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Zusammenfassung
In dieser Arbeit werden Anfangs-Randwertprobleme verschiedener kreuzdiffusiver Systeme von
Evolutionsgleichungen aus dem Umfeld von Chemotaxis-Gleichungen hinsichtlich qualitativer
Eigenschaften ihrer Lösungen untersucht. Insbesondere werden in einem parabolisch-elliptischen
Chemotaxissystem mit logistischen Quelltermen kurzlebige Wachstumserscheinungen nachgewie-
sen, die Existenz globaler schwacher schließlich glatt werdender Lösungen eines parabolisch-
parabolischen Chemotaxissystems mit logistischer Quelle und eines mit einem Navier-Stokes-
Fluid gekoppelten solchen Systems wird gezeigt und ihr Langzeitverhalten wird untersucht;
weiterhin wird die Beschränktheit der Lösungen eines Keller-Segel-artigen Systems mit loga-
rithmischer Sensitivität bewiesen und die Existenz lokal beschränkter globaler Lösungen eines
konsumptiven Chemotaxissystems mit logarithmischer Sensitivität und nichtlinearer Diffusion
wird demonstriert.

Abstract
In this work, initial–boundary value problems of different cross-diffusive evolution systems from
the context of chemotaxis equations are investigated with respect to qualitative properties of their
solutions. In particular, transient growth phenomena are detected in a parabolic-elliptic chemo-
taxis system with logistic source terms, the existence of global weak solutions to a parabolic-
parabolic chemotaxis system with logistic source and to such a system coupled with Navier-Stokes
fluid which eventually become smooth is shown and their long term behaviour is described; fur-
thermore, boundedness of solutions to a Keller-Segel type chemotaxis system with logarithmic
sensitivity is proven and the existence of locally bounded solutions to a consumptive chemotaxis
system with logarithmic sensitivity and nonlinear diffusion is demonstrated.
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1 Introduction

An important tool for understanding the world around us – be it for either predicting the evol-
ution of some quantity of interest or gaining insight into (the mechanisms of) some process –
are evolution equations: partial differential equations linking the rate of change of some quantity
with respect to time with a function of the quantity itself and its (spatial) derivatives.
The simplest and most classical example of such an equation is the heat equation ut = ∆u, which
models the spread of heat or other diffusive processes.
More complicated instances may involve several interacting quantities, leading to systems of
evolution equations that are intricately linked.
As soon as such systems are suggested as description, it becomes important to study them
mathematically. Not only does the question arise whether there are solutions at all – which, of
course, is an indispensable condition for the model to be used sensibly for anything –, but also
the question about qualitative properties: Can anything be said about the solutions – even if
they are not known explicitly?
Apart from mathematical understanding of the model, answers to this question can be used
to predict the behaviour of the underlying process (if the description by that model is already
known to be at least somewhat accurate) or to firstly evaluate whether the equations provide an
appropriate description at all.
The systems to be considered in this work primarily originate from the area of mathematical
biology, more precisely: the study of chemotaxis. Even some of the simplest lifeforms (whose
density we will denote by u) are able to adjust their direction of movement to environmental
conditions, i.e. to preferrably move toward higher concentrations of a chemical substance with
concentration v – be it a nutrient or be it a signalling substance produced by themselves.
The evolution systems used to model this phenomenon approximately have the following form:{

ut = ∆u−∇ · (u∇v) + f(u),

vt = ∆v + g(u, v),
(1.1)

and we will comment on the particular variants to be investigated (and in particular on the
choices of f and g) in the corresponding chapters.
For now, let us focus on the term −∇ · (u∇v) = −∇u · ∇v − u∆v in the first equation: In
contrast to diffusion as modelled by the heat equation ut = ∆u, not only the second derivatives
of the same component determine the rate of change, but also those of the second component.
This effect is called cross-diffusion. (More precisely: weak cross-diffusion; in the case of strong
cross-diffusion there would be an additional contribution of ∆u in the second equation.)
Apart from making the analysis much more challenging, the probably most striking consequence
the presence of such a cross-diffusive term can have is causing blow-up of solutions after finite
time, which can be considered the desired behaviour when modelling the aggregation of Dicty-
ostelium discoideum, as studied by Keller and Segel in the original model ((1.1) with f(u) = 0,
g(u, v) = u−v), but may be less appropriate in other situations. There are several related models
that arise quite naturally from biological motivation, e.g. from the desire to include population
growth effects. In the simplest sensible form this leads to logistic source terms f(u) = κu−µu2,
where the negative term possibly counteracts the aggregation effects of the cross-diffusion term
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1 Introduction

to some extent. It is not accidental that “to some extent” in the previous sentence is vague.
The two mechanisms being of similar strength gives rise to a delicate, non-obvious interaction
between them.
The main message of Chapter 2 is that even the behaviour of solutions to chemotaxis systems
with logistic source terms which exist globally, are bounded, etc., is not entirely dominated by
the logistic equation. We consider the (initial boundary value problem of the) parabolic-elliptic
chemotaxis system {

ut = ε∆u−∇ · (u∇v) + κu− µu2

0 = ∆v − v + u,

and show that not only the carrying capacity κ
µ , but every arbitrary bound can be surpassed

if the diffusion is sufficiently weak. This is an extension of [117] to the radially symmetric
higher-dimensional case.
Chapter 3 contains a first highlight: Without smallness conditions on the chemotactic strength,
we prove existence of global weak solutions to a Keller-Segel type chemotaxis model with logistic
source terms which (in the physically relevant case of space dimension 3) eventually become
smooth, and consider their long-term behaviour.
Chapter 4 features a small result concerning the two-dimensional case of a chemotaxis system
with singular sensitivity, ut = ∆u− χ∇ ·

(u
v
∇v
)

vt = ∆v − v + u,

where it was known (and can easily be seen) that χ being smaller than 1 guarantees global
existence and boundedness of solutions. We prove that 1 is not a critical number in this respect:
There is some χ0 > 1 such that global existence and boundedness are also asserted whenever
χ ∈ [1, χ0).
Of course, the effects of a singular sensitivity function become much more exciting when combined
with a second equation which aims at forcing v to tend to zero. With such a model we will be
dealing in Chapter 5: We derive a condition on the strength of nonlinear diffusion which is
sufficient for solutions to ut = ∇ · (D(u)∇u)−∇ ·

(u
v
∇v
)

vt = ∆v − uv

to (exist globally and) be locally (i.e. on every finite time-interval) bounded.
Systems with consumption of the chemoattractant in particular appear in the form of a chemo-
taxis model coupled with fluid, whose examination has spawned a multitude of mathematical
works since ca. 2010, after experiments in 2006 suggested that in the study of chemotaxis the
effects of surrounding fluid should not be neglected. Such a system – the three-dimensional case
of a Navier-Stokes coupled chemotaxis system with logistic source terms – will be treated in
Chapter 6. Again we prove existence of weak solutions that become eventually smooth, and
show their convergence in the large-time limit.
For further details on these problems and the relevant literature, we refer the reader to the
introductions of Chapters 2 to 6.
The material is arranged in such a way that the chapters can be read almost independently from
each other. The amount of repetition this has caused is minuscule and seemed a small price to
pay for better accessibility of the text.

8



1.1 Previous publications

1.1 Previous publications
Small changes notwithstanding, the chapters roughly coincide with the following publications.
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[52]: J. Lankeit. A new approach toward boundedness in a two-dimensional parabolic chemotaxis
system with singular sensitivity. Math. Methods Appl. Sci., 39(3):394–404, 2016.
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[53]: J. Lankeit. Locally bounded global solutions to a chemotaxis consumption model with
singular sensitivity and nonlinear diffusion. J. Differential Equations, 262(7):4052–4084, 2017.
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2 Chemotaxis can prevent thresholds on
population density

2.1 Introduction
The Keller-Segel model {

ut = ∇ · (D2(u, v)∇u)−∇ · (D1(u, v)∇v)

vt = D∆v − k(v)v + uf(v) (KS)

of chemotaxis has been introduced by Keller and Segel in [43] to model the aggregation of
bacteria (for instance, of the species Dictyostelium discoideum, with density denoted by u) in
the presence of a signalling substance (the chemoattractant, with density v) they emit in case of
food scarceness. Their movement is governed by random diffusion and chemotactically directed
motion towards higher concentrations of the chemoattractant. The Keller-Segel model or variants
thereof, as for example {

ut = ∆u−∇ · (u∇v)

τvt = ∆v − v + u

where all coefficient functions appearing in (KS) have a simple form and diffusion of the signalling
substance is assumed to occur fast (instantaneously if τ = 0), have been widely used and in-
corporated in more complicated models in the mathematical depiction of biological phenomena,
ranging from pattern formation in E. coli colonies [7] to angiogenesis in early stages of cancer
[92] or HIV-infections [89]. For a survey of the extensive mathematical literature on the subject
see the survey articles [32] or [34, 35].
Often the occurrence of the desired structure formation is identified with the blow-up of solu-
tions to the model in finite time, i.e. the existence of some finite time T > 0 such that
lim supt↗T ‖u(·, t)‖L∞ =∞; and the model – both for τ = 0 and τ > 0 – is known to ad-
mit such solutions for every sufficiently large initial mass or in space dimensions larger than two,
whereas in dimension 2 for small initial mass all solutions exist globally in time and are bounded
[39, 30, 70, 73]. Moreover, blow-up of solutions has been shown to be a generic phenomenon of
the equation in some sense even for the parabolic-parabolic version of the system, in dimensions
N ≥ 3 as well as for large enough initial mass in the two-dimensional case [69, 115].
Another point of view is that blow-up is “too much” and biologically inadequate, at least in some
situations. Then, for example, terms preventing blow-up are added, e.g. some logistic growth
term (cf. for example the tumor models in [6] or [90]), so that the model reads{

ut = ∆u−∇ · (u∇v) + κu− µu2

τvt = ∆v − v + u.

For this problem it is known [100, 78, 111] that classical solutions exist globally in time and
are bounded if N ≤ 2 or µ is large (where for τ = 0, an explicit condition sufficient for this
is µ > N−2

N ). For higher dimensions and small µ the existence or non-existence of exploding
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2 Chemotaxis can prevent thresholds on population density

solutions is unknown. As [112] seems to indicate, superlinear absorption does not necessarily
imply global existence.
The important question is: To what extent does the logistic term render the chemotaxis-term
innocuous? Does there still emerge some structure? Recently this question has been answered
affirmatively by Winkler [117] in the one-dimensional case: If the death rate µ is small enough
(0 < µ < 1), then there is some criterion on (the Lp-norm with p > 1

1−µ of) the initial data that
ensures the existence of some time up to which any threshold of the population density will be
surpassed - as long as the bacteria do not diffuse too fast. Of course, the biologically relevant
situation is not that of only one space-dimension. With the present chapter we give an answer
to the question whether this phenomenon is restricted to this case or if it also occurs in higher
dimensions.
We shall confine ourselves to the prototypical radially symmetric setting and in the end obtain

Theorem 2.1.1. Let Ω ⊂ RN , N ≥ 1, be a ball. Let κ ≥ 0, µ ∈ (0, 1). Then for all p > 1
1−µ

there exists C(p) > 0 satisfying the following: Whenever u0 ∈ C1(Ω) is nonnegative, radially
symmetric and satisfies ∂νu0

∣∣
∂Ω

= 0 and such that

‖u0‖Lp(Ω) > C(p) max

{
1

|Ω|

∫
Ω

u0,
κ

µ

}
,

there is T > 0 such that to each M > 0 there corresponds some ε0(M) > 0 with the property that
for any ε ∈ (0, ε0(M)) one can find tε ∈ (0, T ) and xε ∈ Ω such that the solution (u, v) of

ut = ε∆u−∇ · (u∇v) + κu− µu2

0 = ∆v − v + u

∂νv
∣∣
∂Ω

= ∂νu
∣∣
∂Ω

= 0, u(0, ·) = u0,

(2.1)

in Ω× (0, Tmax), where Tmax ∈ (0,∞] is its maximal time of existence, satisfies u(xε, tε) > M .

For this purpose we set out to find estimates finally leading to the crucial extensibility criterion
(2.27) for solutions of the “ε = 0-limit” model

ut = −∇ · (u∇v) + κu− µu2

0 = ∆v − v + u

∂νv
∣∣
∂Ω

= ∂νu
∣∣
∂Ω

= 0, u(0, ·) = u0

(2.2)

of (2.1) in Ω×(0, T ) for some T > 0. The extensibility criterion is analogous to (1.6) of [117], that
in turn is built upon estimates, some of which heavily rely on one-dimensionality of the problem.
Cornerstone of our analysis therefore will be Section 2.3.5, where we craft the inequality which
also allows for higher-dimensional and therefore more realistic scenarios.
We will introduce our concept of solutions of (2.2) in Definition 2.4.1 and show their uniqueness
– if u0 ∈ W 1,q(Ω) for some q > N – in Theorem 2.4.3 and the existence of radially symmetric
solutions that can be approximated by solutions of (2.1) in Theorem 2.4.7.
In contrast to the one-dimensional case, we are confronted with the challenge that we cannot, in
general, rely on the existence of global classical bounded solutions to the approximate problem.
Hence we prepare these results by finding a common existence time of such solutions – regardless
of the value of ε (Theorem 2.3.14).
After collecting some additional boundedness property in Lemma 2.3.15, by a limiting procedure
(Lemma 2.4.5) we can turn to solutions to (2.2).
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2.2 Preliminaries: The elliptic equation

If then µ is large enough, a global, in some cases even bounded solution is guaranteed to exist
[Prop. 2.4.10]. However, if this is not the case, any radial solution to (2.2) with somehow
(Lp-)large enough initial mass blows up in finite time (Theorem 2.4.13). In combination with
the fact that solutions to (2.2) can be obtained as limits of solutions to (2.1), this yields the
announced theorem about nonexistence of thresholds to population density: If µ < 1 and ‖u0‖Lp
(for p > 1

1−µ ) is large enough, before some time T any threshold on the population density will
be exceeded at least at one point by any population that diffuses slowly enough.
After the following short section which recalls a few basic properties of solutions to the second
equation in (2.1) and equation (2.1) with ε > 0, in Section 2.3 we focus our attention on existence
of solutions to (2.1) and estimates yielding a common existence time (Theorem 2.3.14) as well as
preparing for compactness arguments (by the estimates of Lemma 2.3.15 and Corollary 2.3.12).
Section 2.4 will be devoted to definition, uniqueness, existence, estimates and a blow-up result
for solutions to (2.2), followed in Section 2.5 by, finally, the proof of the “no threshhold” theorem
2.1.1.
Throughout the chapter, we assume that Ω ⊂ RN is a bounded domain with smooth boundary.
Often we will speak of radially symmetric (or, for short, radial) functions. In this case Ω = BR(0)
is to be understood to be a ball centered in the origin and we will interchange u(x, t), x ∈ Ω, and
u(r, t), r = |x| ∈ [0, R).

2.2 Preliminaries: The elliptic equation
In the proofs we will mainly be concerned with u, therefore it would be desirable to estimate
various terms involving the solution v of

−∆v + v = u in Ω, ∂νv
∣∣
∂Ω

= 0 (2.3)

or its derivatives in terms of u. The following lemmata will be the tools to make this possible:

Lemma 2.2.1. Let v solve (2.3) for a nonnegative right-hand side u ∈ C0(Ω). Then also v is
nonnegative.

Proof. This is a consequence of the elliptic maximum principle.

Lemma 2.2.2. Let v solve (2.3) for some u ∈ C0(Ω). Then for all p ∈ [1,∞],

‖v‖Lp(Ω) ≤ ‖u‖Lp(Ω)

Proof. As in [117, Lemma 2.1], for p ∈ (1,∞), testing the equation by v(v2 +η)
p
2−1 as 0 < η → 0

yields this estimate, which can then be extended to p ∈ {1,∞} by limiting procedures.

Estimates involving the L1(Ω)-norm of u can be obtained as well:

Lemma 2.2.3. For all p > 0, η > 0 there exists C(η, p) > 0 such that whenever u ∈ C0(Ω) is
nonnegative, the solution v of (2.3) satisfies∫

Ω

vp+1 ≤ η
∫

Ω

up+1 + C(η, p)

(∫
Ω

u

)p+1

.

Proof. (as in [117, Lemma 2.2]) Multiplication of (2.3) by vp, integration over Ω and use of
Young’s inequality result in

p

∫
Ω

vp−1|∇v|2 +

∫
Ω

vp+1 =

∫
Ω

uvp ≤ 1

p+ 1

∫
Ω

up+1 +
p

p+ 1

∫
Ω

vp+1,
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and therefore
p

∫
Ω

vp−1|∇v|2 ≤ 1

p+ 1

∫
Ω

up+1.

Because ∇(v
p+1

2 ) = p+1
2 v

p−1
2 ∇v and vp−1|∇v|2 = 4

(p+1)2 |∇(v
p+1

2 )|2, we obtain

4p

p+ 1

∫
Ω

|∇(v
p+1

2 )|2 ≤
∫

Ω

up+1.

As now
W 1,2(Ω)

cpt
↪→ L2(Ω) ↪→ L

2
p+1 (Ω),

by Ehrling’s lemma there is c̃1 = c̃1(η, p) > 0 (and hence c1 > 0) such that for all φ ∈W 1,2(Ω)

‖φ‖2L2 ≤
4p

p+ 1
η ‖φ‖2W 1,2(Ω) + c̃1 ‖φ‖2

L
2
p+1 (Ω)

≤ 4p

p+ 1
η ‖∇φ‖2L2(Ω) + c1 ‖φ‖2

L
2
p+1 (Ω)

.

Applying these two inequalities to φ = v
p+1

2 and using Lemma 2.2.2 for p = 1, we arrive at∫
Ω

vp+1 ≤ 4p

p+ 1
η

∫
Ω

|∇(v
p+1

2 )|2 + c1

(∫
Ω

v

)p+1

≤ η
∫

Ω

up+1 + c1

(∫
Ω

u

)p+1

.

We also recall useful facts on maximal regularity for elliptic PDEs:

Lemma 2.2.4. For q ≥ 1, γ > 0, there is a constant C > 0 such that any (classical) solution v
of (2.3) satisfies ‖v‖W 2,q(Ω) ≤ C ‖u‖Lq(Ω) and ‖v‖C2+γ(Ω) ≤ C ‖u‖Cγ(Ω).

Proof. [23, ch. 19] [28, Thm. 6.30]

2.3 Parabolic-elliptic case

2.3.1 Existence

We prepare the following two lemmata with this estimate from [110, Lemma 1.3 iv)] about the
(Neumann) heat semigroup:

Lemma 2.3.1. Let 1 < q ≤ p < ∞ or 1 < q < p = ∞. Then there exists C > 0 such that for
all t > 0 and for all ϙ ∈ Lq(Ω;RN )∥∥et∆∇ · ϙ

∥∥
Lp(Ω)

≤ C(1 + t−
1
2−

N
2 ( 1

q−
1
p )) ‖ϙ‖Lq(Ω) .

Proof. [110, Lemma 1.3 iv)]. Although the lemma in that article is stated only for p < ∞, the
proof actually already covers the case p =∞, because C∞0 (Ω) is dense in L1(Ω).

One of the first steps in dealing with solutions of (2.1) is to show that they exist, at least locally.
Let us briefly give the corresponding fixed point arguments.

Lemma 2.3.2. Let u0 ∈ C0(Ω), ε > 0, κ ≥ 0, µ > 0. Then there is Tmax ∈ (0,∞] such that (2.1)
has a unique classical solution (u, v) ∈

(
C2,1(Ω× (0, Tmax)) ∩ C0(Ω× [0, Tmax))

)
× C2,0(Ω ×

(0, Tmax)) and
lim sup
t↗Tmax

‖u(·, t)‖L∞(Ω) =∞ or Tmax =∞.
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2.3 Parabolic-elliptic case

Proof. For û ∈ C0(Ω), by v̂û we denote the solution v̂ of

0 = ∆v̂ + û− v̂ in Ω, ∂ν v̂
∣∣
∂Ω

= 0.

Assuming R > 2 ‖u0‖W 1,q(Ω) to be given, we fix constants C1 as in Lemma 2.3.1, C2 and the
function C : [0, 1]→ R such that

‖∇v̂û‖Lq(Ω) ≤ C2 ‖û‖L∞(Ω) , C(t) = C1

∫ t

0

(
1 + (ε(t− s))−

1
2−

N
2q
)
ds, t ∈ (0, 1),

and note that C is monotone and continuous with C(0) = 0. We moreover choose T ∈ (0, 1)
such that

(κ+ 2µR)T + 2RC2C(T ) <
1

2
.

For t ∈ [0, T ] we then define

Φ(u)(·, t) : = eεt∆u0 −
∫ t

0

eε(t−s)∆∇ · (u(·, s)∇v̂u(·,s))ds+ κ

∫ t

0

eε(t−s)∆u(·, s)ds

− µ
∫ t

0

eε(t−s)∆u2(·, s)ds.

Then Φ: C0(Ω× [0, T ])→ C0(Ω× [0, T ]) is well-defined and, in fact, even Φ(u) ∈ C∞(Ω×(0, T )).
In addition, Φ is a contraction inM :=

{
f ∈ C0(Ω× [0, T ]); ‖f‖L∞(Ω×(0,T )) ≤ R

}
, as can be seen

from the fact that

‖Φ(u)− Φ(ũ)‖L∞(Ω×(0,T ))

≤ sup
0<t<T

∫ t

0

∥∥∥eε(t−s)∆∇ · (u(·, s)∇v̂u(·,s) − ũ(·, s)∇v̂ũ(·,s))
∥∥∥
L∞(Ω)

ds

+ sup
0<t<T

∫ t

0

∥∥∥eε(t−s)∆(κ(u(·, s)− ũ(·, s)) + µ(u2(·, s)− ũ2(·, s)))
∥∥∥
L∞(Ω)

ds

≤ C(T )(‖u− ũ‖L∞(Ω×(0,T )) C2R+RC2 ‖u− ũ‖L∞(Ω×(0,T ))) + T (κ+ 2µR) ‖u− ũ‖L∞(Ω×(0,T ))

≤ 1

2
‖u− ũ‖L∞(Ω×(0,T ))

for u, ũ ∈M . Furthermore Φ maps M to M as well: If u ∈M , then

‖Φ(u)‖L∞(Ω×(0,T )) ≤ ‖Φ(u)− Φ(0)‖L∞(Ω×(0,T )) + ‖Φ(0)‖L∞(Ω×(0,T ))

≤ 1

2
‖u‖L∞(Ω×(0,T )) + ‖u0‖L∞(Ω) ≤ R.

With the aid of Banach’s fixed point theorem, this procedure yields a unique solution of Φ(u) = u,
which can be seen to produce a solution (u, v) of (2.1) on Ω× (0, T ) if we let v(·, t) := v̂u(·,t) for
t ∈ (0, T ). Successively employing the same reasoning on later time intervals (then with different
u0 and possibly larger R) the existence of a solution on a maximal time interval (0, Tmax) is
obtained where either Tmax =∞ or lim supt↗Tmax‖u(·, t)‖L∞(Ω) =∞.

2.3.2 Lp-bounds and global existence
Bounds on Lp-norms are of great utility, not only for the deduction of global existence. A
standard testing procedure (see also [117]) yields
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2 Chemotaxis can prevent thresholds on population density

Lemma 2.3.3. Let κ ≥ 0, µ > 0, u0 ∈ C0(Ω) be nonnegative. Let (u, v) solve (2.1) classically
in Ω × (0, T ) for some T > 0, ε > 0. Then for p ≥ 1 and on the whole time interval (0, T ), we
have

d

dt

∫
Ω

up + p(p− 1)ε

∫
Ω

up−2|∇u|2 ≤ pκ
∫

Ω

up − (1− p+ µp)

∫
Ω

up+1. (2.4)

Proof. Multiplication of the first equation of (2.1) by up−1 and integration by parts yield

1

p

d

dt

∫
Ω

up + (p− 1)ε

∫
Ω

up−2|∇u|2 = (p− 1)

∫
Ω

up−1∇u · ∇v + κ

∫
Ω

up − µ
∫

Ω

up+1

on (0, T ). Another integration by parts in combination with the second equation of (2.1) and
Lemma 2.2.1 show

(p− 1)

∫
Ω

up−1∇u · ∇v = −p− 1

p

∫
Ω

up∆v =
p− 1

p

∫
Ω

up(u− v) ≤ p− 1

p

∫
Ω

up+1

on (0, T ), which gives formula (2.4).

This estimate directly leads to the following bound on Lp-norms of u.

Corollary 2.3.4. Let κ ≥ 0, µ > 0, u0 ∈ C0(Ω) nonnegative, suppose (u, v) is classical solution
of (2.1) in Ω× (0, T ) for some T > 0, ε > 0. Let p ∈ [1, 1

(1−µ)+
).

Then for all t ∈ [0, T ), ∫
Ω

up(·, t) ≤ max

{∫
Ω

up0,

(
pκ

1− (1− µ)p

)p
|Ω|
}
.

Proof. An application of Hölder’s inequality gives
∫

Ω
up+1 ≥ |Ω|−

1
p (
∫

Ω
up)

p+1
p and transforms

(2.4) into the differential inequality

y′(t) ≤ pκy(t)− (1− p+ µp)|Ω|−
1
p (y(t))1+ 1

p ), t ∈ (0, T ),

for y =
∫

Ω
up. An ODE-comparison then yields the result.

Corollary 2.3.5. Let κ ≥ 0, q > N , u0 ∈ C0(Ω). If µ > N−2
N , the solutions of (2.1) are global.

Proof. This arises from the bounds in Corollary 2.3.4 by arguments that can be found in Lemmata
2.3 and 2.4 of [100].

If even µ ≥ 1, bounds can be given in a more explicit form and independently of ε.

Lemma 2.3.6. Let κ ≥ 0, µ ≥ 1, u0 ∈ C0(Ω), u0 ≥ 0, u0 6≡ 0, and let (uε, vε) be a classical
solution of (2.1) in Ω× (0,∞) for ε > 0. Then, for all t > 0,

‖uε(·, t)‖L∞(Ω) ≤



κ
µ−1 (1 + ( κ

(µ−1)‖u0‖L∞(Ω)
− 1)e−κt)−1 κ > 0, µ > 1,

‖u0‖L∞(Ω)

1+(µ−1)‖u0‖L∞(Ω)t
κ = 0, µ > 1,

‖u0‖L∞(Ω) eκt κ > 0, µ = 1,

‖u0‖L∞(Ω) κ = 0, µ = 1.

Proof. (Cf. [117, Lemma 4.6].) This can be obtained by comparison with the solution y of

y′(t) = κy(t)− (µ− 1)y2(t), t > 0, y(0) = ‖u0‖L∞(Ω) .
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2.3 Parabolic-elliptic case

2.3.3 Radial solutions
In the following sections we will restrict ourselves to the prototypical radially symmetric situation.
In this case, the first two equations in (2.1) can be rewritten in the form

ut = εurr + ε
N − 1

r
ur − urvr − uvrr −

N − 1

r
uvr + κu− µu2

0 = vrr +
N − 1

r
vr − v + u,

(2.5a)

(2.5b)

if – as announced earlier – we perform the common “abuse of notation”, writing u(r, t), r ∈ [0, R),
instead of u(x, t), |x| = r. We begin by preparing an inequality for the derivative of v. Gained
from the radial symmetry, it will be one of the most important tools for the calculations preparing
the estimation of ‖∇u‖Lq(Ω) in terms of ‖u‖L∞(Ω).

Lemma 2.3.7. Let (u, v) be a radially symmetric nonnegative classical solution of (2.1) in
Ω× (0, T ) for some T > 0 and Ω = BR. Then for r ∈ [0, R], t ∈ (0, T ),

vr(r, t) ≤
1

N
r ‖u(·, t)‖L∞(Ω) . (2.6)

Proof. We fix t > 0. Equation (2.5b) can also be written in the form 1
rN−1 (rN−1vr)r = v − u

and implies
(rN−1vr)r = rN−1(v − u),

hence

rN−1vr(r, t) = 0 +

∫ r

0

ρN−1(v(ρ, t)− u(ρ, t))dρ ≤ ‖u(·, t)‖L∞(Ω)

∫ r

0

ρN−1dρ

=
1

N
rN ‖u(·, t)‖L∞(Ω) ,

which leads to (2.6).

2.3.4 Compatibility
We say that a function u0 satisfies the compatibility criterion (or, for short, that u0 is compatible)
if u0 ∈ C1(Ω) and ∂νu0

∣∣
∂Ω

= 0. If functions with this property are used as initial data in parabolic
problems, the solutions they yield have bounded first (spatial) derivatives on a time interval
containing 0 ([48]). This will be important in the derivation of the crucial estimate of

∫
Ω
|∇u|q

for solutions u of (2.1) (Corollary 2.3.12) in terms of ‖∇u0‖Lq instead of only ‖∇u(·, τ)‖Lq for
arbitrary small τ > 0.
At first we show that any function u0 ∈ W 1,q(Ω) can be approximated by compatible functions
preserving all kind of “nice properties”:

Lemma 2.3.8. Let q > N , u0 ∈ W 1,q(Ω) be radially symmetric and nonnegative, let ε > 0.
There is ũ0 ∈ C1(Ω) with ∂ν ũ0

∣∣
∂Ω

= 0 such that ‖u0 − ũ0‖W 1,q(Ω) < ε and also ũ0 is radial and
nonnegative.

Proof. Given ε > 0 we consider the standard mollifications ηε̃ ∗ û0 (cf. [22, C.5]) of

û0 := u011B
R− δ

2

+ u0

(
R− δ

2

)
11RN\B

R− δ
2

in Ω, where 11 denotes the characteristic function of a set, for an appropriate, small choice of δ
and ε̃.
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2 Chemotaxis can prevent thresholds on population density

2.3.5 Preparations for the continuation estimate

In this section we are going to derive an inequality which shows that we can control the ‖·‖W 1,q(Ω)-
norm of solutions to (2.1) by their L∞(Ω)-norm. For the following computation we define, for
η > 0,

Φη(s) := (s2 + η)
q
2 , s ∈ R,

and compute
Φ′η(s) = qs(s2 + η)

q
2−1,

which implies
sΦ′η(s) ≤ qΦ(s) as well as sΦ′η(s) ≥ 0 (2.7)

for s ∈ R and

Φ′′η(s) = q
(
(q − 1)s2 + η

)
(s2 + η)

q
2−2 ≥ 0, s ∈ R. (2.8)

In preparation for later calculations we also note that for a, s ∈ R,

Φη(s)− asΦ′η(s) = (1− aq)s2(s2 + η)
q
2−1 + η(s2 + η)

q
2−1. (2.9)

Lemma 2.3.9. Let κ ≥ 0, µ > 0, q > N, T > 0.
For any radial classical solution u of (2.1) in Ω × (0, T ) with radial initial data u0 ∈ W 1,q(Ω),
and arbitrary τ ∈ (0, T ), t ∈ (τ, T ), we have (with K

1
q as C from Lemma 2.2.4)∫

Ω

Φη (|∇u(·, t)|) ≤
∫

Ω

Φη(|∇u(·, τ)|) +

∫ t

τ

((
5q +

q − 2

q
η

)
‖u‖L∞(Ω) + κq

)∫
Ω

Φη (|∇u|)

+ |Ω|
∫ t

τ

(
K ‖u‖1+q

L∞(Ω) +
2η

q
‖u‖L∞(Ω×(0,t))

)
Proof. We denote Ωδ = Ω\Bδ(0), let 0 < τ < t < T and use ωN to denote the (N−1)-dimensional
measure of the unit sphere ∂B1(0) ⊂ RN .
We note that on Ωδ × (τ, t) all derivatives of u appearing in the following calculation are smooth
and bounded, and we can hence change the order of integration and differentiation to start with∫

Ωδ

Φη (|∇u(·, t)|)−
∫

Ωδ

Φη(|∇u(·, τ)|) = ωN

∫ t

τ

∫ R

δ

rN−1Φ′η(ur)urt.

Here we use equation (2.5a) for ut:∫
Ωδ

Φη (|∇u(·, t)|)−
∫

Ωδ

Φη(|∇u(·, τ)|)

= ωN

∫ t

τ

∫ R

δ

rN−1Φ′η(ur)

(
εurr + ε

N − 1

r
ur − urvr − uvrr −

N − 1

r
uvr + κu− µu2

)
r

= εωN

∫ t

τ

∫ R

δ

rN−1urrrΦ
′
η(ur) + εωN

∫ t

τ

∫ R

δ

rN−2(N − 1)
d

dr
(Φη(ur))

− εωN
∫ t

τ

∫ R

δ

rN−3(N − 1)urΦ
′
η(ur)− ωN

∫ t

τ

∫ R

δ

rN−1vrurrΦ
′
η(ur)

− 2ωN

∫ t

τ

∫ R

δ

rN−1vrrurΦ
′
η(ur)− ωN

∫ t

τ

∫ R

δ

rN−1vrrruΦ′η(ur)
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+ ωN

∫ R

δ

rN−3(N − 1)vruΦ′η(ur)− ωN
∫ t

τ

∫ R

δ

rN−2(N − 1)vrurΦ
′
η(ur)

− ωN
∫ t

τ

∫ R

δ

rN−2(N − 1)vrruΦ′η(ur) + κωN

∫ t

τ

∫ R

δ

rN−1urΦ
′
η(ur)

− 2µωN

∫ t

τ

∫ R

δ

rN−1uurΦ
′
η(ur) =: I1 + I2 + . . .+ I11.

Now we integrate by parts twice in the first term

I1 = −εωN
∫ t

τ

∫ R

δ

rN−1urrΦ
′′
η(ur)urr − εωN

∫ t

τ

∫ R

δ

rN−2urrΦ
′
η(ur)(N − 1)

+ εωN

∫ t

τ

rN−1urrΦ
′
η(ur)

∣∣R
δ

≤0 + ε(N − 1)(N − 2)ωN

∫ t

τ

∫ R

δ

rN−3Φη(ur)− εωN
∫ t

τ

rN−2Φη(ur)(N − 1)
∣∣R
δ

+ εωN

∫ t

τ

rN−1urrΦ
′
η(ur)

∣∣R
δ
,

where we also used (2.8), and once in the second integral

I2 = +ε(N − 1)ωN

∫ t

τ

rN−2Φη(ur)
∣∣R
δ
− ε(N − 1)(N − 2)ωN

∫ t

τ

∫ R

δ

rN−3Φη(ur).

Upon addition, some of these summands vanish and estimating I3 ≤ 0 by (2.7), we obtain

I1 + I2 + I3 ≤ εωN
∫ t

τ

rN−1urrΦ
′
η(ur)

∣∣R
δ

= −εωN
∫ t

τ

rN−1urrΦ
′
η(ur)

∣∣
r=δ

,

because ur(R, t̃) = 0 for all t̃ ∈ (0, T ).
Also the next term can be rewritten by integration by parts and using vr(R, t̃) = 0 for t̃ ∈ (0, T ).

I4 = ωN

∫ t

τ

rN−1vrΦη(ur)
∣∣
r=δ

+ (N − 1)ωN

∫ t

τ

∫ R

δ

rN−2vrΦη(ur)

+ ωN

∫ t

τ

∫ R

δ

rN−1vrrΦη(ur).

Inserting (2.5b) to express vrrr in I6 differently, (among others) we obtain terms to cancel I7
and I9:

I6 = −ωN
∫ t

τ

∫ R

δ

rN−1vruΦ′η(ur) + ωN

∫ t

τ

∫ R

δ

rN−1uurΦ
′
η(ur)− I9 − I7.

Together with the trivial observation that I11 ≤ 0 by (2.7), these estimates and reformulations
give ∫

Ωδ

Φη (|∇u(·, t)|)−
∫

Ωδ

Φη(|∇u(·, τ)|)

≤− εωN
∫ t

τ

rN−1urrΦ
′
η(ur)

∣∣
r=δ

+ ωN

∫ t

τ

rN−1vrΦη(ur)
∣∣
r=δ
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+ (N − 1)ωN

∫ t

τ

∫ R

δ

rN−2vrΦη(ur) + ωN

∫ t

τ

∫ R

δ

rN−1vrrΦη(ur)

− 2ωN

∫ t

τ

∫ R

δ

rN−1vrrurΦ
′
η(ur)− ωN

∫ t

τ

∫ R

δ

rN−1vruΦ′η(ur)

+ ωN

∫ t

τ

∫ R

δ

rN−1uurΦ
′
η(ur)− ωN

∫ t

τ

∫ R

δ

rN−2(N − 1)vrurΦ
′
η(ur)

+ κωN

∫ t

τ

∫ R

δ

rN−1urΦ
′
η(ur).

Passing to the limit δ ↘ 0 by boundedness of ur, urr, vr on (0, R) × (τ, t) and the dominated
convergence theorem we arrive at∫

Ω

Φη (|∇u(·, t)|)−
∫

Ω

Φη(|∇u(·, τ)|)

= (N − 1)ωN

∫ t

τ

∫ R

0

rN−2vr
[
Φη(ur)− urΦ′η(ur)

]
+ ωN

∫ t

τ

∫ R

0

rN−1vrr
[
Φη(ur)− 2urΦ

′
η(ur)

]
− ωN

∫ t

τ

∫ R

0

rN−1vruΦ′η(ur)

+ ωN

∫ t

τ

∫ R

0

rN−1uurΦ
′
η(ur) + κq

∫ t

τ

∫
Ω

Φη (|∇u|) = IA + IB + IC + ID + IE

and with the help of (2.9), the first of these integrals can be rewritten as

IA = (N − 1)(1− q)ωN
∫ t

τ

∫ R

0

rN−2vru
2
r

(
u2
r + η

) q
2−1

+ η(N − 1)ωN

∫ t

τ

∫ R

0

rN−2vr
(
u2
r + η

) q
2−1

.

Treating the second term similarly and inserting (2.9) and (2.5b) gives

IB = (1− 2q)ωN

∫ t

τ

∫ R

0

rN−1vrru
2
r

(
u2
r + η

) q
2−1

+ ηωN

∫ t

τ

∫ R

0

rN−1vrr
(
u2
r + η

) q
2−1

= (2q − 1)ωN

∫ t

τ

∫ R

0

rN−1(u− v)u2
r

(
u2
r + η

) q
2−1

+ (N − 1)(2q − 1)ωN

∫ t

τ

∫ R

0

rN−2vru
2
r

(
u2
r + η

) q
2−1

+ ηωN

∫ t

τ

∫ R

0

rN−1

(
v − u− N − 1

r
vr

)(
u2
r + η

) q
2−1

,

where also (u− v)u2
r ≤ u

(
u2
r + η

)
. For the sum of these terms we are thereby led to

IA + IB ≤ (N − 1)qωN

∫ t

τ

∫ R

0

rN−2vru
2
r

(
u2
r + η

) q
2−1

+ (2q − 1)ωN

∫ t

τ

∫ R

0

rN−1uΦη(ur) + ηωN

∫ t

τ

∫ R

0

rN−1(v − u)
(
u2
r + η

) q
2−1

,
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2.3 Parabolic-elliptic case

where we can use Lemma 2.3.7 to infer

IA + IB ≤ q
N − 1

N
ωN

∫ t

τ

∫ R

0

rN−2r ‖u‖L∞(Ω) u
2
r

(
u2
r + η

) q
2−1

+ (2q − 1)ωN

∫ t

τ

∫ R

0

rN−1uΦη(ur) + ηωN

∫ t

τ

∫ R

0

rN−1(v − u)
(
u2
r + η

) q
2−1

≤ (q
N − 1

N
+ 2q − 1)ωN

∫ t

τ

‖u‖L∞(Ω)

∫ R

0

rN−1Φη(ur)

+ ηωN

∫ t

τ

∫ R

0

rN−1(v − u)
(
u2
r + η

) q
2−1

.

Furthermore adding the other terms and making use of (2.7) in ID,

IA + . . .+ IE

≤
∫ t

τ

(((
4− 1

N

)
q − 1

)
‖u‖L∞(Ω) + κq

)∫
Ω

Φη (|∇u|) (2.10)

+ q

∫ t

τ

‖u‖L∞(Ω)

∫
Ω

|∇v||∇u|(|∇u|2 + η)
q
2−1

+ ηωN

∫ t

τ

∫ R

0

rN−1(v − u)
(
u2
r + η

) q
2−1

≤
∫ t

τ

(
4q ‖u‖L∞(Ω) + κq

)∫
Ω

Φη (|∇u|)

+ q

∫ t

τ

‖u‖L∞(Ω)

∫
Ω

|∇v|(|∇u|2 + η)
q−1

2 + ηωN

∫ t

τ

∫ R

0

rN−1v
(
u2
r + η

) q
2−1

.

Here an application of Young’s inequality gives

IA + . . .+ IE ≤
∫ t

τ

(4q ‖u‖L∞(Ω) + κq)

∫
Ω

Φη (|∇u|) +

∫ t

τ

‖u‖L∞(Ω)

∫
Ω

|∇v|q

+ q
q − 1

q

∫ t

τ

‖u‖L∞(Ω)

∫
Ω

(
|∇u|2 + η

) q
2 (2.11)

+ ηωN

∫ t

τ

‖v‖L∞(Ω)

∫ R

0

rN−1
(
u2
r + η

) q
2−1

.

Merging first and third term, with Lemma 2.2.4 (and K as provided by that lemma) and Lemma
2.2.2 we have

IA + . . .+ IE ≤
∫ t

τ

(5q ‖u‖L∞(Ω) + κq)

∫
Ω

Φη (|∇u|) +K

∫ t

τ

‖u‖L∞(Ω) ‖u‖
q
Lq(Ω)

+ ηωN

∫ t

τ

‖u‖L∞(Ω)

∫ R

0

rN−1

(
q − 2

q

(
u2
r + η

) q−2
2

q
q−2 +

2

q
· 1

q
2

)
≤
∫ t

τ

(5q ‖u‖L∞(Ω) + κq)

∫
Ω

Φη (|∇u|) +K

∫ t

τ

|Ω| ‖u‖1+q
L∞(Ω)

+ η
q − 2

q

∫ t

τ

‖u‖L∞(Ω)

∫
Ω

(|∇u|2 + η)
q
2 + η

∫ t

τ

2

q
|Ω| ‖u‖L∞(Ω×(τ,t))

≤
∫ t

τ

((
5q +

q − 2

q
η

)
‖u‖L∞(Ω) + κq

)∫
Ω

Φη (|∇u|)
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+ |Ω|
∫ t

τ

(
K ‖u‖1+q

L∞(Ω) +
2η

q
‖u‖L∞(Ω×(0,t))

)
In total, these estimates show the claim.

Remark 2.3.10. In the above proof (and all affected propositions), 5q could be replaced by
(5− 1

N )q − 2 by keeping the negative summands neglected in lines (2.10) and (2.11).

Lemma 2.3.11. Under the assumptions of Lemma 2.3.9 the following holds:∫
Ω

|∇u(·, t)|q ≤
(
‖∇u(·, τ)‖qLq(Ω) +

(
|Ω|K

∫ t

0

‖u(·, s)‖1+q
L∞(Ω) ds

))
·

· exp

(
5q

∫ t

0

‖u(·, s)‖L∞(Ω) ds+ κqt

)
.

Proof. Letting τ ∈ (0, T ) and t ∈ (τ, T ) and starting from Lemma 2.3.9, by Gronwall’s inequality
we can conclude∫

Ω

Φη(∇u(·, t)) ≤
(∫

Ω

Φη (∇u(·, τ)) +K

∫ t

τ

|Ω| ‖u‖1+q
L∞(Ω) + ηt

2

q
|Ω| ‖u‖L∞(Ω×(0,t))

)
·

· exp

(∫ t

τ

((
5q +

q − 2

q
η

)
‖u‖L∞(Ω) + κq

))
.

By smoothness of u in Ω× (0, T ), we have for all s ∈ (0, T )∫
Ω

Φη(∇u(·, s))→
∫

Ω

|∇u(·, s)|q as η ↘ 0.

From this we gain∫
Ω

|∇u(·, t)|q ≤
(∫

Ω

|∇u(·, τ)|q + |Ω|K
∫ t

τ

‖u‖1+q
L∞(Ω)

)
exp

(∫ t

τ

(5q ‖u‖L∞(Ω)) + κqt

)
,

which implies the assertion.

Corollary 2.3.12. In addition to the hypotheses of Lemma 2.3.9, let u0 be compatible. Then∫
Ω

|∇u(·, t)|q ≤
(∫

Ω

|∇u0|q + |Ω|K
∫ t

0

‖u‖1+q
L∞(Ω)

)
exp

(∫ t

0

(5q ‖u‖L∞(Ω)) + κqt

)
.

Proof. Since from the dominated convergence theorem we know that∫
Ω

|∇u(·, τ)|q →
∫

Ω

|∇u0|q

as τ ↘ 0 due to the boundedness of ∇u for solutions of (2.1) with compatible initial data, this
is a direct consequence of Lemma 2.3.11.
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2.3 Parabolic-elliptic case

2.3.6 Epsilon-independent time of existence
We begin this section with some Gronwall-type lemma which we will need during the next proof:

Lemma 2.3.13. Let f : [0,∞)→ R nondecreasing and locally Lipschitz continuous, let y0 ∈ R.
Denote by y the solution of y(0) = y0, y′(t) = f(y(t)) on some interval (0, T ) and assume that
the continuous function z : [0, T )→ R satisfies

z(t) ≤ z(0) +

∫ t

0

f(z(τ))dτ for all t ∈ (0, T ), z(0) < y0.

Then z(t) ≤ y(t) for all t ∈ (0, T ).

Proof. Let T0 := inf {t ∈ (0, T ) : z(t) > y(t)} and assume that T0 < T exists. Due to continuity,
z(T0) = y(T0), i.e.

z(0) +

∫ T0

0

f(z(τ))dτ ≥ z(T0) = y(T0) = y(0) +

∫ T0

0

y′(τ)dτ

= y0 +

∫ T0

0

f(y(τ))dτ ≥ y0 +

∫ T0

0

f(z(τ))dτ > z(0) +

∫ T0

0

f(z(τ))dτ,

which is contradictory.

The next theorem prepares the ground for the approximation procedure to be carried out in
Theorem 2.4.7. It guarantees that solutions to (2.1) exist “long enough”. Its proof is an adaption
of that of [117, Lemma 4.5], where an assertion similar to our Theorem 2.4.7 is shown.

Theorem 2.3.14. Let κ ≥ 0, µ > 0, q > N . Then for any L > 0 there are some numbers
T (L) > 0 and M(L) > 0 such that for any radially symmetric nonnegative and compatible
u0 ∈ W 1,q(Ω) with ‖u0‖W 1,q(Ω) ≤ L, for any ε > 0 the classical solution (uε, vε) of (2.1) exists
on Ω× (0, T (L)) and ‖uε‖L∞(Ω×(0,T (L)) ≤M(L).

Proof. For any ε > 0, the classical solution (uε, vε) of (2.1) exists on some interval (0, Tmax,ε)
and satisfies lim supt↗Tmax,ε ‖uε‖L∞(Ω) = ∞, unless Tmax,ε = ∞. It is therefore sufficient to
show boundedness of ‖uε‖L∞(Ω) on (0, T (L)) for some ε-independent T (L) > 0. For this, we fix
constants c1, c2 such that for all φ ∈W 1,q(Ω)

‖φ‖L∞(Ω) ≤ c1 ‖∇φ‖Lq(Ω) + c1 ‖φ‖L1(Ω) and ‖φ‖L1(Ω) ≤ c2 ‖φ‖W 1,q(Ω) , (2.12)

where we use q > N , as well as K as in Lemma 2.3.9 and c3 = c3(L) such that

c3
c1

= max

{
c2L,

κ|Ω|
µ

}
,

so that by Corollary 2.3.4 applied to p = 1 we obtain∫
Ω

uε(·, t) ≤
c3
c1

(2.13)

for any t ∈ (0, Tmax,ε) and any solution (uε, vε) of (2.1) with u0, κ, µ as specified. Furthermore,
we let yL denote the solution to

y′L(t) = (6qc1 +K|Ω|(2c1)1+q)y
1+ 1

q

L + (6qc3 + κq)yL + |Ω|(K(2c3)1+q + 1),
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2 Chemotaxis can prevent thresholds on population density

yL(0) = (
√

2L)q + 1

and let T (L) > 0 be a number such that yL(t) ≤ (
√

2L)q + 2 for all t ∈ (0, T (L)).
We then let u0 ∈ W 1,q(Ω) be as specified in the lemma, which in particular entails that
‖u0‖W 1,q(Ω) ≤ L. For ε > 0 we denote by (uε, vε) the solution of the corresponding equation

(2.1). We apply Lemma 2.3.9 for conveniently small η ∈ (0,min{q, 1
2 |Ω|

− 2
q , q

2c3
}) and arbitrary

t ∈ (0, T (L)) and, due to compatibility of u0, in the limit τ ↘ 0 obtain∫
Ω

Φη(|∇uε(·, t)|) ≤
∫

Ω

Φη(|∇u0|) +

∫ t

0

((
6q ‖uε‖L∞(Ω) + κq

)∫
Ω

Φη(|∇uε|)
)

+ |Ω|
∫ t

0

(
K ‖uε‖1+q

L∞(Ω) +
2η

q
‖uε‖L∞(Ω)

)
≤
∫

Ω

Φη(|∇u0|) +

∫ t

0

(
(6q(c1 ‖∇uε‖Lq(Ω) + c3) + κq)

∫
Ω

Φη(|∇uε|)
)

+ |Ω|
∫ t

0

(
K(c1 ‖∇uε‖Lq(Ω) + c3)1+q +

2η

q
(c1 ‖∇uε‖Lq(Ω) + c3)

)
.

Here we abbreviate
∫

Ω
Φη(|∇uε(·, t)|) =: z(t) and estimate ‖∇uε(·, t)‖Lq(Ω) ≤ z

1
q (t). Then

z(t) ≤ z(0) +

∫ t

0

(
(6qc1+K|Ω|(2c1)1+q)z1+ 1

q (s)+(6qc3 + κq)z(s)+|Ω|(K(2c3)1+q+
2η

q
c3)

)
ds.

Additionally

z(0) =

∫
Ω

Φη(∇u0) ≤ 2
q
2

∫
Ω

|∇u0|q + (2η)
q
2 |Ω| ≤ (

√
2L)q + 1.

Lemma 2.3.13 therefore leads us to the conclusion that, for all t ∈ (0, T (L)) and independently
of η, we have

∫
Φη(∇uε(·, t)) ≤ yL(t), which by Fatou’s lemma implies∫

Ω

|∇uε(·, t)|q ≤ (
√

2L)q + 2 for all t ∈ (0, T (L)).

Along with (2.12) and (2.13), this shows that for all ε > 0

‖uε(·, t)‖L∞(Ω) ≤ c1((
√

2L)q + 2)
1
q + c3 =: M(L)

on (0, T (L)).

2.3.7 Preparations for convergence: Boundedness of ut in an appropriate
space

In order to use the Aubin-Lions-type estimate of Lemma 2.4.4, we will need at least some
regularity of the time derivative of bounded solutions.

Lemma 2.3.15. Let ε0 > 0, let µ > 0, T > 0, q > N, p ∈ (1,∞),M > 0. Let u0 ∈ W 1,q(Ω)
be radially symmetric and nonnegative. Then there is C > 0 such that the following holds for
ε ∈ (0, ε0): If a solution uε of (2.1) in Ω× (0, T ) with compatible nonnegative radial initial data
u0,ε ∈W 1,q(Ω), ‖u0,ε − u0‖W 1,q(Ω)< ε, satisfies

|uε(x, t)| < M
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2.4 Hyperbolic-elliptic case

for all (x, t) ∈ Ω× [0, T ), then

‖uεt‖
Lp((0,T );(W

1,
q
q−1

0 (Ω))∗)
≤ C.

