT. Without
loss of generality, we assume that V = {1,...,n} and G = (V, E) is a clique, i.e.
there exists an edge {u,v} € E for each pair of nodes u,v € V with u # v. Finally,
denote W > 143" _pw(e).

Minimum/Maximum Constraint Assignment and (h)-CNFSat Let [ = (C,X') be
a given instance of D32 r)-MCAs s D3,:2,)-McA OF D320 mivca for some r € IN.
Without loss of generality, we assume that each constraint C; € C has length 3, every
variable z € X appears in 2 constraints and takes values from [r]. Furthermore, the
function value of each constraint C; € C for every assignment is strictly larger than 1.
Otherwise, we can ensure the latter property by adding a constant offset of 2 to the
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function value of each constraint for every assignment. Denote

W> Zoi($i17xi2,dfi3)€c Za(xil),a(xi2),a(xi3)€[r}3 Ci(a(xil)’ a(xiQ)’ a(xig))'
With slight abuse of notation, we denote the variables occurring in a constraint in
also as literals. Let I' = (C', X') € D).cNFsar for some h € IN, be a given instance
of (h)-CNFSAT. In that case, denote W > 3, w;. With slight abuse of notation,
we also denote the variables occurring in a clause in I” as literals; for each variable
x € X' which is negated in a clause by its constant b, we denote its literal by Z.

7.2.2 On the Complexity of Weighted-3-DimensionalMatching-(p, q)
and Exact-Cover-By-3-Sets-(k)

In this subsection, we first show that WEIGHTED-3-DIMENSIONALMATCHING-(p, q)
is PLS-complete for all p > 6 and ¢ > 12. We present the reduction function ¢ and
the solution mapping ¥, which are both slight modifications of a reduction proving
that W3DM-(9, 15) is PLS-complete, presented in [30]. We also use the notation
presented therein. Given an instance I = (C, X) € D3 )-MCAs_pa,» fOr some r € IN,
we construct an instance ®(I) = (N,w) € Dywspui(s,12), consisting of a positive
integer N € IN and a weight function w : [N]3> — INg that maps triples to positive
integer weights. Recall that for I, we assumed that every constraint has length three
and each variable appears in two constraints. Furthermore, the function value of each
constraint C; € C for every assignment is strictly larger than 1. By definition, the set
of variables X in instance [ is 3-partite, using the colors blue, red, and white. Note
that each subset of the set of variables with a certain color has cardinality |X'|/3.

Instances of WEIGHTED-3-DIMENSIONALMATCHING-(6,12) constructed by our
reduction (®, ¥) can be transformed into instances of EXACT-COVER-BY-3-SETS-(6)
such that local optima coincide, by defining each triple as a 3-element set which
possesses the weight of the corresponding triple. Therefore, our reduction is also
applicable to EXACT-COVER-BY-3-SETS-(6) with the same general construction.
This eventually shows that EXACT-COVER-BY-3-SETs-(k) is PLS-complete for all
k > 6.

The Reduction

In a nutshell, the main idea is to mimic assignments of literals to values in each
constraint with triples which possess the function value of the corresponding constraint
for the given assignment. An additional gadget ensures that in every locally optimal
assignment, all variable assignments induced by the assignment of the respective
literals are consistent.

In more detail, given instance I, let o be some order of the variables by their first
and second appearance in C. We define N := 2. (r - |X| 4+ |X|/3) and introduce
the following weight function w for constructed triples; we categorize the triples by
functionality:
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Figure 7.1: Gadgets assign(i, x) for a blue, a red, and a white variable with two large
triples (solid triangles) and two medium triples (dashed triangles).

Forcing a Consistent Assignment We define the three sets

B :={bi(i) |z e X,icr],s€[2]} U{bi(0)]|x € X is a blue variable, s € [2]},
G:={gi(i) |z e X,i€[r],s € 2]} U{gE(0) | z € X is a red variable, s € [2]}, and
H:={hi(i) |z e X,ie€[r],s € 2]} U{hi(0)|x € X is a white variable, s € [2]},

each of cardinality N. For every blue variable x € X and i € [r], we define a gadget
assign(i, x) consisting of two large triples

(b1(0), g7 (¢), A1 (4)) and (b3(0), g3 (2), h3 (7))

of weight TW and two medium triples

(b1(2), 91 (0), h3 (7)) and (b3(4), g5 (2), 7 (7))

of weight 2W. We depicted a gadget assign(i, x) in Figure for some blue variable
x € X and i € [r]. For every red variable y € X and j € [r], we define a gadget
assign(j,y) consisting of two large triples

(b1(4), 91(0), {(5)) and (b5(5), 95(0), h3())
of weight 7TW and two medium triples
(61(4), 91 (4), h3(5)) and (b5(5), 95(5), 1 (4))

of weight 2W. We again depicted a gadget assign(j,y) in Figure for some red
variable y € X and j € [r]. For every white variable z € X and ¢ € [r], we define a
gadget assign(/, z) consisting of two large triples

(b1(6), g7 (€), h1(0)) and (b5(€), g5 (), h3(0))
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of weight 7TW and two medium triples
(b1(€), 95(£), hi(€)) and (b5(£), g7 (€), h5(£))

of weight 2W. We again depicted a gadget assign(¢, z) in Figure for some white
variable z € X and ¢ € [r].

Evaluating the Assignment Without loss of generality, let x € X’ be a blue variable,
y € X be a red variable, and z € X be a white variable. For every constraint
C(z,y,z) € C,i,7,L € [r], and s,t,u € [2], where, with respect to o, = appears for
the s-th, y appears for the ¢-th time, and z appears for the u-th time, we define small
triples

(b5 (0), g7 (4), ha (6))

of weight C(1, 7, ¢). All other triples have weight zero. This terminates the description
of the reduction function ®(7).

Standard Solution Extending the definition from [30], we define a standard solution
as a solution S € F(®([)), consisting of an assignment part and an evaluation part,
of the following form:

1. Considering the assignment part, for every blue variable x € X’ there exists
some i € [r], such that for all s € [2], large triples (b%(0), gZ(3), h%(7)) € S. For
all o € [r], 0 # 4, medium triples (b (0), g7 (0), h3(0)), (b5(0), g5 (0), hi(0)) € S.
For every red variable y € X there exists some j € [r], such that for all
s € [2], large triples (b%(j),94(0),h%(j)) € S. For all p € [r],p # j, medium
triples (5¢(p), 6!(p), 4(p)). (4(p), g4(p), hY(p)) € S. For every white vari-
able z € X there exists some ¢ € [r], such that for all s € [2], large triples
(03(€),95(€),h5(0)) € S. Forallg € [r],q # ¢, medium triples (b5(q), 95(q), hi(q)),
(03(9), 97 (a), h3(q)) € S.

2. Considering the evaluation part, let x,y, 2 € X such that large triples for x,y,
and z in S are from gadgets assign(i, z), assign(j,y), and assign(¢, z) for some
i,7,¢ € [r]. Furthermore, let x be a blue variable, y be a red variable, and
z be a white variable, without loss of generality. Then, for every constraint
C(z,y,2) € C and s,t,u € [2], where x occurs for the s-th, y occurs for the
t-th time, and z occurs for the u-th time, with respect to o, the small triple

(bZ(i), 9Y (§), hZ(0)) € S.

Solution Mapping Again extending [30], if S € F(®(I)) is a standard solution, then
U(1,S) :=a with a: X — [r], where for all x € X

i if x is a blue variable and (b7(0), g§ (), h7(7)) € S for some i € [r]
a(xz):=qj if x is a red variable and (b7(j), g7(0),h{(j)) € S for some j € [r]
(£), 91 (

¢ if = is a white variable and (b7(¢), g7 (¢), h{(0)) € S for some ¢ € [r].
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If S € F(®(I)) is not a standard solution, then ¥ (I, S) returns the solution a computed
by algorithm INIT (35 ). Mc A3_par(l ). This terminates the description of the reduction.
O

Lemma 7.1. Every locally optimal solution S € F(®(I)) is a standard solution.

Proof. For sake of completeness, we present the proof of the lemma, as it is similar
to the proof of Lemma 1 presented in [30]. Let S € F(®(I)) be a locally optimal
solution. In the following, let x € X be a blue variable, without loss of generality.

Roadmap of the Proof of the Lemma

With variable x fixed, the proof splits into three parts. The first two parts show that
S contains an assignment part of a standard solution. The third part then shows that
S contains an evaluation part of a standard solution. In more detail, we present the
following:

1. First, we show that there exist i,j7 € [r] such that the two large triples
(67(0),¢7(2),hT (7)) and (b5(0),95(j),h5(j)) are in S. For every gadget as-
sign(x, z) without a large triple in S, we prove that there are two medium triples
in S.

2. Then, we prove that the two large triples are on the same gadget assign(i, x)
for some i € [r].

3. Finally, we show that all remaining small triples in S are chosen such that S is
a standard solution.

: Two Large Triples and Two Medium Triples First, consider the large triples.
Without loss of generality, assume that for all ¢ € [r] triple (b7(0), g7 (¢), hi (7)) & S.
We construct a better neighboring solution that contains (67(0), g7 (i), h{ (7)) for some
i € [r]. On gadget assign(i, z), the large triple (b7(0), g7 (2), h{(i)) of weight TW is
built. The necessary elements b7(0), ¢ (i), and h{(i) are in at most three triples,
each of weight at most 2W. Thus, we substitute a total of at most three triples to
obtain a strictly better neighboring solution.