Proof. We let ϕ ∈ C1
0 (Ω), multiply (2.1) by ϕ and integrate over Ω:∣∣∣∣∫

Ω

uεtϕ

∣∣∣∣ =

∣∣∣∣∫
Ω

ε∆uεϕ−∇ · (uε∇vε)ϕ+ κuεϕ− µu2
εϕ

∣∣∣∣
≤ ε

∣∣∣∣∫
Ω

∇uε · ∇ϕ
∣∣∣∣+

∣∣∣∣∫
Ω

uε∇vε · ∇ϕ
∣∣∣∣+ κ ‖uε‖L∞(Ω)

∣∣∣∣∫ ϕ

∣∣∣∣+ µ ‖uε‖2L∞(Ω)

∣∣∣∣∫ ϕ

∣∣∣∣ .
Invoking Corollary 2.3.12, Lemma 2.2.4 and Hölder’s inequality, we infer the existence of con-
stants with ‖∇uε‖Lq(Ω) ≤ M̃ , ‖∇vε‖Lq(Ω) ≤ C̃ ‖uε‖∞ ≤ C̃M and ‖ϕ‖L1(Ω) ≤ Ĉ ‖ϕ‖

L
q
q−1

and

conclude for C := T
1
p max{ε0M̃ + C̃M2, (κM + µM2)Ĉ} that∣∣∣∣∫

Ω

uεtϕ

∣∣∣∣ ≤ ε ‖∇uε‖Lq(Ω) ‖∇ϕ‖L
q
q−1 (Ω)

+M ‖∇vε‖Lq(Ω) ‖∇ϕ‖L
q
q−1 (Ω)

+ κM ‖ϕ‖L1(Ω) + µM2 ‖ϕ‖L1(Ω)

≤
(
εM̃ + C̃M2

)
‖∇ϕ‖

L
q
q−1 (Ω)

+ (κM + µM2)Ĉ ‖ϕ‖
L

q
q−1 (Ω)

≤ CT−
1
p ‖ϕ‖

W
1,

q
q−1 (Ω)

.

Here taking the supremum over ϕ with ‖ϕ‖
W

1,
q
q−1 (Ω)

= 1 reveals

‖uεt‖
(W

1,
q
q−1 (Ω))∗

≤ CT−
1
p

and hence (∫ T

0

‖uεt‖p
(W

1,
q
q−1 (Ω))∗

) 1
p

≤ C.

2.4 Hyperbolic-elliptic case

2.4.1 What is a solution?
We want to call a function “solution” if it satisfies (2.2) in the following sense:

Definition 2.4.1. Let T ∈ (0,∞]. A strong W 1,q-solution of (2.2) in Ω × (0, T ) is a pair of
functions u ∈ C0(Ω × [0, T )) ∩ L∞loc([0, T );W 1,q(Ω)) and v ∈ C2,0(Ω × [0, T )) such that u, v are
nonnegative, v classically solves 0 = ∆v − v + u in Ω, ∂νv

∣∣
∂Ω

= 0 and

−
∫ T

0

∫
Ω

uϕt −
∫

Ω

u0ϕ(·, 0) =

∫ T

0

∫
Ω

u∇v · ∇ϕ+ κ

∫ T

0

∫
Ω

uϕ− µ
∫ T

0

∫
Ω

u2ϕ (2.14)

holds true for all ϕ ∈ L1((0, T );W 1,1(Ω)) that have compact support in Ω × [0, T ) and satisfy
ϕt ∈ L1(Ω× (0, T )). If additionally T =∞, we call the solution global.

Remark 2.4.2. Due to density arguments, it is of course possible to formulate Definition 2.4.1
for ϕ ∈ C∞0 (Ω× [0, T )) and obtain the same solution concept.
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2 Chemotaxis can prevent thresholds on population density

2.4.2 Uniqueness
These solutions are unique as can be proven very similarly to the one-dimensional case.

Lemma 2.4.3. Let q > N , T ∈ (0,∞] and u0 ∈ W 1,q(Ω) with u0 ≥ 0. Then there is at most
one W 1,q-solution of (2.2) in Ω× (0, T ).

Proof. (Cf. [117, Lemma 4.2]). Letting q > N and u0 ∈ W 1,q(Ω) with u0 ≥ 0, we assume
(u, v), (ũ, ṽ) to be strong W 1,q-solutions of (2.2) and note that (w, z) := (u− ũ, v − ṽ) satisfies

−
∫ T

0

∫
Ω

wϕt =

∫ T

0

∫
Ω

(u∇v − ũ∇ṽ) · ∇ϕ+ κ

∫ T

0

∫
Ω

wϕ− µ
∫ T

0

∫
Ω

(u2 − ũ2)ϕ (2.15)

for all ϕ ∈ L1((0, T );W 1,1(Ω)) which have compact support in Ω × [0, T ) and satisfy ϕt ∈
L1(Ω× (0, T )) and

0 = ∆z + w − z. (2.16)

Letting T0 ∈ (0, T ), by Definition 2.4.1 (and by Lemma 2.2.4), we can define constants such that

c1 := ‖v‖L∞(Ω×(0,T0)) , c2 := ‖u‖L∞(Ω×(0,T0)) ,

c3 := ‖ũ‖L∞((0,T0),W 1,q(Ω)) , c5 := ‖ũ‖L∞(Ω×(0,T0)) .

According to Lemma 2.2.4, (2.16) implies ‖z‖W 2,q(Ω) ≤ C̃ ‖w‖Lq(Ω) for some C̃ > 0 and hence,
as W 2,q(Ω) ↪→W 1,∞(Ω) for q > N , there is c4 > 0 such that

‖z‖W 1,∞(Ω) ≤ c4 ‖w‖Lq(Ω) .

With these constants, we set

C := q(c1 + c2 + κ+ 2c3c4 + c5). (2.17)

In (2.15) we use some function ϕ we construct as follows: For t0 ∈ (0, T0) we define ξδ ∈W 1,∞(R)
by

ξδ(t) :=


1, t < t0,
t0−t+δ

δ , t ∈ [t0, t0 + δ],

0, t > t0 + δ,

for δ ∈ (0, T0−t0
2 ), and let

ϕ(x, t) := ξδ(t)
1

h

∫ t+h

t

w(x, s)(w2(x, s) + η)
q
2−1ds.

Then for δ ∈ (0, T0−t0
2 ), h ∈ (0, T0−t0

2 ), 1 > η > 0, ϕ is a valid test function in (2.15), and inserting
it yields

1

δ

∫ t0+δ

t0

∫
Ω

w(x, t)
1

h

∫ t+h

t

w(x, s)(w2(x, s) + η)
q
2−1dsdxdt

−
∫ T

0

∫
Ω

ξδ(t)w(x, t)
w(x, t+ h)(w2(x, t+ h) + η)

q
2−1 − w(x, t)(w2(x, t) + η)

q
2−1

h
dxdt

=

∫ T

0

∫
Ω

ξδ(t) [−∇u · ∇v − u∆v +∇ũ · ∇ṽ + ũ∆ṽ + κw − µw(u+ ũ)]
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· 1

h

∫ t+h

t

w(x, s)(w2(x, s) + η)
q
2−1dsdxdt

=

∫ T

0

∫
Ω

ξδ(t) [−∇w · ∇v − w∆v −∇ũ · ∇z − ũ∆z + κw − µw(u+ ũ)]

· 1

h

∫ t+h

t

w(x, s)(w2(x, s) + η)
q
2−1dsdxdt.

Taking the limit δ ↘ 0, which is possible for the first term, because the function (x, t) 7→
w(x, t) 1

h

∫ t+h
t

w(x, s)(w2(x, s) +η)
q
2−1ds is continuous, and on the right hand side by Lebesgue’s

theorem, since ∇z,∆z, ũ,∇v,∆v, w, u, are bounded and ∇w is uniformly bounded in Lq(Ω) up
to time t0 + h (according to Definition 2.4.1), we obtain∫

Ω

w(x, t0)
1

h

∫ t0+h

t0

w(x, s)(w2(x, s) + η)
q
2−1dsdx

−
∫ t0

0

∫
Ω

w(x, t)
w(x, t+ h)(w2(x, t+ h) + η)

q
2−1 − w(x, t)(w2(x, t) + η)

q
2−1

h
dxdt (2.18)

=

∫ t0

0

∫
Ω

[−∇w · ∇v − w∆v −∇ũ · ∇z − ũ∆z + κw − µw(u+ ũ)] ·

· 1

h

∫ t+h

t

w(x, s)(w2(x, s) + η)
q
2−1dsdxdt.

With the abbreviations w = w(x, t), wh = w(x, t+ h) we observe that

− 1

h

∫ t0

0

∫
Ω

wwh(w2
h + η)

q
2−1 +

1

h

∫ t0

0

∫
Ω

w2(w2 + η)
q
2−1

≥− 1

h

∫ t0

0

∫
Ω

(w2 + η)
1
2 (w2

h + η)
1
2 (w2

h + η)
q
2−1 +

1

h

∫ t0

0

∫
Ω

w2(w2 + η)
q
2−1

≥− 1

h

1

q

∫ t0

0

∫
Ω

(w2 + η)
q
2 − 1

h

q − 1

q

∫ t0

0

∫
Ω

(w2
h + η)

q
2 +

1

h

∫ t0

0

∫
Ω

w2(w2 + η)
q
2−1,

where we have used that s ≤ (s2 + η)
1
2 and Young’s inequality. Converting the time shift in the

arguments to a change of integration limits, we obtain

− 1

h

1

q

∫ t0

0

∫
Ω

w2(w2 + η)
q
2−1 − 1

h

1

q
η

∫ t0

0

∫
Ω

(w2 + η)
q
2−1 − 1

h

q − 1

q

∫ t0+h

h

∫
Ω

w2(w2 + η)
q
2−1

− 1

h

q − 1

q
η

∫ t0+h

h

∫
Ω

(w2 + η)
q
2−1 +

1

h

∫ t0

0

∫
Ω

w2(w2 + η)
q
2−1

=
q − 1

q
(
1

h

∫ h

0

∫
Ω

w2(w2 + η)
q
2−1 − 1

h

∫ t0+h

t0

∫
Ω

w2(w2 + η)
q
2−1)

− η

(
1

hq

∫ t0

0

∫
Ω

(w2 + η)
q
2−1 +

q − 1

qh

∫ t0+h

h

∫
Ω

(w2 + η)
q
2−1

)
,

where in the limit η ↘ 0 the last line vanishes. Furthermore, by the continuity of w and because
|w(w2 + η)

q
2−1| can be bounded by the integrable function (w2 + 1)

q
2 ,{

Ω 3 x 7→ 1

h

∫ t0+h

t0

w(x, s)(w2(x, s) + η)
q
2−1ds

}
∗
⇀

{
x 7→ 1

h

∫ t0+h

t0

w(x, s)|w(x, s)|q−2ds

}
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in L∞(Ω) as well as{
(x, t) 7→ 1

h

∫ t+h

t

w(x, s)(w2(x, s) + η)
q
2−1ds

}
∗
⇀

{
(x, t) 7→ 1

h

∫ t+h

t

w(x, s)|w(x, s)|q−2ds

}

in L∞(Ω× (0, t0)) as η ↘ 0. Therefore we can conclude from (2.18) that∫
Ω

w(x, t0)
1

h

∫ t0+h

t0

w(x, s)|w(x, s)|q−2dsdx+
q − 1

qh

∫ h

0

∫
Ω

|w(x, t)|q

− q − 1

qh

∫ t0+h

t0

∫
Ω

|w(x, t)|qdxdt

≤
∫ t0

0

∫
Ω

(−∇w · ∇v − w∆v −∇ũ · ∇z − ũ∆z + κw − µw(u+ ũ)) ·

· 1

h

∫ t+h

t

w(·, s)|w(·, s)|q−2ds

for h ∈ (0, T0−t0
2 ). As w is continuous on Ω× [0, T0] and w(·, 0) = 0 in Ω, h↘ 0 yields

1

q

∫
Ω

|w(x, t0)|q

≤
∫ t0

0

∫
Ω

(−∇w · ∇v − w∆v −∇ũ · ∇z − ũ∆z + κw − µw(u+ ũ))w(x, t)|w(x, t)|q−2.

Here we will estimate the integral on the right-hand side to obtain an expression that allows to
conclude w = 0 by means of Gronwall’s lemma. We will consider the summands separately:

−
∫ t0

0

∫
Ω

∇w · ∇vw|w|q−2 =
1

q

∫ t0

0

∫
Ω

|w|q∆v

=
1

q

∫ t0

0

∫
Ω

|w|q(v − u) ≤ ‖v‖L∞(Ω×(0,T0))

∫ t0

0

∫
Ω

|w|q.

Also for the next term, the second equation of (2.1) and nonnegativity of v are helpful:

−
∫ t0

0

∫
Ω

w∆vw|w|q−2 = −
∫ t0

0

∫
Ω

|w|q(v − u) ≤ ‖u‖L∞(Ω×(0,T0))

∫ t0

0

∫
Ω

|w|q.

For the last term we make use of the nonnegativity of both u and ũ:∫ t0

0

∫
Ω

(κw − µw(u+ ũ))w|w|q−2 =

∫ t0

0

∫
Ω

(κ− µ(u+ ũ))|w|q ≤ κ
∫ t0

0

∫
Ω

|w|q.

Boundedness of ũ in W 1,q(Ω) and Lemma 2.2.4 play the main role in the following estimate.

−
∫ t0

0

∫
Ω

∇ũ · ∇zw|w|q−2 ≤
∫ t0

0

‖∇ũ‖Lq(Ω) ‖∇z‖L∞(Ω)

∥∥w|w|q−2
∥∥
L

q
q−1 (Ω)

≤
∫ t0

0

c3c4 ‖w‖Lq(Ω) ‖w‖
q−1
Lq(Ω) .
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And finally, once more employing the second equation, we have

−
∫ t0

0

∫
Ω

ũ∆zw|w|q−2 = −
∫ t0

0

∫
Ω

ũzw|w|q−2 +

∫ t0

0

∫
Ω

ũ|w|q

≤(c3c4 + c5)

∫ t0

0

∫
Ω

|w|q.

Gathering all these estimates together, we see that with the constant C from (2.17) for all
t0 ∈ (0, T0) ∫

Ω

|w(x, t0)|qdx ≤ C
∫ t0

0

∫
Ω

|w|q,

hence by Gronwall’s lemma w = 0 (and therefore also z = 0), which proves uniqueness of
solutions.

2.4.3 Local existence and approximation
We will prove existence of solutions to (2.2) by means of a compactness argument whose key lies
in

Lemma 2.4.4. Let X,Y, Z be Banach spaces such that X ↪→ Y ↪→ Z, where the embedding
X ↪→ Y is compact. Then for any T > 0, p ∈ (1,∞], the space

{w ∈ L∞([0, T ];X);wt ∈ Lp((0, T );Z)}

is compactly embedded into C0([0, T ];Y ).

Proof. The proof uses the Arzelá-Ascoli theorem and Ehrling’s lemma and can be found in [117,
Lemma 4.4], see also [86, Section 8].

We directly take this tool to its use and employ it with a slightly different choice of spaces than
in the one-dimensional case to obtain a similar result.

Lemma 2.4.5. (Cf. [117, Lemma 4.3]) Let κ ≥ 0, µ > 0, q > N , assume u0 ∈ W 1,q(Ω)
nonnegative and radially symmetric. Suppose that (εj)j∈N ⊂ (0,∞), (u0,εj )j ⊂ W 1,q(Ω), T > 0,
M > 0 are such that εj ↘ 0 as j → ∞, all u0,ε are compatible, nonnegative and radial with
‖u0,ε − u0‖W 1,q(Ω) < ε and such that whenever ε ∈ (εj)j∈N, for the solution (uε, vε) of (2.1) with
initial condition u0,ε, we have

uε(x, t) ≤M (2.19)

for all (x, t) ∈ Ω× (0, T ). Then there exists a strong W 1,q-solution (u, v) of (2.2) in Ω× (0, T )
such that

uε → u in C0(Ω× [0, T ]),

uε
∗
⇀ u in L∞((0, T );W 1,q(Ω)),

vε → v in C2,0(Ω× [0, T ]).

Proof. According to Corollary 2.3.12 and by (2.19),

(uεj )j∈N is bounded in L∞((0, T );W 1,q(Ω)). (2.20)

Lemma 2.3.15 gives boundedness of the time derivatives: For some p > 1,

(uεjt)j∈N is bounded in Lp((0, T ); (W 1, q
q−1 (Ω))∗).
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2 Chemotaxis can prevent thresholds on population density

With the choice ofX = W 1,q(Ω), Y = Cγ(Ω), Z = (W 1, q
q−1 (Ω))∗, Lemma 2.4.4 allows to conclude

relative compactness of (uεj )j in C0([0, T ], Cγ(Ω)). Due to this and (2.20), given any subsequence
of (εj)j , we can pick a further subsequence thereof such that

uεji → u in C0([0, T ], Cγ(Ω)), (2.21)

uεji
∗
⇀ u in L∞((0, T );W 1,q(Ω)) (2.22)

as i→∞ and also by the propagation of the Cauchy property from (uεji )i∈N to (vεji )i∈N via∥∥∥vεji − vεjk∥∥∥C2,0(Ω×[0,T ])
≤
∥∥∥vεji − vεjk∥∥∥C2+γ,0(Ω×[0,T ])

≤C
∥∥∥uεji − uεjk∥∥∥Cγ,0(Ω×[0,T ])

= C
∥∥∥uεji − uεjk∥∥∥C0([0,T ],Cγ(Ω))

for all i, k ∈ N, where C is the constant from Lemma 2.2.4,

vεji → v C2,0(Ω× [0, T ]) as i→∞. (2.23)

The limit (u, v) is a strong W 1,q-solution of (2.2), as can be seen by testing (2.1) by an arbitrary
ϕ ∈ C∞0 (Ω × [0, T )) and taking ε = εji → 0 in each of the integrals separately, as possible by
(2.21) to (2.23):

−
∫ T

0

∫
Ω

uϕt −
∫

Ω

u0ϕ(·, t) = −0 ·
∫ T

0

∫
Ω

∇u · ∇ϕ−
∫ T

0

∫
Ω

u∇v · ∇ϕ

+ κ

∫ T

0

∫
Ω

uϕ− µ
∫ T

0

∫
Ω

u2ϕ.

Hence the limit of all these subsequences uεji of subsequences is the same, namely the unique
(Lemma 2.4.3) solution of (2.2) and therefore the whole sequence converges (in the spaces indic-
ated in equations (2.21) to (2.23)) to the solution (u, v) of (2.2).

In Lemma 2.4.5 we assumed uniform boundedness of the approximating solutions. Fortunately,
on small time scales we are entitled to do so and can prove the following:

Lemma 2.4.6. Let κ ≥ 0, µ > 0, q > N . Then for D > 0 there is some T (D) > 0 such that
for any radial symmetric nonnegative u0 ∈W 1,q(Ω) fulfilling ‖u0‖W 1,q(Ω) < D there is a unique
W 1,q(Ω)-solution (u, v) of (2.2) in Ω× (0, T (D)). Furthermore, if u0,ε are compatible functions
satisfying ‖u0,ε − u0‖W 1,q(Ω) < ε, this solution (u, v) can be approximated by solutions (uε, vε) of
(2.1) (with initial condition u0,ε) in the following sense:

uε → u in C0(Ω× [0, T ]), (2.24)

uε
∗
⇀ u in L∞((0, T );W 1,q(Ω)), (2.25)

vε → v in C2,0(Ω× (0, T )). (2.26)

Moreover, with K as in Lemma 2.3.9 this solution satisfies∫
Ω

|∇u(·, t)|q ≤
(∫

Ω

|∇u0|q +K|Ω|
∫ t

0

‖u‖1+q
L∞(Ω)

)
exp

(∫ t

0

(5q ‖u‖L∞(Ω)) + κqt

)
for a.e. t ∈ (0, T (D)).
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Proof. For ε ∈ (0, 1) we let u0,ε be compatible and ‖u0,ε − u0‖W 1,q(Ω) < ε. We apply Theorem
2.3.14 with L := D+1 to obtain T (L) such that the solutions uε to (2.1) with initial data u0 exist
on (0, T (L)) and are bounded by M(L) on that interval. Here Lemma 2.4.5 applies to provide
a strong W 1,q-solution with the claimed approximation properties. The inequality results from
Corollary 2.3.12 as follows:
According to Corollary 2.3.12, for all t ∈ (0, T (L+ 1)),∫

Ω

|∇uε(·, t)|q ≤
(∫

Ω

|∇u0,ε|q +K|Ω|
∫ t

0

‖uε‖1+q
L∞(Ω)

)
exp

(∫ t

0

(5q ‖uε‖L∞(Ω)) + κqt

)
.

We let t ≥ 0 be such that u(·, t) ∈ W 1,q(Ω). Convergence of the right-hand side is obvious
because of the uniform convergence uε → u and u0,ε → u0 inW 1,q(Ω). This implies boundedness
of (∇uεj )j∈N in Lq(Ω), hence Lq(Ω)-weak convergence along a subsequence and – due to the weak
lower semicontinuity of the norm –∫

Ω

|∇u(·, t)|q ≤ lim inf
k→∞

∫
Ω

|∇uεjk (·, t)|q

≤
(∫

Ω

|∇u0|q + |Ω|K
∫ t

0

‖u‖1+q
L∞(Ω)

)
exp

(∫
5q ‖u‖L∞(Ω) + κqt

)
.

2.4.4 Continuation and existence on maximal time intervals
Solutions constructed up to now may only exist on very short time intervals. With the following
theorem (which parallels [117, Thm. 1.2] in statement and proof) we ensure that they can be
glued together to yield a solution on a maximal time interval – to all eternity or until blow-up.

Theorem 2.4.7. Let κ ≥ 0, µ > 0, for some q > N suppose u0 ∈ W 1,q(Ω) is nonnegative and
radially symmetric. Then there exist Tmax ∈ (0,∞] and a unique pair (u, v) of functions

u ∈ C(Ω× [0, Tmax)) ∩ L∞loc([0, Tmax);W 1,q(Ω)),

v ∈ C2,0(Ω× [0, Tmax))

that form a strong W 1,q-solution of (2.2) and which are such that

either Tmax =∞ or lim sup
t↗Tmax

‖u(·, t)‖L∞(Ω) =∞. (2.27)

Proof. We apply Lemma 2.4.6 to D := ‖u0‖W 1,q(Ω) to gain T > 0 and a strong W 1,q-solution
(u, v) of (2.2) in Ω× (0, T ) fulfilling∫

Ω

|∇u|q ≤
(∫

Ω

|∇u0|q +K|Ω|
∫ t

0

‖u‖1+q
L∞(Ω)

)
exp(5q

∫ t

0

‖u‖L∞(Ω) + κqt) (2.28)

for almost every t ∈ (0, T ). Accordingly, the set

S : = {T̃ > 0 | ∃ strong W 1,q-solution of (2.2) in Ω× (0, T̃ )

with initial condition u0 and satisfying (2.28) for a.e. t ∈ (0, T̃ )}

is not empty and Tmax := supS ≤ ∞ is well-defined. According to Lemma 2.4.3, the strong
W 1,q-solution on Ω × (0, Tmax), which obviously exists, is unique. We only have to verify the
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extensibility criterion (2.27). If Tmax < ∞ and lim supt↗Tmax ‖u(·, t)‖L∞(Ω) < ∞, then there
would exist M > 0 such that for all (x, t) ∈ Ω× (0, Tmax)

u(x, t) ≤M.

We could let N ⊂ (0, Tmax) be a set of measure zero, as provided by the definition of S, such
that (2.28) holds for all t ∈ (0, Tmax) \N . Together with u ≤M this would imply

‖u(·, t0)‖W 1,q(Ω) ≤ D1

for some positive D1 and for each t0 ∈ (0, Tmax) \N . Lemma 2.4.6 would yield the existence of
a strong W 1,q-solution of 

ût = −∇ · (û∇v̂) + κû− µû2

0 = ∆v̂ − v̂ + û

0 = ∂ν û
∣∣
∂Ω

= ∂ν v̂
∣∣
∂Ω
,

û(x, 0) = u(x, t0)

on Ω× (0, T (D1)), which would satisfy∫
Ω

|∇û(·, t)|q ≤
(∫

Ω

|∇u(·, t0)|q +K|Ω|
∫ t

0

‖û‖1+q
L∞(Ω)

)
exp

(
5q

∫ t

0

‖û‖L∞(Ω) + κqt

)
(2.29)

for almost every t ∈ (0, T (D1)).
Upon the choice of t0 ∈ (0, Tmax) \N with t0 > Tmax − T (D1)

2 ,

(ũ, ṽ)(·, t) =

{
(u, v)(·, t) t ∈ (0, t0)

(û, v̂)(·, t− t0) t ∈ [t0, t0 + T (D1))

would define a strong W 1,q-solution of (2.2) in Ω × (0, t0 + T (D1)) which clearly would satisfy
(2.28) for a.e. t < t0. For t > t0 on the other hand, a combination of (2.29) and (2.28) would
give∫

Ω

|∇ũ(·, t)|q ≤
((∫

Ω

|∇u0|q +K|Ω|
∫ t0

0

‖ũ‖1+q
L∞(Ω)

)
exp

(
5q

∫ t0

0

‖ũ‖L∞(Ω) + κqt0

)
+K|Ω|

∫ t

t0

‖ũ‖1+q
L∞(Ω)

)
· exp

(
5q

∫ t

t0

‖ũ‖L∞(Ω) + κq(t− t0)

)
≤
(∫

Ω

|∇u0|q +K|Ω|
∫ t

0

‖ũ‖1+q
L∞(Ω)

)
exp

(
5q

∫ t

0

‖ũ‖L∞(Ω) + κqt

)
.

This would finally lead to a contradiction to the definition of Tmax as supremum, because then
obviously (ũ, ṽ) would satisfy (2.28) for a.e. t ∈ (0, t0 + T (D1)).

2.4.5 An estimate for strong solutions: Boundedness in L1

Having confirmed existence and uniqueness of solutions, we set out to explore some more of their
properties. And as in [117, Lemma 4.1], one of the first facts that can be observed (and proven
like in the 1-dimensional case) is their boundedness in L1(Ω).
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Lemma 2.4.8. Let κ ≥ 0, µ > 0, assume that for T > 0, q > N , u is a strong W 1,q-solution of
(2.2) in Ω× (0, T ) with u0 ∈W 1,q(Ω), u0 nonnegative. Then for all t ∈ (0, T )∫

Ω

u(x, t)dx ≤ max

{∫
Ω

u0,
κ|Ω|
µ

}
.

Proof. We define y(t) =
∫

Ω
u(x, t)dx. Then y is continuous on [0, T ), as u ∈ C0(Ω× [0, T )) and

u ∈ L∞loc([0, T );W 1,q(Ω)) ↪→ L∞loc([0, T );L1(Ω)) ↪→ L1
loc([0, T ) × Ω), and it is sufficient to show

that y ∈ C1((0, T )) and for all t ∈ (0, T )

y′(t) ≤ κy(t)− µ

|Ω|
y2(t).

To see this, we let t0 ∈ (0, T ), t1 ∈ (t0, T ) and let ξδ ∈W 1,∞(R) be given by

ξδ(t) =


0 t < t0 − δ ∨ t > t1 + δ
t−t0+δ

δ t ∈ [t0 − δ, t0]

1 t ∈ (t0, t1)
t1−t+δ

δ t ∈ [t1, t1 + δ]

for δ ∈ (0, δ0) with δ0 = min{t0, T − t1}. Then ϕ(x, t) := ξδ(t), (x, t) ∈ Ω × (0, T ) defines an
admissible test function in (2.14) and we have

−
∫ T

0

∫
Ω

uϕt −
∫

Ω

u0ϕ(·, 0) =

∫ T

0

∫
Ω

u∇v · ∇ϕ+ κ

∫ T

0

∫
Ω

uϕ− µ
∫ T

0

∫
Ω

u2ϕ

so that, by ξδ(0) = 0 and ∇ϕ = 0,

−1

δ

∫ t0

t0−δ

∫
Ω

u+
1

δ

∫ t1+δ

t1

∫
Ω

u = κ

∫ T

0

∫
Ω

ξδ(t)u(x, t)dxdt− µ
∫ T

0

∫
Ω

u2ξδ(t)dxdt.

Since u is continuous, the left hand side converges to y(t1)− y(t0), whereas the right hand side
makes application of the dominated convergence theorem possible due to the boundedness of u
on [0, T − δ0] as δ ↘ 0 and we arrive at

y(t1)− y(t0) = κ

∫ t1

t0

∫
Ω

u− µ
∫ t1

t0

∫
Ω

u2dxdt ≤ κ
∫ t1

t0

u− µ
∫ t1

t0

1

|Ω|

(∫
Ω

u

)2

.

Upon division by t1 − t0 and taking limits t1 → t0, we infer that indeed y ∈ C1((0, T )) with

y′(t) ≤ κy(t)− µ

|Ω|
y2(t) for all t ∈ (0, T ).

2.4.6 Global existence for large µ
Bounds on the L∞(Ω)-norm are the only thing we need to guarantee existence of solutions for
longer times. They arise as a corollary to Lemma 2.3.6, which directly implies the following.

Corollary 2.4.9. Let κ ≥ 0, µ ≥ 1, q > N . For each nonnegative, radial u0 ∈ W 1,q(Ω), (2.2)
has a unique global strong W 1,q-solution (u, v). Furthermore, if u0 6≡ 0, then

‖u(·, t)‖L∞(Ω) ≤



κ
µ−1 (1 + ( κ

(µ−1)‖u0‖L∞(Ω)
− 1)e−κt)−1, κ > 0, µ > 1,

‖u0‖L∞(Ω)

1+(µ−1)‖u0‖L∞(Ω)t
, κ = 0, µ > 1,

‖u0‖L∞(Ω) eκt, κ > 0, µ = 1,

‖u0‖L∞(Ω) , κ = 0, µ = 1.
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Proof. Local existence up to a maximal time Tmax ≤ ∞ is given by Theorem 2.4.7. For each
T ∈ (0, Tmax), there are solutions of (2.1) converging to (u, v) in C0(Ω× (0, T )), hence u inherits
the bounds from Lemma 2.3.6. By (2.27), (u, v) must thus be global.

Without further labour, we can state what we have obtained so far:

Proposition 2.4.10. Let κ ≥ 0, µ ≥ 1, q > N . Then for each nonnegative radial u0 ∈W 1,q(Ω),
(2.2) has a unique global strong W 1,q-solution. Furthermore, if µ > 1 or κ = 0, u, v are bounded
in Ω× (0,∞).

2.4.7 Blow-up for small µ

The contrasting – and more interesting – case is that of small values of µ. Here we will show
blow-up. We borrow the following technical tool from [117]:

Lemma 2.4.11. Let a > 0, b ≥ 0, d > 0, and κ > 1 be such that

a >

(
2b

d

) 1
κ

.

Then if for some T > 0 the function y ∈ C0([0, T )) is nonnegative and satisfies

y(t) ≥ a− bt+ d

∫ t

0

yκ(s)ds

for all t ∈ (0, T ), we necessarily have

T ≤ 2

(κ− 1)aκ−1d
.

Proof. [117, Lemma 4.9].

To be of any use to us, this estimate must be accompanied by lower bounds for (some norm of)
u. We prepare those by the following lemma

Lemma 2.4.12. Let κ ≥ 0 and µ > 0. For all p > 1 and η > 0 there is B(p, η) > 0 such that
for all q > 1 all W 1,q-solutions (u, v) of (2.2) with nonnegative u0 in Ω× (0, T ) satisfy∫

Ω

up(·, t) ≥
∫

Ω

up0 + ((1− µ)p− 1− η)

∫ t

0

∫
Ω

up+1 −B(p, η)

∫ t

0

(∫
Ω

u

)p+1

for all t ∈ (0, T ).

Proof. The same testing procedure as in [117, Lemma 4.8] leads to success. We repeat it (with
the necessary adaptions) for the sake of completeness, because Lemma 2.4.12 is a main building
block of the blow-up result.
Let T0 ∈ (0, T ), t0 ∈ (0, T0), δ ∈ (0, T − t0), ξδ be as in the proof of Lemma 2.4.3:

ξδ(t) :=


1 t < t0,
t0−t+δ

δ t ∈ [t0, t0 + δ],

0 t > t0 + δ.
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2.4 Hyperbolic-elliptic case

For each ζ > 0, the function (u+ ζ)p−1 belongs to L∞loc([0, T );W 1,q(Ω)) and for δ ∈ (0, T0 − t0),
h ∈ (0, 1),ζ > 0,

ϕ(x, t) := ξδ(t)
1

h

∫ t

t−h
(u(x, s) + ζ)p−1ds, (x, t) ∈ Ω× (0, T ),

is a test function for (2.14), if we set u(·, t) = u0 for t < 0. This yields

1

δ

∫ t0+δ

t0

∫
Ω

u(x, t)
1

h

∫ t

t−h
(u(x, s) + ζ)p−1dsdxdt−

∫
Ω

u0(x)(u0(x) + ζ)p−1dx

−
∫ T

0

∫
Ω

ξδ(t)u(x, t)
(u(x, t) + ζ)p−1 − (u(x, t− h) + ζ)p−1

h
dxdt

= (p− 1)

∫ T

0

∫
Ω

ξδ(t)u(x, t)∇v(x, t) · 1

h

∫ t

t−h
(u(x, s) + ζ)p−2∇u(x, s)dsdxdt

+ κ

∫ T

0

∫
Ω

ξδ(t)u(x, t)
1

h

∫ t

t−h
(u(x, s) + ζ)p−1dsdxdt

− µ
∫ T

0

∫
Ω

ξδ(t)u
2(x, t)

1

h

∫ t

t−h
(u(x, s) + ζ)p−1dsdxdt.

Letting δ tend to 0, we use continuity of u and Lebesgue’s theorem to obtain∫
Ω

u(x, t0)
1

h

∫ t0

t0−h
(u(x, s) + ζ)p−1dsdx

−
∫ t0

0

∫
Ω

u(x, t)
(u(x, t) + ζ)p−1 − (u(x, t− h) + ζ)p−1

h
dxdt−

∫
Ω

u0(u0 + ζ)p−1

= (p− 1)

∫ t0

0

∫
Ω

u(x, t)∇v(x, t) · 1

h

∫ t

t−h
(u(x, s) + ζ)p−2∇u(x, s)dsdxdt

+ κ

∫ t0

0

∫
Ω

u(x, t)
1

h

∫ t

t−h
(u(x, s) + ζ)p−1dsdxdt (2.30)

− µ
∫ t0

0

∫
Ω

u2(x, t)
1

h

∫ t

t−h
(u(x, s) + ζ)p−1dsdxdt.

We consider the second integral on the left hand side:

−
∫ t0

0

∫
Ω

u(x, t)
(u(x, t) + ζ)p−1 − (u(x, t− h) + ζ)p−1

h
dxdt

= − 1

h

∫ t0

0

∫
Ω

(u(x, t) + ζ)pdxdt+
1

h

∫ t0

0

∫
Ω

(u(x, t) + ζ)(u(x, t− h) + ζ)p−1dxdt

+
ζ

h

∫ t0

0

∫
Ω

(u(x, t) + ζ)p−1dxdt− ζ

h

∫ t0

0

∫
Ω

(u(x, t− h) + ζ)p−1dxdt = I1 + I2,

where, upon an application of Young’s inequality, we obtain

I1 ≤−
1

h

∫ t0

0

∫
Ω

(u(x, t) + ζ)pdxdt+
1

ph

∫ t0

0

∫
Ω

(u(x, t) + ζ)pdxdt

+
p− 1

p

1

h

∫ t0

0

∫
Ω

(u(x, t− h) + ζ)pdxdt
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= −p− 1

ph

∫ t0

0

∫
Ω

(u(x, t) + ζ)pdxdt+
p− 1

ph

∫ t0

0

∫
Ω

(u(x, t− h) + ζ)pdxdt

=
p− 1

ph

[
h

∫
Ω

(u0(x) + ζ)pdx−
∫ t0

t0−h

∫
Ω

(u(x, t) + ζ)pdxdt
]

and by similar cancellations as in the last step,

I2 = −ζ
∫

Ω

(u0(x) + ζ)p−1dx+
ζ

h

∫ t0

t0−h

∫
Ω

(u(x, t) + ζ)p−1dxdt.

Hence, again by continuity of u,

lim sup
h→0

(
−
∫ t0

0

∫
Ω

u(x, t)
(u(x, t) + ζ)p−1 − (u(x, t− h) + ζ)p−1

h
dxdt

)
≤p− 1

p

∫
Ω

(u0 + ζ)p − p− 1

p

∫
Ω

(u(·, t0) + ζ)p − ζ
∫

Ω

(u0 + ζ)p−1

+ ζ

∫
Ω

(u(·, t0) + ζ)p−1.

For any ψ ∈ Lq′(Ω× (0, T0);RN ), where 1
q′ + 1

q = 1, by u ∈ L∞((−1, T );W 1,q(Ω)),∫
Ω

∫ t

0

1

h

∫ t

t−h
(u(x, s) + ζ)p−2∇u(x, s)ds · ψ(x, t)dxdt

→
∫

Ω

∫ t

0

(u(x, t) + ζ)p−2∇u(x, t) · ψ(x, t)dxdt.

Therefore, setting ψ = u∇v and similarly dealing with the first integral, (2.30) becomes∫
Ω

u(·, t0)(u(·, t0) + ζ)p−1 +
p− 1

p

∫
Ω

(u0 + ζ)p − p− 1

p

∫
Ω

(u(·, t0) + ζ)p

− ζ
∫

Ω

(u0 + ζ)p−1 + ζ

∫
Ω

(u(·, t0) + ζ)p−1 −
∫

Ω

u0(u0 + ζ)p−1

≥(p− 1)

∫ t0

0

∫
Ω

u∇v · (u+ ζ)p−2∇u+ κ

∫ t0

0

∫
Ω

u(u+ ζ)p−1 − µ
∫ t0

0

∫
Ω

u2(u+ ζ)p−1

≥(p− 1)

∫ t0

0

∫
Ω

u∇v · (u+ ζ)p−2∇u− µ
∫ t0

0

∫
Ω

u2(u+ ζ)p−1

as h → 0. Because p > 1, u(u + ζ)p−2 → up−1 uniformly as ζ → 0. In this limit we therefore
obtain∫

Ω

up(·, t0) +
p− 1

p

∫
Ω

up0 −
p− 1

p

∫
Ω

up(·, t0)−
∫

Ω

up0

≥(p− 1)

∫ t0

0

∫
Ω

up−1∇v · ∇u− µ
∫ t0

0

∫
Ω

up+1.

This is equivalent to the following inequality, where we can use the elliptic equation of (2.2) to
express ∆v differently.

1

p

∫
Ω

up(·, t0)− 1

p

∫
Ω

up0 ≥ −
p− 1

p

∫ t0

0

∫
Ω

up∆v − µ
∫ t0

0

∫
Ω

up+1
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=
p− 1

p

∫ t0

0

∫
Ω

up+1 − p− 1

p

∫ t0

0

∫
Ω

upv − µ
∫ t0

0

∫
Ω

up+1.

Here Young’s inequality and Lemma 2.2.3 provide constants C1 and c̃ respectively, such that

1

p

∫
Ω

up(·, t0)−1

p

∫
Ω

up0

≥
(
p− 1

p
− µ

)∫ t0

0

∫
Ω

up+1 − η

2p

∫ t0

0

∫
Ω

up+1 − C1

∫ t0

0

∫
Ω

vp+1

≥
(
p− 1

p
− µ− η

2p

)∫ t0

0

∫
Ω

up+1 − η

2p

∫ t0

0

∫
Ω

up+1 − c̃
∫ t0

0

(∫
Ω

u

)p+1

=
1

p
((1− µ)p− 1− η)

∫ t0

0

∫
Ω

up+1 − c̃
∫ t0

0

(∫
Ω

u

)p+1

.

These lemmata can be utilized to decide which alternative of Theorem 2.4.7 occurs for µ < 1.
It is the same as in case of dimension one (see [117, Thm. 1.4]) and can be proven almost
identically:

Theorem 2.4.13. Let κ ≥ 0, µ ∈ (0, 1). For all p > 1
1−µ there is C(p) > 0 with the following

property: Whenever q > N and u0 ∈W 1,q(Ω) is nonnegative, radial and

‖u0‖Lp(Ω) > C(p) max

{
1

|Ω|

∫
u0,

κ

µ

}
,

the strong W 1,q-solution of (2.2) blows up in finite time, i.e. in Theorem 2.4.7, we have Tmax <
∞ and lim supt↗Tmax ‖u(·, t)‖L∞(Ω) =∞.

Proof. We let η = (1−µ)p−1
2 > 0, B(p, η) as in Lemma 2.4.12,

C(p) :=

(
4B(p, η)

(1− µ)p− 1

) 1
p+1

|Ω|1+ 1
p(p+1) .

Supposing that ‖u0‖Lp(Ω) > C(p) max{ 1
|Ω|
∫

Ω
u0,

κ
µ} and the correspondingW 1,q-solution of (2.2)

(from Theorem 2.4.7) was global in time, i.e. Tmax = ∞, we let y(t) :=
∫

Ω
up(x, t)dx for t ≥ 0.

This would define a continuous function on [0,∞).
According to Lemma 2.4.12, κ ≥ 0, µ > 0, p > 1

1−µ > 1 and the choice of B(p, η) would make y
satisfy

y(t) ≥
∫

Ω

up0 + ((1− µ)p− 1− η)

∫ t

0

∫
Ω

up+1ds−B(p, η)

∫ t

0

(∫
Ω

u

)p+1

≥ y(0) +
(1− µ)p− 1

2
|Ω|−

1
p

∫ t

0

[y(s)]
p+1
p −B(p, η)

∫ t

0

(∫
Ω

u

)p+1

for all t ≥ 0. By Lemma 2.4.8, for all t ≥ 0 we would obtain∫ t

0

(∫
Ω

u

)p+1

≤
∫ t

0

(|Ω|m̂)p+1 ≤|Ω|p+1m̂p+1t,

where m̂ = max{ 1
|Ω|
∫

Ω
u0,

κ
µ}. Therefore

y(t) ≥ y(0) +
(1− µ)p− 1

2
|Ω|−

1
p

∫ t

0

y
p+1
p (s)ds−B(p, η)|Ω|p+1m̂p+1t
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2 Chemotaxis can prevent thresholds on population density

for all t ≥ 0. An application of Lemma 2.4.11 with a = y(0), b = B(p, η)|Ω|p+1m̂p+1, d =
(1−µ)p−1

2 |Ω|−
1
p , and κ = p+1

p now would allow to conclude from

a

(
2b

d

)− 1
κ

= ‖u0‖pLp(Ω)

(
4B(p, η)|Ω|p+1m̂p+1|Ω|

1
p

(1− µ)p− 1

)− p
p+1

> 1

that – contradicting our assumption and proving the theorem – Tmax must be finite.

2.5 No thresholds on population density. Proof of Theorem
2.1.1

Let us now, finally, prove the main result, corresponding to [117, Thm. 1.1] and expanding this
to higher dimensional space.

Proof of Theorem 2.1.1. (See [117, Thm. 1.1]). Let u0 ∈ W 1,q(Ω) be as in the statement of the
theorem and let T > 0 denote the maximal existence time of the corresponding solution of (2.2).
We then know by Theorem 2.4.13 that T <∞ and

lim sup
t↗T

‖u(·, t)‖L∞(Ω) =∞. (2.31)

In the following we only consider solutions of (2.1) that exist at least until time T . All other
solutions blow up earlier according to Lemma 2.3.2 and therefore trivially satisfy the theorem.
Let us assume that Theorem 2.1.1 were not true. Then there would be M > 0 and a sequence
εj → 0 such that

uεj (x, t) ≤M

for all (x, t) ∈ Ω× (0, T ) and j ∈ N. Therefore, we would obtain convergence by Lemma 2.4.5:

uεj → ũ in C0(Ω× [0, T ])

and
vεj → ṽ in C2,0(Ω× [0, T ]),

as j →∞, where (ũ, ṽ) is a strong solution of (2.2). Because such solutions are unique, (ũ, ṽ) =
(u, v) and in particular u = ũ ≤M in Ω× (0, T ), contradicting (2.31).
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3 Eventual smoothness and asymptotics
in a three-dimensional chemotaxis
system with logistic source

3.1 Introduction
Starting from the pioneering work of Keller and Segel [43], an extensive mathematical liter-
ature has grown on the Keller-Segel model and its variants, mathematical models describing
chemotaxis, that is the tendency of (micro-)organisms to adapt the direction of their (otherwise
random) movement toward increasing concentrations of a signalling substance (see also Section
2.1).
If biological phenomena where chemotaxis plays a role are modelled on not only small time scales,
often growth of the population, whose density we will denote by u, must be taken into account.
A prototypical choice to accomplish this is the addition of logistic growth terms +κu − µu2 in
the evolution equation for u. Here +κu, with κ ∈ R being the difference between birth rate
and death rate of the population, is used to describe population growth, and the term −µu2

models additional overcrowding effects. Negative values of κ can be used to include effects
like spontaneous degradation into the model (e.g. in the case of a starving population) that
– in contrast to the effects modelled by the quadratic term – take place also in regions with
small population density. Unfortunately, it is unclear whether global classical solutions to the
chemotaxis-system 

ut = ∆u−∇ · (u∇v) + κu− µu2

vt = ∆v − v + u

∂νu
∣∣
∂Ω

= ∂νv
∣∣
∂Ω

= 0

u(·, 0) = u0, v(·, 0) = v0,

(3.1)

where u0, v0 are given functions, exist in the smooth, bounded domain Ω ⊂ RN if N ≥ 3 and
µ > 0 is small.
The parabolic-elliptic simplification (where vt is replaced by 0) of (3.1) has been considered in
[100], where – besides some study of asymptotic behaviour – it is shown that weak solutions
exist for arbitrary µ > 0 and that they are smooth and globally classical if µ > N−2

N . In [109]
the existence of (very) weak solutions is proven under more general conditions. Under additional
assupmtions, also the existence of a bounded absorbing set in L∞(Ω) is shown.
Turning to the parabolic-parabolic system, important findings are given in [111], which assert
existence and uniqueness of global, smooth, bounded solutions to (3.1) under the condition that
µ be large enough.
Additional results on existence of global solutions or even of an exponential attractor have been
given in the two-dimensional case (see e.g. [78, 79]). In this case, global solutions exist for
arbitrary µ > 0.
But not only the restriction to dimension 2, also the inclusion of some kind of saturation effect in
the chemotactic sensitivity [8], sublinear dependence of the chemotactic sensitivity on u [13] or
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

even changing the second equation into one that models the consumption of the chemoattractant
(as done in [93, 95] for κ = µ = 0) can make it possible to derive the global existence of solutions.
The same can be accomplished by replacement of the secretion term +u in the second equation
of (3.1) by + u

(1+u)1−β with some 0 < β < 9
10 , which enables the authors of [76] to show the

existence of attractors in the corresponding dynamical system.
On the other hand, the model{

ut = ε∆u−∇ · (u∇v) + κu− µu2

0 = ∆v − v + u

(3.2)

has recently been shown to exhibit the following property (see Chapter 2): If µ ∈ (0, 1) and
the (radially symmetric) initial datum u0 is large in a certain Lp(Ω)−space, there exists some
finite time such that up to this time any given threshold will be surpassed by solutions to (3.2)
for sufficiently small ε > 0. Although this demeanour may be interesting from an emergence-
of-patterns point-of-view and although solutions become very large, it still is not the same as
blow-up and, in fact, also occurs in case of bounded solutions, even in space-dimension 1 [117].
In [112] it is shown that in another related model,

ut = ∆u−∇ · (u∇v) + κu− µuβ , vt = ∆v −m(t) + u, m(t) =
1

|Ω|

∫
Ω

u,

blow-up may occur for space-dimension N ≥ 5 and exponents 1 < β < 3
2 + 1

2N−2 .
Consequently, the supposition that any superlinear growth restriction already signifies the ex-
istence of a global, bounded solution does not stand unchallenged; and the question whether
the above-mentioned results on the presence of global smooth solutions in similar situations find
their analogue in the case of (3.1), the most prototypical chemotaxis system including logistic
growth, is not clear at all.
In the present chapter, we therefore investigate the existence of solutions to (3.1). More precisely,
we will construct weak solutions in the sense of Definition 3.5.1 below. We shall show that, in
dimension 3 and under a smallness condition on κ, they become smooth after some time, which
also excludes finite-time blow-up from then on. Note that this, however, does not provide any
information on a small timescale.
To the aim sketched above we will then consider the approximate system

uεt = ∆uε −∇ · (uε∇vε) + κuε − µu2
ε − εuθε

vεt = ∆vε − vε + uε

∂νuε
∣∣
∂Ω

= ∂νvε
∣∣
∂Ω

= 0

uε(·, 0) = u0,ε, v(·, 0) = v0,ε,

(3.3)

for θ > N + 2 with nonnegative initial values u0,ε ∈ C0(Ω) and v0,ε ∈W 1,N+1(Ω), where global
classical solutions are quickly seen to exist, and derive estimates finally allowing for compactness
arguments, which will provide the existence of a weak solution to (3.1) in Proposition 3.6.1 and
Lemma 3.6.2.
We will employ the estimates from Section 3.4 to conclude that a solution must become small in an
appropriate sense after some time. This, in turn, will be the starting point for an ODE comparison
argument for the quantity

∫
Ω
u2
ε(·, t) +

∫
Ω
|∇vε(·, t)|4, whose thereby-obtained boundedness in

conjunction with estimates on the Neumann heat semigroup results in eventual boundedness
and hence in eventual smoothness of (u, v). We finally arrive at the following result:
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Theorem 3.1.1. Let Ω ⊂ RN , N ≥ 1, be a smooth, bounded, convex domain and u0 ∈ L2(Ω),
v0 ∈W 1,2(Ω) be nonnegative. Let κ ∈ R, and µ > 0.
Then there is a nonnegative weak solution (u, v) (in the sense of Definition 3.5.1 below) to (3.1)
with initial data u0, v0.
It can be approximated in the sense of a.e.-convergence by solutions of (3.3) (and moreover in
the sense detailed in Proposition 3.6.1).
Furthermore, if N = 3, for any µ > 0 there exists κ0 > 0 such that if κ < κ0, there is T > 0
such that u and v are a classical solution of (3.1) for t > T .
Moreover, in this case, there are C > 0 and γ > 0 such that for any t > T

‖u‖
C2+γ,1+

γ
2 (Ω×[t,t+1])

+ ‖v‖
C2+γ,1+

γ
2 (Ω×[t,t+1])

≤ C.

Remark 3.1.2. Because we have adopted a weak concept of solution, it is conceivable that
solutions to (3.1) are not unique. Investigation of this issue is beyond the scope of the present
work and we state the following theorems only for solutions as provided by Theorem 3.1.1.

Besides the aforementioned results about attractors, little is known about asymptotic behaviour
of solutions to models like (3.1). Recently, in [116] convergence to the positive homogeneous
equilibrium was found for values of µ being sufficiently large as compared to the chemotactic
sensitivity.
The richness of dynamics and pattern formation exhibited by chemotaxis models with growth
[80, 47] however indicates that any speculation about asymptotical behaviour, especially about
convergence to homogeneous states, should be backed by rigorous examinations.
In the situation of (3.1), we can summarize the long-term behaviour as follows: If κ ≤ 0, solutions
will converge to the trivial steady state - and any formation of interesting patterns has to take
place on intermediary timescales.

Theorem 3.1.3. Let µ > 0, and κ ≤ 0. Let Ω ⊂ R3 be a smooth bounded convex domain and
let (u, v) be the solution to (3.1) provided by Theorem 3.1.1. Then

(u(·, t), v(·, t))→ (0, 0) as t→∞

in the sense of uniform convergence.

Remark 3.1.4. The same convergence result can be given for any classical solution of (3.1) for
µ > 0 and κ ≤ 0 in Ω ⊂ R3 as above. In this case, only minor adaptions of the proofs become
necessary.

If κ is positive and sufficiently small, we can assert the existence of an absorbing set in the
following sense:

Theorem 3.1.5. Let Ω ⊂ R3 be a smooth bounded convex domain. Then for any µ > 0 there
is κ0 > 0 such that for all κ ∈ (0, κ0), there is γ > 0 and a bounded set Bµ,κ ⊂ (C2+γ(Ω))2

such that for all (u0, v0) ∈ L2(Ω)×W 1,2(Ω), the corresponding solution (u, v) as constructed in
Theorem 3.1.1 admits the existence of T > 0 such that

(u(·, t), v(·, t)) ∈ Bµ,κ for all t > T.

Moreover, for each fixed µ > 0,

diamL∞(Ω)×W 1,∞(Ω)(Bµ,κ)→ 0 as κ↘ 0.
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Further steps in this direction may hopefully lead to an even more detailed insight, much in
the spirit of [75, 4], into the long-time behaviour of solutions to (3.1) in dimension 3 for small,
positive µ.

Remark 3.1.6. In the calculations below, we will assume that µ > 0 is a fixed number.
Throughout the chapter, we fix Ω ⊂ RN to be a convex bounded domain with smooth boundary
and u0 ∈ L2(Ω), v0 ∈W 1,2(Ω) nonnegative.
Also, we let θ denote a number satisfying θ > N + 2.

3.2 Existence of approximate solutions
The system (3.3) has a unique, global, classical solution. At a first glance, the source term
f(s) = κs− µs2 − εsθ seems to satisfy the condition f(s) ≤ a− µ0s

2 from Theorem 0.1 of [111],
which would provide a global solution, but as µ0 depends on a, this theorem is not applicable in
the present case. Even tracing the dependece of µ0 on a does not improve the situation.
We therefore use Lemma 1.1 of the same article, which asserts the local existence of a unique clas-
sical solution (uε, vε) to (3.3) for initial data u0,ε ∈ C0(Ω), v0,ε ∈W 1,N+1(Ω). More specifically,
it implies that this solution exists on a time interval [0, Tmax), Tmax ∈ (0,∞], and satisfies

lim sup
t↗Tmax

(
‖uε(·, t)‖L∞(Ω) + ‖vε(·, t)‖W 1,∞(Ω)

)
=∞

if Tmax < ∞. Hence, in order to show the global existence of this solution, it is sufficient to
derive boundedness of uε, vε and ∇vε.
Our means of pursuing this aim will be

Proposition 3.2.1. Let q > N + 2. Let (u, v) be a nonnegative classical solution of{
ut = ∆u−∇ · (u∇v) + f(u),

vt = ∆v − v + u

in Ω × [0, T ), T > 0, with homogeneous Neumann boundary conditions, for initial data v0 ∈
W 1,∞(Ω), u0 ∈ L∞(Ω) and some function f satisfying f(s) ≤ C0 for all s > 0 with some
C0 > 0. Furthermore, assume that there exists C > 0 such that u satisfies(∫ T

0

∫
Ω

uq

) 1
q

≤ C.

Then u, v and ∇v are bounded in Ω× [0, T ).

Proof. We denote by C1, C2, C3 the constants provided by Lemma 1.3 of [110] such that∥∥∇eτ∆φ
∥∥
L∞(Ω)

≤ C1 ‖∇φ‖L∞(Ω) (3.4)

for all φ ∈W 1,∞(Ω) and ∥∥∇eτ∆φ
∥∥
L∞(Ω)

≤ C2(1 + τ−
1
2−

n
2q ) ‖φ‖Lq(Ω) (3.5)

for all φ ∈ Lq(Ω) as well as∥∥eτ∆∇ · ϙ
∥∥
L∞(Ω)

≤ C3(1 + τ−
1
2−

n
2q ) ‖ϙ‖Lq(Ω) (3.6)
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for ϙ ∈ Lq(Ω;RN ). Here, eτ∆∇· signifies the extension of the corresponding operator on
C∞0 (Ω;RN ) to a continuous operator from Lq(Ω;RN ) to L∞(Ω), see [110, Lemma 1.3]. Since
(− 1

2 −
N
2q ) · q

q−1 = − 1
2
q+N
q

q
q−1 = − 1

2 (1 + N+1
q−1 ) > − 1

2 (1 + N+1
(N+2)−1 ) = −1,

C4 =

(∫ T

0

(1 + (T − s)−
1
2−

N
2q )

q
q−1 ds

) q−1
q

(3.7)

is finite. We let t ∈ [0, T ]. Employing (3.4) and (3.5) in the variations-of-constants formula for
v, we obtain

‖∇v(·, t)‖L∞(Ω) ≤
∥∥∥∇et(∆−1)v0

∥∥∥
L∞(Ω)

+

∫ t

0

∥∥∥∇e(t−s)(∆−1)u(·, s)
∥∥∥
L∞(Ω)

ds

≤C1 ‖∇v0‖L∞(Ω) + C2

∫ t

0

(1 + (t− s)−
1
2−

N
2q ) ‖u(·, s)‖Lq(Ω) ds

≤C1 ‖∇v0‖L∞(Ω) + C2

(∫ t

0

(1 + (t− s)−
1
2−

N
2q )

q
q−1 ds

) q−1
q
(∫ t

0

‖u(·, s)‖qLq(Ω) ds
) 1
q

≤C1 ‖∇v0‖L∞(Ω) + C2C4C =: C5. (3.8)

We represent also u in terms of the semigroup, use the order-preserving property of the heat
semigroup and estimate with the help of (3.6) to see that

0 ≤ u(·, t) = et∆u0 +

∫ t

0

e(t−s)∆∇ · (u(·, s)∇v(·, s))ds+

∫ t

0

e(t−s)∆f(u(·, s))ds

≤‖u0‖L∞(Ω) + C3

∫ t

0

(1 + (t− s)−
1
2−

N
2q ) ‖u(·, s)‖Lq(Ω) ‖∇v(·, s)‖L∞(Ω) ds+ TC0.

Another application of Hölder’s inequality, now in time, in combination with (3.8) and (3.7) gives

0 ≤ u(·, t) ≤‖u0‖L∞(Ω) + C3C5

(∫ t

0

(1 + (t− s)−
1
2−

N
2q )

q
q−1

) q−1
q
(∫ t

0

‖u(·, s)‖qLq(Ω)

) 1
q

+ TC0

≤‖u0‖L∞(Ω) + C3C5C4C + TC0 =: C6.

Boundedness of v on Ω× [0, T ] then is an easy consequence:

0 ≤ v(·, t) ≤
∥∥∥et(∆−1)v0

∥∥∥
L∞(Ω)

+

∫ t

0

∥∥∥e(t−s)(∆−1)u(·, s)
∥∥∥
L∞(Ω)

ds ≤ ‖v0‖L∞(Ω) +

∫ t

0

C6ds

for all t ∈ [0, T ].

For given nonnegative u0 ∈ L2(Ω), v0 ∈ W 1,2(Ω) and ε > 0, we choose nonnegative functions
u0,ε ∈ C0(Ω), v0,ε ∈W 1,N+1(Ω) such that

‖u0 − u0,ε‖L2(Ω) ≤ min{ε, 1}, ‖v0 − v0,ε‖W 1,2(Ω) ≤ min{ε, 1}. (3.9)

From now on, by (uε, vε) we denote the unique classical solution on [0, Tmax) to (3.3) with initial
data u0,ε and v0,ε. Proposition 3.2.1 in conjunction with the next two lemmata and Lemma 1.1
of [111] will show that, indeed, Tmax =∞.
Note that, by (3.9), in the following lemmata estimates in terms of u0,ε or v0,ε can be made
ε-independent by retreating to the corresponding integral of u0 or v0 plus 1.
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3.3 Estimates
In this section we present estimates for different quantities involving uε and vε respectively, which
can be obtained more or less directly from (3.3) together with ODE comparison arguments. In
the following, we let

κ+ := max{κ, 0}.

Lemma 3.3.1. For any ε > 0, the function uε satisfies∫
Ω

uε(·, t) ≤ max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
for t > 0. Furthermore,

lim sup
t→∞

∫
Ω

uε(·, t) ≤
κ+|Ω|
µ

,

uniformly in ε > 0.

Proof. By Hölder’s inequality,
(∫

Ω
uε
)2 ≤ (∫

Ω
u2
ε

)
|Ω|. Hence, integration of the first equation of

(3.3) yields

d

dt

∫
Ω

uε =

∫
Ω

uεt ≤ 0− 0 + κ+

∫
Ω

uε − µ
∫

Ω

u2
ε − ε

∫
Ω

uθε (3.10)

≤ κ+

∫
Ω

uε −
µ

|Ω|

(∫
Ω

uε

)2

on (0,∞).

The claim can be seen by solving the logistic ODE.

Lemma 3.3.2. Let κ > 0, let T > 0. Then there exists C > 0 such that for all ε > 0∫ T

0

∫
Ω

u2
ε +

ε

µ

∫ T

0

∫
Ω

uθε ≤
κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
T +

1

µ

∫
Ω

u0,ε ≤ C.

Proof. The estimate∫ T

0

∫
Ω

u2
ε +

ε

µ

∫ T

0

∫
Ω

uθε ≤
κ+

µ

∫ T

0

∫
Ω

uε +
1

µ

∫
Ω

u0,ε −
1

µ

∫
Ω

uε(·, T )

≤ κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
T +

1

µ

∫
Ω

u0,ε

results from (3.10) after time-integration.

Also for the second component of the solution some basic estimates are available:

Lemma 3.3.3. Let κ ∈ R and ε > 0. The inequality∫
Ω

vε(·, t) ≤ max

{∫
Ω

u0,ε,
κ+|Ω|
µ

,

∫
Ω

v0,ε

}
holds as well as∫

Ω

v2
ε(·, t) +

∫ t

0

∫
Ω

v2
ε ≤

κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
t+

1

µ

∫
Ω

u0,ε +

∫
Ω

v2
0,ε

for all t > 0.
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Proof. Integrating the second equation of (3.3) gives, by Lemma 3.3.1,

d

dt

∫
Ω

vε(·, t) =

∫
Ω

vεt(·, t) =

∫
Ω

∆vε(·, t)−
∫

Ω

vε(·, t) +

∫
Ω

uε(·, t)

≤ −
∫

Ω

vε(·, t) + max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
for t > 0, an ODI for

∫
Ω
vε, whose solution directly shows∫

Ω

vε(·, t) ≤ max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
+ e−t

∫
Ω

v0,ε for all t > 0 (3.11)

and hence the first part of the assertion.
As to the second part, we derive an ODI for 1

2

∫
Ω
v2
ε in quite the same way: For t > 0, by Young’s

inequality

1

2

d

dt

∫
Ω

v2
ε(·, t) =

∫
Ω

vε(·, t)vεt(·, t) =

∫
Ω

vε(·, t)∆vε(·, t)−
∫

Ω

v2
ε(·, t) +

∫
Ω

uε(·, t)vε(·, t)

≤ −
∫

Ω

|∇vε(·, t)|2 −
∫

Ω

v2
ε(·, t) +

1

2

∫
Ω

u2
ε(·, t) +

1

2

∫
Ω

v2
ε(·, t)

≤ −1

2

∫
Ω

v2
ε(·, t) +

1

2

∫
Ω

u2
ε(·, t).

Integrating this with respect to the time variable, so that we can use the bound from Lemma
3.3.2 on u2

ε, we obtain∫
Ω

v2
ε(·, t)−

∫
Ω

v2
0,ε ≤ −

∫ t

0

∫
Ω

v2
ε +

∫ t

0

∫
Ω

u2
ε

≤ −
∫ t

0

∫
Ω

v2
ε +

κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
t+

1

µ

∫
Ω

u0,ε

for any t > 0 and the claim follows.

The next lemma gives estimates on the derivatives of v.

Lemma 3.3.4. Let κ ∈ R and ε > 0. The solutions of (3.3) satisfy, for all t > 0,[∫
Ω

|∇vε(·, t)|2 +
1

µ

∫
Ω

uε(·, t)
]
≤ max

{∫
|∇v0,ε|2 +

1

µ

∫
Ω

u0,ε,
κ+ + 1

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}}
and ∫ t

0

∫
Ω

|∆vε(·, t)|2 ≤
κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
t+

∫
Ω

|∇v0,ε|2 +
1

µ

∫
Ω

u0,ε.

Proof. Integration by parts and Young’s inequality result in

d

dt

[ ∫
Ω

|∇vε|2+
1

µ

∫
Ω

uε

]
= −2

∫
Ω

∆vεvεt +
1

µ

∫
Ω

uεt

≤− 2

∫
Ω

|∆vε|2 + 2

∫
Ω

∆vεvε − 2

∫
Ω

∆vεuε +
κ+

µ

∫
Ω

uε −
∫

Ω

u2
ε −

ε

µ

∫
Ω

uθε

≤− 2

∫
Ω

|∆vε|2 − 2

∫
Ω

|∇vε|2 +

∫
Ω

|∆vε|2 +

∫
Ω

u2
ε −

∫
Ω

u2
ε +

κ+

µ

∫
Ω

uε
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≤−
∫

Ω

|∆vε|2 −
∫

Ω

|∇vε|2 −
1

µ

∫
Ω

uε +
κ+ + 1

µ

∫
Ω

uε (3.12)

on (0,∞). From this, we can conclude by Lemma 3.3.1 that

d

dt

[∫
Ω

|∇vε|2 +
1

µ

∫
Ω

uε

]
≤−

[∫
Ω

|∇vε|2 +
1

µ

∫
Ω

uε

]
+
κ+ + 1

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
on (0,∞) and hence the claim follows by comparison with the solution of y′ = −y + const.
Re-sorting the terms in (3.12) moreover gives∫

Ω

|∆vε(·, t)|2 ≤ −
∫

Ω

|∇vε(·, t)|2 +
κ+

µ

∫
Ω

uε(·, t)−
d

dt

[∫
Ω

|∇vε(·, t)|2 +
1

µ

∫
Ω

uε(·, t)
]

for t > 0, and therefore∫ t

0

∫
Ω

|∆vε|2

≤ κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
t−
[∫

Ω

|∇vε(·, t)|2 +
1

µ

∫
Ω

uε(·, t)
]

+

∫
Ω

|∇v0,ε|2 +
1

µ

∫
Ω

u0,ε

≤ κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
t+

∫
Ω

|∇v0,ε|2 +
1

µ

∫
Ω

u0,ε for all t > 0.

The bounds that have been derived so far can be combined to yield

Lemma 3.3.5. Let κ ∈ R. Then for any positive time T > 0, there exists a positive constant
C = C(T, µ, κ+, ‖u0‖L2(Ω) , ‖v0‖W 1,2(Ω)) such that for all ε > 0

1

2

∫ T

0

∫
Ω

|∇uε|2

1 + uε
+ µ

∫ T

0

∫
Ω

u2
ε ln(1 + uε) + ε

∫ T

0

∫
Ω

uθε ln(1 + uε) ≤ C.

In particular: The families {u2
ε}ε∈(0,1) and {εuθε}ε∈(0,1) are equi-integrable over Ω× (0, T ).

Proof. Testing the first equation of (3.3) with ln(1 + uε) and integrating by parts gives∫
Ω

uεt ln(1 + uε) ≤−
∫

Ω

|∇uε|2

1 + uε
+

∫
Ω

uε∇vε · ∇uε
1 + uε

+ κ+

∫
Ω

uε ln(1 + uε)

− µ
∫

Ω

u2
ε ln(1 + uε)− ε

∫
Ω

uθε ln(1 + uε) on (0,∞),

which, using ((1 + uε) ln(1 + uε)− uε)t = uεt ln(1 + uε), can be turned into

µ

∫
Ω

u2
ε ln(1 + uε) + ε

∫
Ω

uθε ln(1 + uε)

≤ −
∫

Ω

|∇uε|2

1 + uε
+

∫
Ω

uε∇vε · ∇uε
1 + uε

+ κ+

∫
Ω

uε ln(1 + uε)−
∫

Ω

[(1 + uε) ln(1 + uε)− uε]t

on (0,∞). If we fix T > 0, integration in time hence shows that

I :=µ

∫ T

0

∫
Ω

u2
ε ln(1 + uε) + ε

∫ T

0

∫
Ω

uθε ln(1 + uε)
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≤−
∫ T

0

∫
Ω

|∇uε|2

1 + uε
+

∫ T

0

∫
Ω

uε∇vε · ∇uε
1 + uε

+ κ+

∫ T

0

∫
Ω

uε ln(1 + uε)

−
∫

Ω

((1 + uε(·, T )) ln(1 + uε(·, T ))− uε(·, T )) +

∫
Ω

((1 + u0,ε) ln(1 + u0,ε)− u0,ε)

≤−
∫ T

0

∫
Ω

|∇uε|2

1 + uε
+

∫ T

0

∫
Ω

uε∇vε · ∇uε
1 + uε

+ κ+

∫ T

0

∫
Ω

uε ln(1 + uε)

+

∫
Ω

uε(·, T ) +

∫
Ω

(1 + u0,ε) ln(1 + u0,ε). (3.13)

We integrate the second term by parts:∫ T

0

∫
Ω

uε∇uε · ∇vε
1 + uε

= −
∫ T

0

∫
Ω

u2
ε

1 + uε
∆vε −

∫ T

0

∫
Ω

uε∇vε · ∇
(

uε
1 + uε

)
= −

∫ T

0

∫
Ω

u2
ε

1 + uε
∆vε −

∫ T

0

∫
Ω

uε∇vε · ∇uε
1 + uε − uε
(1 + uε)2

.

Inserting this into (3.13) then results in

I ≤−
∫ T

0

∫
Ω

|∇uε|2

1 + uε
−
∫ T

0

∫
Ω

u2
ε

1 + uε
∆vε −

∫ T

0

∫
Ω

uε∇vε
(1 + uε)

3
2

· ∇uε
(1 + uε)

1
2

+ κ+

∫ T

0

∫
Ω

uε ln(1 + uε) +

∫
Ω

uε(·, T ) +

∫
Ω

(1 + u0,ε) ln(1 + u0,ε),

where application of the trivial inequality uε

(1+uε)
3
2
≤ 1 gives rise to

I ≤−
∫ T

0

∫
Ω

|∇uε|2

1 + uε
−
∫ T

0

∫
Ω

uε
1 + uε

uε∆vε +

∫ T

0

∫
Ω

|∇vε|
|∇uε|√
1 + uε

+ κ+

∫ T

0

∫
Ω

uε ln(1 + uε) +

∫
Ω

uε(·, T ) +

∫
Ω

(1 + u0,ε) ln(1 + u0,ε).

Estimating uε
1+uε

≤ 1, ln(1 + uε) ≤ uε and employing Young’s inequality shows

I ≤−
∫ T

0

∫
Ω

|∇uε|2

1 + uε
+

1

2

∫ T

0

∫
Ω

u2
ε +

1

2

∫ T

0

∫
Ω

|∆vε|2 +
1

2

∫ T

0

∫
Ω

|∇vε|2 +
1

2

∫ T

0

∫
Ω

|∇uε|2

1 + uε

+ κ+

∫ T

0

∫
Ω

u2
ε +

∫
Ω

uε(·, T ) +

∫
Ω

(1 + u0,ε) ln(1 + u0,ε)

=− 1

2

∫ T

0

∫
Ω

|∇uε|2

1 + uε
+

(
κ+ +

1

2

)∫ T

0

∫
Ω

u2
ε +

∫
Ω

uε(·, T ) +
1

2

∫ T

0

∫
Ω

|∆vε|2

+
1

2

∫ T

0

∫
Ω

|∇vε|2 +

∫
Ω

(1 + u0,ε) ln(1 + u0,ε).

And if we compile the bounds provided by Lemmata 3.3.2, 3.3.4 and 3.3.1, we arrive at

I +
1

2

∫ T

0

∫
Ω

|∇uε|2

1 + uε

≤
(
κ+ +

1

2

)
1

µ

(
κ+ max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
T +

∫
Ω

u0,ε

)
+ max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
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+
1

2

(
κ+

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}
T +

∫
Ω

|∇v0,ε|2 +
1

µ

∫
Ω

u0,ε

)
+

1

2
T max

{∫
|∇v0,ε|2 +

1

µ

∫
Ω

u0,ε,
κ+ + 1

µ
max

{∫
Ω

u0,ε,
κ+|Ω|
µ

}}
+

∫
Ω

(1 + u0,ε) ln(1 + u0,ε) =: C.

From the bound on
∫ T

0

∫
Ω
|∇uε|2
1+uε

we can extract information on the behaviour of the spatial
gradient of u.

Lemma 3.3.6. Let κ ∈ R. For all T > 0 there is C > 0 such that for all ε > 0

‖uε‖
L

4
3 ((0,T ),W 1, 4

3 (Ω))
≤ C.

Proof. We denote by C1 the constant provided by Lemma 3.3.2 and by C2 that of Lemma 3.3.5.
Then, by Hölder’s and Young’s inequalities,

‖uε‖
4
3

L
4
3 ((0,T ),W 1, 4

3 (Ω))
=

∫ T

0

‖uε‖
4
3

W 1, 4
3 (Ω)

=

∫ T

0

(∫
Ω

u
4
3
ε +

∫
Ω

|∇uε|
4
3

)

≤

(∫ T

0

∫
Ω

u2
ε

) 2
3

(|Ω|T )
1
3 +

∫ T

0

∫
Ω

|∇uε|
4
3

(1 + uε)
2
3

(1 + uε)
2
3

≤C
2
3
1 (|Ω|T )

1
3 +

2

3

∫ T

0

∫
Ω

|∇uε|2

1 + uε
+

1

3

∫ T

0

∫
Ω

(1 + uε)
2

≤C
2
3
1 (|Ω|T )

1
3 +

4

3
C2 +

2

3
T |Ω|+ 2

3
C1 =: C.

In order to gain convergence results from an Aubin-Lions-type lemma, we need some information
on the time derivative. The following lemma provides this kind of information.

Lemma 3.3.7. Let κ ∈ R and T > 0. Then there is C > 0 such that for all ε > 0

‖uεt‖L1((0,T );(W 3,N+1
0 (Ω))∗) ≤ C.

Proof. Definition of the norm and integration by parts in (3.3) lead us to∫ T

0

sup
ϕ

∣∣∣∣∫
Ω

uεtϕ

∣∣∣∣
≤
∫ T

0

sup
ϕ

(∣∣∣∣∫
Ω

uε∆ϕ

∣∣∣∣+

∣∣∣∣∫
Ω

uε∇vε · ∇ϕ
∣∣∣∣+

∣∣∣∣κ∫
Ω

uεϕ

∣∣∣∣+ µ

∣∣∣∣∫
Ω

u2
εϕ

∣∣∣∣+ ε

∣∣∣∣∫
Ω

uθεϕ

∣∣∣∣) ,
where the suprema are taken over all functions ϕ ∈ C∞0 (Ω) satisfying ‖ϕ‖W 3,N+1(Ω) ≤ 1, and
where we can use Young’s inequality and the fact that, due to the embedding W 3,N+1

0 (Ω) ↪→
W 2,∞(Ω), with some c1 > 0 we have ‖ϕ‖W 2,∞(Ω) ≤ c1 for all such ϕ, to see

‖uεt‖L1((0,T );(W 3,N+1
0 (Ω))∗)

≤ c1
∫ T

0

(∫
Ω

uε +
1

2

∫
Ω

u2
ε +

1

2

∫
Ω

|∇vε|2 + |κ|
∫

Ω

uε + µ

∫
Ω

u2
ε + ε

∫
Ω

uθε

)
and infer boundedness of this norm, independent of ε, from Lemmata 3.3.1, 3.3.2 and 3.3.4.
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The space in which the spatial gradient is known to be bounded can be improved if a bound on
u is assumed.

Lemma 3.3.8. Let κ ∈ R and let [T1, T2], T2 > T1, be an interval such that

sup
ε>0

sup
t∈[T1,T2]

‖uε(·, t)‖L∞(Ω) <∞.

Then there is C > 0 such that for all ε > 0

‖∇uε‖L2((T1,T2);L2(Ω)) ≤ C.

Proof. By Lemma 3.3.5, given T > T2 > T1, we can find C̃ > 0 such that∫ T

0

∫
Ω

|∇uε|2

1 + uε
≤ C̃

for all ε > 0, ergo, setting C = (1 +M)C̃,∫ T2

T1

∫
Ω

|∇uε|2 ≤
∫ T2

T1

∫
Ω

1 +M

1 + uε
|∇uε|2 ≤ (1 +M)C̃ = C.

Under similar conditions, also the time derivative is bounded in a better space.

Lemma 3.3.9. Let κ ∈ R and let [T1, T2], T2 > T1, be an interval such that

sup
ε>0

sup
t∈[T1,T2]

(
‖uε(·, t)‖L∞(Ω) + ‖vε(·, t)‖W 1,∞(Ω)

)
<∞.

Then there is C > 0 such that for all ε > 0

‖uεt‖L2((T1,T2);(W 1,2(Ω))∗) ≤ C.

Proof. Let ϕ be an element of L2((T1, T2);W 1,2(Ω) with norm 1.
Let C̃ be the bound on ‖∇uε‖L2((T1,T2);L2(Ω)) provided by Lemma 3.3.8. Then∣∣∣∣∣
∫ T2

T1

∫
Ω

uεtϕ

∣∣∣∣∣ ≤
∣∣∣∣∣
∫ T2

T1

∫
Ω

∇uε · ∇ϕ

∣∣∣∣∣+

∣∣∣∣∣
∫ T2

T1

∫
Ω

uε∇vε · ∇ϕ

∣∣∣∣∣+

∣∣∣∣∣
∫ T2

T1

∫
Ω

(κuε − µu2
ε − εuθε)ϕ

∣∣∣∣∣
≤‖∇uε‖L2((T1,T2);L2(Ω)) ‖∇ϕ‖L2((T1,T2);L2(Ω))

+ ( sup
t∈[T1,T2]

‖∇vε(·, t)‖L∞(Ω)) ‖uε‖L2((T1,T2);L2(Ω)) ‖∇ϕ‖L2((T1,T2);L2(Ω))

+
√

(T2 − T1)|Ω|
∥∥κuε + µu2

ε + uθε
∥∥
L∞(Ω×(T1,T2))

‖ϕ‖L2((T1,T2);L2(Ω))

≤C̃ +M
√

(T2 − T1)|Ω|M +
√

(T2 − T1)|Ω|(|κ|M + µM2 +Mθ) =: C

and hence boundedness of uεt in (L2((T1, T2);W 1,2(Ω)))∗ follows.

3.4 Preservation of smallness
In the last two lemmata, we have seen that boundedness can provide bounds also for derivatives.
It will as well be important in establishing regularization effects. Therefore, in this section we
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will derive this boundedness and to this aim proceed as follows: At first we will prepare some
estimates on yε(t) :=

∫
Ω
u2
ε(·, t)+

∫
Ω
|∇vε(·, t)|4. These will establish that yε satisfies a differential

inequality with a polynomial right hand side; we will show that this polynomial has a positive
root and yε eventually undermatches its value. Finally, we will use the bounds just gained to
improve them to L∞-bounds for the solutions under consideration.
At first we state the following easy consequence of Poincaré’s inequality.

Lemma 3.4.1. If we denote ψ̄ = 1
|Ω|
∫

Ω
ψ, then∫

Ω

ψ2 ≤ CP
∫

Ω

|∇ψ|2 + |Ω|ψ̄2,

for all ψ ∈W 1,2(Ω), where CP is the Poincaré constant of Ω, which is defined to be the smallest
number for which the inequality

∫
Ω

(ψ − ψ̄)2 ≤ CP
∫

Ω
|∇ψ|2 holds true for all ψ ∈W 1,2(Ω).

Proof. As announced, this is a direct consequence of Poincaré’s inequality:

CP

∫
Ω

|∇ψ|2 ≥
∫

Ω

(ψ−ψ̄)2 =

∫
Ω

ψ2−2

∫
Ω

ψψ̄+

∫
Ω

ψ̄2 =

∫
Ω

ψ2−2ψ̄|Ω|ψ̄+ |Ω|ψ̄2 =

∫
Ω

ψ2−|Ω|ψ̄2.

Another elementary but useful identity is the following:

Lemma 3.4.2. Let ψ ∈ C3(Ω). Then

∆|∇ψ|2 = 2∇ψ · ∇∆ψ + 2|D2ψ|2.

Proof. For a simple proof we consider the components of these expressions

∆|∇ψ|2 =

N∑
i,j=1

∂2
i (∂jψ)2 =

N∑
i,j=1

∂i(2∂jψ∂i∂jψ)

= 2

N∑
i,j=1

(∂i∂jψ∂i∂jψ + ∂jψ∂
2
i ∂jψ) = 2|D2ψ|2 + 2∇ψ∇∆ψ

In the proof of Lemma 3.4.4 we will also make use of the well-known Gagliardo-Nirenberg in-
equality, which we recall in order to fix notation:

Lemma 3.4.3. Let Ω be a bounded Lipschitz domain in RN , p, q, r, s ≥ 1, j, k ∈ N0 and a ∈ [ jk , 1)

satisfying 1
p = j

k + ( 1
r −

k
N )a + 1−a

q . Then there are positive constants C1 and C2 such that for
all functions ψ ∈ Lq(Ω) ∩ Ls(Ω) with ∇ψ ∈ Lr(Ω),∥∥Djψ

∥∥
Lp(Ω)

≤ C1

∥∥Dkψ
∥∥a
Lr(Ω)

‖ψ‖1−aLq(Ω) + C2 ‖ψ‖Ls(Ω) .

Proof. See [77, p.126].

We are aiming for an estimate for
∫

Ω
|∇vε|4. During the calculations we therefore will have to

get rid of integrals of |∇vε|6. The Gagliardo-Nirenberg inequality enables us to replace them by
more convenient terms.

Lemma 3.4.4. Let N = 3. For any α > 0 there is C(α) > 0 such that, for any κ ∈ R, ε > 0,∫
Ω

|∇vε|6 ≤ α
∫

Ω

|∇|∇vε|2|2 + C(α)

[(∫
Ω

|∇vε|4
)3

+

(∫
Ω

|∇vε|4
) 3

2

]
on (0,∞).
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Proof. For given j = 0, k = 1, Ω, p = 3, r = q = 2, s = 2, the Gagliardo-Nirenberg inequality
(Lemma 3.4.3) provides constants C1 and C2 such that for φ ∈ L2(Ω) and with a = 1

2 the
inequality

‖φ‖3L3(Ω) ≤ 8C3
1 ‖∇φ‖

3
2

L2(Ω) ‖φ‖
3
2

L2(Ω) + 8C3
2 ‖φ‖

3
L2(Ω) ,

holds true (where we at the same time have used (x+y)3 < 8(x3+y3)). Applied to φ = |∇vε(·, t)|2
for any t ∈ (0,∞), this means∫

Ω

|∇vε|6 ≤ 8C3
1

(∫
Ω

|∇|∇vε|2|2
) 3

4
(∫

Ω

|∇vε|4
) 3

4

+ 8C3
2

(∫
Ω

|∇vε|4
) 3

2

on (0,∞).

With p = 4
3 , q = 4, corresponding to α > 0 Young’s inequality provides C̃(α) > 0 such that∫

Ω

|∇vε|6 ≤ α
∫

Ω

|∇|∇vε|2|2 + C̃(α)

(∫
Ω

|∇vε|4
)3

+ 8C3
2

(∫
Ω

|∇vε|4
) 3

2

on (0,∞)

and the claim results with the choice of C(α) = max{8C3
2 , C̃(α)}.

With the help of Lemma 3.4.4, we separate uε, ∇uε and ∇vε in one of the terms arising from
differentiation of

∫
Ω
u2
ε.

Lemma 3.4.5. Let N = 3. Corresponding to µ > 0 there exists C > 0 such that for any κ ∈ R
and ε > 0 the estimate∫

Ω

uε∇uε ·∇vε ≤
1

4

∫
Ω

|∇uε|2 +µ

∫
Ω

u3
ε+

1

2

∫
Ω

|∇|∇vε|2|2 +C

((∫
Ω

|∇vε|4
)3

+

(∫
Ω

|∇vε|4
) 3

2

)

holds on (0,∞).

Proof. Double application of Young’s inequality yields a constant C̃ > 0 such that on (0,∞)∫
Ω

uε∇uε · ∇vε ≤
1

4

∫
Ω

|∇uε|2 +

∫
Ω

u2
ε|∇vε|2 ≤

1

4

∫
Ω

|∇uε|2 + µ

∫
Ω

u3
ε + C̃

∫
Ω

|∇vε|6.

Using Lemma 3.4.4 with α = 1
2 to estimate

∫
Ω
|∇vε|6 this produces the assertion, with the choice

C = C̃C( 1
2 ).

The term
∫

Ω
|∇|∇vε|2|2, known to us from Lemma 3.4.4, arises from the following estimate with

the “correct” sign.

Lemma 3.4.6. Let κ ∈ R, let q ≥ 1. Then on (0,∞), for any ε > 0,

d

dt

∫
Ω

|∇vε|2q ≤ −q(q − 1)

∫
Ω

|∇vε|2q−4|∇|∇vε|2|2 − 2q

∫
Ω

|∇vε|2q + 2q

∫
Ω

|∇vε|2q−1|∇uε|.

Proof. Evaluating the derivative and inserting the second equation of (3.3) gives

d

dt

∫
Ω

|∇vε|2q = 2q

∫
Ω

|∇vε|2q−2∇vε ·∇∆vε−2q

∫
Ω

|∇vε|2q−2∇vε ·∇vε+2q

∫
Ω

|∇vε|2q−2∇vε ·∇uε

on (0,∞). Here, Lemma 3.4.2 and integration by parts eventuate

d

dt

∫
Ω

|∇vε|2q = q

∫
Ω

|∇vε|2q−2∆|∇vε|2 − 2q

∫
Ω

|∇vε|2q−2|D2vε|2 − 2q

∫
Ω

|∇vε|2q
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+ 2q

∫
Ω

|∇vε|2q−2∇vε · ∇uε

≤− q(q − 1)

∫
Ω

|∇vε|2q−4|∇|∇vε|2|2 − 2q

∫
Ω

|∇vε|2q + 2q

∫
Ω

|∇vε|2q−1|∇uε|.

In this step we used convexity of Ω to estimate the boundary integral∫
∂ Ω

|∇vε(·, t)|2q−2∇(|∇vε(·, t)|2) · ν ≤ 0 for all t > 0,

due to the fact that in convex domains ∂ν |∇vε|2
∣∣
∂ Ω
≤ 0 follows from ∂νv

∣∣
∂Ω

= 0, confer [94,
Lemma 3.2].

The other summand arising in the calculation of y′ε(t) can be estimated as follows:

Lemma 3.4.7. For any κ ∈ R and ε > 0,

d

dt

∫
Ω

u2
ε ≤− 2

∫
Ω

|∇uε|2 + 2

∫
Ω

uε∇uε · ∇vε + 2κ

∫
Ω

u2
ε − 2µ

∫
Ω

u3
ε on (0,∞).

Proof. This results from integration by parts and estimation of the negative last term in the
inequality

2

∫
Ω

uεuεt ≤ 2

∫
Ω

uε∆uε − 2

∫
Ω

uε∇ · (uε∇vε) + 2κ

∫
Ω

u2
ε − 2µ

∫
Ω

u3
ε − 2ε

∫
Ω

uθε,

which by (3.3) is valid on (0,∞).

We put the estimates that we have found so far to their use and state

Proposition 3.4.8. Let N = 3 and µ > 0. There is a constant A > 0 such that for all ε > 0,
for all ν > 0, η ∈ (0, 4] and κ̂ > 0 the following holds: If κ ∈ R satisfies κ < κ̂ and 2κ+ η ≤ 1

CP
,

where CP is the Poincaré constant associated with Ω, then the quantity

yε(t) :=

∫
Ω

u2
ε(·, t) +

∫
Ω

|∇vε(·, t)|4 (3.14)

satisfies the differential inequality

y′ε(t) ≤ ν − ηyε(t) +A

(
1 +

1

4ν

)
y3
ε(t) +

4κ̂2|Ω|
CPµ2

=: p(yε(t))

for all t > T0 with some T0 = T0(µ, κ, κ̂) > 0 depending on µ, κ, κ̂ only.

Proof. With the aid of Lemma 3.3.1, fix T0 > 0 such that∫
Ω

uε(τ) <
2κ̂|Ω|
µ

for all τ > T0, ε > 0. (3.15)

By Lemma 3.4.7 and Lemma 3.4.6 with q = 2, we have

y′ε =
d

dt

(∫
Ω

u2
ε +

∫
Ω

|∇vε|4
)

≤− 2

∫
Ω

|∇uε|2 + 2

∫
Ω

uε∇uε · ∇vε + 2κ

∫
Ω

u2
ε − 2µ

∫
Ω

u3
ε
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− 2

∫
Ω

|∇|∇vε|2|2 − 4

∫
Ω

|∇vε|4 + 4

∫
Ω

|∇vε|3|∇uε| on (0,∞).

By application of Lemma 3.4.5 to the second and Young’s inequality and Lemma 3.4.4 to the
last term, this becomes

y′ε ≤− 2

∫
Ω

|∇uε|2 +
1

2

∫
Ω

|∇uε|2 + 2µ

∫
Ω

u3
ε +

∫
Ω

|∇|∇vε|2|2

+ 2C

((∫
Ω

|∇vε|4
)3

+

(∫
Ω

|∇vε|4
) 3

2

)

+ 2κ

∫
Ω

u2
ε − 2µ

∫
Ω

u3
ε − 2

∫
Ω

|∇|∇vε|2|2 − 4

∫
Ω

|∇vε|4 +
1

2

∫
Ω

|∇uε|2

+ 8

(
1

8

∫
Ω

|∇|∇vε|2|2 + C(
1

8
)

((∫
Ω

|∇vε|4
)3

+

(∫
Ω

|∇vε|4
) 3

2

))

≤2κ

∫
Ω

u2
ε +A

(∫
Ω

|∇vε|4
)3

+A
1
2

(∫
Ω

|∇vε|4
) 3

2

− 4

∫
Ω

|∇vε|4 −
∫

Ω

|∇uε|2,

on (0,∞), where we denoted A
1
2 = max{2C+8C( 1

8 ), 1} ≤ A, C being the constant from Lemma
3.4.5 and C( 1

8 ) taken from Lemma 3.4.4.
Another application of Young’s inequality with ν > 0 – so as to remove the unsolicited exponent
3
2 – and sorting other terms, in order that the term −ηy appears, leave us with

y′ε ≤ (2κ+ η)

∫
Ω

u2
ε +A

(∫
Ω

|∇vε|4
)3

+ ν+
A

4ν

(∫
Ω

|∇vε|4
)3

− η
∫

Ω

u2
ε− 4

∫
Ω

|∇vε|4−
∫

Ω

|∇uε|2

on (0,∞), where we apply Lemma 3.4.1 to the last summand and use that by (3.15) we have
uε(t) = 1

|Ω|
∫

Ω
uε(·, t) ≤ 2κ̂

µ for t > T0 to arrive at

y′ε(t) ≤
(

(2κ+ η)− 1

CP

)∫
Ω

u2
ε(·, t) +A

(
1 +

1

4ν

)(∫
Ω

|∇vε(·, t)|4
)3

+ ν − η
(∫

Ω

u2
ε(·, t) +

∫
Ω

|∇vε(·, t)|4
)

+
|Ω|
CP

u2
ε(t)

≤ν − ηyε(t) +A

(
1 +

1

4ν

)
(yε(t))

3 +
4|Ω|κ̂2

CPµ2
for t ∈ (T0,∞),

as long as (2κ+ η)CP ≤ 1 and η ∈ (0, 4].

The function yε satisfies a differential inequality with polynomial right hand side. This inform-
ation is not very useful in obtaining boundedness if not accompanied by the statement that
comparison with a stationary solution to the differential equation might be possible, i.e. that
there is a root of the polynomial. Such is provided by the following lemma.

Lemma 3.4.9. For any µ > 0 there exists ν0 > 0 such that for all ν ∈ (0, ν0] there are κ̃ > 0,
η ∈ (0, 4] such that the polynomial

p(x) = ν − ηx+A

(
1 +

1

4ν

)
x3 +

4κ̂2|Ω|
CPµ2

defined in Proposition 3.4.8 has a positive root for κ̂ = κ̃.
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Furthermore, for each κ̂ ∈ [0, κ̃] it has a largest positive root δν(κ̂) as well, satisfying

δν(κ̃) ≤ δν(κ̂) ≤
√

4

A(1 + 1
4ν )

.

Proof. Because p(x) is increasing in κ̂, the estimate δν(κ̃) ≤ δν(κ̂) for κ̂ ∈ [0, κ̃] is obvious.
We choose ν0 > 0 such that

ν2
0 +

ν0

4
< min

{
4

27AC3
P

,
256

27A

}
and let ν ∈ (0, ν0]. Then the inequality

(
ν +

4|Ω|
µ2CP

κ̂2

)2

<

4 min

{(
1
CP
− 2κ̂

)3

, 43

}
27A(1 + 1

4ν )
(3.16)

is satisfied with κ̂ = 0. Let κ̃ ∈ (0, 1
2CP

) be such that (3.16) is still satisfied for κ̂ = κ̃. This is
possible due to continuity of the expressions in κ̂. Additionally, let η = min{4, 1

CP
− 2κ̃}.

Consequently, the inequality(
ν +

4|Ω|
CPµ2

κ̃2

)2

<
4η3

27A(1 + 1
4ν )

, that is ν − 2

3
η

√
η

3A(1 + 1
4ν )

+
4|Ω|
CPµ2

κ̃2 < 0 (3.17)

holds. We observe that p attains a local minimum at

xm =

√
η

3A(1 + 1
4ν )

> 0,

where

p(xm) = ν − η
√

η

3A(1 + 1
4ν )

+A(1 +
1

4ν
)

η

3A(1 + 1
4ν )

√
η

3A(1 + 1
4ν )

+
4|Ω|
CPµ2

κ̃2

= ν − 2

3
η

√
η

3A(1 + 1
4ν )

+
4|Ω|
CPµ2

κ̃2

is negative by (3.17) and therefore p has a root in (xm,∞). For any κ̂ ∈ [0, κ̃] this root is smaller
than

√
4

A(1+ 4
ν )
, because for x >

√
4

A(1+ 4
ν )
>
√

η
A(1+ 4

ν )
we have

p(x) > A

(
1 +

1

4ν

)
x3 − ηx ≥ 0.

We use this root for a comparison argument:

Proposition 3.4.10. Let N = 3 and µ > 0, let ν0, η, κ̃ and δν(κ̃) for some ν ∈ (0, ν0] be as in
Lemma 3.4.9. Then for any 0 ≤ κ̂ ≤ κ̃, δν(κ̂) > δν(κ̃) > 0 is such that for every κ ≤ κ̂ every
ε > 0 has the following property: If yε from (3.14) satisfies

yε(T ) ≤ δν(κ)

for some T > T0 (with T0 = T0(µ, κ, κ̂) from Proposition 3.4.8), then yε(t) ≤ δν(κ) for all t > T .

Proof. We choose as δ = δν(κ̂) the largest root of p from Lemma 3.4.9 and observe that according
to Proposition 3.4.8 and the assumption on T

y′ε(t) ≤ p(y(t)) for all t > T and yε(T ) ≤ δ.
The comparison principle for ordinary differential equations therefore shows by means of com-
parison with y ≡ δ that yε(t) ≤ δ for all t > T as well.
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3.4 Preservation of smallness

3.4.1 Eventual boundedness of yε
Proposition 3.4.10 asserts that yε stays small, should it ever fall below a certain value. We still
have to ensure that the condition actually occurs.

Proposition 3.4.11. Let N = 3. Let ν ∈ (0, ν0] with ν0 as in Lemma 3.4.9. Then there exists
κ0 ∈ (0, 1

8 ) such that for any κ < κ̂ ∈ (0, κ0] there is t0 > 0 such that for all τ > t0, for all ε > 0∫
Ω

(
u2
ε(·, τ) + |∇vε(·, τ)|4

)
< δν(κ̂)

where δν(κ̂) > 0 is the positive root of p given by Lemma 3.4.9.
Furthermore, κ̂ satisfies

κ̂ ≤

√
δν(κ̂)µ2

(4 + 8CΩ)|Ω|
, (3.18)

where CΩ is a constant depending on the domain Ω only.

Proof. Due to the embedding W 2,2(Ω) ↪→W 1,4(Ω), there is CΩ > 0 such that(∫
Ω

|∇w|4
) 1

2

≤ CΩ

∫
Ω

(w2 + |∆w|2) for allw ∈W 2,2(Ω). (3.19)

Let ν be as given in the statement of the proposition, let κ̃ > 0 be as provided by Lemma 3.4.9
and let δ = min{δν(κ̃), 1}. Choose

0 < κ0 < min

{
κ̃,

√
δµ2

(4 + 8CΩ)|Ω|
,

1

8

}
(3.20)

and let κ̂ ∈ (0, κ0] and κ < κ̂. (This already ensures (3.18) as well as the applicability of
Proposition 3.4.10.)
We then let T0 = T0(µ, κ, κ̂) be as provided by Proposition 3.4.8, let t > T0 and note that as a
result of (3.15) this entails ∫

Ω

uε(·, t) <
2κ̂|Ω|
µ

. (3.21)

Furthermore we denote

C0 = max

{
1 +

∫
|∇v0|2 +

1

µ

∫
Ω

u0 +
1

µ
,
κ̂+ 1

µ
max

{
1 +

∫
Ω

u0,
κ̂|Ω|
µ

}}
(3.22)

and choose T > 0 so large that

1

T

(
2κ̂|Ω|
µ2

+
2CΩκ̂|Ω|

µ2
+ CΩ

κ̂

µ
max

{
1 +

∫
Ω

u0,
κ̂|Ω|
µ

}
t

+ CΩ
1

µ

∫
Ω

u0 +
CΩ

µ
+ CΩ

∫
Ω

v2
0 + CΩ + 2CΩC0 +

2CΩκ̂|Ω|
µ2

)
<
δ

2
. (3.23)

Combining (3.19) with Lemmata 3.3.2, 3.3.3 and 3.3.4 gives∫ t+T

t

(∫
Ω

u2
ε +

(∫
Ω

|∇vε|4
) 1

2

)
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≤
∫ t+T

t

∫
Ω

u2
ε + CΩ

∫ t+T

t

∫
Ω

v2
ε + CΩ

∫ t+T

t

∫
Ω

|∆vε|2

≤κ+

µ
max

{∫
Ω

uε(·, t),
κ+|Ω|
µ

}
T +

1

µ

∫
Ω

uε(·, t)

+ CΩ
κ+

µ
max

{∫
Ω

uε(·, t),
κ+|Ω|
µ

}
T + CΩ

1

µ

∫
Ω

uε(·, t) + CΩ

∫
Ω

v2
ε(·, t)

+ CΩ
κ+

µ
max

{∫
Ω

uε(·, t),
κ+|Ω|
µ

}
T + CΩ

∫
Ω

|∇vε(·, t)|2 +
CΩ

µ

∫
Ω

uε(·, t).

Due to (3.21), upon another application of Lemmata 3.3.3 and 3.3.4 and taking into account
that κ+ ≤ κ̂, this reduces to∫ t+T

t

(∫
Ω

u2
ε +

(∫
Ω

|∇vε|4
) 1

2

)

≤ κ̂
µ

2κ̂|Ω|
µ

T +
2κ̂|Ω|
µ2

+ CΩ
κ̂

µ

2κ̂|Ω|
µ

T +
2CΩκ̂|Ω|

µ2
+ CΩ

κ̂

µ
max

{
1 +

∫
Ω

u0,
κ̂|Ω|
µ

}
t

+ CΩ
1

µ

(
1 +

∫
Ω

u0

)
+ CΩ + CΩ

∫
Ω

v2
0 + CΩ

κ̂

µ

2κ̂|Ω|
µ

T + 2CΩC0 +
2CΩκ̂|Ω|

µ2
,

where C0 is as defined in (3.22). Therefore,

1

T

∫ t+T

t

(∫
Ω

u2
ε +

(∫
Ω

|∇vε|4
) 1

2
)

≤ (2 + 4CΩ)|Ω|
µ2

κ̂2+
1

T

(
2κ̂|Ω|
µ2

+
2CΩκ̂|Ω|

µ2
+ CΩ

κ̂

µ
max

{
1 +

∫
Ω

u0,
κ̂|Ω|
µ

}
t

+ CΩ
1

µ

∫
Ω

u0 +
CΩ

µ
+ CΩ

∫
Ω

v2
0 + CΩ + 2CΩC0 +

2CΩκ̂|Ω|
µ2

)
.

Our choices of κ0 and T in (3.20) and (3.23), respectively, now entail

1

T

∫ t+T

t

(∫
Ω

u2
ε +

(∫
Ω

|∇vε|4
) 1

2

)
≤ δ.

Accordingly, for at least one t0 ∈ (t, t+ T )∫
Ω

u2
ε(·, t0) +

(∫
Ω

|∇vε(·, t0)|4
) 1

2

≤ δ

holds as well. Because δ ≤ 1, for the same t0 we may infer∫
Ω

(
u2
ε(·, t0) + |∇vε(·, t0)|4

)
≤ δ ≤ δ(κ̃).

Due to δν(κ̃) ≤ δν(κ0) ≤ δν(κ̂) for 0 < κ̂ < κ0, the claimed inequality for larger times τ is a
direct consequence of Proposition 3.4.10.
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3.4 Preservation of smallness

3.4.2 Eventual boundedness of (uε, vε) in L∞(Ω)×W 1,∞(Ω)

The next step is to refine these bounds on yε to bounds on u, v and ∇v. Lp-Lq-estimates for the
heat semigroup will be the cornerstone of this procedure.

Proposition 3.4.12. Let N = 3. Then there exists a function K : [0,∞) → [0,∞) satisfying
limδ→0K(δ) = 0 with the following properties:
Assume, ν ∈ (0, ν0), κ < κ0 with ν0, κ0 as in Lemma 3.4.9 and Proposition 3.4.11 respectively.
Choose κ̂ ∈ (κ+, κ0] and let δν(κ̂) be as given by Proposition 3.4.11. Then there are T∗ > 0 and
C > 0 such that for all t > T∗ and for all ε > 0

‖uε(·, t)‖L∞(Ω) + ‖∇vε(·, t)‖L∞(Ω) < K(δν(κ̂)).

Furthermore, corresponding to any ‖u0‖L2(Ω), ‖v0‖L2(Ω), there is C > 0 such that for all t > T∗,
ε > 0

‖vε(·, t)‖L∞(Ω) ≤ Ce−(t−T∗) +K(δν(κ̂)).

Proof. Let ν0, ν, κ ≤ κ+ < κ̂ < κ0 and δ := δν(κ̂) be as indicated in the statement of the
proposition. Let T∗ − 2 be the number from Proposition 3.4.11, let t0 ≥ T∗ − 2 and let us first
show boundedness of uε on [t0 + 1, t0 + 2]. To this aim, we define

M := sup
τ∈(t0,t0+2]

∥∥∥(τ − t0)
3
4uε(·, τ)

∥∥∥
L∞(Ω)

and let p ∈ (3, 4).
From the choice of T∗ and δ and Proposition 3.4.11, we know that

∫
Ω
u2
ε(·, t) +

∫
Ω
|∇vε(·, t)|4 ≤ δ

for t > T∗. Together with Hölder’s inequality this implies

‖uε(·, s)∇vε(·, s)‖Lp(Ω) ≤‖uε(·, s)‖
L

4p
4−p (Ω)

‖∇vε(·, s)‖L4(Ω)

≤δ 1
4

(∫
Ω

u
4p

4−p
ε (·, s)

) 4−p
4p

≤δ 1
4

(∫
Ω

u2
ε(·, s) · u

4p
4−p−2
ε (·, s)

) 4−p
4p

≤δ 1
4

(∫
Ω

u2
ε(·, s)

) 4−p
4p
(

sup
Ω
u

4p
4−p−2
ε (·, s)

) 4−p
4p

≤δ
1
4 + 4−p

4p sup
Ω

(
u

1− 4−p
2p

ε (·, s)
)

≤δ
1
p (s− t0)−

3
4 + 3

4
4−p
2p sup

Ω

(
(s− t0)

3
4uε(·, s)

)1− 4−p
2p

(3.24)

for s ∈ (t0, t0 + 2]. Triangle inequality and Lp-Lq−estimates [110, Lemma 1.3] give a constant
C1 > 0 such that∥∥eτ∆uε(·, t0)

∥∥
L∞(Ω)

≤ C1(1 + τ−
3
4 ) ‖uε(·, t0)− uε(t0)‖L2(Ω) + ‖uε(t0)‖L∞(Ω) ,

where ‖uε(t0)‖L∞(Ω) = 1
|Ω|
∫

Ω
uε(·, t0) ≤ |Ω|− 1

2 ‖uε(·, t0)‖L2(Ω) ≤ |Ω|−
1
2

√
δ and its consequence

‖uε(t0)‖L2(Ω) ≤
√
δ lead to∥∥eτ∆uε(·, t0)

∥∥
L∞(Ω)

≤ C1(1 + τ−
3
4 )2
√
δ + |Ω|− 1

2

√
δ. (3.25)
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

Again, by semigroup representation and the fact that the heat semigroup is order-preserving,

0 ≤ τ 3
4uε(·, t0 + τ) ≤τ 3

4 eτ∆uε(·, t0)− τ 3
4

∫ τ

0

e(τ−s)∆∇ · (uε(·, t0 + s)∇vε(·, t0 + s))ds

+ τ
3
4

∫ τ

0

e(τ−s)∆ (κ+uε(·, t0 + s)− µu2
ε(·, t0 + s)

)
ds

≤ τ 3
4

∥∥∥e(τ−s)∆uε(·, t0)
∥∥∥
L∞(Ω)

+ τ
3
4

∫ τ

0

∥∥∥e(τ−s)∆∇ · (uε(·, t0 + s)∇vε(·, t0 + s))
∥∥∥
L∞(Ω)

ds

+ τ
3
4

∫ τ

0

κ+Ms−
3
4 ds.