Now, consider the medium triples. Assume there exists some j € [r] such that no
large triple and not both medium triples from gadget assign(j, ) are in S. Without
loss of generality, let (b7(j),g7(j),h5(j)) € S. On gadget assign(j, ), the medium
triple (bY(7),97(7),h5(j)) of weight 2W is built. The necessary elements are in at
most three triples of total weight at most W. Thus, we again substitute a total of
three triples to obtain a strictly better neighboring solution.

([2): Two Large Triples On A Single Gadget By ({1, there are two large triples in
S for variable x. Assume that these large triples are placed on two different gadgets
assign(i, z) and assign(j,z) for some ¢, € [r] with i # j. In detail, let large triples
(05(0),95(i),h%(i)) € S and (b7(0),g7(j),h7(j)) € S, without loss of generality. We
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Figure 7.2: Construction of a better neighboring solution, described in (2.
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depicted this situation in the upper part of Figure [7.2] Note that by construction,
there are no medium triples from gadgets assign(i, x) or assign(j, ) in S. We construct
a better neighboring solution by removing the large triple (b7(0), g7 (), h{(j)) from S.
Additionally, on gadget assign(i, z), the large triple (b7(0), g7 (7), h7 (7)) of weight TW
is built. On gadget assign(j, ), the two new medium triples (b(7), g7 (), h5(j)) and
(03(5),95(5), h{(4)), each of weight 2W, are built. We depicted the better neighboring
solution in the lower part of Figure Elements b7(0), g7(j), and h{(j)) are in
the given large triple from gadget assign(j, z). The remaining elements ¢7 (i), h(7),
bi(4), h&(4), b5(5), and g5 (j) are in at most six triples. Our construction does not
alter the number of large triples and yields an additional two medium triples, each of
weight 2W. All triples which are decomposed to obtain the necessary elements for
the large triple on gadget assign(i,z) and for the medium triples on assign(j, ) have
total weight at most W. Thus, we replace a total of at most six triples to obtain a
neighboring solution of strictly higher cost.

: Small Weights The above two parts show that S contains an assignment part
of a standard solution. By definition, for every variable z € X, there exists some
i € [r] such that the two large triples are from the same gadget assign(i, z). For every
blue variable z € X this implies that elements b7 (i) and b3(i) are not in any large or
medium triple in S; analogously for the respective elements for every red and white
variable. Without loss of generality, for some s,t,u € [2] and i, j,¢ € [r] let z € X be
a blue variable, y € X be a red variable, and z € X be a white variable such that
b2 (i), g{(j), and hZ(¢) are not in any large or medium triple. Let C(z,y,2) € C be
such that x appears for the s-th time, y appears for the ¢-th time, and z appears
for the u-th time with respect to the given ordering o. Recall that by assumption,
the function value of each constraint C; € C for every assignment is strictly larger
than 1. Assume that S deviates in the evaluation part for constraint C(x,y, z). Thus,
elements b% (i), g/ (j), and hZ(¢) are in at most three triples, each of weight zero.
By building the small triple (b%(i), g/ (j),hZ(¢)) of weight C(i,j,£), we replace at
most three triples of total weight zero to obtain a neighboring solution with strictly
improved cost. 0

Lemma 7.2. (3,2,7)-MCA3_per <pis W3DM-(p, q) for allp > 6, ¢ > 12, and r € IN.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(I),
but ¥(1,S) is not locally optimal for I. By Lemma S is a standard solution.
Since ¥(1,S) is not locally optimal for I, there exists a (without loss of generality)
white variable z € X in instance I € D3 ).MOA3.,,,» Which can be set from value
i € [r] to some value j € [r] such that the objective function strictly increases by some
A > 0. Let variable z appear in constraints C,, C; € C. The neighboring solution S’
of S, where the two large triples are on gadget assign(j, z) and two medium triples
are on each gadget assign(¥, z) for ¢ € [r] with ¢ # j, and all small triples are chosen
such that S’ is a standard solution improves the cost of S by A, by construction. A
contradiction to S being locally optimal.

115



Chapter 7 On the Complexity of Local Search for Weighted Standard Set Problems

Now, consider the number of boys and girls, which move to new homes. The above
described exchange involves the six triples

(*7 >'(7 h”]z:(o))7 (*7 *7 h;(o))7 (*7 *7 hi(z))7 (*7 *7 h;(z))7 (*7 *7 hi(ﬂ))’ and (*7 *7 hé(]))

The involved homes are hj(i) and h3(i) from gadget assign(i, z), homes hj(j) and
h3(j) from gadget assign(j, z) and homes h{(0) and h3(0) which are in each gadget
assign(*, z). On gadget assign(i, z), girl ¢5(i) and boy b7 (i) move to home hj(i), and
girl g7 (i) and boy b3(i) move to home h3(i). On gadget assign(j, x), girl ¢7(j) and
boy b7 (j) move to home h7(0), and girl g5(j) and boy b5(j) move to home h3(0). All
four boys and girls in small triples move from homes h3(i) and hf(i) to respective
homes h3(j) and hj(j). Thus, 12 boys or girls move to new homes. For all red (resp.
blue) variables which switch assignment, at most 10 boys or girls move to new homes;
note that the smaller number in this case arises from both boys (resp. girls) in small
triples remaining in their respective homes. U

7.2.3 The Exact Complexity of SetPacking-(k)

In this subsection, we prove that SETPACKING-(k) is PLS-complete for all k£ > 2 and
polynomial-time computable for k = 1. Given an instance I = (C, X') € D(39,.-mcA
for some r € IN, we construct an instance ®(I) = (M, w, m) € Dgp.(2), consisting of
a collection M from a finite set B, a weight function w : M — Ny that maps sets
in collection M to positive integer weights, and a positive integer m < |M|. Recall
that for I we assumed that each constraint C; € C has length 3, every variable x € X
appears in 2 constraints and takes values from [r]. Furthermore, the function value
of each constraint C; € C for every assignment is strictly larger than 1.

The Reduction In a nutshell, the main idea is to define sets which represent as-
signments of literals to values in each constraint such that inconsistent assignments
intersect. The weight of a set corresponds to the function value of the constraint,
for the variable assignment the set represents. Additional sets of weight 1 which are
pairwise disjoint from all other sets we introduce offer a relatively small incentive in
situations where sets intersect in a solution.

In more detail, given an instance I, let o be some order of the variables by their
first and second appearance in C. We create an instance ®(I) of SP-(2) with m := |C|.
Sets in collection M consist of elements from the finite set

B:={e,ci|iem|}U{x; |z e X,iec]r]}
Collection M consists of the following sets: For all i € [m], we introduce a set

CPF = {e;} of weight w(C?”) := 1 in M. For each constraint C;(u,v,w) € C and
every assignment a, b, ¢ € [r], we introduce a set C’f’b’c of weight W(C’f’b’c) :=Ci(a,b,c)
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in M. Here, set C’f’b’c = {¢;} UU, UV, UW,, where

{uq} if u € X appears in C;(u,v,w)
U, := for the first time with respect to o
{ui,...,ug—1,Ua41,-..,ur} otherwise;

analogously for V;, and W,.. We call an element z; for some variable z € X and
assignment j € [r] contained in a set from M due to the first appearance of z, with
respect to o, direct representative of x. For i € [m], denote

T = {C¥" | C2" € M, a,b,c € [r]}.

We say that a collection Z; or a set C*° for some a, b, ¢ € [r] and i € [m] is incident
to a collection Z; for some j € [m] if the constraints C;, C; € C have a common
variable.

Solution Mapping We call a solution S € F(®(I)) set-consistent if |S| = m and
for each ¢ € [m] there is exactly one set C' € in S for some a,b, ¢ € [r], which is
pairwise disjoint from all other sets in S. If solution S € F(®(I)) is set-consistent,
then function ¥(I,S) := a with a : X — [r], where for each set C;"** € S and

every direct-representative z; € C’;’*’*, a(x) := j for variable x € X. If S is not
set-consistent, then the assignment a computed by INIT (39 ,).mca(f) is returned.
This terminates the description of the reduction. O

Lemma 7.3. Every locally optimal solution S € F(®(I)) is set-consistent.

Proof. First, assume there exists a locally optimal solution S’ € F(®(I)) with |S'| < m.
By pigeonhole principle and the construction of our reduction, this implies that there
exists a set 57 € M with j € [m] which is not in S'. Adding C5* to S strictly
improves the cost of S’, since by construction C’fp is pairwise disjoint from all sets in
M. A contradiction to S’ being locally optimal.

Now, let S’ € F(®(I)) be a locally optimal solution. We distinguish the following
two cases:

1. First, assume there exists a set C} € in S’ for some a,b,c € [r] which is not
pairwise disjoint from all other sets in S’. Note that this includes the case that at
least an additional set Cg’e’f for some d, e, f € [r]isin §'; sets Cf’b’c, C’g’e’f eM
are not disjoint, since they share element c¢; € B, by construction. By definition
of SETPACKING-(2), C}' ¢ does not contribute to the cost of S’. By pigeonhole
principle and the construction of our reduction there exists a set C3" € M for
some j € [m] which is not in S’. Exchanging set C' be e S for set C;P eM
strictly improves the cost of §', since W(C]SP) =1 and Cfp is pairwise disjoint
from all sets in M. All other sets which did intersect with C;' ¢ may only
become pairwise disjoint and thus improve the cost of S’. A contradiction to S’
being locally optimal.
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2. Now, assume there exists an i € [m] such that no set from Z; is in S’. Let Z; be
incident to collections Z,, Z,,, and Z,, with o, p, ¢ € [m]. By item we have that
for every j € [m], at most one set C; ** ¢ S which is pairwise disjoint from
all other sets in S’. If present in S’, assume that sets Cg'™", Cg’*’*, Cy*red
for some a,b,c € [r]. As shown above, |S'| = m and by assumption, no set

from Z; is in S’ This implies that there exists a set C5" € S’ for some j € [m].