Together with Lp-Lq-estimates, (3.24) and (3.25) this entails for τ ∈ [0, 2] and some C2 > 0 from
[110, Lemma 1.3]

∥∥∥τ 3
4uε(·, t0 + τ)

∥∥∥
L∞(Ω)

≤τ 3
4C1(1 + τ−

3
4 )2
√
δ + τ

3
4 |Ω|− 1

2

√
δ + 8κ+M

+ 2

∫ τ

0

(1 + (τ − s)−
1
2−

3
2p ) ‖uε(·, t0 + s)∇vε(·, t0 + s)‖Lp(Ω) ds

≤2C1(1 + τ
3
4 )
√
δ + τ

3
4 |Ω|− 1

2

√
δ + 8κ0M

+ C2

∫ τ

0

(1 + (τ − s)−
1
2−

3
2p )δ

1
p s−

3
4 + 3

4
4−p
2p

∥∥∥s 3
4uε(·, t0 + s)

∥∥∥1− 4−p
2p

L∞(Ω)
ds

≤2C1(1 + τ
3
4 )
√
δ + τ

3
4 |Ω|− 1

2

√
δ + 8κ0M

+ C2

∫ τ

0

(1 + (τ − s)−
1
2−

3
2p )δ

1
p s−

3
4 + 3

4
4−p
2p M1− 4−p

2p ds,

As
∫ 2

0
(1+(τ−s)−

1
2−

3
2p )s−

3
4 + 3

4
4−p
2p ds is finite and 1

1−8κ0
> 0, taking the supremum over τ ∈ [0, 2],

we infer
M ≤ C3

√
δ + C4δ

1
pM1− 4−p

2p

with obvious choices of the constants C3, C4 > 0. Therefore

M ≤ D(δ) := sup{s ∈ [0,∞) : s− C4δ
1
p s1− 4−p

2p ≤ C3

√
δ} <∞.

Note that D(δ) tends to 0 as δ becomes small. For t ∈ [t0, t0 + 2]

(t− t0)
3
4 ‖uε(·, t)‖L∞(Ω) < D(δ),

meaning that for t ∈ [t0 + 1, t0 + 2]

‖uε(·, t)‖L∞(Ω) < D(t− t0)−
3
4 ≤ D(δ).

D(δ) is independent of the choice of t0 > T∗ − 2, therefore we can conclude

‖uε(·, t)‖L∞(Ω) ≤ D(δ) (3.26)

for any t > T∗ − 1.
Boundedness of {∇v(·, τ)}τ>T∗ in L∞(Ω;RN ) can be achieved from the following estimates: We
let t0 = T∗ − 1 and t = τ − t0. Then [110, Lemma 1.3] provides C5 > 0 such that

‖∇vε(·, τ)‖L∞(Ω) ≤
∥∥∥∇et(∆−1)vε(·, t0)

∥∥∥
L∞(Ω)

+

∫ t

0

∥∥∥∇e(t−s)(∆−1)uε(·, t0 + s)
∥∥∥
L∞(Ω)

ds
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3.5 Definition of solutions

≤C5t
− 7

8 ‖∇vε(·, t0)‖L4(Ω) + C5

∫ t

0

(1 + (t− s)− 1
2 )e−(t−s) ‖uε(·, t0 + s)‖L∞(Ω) ds

≤C5δ
1
4 t−

7
8 +D(δ)C5

∫ ∞
0

(1 + σ−
1
2 )e−σdσ (3.27)

is bounded uniformly in τ ∈ [T∗,∞). By similar reasoning together with Lemma 3.3.3, we obtain
bounds on ‖vε(·, τ)‖L∞(Ω). In preparation for these estimates, let t∗ > t0 and let us note that
by (3.11) and Lemma 3.3.3

1

|Ω|

∫
Ω

vε(·, t∗) ≤
1

|Ω|

(∫
Ω

vε(·, t0)

)
e−(t∗−t0) +

κ+

µ
+

1

|Ω|

∫
Ω

uε(·, t0)

≤
(
κ+

µ
+ C6

)
e−(t∗−t0) +

κ+

µ
+

1

|Ω| 12
‖uε(·, t0)‖L2(Ω)

≤C6e−(t∗−t0) + 2
κ̂

µ
+

δ
1
2

|Ω| 12

≤C6e−(t∗−t0) + C7δ
1
2 ,

where C6 depends on ‖u0‖L1(Ω) and ‖v0‖L1(Ω) (and |Ω|) only, and where we have applied (3.18)

in the last step, so that C7 =

(
1 + 1√

(4+8CΩ)

)
1√
|Ω|

with CΩ as in (3.18).

Lemma 1.3 of [110] yields C8 > 0, which, in conjunction with Poincaré’s inequality and (3.26),
gives

‖vε(·, t∗ + t)‖L∞(Ω) ≤
∥∥∥et(∆−1)vε(·, t∗)

∥∥∥
L∞(Ω)

+

∫ t

0

∥∥∥e(t−s)(∆−1)uε(·, t∗ + s)
∥∥∥
L∞(Ω)

ds

≤
∥∥∥∥et(∆−1)(vε(·, t∗)−

1

|Ω|

∫
Ω

vε(·, t∗))
∥∥∥∥
L∞(Ω)

+
1

|Ω|

∫
Ω

vε(·, t∗) + tD(δ)

≤C8(1 + t−
3
4 )

∥∥∥∥vε(·, t∗)− 1

|Ω|

∫
Ω

vε(·, t∗)
∥∥∥∥
L2(Ω)

+
1

|Ω|

∫
Ω

vε(·, t∗) + 2D(δ)

≤C8(1 + t−
3
4 )
√
CP ‖∇vε(·, t∗)‖L2(Ω) +

1

|Ω|

∫
Ω

vε(·, t∗) + 2D(δ)

≤C8(1 + t−
3
4 )
√
CP |Ω|

1
4 δ

1
4 + C6e−(t∗−t0)e2−t + C7δ

1
2 + 2D(δ)

for any t ∈ (0, 2] and therefore

‖vε(·, τ)‖L∞(Ω) ≤ 2C8

√
CP |Ω|

1
4 δ

1
4 + C7δ

1
2 + 2D(δ) + C6ee−(τ−(t0+1)) (3.28)

for any τ > t0 + 1 = T∗. Collecting terms from (3.26), (3.27) and (3.28), we obtain a suit-
able definition of C and of K(δ) – and because δ

1
4 , δ

1
2 and D(δ) tend to 0 as δ ↘ 0, indeed,

limδ↘0K(δ) = 0.

3.5 Definition of solutions
Definition 3.5.1. A pair of functions (u, v) ∈ L2

loc([0,∞);L2(Ω)) × L2
loc([0,∞);W 1,2(Ω)) is

called weak solution of (3.1) for initial data (u0, v0) ∈ L2(Ω)×W 1,2(Ω) if for all test functions
ϕ ∈ C∞0 (Ω× [0,∞)) with ∂νϕ

∣∣
∂Ω

= 0 the following holds:

−
∫ ∞

0

∫
Ω

uϕt−
∫

Ω

u0ϕ(0) =

∫ ∞
0

∫
Ω

u∆ϕ−
∫ ∞

0

∫
Ω

u∇v·∇ϕ+κ

∫ ∞
0

∫
Ω

uϕ−µ
∫ ∞

0

∫
Ω

u2ϕ (3.29)
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and, for all ϕ ∈ C∞0 (Ω× [0,∞)),

−
∫ ∞

0

∫
Ω

vϕt −
∫

Ω

v0ϕ(0) = −
∫ ∞

0

∫
Ω

∇v · ∇ϕ−
∫ ∞

0

∫
Ω

vϕ+

∫ ∞
0

∫
Ω

uϕ. (3.30)

3.6 Convergence to a solution
Purpose of the estimates from section 3.3 was to make the extraction of convergent sequences of
approximate solutions (uε, vε) possible. The following proposition lists, in which sense we have
obtained convergence.

Proposition 3.6.1. There exist u ∈ L2
loc([0,∞);L2(Ω)) and v ∈ L2

loc([0,∞);W 1,2(Ω)) and a
sequence εj ↘ 0 such that for any T > 0

uεj → u a.e. in Ω× [0, T ], (3.31)

uεj → u in L2(Ω× (0, T )), (3.32)

εju
θ
εj ⇀ 0 in L1(Ω× (0, T )), (3.33)

vεj ⇀ v in L2((0, T );W 1,2(Ω)), (3.34)

vεj → v in L2(Ω× (0, T )), (3.35)
vεj → v a.e. in Ω× [0, T ], (3.36)

∆vεj ⇀ ∆v in L2(Ω× (0, T )), (3.37)

vεjt ⇀ vt in L2(Ω× (0, T )), (3.38)

uεj∇vεj ⇀ u∇v in L1(Ω× (0, T );RN ). (3.39)

Proof. Lemmata 3.3.6 and 3.3.7 show boundedness of {uε; ε ∈ (0, 1)} in L
4
3 ((0, T );W 1, 43 (Ω))

and of the derivatives {uεt; ε ∈ (0, 1)} in L1((0, T ); (W 3,N+1
0 (Ω))∗) so that by a variant of the

Aubin-Lions-Lemma [15, Prop. 6], {uε; ε ∈ (0, 1)} is relatively compact in L
4
3 (Ω × (0, T ));

in particular, there is a sequence εj ↘ 0 (of which we will, without relabeling, choose further
subsequences in the following) such that uεj → u almost everywhere in Ω × (0, T ) for some
u ∈ L 4

3 (Ω× (0, T )). Boundedness of {uε; ε ∈ (0, 1)} in L2(Ω× (0, T )) due to Lemma 3.3.2 yields
a subsequence along which uεj ⇀ u in L2(Ω× (0, T )).
By Lemma 3.3.5, {u2

ε; ε ∈ (0, 1)} is equi-integrable and thus, according to [21, Thm. IV.8.9],
weakly sequentially precompact in L1(Ω × (0, T )). Along a subsequence, u2

εj ⇀ u2 in L1(Ω ×
(0, T )) and hence∥∥uεj∥∥2

L2(Ω×(0,T ))
=

∫
Ω×(0,T )

u2
εj · 1→

∫
Ω×(0,T )

u2 · 1 = ‖u‖2L2(Ω×(0,T )) .

The combination of uεj ⇀ u in L2(Ω× (0, T )) and
∥∥uεj∥∥L2(Ω×(0,T ))

→ ‖u‖L2(Ω×(0,T )) shows that
actually (3.32) holds.
Similarly, we see that {εuθε; ε ∈ (0, 1)} is equi-integrable (Lemma 3.3.5) and hence is weakly
convergent along a subsequence. Pointwise a.e. convergence of uθε to uθ identifies the weak limit
of εjuθεj as 0, which is (3.33).
According to Lemmata 3.3.3 and 3.3.4, {vε; ε ∈ (0, 1)} is bounded in L∞((0, T );W 1,2(Ω)), which
is continuously embedded into L2((0, T );W 1,2(Ω)), and a subsequence with (3.34) can be found.
Furthermore, {vεt; ε ∈ (0, 1)} = {∆vε − vε + uε; ε ∈ (0, 1)} is bounded in L2((0, T );L2(Ω))
due to Lemmata 3.3.4, 3.3.3, 3.3.2, and the Aubin-Lions lemma yields (3.35) as well as, along
another subsequence, (3.36). At the same time, we can conclude (3.37) and (3.38).
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The statement (3.39), finally, results from a combination of (3.32) and (3.34).

From now on, by (u, v) we will denote the limit provided by Proposition 3.6.1. Of course, it
would be desirable for (u, v) to be a solution to the original problem. That is the case.

Lemma 3.6.2. The pair (u, v) is a solution to (3.1) in the sense of Definition 3.5.1.

Proof. We take ϕ as specified in Definition 3.5.1 and test the equations of (3.3) against it. The
convergence results of Proposition 3.6.1 then produce (3.29) and (3.30).

Remark 3.6.3. None of the arguments used for Proposition 3.6.1 and Lemma 3.6.2 depend on
dimension N nor on the specific values of µ > 0, κ ∈ R.

3.7 Eventual smoothness. Proof of Theorem 3.1.1
In the most important scenario of spatial dimension 3, we can show that these solutions are
not only solutions in some weak sense, but possess the property of eventual smoothness: From
some time on, they are classical solutions. Our preparations from Section 3.4 that have provided
boundedness of (uε, vε) constitute the first step. The next proposition transfers these properties
to (u, v).

Proposition 3.7.1. Let N = 3 and assume κ < κ0 with κ0 from Proposition 3.4.11. With T∗
denoting the number from Proposition 3.4.12,

u ∈ L2
loc([T∗,∞);W 1,2(Ω)), ut ∈ L2

loc([T∗,∞), (W 1,2(Ω))∗).

Furthermore u, v ∈ L∞(Ω× [T∗,∞)), ∇v ∈ L∞(Ω× [T∗,∞);RN ).

Proof. On the interval [T∗,∞), from Proposition 3.4.12 we obtain boundedness of {uε}ε∈(0,1),
{vε}ε∈(0,1) and {|∇vε|}ε∈(0,1) in L∞(Ω × [T∗,∞)) and hence can choose a subsequence εj ↘
0 of the sequence from Proposition 3.6.1 such that uε, vε,∇vε are weak-*-convergent in this
space. For T > 0, boundedness of {uε}ε∈(0,1) and {uεt}ε∈(0,1) in L2

loc([T∗, T∗ + T ];W 1,2(Ω)) and
L2
loc([T∗, T∗ + T ], (W 1,2(Ω))∗), respectively, are guaranteed by Lemma 3.3.8 and 3.3.9 and the

choice of a weakly convergent subsequence yields the assertion.

Corollary 3.7.2. Under the conditions of Proposition 3.7.1, u ∈ C0([T∗,∞);L2(Ω)).

Proof. For any T > 0, u ∈ L2([T∗, T∗ + T ];W 1,2(Ω)) and ut ∈ L2([T∗, T∗ + T ], (W 1,2(Ω))∗). By
Proposition 23.23 of [125], u is L2-continuous on [T∗, T∗ + T ].

Actually, u and v are even Hölder continuous.

Lemma 3.7.3. Let N = 3. Assume, κ < κ0 with κ0 from Proposition 3.4.11 and let T∗ be as in
Proposition 3.4.12. There is γ > 0 such that u, v ∈ Cγ,

γ
2

loc (Ω × [T∗ + 1,∞)). Moreover, there is
C > 0 such that for every T > T∗ + 1,

‖u‖
Cγ,

γ
2 (Ω×[T,T+1])

+ ‖v‖
Cγ,

γ
2 (Ω×[T,T+1])

≤ C.

Proof. We let T∗ be as in Proposition 3.4.12 and let t ≥ T∗ be given such that ‖u(·, t)‖L∞(Ω) ≤
‖u‖L∞(Ω×(T∗,∞)) and ‖v(·, t)‖L∞(Ω) ≤ ‖v‖L∞(Ω×(T∗,∞)), which is the case for almost every such
t. Definition 3.5.1, Corollary 3.7.2 and Proposition 3.7.1 enable us to interpret u as a local weak
solution in the sense of [83] of the equation

ũt −∇ · (∇ũ− ũ∇v) = κu− µu2, (3.40)
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for ũ on [T∗,∞).
Using boundedness of κu − µu2 and ∇v, an application of Theorem 1.3 of [83] ensures that
u ∈ Cγ′,

γ′
2 (Ω × [T∗ + 1

2 ,∞)) for some γ′ > 0. Theorem 1.3 of [83] additionally asserts that the
norm ‖u‖

Cγ,
γ
2 (Ω×[t+ 1

2 ,t+2])
can be estimated by a constant Cu which depends on the L∞(Ω)-

norm of u(·, t) and some “data” of the problem, a term condensing structural information on
the equation (such as exponents) and certain Lr-norms of coefficients and the right-hand-side in
(3.40).
Important to note is that, due to Proposition 3.7.1, u, v ∈ L∞(Ω× [T∗,∞)) and ∇v ∈ L∞(Ω×
[T∗,∞);RN ) and therefore the restrictions of these functions to Ω × [t, t + 2] are bounded in
L∞(Ω × [t, t + 2]) and L∞(Ω × [t, t + 2];RN ), respectively, independently of t > T∗. Hence Cu
can be chosen independently of t.
Similar to Corollary 3.7.2, from (3.35), (3.38) and (3.34), we infer v ∈ L2

loc((0,∞);W 1,2(Ω)) ∩
C0((0,∞);L2(Ω)) and boundedness of u, v on [T∗ + 1

2 ,∞) imply, again by Theorem 1.3 of [83]
applied to the solution v of

ṽt −∇ · (∇ṽ) = u− v (3.41)

for ṽ, that v ∈ Cγ′′,
γ′′
2 (Ω× [t+ 1, t+ 2]) for some γ′′ > 0 – and that

‖v‖
Cγ
′′, γ
′′
2 (Ω×[t+1,t+2])

≤ Cv,

with some constant Cv which can be chosen independently of t.
Letting γ = min{γ′, γ′′}, deriving a suitable constant C from the values of Cu and Cv and taking
the arbitrariness of t into account, the claim follows.

Thanks to the regularity of u and v that we have gained so far, we can interpret u and v as
generalized solutions in the sense of [48] of the homogeneous Neumann boundary value problem
with initial value u(T∗ + 1), v(T∗ + 1) to (3.40) or (3.41). As the coefficients are bounded, these
problems are known to be uniquely solvable [48, Thm. III.5.1]. Therefore we can use existence
theorems for smoother solutions to establish higher regularity of u and v.
Theorem IV.5.3 of [48] asserts the existence of C2+γ,1+ γ

2 solutions, albeit under stronger smooth-
ness assumptions on the initial datum than we can guarantee so far. In order to neverthe-
less apply this theorem, let us, for t0 > 0, T > t > 0, introduce a smooth monotone func-
tion ξt0,t,T : [t0, t0 + T ] → R satisfying ξ(t0) = 0 and ξ ≡ 1 on [t0 + t, t0 + T ] as well as
‖ξt0,t,T ‖C1([t0,t0+T ]) ≤ 1 + 2

t .

Proposition 3.7.4. Let N = 3 and assume that κ < κ0 with κ0 from Proposition 3.4.11. Then
there are T ∗ > 0 and γ > 0 such that u, v ∈ C

2+γ,1+ γ
2

loc (Ω × [T ∗,∞)). Moreover, there exists
C > 0 such that for all t > T ∗

‖u‖
C2+γ,1+

γ
2 (Ω×[t,t+1])

+ ‖v‖
C2+γ,1+

γ
2 (Ω×[t,t+1])

≤ C.

Proof. Let T∗ be as in Proposition 3.4.12 and T0 > T∗ + 1. We let ξ = ξT0,
1
2 ,2

as defined above
and observe that (ξv)(T0) = 0, ∂ν(ξv)

∣∣
∂Ω

= 0 and ṽ := ξv satisfies

ṽt −∆ṽ = ξtv + ξu− ξv on (T0, T0 + 2), (3.42)

a parabolic PDE with smooth coefficients and Hölder continuous right-hand side (due to Lemma
3.7.3). Theorem IV.5.3 of [48] in conjunction with the above-mentioned uniqueness property
makes ξv an element of C2+γ,1+ γ

2 (Ω×[T0, T0+2]) and therefore v ∈ C2+γ,1+ γ
2 (Ω×[T0+ 1

2 , T0+2]),
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where, according to the aforementioned theorem, its norm can be estimated by the Cγ,
γ
2 -norm

of the right-hand-side in (3.42) and therefore independently of T0 > T∗ + 1, cf. Lemma 3.7.3.
For an analogous procedure concerning u, we let ξ = ξT0+ 1

2 ,
1
2 ,

3
2
and consider ũ = ξu, satisfying

ũ(T0 + 1
2 ) = 0, ∂ν ũ

∣∣
∂Ω

= 0 and solving

ũt −∆ũ−∇ũ · ∇v − ũ∆v = ξtu+ ξ(κu− µu2),

where the coefficients are Hölder continuous as well as the right hand side and, by the same
argument as before, [48, Thm. IV.5.3] asserts u ∈ C2+γ,1+ γ

2 (Ω × [T0 + 1, T0 + 2]) with a T0-
independent estimate on the norm. The claim follows upon the choice T ∗ = T0 + 1 and due to
the independence of the Hölder norm of T0.

After these preparations, the proof of our main result consists in nothing more than collating
the right statements:

Proof of Theorem 3.1.1. Existence of a solution is given by Proposition 3.6.1 in combination with
Lemma 3.6.2, eventual smoothness and bounds on the Hölder norms by Proposition 3.7.4.

3.8 Asymptotic behaviour
Now that existence and smoothness of (u, v) have been ensured, let us concentrate on the long
time behaviour of solutions.

3.8.1 The case κ ≤ 0. Proof of Theorem 3.1.3
Proof of Theorem 3.1.3. Let {(uεj , vεj )}j∈N be a sequence of solutions to (3.3) approaching (u, v)
in the sense of Proposition 3.6.1. Let ϑ > 0.
From Proposition 3.4.12 we can infer δ0 > 0 such that K(δ) from Proposition 3.4.12 satisfies
K(δ) < ϑ

3 for any δ ∈ [0, δ0).
Now we apply Lemma 3.4.9 with ν ∈ (0, ν0] so small that

√
4

A(1+ 1
4ν )

< δ0 and choose κ̃ > 0 and

η ∈ (0, 4] as provided therupon. In particular, this implies δν(κ̂) ≤ δ0 for any κ̂ ∈ (0, κ̃).
We let κ̂ ∈ (0, κ̃) and let T0 = T0(µ, 0, κ̂) be as in Proposition 3.4.8. As κ ≤ 0 < κ̂, Proposition
3.4.12 implies that there is T > 0 such that, independently of j ∈ N,∥∥uεj (·, t)∥∥L∞(Ω)

+
∥∥vεj (·, t)∥∥W 1,∞(Ω)

≤ 2K(δν(κ̂)) + Ce−(t−T ) for all t > T, (3.43)

where C is a constant depending on the norm of the initial data (u0, v0).
Choose Tϑ > T in such a way that Ce−(Tϑ−T ) < ϑ

3 and that u, v are continuous on [Tϑ,∞) by
Theorem 3.1.1. Our choice of δ0 thus shows that, independently of j ∈ N,∥∥uεj (·, t)∥∥L∞(Ω)

+
∥∥vεj (·, t)∥∥W 1,∞(Ω)

≤ 2
ϑ

3
+
ϑ

3
= ϑ for all t > Tϑ.

Almost everywhere convergence of (uεj , vεj ) → (u, v) (as stated by Proposition 3.6.1 in (3.31),
(3.36)) and continuity of u and v hence imply that

‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖L∞(Ω) ≤ ϑ for all t > Tϑ. (3.44)

In conclusion,
(u(·, t), v(·, t))→ 0 as t→∞

in the sense of uniform convergence on Ω.
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3.8.2 Asymptotics for positive κ. Proof of Theorem 3.1.5
Proof of Theorem 3.1.5. Under the condition of κ being sufficiently small, Theorem 3.1.1 shows
that the solutions constructed above enter some bounded set Bµ,κ ⊂ (C2+γ(Ω))2, where γ > 0
is chosen as in Proposition 3.7.4.
As to the statement about the diameter of Bµ,κ in L∞(Ω)×W 1,∞(Ω) as κ→ 0, we can proceed
almost exactly as in the proof of Theorem 3.1.3: Let ϑ > 0. From Proposition 3.4.12 we can
infer δ0 > 0 such that K(δ) from Proposition 3.4.12 satisfies K(δ) < ϑ

3 for any δ ∈ [0, δ0). The
application of Lemma 3.4.9 with ν ∈ (0, ν0] satisfying

√
4

A(1+ 1
4ν )

< δ0 provides η ∈ (0, 4] and

κ̃ > 0. Let κ̂ ∈ (0, κ̃). We will prove that diamBµ,κ ≤ 2ϑ if κ < κ̂.
For this, we assume that κ < κ̂ and let T0 = T0(µ, κ, κ̂) be as in Proposition 3.4.8. As κ < κ̂,
Proposition 3.4.12 implies that there is T > 0 such that, independent of j ∈ N,∥∥uεj (·, t)∥∥L∞(Ω)

+
∥∥vεj (·, t)∥∥W 1,∞(Ω)

≤ 2K(δν(κ̂)) + Ce−(t−T ) for all t > T, (3.45)

where C is a constant depending on the norm of the initial data (u0, v0).
We choose Tϑ > T in such a way that Ce−(Tϑ−T ) < ϑ

3 and that u, v are continuously differentiable
on [Tϑ,∞) by Theorem 3.1.1.
Our choice of δ0 thus shows that, independently of j ∈ N,∥∥uεj (·, t)∥∥L∞(Ω)

+
∥∥vεj (·, t)∥∥W 1,∞(Ω)

≤ 2
ϑ

3
+
ϑ

3
= ϑ for all t > Tϑ.

Wemake use of the almost everywhere convergence of (uεj , vεj )→ (u, v) (as stated by Proposition
3.6.1 in (3.31), (3.36)) and the fact that ∇vεj is essentially bounded by some constant C̃ on
Ω × [Tϑ,∞) uniformly in j, which allows us to extract a L∞-weak∗-convergent subsequence
leading to ‖∇v‖L∞(Ω×(Tϑ,∞)) ≤ C̃.
Together with the continuity of u, v and ∇v these convergence results hence imply that

‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω) ≤ ϑ for all t > Tϑ.

In terms of Bµ,κ this means
Bµ,κ ⊂ BL

∞(Ω)×W 1,∞(Ω)
ϑ (0)

and hence diam(Bµ,κ) ≤ 2ϑ for sufficiently small κ > 0.
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4 A new approach toward boundedness
in a two-dimensional parabolic
chemotaxis system with singular
sensitivity

4.1 Introduction
Numerous phenomena in connection with spontaneous aggregation can be described by PDE
models incorporating a cross-diffusion mechanism. A prototypical example, which lies at the core
of models used for a variety of purposes and to so different aims as the description of pattern
formation of bacteria or slime mold in biology [43] or the prediction of burglary in criminology
[64], is the following variant of the Keller-Segel system of chemotaxis:

ut = ∆u−∇ · (uS(v)∇v)

vt = ∆v − v + u

∂νu
∣∣
∂ Ω

= ∂νv
∣∣
∂ Ω

= 0

u(·, 0) = u0, v(·, 0) = v0

(4.1)

in a bounded domain Ω ⊂ RN with smooth boundary, with given nonnegative initial data u0, v0.
We shall be concerned with the case of the singular sensitivity function S given by

S(v) =
χ

v
(4.2)

for a constant χ > 0, which is in compliance with the Weber-Fechner law of stimulus perception
(see [44]).
One of the first questions of mathematical interest with respect to this model is that of existence
of a global classical solution, as opposed to blow-up of solutions in finite time. For the vast
mathematical literature on chemotaxis, a large part of which is concerned with this question, see
one of the survey articles [34, 35, 32, 9] and references therein.
According to the standard reasoning in the realm of chemotaxis equations (as e.g. formulated
in [9]), in order to obtain global existence of classical solutions, for the two-dimensional case
considered here, it is sufficient to derive t-independent bounds on the quantities

∫
Ω
u(·, t) lnu(·, t)

and
∫
|∇v(·, t)|2.

To achieve this in the particular context of (4.1), it has proven useful to consider the expression∫
Ω

u lnu− a
∫

Ω

u ln v, (4.3)

as it has been done by Nagai, Senba, Yoshida [74] or Biler [10]. In these works, global existence
of solutions has been derived for χ ≤ 1.
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

In the present chapter we shall answer the question whether χ = 1 is a critical value in this regard
in the negative. This question had been left open in [113], where the above-mentioned results
have been generalized to higher dimension N , then obtaining existence in the case χ <

√
2/N .

Let us mention some more results concerning equation (4.1): That the classical solutions for
χ <

√
2/N are global-in-time bounded has been shown in [24]. In [113] also weak solutions

have been shown to exist for (4.1), as long as χ <
√

N+2
3N−4 . In the radially symmetric setting,

moreover, certain global weak “power-λ-solutions” exist ([91]).
In [3] the authors prove global existence and investigate the asymptotic behaviour of solutions to
a system incorporating logistic growth terms in addition to general sensitivities with singularity
at v = 0. Parabolic-elliptic chemotaxis models related to (4.1) are investigated, e.g. in [25], where
the presence of such growth terms is used to ensure global existence and boundedness of classical
solutions. In [26] global existence and boundedness of classical solutions to the parabolic-elliptic
counterpart of (4.1) are obtained for even more singular sensitivities of the form 0 < S(v) ≤ χ

vk
,

k ≥ 1, under a smallness condition on χ, which for k = 1 and N = 2 amounts to χ < 1.
Also concerning classical solutions of the fully parabolic system (4.1), to the best of our know-
ledge, the assertions for χ ≤ 1 are the best known so far.
Since the new possible values for χ are but slightly larger than 1, rather than these values it
is the method that can be considered the new contribution of the present chapter: Key to our
approach toward the expansion of the interval of values for χ known to yield global solutions,
namely, shall be the employment of an additional summand

b

∫
|∇
√
v|2

in (4.3). Functionals containing this term have successfully been used in the context of coupled
chemotaxis-fluid systems (see [114]) or of chemotaxis models with consumption of the chemoat-
tractant [95] (e.g. obtained from the aforementioned system upon neglection of the fluid).
In the end we will arrive at the following

Theorem 4.1.1. Let Ω ⊂ R2 be a convex bounded domain with smooth boundary. Then there
exists χ0 > 1 such that for any χ ∈ (0, χ0) and any initial data satisfying 0 ≤ u0 ∈ C0(Ω),
u0 6≡ 0, and v0 ∈W 1,q(Ω) for some q > 2 and v0 > 0 in Ω, the system (4.1) has a global classical
solution which is bounded.

The plan of the chapter is as follows: In the next section we will discuss local existence of and
an extensibility criterion for solutions to (4.1). Section 4.3 provides identities and estimates that
will facilitate the usage of the additional term at the center of the proof of Theorem 4.1.1, to
which Section 4.4 will be devoted.

4.2 How to ensure global existence
A general existence theorem for chemotaxis models is the following, taken from [9]:

Theorem 4.2.1. Let N ≥ 1 and Ω ⊂ RN be a bounded domain with smooth boundary and let
q > N . For some ω ∈ (0, 1) let S ∈ C1+ω

loc (Ω × [0,∞) × R2), f ∈ C1−(Ω × [0,∞) × R2) and
g ∈ C1−

loc (Ω × [0,∞) × R2), and assume that f(x, t, 0, r) ≥ 0 for all (x, t, r) ∈ Ω × [0,∞)2 and
that g(x, t, s, 0) ≥ 0 for any (x, t, s) ∈ Ω × [0,∞)2. Then for all nonnegative u0 ∈ C0(Ω) and
v0 ∈W 1,q(Ω) there exist Tmax ∈ (0,∞] and a uniquely determined pair of nonnegative functions

u ∈C0(Ω× [0, Tmax)) ∩ C2,1(Ω× (0, Tmax)), (4.4)
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v ∈C0(Ω× [0, Tmax)) ∩ C2,1(Ω× (0, Tmax)) ∩ L∞loc([0, Tmax);W 1,q(Ω)),

such that (u, v) solves 
ut = ∆u−∇ · (uS(x, t, u, v)∇v) + f(x, t, u, v),

vt = ∆v − v + g(x, t, u, v),

0 = ∂νu
∣∣
∂ Ω

= ∂νv
∣∣
∂ Ω
,

u(·, 0) = u0, v(·, 0) = v0

(4.5)

classically in Ω× (0, Tmax) and such that

if Tmax <∞, then lim sup
t↗Tmax

(
‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,q(Ω)

)
=∞. (4.6)

Proof. A Banach-type fixed point argument provides existence of mild solutions on a short time
interval whose length T depends on ‖u0‖L∞(Ω), ‖v0‖W 1,q(Ω). Standard bootstrapping arguments
ensure the regularity properties listed above. It follows from the dependence of T on the norms
of u0 and v0 that the solution can be extended to Tmax ∈ (0,∞] satisfying (4.6), see [9, Lemma
3.1].

This theorem is not directly applicable to (4.1), because it does not cover the case of singu-
lar functions S. We will remove this obstruction via use of the following lemma, which is a
generalization of Lemma 2.2 of [24].

Lemma 4.2.2. Let the conditions of Theorem 4.2.1 be satisfied, let Ω be convex, and let ζ > 0.
Then there is η = η(u0, v0, ζ) > 0 such that if v0 and the solution (u, v) to (4.5) satisfy

inf v0 > 0 and inf
s∈[0,Tmax)

∫
Ω

g(x, s, u(x, s), v(x, s))dx ≥ ζ,

the second component of the solution also fulfils

v(x, t) ≥ η for all (x, t) ∈ Ω× [0, Tmax).

Proof. Let us fix τ = τ(u0, v0) > 0 such that

inf
Ω
v(·, t) ≥ 1

2
inf
Ω
v0 for all t ∈ [0, τ ].

Employing the pointwise estimate

(et∆w)(x) ≥ 1

(4πt)
N
2

e−
d2

4t

∫
Ω

w for nonnegative w ∈ C0(Ω)

for the Neumann heat semigroup et∆ with d = diam Ω, as provided in [24, Lemma 2.2] for convex
domains following [33, Lemma 3.1], we can then conclude that

v(·, t) = et(∆−1)v0 +

∫ t

0

e(t−s)(∆−1)g(·, s, u(·, s), v(·, s))ds

≥
∫ t

0

1

(4π(t− s))N2
e−

d2

4(t−s)−(t−s)
∫

Ω

g(·, s, u(·, s), v(·, s))ds
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≥
∫ t

0

1

(4πr)
N
2

e−(r+ d2

4r )dr inf
s∈[0,t]

∫
Ω

g(x, s, u(x, s), v(x, s))dx

≥ζ
∫ τ

0

1

(4πr)
N
2

e−(r+ d2

4r )dr in Ω

for any t ∈ [τ, Tmax). With η = min

{
infΩ v0

2 , ζ
∫ τ(u0,v0)

0
1

(4πr)
N
2

e−(r+ d2

4r )dr
}

this proves the

claim.

With this lemma we can weaken the assumptions on the sensitivity S so as to allow for a
singularity at v = 0.

Theorem 4.2.3. i) Let S ∈ C1+ω
loc (Ω× [0,∞)× R× (0,∞)) for some ω ∈ (0, 1) and apart from

the condition on S let the assumptions of Theorem 4.2.1 be satisfied.
Additionally, assume that f is nonnegative and g(x, t, s, r) ≥ cs for some c > 0 and any
(x, t, s, r) ∈ Ω × [0,∞) × R2 and that infΩ v0 > 0 and

∫
Ω
u0 =: m > 0. Then there is Tmax > 0

such that (4.1) has a unique solution (u, v) as in (4.4) and such that (4.6) holds.
ii) Furthermore, if there are K1,K2 > 0 such that f(x, t, s, r) ≤ K1 and g(x, t, s, r) ≤ K2(1 + s)
for all (x, t, s, r) ∈ Ω× (0,∞)3, and for every η > 0, |S| is bounded on Ω× (0,∞)2× (η,∞), and
if N = 2 and there is M > 0 such that∫

Ω

u(·, t) lnu(·, t) ≤M, and
∫

Ω

|∇v(·, t)|2 ≤M for all t ∈ [0, Tmax) (4.7)

then (u, v) is global and bounded.

Proof. i) We let η := η(u0, v0, cm) be as in Lemma 4.2.2 and let ξ : R → [0, 1] be a smooth,
monotone decreasing function with ξ(r) = 1 for r ≤ η

2 and ξ(r) = 0 for r ≥ η. We define

Sη(x, t, s, r) :={
S(x, t, s, η2 ), (x, t, s, r) ∈ Ω× [0,∞)× R× (−∞, η2 ),

ξ(r)S(x, t, s, η2 ) + (1− ξ(r))S(x, t, s, r), (x, t, s, r) ∈ Ω× [0,∞)× R× [η2 ,∞).

Then Sη ∈ C1+ω
loc (Ω × [0,∞) × R2) and S and Sη agree for r ≥ η. Let us denote by (4.5)η

problem (4.5) with S replaced by Sη. Then we can apply Theorem 4.2.1 to (4.5)η and obtain a
solution (u, v) with the required properties (4.4) and (4.6). Nonnegativity of f and integration
of the first equation of (4.5)η entail that

∫
Ω
u(·, t) ≥ m for all t ∈ [0, Tmax) and accordingly∫

Ω
g(x, t, u(x, t), v(x, t))dx ≥ cm > 0 for all t ∈ [0, Tmax). Therefore, by Lemma 4.2.2, v ≥ η and

hence (u, v) solves (4.5) as well.
In order to carry over the uniqueness statement from Theorem 4.2.1, we ensure that any solution
of (4.5) also solves (4.5)η in Ω × [0, Tmax): Let v be a solution of (4.5). Let ε ∈ (0, η2 ) and
define t0 = inf{t : infΩ v(·, t) < ε} ∈ (0,∞]. Then (u, v) solves (4.5)η in Ω × (0, t0). Assume
t0 < ∞. Then by Lemma 4.2.2 and continuity of v, v(x, t0) ≥ η > ε = infΩ v(·, t) for all x ∈ Ω,
a contradiction.
ii) Since (u, v) is a solution of (4.5)η, we can apply [9, Lemma 3.3], which turns (4.7) into a
uniform-in-time bound on ‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,q(Ω), thus asserting global existence by
means of (4.6) and boundedness.

Remark 4.2.4. Throughout the remaining part of the chapter, we will assume that Ω ⊂ R2

is a bounded, smooth, and convex domain, that 0 ≤ u0 ∈ C0(Ω), q > 2 and v0 ∈ W 1,q(Ω),
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4.2 How to ensure global existence

infΩ v0 > 0 and that
∫

Ω
u0 =: m > 0.

Then, in particular, Theorem 4.2.3 is applicable to (4.1). We will denote the unique solution of
(4.1) by (u, v) and by Tmax its maximal time of existence as in (4.6). It satisfies∫

Ω

u(·, t) = m for all t ∈ [0, Tmax). (4.8)

Lemma 4.2.5. Let τ = min{1, Tmax2 }, and assume there exists C > 0 such that∫ t+τ

t

∫
Ω

|∇u|2

u
≤ C for any t ∈ (0, Tmax − τ)

and that ∫
Ω

u(·, t) lnu(·, t) ≤ C for any t ∈ (0, Tmax)

Then Tmax =∞ and (u, v) is bounded.

Proof. Let c1, c2 > 0 be the constants yielded by the Gagliardo-Nirenberg inequality (Lemma
3.4.3, with parameter names as introduced there) for j = 0, k = 1, q = 2, r = 2, s = 2, a = 1

2 .
Then with m from (4.8),∫ t+τ

t

∫
Ω

u2 =

∫ t+τ

t

∥∥√u∥∥4

L4(Ω)
≤
∫ t+τ

t

(
c1
∥∥∇√u∥∥a

L2(Ω)

∥∥√u∥∥1−a
L2(Ω)

+ c2
∥∥√u∥∥

L2(Ω)

)4

≤
∫ t+τ

t

(
c1

(∫
Ω

|∇u|2

4u

) 1
4

m
1
4 + c2m

1
2

)4

≤ c41mC

4
+ c42m

2

holds for any t ∈ (0, Tmax − τ).
Multiplying the second equation of (4.1) by −∆v and integrating, from Young’s inequality we
obtain∫

Ω

|∇v(·, t)|2 ≤
∫

Ω

|∇v0|2 −
∫ t

0

∫
Ω

|∆v|2 −
∫ t

0

∫
Ω

|∇v|2 +
1

2

∫ t

0

∫
Ω

u2 +
1

2

∫ t

0

∫
Ω

|∆v|2

on (0, Tmax), that is, y(t) :=
∫

Ω
|∇v(·, t)|2 satisfies the differential inequality y′ + y ≤ f on

[0, Tmax), where f = 1
2

∫
Ω
u2 satisfies

∫ t+τ
t
|f(s)|ds ≤ C for all t ∈ (0, Tmax − τ) and with some

constant C > 0. Letting z be a solution to z′ + z = f , z(0) = z0 =
∫

Ω
|∇v0|2, we observe that

the variation-of-constants formula entails

z(t)− e−tz0 =

∫ t

0

e−sf(t− s)ds ≤
bt/τc−1∑
k=0

∫ (k+1)τ

kτ

e−s|f(t− s)|ds+

∫ t

τbt/τc
e−s|f(t− s)|ds

≤
bt/τc−1∑
k=0

e−kτC + C ≤ C
(

1 +
1

1− e−τ

)
for t ∈ (0, Tmax),

so that an ODE comparison yields boundedness of y =
∫

Ω
|∇v(·, t)|2.

Together with the second assumption, the bound on
∫

Ω
u lnu, this is sufficient to conclude global

existence and boundedness of solutions by Theorem 4.2.3 ii).
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

4.3 Some useful general estimates and identities
Lemma 4.3.1. Let Ω be convex and let ψ ∈ C2(Ω) satisfy ∂νψ

∣∣
∂ Ω

= 0. Then for all x ∈ ∂ Ω we
have ∂ν |∇ψ(x)|2 ≤ 0.

Proof. This is Lemme 2.I.1 of [61], see also [94, Lemma 3.2].

Lemma 4.3.2. For all positive ψ ∈ C2(Ω) satisfying ∂νψ
∣∣
∂ Ω

= 0∫
Ω

ψ|D2 lnψ|2 =

∫
Ω

1

ψ
|D2ψ|2 +

∫
Ω

1

ψ2
|∇ψ|2∆ψ −

∫
Ω

|∇ψ|4

ψ3
.

Proof. This proof is also contained in the proof of [114, Lemma 3.2]. The equality rests on the
pointwise identity

ψ|D2 lnψ|2 = ψ

∣∣∣∣D( 1

ψ
∇ψ
)∣∣∣∣2 = ψ

∣∣∣∣∇( 1

ψ

)
(∇ψ)T +

1

ψ
D2ψ

∣∣∣∣2
= ψ

∣∣∣∣− 1

ψ2
∇ψ(∇ψ)T +

1

ψ
D2ψ

∣∣∣∣2
= ψ
|∇ψ|4

ψ4
+ ψ

1

ψ2
|D2ψ|2 − ψ 2

ψ3
(D2ψ∇ψ) · ∇ψ

=
|∇ψ|4

ψ3
+

1

ψ
|D2ψ|2 − 1

ψ2
∇|∇ψ|2 · ∇ψ

and integration by parts in the last term giving

−
∫

Ω

1

ψ2
∇|∇ψ|2 · ∇ψ =

∫
Ω

1

ψ2
|∇ψ|2∆ψ − 2

∫
Ω

|∇ψ|4

ψ3
.

Lemma 4.3.3. Let ψ ∈ C2(Ω) be positive and satisfy ∂νψ
∣∣
∂ Ω

= 0. Then

−
∫

Ω

1

ψ
|∆ψ|2 = −

∫
Ω

1

ψ
|D2ψ|2 − 3

2

∫
Ω

|∇ψ|2∆ψ

ψ2
+

∫
Ω

|∇ψ|4

ψ3
+

1

2

∫
∂ Ω

1

ψ
∂ν |∇ψ|2.

Proof. This results from [114, Lemma 3.1] upon the choice of h(ψ) = 1
ψ . The proof can be found

in [18, Lemma 2.3].

Lemma 4.3.4. (i) For all positive ψ ∈ C2(Ω) satisfying ∂νψ
∣∣
∂ Ω

= 0,

−
∫

Ω

1

ψ
|∆ψ|2 = −

∫
Ω

ψ|D2 lnψ|2 − 1

2

∫
Ω

1

ψ2
|∇ψ|2∆ψ +

1

2

∫
∂ Ω

1

ψ
∂ν |∇ψ|2.

(ii) If furthermore Ω is convex, then

−
∫

Ω

1

ψ
|∆ψ|2 ≤ −

∫
Ω

ψ|D2 lnψ|2 − 1

2

∫
Ω

1

ψ2
|∇ψ|2∆ψ.

Proof. This is a direct consequence of the previous three lemmata.

Lemma 4.3.5. There is c0 > 0 such that for all positive ψ ∈ C2(Ω) fulfilling ∂νψ
∣∣
∂ Ω

= 0 the
following estimate holds: ∫

Ω

ψ|D2 lnψ|2 ≥ c0
∫

Ω

|∇ψ|4

ψ3
.
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4.4 The energy functional. Proof of Theorem 4.1.1

Proof. An even more general version of this lemma and its proof can be found in [114, Lemma
3.3].

Remark 4.3.6. As can be seen from the referenced lemma, the constant in the above statement
can be chosen to be 1

(2+
√

2)2
.

4.4 The energy functional. Proof of Theorem 4.1.1
In this section let us investigate the energy functional defined by

Fa,b(ũ, ṽ) =

∫
Ω

ũ ln ũ− a
∫

Ω

ũ ln ṽ + b

∫
Ω

|∇
√
ṽ|2, 0 < ũ ∈ C0(Ω), 0 < ṽ ∈ C1(Ω) (4.9)

for nonnegative parameters a, b.
If we want to gain useful information from this functional, the upper bounds on its derivative
that we will derive should be accompanied by bounds for Fa,b from below. In order to ensure
those, let us first provide the following estimate for solutions of (4.1).

Lemma 4.4.1. For any p > 0 there is Cp > 0 such that∫
Ω

vp(·, t) ≤ Cp for any t ∈ [0, Tmax).

Proof. Since t 7→ ‖u(·, t)‖L1(Ω) is constant by (4.8), for p ≥ 1 this is a consequence of Duhamel’s
formula for the solution of the second equation of (4.1) and estimates for the Neumann heat
semigroup, which can e.g. be found in [110, Lemma 1.3]: They provide C > 0 such that for all
t ∈ (0, Tmax),

‖v(·, t)‖Lp(Ω) ≤
∥∥∥et(∆−1)v0

∥∥∥
Lp(Ω)

+

∫ t

0

∥∥∥e(t−s)(∆−1)(u(·, s)−m|Ω|)
∥∥∥
Lp(Ω)

+
∥∥∥e−(t−s)m|Ω|

∥∥∥
Lp(Ω)

ds

≤ ‖v0‖Lp(Ω) +

∫ t

0

(
C(1 + (t− s)−

N
2 (1− 1

p ))e−(t−s) ‖u(·, s)−m|Ω|‖L1(Ω) + e−(t−s)m|Ω|1+ 1
p

)
ds.

The case p ∈ (0, 1) then follows from vp ≤ 1 + v.

The following lemma gives bounds from below as well as means to turn boundedness of Fa,b(u, v)
into boundedness of

∫
Ω
u lnu.

Lemma 4.4.2. Let a, b ≥ 0. There is γ ∈ R such that

Fa,b(u, v) ≥ 1

2

∫
Ω

u lnu− γ on (0, Tmax).

Proof. With m as in (4.8), we have

Fa,b(u, v) ≥ 1

2

∫
Ω

u lnu+

∫
Ω

u ln
u

1
2

va
=

1

2

∫
Ω

u lnu+m

∫
Ω

(
− ln

va

u
1
2

)
u

m
,

similar as in the proof of [10, Thm. 3]. Hence, following an idea from the proof of [74, Lemma
3.3] in applying Jensen’s inequality with the probability measure u

mdλ and the convex function
− ln, we obtain

Fa,b(u, v) ≥1

2

∫
Ω

u lnu−m ln

∫
Ω

vau
1
2

m
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

≥1

2

∫
Ω

u lnu−m ln

(
1

m

(∫
Ω

v2a

∫
Ω

u

) 1
2

)

≥1

2

∫
Ω

u lnu+
m

2
lnm− m

2
lnC2a

after applying Hölder’s inequality and with C2a as in Lemma 4.4.1.

Lemma 4.4.3. Let a, b ≥ 0. Then
i) Fa,b(u, v) is bounded below.
ii) If supt∈[0,Tmax) Fa,b(u(·, t), v(·, t)) <∞ then supt∈[0,Tmax)

∫
Ω
u(·, t) lnu(·, t) <∞.

Proof. Both statements are immediate consequences of Lemma 4.4.2.

Lemma 4.4.1 as well enables us to control the first two summands of Fa,b(u, v) from above by∫
Ω
u2

v .

Lemma 4.4.4. Let a > 0. Then for any δ > 0 there is cδ > 0 such that∫
Ω

u lnu− a
∫

Ω

u ln v ≤ δ
∫

Ω

u2

v
+ cδ on [0, Tmax).

Proof. Given a > 0 let ε ∈ (0, 1) be so small that 1+ε−2aε
1−ε > 0. There is Cε > 0 such that for

any x > 0 we have lnx ≤ Cεx
ε. Therefore for any δ > 0 Young’s inequality and Lemma 4.4.1

provide Cδ > 0 and cδ > 0 satisfying∫
Ω

u lnu− a
∫

Ω

u ln v =

∫
Ω

u ln
u

va
≤ Cε

∫
Ω

u1+ε

vaε
≤ δ

∫
Ω

(u1+εv−
1+ε

2 )
2

1+ε + Cδ

∫
Ω

(v
1+ε−2aε

2 )
2

1−ε

≤δ
∫

Ω

u2

v
+ cδ on[0, Tmax).

With these preparations, we turn to the time derivative of Fa,b(u, v), beginning with the already
investigated first part:

Lemma 4.4.5. For any a ≥ 0,

d

dt
Fa,0(u, v) = −

∫
Ω

|∇u|2

u
+ (χ+ 2a)

∫
Ω

∇u · ∇v
v

− a(χ+ 1)

∫
Ω

u|∇v|2

v2
+ a

∫
Ω

u− a
∫

Ω

u2

v

holds on (0, Tmax).

Proof. Using the first equation of (4.1) in d
dt

(∫
Ω
u lnu− a

∫
Ω
u ln v

)
and integrating by parts we

obtain:

d

dt

(∫
Ω

u lnu− a
∫

Ω

u ln v

)
=

∫
Ω

ut lnu+

∫
Ω

ut − a
∫

Ω

ut ln v − a
∫

Ω

u

v
vt

= −
∫

Ω

∇u
u
·
(
∇u− χu

v
∇v
)

+ a

∫
Ω

∇v
v
·
(
∇u− χu

v
∇v
)

− a
∫

Ω

u

v
(∆v − v + u)

= −
∫

Ω

|∇u|2

u
+ χ

∫
Ω

∇u · ∇v
v

+ a

∫
Ω

∇u · ∇v
v

− aχ
∫

Ω

u|∇v|2

v2

+ a

∫
Ω

∇u · ∇v
v

− a
∫

Ω

u|∇v|2

v2
+ a

∫
Ω

u− a
∫

Ω

u2

v
.
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4.4 The energy functional. Proof of Theorem 4.1.1

Since we do not know the sign of
∫

Ω
∇u·∇v
v and, in this situation, cannot control

∫
Ω
u|∇v|2
v2 , we are

left with Young’s inequality, hoping that the resulting coefficient (χ+2a)2

4 − a(χ+ 1) of
∫

Ω
u|∇v|2
v2

turns out to be negative. This can be achieved if χ < 1.
However, it becomes possible to cope with larger parameters if

∫
Ω
u|∇v|2
v2 can be controlled, e.g.

by having control over
∫

Ω
|∇v|4
v3 and

∫
Ω
u2

v . The second term already being in place, fortunately,
the first is one of the terms arising from the following:

Lemma 4.4.6. The estimate

4
d

dt

(∫
Ω

|∇
√
v|2
)
≤− 2c0

∫
Ω

|∇v|4

v3
−
∫

Ω

|∇v|2

v
+ 2

∫
Ω

∇u · ∇v
v

−
∫

Ω

|∇v|2u
v2

(4.10)

holds on (0, Tmax), where c0 is the constant provided by Lemma 4.3.5.

Proof. From the second equation of (4.1), we obtain

4
d

dt

(∫
Ω

|∇
√
v|2
)

=
d

dt

∫
Ω

|∇v|2

v
=

∫
Ω

2∇v · ∇vt
v

−
∫

Ω

|∇v|2vt
v2

=

∫
Ω

2∇v · ∇∆v

v
−
∫

Ω

2|∇v|2

v
+

∫
Ω

2∇v · ∇u
v

−
∫

Ω

|∇v|2∆v

v2

+

∫
Ω

|∇v|2v
v2

−
∫

Ω

|∇v|2u
v2

on (0, Tmax).

Integration by parts in the first integral and merging the second and second to last summand
lead us to

4
d

dt

(∫
Ω

|∇
√
v|2
)

= −2

∫
Ω

|∆v|2

v
+

∫
Ω

|∇v|2∆v

v2
−
∫

Ω

|∇v|2

v
+ 2

∫
Ω

∇u · ∇v
v

−
∫

Ω

|∇v|2u
v2

(4.11)

on (0, Tmax). By Lemma 4.3.4 and due to the convexity of Ω we can transform the first summand
according to

−2

∫
Ω

|∆v|2

v
≤ −2

∫
Ω

v|D2 ln v|2 −
∫

Ω

1

v2
|∇v|2∆v,

making the second term in the right hand side of (4.11) vanish:

4
d

dt

(∫
Ω

|∇
√
v|2
)
≤ −2

∫
Ω

v|D2 ln v|2 −
∫

Ω

|∇v|2

v
+ 2

∫
Ω

∇u · ∇v
v

−
∫

Ω

|∇v|2u
v2

. (4.12)

We are left with a term we can estimate with the help of Lemma 4.3.5:

−2

∫
Ω

v|D2 ln v|2 ≤ −2c0

∫
Ω

|∇v|4

v3
,

thereby gaining the term which will make the crucial difference in the estimates to come and
arriving at

4
d

dt

(∫
Ω

|∇
√
v|2
)
≤− 2c0

∫
Ω

|∇v|4

v3
−
∫

Ω

|∇v|2

v
+ 2

∫
Ω

∇u · ∇v
v

−
∫

Ω

|∇v|2u
v2

.

If we combine the previous two lemmata, we are led to:
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

Lemma 4.4.7. Let a, b ≥ 0, δ ∈ (0, 1). Then

d

dt
Fa,b(u, v) ≤

 1

4a(1− δ)

(
(χ+ 2a+ b

2 )2

4(1− δ)
− aχ− a− b

4

)2

+

− bc0
2

∫
Ω

|∇v|4

v3

− δ
∫

Ω

|∇u|2

u
− aδ

∫
Ω

u2

v
+ a

∫
Ω

u− b

4

∫
Ω

|∇v|2

v
on (0, Tmax). (4.13)

Proof. An estimate for d
dtFa,b(u(·, t), v(·, t)) is given by the sum of the terms from Lemma 4.4.5

and Lemma 4.4.6:
d

dt
Fa,b(u, v) ≤−

∫
Ω

|∇u|2

u
+

(
χ+ 2a+

b

2

)∫
Ω

∇u · ∇v
v

−
(
aχ+ a+

b

4

)∫
Ω

u|∇v|2

v2

+ a

∫
Ω

u− a
∫

Ω

u2

v
− b

2
c0

∫
Ω

|∇v|4

v3
− b

4

∫
Ω

|∇v|2

v
.

In order to finally still have some control over
∫ |∇u|2

u , as required for Lemma 4.2.5, we retain a
small portion of this term when applying Young’s inequality:

−
∫

Ω

|∇u|2

u
+

(
χ+ 2a+

b

2

)∫
Ω

∇u · ∇v
v

≤
(
− 1 + (1− δ)

) ∫
Ω

|∇u|2

u
+

(χ+ 2a+ b
2 )2

4(1− δ)

∫
Ω

u|∇v|2

v2
,

so that

d

dt
Fa,b(u, v) ≤− δ

∫
Ω

|∇u|2

u
+

(
(χ+ 2a+ b

2 )2

4(1− δ)
− aχ− a− b

4

)∫
Ω

u|∇v|2

v2

+ a

∫
Ω

u− a
∫

Ω

u2

v
− b

2
c0

∫
Ω

|∇v|4

v3
− b

4

∫
Ω

|∇v|2

v
on (0, Tmax).

By virtue of the presence of −
∫

Ω
|∇v|4
v3 , which originates from the additional summand of the

energy functional and the preparations of Section 4.3, we can continue estimating
∫

Ω
u|∇v|2
v2 by∫

Ω
u2

v and
∫

Ω
|∇v|4
v3 and still hope for negative coefficients in front of the integrals, in contrast

to the situation of Lemma 4.4.5. In doing so we keep some part of
∫

Ω
u2

v for the sake of a later
application of Lemma 4.4.4 and arrive at

d

dt
Fa,b(u, v)(t) ≤− δ

∫
Ω

|∇u|2

u
+ a

∫
Ω

u− a
∫

Ω

u2

v
− b

2
c0

∫
Ω

|∇v|4

v3
− b

4

∫
Ω

|∇v|2

v

+ a(1− δ)
∫

Ω

u2

v
+

1

4a(1− δ)

(
(χ+ 2a+ b

2 )2

4(1− δ)
− aχ− a− b

4

)2

+

∫
Ω

|∇v|4

v3
,

which amounts to (4.13).

Lemma 4.4.8. Let a > 0, b ≥ 0, χ > 0 be such that

ϕ(a, b;χ) :=

 1

4a

(
(χ+ 2a+ b

2 )2

4
− aχ− a− b

4

)2

+

− bc0
2

 < 0. (4.14)

Then there are κ > 0, δ > 0 and c > 0 such that for any t ∈ (0, Tmax),

d

dt
Fa,b(u, v)(t) + κFa,b(u, v)(t) + δ

∫
Ω

|∇u(·, t)|2

u(·, t)
≤ c.
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Proof. By continuity of

δ 7→ ϕδ(a, b;χ) :=

 1

4a(1− δ)

(
(χ+ 2a+ b

2 )2

4(1− δ)
− aχ− a− b

4

)2

+

− bc0
2


in δ = 0, for fixed a, b, χ, negativity of ϕ(a, b;χ) entails the existence of δ > 0 so that ϕδ(a, b;χ)
is negative as well. Therefore, by Lemma 4.4.7,

d

dt
Fa,b(u, v) + δ

∫
Ω

|∇u|2

u
+ aδ

∫
Ω

u2

v
+ b

∫
Ω

|∇
√
v|2 ≤ a

∫
Ω

u on (0, Tmax).

Since
∫

Ω
u is constant in time by (4.8), Lemma 4.4.4 implies the assertion.

Lemma 4.4.9. If

χ0 ∈ {χ > 0; there are a > 0 and b ≥ 0 such that ϕ(a, b;χ) < 0} =: X,

then
(0, χ0) ⊂ X.

Proof. Since, for any fixed a > 0, b ≥ 0,

χ 7→ ϕ(a, b;χ) =
1

64a

((
χ2 + 4a2 +

b2

4
+ bχ+ 2ab− 4a− b

)2

+

− 32abc0

)
is monotone, for any a > 0, b ≥ 0

ϕ(a, b;χ0) < 0 implies ϕ(a, b;χ) < 0 for any 0 < χ < χ0.

Lemma 4.4.10. There is χ0 > 1 such that ϕ(a, b;χ0) < 0 for some a > 0, b > 0.

Proof. Since ϕ( 1
2 , 0, 1) = 0 and

d

db
ϕ

(
1

2
, b, 1

) ∣∣∣∣∣
b=0

=
d

db

(
1

32

(
b2

4
+ b

)2

− 1

2
c0b

)∣∣∣∣∣
b=0

= −c0
2
< 0,

there is b > 0 such that ϕ( 1
2 , b, 1) < 0 and by continuity of ϕ with respect to χ, the assertion

follows.

Proof of Theorem 4.1.1. By Lemma 4.4.10, there are a, b > 0, χ0 > 1 such that ϕ(a, b, χ0) < 0
and hence, by Lemma 4.4.9, also ϕ(a, b, χ) < 0 for χ ∈ (0, χ0). An application of Lemma 4.4.8
thus reveals that for all t > 0

d

dt
Fa,b(u, v)(t) + κFa,b(u, v)(t) + δ

∫
Ω

|∇u|2

u
≤ c (4.15)

for some κ, δ, c > 0. Together with the boundedness of Fa,b(u, v) from below by Lemma 4.4.3 i)
this ensures that Fa,b(u, v) is bounded so that an integration of (4.15) also shows the boundedness
of
∫ t+1

t

∫
Ω
|∇u|2
u .

Since Fa,b(u, v) is bounded, by Lemma 4.4.3 ii) the same holds true for
∫

Ω
u lnu and so the

conditions of Lemma 4.2.5 are met and Theorem 4.1.1 follows.

Remark 4.4.11. Assuming c0 = 1
(2+
√

2)2
, as permitted by Remark 4.3.6,

−1.1 · 10−5 ≈ ϕ(0.49, 0.001; 1.015) < 0,

i.e. χ0 > 1.015.
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5 Locally bounded global solutions to a
chemotaxis consumption model with
singular sensitivity and nonlinear
diffusion

5.1 Introduction
Even simple, small organisms can exhibit comparatively complex and macroscopically apparent
collective behaviour. Bacteria of the species E. coli, for example, when set in a capillary tube
featuring a gradient of nutrient concentration form bands that are visible to the naked eye and
migrate with constant speed. Following experimental works of Adler (see e.g. [1, 2]), in 1971
Keller and Segel ([44]) introduced a phenomenological model to capture this kind of behaviour,
a prototypical version of which is given by{

ut = ∇ · (D(u)∇u)−∇ · (uv∇v) in Ω× (0,∞)

vt = ∆v − uv in Ω× (0,∞)
(5.1)

with D(u) ≡ 1. Herein, u represents the density of bacteria and v is used to denote the con-
centration of the nutrient. In the model in [44], the diffusion coefficient D(u) is supposed to
be constant, thus leading to the typical effect of linear diffusion which causes any population to
spread with infinite speed of propagation. In order to avoid this (biologically clearly unrealistic)
behaviour, it might be desirable to allow for diffusion of porous medium type (i.e. D(u) = um−1),
cf. also [9, p. 1665].
Nevertheless, starting with [44], the model with linear diffusion has successfully been employed
to find travelling wave solutions (see e.g. the overview in [105] and references cited therein) and
also their stability has been investigated ([55],[71]).
In spite of the rich literature concerned with travelling wave solutions (for such solutions to
related systems see also [65],[66], [56], or [36], [67]), little is known about existence of solutions
for more general initial data (see below).
The difficulty lies in the hazardous combination of the consumptive effect of the second equation
on the nutrient concentration with the singular chemotactic sensitivity in the first: While the
second equation compels v to shrink, it is the cross-diffusive contribution of the chemotaxis term
that seeks to enlarge the solutions to (5.1). And it is this very term that is furnished with a
large coefficient whenever v becomes small.
For a moment leaving aside the logarithmic shape of the sensitivity in ∇ · (uv∇v) = ∇ · (u∇ ln v),
we are led to the system {

ut = ∆u−∇ · (u∇v),

vt = ∆v − uv,
(5.2)

which also appears as part of chemotaxis fluid systems intensively studied during the past six
years. (The interested reader can consult the introduction to Chapter 6.) Even in (5.2), global
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

existence of classical solutions is not yet known, apart from 2-dimensional settings ([114]) or
under smallness conditions on v0 ([93]).
Although the mathematical difficulty in treating the system vastly increases when a logarithmic
sensitivity is included, this form is important. Not only is it needed for the emergence of trav-
elling waves ([44, 42, 85]), there are also models giving a detailled mechanistic basis ([123]) and
experimental evidence asserting this form ([41]).
In those Keller-Segel models (cf. [34, 32, 9]) where v does not stand for a nutrient to be consumed
but a signalling substance produced by the bacteria themselves, i.e. the evolution is governed by{

ut = ∆u− χ∇ · (uv∇v),

vt = ∆v − v + u,

the singularity in the sensitivity function is mitigated by v tending to stay away from 0 thanks
to the production term in the second equation. (For this system, global solutions are known to
exist if χ is sufficiently small, where the precise condition depends on the dimension as well as on
whether classical (Chapter 4, [113, 10]) or weak solutions ([91, 113]) are considered and on radial
symmetry of initial data ([10, 72]); but for large χ also blow-up may occur in the corresponding

parabolic-elliptic system ([72]).) The proof of boundedness of solutions for χ <
√

2
N in [24] even

relies on the second equation actually ensuring a positive pointwise lower bound for v.
In (5.1), we cannot hope for such a convenient bound and thus have to deal with the influence
of the actual singularity in the sensitivity function.
Nevertheless, for D ≡ 1, in the domains R2 and R3 a global existence result was achieved for
initial data that are H1 ×H1-close to (u, 0) for some u > 0 ([106]). The proof rests on energy
estimates for a hyperbolic system into which (5.1) can be converted by means of the Hopf-Cole
type transformation q := ∇v

v that had been introduced in [54] for the treatment of an angiogenesis
model.
More recently it has become possible to treat general initial data (the only restrictions being
positivity and regularity assumptions) for the system in bounded planar domains ([121]), where
it was shown that global generalized solutions to (5.1) with D ≡ 1 exist whose second component
v moreover converges to 0 with respect to the norm in any Lp(Ω) for p ∈ [1,∞) and to the
weak-∗–topology of L∞(Ω). If, moreover, the initial mass of bacteria is small, the solution
becomes eventually smooth ([122]) and converges to the homogeneous steady state. In [122]
also an explicit smallness condition on u0 in L lnL(Ω) and ∇ ln v0 in L2(Ω) has been found that
ensures the global existence of classical solutions.
Solutions emanating from large data, however, have not been proven to be bounded and might
blow up and cease to exist as classical solutions after a finite time, continuing only as generalized
solutions in the sense of [121]. In higher-dimensional domains, even the existence of such solutions
is unknown. Only in a radially symmetric setting “renormalized solutions” have been constructed
([120]).
In the present chapter, we aim to find solutions to (5.1) that are locally bounded and hence do
not blow up in finite time. For this, we will rely on stronger growth of D, i.e. on the nonlinear
diffusion we want to include. More precisely, we assume that with some m ≥ 1, which will be
subject to further conditions, and δ > 0

D ∈ Cδ,m :=
{
d ∈ C1([0,∞)); d(s) ≥ δsm−1 for all s ∈ [0,∞)

}
.

In a first step we will additionally require strict positivity of D, i.e.

D ∈ C+
δ,m :=

{
d ∈ C1([0,∞)); d(s) ≥ δsm−1 for all s ∈ [0,∞) and d(0) > 0

}
and prove global existence of classical solutions to (5.1):
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5.1 Introduction

Theorem 5.1.1. Let N ≥ 2 and Ω ⊂ RN be a bounded smooth domain. Then for every δ > 0
and m ≥ 1 satisfying

m > 1 +
N

4
, (5.3)

every D ∈ C+
δ,m and every pair (u0, v0) of initial data fulfilling

u0 ∈ Cγ(Ω) for some γ ∈ (0, 1), v0 ∈W 1,∞(Ω), u0 ≥ 0, v0 > 0 in Ω (5.4)

the initial boundary value problem

ut = ∇ · (D(u)∇u)−∇ ·
(u
v
∇v
)

in Ω× (0, Tmax)

vt = ∆v − uv in Ω× (0, Tmax)

∂νu = 0 in ∂ Ω× (0, Tmax)

∂νv = 0 in ∂ Ω× (0, Tmax)

u(·, 0) = u0 in Ω

v(·, 0) = v0 in Ω

(5.5a)

(5.5b)
(5.5c)
(5.5d)
(5.5e)
(5.5f)

has a classical solution (u, v) ∈ (C0(Ω × [0, Tmax)) ∩ C2,1(Ω × (0, Tmax)))2 which is global (i.e.
Tmax =∞).

Afterwards dropping the strict positivity asumption on D, we will use an approximation proced-
ure and finally prove the existence of global weak solutions that are locally bounded:

Theorem 5.1.2. Let N ≥ 2 and Ω ⊂ RN be a bounded smooth domain. Then for every δ > 0
and m > 1 + N

4 , every initial data

u0 ∈ Lmax{1,m−1}(Ω), v0 ∈W 1,∞(Ω), u0 ≥ 0, v0 > 0 (5.6)

and every D ∈ Cδ,m, (5.5) has a global locally bounded weak solution (u, v) (in the sense made
precise in Definition 5.4.1), which in particular satisfies

‖u‖L∞(Ω×(0,T )) <∞ for every T ∈ (0,∞).

We will devote Section 5.2 to the proof of local existence of solutions and an extensibility criterion.
In the proof of boundedness that follows, we will sometimes use the system{

ut = ∇ · (D(u)∇u)−∇ · (u∇w)

wt = ∆w − |∇w|2 + u
(5.7)

obtained from the transformation w = − ln( v
‖v0‖L∞(Ω)

), which has also been used in [121, 122].
We note that while the first equation seems more accessible in (5.7) due to the lack of any
singularity, it is (5.5), where the second equation is more amenable to the derivation of estimates
on ∇v.
The first stepping stone for the proof will be a spatio-temporal L2-bound for ∇w (Lemma 5.3.2),
already giving some boundedness information for

∫ t
0

∫
Ω
|∇um−1| and

∫
Ω
um−1(·, t) for t > 0, which

we can use to obtain bounds on
∫ t

0

∫
Ω
|∇um−1| (Lemma 5.3.3) and thereby on

∫ t
0
‖u‖rp for certain

p, r and any t > 0 (Lemma 5.3.5). One consequence of such bounds is a spatio-temporal Lq-
bound on ∇v (see Lemma 5.3.7), derived with the help of maximal Sobolev regularity properties
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

of the heat equation (cf. Lemma 5.3.6). Another is the (local-in-time) boundedness of w (Lemma
5.3.9). This is important, as it will enable us to transfer bounds from ∇v to ∇w (Lemma 5.3.10).
Bounds on

∫ t
0

∫
Ω
|∇w|q now in turn will translate into control over

∫
Ω
up for some p (Lemma

5.3.12). If p is sufficiently large, this entails L∞(Ω× (0, T ))–boundedness of |∇v| and |∇w| and
thus finally of u (Lemma 5.3.11 and Lemma 5.2.1 v)). Thereby, the solution is not only locally
bounded, but moreover exists globally, according to the extensibility criterion (5.15).
In Section 5.4 we rely on bounds already derived in the previous section to construct locally
bounded weak solutions to (5.1) with functions D causing possibly degenerate diffusion.
Notation. Throughout the chapter we fix N ∈ N, N ≥ 2, and Ω ⊂ RN as a bounded, smooth
domain. When dealing with the solution to a differential equation, we will use Tmax to denote
its maximal time of existence; in the case of (5.5) such Tmax is provided by Lemma 5.2.4. By ↪→
and

cpt
↪→ we refer to continuous and compact embeddings of Banach spaces, respectively. We will

sometimes write D(u) for the concatenation D ◦ u of functions. The number λ1 > 0 will always
be the first positive eigenvalue of the Neumann Laplacian in Ω.

5.2 Local existence
We begin the proof by ensuring local existence of classical solutions in the non-degenerate case.
As a first step let us, for easier reference, collect some basic results on existence of and estimates
for solutions of certain parabolic PDEs.

Lemma 5.2.1. i) For any T > 0, q > N and r > N and every M > 0 there are Ci > 0
and γ > 0 such that for all nonnegative functions v0 ∈ W 1,q(Ω) and u ∈ L∞((0, T );Lr(Ω))
satisfying ‖v0‖W 1,q(Ω) ≤ M and ‖u‖L∞((0,T );Lr(Ω)) ≤ M for the solution v ∈ V2 = {v ∈
L∞((0, T );L2(Ω));∇v ∈ L2(Ω× (0, T );RN )} of

vt = ∆v − uv, ∂νv
∣∣
∂Ω

= 0, v(·, 0) = v0 (5.8)

one has ‖v‖
Cγ,

γ
2 (Ω×[0,T ])

< Ci. If, moreover, u ∈ Cβ,
β
2 (Ω × (0, T ]) for some β ∈ (0, γ), then

v ∈ C0(Ω× [0, T ]) ∩ C2+β,1+ β
2 (Ω× (0, T ]). If u ∈ L∞(Ω× (0, T )), then v ∈ C1(Ω× (0, T ]).

ii) For any r ∈ (N,∞] there is Cii = Cii(r) > 0 such that for any T > 0 and any q ∈ [2,∞]

for all nonnegative functions v0 ∈ W 1,q(Ω) and u ∈ Cβ,
β
2 (Ω × (0, T )) for some β ∈ (0, 1), the

solution v ∈ Cγ,
γ
2 (Ω× [0, T ]) (for some γ ∈ (0, β)) of (5.8) satisfies

‖∇v(·, t)‖Lq(Ω) ≤ Cii ‖∇v0‖Lq(Ω) + Cii ‖v0‖L∞(Ω) ‖u‖L∞((0,T );Lr(Ω)) .

iii) For every T > 0, δ0 > 0, M > 0 and K > 0 there is Ciii > 0 such that for every u0 ∈ L∞(Ω)
satisfying 0 ≤ u0 ≤ M and every g ∈ C0(Ω × (0, T );RN ) fulfilling g · ν = 0 on ∂ Ω and
‖g‖L∞(Ω) ≤ K, and for all A ∈ L∞(Ω × (0, T )) with A > δ0 in Ω × (0, T ), the unique weak
solution of

ut = ∇ · (A∇u− g) in Ω× (0, T ), ∂νu
∣∣
∂Ω

= 0 in (0, T ), u(·, 0) = u0 in Ω, (5.9)

satisfies
‖u‖L∞(Ω×(0,T )) ≤ Ciii and ‖∇u‖L2(Ω×(0,T )) ≤ Ciii. (5.10)

iv) For any T > 0, for any D0 > δ0 > 0, M > 0, K > 0 and β ∈ (0, 1) there are Civ > 0 and
γ ∈ (0, 1) such that for every A ∈ L∞(Ω×(0, T )) fulfilling δ0 < A < D0 a.e. in Ω×(0, T ), and for
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5.2 Local existence

all g ∈
(
C0(Ω× (0, T );RN )

)
with g · ν = 0 on ∂ Ω and ‖g‖L∞(Ω×(0,T )) ≤M and all u0 ∈ Cβ(Ω)

with ‖u0‖Cβ(Ω) ≤M , any solution u of (5.9) that obeys the estimate ‖u‖L∞(Ω×(0,T )) ≤ K satisfies

‖u‖
Cγ,

γ
2 (Ω×[0,T ])

≤ Civ. (5.11)

Moreover, if g ∈ Cβ′,
β′
2 (Ω× (0, T ]) for some β′ > 0, then u ∈ C2,1(Ω× (0, T ]).

v) For every m ≥ 1, δ > 0, K > 0, p0 ≥ 1, q1 > N + 2 and T ∈ (0,∞] there is Cv > 0 such that
for every D ∈ C1(Ω × [0, T ) × [0,∞)) which obeys D ≥ 0, D(x, t, s) ≥ δsm−1 for all (x, t, s) ∈
Ω× (0, T )× (0,∞) and every f ∈ C0((0, T );C0(Ω)∩C1(Ω)), f · ν ≤ 0 on ∂ Ω× (0, T ) satisfying
‖f‖L∞((0,T );Lq1 (Ω)) ≤ K, for every nonnegative function u ∈ C0(Ω × [0, T )) ∩ C2,1(Ω × (0, T ))

that satisfies ‖u‖L∞((0,T );Lp0 (Ω)) ≤ K and ut ≤ ∇ · (D(x, t, u)∇u) +∇ · f(x, t) in Ω× (0, T ) and
∂νu

∣∣
∂Ω
≤ 0 on (0, T ), we have ‖u(·, t)‖L∞(Ω) ≤ Cv for every t ∈ (0, T ).

Proof. i) According to [48, III.5.1], (5.8) has a unique weak solution v ∈ V2 in Ω × (0, T ). The
first part of the statement thus immediately results from [83, Thm. 1.3 and Remarks 1.3, 1.4],
whereas the second is a consequence of a uniqueness statement ([48, III.5.1]) combined with the
existence assertion for classical solutions in [48, IV.5.3] (applied to ξε(t)v(x, t) for some cutoff
function ξε ∈ C∞0 ([0,∞)), ξε

∣∣
(0, ε2 )

≡ 0, ξε
∣∣
(ε,∞)

≡ 1 for arbitrary ε > 0). The third part –
actually, even Hölder-continuity of ∇v – is provided by [58, Thm. 1.1].
ii) Existence of a solution ensured as in the proof of i), we may rely on [81, Cor. 4.3.3] to represent
v as mild solution via the variation of constants formula, and invoking [110, Lemma 1.3 iii)] and
[110, Lemma 1.3 ii)], we gain c1 > 0 and c2 > 0, respectively, such that with ρ := max{q, r} and
by Hölder’s inequality

‖∇v(·, t)‖Lq(Ω) ≤c1 ‖∇v0‖Lq(Ω)+

∫ t

0

c2|Ω|
1
q−

1
ρ

(
1 + (t− s)−

1
2−

N
2 ( 1

r−
1
ρ )
)
‖uv(·, s)‖Lr(Ω)e

−λ1(t−s)ds

≤ c1 ‖∇v0‖Lq(Ω) + c3 ‖v0‖L∞(Ω) ‖u‖L∞((0,T );Lr(Ω)) ,

where we have used that σ−
1
2−

N
2 ( 1

r−
1
ρ ) ≤ 1 + σ−

1
2−

N
2r for all σ > 0 and all ρ ∈ [1,∞] and set

c3 :=
∫∞

0
c2

(
2 + σ−

1
2−

N
2r

)
e−λ1σdσ, which is finite because of r > N , and where we have taken

into account that by comparison arguments 0 ≤ v(·, t) ≤ ‖v0‖L∞(Ω) in Ω for all t ∈ (0, T ).
iii) This is a combination of [59, Thm. 6.38] (estimate for ∇u), [59, Thm. 6.39] (existence and
uniqueness) and [59, Thm. 6.40] (uniform boundedness).
iv) The same theorems as in the proof of i) apply.
v) This is (part of) Lemma A.1 in [94].

Lemma 5.2.2. For every positive function D ∈ C0([0,∞)), for every L > 0 and γ ∈ (0, 1) there
is T > 0 such that for every u0 ∈ Cγ(Ω) satisfying ‖u0‖Cγ(Ω) ≤ L and every v0 ∈ W 1,∞(Ω)

which satisfies v0 > 1
L in Ω and fulfils ‖v0‖W 1,∞(Ω) ≤ L there is a pair of functions (u, v) ∈

C0(Ω× [0, T ]) ∩ C2,1(Ω× (0, T ]) solving (5.5) in Ω× (0, T ).

Proof. We let R := L + 1 ≥ ‖u0‖L∞(Ω) + 1. For the choice of r := ∞ we obtain c1 := Cii >

0 with properties as described in Lemma 5.2.1 ii), and thereupon invoking Lemma 5.2.1 iii)
for parameters T = 1, δ0 = infs>0D(s), M = R and K = c1R(1 + R)L2eR, we are given
c2 := Ciii > 0 as in (5.10). An application of Lemma 5.2.1 iv) for T = 1, δ0 = infs>0D(s),
D0 = sup0<s<RD(s), M = max{c1R(1+R)L2eR, L} and K = c2 provides us with c3 := Civ > 0
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and γ ∈ (0, 1) as in (5.11). With these, we choose T ∈ (0, 1) such that ‖u0‖L∞(Ω) + c3T
γ
2 < R

and introduce

S :=
{
û ∈ C0(Ω× [0, T ]); 0 ≤ û ≤ R, u(·, 0) = u0, ‖û‖Cγ, γ2 (Ω×[0,T ])

≤ c3
}
⊂ C0(Ω× [0, T ]).

(5.12)
For any û ∈ S we define û(·, t) := u(·, T ) for t ∈ (T, 1] and note that the solution v of

vt = ∆v − ûv in Ω× (0, 1), ∂νv
∣∣
∂Ω

= 0, v(·, 0) = v0 in Ω, (5.13)

satisfies
‖v0‖L∞(Ω) ≥ v(·, t) ≥ (inf v0) e−R ≥ 1

L
e−R (5.14)

in Ω for all t ∈ [0, 1] and, by definition of c1, ‖∇v(·, t)‖L∞(Ω) ≤ c1(1 + R) ‖v0‖W 1,∞(Ω) ≤
c1(1 +R)L.
We let u be the solution of

ut = ∇ ·
(
D(û)∇u− û

v
∇v
)

in Ω× (0, 1), ∂νu
∣∣
∂Ω

= 0, u(·, 0) = u0 in Ω.

Then by definition of c2 and c3 (with g = û
v∇v and A = D ◦ û in (5.9)), ‖u‖L∞(Ω×(0,1)) ≤ c2

and ‖u‖
Cγ,

γ
2 (Ω×[0,1])

≤ c3. Hence if we define Φ(û) := u
∣∣
Ω×(0,T )

, we have ‖Φ(û)(·, t)‖L∞(Ω) ≤
‖u0‖L∞(Ω) + c3t

γ
2 ≤ R for every t ∈ (0, T ) and every û ∈ S, and thus Φ is a function mapping S

into itself, where S is a closed convex set in C0(Ω× [0, T ]). Moreover, Φ: S → S is continuous:
We let u ∈ S and ûk ∈ S for all k ∈ N such that ûk → u in C0(Ω × [0, T ]). Then, with
respect to ‖·‖L∞(Ω×(0,T )) and with respect to the weak-*-topology of L∞((0, T );W 1,∞(Ω)), the
solutions vk of (5.13) with û replaced by ûk converge to v̄ solving (5.13) with u instead of û:
Assuming on the contrary that there were a sequence (kl)l∈N such that for each subsequence
(klm)m∈N thereof the sequence (vklm )m∈N did not converge in the indicated topologies, from the
uniform bounds on

∥∥vkl∥∥
Cγ,

γ
2 (Ω×[0,T ])

and on
∥∥∇vkl∥∥

L∞((0,T );L∞(Ω))
asserted by Lemma 5.2.1 i)

and Lemma 5.2.1 ii), respectively, we could conclude the existence of some subsequence (vkln )n∈N
being uniformly convergent in Ω × [0, T ] and weakly-∗-convergent in L∞((0, T );W 1,∞(Ω)). By
passing to the limit in the weak formulation in the equations of the form (5.13) satisfied by vkl ,
the limit can easily be seen to coincide with the unique weak solution v̄ of (5.13) with u replacing
û, contradicting the choice of (vkl)l∈N. We observe that hence and by (5.14), uk

vk
∇vk ∗

⇀ u
v̄∇v̄

in L∞((0, T );L∞(Ω;RN )). Similarly taking into account bounds on
∥∥Φ(ûk)

∥∥
Cγ,

γ
2 (Ω×[0,T ])

and∥∥∇Φ(ûk)
∥∥
L2(Ω×(0,T ))

as obtained from Lemma 5.2.1 iv) and 5.2.1 iii) and again employing the
weak formulation of the equations defining Φ(ûk) and uniqueness of the solution Φ(u) = u of
ut = ∇ · (D(u)∇u − u

v̄∇v̄), ∂νu
∣∣
∂Ω

= 0, u(·, 0) = u0, we finally see that Φ(ûk) → Φ(u) in
C0(Ω× [0, T ]).
We note that S ⊂ C0(Ω× [0, T ]) is a closed bounded convex set and Φ(S) is relatively compact
in C0(Ω× [0, T ]), owing to the uniform Hölder bound c3 and Arzelà-Ascoli’s theorem, so that we
can apply Schauder’s fixed point theorem to find u ∈ S such that Φ(u) = u. Due to the regularity
assertions in Lemma 5.2.1 iv) even u ∈ C2,1(Ω× (0, T ]); also the corresponding solution v of the
second equation belongs to this space by 5.2.1 i).

Lemma 5.2.3. Let T > 0. If on Ω× (0, T ) there is a solution (u, v) to (5.5) such that

sup
t∈(0,T )

‖u(·, t)‖L∞(Ω) <∞,
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then there is T̃ > T such that there is a solution to (5.5) in Ω × (0, T̃ ) which on Ω × (0, T )
coincides with (u, v).

Proof. Successive application of comparison arguments in (5.5b) and of Lemma 5.2.1 parts ii),
iv) and i) show the existence of γ > 0 and M > 0 such that

inf
Ω×(0,T )

v >
1

M
, ‖v‖L∞((0,T );W 1,∞(Ω)) ≤M, ‖u‖

Cγ,
γ
2 (Ω×[0,T ])

≤M, ‖v‖
Cγ,

γ
2 (Ω×[0,T ])

≤M.

Due to the uniform continuity of u and v,

ũ0(x) := lim
t↗T

u(x, t), ṽ0(x) := lim
t↗T

v(x, t), x ∈ Ω,

are well-defined and satisfy M ≥ ṽ0 ≥ 1
M in Ω as well as ‖ũ0‖Cγ(Ω) ≤M .

Picking a sequence (tk)k∈N ↗ T and referring to ‖v‖L∞((0,T );W 1,∞(Ω)) ≤ M , we may conclude
the existence of a subsequence (tkl)l∈N such that ∇v(·, tkl)

∗
⇀ ∇ṽ0 in L∞(Ω;RN ) as l → ∞,

and thus infer ‖ṽ0‖W 1,∞(Ω) ≤ M . According to Lemma 5.2.2, we can find τ > 0 and (ũ, ṽ) ∈(
C0(Ω× [0, τ ]) ∩ C2,1(Ω× (0, τ ])

)2
solving

ũt = ∇ ·
(
D(ũ)∇ũ− ũ

ṽ
∇ṽ
)
, ṽt = ∆ṽ − ũṽ in Ω× (0, τ),

∂ν ũ
∣∣
∂Ω

= ∂ν ṽ
∣∣
∂Ω

= 0, ũ(·, 0) = ũ0, ṽ(·, 0) = ṽ0.

Letting

(u, v̄)(·, t) :=

{
(u, v)(·, t), t < T,

(ũ, ṽ)(·, t− T ), t ∈ [T, T + τ),

we obtain a weak solution of (5.5) in Ω × (0, T + τ), which by Lemma 5.2.1 parts iv) and i) is
classical.

Lemma 5.2.4. Let γ ∈ (0, 1), m ≥ 1 and δ > 0. For every D ∈ Cδ,m, u0 ∈ Cγ(Ω), v0 ∈
W 1,∞(Ω), u0 ≥ 0, v0 > 0 in Ω, there is Tmax > 0 and (u, v) ∈ (C0(Ω × [0, Tmax)) ∩ C2,1(Ω ×
(0, Tmax)))2 such that (u, v) solves (5.5) and

Tmax =∞ or lim sup
t↗Tmax

‖u(·, t)‖L∞(Ω) =∞. (5.15)

Moreover, u ≥ 0 and 0 < v ≤ ‖v0‖L∞(Ω) throughout Ω× (0, Tmax).

Proof. We let u0 ∈ Cγ(Ω) and v0 ∈W 1,∞(Ω), define

S =
{

(t, u, v); t ∈ (0,∞), u, v ∈ C0(Ω× [0, Tmax)) ∩ C2,1(Ω× (0, Tmax)) (u, v) solves (5.5)
}

and introduce the order relation � given by

(t1, u1, v1) � (t2, u2, v2) :⇐⇒ t1 ≤ t2, u2

∣∣
(0,t1)

= u1, v2

∣∣
(0,t1)

= v1.

Every totally ordered setMI = {(ti, ui, vi); i ∈ I} with arbitrary index set I has an upper bound
(supi∈I ti, u, v), where u(τ) = ui(τ) if τ ∈ (0, ti) and v is defined analogously. (This yields well-
defined functions, since ui1(τ) = ui2(τ) if τ ∈ (0, ti1) ∩ (0, ti2), because MI is totally ordered.)
Moreover, S is not empty, according to Lemma 5.2.2. By Zorn’s lemma there is some maximal
element (Tmax, u, v) ∈ S. Assume that lim supt↗Tmax ‖u(·, t)‖L∞(Ω) <∞. Then Lemma 5.2.3
immediately yields T̃ > T such that (T̃ , ũ, ṽ) � (Tmax, u, v), contradicting the maximality of
(Tmax, u, v).
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5.3 The nondegenerate case

This section is devoted to the derivation of estimates for the solutions, so as to finally obtain
their global existence by means of the extensibility criterion (5.15).
For some manipulations in (5.5a) it would be more convenient to deal with a nonsingular chemo-
taxis term of the form ∇· (u∇w) instead of ∇· (uv∇v). For this purpose, we employ the following
transformation and, given a solution (u, v) ∈ (C0(Ω× [0, Tmax))∩C2,1(Ω× (0, Tmax)))2 of (5.5)
for initial data (u0, v0) as in (5.4), let

w := − ln

(
v

‖v0‖L∞(Ω)

)
in Ω× [0, Tmax). (5.16)

Then w ≥ 0 in Ω× (0, Tmax) and (u,w) ∈ (C0(Ω× [0, Tmax)) ∩ C2,1(Ω× (0, Tmax)))2 solves

ut = ∇ · (D(u)∇u+ u∇w) in Ω× (0, Tmax)

wt = ∆w − |∇w|2 + u in Ω× (0, Tmax)

∂νu = 0 = ∂νw in ∂ Ω× (0, Tmax)

u(·, 0) = u0, w(·, 0) = w0 := − ln
v0

‖v0‖L∞(Ω)

in Ω,

(5.17a)

(5.17b)
(5.17c)

(5.17d)

where (u0, w0) satisfy

u0 ≥ 0, w0 ≥ 0, w0 ∈W 1,∞(Ω), u0 ∈ Cγ(Ω) for some γ ∈ (0, 1). (5.18)

Evidently, given ‖v0‖L∞(Ω), every solution (u,w) to (5.17) yields a solution to (5.5) via v :=

‖v0‖L∞(Ω) e−w.

5.3.1 First estimates

We will proceed in several steps, the first being the following simple observation that the bacterial
mass is conserved throughout evolution:

Lemma 5.3.1. Let T > 0, δ > 0, m ∈ R, D ∈ Cδ,m and let u ∈ C0(Ω× [0, T ))∩C2,1(Ω× (0, T ))
solve (5.5c), (5.5a) with some v ∈ C2,1(Ω× (0, T )) or (5.17a), (5.17c) with some w ∈ C2,1(Ω×
(0, T )). Then, with u0 := u(·, 0),∫

Ω

u(·, t) =

∫
Ω

u0 for every t ∈ (0, T ).

Proof. This is an immediate consequence of (5.5a) or (5.17a), obtained upon integration over
Ω.

In (5.17), a spatio-temporal L2-bound for ∇w can be inferred rather directly:

Lemma 5.3.2. Let m ∈ R, δ > 0, T > 0 and (u,w) ∈ (C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )))2 be a
solution to (5.17) for any D ∈ Cδ,m. Then, with u0 := u(·, 0), w0 := w(·, 0),∫ t

0

∫
Ω

|∇w|2 ≤
∫

Ω

w0 + t

∫
Ω

u0 for every t ∈ (0, T ).
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5.3 The nondegenerate case

Proof. In order to see this, it is sufficient to integrate the second equation of (5.17) and take into
account Lemma 5.3.1.

This bound can be transformed into a first information on derivatives of u:

Lemma 5.3.3. Let m > 1, δ > 0. For any K > 0 there is C > 0 such that for any
D ∈ Cδ,m any solution (u,w) of (5.17) emanating from initial data (u0, w0) as in (5.18) with
‖u0‖Lmax{1,m−1}(Ω) ≤ K, ‖w0‖L1(Ω) ≤ K obeys the estimates∫ t

0

∫
Ω

u2m−4|∇u|2 ≤ C(1 + t) for all t ∈ (0, Tmax)

and ∫ t

0

∫
Ω

D(u)um−3|∇u|2 ≤ C(1 + t) for all t ∈ (0, Tmax)

as well as ∫
Ω

um−1(·, t) ≤ C(1 + t) for all t ∈ (0, Tmax). (5.19)

Proof. Due to (5.17a), on (0, Tmax) we have

d

dt

∫
Ω

um−1 = (m− 1)

∫
Ω

um−2∇ · (D(u)∇u+ u∇w)

= (m− 1)(2−m)

∫
Ω

D(u)um−3|∇u|2 + (m− 1)(2−m)

∫
Ω

um−2∇u · ∇w. (5.20)

We note that by Young’s inequality∣∣∣∣∫
Ω

um−2∇u · ∇w
∣∣∣∣ ≤ δ

3

∫
Ω

u2m−4|∇u|2 +
3

4δ

∫
Ω

|∇w|2 on (0, Tmax). (5.21)

The sign of (m− 1)(2−m) in (5.20) depends on the size of m and we therefore distinguish the
following cases:
If m ∈ (1, 2), (5.20) together with (5.21) and Lemma 5.3.2 yields

1

3

∫ t

0

∫
Ω

D(u)um−3|∇u|2 +
δ

3

∫ t

0

∫
Ω

u2m−4|∇u|2

≤ 1

(m− 1)(2−m)

∫
Ω

um−1(·, t)− 1

(m− 1)(2−m)

∫
Ω

u0 +
3

4δ

∫ t

0

∫
Ω

|∇w|2

≤ 1

(m− 1)(2−m)
|Ω|

m−2
m−1

(∫
Ω

u0

) 1
m−1

+
3

4δ

(∫
Ω

w0 + t

∫
Ω

u0

)
for any t ∈ (0, Tmax).

(5.22)

If m > 2, (5.20) and (5.21) can be combined to give

1

(m− 1)(m− 2)

∫
Ω

um−1(·, t)− 1

(m− 1)(m− 2)

∫
Ω

um−1
0 +

1

3

∫ t

0

∫
Ω

D(u)um−3|∇u|2

+
δ

3

∫ t

0

∫
Ω

u2m−4|∇u|2 ≤ 3

4δ

∫ t

0

∫
Ω

|∇w|2 for any t ∈ (0, Tmax),
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

which allows for a similarly obvious definition of C as (5.22). This inequality also entails (5.19)
for m > 2, the only case that does not immediately result from Lemma 5.3.1.
If m = 2, apparently the consideration of d

dt

∫
Ω
um−1 = d

dt

∫
Ω
u = 0 does not help in achieving

an estimate for
∫ t

0

∫
Ω
u2m−4|∇u|2 =

∫ t
0

∫
Ω
|∇u|2. From the analogously obtained inequality

d

dt

∫
Ω

u lnu+
1

3

∫
Ω

D(u)

u
|∇u|2 +

2δ

3

∫
Ω

|∇u|2 ≤ δ

3

∫
Ω

|∇u|2 +
3

4δ

∫
Ω

|∇w|2 on (0, Tmax),

however, we can derive the same form of estimates as in the other cases.

For convenience let us recall those special cases of the Gagliardo-Nirenberg inequality we are
going to use in the following:

Lemma 5.3.4. i) Let 0 < q ≤ p ≤ 2N
N−2 (or 0 < q ≤ p <∞ if N = 2) and let s > 0 and γ > 0.

Then there is c > 0 such that

‖ψ‖γLp(Ω) ≤ c ‖∇ψ‖
aγ
L2(Ω) ‖ψ‖

(1−a)γ
Lq(Ω) + c ‖ψ‖γLs(Ω) for all ψ ∈W 1,2(Ω) ∩ Lq(Ω) ∩ Ls(Ω),

where

a =

1
q −

1
p

1
q + 1

N −
1
2

.

ii) Let p, q ∈ (1,∞) be such that p(q−N) = q(2p−N)a for some a ∈ [ 1
2 , 1). Then there is c > 0

such that
‖∇ψ‖qLq(Ω) ≤ c ‖∆ψ‖

qa
Lp(Ω) ‖ψ‖

q(1−a)
L∞(Ω) + c ‖ψ‖qL∞(Ω)

for all ψ ∈W 2,p(Ω) ∩W 1,q(Ω) ∩ L∞(Ω) with ∂νψ = 0 on ∂ Ω.

Proof. The Gagliardo-Nirenberg inequality (cf. Lemma 3.4.3) can be found in [77, p. 125], [23,
Thm. 10.1] or in [57, Lemma 2.3] (where also the case of p, q < 1 in i) is covered); replacing D2ψ
by ∆ψ in the standard formulation of ii) is possible by, e.g., [23, Thm. 19.1].

Aided by the Gagliardo-Nirenberg inequality, in the next step, as consequence of the estimates
from Lemma 5.3.3 we shall acquire the bound (5.23), which will be featured as condition in
Lemmata 5.3.7 and 5.3.8, and can be seen as an important ingredient of the proof of Theorem
5.1.1.

Lemma 5.3.5. Let K > 0, T ∈ (0,∞), δ > 0 and m > 1. If either
i) m ≤ 2, r > 1 and p ≥ 1 satisfy p ≤ 2N

N−2 (m− 1) and r(1− 1
p ) ≤ 2m− 3 + 2

N or

ii) m ≥ 2, r > 1 and p ∈ [m− 1, 2N
N−2 (m− 1)] are such that ( 1

m−1 −
1
p )r ≤ 1 + 2

N ,
then there is C > 0 such that whenever (u,w) ∈ (C0(Ω × [0, T )) ∩ C2,1(Ω × (0, T )))2 solves
(5.17) for some D ∈ Cδ,m and for initial data (u0, w0) with (5.18) and ‖u0‖Lmax{1,m−1}(Ω) ≤
K, ‖w0‖L1(Ω) ≤ K, we have∫ t

0

‖u‖rLp(Ω) < C(1 + tr+1) for all t ∈ (0, T ). (5.23)

Proof. i) Due to m > 1, the inequality p ≤ 2N
N−2 (m− 1) is equivalent to p

m−1 ≤
2N
N−2 , and p ≥ 1

ensures p
m−1 ≥

1
m−1 . Thus, the Gagliardo-Nirenberg inequality (Lemma 5.3.4 i)) yields c1 > 0

such that with

a :=
m− 1− m−1

p

m− 1 + 1
N −

1
2

,
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and hence r
m−1a ≤ 2, for all t ∈ (0, Tmax) we obtain∫ t

0

‖u‖rLp(Ω) =

∫ t

0

∥∥um−1
∥∥ r
m−1

L
p

m−1 (Ω)

≤ c1
∫ t

0

∥∥∇um−1
∥∥ r
m−1a

L2(Ω)

∥∥um−1
∥∥ r
m−1 (1−a)

L
1

m−1 (Ω)
+ c1

∫ t

0

∥∥um−1
∥∥ r
m−1

L
1

m−1 (Ω)

≤ c1
(∫

Ω

u0

) r
m−1 (1−a) ∫ t

0

(
1 +

∥∥∇um−1
∥∥2

L2(Ω)

)
+ c1

∫ t

0

(∫
Ω

u0

) r
m−1

,

where we have used Lemma 5.3.1, and can conclude the proof with applications of Lemma 5.3.3
and Young’s inequality.
ii) From Lemma 5.3.3 we obtain c2 > 0 such that∫

Ω

um−1(·, t) ≤ c2(1 + t) and
∫ t

0

∫
Ω

|∇um−1|2 ≤ c2(1 + t) for all t ∈ (0, Tmax).

The fact that p ∈ [m− 1, 2N
N−2 (m− 1)] entails both p

m−1 ≥ 1 and p
m−1 ≤

2N
N−2 . Therefore, with

a :=
1− m−1

p

1 + 1
N −

1
2

,

Lemma 5.3.4 i) produces c3 > 0 such that for all t ∈ (0, Tmax)∫ t

0

‖u‖rLp(Ω) =

∫ t

0

∥∥um−1
∥∥ r
m−1

L
p

m−1 (Ω)

≤ c3
∫ t

0

∥∥∇um−1
∥∥ r
m−1a

L2(Ω)

∥∥um−1
∥∥ r(1−a)

m−1

L1(Ω)
+ c3

∫ t

0

∥∥um−1
∥∥ r
m−1

L
1

m−1 (Ω)

≤ c2 (c3(1 + t))
r(1−a)
m−1

∫ t

0

(∥∥∇um−1
∥∥2

L2(Ω)
+ 1
)

+ c3 ‖u0‖rL1(Ω) t ≤ c4 + c5t
r+1,

where we have used that ra
m−1 ≤ 2 and, aided by Lemma 5.3.1 and the trivial inequality r 1−a

m−1 ≤ r,
chosen suitable positive constants c4 and c5.

5.3.2 Estimates for ∇v
As preparation for exploiting (5.23) in the second equation of (5.5), we recall

Lemma 5.3.6. Let p, q ∈ (1,∞). Then for every T > 0 there exists C > 0 such that for every
z ∈ Lq((0, T );Lp(Ω)) the unique solution of

vt = ∆v − z in Ω× (0, T ), ∂νv
∣∣
∂Ω

= 0, v(·, 0) = 0

satisfies ∫ T

0

‖∆v‖qLp(Ω) ≤ C
∫ T

0

‖z‖qLp(Ω) .

Proof. We obtain this lemma as straightforward consequence of well-known maximal Sobolev
regularity assertions, cf. [27],[31].

Lemma 5.3.6 empowers us to develop (5.23) into useful knowledge about the gradient of v:
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Lemma 5.3.7. Let p ≥ N
2 , r ≥ p and{

q ∈ (1, N + (2− N
p )r], if p ≥ N,

q ∈ (1, N + (2− N
p )r] ∩ (1, Np

N−p ), if N2 < p < N.

Then for every K > 0 and T > 0 there is C > 0 such that for every v0 ∈ W 1,∞(Ω) with
‖v0‖W 1,∞(Ω) ≤ K, and every 0 ≤ u ∈ Lr((0, T );Lp(Ω)) for which∫ T

0

‖u‖rLp(Ω) < K (5.24)

is satisfied, the solution v of (5.5b) fulfils∫ T

0

∫
Ω

|∇v|q < C. (5.25)

Proof. In order to prepare the application of Lemma 5.3.6, we decompose v(·, t) = ṽ(·, t) + et∆v0

in Ω× (0, T ), where ṽ solves

ṽt = ∆ṽ − uv in Ω× (0, T ), ∂ν ṽ
∣∣
∂Ω

= 0, ṽ(·, 0) = 0.

By nonnegativity of v0 and uv, we clearly have 0 ≤ ṽ ≤ v ≤ K in Ω× (0, T ).
We let q ≤ N + (2 − N

p )r and without loss of generality assume q ≥ 2p (which is possible since
2p = N + 2p−N ≤ N + (2p−N) rp = N + (2− N

p )r and also 2p < Np
N−p if p ∈ (N2 , N)). We note

that q ≤ N + (2− N
p )r implies that r ≥ q−N

2−Np
= (q−N)p

2p−N and hence with

a :=
p(q −N)

q(2p−N)

we have aq ≤ r. Moreover, q ≥ 2p ensures that pq−Np ≥ pq− Nq
2 = 1

2q(2p−N) and thus a ≥ 1
2 ,

and, furthermore, (p −N)q > −Np, which is obvious for p > N and holds by assumption on q
if p < N , entails 2pq −Nq > pq −Np and hence a < 1. Accordingly, from [110, Lemma 1.3 iii)]
and the Gagliardo-Nirenberg inequality (Lemma 5.3.4 ii)) we obtain c1 > 0, c2 > 0, respectively,
such that we have∫ T

0

∫
Ω

|∇v|q ≤ 2q
∫ T

0

∫
Ω

|∇et∆v0|q + 2q
∫ T

0

∫
Ω

|∇ṽ|q

≤ c1T ‖∇v0‖qLq(Ω) + 2q
∫ T

0

‖∇ṽ‖qLq(Ω)

≤ c1T |Ω|
1
q ‖∇v0‖L∞(Ω) + c2

∫ T

0

‖∆ṽ‖aqLp(Ω) ‖ṽ‖
(1−a)q
L∞(Ω) + c2

∫ T

0

‖ṽ‖qL∞(Ω) .