Exchanging set C;P € §' for set C}' ¢ e M—if sets from incident collections are
not present in S’, choose an arbitrary value for the respective variable—strictly
increases the cost of §', since C' be g pairwise disjoint from all sets in S’ by
construction and W(Cf’b’c) > w(C5"), by assumption on I. A contradiction to
S’ being locally optimal.

O

Lemma 7.4. (3,2,r)-MCA <, SP-(k) for all € N and k > 2.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for
®(I), but ¥(I,S) is not locally optimal for /. By Lemma[7.3] S is set-consistent.
Since ¥(1,S) is not locally optimal for I, there exists a variable z € X in instance
I € D(32,)-Mmca, which can be set from value i € [r] to some value j € [r] such
that the objective function strictly increases by some A > 0. Let variable x appear
in constraints Cp(x,*, %), Cq(x,*,*) € C. Exchanging the sets C’Z,’*’* and C’é’*’*
for sets Cg’*’* and Cg’*’* in S yields a set-consistent neighboring solution and by
construction this strictly increases the cost of S by A. A contradiction to S being
locally optimal. O

Despite the intractability result for SETPACKING-(k) for all k > 2, it is possible to
compute a locally optimal solution of all instances I € Dgp_(q) in polynomial time.

Lemma 7.5. SETPACKING-(1) is polynomial-time solvable.

Proof. Given an instance I = (M, w, m) € Dgp.(1), we use the following algorithm
GREEDYPACKING: Starting from the initial feasible solution S := (), process all sets
in M by weight in descending order and add the heaviest yet unprocessed set to S, if
it is disjoint from all sets S; € S and |S| < m after the addition. In order to prove
that each solution computed by GREEDYPACKING is locally optimal, assume that
GREEDYPACKING terminated and the returned solution S € Fgp_(1y(I) is not locally
optimal. We distinguish the following three cases, where the cost of S can be strictly
improved:

1. Assume there exists a set S; € M with S; € S which can be added to S.
This implies that S; is pairwise disjoint from all sets in S and |S| < m. Thus,
GREEDYPACKING would have included set .S;. A contradiction.

2. Assume there exists a set S; € S which can be deleted from S. This implies
that S; intersects with some set from S and GREEDYPACKING would have not
included S;. A contradiction.
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3. Assume there exists a set S; € S which can be exchanged for some set Sy € M
with Sy & S. This implies that Sy is pairwise disjoint from all sets in S\ {S;}
and w(Sg) > w(S;). Thus, GREEDYPACKING would have included S,. A
contradiction.

7.2.4 On the Complexity of SetSplitting-(k)

In this subsection, we prove that SETSPLITTING-(k) is PLS-complete for all k£ > 1.
Given an instance [ = (G = (V, E),wnmc) € Dmc, we construct an instance ®(1) =
(M,w) € Dggp (1) consisting of a collection M from a finite set B and a weight
function w : M — Ny that maps sets from collection M to positive integer weights.

The Reduction SETSPLITTING is also known as HYPERGRAPH-2-COLORABILITY
and we use a reduction which does not involve additional gadgets: From instance
I, we define an instance ®(I) of SSp-(1) with the finite set B := V. For every edge
e = {u,v} € E, we introduce a set €*°" := {u, v} in M with w(e%%") := wyic(e). Here,
for each solution S = (51, S2) € F(®(I)), function ¥(1,S) := p with p: V' — {0, 1},
where p(u) := 0 for all nodes u € S; and p(v) := 1 for all nodes v € Sy. This
terminates the description of the reduction. O

Lemma 7.6. MAXCUT <, SSP-(k) for all k > 1.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(I),
but W(I,S) is not locally optimal for I. This implies that there exists a node v € V
in instance I € D¢ which can switch partition such that now edges e;,,...,e;, € F
with iy,...,i,,p € [|E|] are in the cut, edges ej,,...,e;, € E with ji,...,j4,q €
[|E]] \ {i1,...,ip} are not in the cut and the cost of W(I,S) strictly increases by
A > 0. By construction, this implies that in ®(7), element v € BB can switch partition
and in the resulting neighboring solution S’ = (S, 52) sets €35 ..., e € M are

TRERRREA
not entirely contained in either S or S and sets e", ... ,e?qs" € M are entirely
contained in either S7 or Se. By definition of w, this strictly increases the cost of S

by A. A contradiction to S being locally optimal. O

7.2.5 The Exact Complexity of SetCover-(k)

In this subsection, we prove that SETCOVER-(k) is PLS-complete for all k > 2 and
polynomial-time computable for £ = 1. Given an instance I = (C, X) € D(32,)-MnCA
for some 7 € IN, we construct an instance ®(I) = (M, w) € Dgc_(), consisting of a
collection M from a finite set B, and a weight function w : M — Ny that maps sets
in collection M to positive integer weights.

The Reduction In a nutshell, the main idea is to reuse the encoding of literal as-
signments and constraints as sets, presented for SETPACKING-(2) in Subsection

119



Chapter 7 On the Complexity of Local Search for Weighted Standard Set Problems

such that for every consistent assignment of literals to values, there exists a covering
where no element is covered by two sets of the solution. Shifting the weight of each
set by a large constant incentivizes dropping sets which cover elements more than
once.

In more detail, given instance I, let o be some order of the variables by their first
and second appearance in C. We create an instance ®(7) of SC-(2) with m := |C|
and the finite set

B:={c|ie[m]}U{x;|xeX,iec]r]}.

For each constraint C;(u,v,w) € C and every assignment a, b, ¢ € [r], we introduce a
a,b,c .
set C;"7" of weight

w(C™€) .= Ci(a,b,c) + W

in M. Here, set C*"“ is defined as in Subsection [7.2.3]

Solution Mapping The definition of an incident set or collection, a set-consistent
solution, and the solution mapping ¥(I,S) is as in Subsection , except that
for each solution, which is not set-consistent, the assignment a, with a : X — [r],
computed by INIT(3 2 -).Minve A([) is now returned. This terminates the description of
the reduction. O

Lemma 7.7. Every locally optimal solution S € F(®(I)) is set-consistent.

Proof. Note that by the construction of our reduction and the definition of F(®([I)),
|S| > m for each solution S € F(®([I)); otherwise this would imply that there exists
an element ¢; € B for some ¢ € [m] which is not contained in the union of all sets in S.
This also implies that for all ¢ € [m] there exists a set Cf’b’c € S for some a, b, c € [r].

Assume there exists a locally optimal solution S’ € F(®(I)) with |S'| > m. By
pigeonhole principle and the construction of our reduction, this is implies that there
are two sets Cia’b’c and C’id’e’f of total weight at least 2W in S for some i € [m] and
a,b,c,d,e, f € [r]. Note that sets Cf’b’c and C’Z-d’e’f are not disjoint. By assumption,
S’ is a feasible solution and therefore, there exist sets C;""", Cf’*’*, ciet e s for
some 0,p,q € [r] and h,j,¢ € [m] from collections 7, Z;, and Z, incident to sets
C;Lb’c, C’id’e’f € S'. Exchanging the two sets C’?’b’c, C’Z-d’e’f for set C7"" yields a feasible
neighboring solution and strictly decreases the cost of S, since w(C;""'?) < 2W, by
construction. A contradiction to S’ being locally optimal.

Assume there exists a locally optimal solution S’ € F(®(I)) with |S'| = m. By
pigeonhole principle and the first part of the proof, there exists exactly one C}' be g
for all ¢ € [m] and some a,b, ¢ € [r] which is now pairwise disjoint from all other sets
in S'; otherwise, there exists an element x € B which is not contained in the union of

all sets in S'. O

Lemma 7.8. (3,2,r)-MINCA <, SC-(k) for allr € N and k > 2.
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Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for
®(I), but ¥(I,S) is not locally optimal for I. By Lemmal(7.7, S is a set-consistent
assignment. Since W(/,S) is not locally optimal for I, there exists a variable x € X in
instance I € D32 r)-MivcA, Which can be set from value i € [r] to some value j € [r]
such that the objective function strictly decreases by some A > 0. Let variable x
appear in constraints Cp(x, %, *), Cy(x, *, %) € C. Exchanging sets Cé’*’* and C’é’*’* for
sets C{;’*’* and C’g’*’* in S yields a feasible and set-consistent neighboring solution
and by construction, this strictly decreases the cost of S by A. A contradiction to S
being locally optimal. O

Despite the intractability result for SETCOVER-(k) for all k > 2, it is again possible
to compute a locally optimal solution of all instances I € Dgp_(1) in polynomial time.

Lemma 7.9. SETCOVER-(1) is polynomial-time solvable.

Proof. Given an instance I = (M,w) € Dgc.(1), we use the following algorithm
GREEDYCOVER: Starting from the initial feasible solution S := M, process all sets in
S by weight in descending order and remove the heaviest yet unprocessed set, if S is
still a legal cover of B after the removal. In order to prove that each solution computed
by GREEDYCOVER is locally optimal, assume that GREEDYCOVER terminated and
the returned solution S € Fgp_(1)(/) is not locally optimal. We distinguish the
following two cases, where the cost of S can be strictly decreased:

1. Assume there exists a set S; € S which can be removed. This implies that S is
still a legal cover of B after the removal of S;. Thus, GREEDYCOVER would
have removed set S; as well. A contradiction.

2. Assume there exists a set S; € S which can be exchanged for a set S; € M with
S; &S and w(S;) < w(S;). This implies that set S; of smaller weight covers all
elements B\ Ug,e(s\(s,}) St 1 €. all elements which are uncovered if .S; would
be removed from S. Since S; has larger weight and S’ := (S\ {S;}) U{S;} is still
a legal cover, GREEDYCOVER would have deleted S; from S. A contradiction.

g

A Remark on the Maximum Size of the Sets

In the literature, the two problems SETPACKING and SETCOVER are often considered
when each set is of small size. For this, the maximum cardinality of each set in
every instance is fixed to a constant £ € IN. The problems are then referred to as
WEIGHTED-/-SETPACKING and WEIGHTED-/-SETCOVER. For WEIGHTED-/-SET-
PACKING, the restriction to sets of size at most £ properly includes multi-dimensional
matching problems [I§]. The WEIGHTED-/-SETCOVER is of practical relevance, as
for example Goldschmidt et al. [42] cite applications in the semiconductor industry
and in manufacturing. The quality of approximation algorithms for WEIGHTED-/-
SETPACKING and WEIGHTED-/-SETCOVER is measured in dependence on ¢ with
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an established set of algorithms [18, 47, (53] and inapproximability results [49, [50].
We now take a closer look at the maximum cardinality of each set in our results for
SETPACKING-(k) and SETCOVER-(k) for all k > 2.

In our investigation of SETPACKING-(k) and SETCOVER-(k) in Subsections
and our primary objective was to show intractability for all k£ > 2, regardless
of the maximum cardinality of each set. For sake of presentation, we chose not
to implement the following improvements directly, but rather present them here:
When using the PLS-completeness of (3,2,3)-MCA and (3,2,3)-MINCA presented
in Theorem and Lemma in Chapter [f] as an advanced starting point, the
reductions for SETPACKING-(2) and SETCOVER-(2) both create collections where
each set has at most 24+2+2+1 = 7 elements. This maximum number of elements is
reached in each set that models a constraint, where all three variables appear for the
second time. The maximum size of the sets can be further lowered by the following
two observations:

1. First, recall that by Theorem in Chapter @ (3,2,3)-MCA3 pa is tight PLS-
complete. By merging two colors, this implies that the subclass of (3,2, 3)-MCA
where all variables are bi-colored such that no constraint is monochromatic is
also PLS-complete. This implies that for a fixed instance I € D(323).MCA5 par
there exists an ordering of the variables by first and second appearance in the
set of constraints such that not all variables appear for the second time in each
constraint. Therefore, for each instance ®(I) € Dgc.(2), the maximum number
of elements in each set created by the reduction for SETCOVER-(2) is now at
most 2+2+14+1=6.

2. Additionally, we can conclude from Theorem[6.1]in Chapter [6]that there exists an
ordering of the variables by first and second appearance in the set of constraints
such that in I not all variables appear for the first time. This can be used in
the reduction for SETPACKING-(2). Note that for an instance ®(I) € Dgp_(3),

all pairwise distinct sets for each i € [m] also intersect in elements other than

il

¢;, by construction. Hence, element ¢; € B can be removed from each set C’:
in ®(I). In combination, this lowers the maximum number of elements in each
set in ®(I) € Dgp_(9) to 2+2+1=5.

7.2.6 On the Complexity of TestSet-(k)

In this subsection, we prove that TESTSET-(k) is PLS-complete for all £ > 1. Given
an instance I = (G = (V,E),wmc) € Dwmc, we construct an instance ®(I) =
(M,w,m) € Drg_(1y. Here, ®(I) consists of a collection M from a finite set B,
a weight function w : B x B — INg that maps tuples of elements of B to positive
integer weights, and a positive integer m < |M|. Recall that for I we assumed that
G = (V,E) is a clique, i.e. there exists an edge {u,v} € E for each pair of nodes
u,v € V with u # v.

122



7.2 The PLS-Complexity of Weighted Standard Set Problems

The Reduction The main idea consists of two parts: On the one hand, we encode
the assignment of each node to a partition in the choice of the respective singleton
sets, in every locally optimal solution. On the other hand, we simulate the evaluation
of the cut in the weight function w. Additional small incentives reward the inclusion
of singleton sets, whereas medium incentives reward the inclusion of unique partitions
for each node.

In more detail, given instance I, we construct an instance ®(I) of T'S-(1) with the
finite set B := {vp,v1 | v € V}. We set m := |V| and define

M = {{vo},{v1} |v eV}

For every edge e = {u,v} € E and k € {0, 1}, we define

w(uy, vg) == wymc(e) + W
w(ty, vg) = W.

For each v € V and « € {0, 1}, we define

w(vg, vg) = 1.

Solution Mapping We call a solution S € F(®([)) positive-element-consistent if
|S| = m and for every set {v.} € S with x € {0,1}, {vg} ¢ S. If solution S € F(®(1))
is positive-element-consistent, then function ¥(I,S) := p with p : V. — {0,1},
where p(v) := k for each {v,} € S with k € {0,1}. If S is not positive-element-
consistent, then the solution p computed by INIT\c(]) is returned. This terminates
the description of the reduction. O

Lemma 7.10. Every locally optimal solution S € F(®(I)) is positive-element-
consistent.

Proof. Assume there exists a locally optimal solution S’ € F(®(I)) with |S'| < m.
Since by construction | M| = 2m, there exists a set {v,} € M with {v,} & S’ for some
k € {0,1}. Recall that by definition |S'| > 1. Adding {v.} to S’ increases the cost of
S’ by at least 1, since w(v,, u) = w(u,v,) > 1 for each {u} € S’, by construction. A
contradiction to S’ being locally optimal.

Assume there exists a locally optimal solution S’ € F(®(I)) such that S’ contains
two sets {vo}, {v1} € §'; recall that by definition, |S'| € [m]. By pigeonhole principle,
there exist sets {ugp}, {u1} € M with {ug},{u1} ¢ S’. Recall that for I we assumed
that G = (V, E) is a clique, i. e. there exists an edge {u,v} € F for each pair of nodes
u,v € V with u # v. Exchanging {vg} for {ug} increases the cost of S, since no
weight W is lost and the additional weights of w(v1,ug) = w(ug,v1) > W dominate
the sum of the weights lost due to the removal of {vg}. A contradiction to S’ being
locally optimal. O

Lemma 7.11. MAXCuUT <5 TS-(k) for all k > 1.
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Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(I),
but ¥(I,S) is not locally optimal for I. By Lemma S is positive-element-
consistent. Since ¥(I,S) is not locally optimal for I, there exists a node v € V' in
instance I € Dy, which can switch partition such that now edges e;,,...,¢e;, € F
with i1,...,4p,p € [|[E]|] are in the cut, edges ej,...,e;, € E with ji,...,j4,q €
[|E]]\ {i1,...,ip} are not in the cut and the cost strictly increases by A > 0. This
implies that in ®(7), set {v.} € S with x € {0, 1} can be exchanged for set {vz} € M.
On the one hand, for every node u € V with u # v for which there is an edge
e¢ = {u,v} with ey € {e;;,...,e;,} we have that set {us} € S and

w(u, Vg) = W(vg, ux) = wae(ee) + W.

On the other hand, for every node z € V with z # v for which there is an edge
er = {z,v} with e; € {ej;,...,¢e;,} we have that set {zz} € S and

w(zg, vz) = w(vg, zr) = W,

by construction. All other pairs of elements of B remain unchanged in S. By definition
of w, this strictly increases the cost of S by 2A. A contradiction to S being locally
optimal. ]

7.2.7 On the Complexity of SetBasis-(k)

In this subsection, we prove that SETBAsIS-(k) is PLS-complete for all £ > 1. Given
an instance I = (C,&X) € D).cnFsar for some h € IN, we construct an instance
(1) = (M,w, m) € Dgp.(1) consisting of a collection M from a finite set B, a weight
function w : M — INg that maps sets in collection M to positive integer weights, and
a positive integer m < |M|. Let us stress that our reduction is independent of the
maximum cardinality ¢ € IN of the sets which may be replaced in an improving step
in ®(7). Recall that parameter ¢ is not part of the input and plays a crucial role in
the definition of SETBASIS-(k) as a PLS problem.

The Reduction In a nutshell, the main idea is to encode every satisfying assignment
of a clause via sets containing the respective literals and possessing the weight of the
clause. This is polynomial in the size of the input since the length of each clause in a
given instance I € Dp).cNFsar 18 at most h. In order for locally optimal solutions to
be a collection of singleton sets, we add large incentives to include singleton sets and
medium incentives to include unique literals for each variable.

In more detail, given instance I, we construct an instance ®(I) of SB-(1) with the
finite set B := {x,z | x € X'} and we define m := |X|. For every z € X, we introduce
two sets

7" = A{x}, C7" = {2}

in M of weight w(C5?) = w(C2?) := 2W. For every z,y € X with x # y, we
introduce four sets

Coy = Az, y}, C3) = {z,y},Cyp = {x, 7}, and C3} := {7,7}
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in M which all have weight w(x) := W. We encode each satisfying assignment
for every clause C; € C by a set containing the corresponding elements from B,
define it to possess the weight of clause Cj, and add it to M. In detail, for every
clause Cy(x;,,...,x;, ) € C of length h; < h and weight w; and every assignment
at{wi,..., @, } = {10, 1} which satisfies clause C;, we introduce sets

CiSB(a) = {(p(l'“), cey SO(:Eth)}v

in M of weight W(C’iSB(a)) := wj, where for all z € {;,,...,z;, },

o(@) im {x if a(z) =1

T otherwise.