Since aq < r, due to Young’s inequality and boundedness of ṽ this estimate can be turned into∫ T

0

∫
Ω

|∇v|q ≤ c3 + c4

∫ T

0

‖∆ṽ‖rLp(Ω) ,

for some c3 > 0, c4 > 0, where we may invoke the maximal Sobolev result of Lemma 5.3.6 for
z = uv and hence

∫ T
0
‖z‖rLp(Ω) ≤ Kr

∫ T
0
‖u‖rLp(Ω) to conclude (5.25) from (5.24).
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5.3.3 Bounds on w

Another consequence of (5.23) is (local-in-time) boundedness of w:

Lemma 5.3.8. Assume that r ∈ (1,∞), p ∈ [1,∞) are such that Nr
2p(r−1) < 1. Then for every

K > 0 there is C > 0 such that whenever, for some T > 0, w ∈ C0(Ω× [0, T ))∩C2,1(Ω× (0, T ))
solves (5.17b), (5.17c), (5.17d) for some w0 as in (5.18) and some u ∈ C0(Ω× [0, T ))∩C2,1(Ω×
(0, T )) such that ‖w0‖L∞(Ω) ≤ K, 1

|Ω|
∫

Ω
u(·, t) ≤ K for t ∈ (0, T ) and moreover

∫ T

0

‖u‖rLp(Ω) < K,

then
w(x, t) ≤ C(1 + t) for all (x, t) ∈ Ω× (0, T ).

Proof. By nonpositivity of −|∇w|2, we have that according to the variation-of-constants formula,
for any t ∈ (0, T ),

0 ≤ w(·, t) = et∆w0 −
∫ t

0

e(t−s)∆|∇w(·, s)|2ds+

∫ t

0

e(t−s)∆(u(·, s)− u(s))ds+

∫ t

0

u(s)ds

≤ ‖w0‖L∞(Ω) +

∫ t

0

∥∥∥e(t−s)∆ (u(·, s)− u(s))
∥∥∥
L∞(Ω)

ds+Kt in Ω, (5.26)

where u(t) := 1
|Ω|
∫

Ω
u(·, t) ≤ K for t ∈ (0, T ) by assumption. For assessing the remaining integral

in (5.26) we invoke [110, Lemma 1.3 i)] to obtain c1 > 0 such that∫ t

0

∥∥∥e(t−s)∆ (u(·, s)− u(s))
∥∥∥
L∞(Ω)

ds

≤ c1
∫ t

0

(
1 + (t− s)−

N
2p

)
e−λ1(t−s) ‖u(·, s)− u(s)‖Lp(Ω) ds (5.27)

≤ c1
∫ t

0

(
1 + (t− s)−

N
2p

)
e−λ1(t−s) ‖u(·, s)‖Lp(Ω) ds+ c1K|Ω|

1
p

∫ ∞
0

(
1 + σ−

N
2p

)
e−λ1σdσ

≤ c1
∫ ∞

0

(
1 + σ−

N
2p

) r
r−1

e−λ1σ
r
r−1 dσ + c1

∫ t

0

‖u(·, s)‖rLp(Ω) + c1K|Ω|
1
p

∫ ∞
0

(
1 + σ−

N
2p

)
e−λ1σdσ

for all t ∈ (0, T ). Collecting the constants in (5.26) and (5.27), we see that for all (x, t) ∈ Ω×(0, T )

w(x, t) ≤ C(1 + t),

where

C := K + c1K + c1K|Ω|
1
p

∫ ∞
0

(
1 + σ−

N
2p

)
e−λ1σdσ + k1

∫ ∞
0

(
1 + σ−

N
2p

) r
r−1

e−λ1σ
r
r−1 dσ,

which is finite due to Nr
2p(r−1) < 1 (and its consequence N

2p < 1).

If we can find parameters that allow for an application of Lemma 5.3.5 and Lemma 5.3.8 at
the same time, we can conclude boundedness of w. This is the goal we pursue in the following
lemma:
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Lemma 5.3.9. Let
m > 1 +

N

4
(5.28)

and δ > 0. Then for all T ∈ (0,∞) there is C > 0 such that for every D ∈ Cδ,m and every
(u0, w0) as in (5.18) with ‖u0‖Lmax{1,m−1}(Ω) ≤ K, ‖w0‖L∞(Ω) ≤ K, any solution (u,w) ∈
(C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )))2 of (5.17) satisfies

w(x, t) ≤ C for all x ∈ Ω and all t ∈ (0, T ).

Proof. Let us first consider the case m ∈ (2− 1
N , 2] (that is of interest only if N < 4, because m

is supposed to satisfy m > 1 + N
4 ) and observe that by (5.28), we have

m >

{
3
2 if N = 2,
7
4 if N = 3

}
=

5

4
− 1

2N
+
N

8
+

√(
5

4
− 1

2N
+
N

8

)2

− 5

4
+

1

N
− 3

8
N.

Therefore, we see that

4m2 − 10m+
4

N
m−Nm+ 5− 4

N
+

3

2
N > 0

and hence

(N − 2)

(
m− 3

2

)
= Nm− 3

2
N − 2m+ 3

< 4m2 − 8m+
4

N
m− 4m+ 8− 4

N
= 2(m− 1)

(
2m− 4 +

2

N

)
,

so that
N(m− 3

2 )

2m− 4 + 2
N

<
2N

N − 2
(m− 1).

Since moreover 2N
N−2 (m − 1) > 1, it is possible to choose some number p ≥ 1 which satisfies

p ∈
(
N(m− 3

2 )

2m−4+ 2
N

, 2N
N−2 (m− 1)

)
. With this choice of p we let

r :=
2m− 3 + 2

N

1− 1
p

and note that 2m− 3 + 2
N > 4− 2

N − 3 + 2
N = 1 > 1− 1

p entails r > 1. Hence Lemma 5.3.5 i) is
applicable. Moreover,

2p

N

(
1− 1

r

)
=

2p

N

(
1−

1− 1
p

2m− 3 + 2
N

)
=

2

N
·
p(2m− 3 + 2

N )− p+ 1

2m− 3 + 2
N

>
2

N
·
N(m− 3

2 ) + 1

2(m− 3
2 + 1

N )
= 1

and we can additionally invoke Lemma 5.3.8 so as to obtain the desired boundedness of w on
Ω× (0, T ).
If m ≥ 2 (and m > 1 + N

4 ), we note that

N2(m− 1)

2N(m− 1) + 4(m− 1)− 2N
<

N2(m− 1)

2N N
4 + 4N4 − 2N

=
N2(m− 1)
N2

2 −N
=

2N

N − 2
(m− 1).
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Since m ≥ 2,
1 + 2

N

m− 1
≤ 1 +

2

N
< 1 +

4

N
+

4

N2
,

and hence
1

m− 1
− 1− 2

N
<

2

N
+

4

N2
− 2

N(m− 1)
=

2N(m− 1) + 4(m− 1)− 2N

N2(m− 1)
.

Therefore we can pick p ∈
(

N2(m−1)
2N(m−1)+4(m−1)−2N ,

2N
N−2 (m− 1)

)
such that 1

p >
1

m−1 − 1− 2
N and

p > m−1, and we let r :=
1+ 2

N
1

m−1−
1
p

. Then r > 1 and, apparently, ( 1
m−1−

1
p )r ≤ 1+ 2

N , warranting

applicability of Lemma 5.3.5. Moreover, p > N2(m−1)
2N(m−1)+4(m−1)−2N entails 1

p <
2
N +

(
2
N

)2− 2
N(m−1)

and thus N
2p (1 + 2

N ) = N
2p + 1

p < 1 + 2
N −

1
m−1 + 1

p and hence, finally,

N

2p
< 1−

1
m−1 −

1
p

1 + 2
N

= 1− 1

r
,

which permits us to employ Lemma 5.3.8 and conclude.

Lemma 5.3.10. For every K > 0 and every q ∈ (0,∞] there is C > 0 such that for all T > 0
and all v ∈ C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T ))

‖v0‖L∞(Ω) ≥
1

K
, w ≤ K in Ω× (0, T ), and ‖∇v‖Lq(Ω×(0,T )) ≤ K

implies
‖∇w‖Lq(Ω×(0,T )) ≤ C

Proof. Since w ≤ K, we have v = ‖v0‖L∞(Ω) e−w ≥ ‖v0‖L∞(Ω) e−K , and immediately obtain
1
v ≤ ‖v0‖−1

L∞(Ω) eK ≤ KeK in Ω× (0, T ). Thus

‖∇w‖Lq(Ω×(0,t)) ≤
∥∥∥∥1

v
∇v
∥∥∥∥
Lq(Ω×(0,t))

≤ KeK ‖∇v‖Lq(Ω×(0,t)) ≤ K
2eK =: C.

5.3.4 Lp-bounds on u
Lemma 5.3.11. Let δ > 0, m ≥ 1, q > 2 and p > 1. Then for every K > 0 and T > 0 there is
C > 0 such that the following holds: If q ≥ N and

m ≤ 2, p ≥ m− 2

q
, p ≤ (q − 1)(m− 1) +

q − 2

N
, (5.29)

or m ≥ 2, p ≥ 2

(
1− 1

q

)
(m− 1), p ≤ (m− 1)

(
q

2
+

(q − 2)(N + 2)

2N

)
, (5.30)

then for every function w ∈ C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )) with∫ t

0

∫
Ω

|∇w|q ≤ K for all t ∈ (0, T ),

any solution u ∈ C0(Ω× [0, T ))∩C2,1(Ω×(0, T )) of (5.17a), (5.17c), (5.17d) with some D ∈ Cδ,m
and ‖u0‖Lmax{1,m−1}(Ω) ≤ K fulfils∫

Ω

up(·, t) ≤ C for all t ∈ (0, T ).
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

Proof. Either of (5.29) and (5.30) implies p ≥ m− 1. Moreover,

N − 2

2N
≤ q − 2

2q
· p+m− 1

p−m+ 1
. (5.31)

Let us first consider the case m ≤ 2. Then p ≥ m− 2
q implies p−m+ 1 ≥ q−2

q and hence

2

m+ p− 1
≤ 2q

q − 2
· p−m+ 1

p+m− 1
. (5.32)

We now let

a :=

m+p−1
2 − q−2

2q ·
p+m−1
p−m+1

m+p−1
2 + 1

N −
1
2

and observe that
a · 2q

q − 2
· p−m+ 1

m+ p− 1
≤ 2, (5.33)

because p ≤ (q−1)(m−1)+ q−2
N implies that q

q−2p−p = ( q
q−2−1)p = 2

q−2p ≤
2(q−1)
q−2 (m−1)+ 2

N =

(1 + q
q−2 )(m− 1) + 2

N = m− 1 + q
q−2 (m− 1) + 2

N , that is, q
q−2 (p−m+ 1) ≤ m+ p− 1 + 2

N and
hence q

q−2 (p−m+ 1)− 1 ≤ (m+ p− 1) + 2
N − 1, which leads to

a · 2q

q − 2
· p−m+ 1

m+ p− 1
=

m+p−1
2 − q−2

2q
p+m−1
p−m+1

m+p−1
2 + 1

N −
1
2

· 2q

q − 2
· p−m+ 1

m+ p− 1
=

p−m+1
2 · 2q

q−2 − 1
1
2 ((m+ p− 1) + 2

N − 1)
≤ 2.

From Lemma 5.3.1 we obtain c1 > 0 such that∥∥∥um+p−1
2 (·, t)

∥∥∥
L

2
m+p−1 (Ω)

= c1 for all t ∈ (0, T ).

Due to (5.31) and (5.32) we can apply the Gagliardo-Nirenberg inequality in the form of Lemma
5.3.4 i) to obtain c2 > 0 such that∫

Ω

u(p+1−m) q
q−2 =

∫
Ω

u
m+p−1

2 ( 2q
q−2 ·

p−m+1
m+p−1 )

=
∥∥∥um+p−1

2

∥∥∥ 2q
q−2 ·

p−m+1
m+p−1

L
2q
q−2
· p−m+1
m+p−1 (Ω)

≤ c2
∥∥∥∇um+p−1

2

∥∥∥a· 2q
q−2 ·

p−m+1
m+p−1

L2(Ω)

∥∥∥um+p−1
2

∥∥∥(1−a)· 2q
q−2 ·

p−m+1
m+p−1

L
2

m+p−1 (Ω)
+ c2

∥∥∥um+p−1
2

∥∥∥ 2q
q−2 ·

p−m+1
m+p−1

L
2

m+p−1 (Ω)

= c2c
(1−a)· 2q

q−2 ·
p−m+1
m+p−1

1

∥∥∥∇um+p−1
2

∥∥∥a· 2q
q−2 ·

p−m+1
m+p−1

L2(Ω)
+ c2c

2q
q−2 ·

p−m+1
m+p−1

1 (5.34)

on (0, T ).
In obtaining such an estimate for m ≥ 2 we could use the same argument. It is, however, possible
to obtain better conditions by relying on Lemma 5.3.3 instead of Lemma 5.3.1. Apart from that,
the reasoning is analogous: We have p ≥ 2

(
1− 1

q

)
(m− 1), which implies qp ≥ (q− 2 + q)(m− 1),

thus q(p−m+ 1) ≥ (m− 1)(q − 2) and hence

2(m− 1)

m+ p− 1
≤ 2q

q − 2
· p−m+ 1

p+m− 1
(5.35)
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and let

b :=

m+p−1
2(m−1) −

q−2
2q ·

p+m−1
p−m+1

m+p−1
2(m−1) + 1

N −
1
2

,

noting that

b · 2q

q − 2
· p−m+ 1

m+ p− 1
≤ 2, (5.36)

because p ≤ (m− 1)( q2 + (q−2)(N+2)
2N ) implies that ( q

q−2 − 1)( p
m−1 ) = 2

q−2
p

m−1 ≤
N+2
N + q

q−2 and

hence q(p−m+1)
(m−1)(q−2) = q

q−2 ( p
m−1−1) ≤ p

m−1+N+2
N = m+p−1

m−1 + 2
N , which shows that p−m+1

2(m−1) ·
2q
q−2−1 ≤

m+p−1
m−1 + 2

N − 1 and therefore also

b · 2q

q − 2
· p−m+ 1

m+ p− 1
=

m+p−1
2(m−1) −

q−2
2q ·

p+m−1
p−m+1

m+p−1
2(m−1) + 1

N −
1
2

· 2q

q − 2
· p−m+ 1

m+ p− 1

=

q
q−2 ·

p−m+1
2(m−1) − 1

m+p−1
2(m−1) + 1

N −
1
2

≤ 2.

Lemma 5.3.3 yields c3 > 0 such that∥∥∥um+p−1
2 (·, t)

∥∥∥
L

2(m−1)
m+p−1 (Ω)

≤ c3 for all t ∈ (0, T )

and hence (5.31) and (5.35) enable us to invoke the Gagliardo-Nirenberg inequality and obtain
c4 > 0 such that on (0, T )∫

Ω

u(p+1−m) q
q−2 =

∫
Ω

u
m+p−1

2 ( 2q
q−2 ·

p−m+1
m+p−1 )

=
∥∥∥um+p−1

2

∥∥∥ 2q
q−2 ·

p−m+1
m+p−1

L
2q
q−2
· p−m+1
m+p−1 (Ω)

≤ c4
∥∥∥∇um+p−1

2

∥∥∥a· 2q
q−2 ·

p−m+1
m+p−1

L2(Ω)

∥∥∥um+p−1
2

∥∥∥(1−a)· 2q
q−2 ·

p−m+1
m+p−1

L
2(m−1)
m+p−1 (Ω)

+ c4

∥∥∥um+p−1
2

∥∥∥ 2q
q−2 ·

p−m+1
m+p−1

L
2

m+p−1 (Ω)

≤ c4c
(1−a)· 2q

q−2 ·
p−m+1
m+p−1

3

∥∥∥∇um+p−1
2

∥∥∥a· 2q
q−2 ·

p−m+1
m+p−1

L2(Ω)
+ c4c

2q
q−2 ·

p−m+1
m+p−1

3 . (5.37)

From either (5.34) and (5.33) or (5.37) and (5.36) (and possibly Young’s inequality) we hence
find that with some c5 > 0 we have∫

Ω

u(p+1−m) q
q−2 ≤ c5

∥∥∥um+p−3
2 ∇u

∥∥∥2

L2(Ω)
+ c5 on (0, T ). (5.38)

In
1

p

d

dt

∫
Ω

up + (p− 1)δ

∫
Ω

up+m−3|∇u|2 ≤ (p− 1)

∣∣∣∣∫
Ω

up−1∇u · ∇w
∣∣∣∣ on (0, T )

we can apply Young’s inequality to see that, on (0, T ),

(p− 1)

∣∣∣∣∫
Ω

up−1∇u · ∇w
∣∣∣∣ ≤ (p− 1)δ

4

∫
Ω

up+m−3|∇u|2 +
p− 1

δ

∫
Ω

up−m+1|∇w|2.
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A further application of Young’s inequality allows us to separate u and |∇w| in the last integral
according to

p− 1

δ

∫
Ω

up−m+1|∇w|2 ≤ c5(p− 1)

δ3

∫
Ω

|∇w|q +
(p− 1)δ

4c5

∫
Ω

u(p+1−m) q
q−2 , on (0, T ).

Therefore, due to (5.38), in total,

1

p

d

dt

∫
Ω

up +
(p− 1)δ

2

∫
Ω

up+m−3|∇u|2 ≤ (p− 1)δ

4
+
c5(p− 1)

δ3

∫
Ω

|∇w|q on (0, T ).

Integration with respect to time produces the lemma.

We are particularly interested in applying the previous lemma for some p > N , because for such
p, a bound on

∫
Ω
up on some interval [0, T ] already ensures uniform boundedness of ∇v (and

hence ∇w) on Ω× [0, T ].

Lemma 5.3.12. Let δ > 0. Assume that either
i) 2− 1

N < m ≤ 2, N ≥ 2, q > N and q > 1 + N2+1
Nm−N+1 , or

ii) m ≥ 2, N ≥ 2, q > N and q > 2N2+2m2+2m−4
(m−1)(N+m+2) .

Then there is p > N and for every K > 0 and T ∈ (0,∞) there is C > 0 such that whenever
u ∈ C0(Ω×[0, T ))∩C2,1(Ω×(0, T )) solves (5.17a), (5.17c), (5.17d), with some D ∈ Cδ,m, some u0

as in (5.18) and such that ‖u0‖Lmax{1,m−1}(Ω) ≤ K, and some w ∈ C0(Ω×[0, T ))∩C2,1(Ω×(0, T ))
satisfying ∫ T

0

∫
Ω

|∇w|q ≤ K,

then ∫
Ω

up(·, t) ≤ C for all t ∈ (0, T ).

Proof. i) For q̃ = 2 we have m− 2
q̃ = m− 1 = (q̃− 1)(m− 1) + q̃−2

N and because m > 2− 1
N , for

every q̃ ≥ 2 we have

d

dq̃

(
m− 2

q̃

)
=

2

q̃2
≤ 1 = 2− 1

N
−m+m−1+

1

N
< m−1+

1

N
=

d

dq̃

(
(q̃ − 1)(m− 1) +

q̃ − 2

N

)
.

Therefore m − 2
q < (q − 1)(m − 1) + q−2

N . Furthermore q > 1 + N2+1
mN−N+1 =

m−1+ 2
N +N

m−1+ 1
N

implies
that

(q − 1)(m− 1) +
q − 2

N
= q

(
m− 1 +

1

N

)
+ 1−m− 2

N
> N.

Hence it is possible to find p > N such that p > m − 2
q and p < (q − 1)(m − 1) + q−2

N and an
application of Lemma 5.3.11 proves the statement.
ii) Since x+ 1

x ≥ 2 for all x > 0, and since q ≥ 2, we have

2− 2

q
≤ q

2
+

(q − 2)(m+ 2)

2N

and hence 2(1 − 1
q )(m − 1) ≤ (m − 1)( q2 + (q−2)(m+2)

2N ). The fact that q > 2N2+2m2+2m−4
(m−1)(N+m+2) =

1
(m−1)(N+m+2) (2N2 + (2m + 4)(m − 1)) = ( 2N2

m−1 + 2m + 4) 1
N+m+2 shows that q(N + m + 2) >
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2m + 4 + 2N2

m−1 and hence N < m−1
2N (q(N + m + 2) − 2m − 4) = m−1

2N (Nq + (q − 2)(m + 2)) =

(m− 1)( q2 + (q−2)(m+2)
2N ). Therefore we can choose p > N such that

p < (m− 1)

(
q

2
+

(q − 2)(m+ 2)

2N

)
and p > 2

(
1− 1

q

)
(m− 1)

and apply Lemma 5.3.11 for this choice of p to obtain the assertion.

The previous lemma requires a bound on some
∫ T

0

∫
Ω
|∇w|q. Fortunately, this is exactly what

we have prepared in Lemma 5.3.5, Lemma 5.3.7, Lemma 5.3.9, and Lemma 5.3.10.

Lemma 5.3.13. Let m > 1 + N
4 and δ > 0. Then there is p > N and for every K > 0 and

T > 0 there is C > 0 such that every solution (u,w) ∈ (C0(Ω × [0, T )) ∩ C2,1(Ω × (0, T )))2 of
(5.17) with initial data (u0, w0) as in (5.18) and with ‖u0‖L1(Ω) ≤ K, ‖w0‖W 1,∞(Ω) ≤ K and
any D ∈ C+

δ,m satisfies ∫
up(·, t) ≤ C for every t ∈ (0, T ).

Proof. By the choice of m, from Lemma 5.3.9 we know that we can find C > 0 such that for
any u0, w0 and D as above, any solution (u,w) ∈ (C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )))2 of (5.17)
satisfies 0 ≤ w ≤ C in Ω× (0, T ). Lemma 5.3.10 therefore warrants that the desired conclusion
results from a combination of Lemma 5.3.5 and Lemma 5.3.7 with Lemma 5.3.12 – provided that
there are parameters p, q, r that simultaneously satisfy all conditions posed by these lemmata.
This is what we ensure in the remainder of the proof:

Case N = 2, m ∈ ( 3
2 , 2]: We let r = 4(m − 1), p = 2, and q = 4m − 2. Then r(1 − 1

p ) =

4(m− 1)(1− 1
2 ) = 2(m− 1) ≤ 2m− 2 = 2m− 3 + 2

2 , which enables us to invoke Lemma 5.3.5 i).
Moreover, m > 3

2 implies 4m− 4 > 2 and thus r > p, and we have q = 4m− 2 = 2 + 4m− 4 ≤
2 + (2 − 2

2 )4(m − 1) = N + (2 − N
p )r. Therefore, Lemma 5.3.7 becomes applicable. Thanks to

q = 4m− 2 ≥ 4 · 3
2 − 2 = 4 > 2 = N and thanks to m ≥ 3

2 , hence q = 4m− 2 > 4 · 32− 2 > 7
2 =

1 + 5
2· 32−1

> 1 + 5
2m−1 = 1 + N2+1

Nm−N+1 holds true, facilitating the use of Lemma 5.3.12 i).

Case N = 3, m ∈ ( 7
4 , 2]: Here we let r = p = 2m− 4

3 . Then p ≥ 1, r ≥ 1, p = 2m− 4
3 < 6m−6 =

2N
N−2 (m− 1) and r(1− 1

p ) = r− 1 = 2m− 7
3 = 2m− 3 + 2

N , so that Lemma 5.3.5 i) can be used.
Since m > 7

4 = 21
12 >

19
12 , we have that 12m2− 19m− 8

3 = 12(m− 19
12 )m− 8

3 ≥ 12( 7
4 −

19
12 ) 7

4 −
8
3 =

7
2 −

8
3 = 21−16

6 > 0 and thus 3m + 8 < 12m2 − 16m + 16
3 = (4m − 8

3 )(3m − 2), i.e. 2p > 3m+8
3m−2 .

Furthermore, p = 2m− 4
3 ≤ 4− 4

3 = 8
3 < 3 and p = 2m− 4

3 ≥
7
2 −

4
3 = 21−8

6 = 13
6 > 3

2 , so that
consequently, also 3p

3−p > 2p holds. We choose q ∈ ( 3m+8
3m−2 , 2p), thereby ensuring the applicability

of Lemma 5.3.7.
Since finally q > 3m+8

3m−2 =
m+ 8

3

m− 2
3

= 1 +
10
3

m− 2
3

= 1 +
3+ 1

3

m−1+ 1
3

and q > 3m+8
3m−2 = 1 + 10

3m−2 ≥ 1 + 10
6−2 =

7
2 > 3 ≥ 2 we may also draw on Lemma 5.3.12 i).

Case N ≥ 2, m ≥ 2, m ≥ 1 + N
4 : Let r := p := 2N+1

N (m − 1). Then obviously p = r > 1.
Moreover, p ≤ 2N

N−2 (m − 1) (because 2N
N−2 >

2+2N
N is equivalent to 2N2 > 2N2 + 2N − 4N − 4

and hence to 0 > −2N − 4) and(
1

m− 1
− 1

p

)
r =

p

m− 1
− 1 = 2

N + 1

N
− 1 =

N + 2

N
≤ 1 +

2

N
,
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so that the conditions of Lemma 5.3.5 ii) are satisfied. We furthermore let q := 2p = 4(N+1)
N (m−

1) and note that p > N
2 , since 2N+1

N (m − 1) > 2 · N+1
N

N
4 = N+1

2 > N
2 , and that q ≤ 2p =

2r + N − N r
p , that moreover either p ≥ N or p < N and q = 2p < Np

N−p , because p >
N
2 ,

and therefore Lemma 5.3.7 is applicable. In order to see that these choices also make the use of
Lemma 5.3.12 ii) viable, we first investigate the polynomial

PN (m) := (2N + 2)m3 + (2N2 +N)m2 + (−4N2 − 11N − 6)m−N3 + 2N2 + 8N + 4. (5.39)

It is extremal whenever P ′N (m) = (6N + 6)m2 + (4N2 + 2N)m + (−4N2 − 11N − 6) = 0,
which is the case for exactly two real numbers that lie in (−∞, 2), because for m ≥ 2 we have
P ′N (m) ≥ (24N + 24) + (8N2 + 4N) + (−4N2 − 11N − 6) > 0. We claim that PN (m) > 0 for
any m > max{2, 1 + N

4 } and for this compute PN (max{2, 1 + N
4 }):

PN (2) = 16N + 16 + 8N2 + 4N − 8N2 − 22N − 12−N3 + 2N2 + 8N + 4

= −N3 + 2N2 + 6N + 8

=


−8 + 8 + 12 + 8 > 0, N = 2,

−27 + 18 + 18 + 8 > 0, N = 3,

−64 + 32 + 24 + 8 = 0, N = 4,

and

PN

(
1 +

N

4

)
=

1

43

(
(2N+2)(N+4)3+4(2N2+N)(N+4)2+16(−4N2−11N−6)(N+4)

− 64N3+128N2+512N+256

)
=

2

43
N2(5N + 3)(N − 4),

which is nonnegative for N ≥ 4. Since PN is nonnegative in max{2, 1+ N
4 } and strictly increasing

on (2,∞), we conclude that PN (m) > 0 for any m > max{2, 1 + N
4 }. Positivity of PN (m) is

equivalent to
2(N + 1)(m− 1)2(N +m+ 2) > N3 +m2N +mN − 2N

and hence

q =
4(N + 1)

N
(m− 1) >

2N2 + 2m2 + 2m− 4

(m− 1)(N +m+ 2)
.

Furthermore by the fact that p > N
2 , we also have q > N , and can invoke Lemma 5.3.12 ii).

Remark 5.3.14. The condition m > 1 + N
4 in Lemma 5.3.13 is first and foremost employed

to guarantee boundedness of w, that is, boundedness of v from below by a positive constant.
Therefore it seems reasonable to ask whether it would be possible to soften the assumption on
m if we already knew that w be bounded. It turns out that the condition m > 2− 1

N of Lemma
5.3.12 is as strict as m > 1 + N

4 = 3
2 if N = 2, whereas for N = 3 we see that for any value

of p choosing r =
2m−3+ 2

3

1− 1
p

is optimal (cf. Lemma 5.3.5 i)). Then r ≥ p (required by Lemma

5.3.7) entails p ≤ 2m − 4
3 . Other conditions on p are either obviously satisfied with this choice

of p = 2m − 4
3 (namely p < 6m − 6) or are essentially largeness conditions on p. Thus the
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5.3 The nondegenerate case

choice of p, r in the second case in the proof of Lemma 5.3.13 was optimal and we can follow
the calculations there, which leaves us with two more necessary conditions: p > 3

2 leading to

m > 17
12 , and positivity of 12m2 − 19m− 8

3 , requiring m > 19
24 + 1

8

√
163
3 , which therefore remains

as condition on m if one already supposes boundedness of w. For N = 4, 7
4 ≤ m ≤ 2, similarly

choosing p = r = 2m − 3
2 admits application of Lemma 5.3.5 i), whereas for invoking Lemma

5.3.7 and Lemma 5.3.12 we need some q between 1 + N2+1
Nm−N+1 = 4m+14

4m−3 and 2p = 4m− 3, which
exists if 4m− 3 > 4m+14

4m−3 , i.e. m > 1
8 (7 +

√
69). The conditions r ≥ p ≥ N

2 of Lemma 5.3.7 and
r(1− 1

p ) ≤ 2m−3 + 2
N (Lemma 5.3.5i)) imply N

2 −1 ≤ 2m−3 + 2
N and hence m ≥ N

4 −
1
N + 1 so

that for N ≥ 5 any choice of m ≤ 2 is impossible and for these dimensions we may restrict our
attention to Lemma 5.3.7 and the second parts of Lemmata 5.3.5 and 5.3.12. The assumptions
of Lemma 5.3.5 ii) combined with the condition r ≥ p of 5.3.7 imply that p ≤ 2N+1

N (m − 1).
Therefore it is necessary that 2N+1

N (m − 1) > N
2 , i.e. m > (N+2)2

4(N+1) – apart from this condition
we are led to follow the case “N ≥ 2, m ≥ 2” of the proof of Lemma 5.3.13.
In conclusion: If boundedness of w were known a priori, the present proof would be applicable if

m >



3
2 , N = 2,

19
24 + 1

8

√
163
3 , N = 3,

1
8 (7 +

√
69), N = 4,

max
{

(N+2)2

4(N+1) , largest root of PN from (5.39)
}
, N ≥ 5.

5.3.5 Global solutions. Proof of Theorem 5.1.1
Having completed the necessary preparations, we can now turn to the proof of existence of a
global solution. In order to lay the groundwork for compactness arguments in Section 5.4, at the
same time we derive a batch of estimates for the solutions.

Lemma 5.3.15. Let δ > 0, m > 1 + N
4 .

i) For any (u0, v0) as in (5.4) and any D ∈ C+
δ,m there is a global classical solution (u, v) ∈

(C0(Ω× [0,∞)) ∩ C2,1(Ω× (0,∞)))2 to (5.5).
ii) Moreover, for every T > 0, K > 0 there is CT > 0 such that for every D ∈ Cδ,m and (u0, v0)
as in (5.4) with ‖u0‖Lmax{1,m−1}(Ω) ≤ K, 1

K ≤ ‖v0‖L∞(Ω), ‖v0‖W 1,∞(Ω) ≤ K, every solution
(u, v) ∈ (C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )))2 to (5.5) satisfies

‖u‖L∞(Ω×(0,T )) ≤ CT (5.40)

‖v‖L∞((0,T );W 1,∞(Ω)) ≤ CT (5.41)∥∥∥∥1

v
∇v
∥∥∥∥
L∞(Ω×(0,T ))

≤ CT (5.42)

‖D(u)∇u‖L2(Ω×(0,T )) ≤ CT (5.43)∥∥∇um−1
∥∥
L2(Ω×(0,T ))

≤ CT , (5.44)∫ T

0

∫
Ω

D(u)um−3|∇u|2 ≤ CT , (5.45)

‖vt‖L2((0,T );(W 1,1
0 (Ω))∗) ≤ CT , (5.46)

‖ut‖L1((0,T );(W 1,N+1
0 (Ω))∗) ≤ CT

(
1 + sup

s∈[0,CT ]

D(s)

)
. (5.47)
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Proof. According to Lemma 5.2.4, corresponding to (u0, v0) and D as in the hypothesis of the
present lemma, there is a local solution (u, v) ∈ (C0(Ω× [0, Tmax)) ∩ C2,1(Ω× (0, Tmax)))2. We
now let T ∈ (0, Tmax] ∩ (0,∞) and K > 0. By IDK let us abbreviate the set of initial data

IDK :=

{
(u0, v0) ∈ Cγ(Ω)×W 1,∞(Ω) for some γ ∈ (0, 1); ‖u0‖L∞(Ω) ≤ K, ‖v0‖W 1,∞(Ω) ≤ K

}
.

Lemma 5.3.13 provides us with p > N and c1 > 0 such that for every D ∈ Cδ,m and every
(u0, v0) ∈ IDK , every classical solution (u, v) ∈ (C0(Ω × [0, T )) ∩ C2,1(Ω × (0, T )))2 of (5.5)
satisfies

‖u‖L∞((0,T );Lp(Ω)) ≤ c1
and hence

‖∇v‖L∞(Ω×(0,T )) ≤ c2 and ‖w‖L∞(Ω×(0,T )) ≤ c3
as well as

‖∇w‖L∞(Ω×(0,T )) ≤ c4
with some c2, c3 and c4 obtained from Lemma 5.2.1 ii), Lemma 5.3.9 and Lemma 5.3.10, respect-
ively, (all of which, accordingly, do not depend on the precise value ofD ∈ Cδ,m or (u0, v0) ∈ IDK)
and with w being defined as in (5.16). This asserts (5.41) and (5.42). An application of Lemma
5.3.11 for sufficiently large values of q and p then ascertains the existence of c5 > 0 such that for
all D ∈ Cδ,m and all (u0, v0) ∈ IDK any classical solution (u, v) of (5.5) satisfies

‖u∇w‖L∞((0,T );LN+3(Ω)) ≤ c5,

again with w as in (5.16). Additionally taking into account Lemma 5.3.1, we can apply Lemma
5.2.1 v) with f := u∇w so as to obtain c6 > 0 such that for all D ∈ Cδ,m and all (u0, v0) ∈ IDK
every classical solution (u, v) of (5.5) satisfies

‖u‖L∞(Ω×(0,T )) ≤ c6,

which shows (5.40) and – in light of the extensibility criterion in (5.15) – also proves i). Given
D ∈ Cδ,m we let D(s) :=

∫ s
0
D(σ)dσ and ¯̄D(s) :=

∫ s
0
D(σ)dσ for s > 0. Then for every D ∈ Cδ,m

and (u0, v0) ∈ IDK , any classical solution (u, v) of (5.5) obeys ut = ∆D(u) +∇ · (u∇w) with w
as in (5.16), and testing this equation by D(u) we obtain∫ T

0

∫
Ω

( ¯̄D(u))t = −
∫ T

0

∫
Ω

|∇D(u)|2 −
∫ T

0

∫
Ω

u∇w · ∇D(u),

which, by Young’s inequality, turns into∫
Ω

¯̄D(u(·, T )) +
1

2

∫ T

0

∫
Ω

|D(u)∇u|2 ≤
∫

Ω

¯̄D(u0) +
1

2

∫ T

0

∫
Ω

u2|∇w|2 ≤ |Ω| ¯̄D(K) +
1

2
|Ω|Tc26c24,

due to nonnegativity of D proving (5.43). The existence of c7 > 0, c8 > 0 such that for any
D ∈ Cδ,m and any (u0, v0) ∈ IDK every solution of (5.5) satisfies∥∥∇um−1

∥∥
L2(Ω×(0,T ))

≤ c7,
∫ T

0

∫
Ω

D(u)um−3|∇u|2 ≤ c8

immediately results from Lemma 5.3.3, so that (5.44) and (5.45) have been shown. For every
ϕ ∈ C∞0 (Ω) we have that any solution (u, v) of (5.5) for any D ∈ Cδ,m, (u0, v0) ∈ IDK satisfies∣∣∣∣∫

Ω

vtϕ

∣∣∣∣ =

∣∣∣∣−∫
Ω

∇ϕ · ∇v −
∫

Ω

uvϕ

∣∣∣∣ ≤ c2 ‖∇ϕ‖L1(Ω) +Kc6 ‖ϕ‖L1(Ω)
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and we can conclude (5.46). We let c9 > 0 be such that ‖φ‖L∞(Ω) ≤ c9 for every φ ∈W 1,N+1
0 (Ω)

with ‖φ‖W 1,N+1
0 (Ω) ≤ 1 and c10 > 0, c11 > 0 such that ‖φ‖L2(Ω×(0,T )) ≤ c10, ‖φ‖L1(Ω×(0,T )) ≤

c11 for every φ ∈ L∞((0, T );LN+1(Ω)) with ‖φ‖L∞((0,T );W 1,N+1
0 (Ω)) ≤ 1. We denote X :=

L1((0, T ); (W 1,N+1
0 (Ω))∗) and thus have X∗ = L∞((0, T );W 1,N+1

0 (Ω)). Taking ϕ ∈ X∗ with
‖ϕ‖X∗ ≤ 1, for any solution (u, v) of (5.5) for D ∈ Cδ,m and (u0, v0) ∈ IDK we have

1

m− 1

∣∣∣∣∣
∫ T

0

∫
Ω

(um−1)tϕ

∣∣∣∣∣ =

∣∣∣∣∣
∫ T

0

∫
Ω

um−2utϕ

∣∣∣∣∣
≤

∣∣∣∣∣
∫ T

0

∫
Ω

um−2ϕ∇ · (D(u)∇u)

∣∣∣∣∣+

∣∣∣∣∣
∫ T

0

∫
Ω

um−2ϕ∇ ·
(u
v
∇v
)∣∣∣∣∣

≤ |m− 2|

∣∣∣∣∣
∫ T

0

∫
Ω

um−3ϕD(u)|∇u|2
∣∣∣∣∣+

∣∣∣∣∣
∫ T

0

∫
Ω

um−2D(u)∇u · ∇ϕ

∣∣∣∣∣
+ |m− 2|

∣∣∣∣∣
∫ T

0

∫
Ω

um−2ϕ

v
∇v · ∇u

∣∣∣∣∣+

∣∣∣∣∣
∫ T

0

∫
Ω

um−1

v
∇v · ∇ϕ

∣∣∣∣∣ =: I1 + I2 + I3 + I4,

where we can estimate I1 ≤ |m− 2|c8c9,

I2 ≤
1

2

∫ T

0

∫
Ω

um−3D(u)|∇u|2 +
1

2

∫ T

0

∫
Ω

um−1D(u)|∇ϕ|2 ≤ c8
2

+
1

2
cm−1
6 c210 sup

s∈[0,c6]

D(s),

moreover

I3 ≤ c9c4|m− 2|
∥∥um−2∇u

∥∥
L1(Ω×(0,T ))

≤ c9c4|m− 2|
√
|Ω|T

∥∥um−2∇u
∥∥
L2(Ω×(0,T ))

=
c9c4|m− 2|

√
|Ω|T

m− 1

∥∥∇um−1
∥∥
L2(Ω×(0,T ))

≤
c9c4c7|m− 2|

√
|Ω|T

m− 1

and I4 ≤ cm−1
6 c4c11, so that finally∥∥(um−1)t

∥∥
L1((0,T );(W 1,N+1

0 (Ω))∗)
≤ c12 + c13 sup

s∈[0,c6]

D(s),

where c12 := c8c9|m− 2|+ c8
2 +

c9c4c7|m−2|
√
|Ω|T

m−1 + cm−1
6 c4c11 and c13 := 1

2c
m−1
6 c210, holds for any

solution (u, v) of (5.5) for any (u0, v0) ∈ IDK and any D ∈ Cδ,m.

Proof of Theorem 5.1.1. Lemma 5.3.15 i) together with (5.40) contains Theorem 5.1.1.

5.4 Weak solutions in the degenerate case. Proof of
Theorem 5.1.2

If the diffusion becomes degenerate at points where u = 0, we can no longer hope for classical
solutions. Therefore we introduce the following definition of weak solutions that are – in line
with our goal of finding solutions that do not blow up in finite time – locally bounded.

Definition 5.4.1. Let δ > 0, m ≥ 1 and D ∈ Cδ,m and define D(s) :=
∫ s

0
D(σ)dσ for s ∈ [0,∞).

Moreover, let (u0, v0) be as in (5.4). By a locally bounded global weak solution to (5.5) we mean
a pair of functions (u, v) : Ω× [0,∞)→ R2 such that

u ∈ L∞loc([0,∞);L∞(Ω))
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

D(u) ∈ L2
loc([0,∞);W 1,2(Ω))

v ∈ L∞loc([0,∞);W 1,∞(Ω))

and for every ϕ ∈ C∞0 (Ω× [0,∞)) we have

−
∫ ∞

0

∫
Ω

uϕt −
∫

Ω

u0ϕ(·, 0) = −
∫ ∞

0

∫
Ω

∇D(u) · ∇ϕ+

∫ ∞
0

∫
Ω

u

v
∇v · ∇ϕ (5.48)

and
−
∫ ∞

0

∫
Ω

vϕ−
∫

Ω

v0ϕ(·, 0) = −
∫ ∞

0

∫
Ω

∇v · ∇ϕ−
∫ ∞

0

∫
Ω

uvϕ. (5.49)

Having prepared a lot of bounds on solutions to (5.5) for D ∈ C+
δ,m that are uniform in D ∈ C+

δ,m

(Lemma 5.3.15), we approximate D ∈ Cδ,m and find a limit of the corresponding solutions.

Proof of Theorem 5.1.2. Let D ∈ Cδ,m. For any ε > 0 we define Dε(s) := D(s + ε), s ∈
[0,∞), and note that, for any ε > 0, Dε ∈ C+

δ,m. We choose (u0,ε, v0,ε) ∈ (C1(Ω))2 such
that u0,ε → u0 and v0,ε → v0 in L1(Ω) as ε ↘ 0 and that there is K > 0 such that for all
ε ∈ (0, 1) we have ‖u0,ε‖Lmax{1,m−1}(Ω) + ‖v0,ε‖W 1,∞(Ω) ≤ K and ‖v0,ε‖L∞(Ω) >

1
K , and let

(uε, vε) ∈ (C0(Ω× [0,∞)) ∩ C2,1(Ω× (0,∞)))2 denote a solution to
uεt = ∇ · (Dε∇uε)−∇ ·

(
uε
vε
∇vε

)
in Ω× (0,∞),

vεt = ∆vε − uεvε in Ω× (0,∞),

uε(·, 0) = u0,ε, vε(·, 0) = v0,ε in Ω,

∂νuε
∣∣
∂Ω

= 0 = ∂νvε
∣∣
∂Ω

in (0,∞),

(5.50)

which exists due to 5.3.15 i).
Let us define Dε(s) :=

∫ s
0
Dε(σ)dσ, s ∈ [0,∞). We claim that for every n ∈ N there is a sequence

(εn,k)k∈N such that εn,k → 0 as k → ∞ for any n ∈ N, that for n > 1 the sequence (εn,k)k∈N is
a subsequence of (εn−1,k)k∈N and that for any n ∈ N

uεn,k converges a.e. in Ω× (0, n) and in L1(Ω× (0, n))

Dεn,k(uεn,k) converges weakly in L2((0, n);W 1,2
0 (Ω))

vεn,k converges uniformly in Ω× (0, n)

∇vεn,k converges weakly∗ in L∞(Ω× (0, n);RN )
1

vεn,k
∇vεn,k converges weakly∗ in L∞(Ω× (0, n);RN )

(5.51)

as k → ∞. For n = 0 we choose an arbitrary monotone sequence (ε0,k)k∈N ⊂ (0, 1) which
converges to 0. Let n ∈ N and let us assume that some sequence (εn−1,k)k∈N with properties as
in (5.51) is given. Then by Lemma 5.3.15 ii), more precisely, by (5.40), there is c1(n) > 0 such
that ∥∥uεn−1,k

∥∥
L∞(Ω×(0,n))

≤ c1(n) for all k ∈ N. (5.52)

We abbreviate
dn := sup

ε∈(0,1)

sup
0≤s≤c1(n)

Dε(s) ≤ sup
0≤s≤c1(n)+1

D(s).

Then

Dεn−1,k
(uεn−1,k

(x, t)) ≤
∫ c1(n)

0

dn = c1(n)dn for all (x, t) ∈ Ω× (0, n)
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and combining this with (5.43), we find c2(n) > 0 such that for all k ∈ N∥∥Dεn−1,k
(uεn−1,k

)
∥∥
L2((0,n);W 1,2(Ω))

≤ c2(n).

Hence there is a subsequence (ε
(1)
n,k)k∈N of (εn−1,k)k∈N such that (D

ε
(1)
n,k

(u
ε
(1)
n,k

))k∈N is weakly

convergent in L2((0, n);W 1,2(Ω)). Moreover, (5.44), (5.40) and (5.47) show that there is c3(n)
such that for all k ∈ N∥∥∥∥um−1

ε
(1)
n,k

∥∥∥∥
L2((0,n);W 1,2(Ω))

≤ c3(n),

∥∥∥∥(um−1

ε
(1)
n,k

)
t

∥∥∥∥
L1((0,n);(W 1,N+1

0 )∗)

≤ c3(n).

Since W 1,2(Ω)
cpt
↪→ L2(Ω) ↪→ (W 1,N+1

0 (Ω))∗, we can invoke a version of the Aubin-Lions lemma
([86, Cor. 8.4]) to find a subsequence (ε

(2)
n,k)k∈N of (ε

(1)
n,k)k∈N such that (um−1

ε
(2)
n,k

)k∈N is convergent

in L2((0, n);L2(Ω)), and a further subsequence (ε
(3)
n,k)k∈N of (ε

(2)
n,k)k∈N such that (um−1

ε
(3)
n,k

)k∈N and

thus, by continuity of [0,∞) 3 x 7→ x
1

m−1 , also (u
ε
(3)
n,k

)k∈N converge a.e. in Ω × (0, n) as well as

with respect to the norm of L1(Ω × (0, n)) due to Lebesgue’s dominated convergence theorem
and the fact that the constant c1(n) is integrable over Ω× (0, n).
Moreover, (5.41) and (5.46) ensure the existence of c4(n) > 0 such that∥∥∥vε(3)

n,k

∥∥∥
L∞((0,n);W 1,∞(Ω))

≤ c4(n),

∥∥∥∥(vε(3)
n,k

)
t

∥∥∥∥
L2((0,n);(W 1,1

0 (Ω))∗)

≤ c4(n) for all k ∈ N

and again due to W 1,∞(Ω)
cpt
↪→ C0(Ω) ↪→ (W 1,1

0 (Ω))∗ and [86, Cor. 8.4] we find a subsequence
(ε

(4)
n,k)k∈N of (ε

(3)
n,k)k∈N such that (v

ε
(4)
n,k

)k∈N converges uniformly in Ω×(0, n). Additionally, (5.41)

produces another subsequence (ε
(5)
n,k)k∈N of (ε

(4)
n,k)k∈N such that (∇v

ε
(5)
n,k

)k∈N converges weakly∗

in L∞(Ω × (0, n)). Finally, owing to the bound in (5.42), we can extract a further subsequence
(εn,k)k∈N of (ε

(5)
n,k)k∈N such that also

(
1

vεn,k
∇vεn,k

)
k∈N

is weakly∗ convergent in L∞(Ω× (0, n)).

We then use the diagonal sequence (ε̃k)k∈N := (εk,k)k∈N to find functions u, v, z : Ω× [0,∞)→ R
and ζ, ξ : Ω× [0,∞)→ RN such that

uε̃k → u in L1
loc([0,∞);L1(Ω)) and a.e. in Ω× (0,∞), (5.53)

vε̃k → v in L∞loc([0,∞);C0(Ω)), (5.54)

Dε̃k(uε̃k) ⇀ z in L2
loc([0,∞);W 1,2(Ω)), (5.55)

∇vε̃k
∗
⇀ ζ in L∞loc([0,∞);L∞(Ω;RN )) and (5.56)

1

vε̃k
∇vε̃k

∗
⇀ ξ in L∞loc([0,∞);L∞(Ω;RN )) (5.57)

as k →∞. Since uε̃k + ε̃k → u a.e. and D is continuous, also Dε̃k(uε̃k) = D(uε̃k + ε̃k)−D(ε̃k)→
D(u) −D(0) = D(u) a.e., and hence z = D(u). Also, (5.54) and (5.56) imply ζ = ∇v and the
combination of (5.54) and (5.57) shows that ξ = ∇ ln v.
We let ϕ ∈ C∞0 (Ω× [0,∞)). Then (5.50) entails that

−
∫ ∞

0

∫
Ω

uε̃kϕt −
∫

Ω

u0,ε̃kϕ(·, 0) = −
∫ ∞

0

∫
Ω

∇Dε̃k(uε̃k) · ∇ϕ+

∫ ∞
0

∫
Ω

uε̃k
vε̃k
∇vε̃k · ∇ϕ
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and
−
∫ ∞

0

∫
Ω

vε̃kϕ−
∫

Ω

v0,ε̃kϕ(·, 0) = −
∫ ∞

0

∫
Ω

∇vε̃k · ∇ϕ−
∫ ∞

0

∫
Ω

uε̃kvε̃kϕ,

so that passing to the limit as k →∞ in each of these integrals shows that (u, v) satisfies (5.48)
and (5.49). That u ∈ L∞loc([0,∞);L∞(Ω)) is also entailed by (5.53) and (5.52). Hence (u, v) is a
locally bounded global weak solution to (5.5) in the sense of Definition 5.4.1.
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6 Long-term behaviour in a
chemotaxis-fluid system with logistic
source

6.1 Introduction
Bacteria and sand are different. Although both are heavier than water and will tend to sink if
dispersed in it, bacteria may possess the ability to swim – and to direct their movement toward
more favorable environmental conditions, i.e. for example toward higher concentration of oxygen,
thus instigating the emergence of bioconvective patterns (see [82, Sec. 4.2]). Such behaviour can,
e.g., be observed if colonies of Bacillus subtilis are suspended in a drop of water (see e.g. [45]),
and models describing this phenomenon, that is, the model proposed by Tuval et al. in [101] and
variants thereof, have received much attention from the mathematical community over the past
few years.
Before we recall some of the progress made in the analysis of such models, let us briefly motivate
the form of the system we want to investigate in the present chapter. In order to describe the
interaction between bacteria, their fluid environment and oxygen (or another nutrient) contained
therein, we introduce scalar-valued functions u and v standing for the concentration of bacteria
and oxygen, respectively, and a vector-valued function U representing the velocity field of the
surrounding water. The fluid motion is supposed to be governed by the incompressible Navier-
Stokes equations

Ut + (U · ∇)U = ∆U +∇P + u∇Φ + f, ∇ · U = 0

where we have allowed for an external force f (which nevertheless might best be thought of
as being zero in the most prototypical case) and, more importantly, where buoyancy effects
are included, which arise from density differences between fluid with and without bacteria, as
mandated by the presence of a given gravitational potential Φ. P symbolizes the pressure of the
fluid, another unknown quantity.
Oxygen is assumed to diffuse in the manner of linear diffusion, as described by the heat equation.
It is moreover transported in the direction of the fluid flow and, finally, consumed with a rate
proportional to the amount of bacteria present. Combining these effects, the resulting equation
is the following:

vt = ∆v︸︷︷︸
diffusion

−uv︸︷︷︸
consumption

−U · ∇v︸ ︷︷ ︸
transport

.

The evolution of the bacterial concentration is also influenced by diffusion and transport along
the velocity field of the fluid. The cells moreover steer their motion in the direction of the
concentration gradient of oxygen, by means of chemotaxis. This gives rise to a contribution
−χ∇ · (u∇v) to the time derivative of u, thus introducing cross-diffusive effects into the model,
which lie at the core of the mathematical difficulties accompanying the analysis of chemotaxis
systems like the famous Keller-Segel model ([34, 9]). Therein χ > 0 is a parameter regulating
the strength of the chemotactic attraction. In addition we want to allow for population growth
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

to take place in the simplest conceivable manner, namely according to a logistic law, where we
denote by κ the effective growth rate of the population and by µ a parameter controlling death
by overcrowding. Evidently, each subdomain cannot sustain infinitely many bacteria, but has a
finite carrying capacity only. Therefore, death effects taking place at high population densities
cannot be neglected. Indeed, the subsequent analysis will strongly rely on positivity of µ, whereas
κ, small whenever typical time-scales of bacterial reproduction are substantially deceeded such
as in application contexts like bioconvection, may attain any nonnegative value. Accounting for
these effects leads to the equation

ut = ∆u︸︷︷︸
diffusion

−χ∇ · (u∇v)︸ ︷︷ ︸
chemotaxis

−U · ∇u︸ ︷︷ ︸
transport

+κu− µu2︸ ︷︷ ︸
logistic growth

.