Solution Mapping We call a solution S € F(®(I)) single-set-consistent if |S;| = 1
for each S; € S and for every {z} € S, {z} ¢ S. Recall that by definition of
SETBASIS-(k), |S| = m. If solution S € F(®(I)) is single-set-consistent, then function
U(1,S) :=awitha: X — {0,1}, where for all z € X

’@) im {1 if {z} €S

0 otherwise.

If S is not single-set-consistent, then the assignment a computed by INIT (). cNFsar({)
is returned. This terminates the description of the reduction. O

Lemma 7.12. Every locally optimal solution S € F(®(I)) is single-set-consistent.

Proof. Assume there exists a locally optimal solution S’ € F(®(I)) which contains
a set S; € §' with |S;| # 1. By definition of SETBAsIS-(k), |S;| > 0, and therefore
|S;| > 2. Hence, S; is only used in the union of sets which by construction have total
weight strictly less than 2W. By pigeonhole principle, there exists a set {z} € 25
which is not in §’. Exchanging set S; for {z} strictly increases the cost function.
Now, set C3® can be constructed and the weight of C3® is larger than the sum of the
weights of the sets which cannot be constructed any more due to the removal of S;.
A contradiction to S’ being locally optimal.

Assume there exists a locally optimal solution S’ € F(®(I)) which contains two sets
{z},{z} € S’. By pigeonhole principle, there exists a set {y} € B with {y},{y} ¢ 5.
Thus, by exchanging {7} for {y}, the additional sets C3} and CjP can now be
constructed. Consider the remaining changes to the cost function by the levels of
the weights: Set CZ” cannot be constructed any more and set Cj® can now be
constructed; hence, no weight 2W is lost due to the exchange operation. As shown
above, |S;| = 1 for each S; € S. For each two sets CSZ and CSE with {z} € §' and
z # x which cannot be constructed any more, the two sets Cs’f and CZS; can now
be constructed; hence, no weight W is lost due to the exchange operation. Sets Cﬁlyg
and Cp7 both have weight W and this dominates the sum of the weights of the sets
which cannot be constructed any more due to the removal of {Z}. Thus, the cost of
S’ strictly increased. A contradiction to S’ being locally optimal. O
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Lemma 7.13. (h)-CNFSAT <,;; SB-(k) for all k > 1.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(1),
but ¥(I,S) is not locally optimal for /. By Lemma S is single-set-consistent.
Since a = ¥(I,S) is not locally optimal for I, there exists a variable z € X in
instance I € D(j,).cNFsar, Which can be flipped such that in the resulting solution
a’ € F(I), clauses Cj,,...,C;, € C with iy,...,ip,p € [|C|] become satisfied, clauses
Cji,...,Cj, € Cwith ji,..., 54,9 € [|C|]\ {i1,...,4p} become unsatisfied and the cost
strictly increases by A > 0. Without loss of generality, let {x} € S. Now, this implies
that in ®(I), set {} € S can be exchanged for set {Z} € 25. For some clause C; € C,
denote by a/ the assignment of a’ restricted to the set of variables in C;. All sets
sB(al, ) sB(aj )

cot e e M

i1 ip
can be constructed as the union of a subset of sets of S involving {Z}, and all sets

/ /
C§B(ajl) CéB(ajq)
J 7T T e

eM

cannot be constructed as the union of a subset of sets of S. Set C3® cannot be
constructed any more and set CSP can now be constructed; hence, no weight 2W is
lost due to the exchange operation. For each two sets C3 and Cy with {y} € S
and y # x which cannot be composed any more, the two sets C3; and Cp7 can now
be composed; hence, no weight W is lost due to the exchange operation. These are
the only changes. By definition of w, this strictly increases the cost of S by A. A
contradiction to S being locally optimal. O

7.2.8 On the Complexity of HittingSet-(%)

In this subsection, we prove that HITTINGSET-(k) is PLS-complete for all k& >
1. Given an instance I = (C,X) € Dcnrsar, We construct an instance ®(I) =
(M,w,m) € Dyg. (1) consisting of a collection M from a finite set B, a weight
function w : M — INg mapping sets in collection M to positive integer weights, and
a positive integer m < |B|. In this subsection, we say that a set C € M is hit in

solution S € F(®(I)) if C NS # 0.

The Reduction In a nutshell, the main idea is to encode every clause as a set
containing the respective literals which possesses the weight of the clause. In order to
ensure consistency of the induced variable assignment in each locally optimal solution,
we add large incentives to include at least one literal from every variable, but not
both.

In more detail, from instance I, we create an instance ®(I) of HS-(1) with the
finite set B := {z,z | z € X} and we define m := |X|. For every variable x € X, we
introduce a set

Ci® = {z,z}
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in M with w(C®) := W. For every clause, we introduce a single set possessing
the weight of the respective clause which contains the set of variables according
to their positive or negative evaluation in the clause. In detail, for every clause
Ci(x4yy ... ,xihi) € C of length h; € IN and weight w;, we introduce a set

Ci® = {p(@i), -, o(zi )}

in M of weight w(C;'®) := w;, where for all z; € {z;,,...,z;, },

x; ifb; =0
() !Z{_J ’

Z; otherwise.

Recall that by definition of CNFSAT, constants b; take the role of negating variables.

Solution Mapping We call a solution S € F(®(I)) element-consistent if |S| = m
and for every x € S, z ¢ S. If solution S € F(®([)) is element-consistent, then
function W(I,S) := a with a : X — {0, 1}, where for all z € X

’(@) = {1 ifzes

0 otherwise.

If S is not element-consistent, then the assignment a computed by INIToNFsar(]) is
returned. This terminates the description of the reduction. O

Lemma 7.14. Every locally optimal solution S € F(®(I)) is element-consistent.

Proof. Assume there exists a locally optimal solution S’ € F(®(I)) with || < m.
Since |B| = 2m, there exists an element x € B with z,z7 ¢ S’. Thus, adding z to §’
increases the cost of S’, since no weight is lost and set CI'® with w(C®) = W is hit.
A contradiction to S’ being locally optimal.

Assume there exists a locally optimal solution S’ € F(®(I)) such that S’ contains
two elements z,Z € S’. By pigeonhole principle, there exists an element y € B with
v,y € S'. Exchanging x for y in solution S’ increases the cost of S’. All sets of weight
W that were previously hit are still hit. Additionally, set C}® is now hit and w(C}"®)
is larger than the sum of all sets C/'® € M with C;(x,...,x,...,*) € C that where
hit due to the membership of z € §’, by construction. A contradiction to S’ being
locally optimal. O

Lemma 7.15. CNFSar <, HS-(k) for all k > 1.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(I),
but W(1,S) is not locally optimal for /. By Lemma S is element-consistent.
Since ¥(1,S) is not locally optimal for I, there exists a variable z € X in instance I €
DcNFsar, which can be flipped such that clauses Cjy, ..., C;, € C with i1,...,iy,p €
[|C]] become satisfied, clauses Cj,,...,C;, € C with j1,...,7j4,q € [[C|] \ {i1,...,ip}
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become unsatisfied and the cost strictly increases by A > 0. Without loss of generality,
let x € S. Now, this implies that in ®(I), element = € S can be exchanged for element
T € B and now sets C}15, .. ., Ciis € M are hit, and sets CjHls, ol CJI»ZS € M are not
hit; set CH is still hit and those are the only changes. By definition of w, this strictly
increases the cost of S by A. A contradiction to S being locally optimal. O

7.2.9 On the Complexity of IntersectionPattern-(k)

In this subsection, we prove that INTERSECTIONPATTERN-(k) is PLS-complete
for all k > 1. Given an instance I = (G = (V,E),w) € Dyc, we construct an
instance ®(I) = (A4, B, M) € Dip_1) consisting of two symmetric n X n matrices
A = (aij)ijem), and B = (bij); je[n], and a collection M from a finite set B. Recall
that for I we assumed that V = {1,...,n} and G = (V, E) is a clique, i. e. there exists
an edge {u,v} € E for each pair of nodes u,v € V with u # v. In this reduction, we
also assume that for each pair of nodes u,v € V with u # v, the lexicographical order
agrees with the labeling of the nodes, i.e. u < v. In the following, denote v := |V|—1,
the number of incident nodes of each node v € V.

The Reduction In a nutshell, the main idea is for each node v € V and each
assignment of v to a partition to introduce sets of identical cardinality which have
distinct cardinality from all other sets. A set representing a certain assignment of
a partition to v contains elements which encode cuts for all edges where node v is
an endpoint of. If an edge e = {u,v} € F is in the cut by a given partition, then
the intersection of the two corresponding sets for u and v has cardinality two. In
this case, the weight of the edge is added to the solution. Large incentives ensure
that—identified by cardinality—the sets for variables are placed in the right position
in every locally optimal solution.

In more detail, given instance I, define n := |V|. We create an instance ®(/) of
IP-(1) with the finite set

B:={vi|veV,ke{0,1},e ={u,v} € E,u € V,u#v}U
{0t v eV,re{0,1},0 € [v]}.

For every node v € V and & € {0,1}, we introduce a set C;” in M, where
ClF = {ve,ul | e = {u,v} € B,u € Vu# v} U{vl | € € [v]}.
Note that by construction and assumption on I, for every v € V and k € {0, 1},

|Cy-| = 2y +wv. In the n x n matrix A in ®([), we define

2v+1 ifi=j
Qi =
" 2 otherwise
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for all 7,5 € [n] with ¢ < j. In the n x n matrix B in ®(I), we define

b W ifu=w
7 Yw(e)  otherwise, where e = {u,v} € E

for all u,v € [n] with u < v.

Solution Mapping We say that a solution S € F(®(1)) is position-consistent if for
each i € [n], set C7 on position i has cardinality a;. If solution S € F(®(I)) is
position-consistent, then function W(7,S) := p with p: V' — {0, 1}, where p(v) := &
for each C}F € S with x € {0,1}. If S is not position-consistent, then the solution p
computed by INITyc (1) is returned. This terminates the description of the reduction.

O

Lemma 7.16. Every locally optimal solution S € F(®(I)) is position-consistent.

Proof. Assume there exists a locally optimal solution S' € F(®(I)) which is not
position-consistent. This implies that there exists a position i € [n] such that for set
Ci" € S’ on position 7, |C)F| # a;;. Exchanging C}° € S’ for set CIF € M on position
i in S with |CF| = aj; strictly improves the cost of §', since by construction

bii > Z]‘E[n],j>i bij T Zﬁe[n],é<z‘ béi

and entries b;; for all j € [n],j > i and by; for all £ € [n],¢ < i are the only terms
that may be lost in the cost of S’ due to the exchange. A contradiction to S’ being
locally optimal. O

Lemma 7.17. MAXCUT <, IP-(k) for all k > 1.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(I),
but ¥(1,S) is not locally optimal for I. By Lemma , S is position-consistent.
Since by assumption, ¥(I,S) is not locally optimal for I, there exists a node v € V' in
instance I € Dyic, which can switch partition such that now edges ¢;,,...,¢;, € F
with i1,...,4p,p € [[E]] are in the cut, edges ej,,...,e;, € E with ji,...,j4,q €
[|E]) \ {i1,...,ip} are not in the cut and the cost strictly increases by A > 0.
Now, this implies that in ®(I), set C;° € S with x € {0,1} can be exchanged
for set C;° € M on position v in S. By construction, for each ¢y = {u,v} with
e €€y, €},

‘01111: N 01111;:| =2 = ay
and for each e; = {v,z} with e; € {e;,,...,¢;,},
O (1G] = 0 # .

By definition of B, this strictly increases the cost of S by A. A contradiction to S
being locally optimal. O
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7.2.10 On the Complexity of ComparativeContainment-(k)

In this subsection, we prove that COMPARATIVECONTAINMENT-(k) is PLS-complete
for all £ > 1. Given an instance I = (C,&) € D(;).cnrsar for some h € N, we
construct an instance ®(I) = (M, N,w) € Dgc.(1y. Here, ®(I), consists of two
collections M and N from a finite set B and a weight function w : M UN — INj
that maps sets from collections M UN to positive integer weights.

The Reduction In a nutshell, the main idea is to encode every satisfying assignment
of a clause via sets containing the respective literals and possessing the weight of the
clause. This is polynomial in the size of the input since the length of each clause in I
is at most h. Additionally, we add large incentives to include some literal of each
variable and medium incentives to exclude that both literals of a variable are picked
up in every locally optimal solution.

In more detail, given instance I, we construct an instance ®(I) of CC-(1) with the
finite set B := {z,z | x € X'}. For every € X', we introduce a set

X0 ={y,y|lyeX,y+#ua}

in N with w(XZ°) := 2W. This terminates the description of N'. Now, we define
collection M. Let

R, = {y,g|y€X,y7é.I'}

For every x € X, we introduce two sets CS° := R, U{z} and C$° := R, U{Z} in N
with w(CS°) = w(C5°) := W. Let

I¢, == {z,% | x does not appear in clause C; € C}

denote the set of all “fan-out” variables, i.e. all variables in B which are irrelevant for
satisfying clause C; € C. Extending the technique from Subsection [7.2.7], for every
clause C; € C, we encode each satisfying assignment for C; by a set containing the
corresponding elements from B, add all variables irrelevant for satisfying the clause,
define it to possess the weight of clause C; and add it to M. In detail, for every
clause Cj(z;,,...,xi, ) € C of length h; < h and weight w; and each assignment
a:{@iy,. @i, } = JfO, 1} which satisfies clause C;, we introduce a set

CZ,CC(a) = ICz U {So(le)a R @(xzhz)},

in M with W(C’Z.Cc(a)) i= w;, where for all z € {z;,,...,z;, },

o(z) = {a? ifa(z) =1

T otherwise.
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Solution Mapping We slightly modify the definition an element-consistent solution
S € F(®(I)) from Subsection Here, we call a solution S € F(®(I)) element-
consistent if |S| = |B|/2 and for every x € S, T ¢ S. If solution S € F(®(I)) is
element-consistent, then function ¥(7,S) := a with a : & — {0,1}, where for all

re X
1 ifzeSsS
a(z) := .
0 otherwise.

If S is not element-consistent, then the assignment a computed by INITeNFsar(]) is
returned. This terminates the description of the reduction. O

Lemma 7.18. Every locally optimal solution S € F(®(I)) is element-consistent.

Proof. Assume there exists a locally optimal solution S’ € F(®(I)) with |S'| < |B]/2.
This implies that there exists an element z € B with 2,7 ¢ §’. Adding z to S’
increases the cost of §', since now S’ € X5¢. The weight of XS both dominates the
sum of the weights lost due to S’ Z CS€ and the sum of the weights of the remaining
sets in M in which S’ is not entirely contained any more. A contradiction to S’ being
locally optimal.

Assume there exists a locally optimal solution S’ € F(®(I)) with |S'| > |B|/2. By
pigeonhole principle there exists an element y € S’ with § € S'. Removing i € &'
increases the cost of S, since, on the one hand, it does not alter any containment of S’
in sets from A. On the other hand, S’ € Cf'° now and the weight of C;/® dominates
the sum of the smaller weights of sets in M in which S’ is not entirely contained any
more. A contradiction to S’ being locally optimal.

Assume there exists a locally optimal solution S’ € F(®(I)) such that S’ contains
two elements z,7 € S’. The above cases imply that |S'| = |B|/2. By pigeonhole
principle, there exists an element y € B with 3,5 € S’. Thus, exchanging x for y
increases the cost of §', since now S’ ¢ X7, S/ C CS° and still S’ € XE€; the sum
of the weights of X' and C° dominates both the sum of the weights lost due to
§' ¢ Cg° and the sum of the smaller weights of sets in M in which S’ is not entirely
contained any more. A contradiction to S’ being locally optimal. g

Lemma 7.19. (h)-CNFSAT <, CC-(k) for all k > 1.

Proof. Assume there exists a solution S € F(®(I)) which is locally optimal for ®(I),
but W(1,S) is not locally optimal for I. By Lemma S is element-consistent.

Since a := ¥(I,S) is not locally optimal for I, there exists a variable x € X in
instance I € D().cNFsar, Which can be flipped such that in the resulting solution
a’ € F(I), clauses Cj,,...,C;, € C with i1,...,ip,p € [|C]] become satisfied, clauses

Cj,...,Cj, € Cwith j1,...,54,q € [|C]]\ {41, -..,ip} become unsatisfied and the cost
strictly increases by A > 0. Without loss of generality, let z € S. Now, this implies
that in ®(7), element € S can be exchanged for element T € B; call the resulting
solution S’. Note that S C XE€ if and only if S’ C XC€ for all XE€ € N. As in
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Subsection for some clause C; € C, denote by a) the assignment of a’ restricted
to the set of variables in C;. Now, S’ is entirely contained in each set

cc(ay,) cc(agp)

C,, ,...,Cip e M,

and S’ is not entirely contained in each set
cc(agl) cc(a;.q) )
Cy, ,...,qu e M;

furthermore, S’ € CS€ and S’ C CSC. By definition of w, this strictly increases the
cost of S by A. A contradiction to S being locally optimal. 0

7.2.11 Proving the Tightness of the Reductions

In this subsection, we consider the tightness of all reductions presented in Subsec-

tions We prove the following lemma:
Lemma 7.20. All reductions presented in Subsections [7.2.23{7.2.10 are tight.

Proof. First, consider the reduction for SETSPLITTING-(k) in Subsection [7.2.4. When
defining % as Fggp.(1)(®(I)) for a given instance I € Dy, it is obvious to see that
our reduction is tight.

Now, let P be a weighted standard set problem for which we show intractability in
Subsections [7.2.9], [7.2.3] and [7.2.5}{7.2.10] and let I be an instance of P. We define
the set Zp to be the set of all standard or consistent solutions in Fp(®([)), where
the definition of a standard or consistent solution is with respect to P. As shown
in the respective subsections, Zp contains the set of all locally optimal solutions in
Fp(®(I)). An improving step in the given neighborhood leads from a standard or
consistent solution S € Fp(®(I)) to a standard or consistent solution S’ € Fp(®(I)).
Solution ¥(,S’) is a better neighbor of ¥(7,S) and can only differ in the assignment
of a single variable, since, otherwise, this would require a larger neighborhood than
the one given. O

7.2.12 On the Tractability of Weighted Standard Set Problems

Subsections yield the following intractability results for weighted standard
set problems, as introduced in Section [2:2.4}

Theorem 7.1. The problems SSp-(k), TS-(k), HS-(k), SB-(k), IP-(k), and CC-(k)
are tight PLS-complete for all k > 1. The problems SP-(k) and SC-(k) are tight
PLS-complete for all k > 2. The problems W3DM-(k, £) and X3C-(k) are tight
PLS-complete for all k > 6 and £ > 12.