With time starting at 0, spatially the whole scenario is to take place in a bounded domain Ω ⊂ R3

with smooth boundary, which we want to think of as drop of water resting on a surface. Thus it
is quite natural to assume that no fluid motion takes place on the surface of the drop, that is,

U = 0 on ∂ Ω,

and that no bacteria cross the boundary between the drop and its surroundings,

∂νu = 0 on ∂ Ω.

We will also assume that
∂νv = 0 on ∂ Ω,

that is, that no exchange of oxygen takes place between the fluid environment and its exterior.
This assumption is less natural, at least for the part of the boundary that separates water and
air, but so far has been employed in almost all papers dealing with chemotaxis fluid interaction
from a mathematical viewpoint (exceptions being early existence results for weak solutions in
2-dimensional bounded domains [63], numerical experiments like in [16] and, most notably, a
recent work by Braukhoff [12], where it was shown that in 2- or 3-dimensional convex bounded
domains classical or weak solutions, respectively, exist for a chemotaxis-Navier-Stokes model
with logistic source if the boundary condition for v is ∂νv = 1− v).

Thus, in total, the system to be considered here is

ut + U · ∇u = ∆u− χ∇ · (u∇v) + κu− µu2 in Ω× (0,∞)

vt + U · ∇v = ∆v − uv in Ω× (0,∞)

Ut + (U · ∇)U = ∆U +∇P + u∇Φ + f, ∇ · U = 0 in Ω× (0,∞)

U = 0, ∂νu = ∂νv = 0 in ∂ Ω× (0,∞)

u(·, 0) = u0, v(·, 0) = v0, U(·, 0) = U0 in Ω

(6.1)

for some initial data {
u0 ∈ C0(Ω), v0 ∈W 1,q(Ω), U0 ∈ D(Aα)

u0 > 0, v0 > 0 in Ω
(6.2)

with q > 3, α ∈ ( 3
4 , 1), where A denotes the realization of the Stokes operator under homogeneous

Dirichlet boundary conditions in the solenoidal subspace L2
σ(Ω) of L2(Ω;RN ).

If κ = µ = 0 (and f ≡ 0), this model is an instance of the one for which the existence of
global weak solutions in Ω = R2 was shown in [62]. The existence of global classical solutions
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in two-dimensional bounded convex domains was discovered in [114]. Global weak solutions on
Ω = R2 have been treated in [128] under weaker conditions on the initial data. In the setting
of [114], the convergence of solutions to the stationary state was proven in [118]; its rate was
given in [126]. Upon neglection of the nonlinear fluid term (U · ∇)U , that is upon consideration
of Stokes flow instead of a Navier-Stokes governed fluid, global weak solutions can also be found
in bounded three-dimensional domains ([114]). (The results of [114, 118] have been extended to
non-convex domains in [40].) For the three-dimensional setting (of bounded convex domains)
with full Navier-Stokes-fluid and large initial data only recently the existence of weak solutions
has been demonstrated by Winkler ([114]). He furthermore showed that every eventual energy
solution becomes smooth after some waiting time, and converges as t→∞ ([107]).
Other variants of the model that are commonly treated include nonlinear (porous medium type)
diffusion of bacteria, where ∆u is replaced by ∆um for some m > 1 (see [96, 97, 20, 17, 127]),
thereby improving chances for finding bounded solutions, or, exchanging χ∇ · (u∇v) for ∇ ·
(uS(u, v, x)∇v), more complex sensitivity functions S ([119, 104, 103, 37, 14]), which may be
matrix-valued, thus introducing new mathematical challenges by destroying the natural energy
structure of the system and, seen from the biological viewpoint, taking care of more complicated
swimming behaviour of bacteria (cf. [19, 84, 124]).
In contrast to (6.1), in the classical Keller-Segel system the chemoattractant is produced by the
bacteria themselves and not consumed (accounting for terms +u−v in place of −uv in the second
equation of (6.1)), and models of Keller-Segel-Stokes type have also been considered ([104, 11]).
In Ω = R3, mild solutions to a system encompassing both mechanisms at the same time were
proven to exist under a smallness condition on initial data ([46]).
Chemotaxis fluid models including logistic growth (κ, µ > 0) have been treated in [102, 99, 98,
108, 12].
In [102], a result on the existence of weak solutions for (6.1) is given, and for the case of sufficiently
nonlinear cell diffusion, attractors are considered. In a Keller-Segel-Navier-Stokes system with
logistic source (µ > 0, κ ≥ 0) in two-dimensional bounded domains global classical solutions
have been detected in [99], which furthermore converge to 0 if κ = 0. Under the assumptions of a
Stokes fluid and sufficiently large µ (explicitly: µ > 23), in [98] these results have been achieved
for three-dimensional bounded domains as well. In [108], for µ > 1

4

√
κ+χ in bounded convex

domains Ω ⊂ R3 generalized solutions are constructed, which then are shown to converge to the
homogeneous steady state with respect to the topology of L1(Ω)× Lp(Ω)× L2(Ω) for p ∈ [1, 6),
if certain conditions on f are satisfied.
It is the main goal of the present chapter to achieve similar results for the consumption-chemo-
taxis-fluid model (6.1). Having to deal with a consumption instead of production term in the
v-equation seems more beneficial for proving boundedness of solutions and encourages us to
hope that the solutions remain bounded and thus exist globally without any further largeness
condition on µ except positivity and that the convergence takes place with respect to stronger
topologies than in [108]. This is indeed what we will prove. Moreover, we will shed light on
asymptotic regularity properties of the solutions we are going to construct.

Let us state the main results in detail: Posing the condition{
f ∈ L2((0,∞);L

6
5 (Ω;R3)) ∩ L∞(Ω× (0,∞);R3) ∩ Cβ,

β
2 (Ω× [0,∞);R3),

‖f(·, t)‖
L

3
2 (Ω)

→ 0 as t→∞ for some β > 0
(6.3)

on the external force on the fluid, we will first (re-)derive the following theorem on global existence
of weak solutions:
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Theorem 6.1.1. Let Ω ⊂ R3 be a bounded smooth domain and let χ, κ ≥ 0, µ > 0. Let u0, v0, U0

be as in (6.2) with some q > 3 and α ∈ ( 3
4 , 1), let Φ ∈ C1+β(Ω) for some β > 0, and let f satisfy

(6.3) for some β ∈ (0, 1). Then there is a weak solution (in the sense of Definition 6.2.16 below)
to (6.1), which can be approximated by a sequence of solutions (uε, vε, Uε) to (6.4) in a pointwise
manner (and moreover with respect to the topologies indicated in Proposition 6.2.17).

(For weak solutions to (6.1) with f ≡ 0 see also [102, Thm. 4.1] or, for a setting with different
boundary conditions, [12].) The solutions (uε, vε, Uε) to the approximate system (6.4) that are
mentioned in Theorem 6.1.1 (but do not appear in [102]) will serve as essential tool also in the
proof of our second theorem, which is concerned with the asymptotic behaviour and eventual
regularity of solutions.

Theorem 6.1.2. Let the assumptions of Theorem 6.1.1 be satisfied. Then there are T > 0 and
γ ∈ (0, 1) such that the solution (u, v, U) given by Theorem 6.1.1 satisfies

u, v ∈ C2+γ,1+ γ
2 (Ω× [T,∞)), U ∈ C2+γ,1+ γ

2 (Ω× [T,∞);R3).

Moreover,

u(·, t)→ κ

µ
, v(·, t)→ 0, U(·, t)→ 0 as t→∞,

where the convergence takes place with respect to the norm of C1(Ω) and C1(Ω;R3), respectively.

As to the proofs, we will first turn our attention to Theorem 6.1.1: In Section 6.2, namely,
we will be concerned with solutions to the approximate problem (6.4) (see Lemma 6.2.1) and
with the derivation of estimates that allow for compactness arguments in constructing solutions
to (6.1) (Proposition 6.2.17). The foundation for the acquisition of these estimates will be an
examination of the derivative of∫

Ω

uε lnuε +
χ

2

∫
Ω

|∇vε|2

vε
+Kχ

∫
Ω

|Uε|2

for suitable K > 0 (see Lemma 6.2.10). In contrast to a system without logistic source terms in
the equation for u, mass conservation of the bacteria is not guaranteed in (6.1). We begin Section
6.3 by finding a suitable substitute, and then, relying on this, prove convergence of

∫ t+1

t

∫
Ω
vε

and of ‖vε(·, t)‖L∞(Ω) as t→∞ (Lemma 6.3.4 and Lemma 6.3.6, respectively). In Lemma 6.3.8

we derive a differential inequality for
∫

Ω
upε

(η−vε)θ for appropriate parameters η, θ, finally yielding
Lp-bounds on n whenever the second solution component is small. Using these bounds, we then
prove eventual Hölder regularity of Uε (Lemma 6.3.13), vε (Lemma 6.3.14), and uε (Lemma
6.3.15), which can be transferred to u, v, U and turned into higher regularity (Lemma 6.3.17).
For convergence as t→∞, we finally draw upon uniform Hölder bounds (Corollary 6.3.16) and
the compact embedding C1+γ, γ2 (Ω × [t, t + 1]) ↪→ C1,0(Ω × [t, t + 1]) as well as some of the
properties collected during the course of Section 6.3; concerning n, for example, Lemma 6.3.2
(and thus, indirectly, Lemma 6.2.5) will once more be important.
Notation. We will refer to the partial derivative with respect to the last argument by d

dtw. The

symbol
cpt
↪→ will be used to indicate compact embeddings. For vectors V,W ∈ R3 we let V ⊗W

denote the matrix (ViWj)i,j=1,2,3. Finally, P : Lp(Ω;R3) → Lpσ(Ω) stands for the Helmholtz
projection in Lp(Ω).
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6.2 Existence of weak solutions

6.2 Existence of weak solutions
We will start by considering an approximate problem, namely

uεt + Uε · ∇uε = ∆uε − χ∇ ·
(

uε
1 + εuε

∇vε
)

+ κuε − µu2
ε

vεt + Uε · ∇vε = ∆vε − vε
1

ε
ln(1 + εuε)

Uεt + (YεUε · ∇)Uε = ∆Uε +∇Pε + uε∇Φ + f(x, t)

∂νuε
∣∣
∂ Ω

= ∂νvε
∣∣
∂ Ω

= 0, Uε
∣∣
∂ Ω

= 0

uε(·, 0) = u0, vε(·, 0) = v0, Uε(·, 0) = U0

(6.4a)

(6.4b)

(6.4c)

(6.4d)

(6.4e)

where Yε = (1 + εA)−1, and provide estimates for its solutions. In Proposition 6.2.17, these
estimates will enable us to construct a solution to (6.1) by a limiting process. An approximation
in this way was also employed in [114], [107], [108].

6.2.1 Local existence and basic properties
First, let us recall that locally these solutions actually exist. Because the reasoning is well-
established (and not central to later parts of the chapter), we shall only briefly hint at the
proofs, both here and in Lemma 6.2.12, where their global existence is indicated.

Lemma 6.2.1. Let q > 3, α ∈ ( 3
4 , 1), β ∈ (0, 1), κ, χ ≥ 0, µ > 0, Φ ∈ C1+β(Ω) and f as in

(6.3), let u0, v0, U0 satisfy (6.2) and let ε > 0. Then there are Tmax,ε and uniquely determined
functions

uε ∈ C0(Ω× [0, Tmax,ε)) ∩ C2,1(Ω× (0, Tmax,ε)),

vε ∈ C0(Ω× [0, Tmax,ε)) ∩ C2,1(Ω× (0, Tmax,ε)) ∩ L∞((0, Tmax,ε);W
1,q(Ω)),

Uε ∈ C0(Ω× [0, Tmax,ε);R3) ∩ C2,1(Ω× (0, Tmax,ε);R3)

which together with some Pε ∈ C1,0(Ω× (0, Tmax,ε)) solve (6.4) classically, and satisfy Tmax,ε =
∞ or

lim sup
t↗Tmax,ε

(
‖uε(·, t)‖L∞(Ω) + ‖vε(·, t)‖W 1,q(Ω) + ‖AαUε(·, t)‖L2(Ω)

)
=∞. (6.5)

Proof. The proof follows the reasoning of [114, Lemma 2.1] if some of the adaptions necessary
in [114, Lemma 2.2] and [108, Lemma 3.1] are taken into account.
Banach’s fixed point theorem applied in a closed ball in L∞((0, T );C0(Ω)×W 1,q(Ω)×D(Aα)) to
a mapping whose fixed points are mild solutions to the system establishes the existence of such
solutions on a time interval [0, T ), where T depends on the norms featured in (6.5) only. By an
invocation of standard regularity theory for parabolic equations and the Stokes semigroup these
solutions turn out to be classical solutions.

For the rest of the chapter let us fix parameters χ, κ ≥ 0, µ > 0, α ∈ ( 3
4 , 1), q > 3 and β ∈ (0, 1),

let f be as in (6.3), Φ ∈ C1+β(Ω), initial data u0, v0, U0 satisfying (6.2) and, given ε > 0, let us
denote by (uε, vε, Uε) the corresponding solution to (6.4).

Lemma 6.2.2. For any ε > 0, x ∈ Ω and t ∈ (0, Tmax,ε) we have uε(x, t) ≥ 0 and vε(x, t) ≥ 0.

Proof. An application of the parabolic comparison principle to the subsolution 0 of (6.4a) or
(6.4b), respectively, immediately results in the claimed nonnegativity.
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Similarly, we obtain boundedness of vε.

Lemma 6.2.3. There is C > 0 such that for any ε > 0 and for any t ∈ (0, Tmax,ε),

‖vε(·, t)‖L∞(Ω) ≤ C (6.6)

and, for any ε > 0, t 7→ ‖vε(·, t)‖L∞(Ω) is nonincreasing on (0, Tmax,ε).

Proof. With C = ‖v0‖L∞(Ω), both assertions are a consequence of the parabolic comparison
principle.

Another quantity whose boundedness, in this case in L2(Ω), quickly results from the second
equation is the gradient of vε:

Lemma 6.2.4. There is C > 0 such that for any ε > 0,∫ Tmax,ε

0

∫
Ω

|∇vε|2 ≤ C. (6.7)

Proof. Let ε > 0. Upon multiplication by vε, integration over Ω and integration by parts, (6.4b)
results in∫

Ω

vεvεt = −
∫

Ω

|∇vε|2 −
∫

Ω

v2
ε

1

ε
ln(1 + εuε) +

∫
Ω

vεUε · ∇vε on (0, Tmax,ε),

where the last term vanishes by
∫

Ω
vεUε · ∇vε = 1

2

∫
Ω
Uε · ∇(v2

ε) = − 1
2

∫
Ω
v2
ε∇ · Uε = 0 due to

∇ · Uε(·, t) = 0 for all t ∈ (0, Tmax,ε), and integration with respect to time entails

1

2

∫
Ω

v2
ε(·, t) +

∫ t

0

∫
Ω

|∇vε|2 ≤
1

2

∫
Ω

v2
0,ε for any t ∈ (0, Tmax,ε),

so that we may conclude (6.7) by taking t↗ Tmax,ε.

In contrast to the situation without source terms, we cannot hope for mass conservation in the
first component. Nevertheless, the following inequality still holds:

Lemma 6.2.5. There is C > 0 such that for any ε > 0,∫
Ω

uε(·, t) ≤ C for all t ∈ (0, Tmax,ε) and
∫ t+τ

t

∫
Ω

u2
ε ≤ C for any t ∈ (0, Tmax,ε − τ),

where τ := min{1, 1
2Tmax,ε}.

Proof. Integration of (6.4a) and an application of Hölder’s inequality yield that for any ε > 0

d

dt

∫
Ω

uε = κ

∫
Ω

uε − µ
∫

Ω

u2
ε ≤ κ

∫
Ω

uε −
µ

|Ω|

(∫
Ω

uε

)2

on (0, Tmax,ε),

so that an ODE comparison argument gives boundedness of (0, Tmax,ε) 3 t 7→
∫

Ω
uε(·, t) and

integration with respect to time allows to conclude the existence of a bound on (0, Tmax,ε− τ) 3
t 7→

∫ t+τ
t

∫
Ω
u2
ε by means of the equality µ

∫ t+τ
t

∫
Ω
u2
ε = κ

∫ t+τ
t

∫
Ω
uε +

∫
Ω
uε(·, t)−

∫
Ω
uε(t+ τ).
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6.2.2 A priori estimates implied by an energy type inequality
We want to derive a (quasi-)energy inequality for the function∫

Ω

uε lnuε +
χ

2

∫
Ω

|∇vε|2

vε
+Kχ

∫
Ω

|Uε|2. (6.8)

As preparation, we first deal with the derivatives of the summands separately:

Lemma 6.2.6. There is C > 0 such that for any ε > 0,

d

dt

∫
Ω

uε lnuε +
µ

2

∫
Ω

u2
ε lnuε +

∫
Ω

|∇uε|2

uε
≤ χ

∫
Ω

∇uε · ∇vε
1 + εuε

+ C on (0, Tmax,ε).

Proof. First we observe that s 7→ κs − µs2, s ∈ [0,∞), and s 7→ (κs − µ
2 s

2) ln s, s ∈ (0,∞), are
bounded from above by some constant C1. Using these estimates and (6.4a), from integration
by parts we obtain

d

dt

∫
Ω

uε lnuε =

∫
Ω

uεt lnuε +

∫
Ω

uεt

=

∫
Ω

∆uε(lnuε)− χ
∫

Ω

lnuε∇ ·
(

uε
1 + εuε

∇vε
)
−
∫

Ω

Uε · ∇uε lnuε

+ κ

∫
Ω

uε lnuε − µ
∫

Ω

u2
ε lnuε + κ

∫
Ω

uε − µ
∫

Ω

u2
ε

≤ −
∫

Ω

|∇uε|2

uε
+ χ

∫
Ω

∇uε · ∇vε
1 + εuε

− µ

2

∫
Ω

u2
ε lnuε + 2C1 on (0, Tmax,ε)

for any ε > 0, so that the claim results with C = 2C1.

In the next lemma we will collect statements that will enable us to deal with terms arising
from differentiation of

∫
Ω
|∇√vε|2. In particular, it is this lemma that will render any convexity

condition on the domain unnecessary. The proofs are either contained in or adapted from the
articles [68, 38, 114]. The first use of this strategy for removal of the convexity condition in the
context of chemotaxis-fluid models can be found in [40].

Lemma 6.2.7. i) Let ψ ∈ C2(Ω) satisfy ∂νψ = 0 on ∂ Ω. Then

∂ν |∇ψ|2 ≤ K|∇ψ|2,

where K is an upper bound on the curvature of ∂ Ω.
ii) Furthermore, for any η > 0 there is C(η) > 0 such that every ψ ∈ C2(Ω) with ∂νψ = 0 on
∂ Ω fulfils

‖∇ψ‖L2(∂ Ω) ≤ η ‖∆ψ‖L2(Ω) + C(η) ‖ψ‖L2(Ω) .

iii) For any positive ψ ∈ C2(Ω)∥∥∥∆
√
ψ
∥∥∥
L2(Ω)

≤ 1

2

∥∥∥√ψ∆ lnψ
∥∥∥
L2(Ω)

+
1

4

∥∥∥ψ− 3
2 |∇ψ|2

∥∥∥
L2(Ω)

. (6.9)

iv) For any positive ψ ∈ C2(Ω) with ∂νψ = 0 on ∂ Ω we have

−2

∫
Ω

|∆ψ|2

ψ
+

∫
Ω

|∇ψ|2∆ψ

ψ2
= −2

∫
Ω

ψ|D2 lnψ|2 +

∫
∂ Ω

1

ψ
∂ν |∇ψ|2.

111



6 Long-term behaviour in a chemotaxis-fluid system with logistic source

v) There is k > 0 such that for all positive ψ ∈ C2(Ω) with ∂νψ = 0 on ∂ Ω the inequality∫
Ω

ψ|D2 lnψ|2 ≥ k
∫

Ω

|∇ψ|4

ψ3

holds.
vi) There are C > 0 and k > 0 such that every positive ψ ∈ C2(Ω) fulfilling ∂νψ = 0 on ∂ Ω
satisfies

−2

∫
Ω

|∆ψ|2

ψ
+

∫
Ω

|∇ψ|2∆ψ

ψ2
≤ −k

∫
Ω

ψ|D2 lnψ|2 − k
∫

Ω

|∇ψ|4

ψ3
+ C

∫
Ω

ψ. (6.10)

Proof. i) This is [68, Lemma 4.10].
ii) Let us fix r ∈ (0, 1

2 ). Thanks to the boundedness of the trace operator tr : W r+ 1
2 ,2(Ω) →

W r,2(∂ Ω) (cf. [29, Thm. 4.24]) and the embedding W r,2(∂ Ω) ↪→ L2(∂ Ω) (see [29, Prop.
4.22(ii)]) there is k1 > 0 such that ‖φ‖L2(∂ Ω) ≤ k1 ‖φ‖

W r+ 1
2
,2(Ω)

for all φ ∈ W r+ 1
2 ,2(Ω). If we

let θ := 3
4 + r

2 , the interpolation inequality [60, Prop. 2.3] guarantees the existence of k2 > 0

such that ‖φ‖
W r+ 3

2
,2(Ω)

≤ k2 ‖φ‖θW 2,2(Ω) ‖φ‖
1−θ
L2(Ω) for all φ ∈ W 2,2(Ω). Furthermore, according

to e.g. [23, Thm. 19.1], there is k3 > 0 such that ‖φ‖W 2,2(Ω) ≤ k3 ‖∆φ‖L2(Ω) + k3 ‖φ‖L2(Ω) for
all φ ∈ W 2,2(Ω) with ∂νφ = 0 on ∂ Ω. Moreover, for any η > 0, Young’s inequality provides us
with k4 = k4(η) such that for any a, b ∈ [0,∞) we have aθb1−θ ≤ η

k1k2k3
a + k4(η)b, since the

choice of r implies θ ∈ (0, 1). With these constants, for any ψ ∈ W 2,2(Ω) satisfying ∂νψ = 0 on
∂ Ω we obtain

‖∇ψ‖L2(∂ Ω) ≤k1 ‖∇ψ‖
W r+ 1

2
,2(Ω)

≤ k1 ‖ψ‖
W r+ 3

2
,2(Ω)

≤ k1k2 ‖ψ‖θW 2,2(Ω) ‖ψ‖
1−θ
L2(Ω)

≤k1k2k3 ‖∆ψ‖θL2(Ω) ‖ψ‖
1−θ
L2(Ω) + k1k2k3 ‖ψ‖θ+1−θ

L2(Ω)

≤η ‖∆ψ‖L2(Ω) + (k1k2k3 + k4(η)) ‖ψ‖L2(Ω) .

iii) Let ψ ∈ C2(Ω) be positive. The pointwise equalities

∆
√
ψ = ∇ ·

(
1

2
√
ψ
∇ψ
)

=
∆ψ

2
√
ψ

+
1

2
∇ψ · ∇

(
ψ−

1
2

)
=

∆ψ

2
√
ψ
− |∇ψ|

2

4ψ
3
2

and

∆ lnψ = ∇ · (∇ lnψ) = ∇ ·
(
∇ψ
ψ

)
=

∆ψ

ψ
− |∇ψ|

2

ψ2

immediately entail

∆
√
ψ =

1

2

√
ψ∆ lnψ +

1

4

|∇ψ|2

ψ
3
2

and thus (6.9).
iv) Being a special case of assertions from [18], this can be found as Lemma 4.3.4 i) in Chapter
4.
v) This was proven as [114, Lemma 3.3], cf Lemma 4.3.5.
vi) Let η > 0. Part i) and Young’s inequality in combination with ii) and iii), respectively, can
be employed to yield C > 0 such that∫

∂ Ω

1

ψ
∂ν |∇ψ|2 ≤K

∫
∂ Ω

|∇ψ|2

ψ
= 4K

∥∥∥∇√ψ∥∥∥2

L2(∂ Ω)
≤ η

∥∥∥∆
√
ψ
∥∥∥2

L2(Ω)
+ C

∥∥∥√ψ∥∥∥2

L2(Ω)
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≤η
∥∥∥√ψ∆ lnψ

∥∥∥2

L2(Ω)
+ η

∥∥∥ψ− 3
2 |∇ψ|2

∥∥∥2

L2(Ω)
+ C

∥∥∥√ψ∥∥∥2

L2(Ω)

for all positive ψ ∈ C2(Ω) satisfying ∂νψ
∣∣
∂Ω

= 0. Thus, for any such ψ,∫
∂ Ω

1

ψ
∂ν |∇ψ|2 ≤ η

∫
Ω

ψ|∆ lnψ|2 + η

∫
Ω

|∇ψ|4

ψ3
+ C

∫
Ω

ψ.

Taking into account iv) and v), we readily obtain (6.10).

We can take these estimates to their use in the next proof, which is concerned with the derivatives
of the second summand in (6.8).

Lemma 6.2.8. There are K > 0,C > 0 and k > 0 such that for every ε > 0,

d

dt

∫
Ω

|∇vε|2

vε
+ k

∫
Ω

vε|D2 ln vε|2 + k

∫
Ω

|∇vε|4

v3
ε

≤ C +K

∫
Ω

|∇Uε|2 − 2

∫
Ω

∇vε · ∇uε
1 + εuε

holds true on (0, Tmax,ε).

Proof. We begin by computing d
dt

∫
Ω
|∇vε|2
vε

: For any ε > 0, on (0, Tmax,ε) we have

d

dt

∫
Ω

|∇vε|2

vε
= 2

∫
Ω

∇vε · ∇vεt
vε

−
∫

Ω

|∇vε|2

v2
ε

vεt

= −2

∫
Ω

∆vεvεt
vε

+ 2

∫
Ω

|∇vε|2

v2
ε

vεt −
∫

Ω

|∇vε|2

v2
ε

vεt

= −2

∫
Ω

∆vεvεt
vε

+

∫
Ω

|∇vε|2

v2
ε

vεt

= −2

∫
Ω

|∆vε|2

vε
+ 2

∫
Ω

∆vε
1
εvε ln(1 + εuε)

vε
+ 2

∫
Ω

∆vε
vε

Uε · ∇vε

+

∫
Ω

|∇vε|2

v2
ε

∆vε −
∫

Ω

|∇vε|2

v2
ε

vε
1

ε
ln(1 + εuε)−

∫
Ω

|∇vε|2

v2
ε

Uε · ∇vε. (6.11)

From Lemma 6.2.7 vi), we obtain k1 > 0, k2 > 0 such that for any ε > 0 we may estimate

−2

∫
Ω

|∆vε|2

vε
+

∫
Ω

|∇vε|2

v2
ε

∆vε ≤ −k1

∫
Ω

vε|D2 ln vε|2 − k1

∫
Ω

|∇vε|4

v3
ε

+ k2

∫
Ω

vε on (0, Tmax,ε).

(6.12)
As to the terms containing Uε, we note that for all ε > 0,

2

∫
Ω

∆vε
vε

(Uε · ∇vε) = 2

∫
Ω

|∇vε|2

v2
ε

Uε · ∇vε − 2

∫
Ω

1

vε
∇vε · (∇Uε∇vε)− 2

∫
Ω

1

vε
Uε ·D2vε∇vε,

and∫
Ω

|∇vε|2

v2
ε

Uε · ∇vε = −
∫

Ω

∇
(

1

vε

)
· Uε|∇vε|2 =

∫
Ω

1

vε
Uε · ∇|∇vε|2 = 2

∫
Ω

1

vε
Uε ·D2vε∇vε

hold on (0, Tmax,ε), so that for any ε > 0,

2

∫
Ω

∆vε
vε

Uε · ∇vε −
∫

Ω

|∇vε|2

v2
ε

Uε · ∇vε
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=

∫
Ω

|∇vε|2

v2
ε

Uε · ∇vε − 2

∫
Ω

1

vε
∇vε · (∇Uε∇vε)− 2

∫
Ω

1

vε
Uε ·D2vε∇vε

= −2

∫
Ω

1

vε
∇vε · (∇Uε∇vε) on (0, Tmax,ε), (6.13)

where we can estimate

2

∫
Ω

1

vε
∇vε · (∇Uε∇vε) ≤

k1

2

∫
Ω

|∇vε|4

v3
ε

+ k3

∫
Ω

vε|∇Uε|2 on (0, Tmax,ε) (6.14)

with some k3 > 0 courtesy of Young’s inequality. Moreover,

−
∫

Ω

|∇vε|2

v2
ε

vε
1

ε
ln(1 + εuε) ≤ 0 on (0, Tmax,ε) and for all ε > 0 (6.15)

and an integration by parts shows

2

∫
Ω

∆vε
1
εvε ln(1 + εuε)

vε
= −2

∫
Ω

∇vε · ∇uε
1 + εuε

on (0, Tmax,ε) for all ε > 0, (6.16)

so that, for any ε > 0, using (6.12), (6.13), (6.14), (6.15), (6.16) turns (6.11) into

d

dt

∫
Ω

|∇vε|2

vε
+ k1

∫
Ω

vε|D2 ln vε|2 +
k1

2

∫
Ω

|∇vε|4

v3
ε

≤ k2

∫
Ω

vε + k3

∫
Ω

vε|∇Uε|2 − 2

∫
Ω

∇vε · ∇uε
1 + εuε

on (0, Tmax,ε), and finally inserting the uniform bound on vε provided by Lemma 6.2.3 gives the
assertion.

Finally, we turn our attention to the last term in (6.8).

Lemma 6.2.9. i) There is C > 0 such that for any ζ ∈ R and any ε > 0 we have

d

dt

∫
Ω

|Uε|2 +

∫
Ω

|∇Uε|2 ≤ C
∫

Ω

(uε − ζ)
2

+ C

(∫
Ω

|f | 65
) 5

3

on (0, Tmax,ε). (6.17)

ii) Moreover, for any η > 0 there is Cη > 0 such that for any ε > 0,

d

dt

∫
Ω

|Uε|2 +

∫
Ω

|∇Uε|2 ≤ η
∫

Ω

u2
ε lnuε + Cη

(∫
Ω

|f | 65
) 5

3

+ Cη on (0, Tmax,ε). (6.18)

Proof. If for any ε > 0 we multiply (6.4c) by Uε, we obtain

1

2

d

dt

∫
Ω

|Uε|2 =

∫
Ω

Uε · Uεt

=

∫
Ω

Uε ·∆Uε +

∫
Ω

Uε · ∇P −
∫

Ω

(YεUε · ∇)Uε · Uε +

∫
Ω

uε∇Φ · Uε +

∫
Ω

Uε · f

= −
∫

Ω

|∇Uε|2 +

∫
Ω

uε∇Φ · Uε +

∫
Ω

Uε · f, on (0, Tmax,ε), (6.19)

where we have used that ∇ · Uε = 0, so that for any ε > 0 on (0, Tmax,ε), we have∫
Ω

(YεUε · ∇)Uε · Uε = −
∫

Ω

∇ · (YεUε)|Uε|2 −
1

2

∫
Ω

YεUε · ∇|Uε|2 =
1

2

∫
Ω

(∇ · YεUε)|Uε|2 = 0.
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That Uε is divergence-free also shows
∫

Ω
uε(·, t)∇Φ ·Uε(·, t) =

∫
Ω

(uε(·, t)− ζ)∇Φ ·Uε(·, t) for any
t ∈ (0, Tmax,ε). Young’s inequality in combination with Poincaré’s inequality and the bounded-
ness of ∇Φ enables us to find k1 > 0 such that∫

Ω

|(uε(·, t)− ζ)∇Φ · Uε(·, t)| ≤ k1

∫
Ω

(uε(·, t)− ζ)
2

+
1

4

∫
Ω

|∇Uε(·, t)|2 (6.20)

holds for any t ∈ (0, Tmax,ε) for any ε > 0.
From the embedding W 1,2

0 (Ω) ↪→ L6(Ω) we can obtain a constant k2 > 0 such that

‖φ‖L6(Ω) ≤k2 ‖∇φ‖L2(Ω) for all φ ∈W 1,2
0 (Ω)

and hence Hölder’s and Young’s inequalities allow us to estimate∫
Ω

Uε · f ≤
(∫

Ω

|Uε|6
) 1

6
(∫

Ω

|f | 65
) 5

6

≤ k2 ‖∇Uε‖L2(Ω)

(∫
Ω

|f | 65
) 5

6

≤ 1

4

∫
Ω

|∇Uε|2 + k3

(∫
Ω

|f | 65
) 5

3

on (0, Tmax,ε) for all ε > 0 (6.21)

with some k3 > 0. Adding (6.19), (6.21) and (6.20) results in (6.17). If we furthermore use that∫
Ω
φ2 ≤ a

∫
Ω
φ2 lnφ + |Ω|e 1

a for any positive function φ and any a > 0, for each η > 0 we can
find Cη > 0 such that∫

Ω

|uεUε · ∇Φ| ≤ η
∫

Ω

u2
ε lnuε +

1

4

∫
Ω

|∇Uε|2 + Cη on (0, Tmax,ε) (6.22)

holds for any ε > 0, thus establishing (6.18).

If we now amalgamate Lemma 6.2.6, Lemma 6.2.8 and Lemma 6.2.9, we end up with

Lemma 6.2.10. There are C > 0, k0 > 0, and K > 0 such that

d

dt

[∫
Ω

uε lnuε +
χ

2

∫
Ω

|∇vε|2

vε
+Kχ

∫
Ω

|Uε|2
]

+
µ

4

∫
Ω

u2
ε lnuε +

∫
Ω

|∇uε|2

uε
+ k0

∫
Ω

vε|D2 ln vε|2 + k0

∫
Ω

|∇vε|4

v3
ε

+ k0

∫
Ω

|∇Uε|2

≤C
(∫

Ω

|f | 65
) 5

3

+ C

on (0, Tmax,ε) for all ε > 0.

Proof. We fix K and k as in Lemma 6.2.8, apply Lemma 6.2.9 with η = µ
4Kχ and add the

inequality given by Lemma 6.2.6 to the χ
2 -multiple of that from Lemma 6.2.8 and Kχ times the

inequality from Lemma 6.2.9 ii). With k0 := χ
2 min{K, k}, Lemma 6.2.10 results immediately.

We collect the bounds this quasi-energy inequality gives rise to:

Lemma 6.2.11. There is C > 0 such that for any ε > 0 the estimates∫
Ω

uε(·, t) lnuε(·, t) +

∫
Ω

|∇vε(·, t)|2

vε(·, t)
+

∫
Ω

|Uε(·, t)|2 ≤ C hold for all t ∈ (0, Tmax,ε) (6.23)
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and such that we may estimate∫ t+τ

t

∫
Ω

u2
ε lnuε +

∫ t+τ

t

∫
Ω

|∇uε|2

uε
+

∫ t+τ

t

∫
Ω

vε|D2 ln vε|2 ≤ C (6.24)∫ t+τ

t

∫
Ω

|∇vε|4

v3
ε

+

∫ t+τ

t

∫
Ω

|∇Uε|2 ≤ C (6.25)∫ t+τ

t

∫
Ω

|∇uε|
4
3 +

∫
Ω

|∇vε|2 +

∫ t+τ

t

∫
Ω

|∇vε|4 +

∫ t+τ

t

∫
Ω

u2
ε ≤ C (6.26)

for any ε > 0 and any t ∈ [0, Tmax,ε − τ), where τ = min{1, 1
2Tmax,ε}.

Proof. We let Fε(t) :=
∫

Ω
uε(·, t) lnuε(·, t) + χ

2

∫
Ω
|∇vε(·,t)|2
vε(·,t) +Kχ

∫
Ω
|Uε(·, t)|2, note that each of

the summands is bounded from below, that s ln s ≤ 1
2e + s2 ln s for any s > 0,

∫
Ω
|∇vε(·,t)|2
vε(·,t) ≤

‖vε(·, t)‖L∞(Ω)

∫
Ω
|∇vε(·,t)|4
v3
ε(·,t) + |Ω| for any t ∈ (0, Tmax,ε) and that there is Cp > 0 such that∫

Ω
|Uε(·, t)|2 ≤ Cp

∫
Ω
|∇Uε(·, t)|2 for any t ∈ (0, Tmax,ε). Hence (and by (6.3)), Fε satisfies an

ODI of the form F ′ + k1F ≤ k2 with some k1 > 0 and k2 > 0, and we may conclude the
validity of (6.23). The estimates in (6.24) and (6.25) then directly result from Lemma 6.2.10
upon integration. For (6.26), we observe that the bound on

∫ t+τ
t

∫
Ω
u2
ε results from Lemma 6.2.5,

and that by Young’s inequality∫ t+τ

t

∫
Ω

|∇uε|
4
3 =

∫ t+τ

t

∫
Ω

|∇uε|
4
3

u
2
3
ε

u
2
3
ε ≤

2

3

∫ t+τ

t

∫
Ω

|∇uε|2

uε
+

1

3

∫ t+τ

t

∫
Ω

u2
ε.

for all t ∈ [0, Tmax,ε − τ). Furthermore, by Lemma 6.2.3 for any ε > 0,∫
Ω

|∇vε(·, t)|2 ≤ ‖vε(·, t)‖L∞(Ω)

∫
Ω

|∇vε(·, t)|2

vε(·, t)

≤ ‖v0‖L∞(Ω)

∫
Ω

|∇vε(·, t)|2

vε(·, t)
for any t ∈ (0, Tmax,ε),

which is bounded due to (6.23). The integral
∫ t+τ
t

∫
Ω
|∇vε|4 can be treated similarly, invoking

(6.25).

A first consequence of these bounds is that the approximate solutions are global and we may a
posteriori ignore any condition of the type t < Tmax,ε in the previous lemmata.

Lemma 6.2.12. For any ε > 0, Tmax,ε =∞.

Proof. Under the assumption that Tmax,ε < ∞, for any ε > 0, Lemma 6.2.11 would provide us
with C > 0 such that∫ Tmax,ε

0

∫
Ω

|∇vε|4 ≤ C and
∫

Ω

|Uε|2 ≤ C on (0, Tmax,ε).

With this as starting point, we could follow the reasoning of [114, Lemma 3.9] to derive a con-
tradiction to (6.5). There differential inequalities for

∫
Ω
u4
ε and

∫
Ω
|A 1

2Uε|2 first yielded bounds
for these quantities on [0, Tmax,ε), then smoothing estimates for the Stokes semigroup (if com-
bined with an embedding for the domains of fractional powers of A) and for the Neumann heat
semigroup successively led to estimates for ‖Uε‖L∞(Ω×(0,Tmax,ε))

, ‖∇vε‖L∞((0,Tmax,ε);L4(Ω)) and
‖uε‖L∞(Ω×(0,Tmax,ε))

.
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6.2.3 Time regularity
In preparation of an Aubin-Lions type compactness argument, we intend to supplement Lemma
6.2.11 with bounds on time derivatives. This will be the purpose of the following three lemmata.

Lemma 6.2.13. For any T > 0 there is C > 0 such that for every ε > 0,

‖uεt‖L1((0,T );(W 2,4
0 (Ω))∗) ≤ C.

Proof. Let T > 0. We recall that
(
L1((0, T ); (W 2,4

0 (Ω))∗)
)∗

= L∞((0, T ),W 2,4
0 (Ω)) and that

hence for all φ ∈ L1((0, T ); (W 2,4
0 (Ω))∗)

‖φ‖L1((0,T );(W 2,4
0 (Ω))∗) = sup

{∫ T

0

∫
Ω

φϕ; ϕ ∈ L∞((0, T ),W 2,4
0 (Ω)), ‖ϕ‖L∞((0,T ),W 2,4

0 (Ω)) ≤ 1

}
,

and introduce k1 > 0 such that

max
{
‖φ‖L4((0,T );W 1,4(Ω)) , ‖φ‖L2((0,T );L2(Ω)) , ‖φ‖L2((0,T );W 1,2(Ω)) , ‖φ‖L∞((0,T );W 1,∞(Ω))

}
≤ k1 ‖φ‖L∞((0,T ),W 2,4

0 (Ω)) for all φ ∈ L∞((0, T ),W 2,4
0 (Ω)),

which is guaranteed to exist by the continuous embeddings of W 2,4(Ω) into the spaces W 1,4(Ω),
L2(Ω), and W 1,∞(Ω). We then pick an arbitrary function ϕ ∈ L∞((0, T ),W 2,4

0 (Ω)) having norm
‖ϕ‖L∞((0,T ),W 2,4

0 (Ω)) ≤ 1 and test (6.4a) by ϕ, so that we obtain∫ T

0

∫
Ω

uεtϕ =

∫ T

0

∫
Ω

∇uε · ∇ϕ− χ
∫ T

0

∫
Ω

uε
1 + εuε

∇vε · ∇ϕ

+ κ

∫ T

0

∫
Ω

uεϕ− µ
∫ T

0

∫
Ω

u2
εϕ−

∫ T

0

∫
Ω

uεUε · ∇ϕ

≤‖∇ϕ‖L4((0,T );L4(Ω))

(∫ T

0

∫
Ω

|∇uε|
4
3

) 3
4

+ χ ‖∇ϕ‖L2((0,T );L2(Ω))

(∫ T

0

∫
Ω

u2
ε

) 1
2

sup
t∈(0,T )

(∫
Ω

|∇vε(·, t)|2
) 1

2

+ κ ‖ϕ‖L2((0,T );L2(Ω))

(∫ T

0

∫
Ω

u2
ε

) 1
2

+ µ ‖ϕ‖L∞((0,T );L∞(Ω))

∫ T

0

∫
Ω

u2
ε

+ ‖∇ϕ‖L∞((0,T );L∞(Ω))

(∫ T

0

∫
Ω

|Uε|2
) 1

2
(∫ T

0

∫
Ω

u2
ε

) 1
2

for all ε > 0.

If we let C be as in Lemma 6.2.11, we obtain∫ T

0

∫
Ω

uεtϕ ≤ k1(CT )
3
4 + χk1(CT )

1
2C

1
2 + κk1C

1
2 + µk1CT + k1CT for all ε > 0

and thus conclude the proof.

We continue with a similar statement concerning the second component of the solution.
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Lemma 6.2.14. For all T > 0 there is C > 0 such that

‖vεt‖L2((0,T );(W 1,2
0 (Ω))∗) ≤ C

for all ε > 0.

Proof. Let T > 0. Employing Hölder’s inequality and using that for any ε > 0 and s > 0 appar-
ently ln(1+εs)

ε ≤ s, we see that for any ϕ ∈ L2((0, T );W 1,2
0 (Ω)) satisfying ‖ϕ‖L2((0,T );W 1,2(Ω)) ≤ 1

we have∫ T

0

∫
Ω

vεtϕ

= −
∫ T

0

∫
Ω

∇vε · ∇ϕ−
∫ T

0

∫
Ω

vε
1

ε
ln(1 + εuε)ϕ+

∫ T

0

∫
Ω

vεUε · ∇ϕ

≤

(∫ T

0

∫
Ω

|∇vε|2
) 1

2

‖∇ϕ‖L2((0,T );L2(Ω)) + ‖vε‖L∞(Ω×(0,T ))

(∫ T

0

∫
Ω

u2
ε

) 1
2

‖ϕ‖L2((0,T );L2(Ω))

+ ‖vε‖L∞(Ω×(0,T ))

(∫ T

0

∫
Ω

|Uε|2
) 1

2

‖∇ϕ‖L2((0,T );L2(Ω)) ,

again concluding the proof with the aid of Lemma 6.2.11.

Lemma 6.2.15. For all T > 0 there is C > 0 such that

‖Uεt‖L2((0,T );(W 1,3
σ (Ω))∗) ≤ C (6.27)

holds for any ε > 0.

Proof. Let ϙ ∈ L2(0, T ;W 1,3
σ (Ω)) with ‖ϙ‖L2(0,T ;W 1,3

σ (Ω)) = 1. Then

∫ T

0

∫
Ω

Uεt · ϙ ≤

∣∣∣∣∣−
∫ T

0

∫
Ω

∇Uε · ∇ϙ+

∫ T

0

∫
Ω

YεUε ⊗ Uε∇ϙ+

∫ T

0

∫
Ω

uε∇Φ · ϙ+

∫ T

0

∫
Ω

f · ϙ

∣∣∣∣∣
≤‖∇Uε‖L2((0,T );L2(Ω)) ‖∇ϙ‖L2((0,T );L2(Ω))

+ ‖YεUε‖L2((0,T );L6(Ω)) ‖Uε‖L∞((0,T );L2(Ω)) ‖∇ϙ‖L2((0,T );L3(Ω))

+ ‖∇Φ‖L∞(Ω) ‖uε‖L2((0,T );L2(Ω)) ‖ϙ‖L2((0,T );L2(Ω))

+ ‖f‖
L2((0,T );L

6
5 (Ω))

‖ϙ‖L2((0,T );L6(Ω)) . (6.28)

Here we can use that by the embedding W 1,2
σ (Ω) ↪→ L6(Ω;R3) and nonexpansiveness of Yε on

L2
σ(Ω) (see e.g. [87, (II.3.4.6)]) there is k > 0 such that for any ε > 0

‖YεUε‖L6(Ω) ≤ k ‖∇YεUε‖L2(Ω) = k
∥∥∥A 1

2YεUε

∥∥∥
L2(Ω)

= k
∥∥∥YεA 1

2Uε

∥∥∥
L2(Ω)

≤ k
∥∥∥A 1

2Uε

∥∥∥
L2(Ω)

= k ‖∇Uε‖L2(Ω) .

Thus, the bounds on ‖∇Uε‖L2((0,T );L2(Ω)), ‖Uε‖L∞((0,T );L2(Ω)), ‖uε‖L2((0,T );L2(Ω)) from Lemma
6.2.11 entail boundedness of the expression in (6.28), so that (6.27) results.
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6.2 Existence of weak solutions

6.2.4 Passing to the limit. Proof of Theorem 6.1.1
With these lemmata we have collected sufficiently many estimates to construct weak solutions
by compactness arguments. Before doing so, let us define what a weak solution is supposed to
be:

Definition 6.2.16. A weak solution of (6.1) is a triple (u, v, U) of functions such that

u ∈ L2
loc([0,∞);L2(Ω)) ∩ L

4
3

loc([0,∞);W 1, 43 (Ω)),

v ∈ L2
loc([0,∞);W 1,2(Ω)) and

U ∈ L2
loc([0,∞);W 1,2

0,σ (Ω)),

and that

−
∫ T

0

∫
Ω

uϕt −
∫

Ω

u0ϕ(·, 0)−
∫ T

0

∫
Ω

uU · ∇ϕ = −
∫ T

0

∫
Ω

∇u · ∇ϕ+ χ

∫ T

0

∫
Ω

u∇v · ∇ϕ

+ κ

∫ T

0

∫
Ω

uϕ− µ
∫ T

0

∫
Ω

u2ϕ,

−
∫ T

0

∫
Ω

vϕt −
∫

Ω

v0ϕ(·, 0)−
∫ T

0

∫
Ω

vU · ∇ϕ = −
∫ T

0

∫
Ω

∇v · ∇ϕ−
∫ T

0

∫
Ω

uvϕ and

−
∫ T

0

∫
Ω

U · ψt −
∫

Ω

U0 · ψ(·, 0)−
∫ T

0

∫
Ω

U ⊗ U · ∇ψ = −
∫ T

0

∫
Ω

∇U · ∇ψ +

∫ T

0

∫
Ω

u∇ψ∇Φ +

∫ T

0

∫
Ω

f · ψ

hold for any ϕ ∈ C∞0 (Ω× [0,∞)) and any ψ ∈ C∞0,σ(Ω× [0,∞)), respectively.

Such weak solutions do exist:

Proposition 6.2.17. There exist a sequence (εj)j∈N ↘ 0 and functions u, v, U such that u ∈
L2
loc([0,∞);L2(Ω))∩L

4
3

loc([0,∞);W 1, 43 (Ω)), v ∈ L2
loc([0,∞);W 1,2(Ω)), U ∈ L2

loc([0,∞);W 1,2
0,σ (Ω))

and that

uε → u in L
4
3

loc([0,∞);Lp(Ω)) for all p ∈ [1,
12

5
) and a.e. in Ω× (0,∞), (6.29)

vε → v in C0
loc([0,∞);Lp(Ω)) for all p ∈ [1, 6) and a.e. in Ω× (0,∞), (6.30)

vε
∗
⇀ v in L∞(Ω× (t, t+ 1)) for all t ≥ 0, (6.31)

Uε → U in L2
loc([0,∞);Lp(Ω;R3)) for all p ∈ [1, 6) and a.e. in Ω× (0,∞), (6.32)

∇uε ⇀ ∇u in L
4
3

loc([0,∞);L
4
3 (Ω;R3)), (6.33)

∇vε
∗
⇀ ∇v in L∞loc([0,∞);L2(Ω;R3)), (6.34)

∇Uε ⇀ ∇U in L2
loc([0,∞);L2(Ω;R3×3)), (6.35)

YεUε → U in L2
loc([0,∞);L2(Ω;R3)) and (6.36)

uε → u in L2
loc([0,∞);L2(Ω)), (6.37)

as ε = εj ↘ 0, and such that (u, v, U) form a weak solution to (6.1) in the sense of Definition
6.2.16.

Proof. For any p ∈ [1, 12
5 ), W 1, 43 (Ω)

cpt
↪→ Lp(Ω) ↪→ (W 2,4

0 (Ω))∗, so that for any T > 0 the bound
on ‖uε‖

L
4
3 ([0,T );W 1, 4

3 (Ω))
from Lemma 6.2.11, which was independent of ε, together with Lemma
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

6.2.13 and [86, Corollary 4] shows relative compactness of {uε; ε > 0} in L 4
3 ((0, T );Lp(Ω)) and

thus ensures the existence of a sequence (εj)j∈N satisfying (6.29). Because for any T > 0 there
is a uniform bound on

∫ T
0

∫
Ω

Ψ(u2
ε) for Ψ(x) = x

2 ln(x), {u2
ε; ε > 0} is weakly relatively pre-

compact in L1(Ω × (0, T )) by the Dunford-Pettis theorem (cf. [21, Thm. IV.8.9]) and hence,
along a subsequence of (εj)j∈N, u2

ε ⇀ z in L1(Ω × (0, T )) for some z ∈ L1(Ω × (0, T )), where
z has to coincide with u2 due to (6.29). In particular,

∫ T
0

∫
Ω
u2
ε →

∫ T
0

∫
Ω
u2 as εj → 0.

Since moreover, along a further subsequence, uε ⇀ u in L2
loc([0,∞);L2(Ω)) due to (6.26),

we obtain (6.37). Similarly, bounds on vε with respect to the norm of L∞([0, T );W 1,2(Ω))
and on vεt in L2([0, T ); (W 1,2(Ω))∗) as obtained in Lemma 6.2.11 and Lemma 6.2.14 and the

embedding W 1,2(Ω)
cpt
↪→ Lp(Ω) ↪→ (W 1,2

0 (Ω))∗ for all p ∈ [1, 6) allow for an application of
[86, Corollary 4], which yields (6.30) along a suitable subsequence of the sequence previously
found. Similar reasoning for U , combining bounds on Uε in L2([0, T );W 1,2

σ (Ω)) and on Uεt
in L2([0, T ); (W 1,3

σ (Ω))∗), results in (6.32). Due to (6.32), also for almost every t > 0 we
have Uε(·, t) → U(·, t) and taking into account [87, II.(3.4.6)] and [87, II.(3.4.8)] shows that
‖YεUε − U‖L2(Ω) ≤ ‖YεUε − YεU + YεU − Y U‖L2(Ω) ≤ ‖Uε − U‖L2(Ω) + ‖(Yε − Y )U‖L2(Ω) → 0

for a.e. t > 0. Since ‖YεUε‖L2(Ω) ≤ ‖Uε‖L2(Ω) and ‖Uε‖L2(Ω) converges in L2((0, T )), a version
of Lebesgue’s theorem ensures the validity of (6.36). Convergence of the gradients along further
subsequences, as asserted in (6.33), (6.34) and (6.35), is easily obtained from the bounds given
in Lemma 6.2.11. The convergence properties asserted in (6.30), (6.32), (6.33), (6.34),(6.35),
(6.36) and (6.37) finally, are sufficient to pass to the limit in each integral making up a weak
formulation of system (6.4), so that (u, v, U) is a weak solution to (6.1).

The most important consequence of this proposition is that the existence theorem is proven:

Proof of Theorem 6.1.1. The theorem is part of the statement proven by Proposition 6.2.17.