Subsections [7.2.3] and provide the following two tractability results for SET-
PACKING and SETCOVER:

Theorem 7.2. The problems SP-(1) and SC-(1) are polynomial-time solvable.
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7.3 Conclusion and a Discussion of Question [7]

Set problems are fundamental combinatorial optimization problems with a wide range
of applications. In this chapter, we studied the tractability of computing locally
optimal solutions for weighted standard set problems. For almost all problems we
investigated, the neighborhood structure is superimposed by the k-differ neighborhood.
Here, two solutions are mutual neighbors if they differ in at most k& elements which
describe a solution. Before stepping into the PLS reductions, we presented the
general technique of our intractability proofs in Section [7.1]

Results Obtained For most of the weighted standard set problems we investigated,
we showed the intractability of computing locally optimal solutions for the respective
1-differ neighborhood in Section [7.2] This means that the problems are already
hard, when one element describing the solution is allowed to be added, deleted, or
exchanged for another element which is not part of the solution. For the problems SET-
PACKING and SETCOVER, we derived tight bounds on the tractability of computing
locally optimal solutions for the respective 2-differ neighborhood in Subsection [7.2.3]
and Subsection [7.2.5] This means that SETPACKING-(1) (resp. SETCOVER-(1)) is
polynomial-time computable, whereas SETPACKING-(k) (resp. SETCOVER-(k)) is
tight PLS-complete for all k > 2. Furthermore, we proved in Subsection [7.2.2]that the
problems WEIGHTED-3-DIMENSIONALMATCHING and EXACT-COVER-BY-3-SETS
are already PLS-complete for a smaller neighborhood than previously known [30].

Discussion of Question Considering Question [7}, we were able to present the
non-sophisticated polynomial-time algorithms GREEDYPACKING and GREEDY COVER.
These algorithms were sufficient to prove the tractability of computing locally optimal
solutions for SETPACKING-(1) and SETCOVER-(1). Let us stress that GREEDYPACK-
ING and GREEDYCOVER were designed without bearing the quality of the obtained
solutions in mind, but only focusing on the tractability of the respective problems.
For all remaining weighted standard set problems we investigated, we were able
to show their intractability, as outlined in the previous paragraph. According to
the concept of PLS-completeness, the intractability of the corresponding weighted
standard set problems suggests that there is little hope for polynomial-time algorithms
for these hard problems. Moreover, our investigations suggest that—up to a few
exceptions—P LS-completeness seems to be the natural behavior of computing locally
optimal solutions for weighted standard set problems. This indicates that computing
locally optimal solutions for these problems via successive improvements may not
yield a sufficient performance improvement over computing globally optimal solutions,
in general. Our analysis also unveils that the hardness of the problems we investigated
stems from a combination of a numerical problem on an underlying combinatorial
problem.

Open Problems Despite this insight, the exact tractability of WEIGHTED-3-D1-
MENSIONALMATCHING-(k, ¢) and EXACT-COVER-BY-3-SETS-(k) for k < 6 or £ < 12

133



Chapter 7 On the Complexity of Local Search for Weighted Standard Set Problems

remains unsettled. In general, our investigation can only serve as a starting point
to sharpen the boundary on the tractability of weighted standard set problems, as
intensively studied in the literature. To the best of our knowledge, the results we
present are one of the very few PLS results for local search on weighted standard
set problems. Our knowledge of their tractability is rather limited and not at all
comparable with the rich knowledge we have about computing globally optimal
solutions for standard set problems, as given in the book of Garey and Johnson [40].

134



Chapter 8

Conclusion and Directions for Further
Research

In this chapter, we present a general conclusion which recapitulates the problems
investigated and the results obtained in the course of this thesis. Additionally, we
outline directions for further research. In Section we first summarize the results
we presented in the course of this thesis and discuss Questions In Section we
present open problems related not only to the problems we studied in this thesis, but
also from the field of local search in general. In Section we close this thesis with
some remarks on our knowledge of the tractability of computing of locally optimal
solutions we would like the reader to take from this thesis.

8.1 General Conclusion and a Discussion of

Questions

In this section, we discuss Questions given in Subsection We first pass in
review the problems for which we were able to settle the complexity of computing a
locally optimal solution, as asked for in Question [l We proceed with a bird’s-eye view
of our reductions, identifying commonalities between them, as inquired in Question
We close with the potential sources of intractability of the PLS problems which we
identified as hard, as asked for in Question

8.1.1 Settling the PLS-Complexity of the Problems Considered in this
Thesis

In this thesis, we studied the tractability of computing locally optimal solutions for
problems arising in the fields of game theory and optimization. For our investigation,
we used the framework of PLS, as introduced by Johnson, Papadimtriou, and
Yannakakis [56].

1. In game theory, congestion games are a widely accepted model to investigate the
behavior and performance of large-scale distributed networks with autonomous
participants. The class of restricted network congestion games which we studied
in Chapter [f] is a subclass of congestion games where for each player there
exists a set of edges which he is not allowed to use. Rosenthal’s potential
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function guarantees the existence of a Nash equilibrium, as local minima of the
potential function coincide with Nash equilibria; moreover, Rosenthal’s potential
function is polynomial-time computable. This allows to formulate the problem
of computing a Nash equilibrium in a given restricted network congestion game
as a PLS problem. The input consists of a restricted network congestion
game and the neighborhood structure is superimposed by the SELFISHSTEPS
algorithm. Our results yielded a surrounding intractability answer to this PLS
problem. Not only is the problem of computing a Nash equilibrium in a restricted
network congestion game involving two players only PLS-complete, it also has
the all-exp property. This means that there exist instances and initial states
of the games, such that every sequence of selfish steps has exponential length.
The results hold for directed and undirected networks. Notably, our results are
optimal, since for one player, computing a Nash equilibrium reduces to finding
a shortest path. Hence, our results settle the complexity of computing Nash
equilibria in restricted network congestion games.

From the field of optimization, we investigated the complexity of computing
locally optimal solutions for the MAXIMUM CONSTRAINT ASSIGNMENT problem
in Chapter [0] and for weighted standard set problems in Chapter [7}

The MAXIMUM CONSTRAINT ASSIGNMENT (in short MCA) problem is a
local search version of weighted GENERALIZED MAXIMUM SATISFIABILITY
on constraints over variables with higher valence. Two solutions are mutual
neighbors, if they differ in the assignment of a single variable. In Chapter [6] we
focused on the subclass (p, ¢, 7)-MCAj_par, where each constraint has length
at most p, each variable appears in at most ¢ constraints and takes at most
r values; additionally, the set of constraints is k-partite. We extended and
refined a technique from Krentel [67] and showed that (3,2, 3)-MCA3. s and
(2,3,6)-MCAg par are tight PLS-complete. When neglecting the valence of
the variables, our results are optimal, since (2,2,r)-MCA is polynomial-time
computable for every » € IN. Additionally, we obtained that for the special case
of binary variables, (6,2,2)-MCA is tight PLS-complete.

The weighted standard set problems we considered in Chapter [7] are local search
versions of their respective decision problems, as intensively studied in the
literature. For most of these problems, we used the k-differ neighborhood, where
two solutions are mutual neighbors if they differ in at most k elements which
describe a solution. Our investigations unveiled that up to a few exceptions,
all weighted standard set problems we considered are tight PLS-complete, even
for the 1-differ neighborhood. For WEIGHTED-3-DIMENSIONALMATCHING and
ExacT-COVER-BY-3-SETS, we obtained intractability results for a smaller
neighborhood than previously known, where we are not certain if our results
are optimal. For the problems SETPACKING and SETCOVER with the 1-differ
neighborhood, we presented polynomial-time algorithms; again for the 2-differ
neighborhood, we were able to provide tight PLS reductions from (3,2, 3)-MCA
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and (3,2,3)-MINCA, respectively.

The hardness results presented in the course of this thesis demarcate the tractability
of computing locally optimal solutions for the respective problems, up to a few
exceptions. The intractability results we obtained suggest that there is little hope for
polynomial-time algorithms for the corresponding problems. Moreover, computing
locally optimal solutions for intractable problems via successive improvements may not
yield a sufficient performance improvement over computing globally optimal solutions,
in general. From our results, we get the feeling that PLS-completeness is the
natural behavior of many local search problems arising from intractable optimization
problems.

We would like to stress that we put an emphasis on proving the tightness of all
the reductions we presented in the course of this thesis. We believe that the tight
PLS-completeness of all problems we proved to be intractable—and especially the
rather technically involved tight PLS-completeness of the MAXIMUM CONSTRAINT
ASSIGNMENT problems in Chapter [6f—might prove useful in establishing that other
problems are tight PLS-complete.

8.1.2 A Note on the General Structure of Our PLS Reductions

At first glance, the reductions we presented in the course of this thesis tend to be
rather problem-specific constructions. They mostly involved gadgets that exploit
certain characteristics of the PLS problem under investigation. For example, consider
the assign(x, *) gadget, presented in Subsection This gadget was a crucial part
of our construction to prove the intractability of WEIGHTED-3-DIMENSIONALMAT-
CHING (resp. EXACT-COVER-BY-3-SETS). With the help of the assign(x, %) gadget,
we created a framework which eventually ensured that the variable assignments
induced by each locally optimal matching (resp. covering) are consistent. In the
design of the gadget, we exploited a characteristic of the problem that in each feasible
solution, every element can only be contained in a single triple (resp. set). At first, it
might seem hard to imagine how to reuse that problem-specific knowledge in other
reductions which involve problems from potentially different areas.

Nonetheless, all reductions from PLS problem A to some PLS problem B which
we presented share some commonalities. Let I € D4 be an instance of A and denote
®(I) € Dp an instance of B, which we constructed in the course of this thesis. We
attempt to identify and categorize the common fragments of all our reductions by
weight. In spirit with the seminal work of Krentel [67], we identify these weights to
be either large, medium, or small:

1. Note that all of our rather technically involved reductions used some sort of
construction to create a framework to simulate I in ®(I). Here, gadgets with
large weights ensured that locally optima solutions in ®(I) correspond to locally
optimal solutions in I. Typically, a single large weight exceeded the sum of all
weights on all lower levels. A framework can, for example, ensure the consistency
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of the variable assignment or the partition of the set of nodes in I which is
induced by a solution in Fp(®(I)), as in most reductions in Chapter 7} Note
that the reduction for SETSPLITTING-(1) presented in Chapter (7] lacks such
a construction, since the reduction presented there is straightforward. In our
reductions for (2)-RDNCG and (2)-RUNCG in Chapter |5, one construction
created a framework involving large weights which ensured that the choices of
strategies of the two players induced assignments, which did not differ in more
than one bit. In our reductions for (3,2,3)-MCAgz par and (2,3,6)-MCAg par
in Chapter @ the predicates for gates in circuit S and S' created a framework
which ensured that the computation of circuits S and S' was always correct,
with respect to the ternary logic used in the construction. Let us stress that
all of the above described constructions are carefully designed such that for
every solution which is not locally optimal, there exists a sequence of improving
steps that terminates within the framework. The size of the weights allows to
neglect all weights on the lower levels in an improving step on the largest level,
by construction.

2. In most of our reductions, we simulated instance I in ®(I), using a problem-
specific construction which involved medium weights. If present, the framework
created in item (1| ensured that locally optimal solutions in ® (/) have certain
structural properties. By construction, we stored the wvalue of the objective
function of a solution of the given instance I on this level. Note that the value
of the objective function throttled the search for a better solution, in case the
objective function could be improved. This was the core of all our reductions.

3. Additional constructions involving small weights gave modest incentives in case
the framework on the largest level outlined in item [I] was not fully rolled out or
the entire simulation of instance I in ®(I) needed to be nudged in a certain
direction. For example, in our reduction for SETPACKING-(2) in Chapter ,
auxiliary dummy sets of small weight served as “escape options” in case the sets
of a solution of ®(I) intersected. They allowed to replace an intersecting set
with an intersection-free dummy set at a minimal reward. Afterwards, dummy
sets could again be safely removed from the solution, such that locally optimal
solutions in ®(7) induced locally optimal solutions in I. In our reductions for
(3,2,3)-MCA3 o and (2,3,6)-MCAg p,, in Chapter |§|, all predicates of small
weight played a vital part in nudging circuits S°, S', and the comparator in
the direction of the improved solution. Once the large weights caught up, the
construction on the small level was reset by the medium weights for the next
run.

The structure of our proofs mostly followed the layout of the weights in a natural
way. We first showed that each locally optimal solution obeys the framework installed
in item[I}] We usually identified such solutions as standard solutions or to be consistent
for some property. In the actual proof of PLS-completeness, we could then solely
focus on standard or consistent solutions.
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Let us remark that most of the PLS-completeness proofs presented in the literature
that we are aware of follow this approach with minor modifications. Nonetheless, we
should mention that Skopalik and Vocking [98] present a slightly different general
layout. In their paper [98], the authors present a reduction which implements a binary
counter on the largest level. All succeeding levels then handle the simulation of the
given input problem. By construction, the authors can guarantee that the potential
stored on the counter is at least the largest possible improvement of the potential
function for the problem to be simulated.

8.1.3 Possible Sources of Intractability in Our PLS-Complete
Problems

In general, the tractability of a PLS problem crucially depends on both the range of
the involved numbers and the structure of the neighborhood.

1. If all involved numbers are polynomially bounded, then locally optimal solutions
can be computed via successive improvements in polynomial time, regardless of
the neighborhood structure. Note that for all intractability results we provided
in this thesis, the range of the involved numbers is exponential.

2. Most of the neighborhood structures of the problems we studied in this thesis
are rather non-involved. Yet, we were able to show intractability for these simple
neighborhoods. Only in the special cases of SETPACKING and SETCOVER with
the 1-differ neighborhood, could we capitalize on the neighborhood structure
with greedy algorithms. In both cases, the neighborhood structure limited the
options for improvements in every step such that the problems became easy,
regardless of the range of the weights.

The PLS-completeness proofs we presented in the course of this thesis indicate
that the intractability of a PLS problem we investigated stems from a combination of
a numerical problem on an underlying combinatorial problem. In restricted network
congestion games, which we investigated in Chapter [5| the numerical problem is
embedded in the delay functions of the resources and the combinatorial problem is
given by the structure of the underlying network. Let us remark that our construction
in Chapter [5] heavily exploited the potential complexity of the underlying network. We
designed strategies which were intensively interwoven, yet each player still simulated
an assignment of nodes to partitions, node-by-node, in his exclusive subnetwork.
Transforming this construction to standard network congestion games was one of the
obstacles we could not overcome in order to extend our result. In the MAXIMUM
CONSTRAINT ASSIGNMENT problem, which we studied in Chapter [f] the numerical
problem is embedded in the weights of the predicates which define constraints. We
get the impression that the combinatorial problem arises from the rich set of defining
satisfying assignments for predicates along with the interconnection of predicates and
constraints themselves. In local search versions of weighted standard set problems,
our analysis in Chapter [7] unveils that the numerical problem is embedded in the
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weight function on the set system and the combinatorial problem is encoded in the
structure of the sets.

8.2 Open Problems

In this section, we present an excerpt of additional open problems, besides the ones
we presented in the course of this thesis. We categorize them as problems from
combinatorial optimization, game theory, and smoothed complexity.

8.2.1 Combinatorial Optimization

As outlined in Section [3.1] several hardness results have been established for PLS
problems arising from combinatorial optimization. While these results show that the
problems are in general PLS-complete, the ezact bounds on the PLS-complexity of
the problems are still unknown. For MAXCUT, we outlined in Section that the
problem is PLS-complete for unbounded degree and polynomial-time solvable for
maximum degree three. While the result of Krentel [67], implies that MAXCUT is
PLS-complete for some fixed maximum degree, the minimum degree required for the
problem to be PLS-complete is still unknown. A recent result by Tscheuschner [104]
shows that a maximum degree of five is sufficient such that MAXCuUT is PLS-complete.
Yet, the exact complexity remains unsettled as to the best of our knowledge we are not
aware of any tractability or intractability results for MAXCUT with maximum degree
four. Similarly, for the TRAVELING SALESMAN PROBLEM where the neighborhood
structure is superimposed by the well-known k-OPT algorithm, the only published
results imply the PLS-completeness for £ > 1,000. The exact complexity for
2 < k < 1,000 is still unsettled. Considering the SIMPLEX algorithm, the question
arises, if there exists a pivot rule which guarantees a polynomially upper-bounded
number of steps of the SIMPLEX algorithm.

8.2.2 Game Theory

Section [3.1] outlines that except for special cases, general congestion games are PLS-
complete. For a thorough understanding of these games, determining the source
of the inherent complexity would be beneficial. To this extent, the precise impact
of the players, the resources, and their mutual interaction on the hardness are yet
to be determined. For example, the exact complexity of network congestion games
with a finite number of players is still unknown. As outlined in Section and
settled in Chapter [5] exact results only exist for the special case of restricted network
congestion games. In the simplest model of singleton congestion games and arbitrary
non-decreasing latency functions, no results are known, considering the complexity
of computing a Nash equilibrium. Turning to approximation, the complexity of
computing §-approximate Nash equilibria for symmetric congestion games, which do
not satisfy some smoothness condition is still unsettled. Turning to coalitions in the
symmetric singleton congestion game model, there remains a gap on the complexity
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of computing a Nash equilibrium. For coalitions of size one, the problem is known
to be computable in polynomial time, while if users may form arbitrary non-fixed
coalitions of size at least eight, the problem becomes PLS-complete [27].

8.2.3 Smoothed Complexity

The concept of PLS-completeness implies that computing a locally optimal solution
of some PLS-complete problem is as hard as computing a locally optimal solution
of any problem in the class PLS. Loosely speaking, while this states that there
exist instances on which local search algorithms take exponential time, what is the
smoothed complexity of PLS-complete problems? Let us remark that smoothed
complexity results only exist for problems from Section for all other problems
outlined in this thesis, especially for MAXCUT and congestion games, we are not
aware of any results considering their smoothed complexity.

8.3 What is There to Take Home?

Local search is a standard approach to approximate solutions of hard combinatorial
optimization problems which has proven to be successful in a wide range of areas over
the last decades. The framework of PLS was introduced to theoretically investigate
the complexity of local search problems and drew additional attention from game
theory in recent years. In general, our knowledge about the class PLS is currently
rather limited and by far not comparable with the rich knowledge which we have
about the class NP. As we have outlined and contributed to in the course of this
thesis, the complexity of a handful of PLS problems has been settled; for numerous
other problems, determining their complexity remains tantalizingly open.
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