6.3 Eventual smoothness and asymptotics

6.3.1 Lower bound for the bacterial mass

Although we already know an upper bound for
∫

Ω
u, we are still lacking a corresponding estimate

from below, which was crucial in the derivation of the convergence of v in [107]. Consideration
of the function

Gε,B(t) :=

∫
Ω

uε(·, t)−
κ

µ

∫
Ω

ln
µuε(·, t)

κ
+
B

2

∫
Ω

v2
ε(·, t), t ∈ (0,∞)

will help us to recover this lower bound. At the same time, we will obtain another cornerstone
for the proof of convergence of u (see Lemma 6.3.9 and Lemma 6.3.18).
In [108], a similar functional has been employed to obtain convergence of u and v to a constant
equilibrium. The model considered there contains the Keller-Segel equation as second equation
and due to the contributions of the production term +u therein, whose influence is increased
with increasing values of B, it was not possible to choose B arbitrarily large there, which in the
end resulted in a largeness condition on µ ([108, (8.3)]). Thanks to the consumption term in
(6.4a), all terms obtained from this equation work in favour of our estimate and we do not need
a corresponding condition on µ and can choose B in such a way that Gε,B becomes an energy
functional.

120



6.3 Eventual smoothness and asymptotics

Lemma 6.3.1. There is B0 such that for any B > B0 and any ε > 0, we have

d

dt
Gε,B(t) + µ

∫
Ω

(
uε −

κ

µ

)2

+
κ

2µ

∫
Ω

|∇uε|2

u2
ε

≤ 0 on (0,∞). (6.38)

Proof. Let B0 := κχ2

2µ and B > B0. The derivative of Gε,B then satisfies

d

dt
Gε,B =

∫
Ω

uεt −
κ

µ

∫
Ω

uεt
uε

+B

∫
Ω

vεvεt

= κ

∫
Ω

uε − µ
∫

Ω

u2
ε −

κ

µ

∫
Ω

∆uε
uε

+
κ

µ
χ

∫
Ω

∇ ·
(

uε
1+εuε

∇vε
)

uε
− κ2

µ

∫
Ω

1 + κ

∫
Ω

uε

+
κ

µ

∫
Ω

Uε ·
∇uε
uε

+B

∫
Ω

vε∆vε −B
∫

Ω

v2
ε

1

ε
ln(1 + εuε)−B

∫
Ω

vε∇vε · Uε

on (0,∞) and for all ε > 0. Here we can use that Uε is divergence-free and hence integration by
parts shows that

∫
Ω
∇( 1

2v
2
ε)·Uε vanishes as well as

∫
Ω
Uε ·∇ lnuε. Furthermore we can summarize

the terms without derivatives according to

−µ
∫

Ω

u2
ε −

κ2

µ

∫
Ω

1 + 2κ

∫
Ω

uε = −µ
∫

Ω

(
uε −

κ

µ

)2

on (0,∞) and for all ε > 0

so that for all ε > 0 we obtain

d

dt
Gε,B = −µ

∫
Ω

(
uε −

κ

µ

)2

− κ

µ

∫
Ω

|∇uε|2

u2
ε

+
κχ

µ

∫
Ω

uε∇vε
(1 + εuε)u2

ε

· ∇uε

−B
∫

Ω

|∇vε|2 −B
∫

Ω

v2
ε

1

ε
ln(1 + εuε)

on (0,∞). Nonnegativity of
∫

Ω
v2
ε

1
ε ln(1 + εuε) and an application of Young’s inequality together

with the trivial estimate uε
(1+εuε)uε

≤ 1 yield

d

dt
Gε,B ≤− µ

∫
Ω

(
uε −

κ

µ

)2

− κ

µ

∫
Ω

|∇uε|2

u2
ε

+
κ

2µ

∫
Ω

|∇uε|2

u2
ε

+
κχ2

2µ

∫
Ω

|∇vε|2 −B
∫

Ω

|∇vε|2

on (0,∞) for any ε > 0, so that we finally arrive at (6.38).

We collect the estimates implicitly contained in Lemma 6.3.1:

Lemma 6.3.2. There are k > 0 and C > 0 such that for any ε > 0∫
Ω

uε(·, t) > k for all t > 0, and (6.39)∫ ∞
0

∫
Ω

(
uε −

κ

µ

)2

≤ C. (6.40)

Proof. Let B > B0 with B0 as in Lemma 6.3.1 and ε > 0. For any t > 0, integration of (6.38)
on (0, t) yields∫

Ω

uε(·, t)−
κ

µ

∫
Ω

ln
µuε(·, t)

κ
+
B

2

∫
Ω

v2
ε(·, t) + µ

∫ t

0

∫
Ω

(
uε −

κ

µ

)2

+
κ

2µ

∫ t

0

∫
Ω

|∇uε|2

u2
ε
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≤
∫

Ω

u0 −
κ

µ

∫
Ω

ln
µu0

κ
+
B

2

∫
Ω

v2
0 .

In particular, for all t > 0,

κ

µ

∫
Ω

ln
µuε(·, t)

κ
≥
∫

Ω

uε(·, t)−
∫

Ω

u0 +
B

2

∫
Ω

v2
ε(·, t)− B

2

∫
Ω

v2
0 +

κ

µ

∫
Ω

ln
µu0

κ

+ µ

∫ t

0

∫
Ω

(
uε −

κ

µ

)2

+
κ

2µ

∫ t

0

∫
Ω

|∇uε|2

u2
ε

(6.41)

≥ −
∫

Ω

u0 −
B

2

∫
Ω

v2
0 +

κ

µ

∫
Ω

ln
µu0

κ
+ µ

∫ t

0

∫
Ω

(
uε −

κ

µ

)2

+
κ

2µ

∫ t

0

∫
Ω

|∇uε|2

u2
ε

.

Since κ
µ

∫
Ω

ln µuε(·,t)
κ ≤ κ

µ

∫
Ω
µuε(·,t)

κ =
∫

Ω
uε(·, t) is bounded according to Lemma 6.2.5, this

entails (6.40). The estimate in (6.41) also shows that∫
Ω

ln
µuε(·, t)

κ

1

|Ω|
≥ µ

|Ω|κ

[
−
∫

Ω

u0 −
B

2

∫
Ω

v2
0 +

κ

µ

∫
Ω

ln
µu0

κ

]
=: k1 for all t > 0,

so that Jensen’s inequality implies

µ

κ

∫
Ω

uε(·, t)
1

|Ω|
≥ e

∫
Ω

ln
µuε(·,t)

κ
1
|Ω| ≥ ek1 for all t > 0

and hence (6.39).

For later reference, we state an immediate consequence of (6.40).

Corollary 6.3.3. The function u obtained in Proposition 6.2.17 satisfies∫ ∞
0

∫
Ω

(
u− κ

µ

)2

<∞.

Proof. With C as in (6.40), for any T ∈ (0,∞),∫ T

0

∫
Ω

(
u− κ

µ

)2

= lim
ε→0

∫ T

0

∫
Ω

(
uε −

κ

µ

)2

≤ C

by (6.37).

6.3.2 Decay of oxygen

With the lower bound on the bacterial mass from Lemma 6.3.2 we are well-equipped for the
derivation of decay of v by means of (6.4b). Smallness of v will play an important role in Section
6.3.3, when we derive bounds on uε in higher Lp-norms via a differential inequality holding for
small values of vε only. For turning such bounds into information on u, it will be crucial that
the validity of the ODI does not hinge on ε too much, i.e. that the decay of vε be uniform in
ε. In pursuance of this uniformity, in the following lemma we will consider v instead of vε and
afterwards carry back the decay information to the vε (which, due to their differentiability, are
much better suited for making an appearance in ODIs like that in the proof of Lemma 6.3.8).
The idea of the proof of boundedness of vε is taken from [107, Sec. 4].
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6.3 Eventual smoothness and asymptotics

Lemma 6.3.4. For any η > 0 there is T > 0 such that for any t > T

0 ≤
∫ t+1

t

∫
Ω

v < η.

Proof. Integrating (6.4b) shows that∫
Ω

v0 ≥
∫ t

0

∫
Ω

vε
ln(1 + εuε)

ε
for any t > 0 and any ε > 0,

which in light of (6.30), (6.29) asserts that∫
Ω

v0 ≥
∫ t

0

∫
Ω

uv for all t > 0

and hence in particular ∫ t+1

t

∫
Ω

uv → 0 as t→∞. (6.42)

Denoting the average value 1
|Ω|
∫

Ω
v(·, t) of v(·, t) by v̄(·, t) we observe that∣∣∣∣∫ t+1

t

∫
Ω

uv

∣∣∣∣ =

∫ t+1

t

∫
Ω

u(v − v̄) +

∫ t+1

t

v̄

∫
Ω

u for all t > 0, (6.43)

where ∫ t+1

t

∫
Ω

u(v − v̄) ≤
(∫ t+1

t

∫
Ω

u2

) 1
2
(∫ t+1

t

∫
Ω

(v − v̄)2

) 1
2

≤ k
1
2
1

(
cp

∫ t+1

t

∫
Ω

|∇v|2
) 1

2

with cp, k1 being constants obtained from Poincaré’s inequality and Lemma 6.2.5 in combination
with (6.37). We use k2 to denote the positive lower bound for

∫
Ω
u, which is guaranteed to exist by

Lemma 6.3.2 and (6.29). Since ∇v ∈ L2(Ω×(0,∞);R3) due to Lemma 6.2.4,
∫ t+1

t

∫
Ω
u(v− v̄)→ 0

as t→∞ and taking (6.42) and (6.43) into account, we see that

0 ≤ 1

|Ω|

∫ t+1

t

∫
Ω

vk2 ≤
∫ t+1

t

v̄

∫
Ω

u→ 0 as t→∞.

We transfer this information back to the functions vε:

Corollary 6.3.5. For any η > 0 there is T > 0 such that for all t ≥ T there is ε0 = ε0(t) > 0
such that for any ε ∈ (0, ε0) ∫ t+1

t

∫
Ω

vε < η.

Proof. This directly results from Lemma 6.3.4 and (6.30).

Lemma 6.3.6. For any η > 0 there are T > 0 and ε0 > 0 such that for every t > T and every
ε ∈ (0, ε0) we have

‖vε(·, t)‖L∞(Ω) < η.
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Proof. The Gagliardo-Nirenberg inequality asserts the existence of k1 > 0 such that

‖φ‖L∞(Ω) ≤ k1

(
‖∇φ‖

12
13

L4(Ω) ‖φ‖
1
13

L1(Ω) + ‖φ‖L1(Ω)

)
for all φ ∈W 1,4(Ω) (6.44)

and according to Lemma 6.2.11 there is k2 > 0 such that∫ t+1

t

∫
Ω

|∇vε|4 ≤ k2 for all t > 0, ε > 0. (6.45)

Let η > 0. Let δ > 0 be such that k1k
3
52
2 δ

1
13 + k1δ < η. Due to Corollary 6.3.5 there are T0 > 0

and ε0 > 0 such that for every ε ∈ (0, ε0) we have
∫ T0+1

T0

∫
Ω
vε < δ. Invoking (6.44) and (6.45),

we see that∫ T0+1

T0

‖vε‖L∞(Ω) ≤k1

∫ T0+1

T0

‖∇vε‖
12
13

L4(Ω) ‖vε‖
1
13

L1(Ω) + k1

∫ T0+1

T0

‖vε‖L1(Ω)

≤k1

(∫ T0+1

T0

‖∇vε‖4L4(Ω)

) 3
13
(∫ T0+1

T0

‖vε‖L1(Ω)

) 1
13

· 1 9
13 + k1δ

≤k1k
3
52
2 δ

1
13 + k1δ ≤ η for any ε ∈ (0, ε0).

In particular, for every ε ∈ (0, ε0), there is at least one t0 ∈ [T0, T0+1] such that ‖vε(·, t0)‖L∞(Ω) ≤
η and thus, due to monotonicity of vε (Lemma 6.2.3), for all ε ∈ (0, ε0) and all t > T := T0 + 1,

‖vε(·, t)‖L∞(Ω) ≤ η.

Corollary 6.3.7. The function v obtained in Proposition 6.2.17 satisfies

‖v(·, t)‖L∞(Ω) → 0 as t→∞.

Proof. Combining Lemma 6.3.6 with (6.31) this convergence statement results immediately.

6.3.3 Boundedness of u
In obtaining eventual smoothness and convergence of the solutions constructed in Proposition
6.2.17, we will heavily rely on estimates for higher norms of u. We can achieve those for large
times in Lemma 6.3.8 and prepare this by deriving a differential inequality for yε(t) :=

∫
Ω

upε
(η−vε)θ ,

which holds for small values of vε. Fortunately, we already have established that ‖vε(·, t)‖L∞(Ω)

converges to 0.
The same quantity has proven useful in the derivation of estimates for ‖u(·, t)‖Lp(Ω) for large
t already in [118, Sec. 5] and [107, Sec. 5]. Note, however, that there (that is: in the setting
without logistic source) the analogue of (6.49) below would read

y′ε +

(
[2pθ + χp(p− 1)η]2

4(θ(1 + θ)− χpθη)
− p(p− 1)

)∫
Ω

up−2
ε |∇uε|2

(η − vε)θ
≤ 0,

so that the right hand side already equalled zero, and hence at the same time bounds on the
expression

∫ t+1

t

∫
Ω
up−2
ε |∇uε|2
(η−vε)θ could be obtained.

The fact that y is defined on intervals (T,∞) for large T only, raises the problem that the initial
values yε(T ) are unknown and differ for varying ε. Fortunately, the nonlinear absorptive term
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6.3 Eventual smoothness and asymptotics

allows for comparison with solutions ’starting from initial data∞’ (see (6.50)), so that the bound
on yε does not depend on

∫
Ω
upε(T ) and hence not on ε.

Also, it is important to note that T may (and will) depend on p, but is independent of ε due to
the uniformity of the decay of vε asserted by Lemma 6.3.6. This will be decisive when transferring
the bounds on ‖uε‖Lp(Ω) to ‖u‖Lp(Ω).

Lemma 6.3.8. For any p ∈ (1,∞) there are T ? > 0, ε0 > 0 and C > 0 such that∫
Ω

upε(·, t) ≤ C

for all t > T ? and all ε ∈ (0, ε0).

Proof. Let p > 1. First fix θ > 0 so small that

4p2θ + 4p2θχ(p− 1) + χ2p2(p− 1)2θ < 2p(p− 1)

and let 0 < η < min{1, θ, 1
2pχ}. Then

4p2θ + 4p2θχ(p− 1)
η

θ
+ χ2p2(p− 1)2θ

η2

θ2
< 4p(p− 1)[1 + θ − χpη]

and hence

4p2θ2 + 4p2θχ(p− 1)η + χ2p2(p− 1)2η2 < 4p(p− 1)θ[1 + θ − χpη],

that is,
(2pθ + χp(p− 1)η)2 < p(p− 1)4θ(1 + θ − χpη). (6.46)

We use Lemma 6.3.6 to fix T > 0 and ε0 > 0 such that for any ε ∈ (0, ε0), t > T , we have

‖vε(·, t)‖L∞(Ω) ≤
η

2
. (6.47)

Let ε ∈ (0, ε0). Then

yε(t) :=

∫
Ω

upε
(η − vε)θ

, t ≥ T,

is well-defined, and on (T,∞) we can compute

d

dt

∫
Ω

upε
(η − vε)θ

=p

∫
Ω

up−1
ε uεt

(η − vε)θ
+ θ

∫
Ω

upε
(η − vε)1+θ

vεt

= p

∫
Ω

up−1
ε ∆uε

(η − vε)θ
− χp

∫
Ω

up−1
ε ∇ · ( uε

1+εuε
∇vε)

(η − vε)θ
− p

∫
Ω

up−1
ε Uε · ∇uε
(η − vε)θ

+ pκ

∫
Ω

upε
(η − vε)θ

− pµ
∫

Ω

up+1
ε

(η − vε)θ

+ θ

∫
Ω

upε∆vε
(η − vε)θ+1

− θ
∫

Ω

upε
vε
ε ln(1 + εuε)

(η − vε)1+θ
− θ

∫
Ω

upεUε · ∇vε
(η − vε)1+θ

. (6.48)

Here we use that, since Uε is divergence-free, we have

−p
∫

Ω

up−1
ε Uε · ∇uε
(η − vε)θ

− θ
∫

Ω

upεUε · ∇vε
(η − vε)1+θ

= −
∫

Ω

Uε · ∇
(

upε
(η − vε)θ

)
= 0 on (T,∞).
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Furthermore, employing Hölder’s inequality, we estimate∫
Ω

upε
(η − vε)θ

≤
(∫

Ω

1p+1

(η − vε)θ

) 1
p+1
(∫

Ω

up+1
ε

(η − vε)θ

) p
p+1

≤
(

2θ|Ω|
ηθ

) 1
p+1
(∫

Ω

up+1
ε

(η − vε)θ

) p
p+1

on (T,∞) by (6.47), so that

−µp
∫

Ω

up+1
ε

(η − vε)θ
≤ −pµ

(
ηθ

2θ|Ω|

) 1
p
(∫

Ω

upε
(η − vε)θ

)1+ 1
p

=: −k1y
1+ 1

p
ε on (T,∞).

We infer from (6.48) by integration by parts that

y′ε ≤ −p(p− 1)

∫
Ω

up−2
ε |∇uε|2

(η − vε)θ
− pθ

∫
Ω

up−1
ε ∇uε · ∇vε
(η − vε)θ+1

+ χp(p− 1)

∫
Ω

up−1
ε ∇uε · ∇vε

(1 + εuε)(η − vε)θ

+ χpθ

∫
Ω

upε |∇vε|2

(1 + εuε)(η − vε)1+θ
+ κpyε − k1y

1+ 1
p

ε

− θp
∫

Ω

up−1
ε ∇uε · ∇vε
(η − vε)1+θ

− θ(1 + θ)

∫
Ω

upε |∇vε|2

(η − vε)2+θ
− θ

∫
Ω

upε
vε
ε ln(1 + εuε)

(η − vε)1+θ
on (T,∞).

We use that 1
1+εuε

≤ 1 and (by (6.47)) 1 ≤ η
η−vε ≤ 2 as well as nonpositivity of the last term

and get

y′ε ≤− p(p− 1)

∫
Ω

up−2
ε |∇uε|2

(η − vε)θ
− [θ(1 + θ)− χpθη]

∫
Ω

upε |∇vε|2

(η − vε)2+θ

+ [pθ + χp(p− 1)η + θp]

∫
Ω

up−1
ε |∇uε||∇vε|
(η − vε)1+θ

+ κpyε − k1y
1+ 1

p
ε , on (T,∞),

where an application of Young’s inequality reveals that for any t > T ,

[2pθ + χp(p− 1)η]

∫
Ω

up−1
ε (·, t)|∇uε(·, t)||∇vε(·, t)|

(η − vε(·, t))1+θ

≤ (2pθ + χp(p− 1)η)2

4(θ(1 + θ)− χpθη)

∫
Ω

up−2
ε (·, t)|∇uε(·, t)|2

(η − vε)θ
+ (θ(1 + θ)− χpθη)

∫
Ω

upε(·, t)|∇vε(·, t)|2

(η − vε)2+θ

and thereby leads to

y′ε ≤
(

[2pθ + χp(p− 1)η]2

4(θ(1 + θ)− χpθη)
− p(p− 1)

)∫
Ω

up−2
ε |∇uε|2

(η − vε)θ
+ κpyε − k1y

1+ 1
p

ε

≤κpyε − k1y
1+ 1

p
ε on (T,∞) (6.49)

by (6.46). Because

z(t) : =

[(
1

yε(T )
1
p

− k1

κp

)
e−κ(t−T ) +

k1

κp

]−p
≤
[
k1

κp

(
1− e−κ(t−T )

)]−p
, t > T, (6.50)

solves z′ = κpz − k1z
1+ 1

p , z(T ) = yε(T ), by a straightforward comparison argument we infer
yε ≤ z on (T,∞) and thus∫

Ω

upε ≤
∫

Ω

(η − vε)θ
upε

(η − vε)θ
≤ ηθ

∫
Ω

upε
(η − vε)θ

= ηθyε(t) ≤ ηθ
[
k1

κp
(1− e−κ)

]−p
.

for t > T ? := T + 1.
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6.3 Eventual smoothness and asymptotics

One particular consequence of this bound is the following:

Lemma 6.3.9. For any p > 1 and any δ > 0 there is T > 0 such that for any t > T there is
ε0 > 0 such that for any ε ∈ (0, ε0) ∫ t+3

t

∥∥∥∥uε − κ

µ

∥∥∥∥
Lp(Ω)

< δ.

Proof. Let δ > 0, let p > 1. Employing Lemma 6.3.8 we let T0 > 0, ε? > 0 and C > 0
be such that

∫
Ω
u2p
ε (·, t) ≤ C2p for all t > T0, ε ∈ (0, ε?). From (6.40) and (6.37) we in-

fer that
∫∞

0

∫
Ω

(
u− κ

µ

)2

is finite. Hence, there is T > T0 such that for all t > T we have∫ t+3

t

∫
Ω

(
u− κ

µ

)2

≤ 1
2δ

2p−233−2p(C + κ
µ |Ω|

1
2p )4−2p. Due to (6.37), for all t > T we can find

εt > 0 such that for all ε ∈ (0, εt) we have
∫ t+3

t

∫
Ω

(
uε − κ

µ

)2

< δ2p−233−2p
(
C + κ

µ |Ω|
1
2p

)4−2p

.
For any t > T , we let ε0 := min{ε?, εt}. By interpolation and Hölder’s inequality, for any t > T
and any ε ∈ (0, ε0):∫ t+3

t

∥∥∥∥uε − κ

µ

∥∥∥∥
Lp(Ω)

≤
∫ t+3

t

∥∥∥∥uε − κ

µ

∥∥∥∥ 1
p−1

L2(Ω)

∥∥∥∥uε − κ

µ

∥∥∥∥
p−2
p−1

L2p(Ω)

≤

(∫ t+3

t

∥∥∥∥uε − κ

µ

∥∥∥∥2

L2(Ω)

) 1
2p−2

(∫ t+3

t

∥∥∥∥uε − κ

µ

∥∥∥∥
2p−4
2p−3

L2p(Ω)

) 2p−3
2p−2

≤

(∫ t+3

t

∫
Ω

(
uε −

κ

µ

)2
) 1

2p−2

∫ t+3

t

(
‖uε‖L2p(Ω) +

∥∥∥∥κµ
∥∥∥∥
L2p(Ω)

) 2p−4
2p−3


2p−3
2p−2

≤

(
δ2p−233−2p

(
C +

κ

µ
|Ω|

1
2p

)4−2p
) 1

2p−2
(

3

(
C +

κ

µ
|Ω|

1
2p

) 2p−4
2p−3

) 2p−3
2p−2

= δ

6.3.4 Convergence of U
As starting point for convergence and eventual smoothness of U we prove the following

Lemma 6.3.10. For any q ∈ [1, 6) and any η > 0 there is T > 0 such that for any t > T one
can find ε0 = ε0(t) > 0 such that for any ε ∈ (0, ε0),∫ t+1

t

‖Uε‖2Lq(Ω) < η.

Proof. According to Lemma 6.2.9 applied to ζ = κ
µ , there is C > 0 such that for any ε > 0

d

dt

∫
Ω

|Uε|2 +

∫
Ω

|∇Uε|2 ≤ C
∫

Ω

(
uε −

κ

µ

)2

+ C

(∫
Ω

|f | 65
) 5

3

on (0,∞).

Due to (6.3) and the uniform bound for
∫∞

0

∫
Ω

(
uε − κ

µ

)2

from (6.40), apparently there is C > 0

such that ∫
Ω

|Uε(·, t)|2 −
∫

Ω

U2
0 +

∫ t

0

∫
Ω

|∇Uε|2 ≤ C
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

for all ε > 0 and any t > 0. Accordingly, due to (6.35),∫ ∞
0

∫
Ω

|∇U |2 ≤
∫

Ω

U2
0 + C and hence lim

t→∞

∫ t+1

t

∫
Ω

|∇U |2 = 0.

Because W 1,2(Ω) ↪→ Lq(Ω), for any η > 0 there is T > 0 such that for any t > T we have∫ t+1

t
‖U‖2Lq(Ω) <

η
2 and thus, by (6.32), for any η > 0 there is T > 0 such that for any t > T

there is ε0 > 0 such that for any ε ∈ (0, ε0),
∫ t+1

t
‖Uε‖2Lq(Ω) < η.

Lemma 6.3.11. For any p ∈ [6,∞) and any δ > 0 there is T > 0 such that for any t > T there
is ε0 = ε0(t) > 0 such that for any ε ∈ (0, ε0),

‖Uε(·, s)‖Lp(Ω) < δ for any s ∈ [t, t+ 1].

Proof. We let p ≥ 6 and choose q ∈ (3, 6) such that

1

2
− 3

2p
− 3

(
1

q
− 1

p

)
=

1

2
+

3

2p
− 3

q
≥ 0 (6.51)

and define γ := 3
2 ( 1
q −

1
p ). We use Lp-Lq-estimates for the Stokes semigroup (see e.g. [14, Lemma

2.3]) to choose constants k1, k2, k3, k4 and k5 such that∥∥e−tAPϙ
∥∥
Lp(Ω)

≤k1t
−γ ‖ϙ‖Lq(Ω) for all ϙ ∈ Lq(Ω;R3) and all t > 0,∥∥e−tAP∇ · ϙ

∥∥
Lp(Ω)

≤k2t
− 1

2−
3
2p ‖ϙ‖

L
p
2 (Ω)

for all ϙ ∈ L
p
2 (Ω;R3) and all t > 0 and∥∥e−tAPϙ

∥∥
Lp(Ω)

≤k3 ‖ϙ‖Lp(Ω) for all ϙ ∈ Lp(Ω;R3) and all t > 0 (6.52)

and that ∫ 3

0

∥∥∥e−(3−s)APϙ(·, s)
∥∥∥
Lp(Ω)

ds ≤ k4

∫ 3

0

(3− s)−
3
2 ( 2

3−
1
p ) ‖Pϙ(·, s)‖

L
3
2 (Ω)

ds

≤ k5 sup
s∈(0,3)

‖φ(·, s)‖
L

3
2 (Ω)

(6.53)

for all ϙ ∈ L∞((0, 3);L
3
2 (Ω;R3)), and pick δ0 ∈ (0, δ) such that

δ0 <

(
2k2

∫ 3

0

s−
1
2−

3
2p s−2γds

)−1

and δ0 ≤
(

2k2

∫ 3

0

s−
1
2−

3
2p ds

)−1

. (6.54)

We then choose t0 such that for every t > t0 we can find εt > 0 such that for any ε ∈ (0, εt)∫ t+1

t

‖Uε‖Lq(Ω) <
δ0

4k1
,

∫ t+3

t

∥∥∥∥uε − κ

µ

∥∥∥∥
Lp(Ω)

<
δ0

3γ4k3 ‖∇Φ‖L∞(Ω)

,

and sup
s∈(t,t+3)

‖f(·, s)‖
L

3
2 (Ω)

<
δ0

3γ4k5
,

which is possible due to Lemma 6.3.10 (applied to η =
(
δ0

4k1

)2

and combined with Hölder’s
inequality), Lemma 6.3.9 and (6.3). We let t1 > t0 and ε ∈ (0, εt1) and find t? ∈ (t1, t1 +
1) such that ‖Uε(t?)‖Lq(Ω) < δ0

4k1
. We define T = t0 + 2. In X = {V : (t?, t? + 3) →

128



6.3 Eventual smoothness and asymptotics

Lp(Ω;R3); sups∈(0,3) s
γ ‖V (·, t? + s)‖Lp(Ω) ≤ δ0} we now consider the mapping Ψ: X → X

given by

Ψ(V )(t) = e−tAU(·, t?) +

∫ t

t?

e(t−s)AP
[
−∇ · (YεV ⊗ V )(·, s) + uε(·, s)∇Φ + f(·, s)

]
ds

for t ∈ (t?, t? + 3).
First, we verify that actually Ψ(V ) ∈ X for all V ∈ X. Taking into account (6.52) and (6.53),
for any such V we may estimate

‖ΨV (t)‖Lp(Ω) ≤k1(t− t?)−γ ‖Uε(·, t?)‖Lq(Ω) + k2

∫ t

t?

(t− s)−
1
2−

3
2 ( 2
p−

1
p ) ‖(V ⊗ V )(·, s)‖

L
p
2 (Ω)

ds

+ k3 ‖∇Φ‖L∞(Ω)

∫ t?+3

t?

∥∥∥∥uε(·, s)− κ

µ

∥∥∥∥
Lp(Ω)

ds+ k5 sup
s∈(t?,t?+3)

‖f(·, s)‖
L

3
2 (Ω)

for all t ∈ (t?, t? + 3). Thus, if we use the choice of t? and ε, that Yε is contracting and that
‖V ⊗ V ‖

L
p
2 (Ω)

≤ ‖V ‖2Lp(Ω) by Hölder’s inequality, we see that for every t ∈ (t?, t? + 3) and every
V ∈ X,

(t− t?)γ ‖Ψ(V )(t)‖Lp(Ω) ≤
δ0
4

+ δ0

(
δ03γk2

∫ t

t?

(t− s)−
1
2−

3
2p (s− t?)−2γds

)
+
δ0
4

+
δ0
4
≤ δ0,

(6.55)

where for the estimate
∫ t
t?

(t− s)−
1
2−

3
2p (s− t?)−2γds ≤

∫ 3

0
(t− s)−

1
2−

3
2p s−2γds we rely on (6.51)

and where we take into account (6.54). Moreover, for any V,W ∈ X,

‖V ⊗ V −W ⊗W‖L(Ω) p2
= ‖V ⊗ (V −W ) + (V −W )⊗W‖

L
p
2 (Ω)

≤ (‖V ‖Lp(Ω) + ‖W‖Lp(Ω)) ‖V −W‖Lp(Ω) ≤ 2δ0 ‖V −W‖Lp(Ω)

and hence for all t ∈ (t?, t? + 3),

‖Ψ(V )(t)−Ψ(W )(t)‖Lp(Ω) ≤ k2

∫ t

t?

(t− s)−
1
2−

3
2p ‖V ⊗ V −W ⊗W‖

L
p
2 (Ω)

ds

≤ 2k2δ0

∫ 3

0

s−
1
2−

3
2p ds ‖V −W‖L∞((0,T );Lp(Ω)) ,

so that Ψ apparently is a contraction on X. Therefore, there is a unique fixed point of Ψ on X,
which, due to the definition of Ψ, must coincide with the unique weak solution Uε of (6.4c) on
(t?, t? + 3) (cf. [87, Thm. V.2.5.1]). From (6.55) we may conclude that

‖Uε(·, t)‖Lp(Ω) ≤ δ

for all t ∈ (t? + 1, t? + 3) ⊃ (t1 + 2, t1 + 3).

In the following lemmata, we will attempt to prove Hölder regularity of the components of a
solution on intervals of the form (t0, t0 + 1) for t0 > 0 by using that they satisfy certain PDEs.
The estimates used for this purpose take into account initial data, that is, e.g., U(t0), about
which we do not know much. Therefore, we introduce the following cut-off functions:

Definition 6.3.12. Let ξ0 : R → [0, 1] be a smooth, monotone function, satisfying ξ0 ≡ 0 on
(−∞, 0] and ξ0 ≡ 1 on (1,∞) and for any t0 ∈ R we let ξt0 := ξ0(· − t0).
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

We will employ this function in the proof of the following lemma on regularity of Uε.

Lemma 6.3.13. There are γ ∈ (0, 1), T > 0 and C > 0 such that for any t > T one can find
ε0 = ε0(t) > 0 such that for any ε ∈ (0, ε0) the estimate

‖Uε‖C1+γ,
γ
2 (Ω×[t,t+1];R3)

≤ C (6.56)

holds true.

Proof. Let s > 3 and s1 > 2s. Let r > 1 and let s′1 be such that 1
s1

+ 1
s′1

= 1. According to
Lemma 6.3.8 there are C > 0, T1 > 0 satisfying that for any t > T1 there is ε1 > 0 such that∫ t+1

t

‖uε‖Ls(Ω) < C for all ε ∈ (0, ε1) (6.57)

and Lemma 6.3.11 makes it possible to find T ≥ T1, such that for all t > T there is εt ∈ (0, ε1)
such that

‖Uε‖L∞((t,t+2);Lr(Ω) < C, ‖Uε‖L∞((t,t+2);Ls(Ω)) < C, ‖Uε‖L∞((t,t+2);Ls
′
1 (Ω))

< C (6.58)

for every ε ∈ (0, εt). Moreover, given any t0 > T we let ξ := ξt0 as in Definition 6.3.12 and note
that due to (6.57), (6.58) and (6.3) there is k0 > 0 such that∫ t0+2

t0

∥∥∥∥Pξ(u− κ

µ

)
∇Φ

∥∥∥∥s
Ls(Ω)

+

∫ t0+2

t0

‖Pξ′Uε‖
s
Ls(Ω) +

∫ t0+2

t0

‖Pξf‖sLs(Ω) ≤ k0 (6.59)

for any t0 > T and ε ∈ (0, εt0). We then for any t0 > 0 let ξ := ξt0 and observe that the function
ξUε solves

(ξUε)t = ∆(ξUε)− (YεUε · ∇)ξUε +∇(ξPε) + ξuε∇Φ + ξf + ξ′Uε in Ω× (t0,∞)

∇ · (ξUε) = 0 in Ω× (t0,∞)

(ξUε)(·, t0) = 0 in Ω, (ξUε) = 0 on ∂ Ω× (t0,∞)

and hence the known maximal Sobolev regularity estimate for the Stokes semigroup ([27], cf.
Lemma 5.3.6 for the corresponding statement concerning the heat semigroup) yields a constant
k1 > 0 such that∫ t0+2

t0

‖(ξUε)t‖sLs(Ω) +

∫ t0+2

t0

∥∥D2(ξUε)
∥∥s
Ls(Ω)

(6.60)

≤ k1

[
0 +

∫ t0+2

t0

‖P((ξYεUε · ∇)Uε)‖sLs(Ω) +

∫ t0+2

t0

∥∥∥∥Pξ(u− κ

µ

)
∇Φ

∥∥∥∥s
Ls(Ω)

+

∫ t0+2

t0

‖Pξ′Uε‖
s
Ls(Ω) +

∫ t0+2

t0

‖Pξf‖sLs(Ω)

]
From the boundedness of the Helmholtz projection in Lr-spaces and Hölder’s inequality we obtain
k2 > 0 such that for any t0 > T

‖P(YεUε · ∇)ξUε(·, t)‖sLs(Ω) ≤ k2 ‖YεUε(·, t)‖sLs′1 (Ω)
‖∇(ξUε(·, t))‖sLs1 (Ω)

≤ k2 ‖Uε(·, t)‖sLs′1 (Ω)
‖∇(ξUε)(·, t)‖sLs1 (Ω)
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≤ k2C
s ‖∇(ξUε)(·, t)‖sLs1 (Ω)

for all t ∈ (t0, t0 + 2) and any ε ∈ (0, εt0). We let a =
1
3−

1
s1

+ 1
r

2
3−

1
s+ 1

r

and observe that a ∈ ( 1
2 , 1).

Hence the Gagliardo-Nirenberg inequality (Lemma 3.4.3) provides us with k3 > 0 such that for
all t0 > T

‖∇(ξUε(·, t))‖sLs1 (Ω) ≤ k3

∥∥D2(ξUε)(·, t)
∥∥as
Ls(Ω)

‖ξUε(·, t)‖(1−a)s
Lr(Ω)

≤ k3C
(1−a)s

∥∥D2(ξUε)(·, t)
∥∥as
Ls(Ω)

for all t ∈ (t0, t0 + 2), ε ∈ (0, εt0).

Therefore, employing Young’s inequality, we find k4 > 0 such that for all t0 > T

k1

∫ t0+2

t0

‖P((YεUε · ∇)(ξUε))‖sLs(Ω) ≤ k1k2k3C
(2−a)s

∫ t0+2

t0

∥∥D2(ξUε)
∥∥as
Ls(Ω)

≤ 1

2

∫ t0+2

t0

∥∥D2(ξUε)
∥∥s
Ls(Ω)

+ 2k4

for all ε ∈ (0, εt0). Combining this with (6.59), we thus can find k5 > 0 such that (6.60) turns
into ∫ t0+2

t0

‖(ξt0Uε)t‖
s
Ls(Ω) +

1

2

∫ t0+2

t0

∥∥D2(ξt0Uε)
∥∥
Ls(Ω)

≤ k5

for any t0 > T and any ε ∈ (0, ε0). Accordingly, for any s > 1 there are C > 0, T > 0 such that
for any t > T there is ε0 > 0 satisfying that for any ε ∈ (0, ε0)

‖Uεt‖Ls((t,t+1);Ls(Ω)) + ‖Uε‖Ls((t,t+1);W 2,s(Ω)) ≤ C.

Finally, by [5, Thm. 1.1], this implies (6.56).

6.3.5 Eventual smoothness of v

Applying a similar reasoning, concerning v we obtain bounds of the same kind.

Lemma 6.3.14. For every p ∈ (1,∞) there are C > 0 and T > 0, such that for any t > T there
is ε0 > 0 such that ∫ t+1

t

‖vεt‖Lp(Ω) +

∫ t+1

t

‖vε‖W 2,p(Ω) ≤ C (6.61)

for all ε ∈ (0, ε0) and moreover there are C > 0, T > 0 and γ ∈ (0, 1) such that for any t > T
there is ε0 = ε0(t) > 0 such that

‖vε‖C1+γ,
γ
2 (Ω×[t,t+1])

≤ C

for any ε ∈ (0, ε0).

Proof. Let p ∈ (1,∞) and choose q ∈ (1, p). We use Lemma 6.3.13 and Lemma 6.3.8 to choose
T? > 0 such that there are CU > 0 and Cu > 0, for any t > T? allowing us to find εt > 0 such
that

‖Uε‖L∞(Ω×(t,t+2)) ≤ CU and ‖uε‖L∞((T,∞);Lp(Ω)) ≤ Cu for all ε ∈ (0, εt).
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We then employ maximal Sobolev estimates for the Neumann heat semigroup ([27], see Lemma
5.3.6), which yield k1 > 0 such that∫ t0+2

t0

‖(ξvε)t‖pLp(Ω) +

∫ t0+2

t0

‖∆(ξvε)‖pLp(Ω)

≤ k1

(
0 +

∫ t0+2

t0

‖ξUε · ∇vε‖pLp(Ω) +

∫ t0+2

t0

‖ξvε ln(1 + εuε)‖pLp(Ω) +

∫ t0+2

t0

‖ξ′vε‖
p
Lp(Ω)

)
≤ k1C

p
u

∫ t0+2

t0

‖∇(ξvε)‖pLp(Ω) + 2k1 ‖v0‖pL∞(Ω)

(
Cpu + ‖ξ′‖L∞(R)

)
for any t0 > T and any ε ∈ (0, ε0). With k2 > 0 being the constant featured by the Gagliardo-
Nirenberg inequality (Lemma 3.4.3 with the same argument as in Lemma 5.3.4 ii) to replace D2

by ∆), for any t0 > T we moreover have

k1C
p
U ‖∇(ξvε)(·, t)‖pLp(Ω) ≤k2 ‖∆(ξvε)(·, t)‖apLp(Ω) ‖ξvε(·, t)‖

(1−a)p
Lq(Ω) + k2 ‖ξvε(·, t)‖pL∞(Ω)

≤1

2
‖∆(ξvε)(·, t)‖pLp(Ω) + k3 ‖ξvε(·, t)‖pLq(Ω) + k2 ‖v0‖pL∞(Ω)

for any ε ∈ (0, εt0) and t ∈ (t0, t0 + 2), where k3 > 0 is obtained from Young’s inequality and

a :=
1
3−

1
p+ 1

q
2
3−

1
p+ 1

q

satisfies a ∈ ( 1
2 , 1). In total, we have found k4 > 0 such that for any t0 > T ,∫ t0+2

t0

‖(ξvε)t‖pLp(Ω) +
1

2

∫ t0+2

t0

‖∆(ξvε)‖pLp(Ω) ≤ k4

holds for any ε ∈ (0, εt0). Due to ξ ≡ 1 on (t0 + 1, t0 + 2), we in particular have shown that for
any p > 1 there are C > 0, T := T? + 1 > 0 such that for any t0 > T we can find ε0 > 0 such
that for any ε ∈ (0, ε0) ∫ t0+2

t0+1

‖vεt‖Lp(Ω) +

∫ t0+2

t0+1

‖vε‖W 2,p(Ω) ≤ C.

Using sufficiently high values of p, an application of the embedding result in [5] refines this into
the assertion on Hölder continuity.

6.3.6 Smoothness of u
Inter alia depending on Lemma 6.3.8 and (6.61), we can achieve the same for uε:

Lemma 6.3.15. There are γ ∈ (0, 1), C > 0 and T > 0 such that for any t > T there is
ε0 = ε0(t) > 0 with any ε ∈ (0, ε0) satisfying

‖uε‖C1+γ,
γ
2 (Ω×[t,t+1])

≤ C.

Proof. Let p ∈ (1,∞), q ∈ (1, p). Using Lemma 6.3.8, we fix T0 > 0, Cu > 0 such that for any
ε > 0, for any t > T0,

‖uε(·, t)‖L2p(Ω) ≤ Cu ‖uε(·, t)‖Lq(Ω) ≤ Cu, ‖uε(·, t)‖Lp(Ω) ≤ Cu.

Aided by Lemma 6.3.14 and Lemma 6.3.11 we then choose Cv > 0, CU > 0 and T > T0 such
that for any t > T there is εt > 0 such that for any ε ∈ (0, εt)

‖∇vε‖L∞(Ω×(t,t+2)) ≤ Cv
∫ t+2

t

‖∆vε‖2pL2p(Ω) ≤ Cv
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‖Uε(·, s)‖L∞(Ω) ≤ CU for all s ∈ (t, t+ 2).

From the Gagliardo-Nirenberg inequality (Lemma 3.4.3 combined with e.g. [23, Thm. 19.1] (cf.
Lemma 5.3.4 ii)) for estimating

∥∥D2φ
∥∥ by ‖∆φ‖)) and Young’s inequality we see that for any

η > 0 we can find Cη > 0 such that

‖∇φ‖pLp(Ω) ≤ k1 ‖∆φ‖apLp(Ω) ‖φ‖
(1−a)p
Lq(Ω) + k1 ‖φ‖pLq(Ω) ≤ η ‖∆φ‖

p
Lp(Ω) + Cη ‖φ‖pLq(Ω) (6.62)

for all φ ∈ W 2,p(Ω) with ∂νφ
∣∣
∂Ω

= 0, where a =
1
3 + 1

q−
1
p

2
3 + 1

q−
1
p

and k1 > 0 is the constant obtained

from the Gagliardo-Nirenberg inequality. For any t > T and any ε ∈ (0, εt) we may estimate∥∥∥∥ξ∇ · ( uε
1 + εuε

∇vε
)∥∥∥∥p

Lp(Ω)

=

∥∥∥∥ξ∇uε · ∇vε(1 + εuε)2
+ ξ

uε
1 + εuε

∆vε

∥∥∥∥p
Lp(Ω)

≤ 2p ‖∇(ξuε) · ∇vε‖pLp(Ω) + 2p ‖uε‖pL2p(Ω) ‖∆vε‖
p
L2p(Ω)

≤ 2pCpv ‖∇(ξuε)‖pLp(Ω) + 2pCpu ‖∆vε‖
p
L2p(Ω)

on (t, t+ 2). The maximal Sobolev estimates for the heat semigroup ([27]) once more assert that
with some k2 > 0∫ t+2

t

‖ξuεt‖pLp(Ω) +

∫ t+2

t

‖∆ξuε‖pLp(Ω)

≤ k2

∫ t+2

t

‖ξUε · ∇uε‖pLp(Ω) + k2χ

∫ t+2

t

∥∥∥∥ξ∇ · ( uε
1 + εuε

∇vε
)∥∥∥∥p

Lp(Ω)

+ k2κ

∫ t+2

t

‖ξuε‖pLp(Ω) + k2µ

∫ t+2

t

∥∥ξu2
ε

∥∥p
Lp(Ω)

for any t > 0 and any ε > 0. Taking into account the estimates prepared above, for t > T and
ε ∈ (0, εt) we thus obtain∫ t+2

t

‖ξuεt‖pLp(Ω) +

∫ t+2

t

‖∆(ξuε)‖pLp(Ω)

≤ k2(CpU + 2pCpv )

∫ t+2

t

‖∇(ξuε)‖pLp(Ω) + 2pCpu

∫ t+2

t

‖∆vε‖pL2p(Ω) + k2(κ+ µ)Cu(t+ 1− t)

≤ 2pCpu
√
Cv + c(κ+ µ)Cu(t+ 1− t) +

1

2

∫ t+2

t

‖∆(ξuε)‖Lp(Ω) + Cη ‖uε‖pLq(Ω) ,

where we have used (6.62) with η = 1
2k2(CpU+2pCpv )

. Finally, since ξ ≡ 1 on (t + 1, t + 2), we
conclude ∫ t+2

t+1

‖uεt‖pLp(Ω) +
1

2

∫ t+2

t+1

‖∆uε‖pLp(Ω) ≤ C1

for any t > T and any ε ∈ (0, εt), where we have set C1 = 2pCpu
√
Cv + k2(κ+ µ)Cu(t+ 1− t) +

CηCu.

6.3.7 Improved smoothness
Having found uniform Hölder bounds on uε, vε and Uε for ε > 0 in the previous three lemmata,
also u, v and U share this regularity and these bounds.
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Corollary 6.3.16. There are γ ∈ (0, 1) and T0 > 0 as well as a subsequence {εjk}k∈N of the
sequence from Proposition 6.2.17 such that for any t > T0

uε → u, vε → v in C1+γ, γ2 (Ω× [t, t+ 1]), Uε → U in C1+γ, γ2 (Ω× [t, t+ 1];R3)

as ε = εj ↘ 0. Moreover, there is C > 0 such that for all t > T0

‖u‖
C1+γ,

γ
2 (Ω×[t,t+1])

≤ C, ‖v‖
C1+γ,

γ
2 (Ω×[t,t+1])

≤ C, ‖U‖
C1+γ,

γ
2 (Ω×[t,t+1];R3)

≤ C. (6.63)

Proof. This is an immediate consequence of Lemma 6.3.15, Lemma 6.3.14 and Lemma 6.3.13.

Lemma 6.3.17. There are T > 0 and γ ∈ (0, 1) such that

u, v ∈ C2+γ,1+ γ
2 (Ω× [T,∞)), U ∈ C2+γ,1+ γ

2 (Ω× [T,∞);R3).

Proof. With ξ as in Definition 6.3.12 (and with T as in the previous lemmata), the problem

ṽt = ∆ṽ + g, ṽ(T ) = 0, ∂ν ṽ
∣∣
∂Ω

= 0, (6.64)

for g = −ξuv − ξU∇v + vξ′ ∈ Cγ(Ω × (T,∞)) is solved by ξv, the solution of this problem is
unique according to [48, III.5.1], and there is a solution belonging to C2+γ,1+ γ

2 (Ω× [T + 1,∞)).
We conclude that v ∈ C2+γ,1+ γ

2 (Ω× [T + 1,∞)).
Moreover, ξu solves the following initial boundary value problem for ũ:

ũt = ∆ũ− a · ∇ũ+ b, ũ(T ) = 0, ∂ν ũ
∣∣
∂Ω

= 0, (6.65)

where
a = χ∇v + U, b = −χu∆vξ + κuξ − µu2ξ + ξ′u

satisfy a, b ∈ Cγ,
γ
2 (Ω× (T,∞)). Theorem [48, IV.5.3] guarantees the existence of a solution ũ ∈

C2+γ,1+ γ
2 (Ω× [T,∞)) to (6.65), and the uniqueness assertion in [48, III.5.1] for weak solutions of

(6.65) shows that ξu = ũ. Due to ξ ≡ 1 on [T+1,∞), we conclude u ∈ C2+γ,1+ γ
2 (Ω× [T+1,∞)).

Finally, ξU solves
(ξU)t = ∆(ξU) + P(ξ′U − ξ(U · ∇)U + ξu∇Φ + ξf), ∇ · (ξU) = 0,

(ξU)(·, T − 1) = 0,

(ξU)
∣∣
∂ Ω

= 0,

where P(ξ′U − ξ(U · ∇)U + ξu∇Φ + ξf) is Hölder continuous according to Corollary 6.3.16,
(6.3) and [14, Lemma A.2]. The regularity assertion of [88, Thm. 1.1], if combined with the
uniqueness result in [87, Thm. V.1.5.1], thus yields the desired smoothness of ξU on [T − 1,∞)
and hence of U on [T,∞).

6.3.8 Convergence
Lemma 6.3.18. The solution (u, v, U) of (6.1) constructed in Proposition 6.2.17 satisfies

u(·, t)→ κ

µ
, v(·, t)→ 0, U(·, t)→ 0 as t→∞

in C1(Ω) and C1(Ω;R3), respectively.
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Proof. Assume v(·, t) 6→ 0 in C1(Ω) as t → ∞. Then there are η0 > 0 and tj → ∞ such that

‖v(·, tj)‖C1(Ω) > η0 for all j ∈ N. Due to (6.63) and by the compact embedding C1+γ(Ω)
cpt
↪→

C1(Ω) there is some function v∞ ∈ C1(Ω) such that v(·, tjk)→ v∞ along a subsequence (tjk)k∈N
of (tj)j∈N and therefore v(·, tjk) → v∞ in L∞(Ω) as t → ∞, which shows that, according to
Corollary 6.3.7, v∞ = 0. But ‖v(·, tjk)‖C1(Ω) → 0 contradicts ‖v(·, tj)‖C1(Ω) > η0 for all j ∈ N.
We proceed similarly for U : Assuming U 6→ 0 in C1(Ω;R3), we find η0 > 0, tj → ∞ and
U∞ ∈ C1(Ω;R3) such that ‖U(·, tjk)‖C1(Ω;R3) > η0 and U(·, tj)→ U∞ in C1(Ω;R3). If U∞ 6≡ 0,
for some arbitrary p > 4 there are η1 > 0 and a subsequence (tjk)k∈N of (tj)j∈N such that
‖U(·, tjk)‖Lp(Ω) > η1. With T0 as in Corollary 6.3.16, we may use Lemma 6.3.11 to obtain T > T0

such that for any t > T there is εt > 0 such that for all ε ∈ (0, εt) we have ‖Uε(·, t)‖Lp(Ω) <
η1

2 ,
and pick j such that tj > T and ε0 such that for all ε ∈ (0, ε0), ‖Uε(·, tj)‖Lp(Ω) <

η1

2 . We observe
that thereby ‖U(·, tj)− Uε(·, tj)‖Lp(Ω) > η1 − η1

2 > 0, which contradicts Corollary 6.3.16.
As to the convergence of u we define

uj(x, s) := u(x, j + s), x ∈ Ω, s ∈ [0, 1],

and claim that uj → κ
µ in C1,0(Ω× [0, 1]) as j →∞. Were this not the case, we could find η0 > 0

and a sequence (jk)k∈N ⊂ N, jk →∞, such that
∥∥∥ujk − κ

µ

∥∥∥
C1,0(Ω×[0,1])

> η0 for all k ∈ N. Due to

the bound on u in (6.63), ujkl → u∞ in C1,0(Ω× [0, 1]) with some u∞ ∈ C1,0(Ω× [0, 1]). Because∫ 1

0

∫
Ω

(
uj(x, s)− κ

µ

)2

dxds → 0 as j → ∞ according to Corollary 6.3.3, u∞ ≡ κ
µ , contradicting

either ujkl → u∞ or
∥∥∥ujk − κ

µ

∥∥∥
C1,0(Ω×[0,1])

> η0. Hence uj → κ
µ in C1(Ω× [0, 1]) as j →∞, and

in particular sups∈[0,1]

∥∥∥uj(·, s)− κ
µ

∥∥∥
C1(Ω)

→ 0 as j →∞ implies that u(·, t)→ κ
µ as t→∞.

6.3.9 Proof of Theorem 6.1.2
Proof of Theorem 6.1.2. The theorem immediately results from Lemmata 6.3.17 and 6.3.18.

135





Bibliography
[1] J. Adler. Chemotaxis in bacteria. Science, 153(3737):708–716, 1966.

[2] J. Adler and M. M. Dahl. A method for measuring the motility of bacteria and for comparing random and
non-random motility. Microbiology, 46(2):161–173, 1967.

[3] M. Aida, K. Osaki, T. Tsujikawa, A. Yagi, and M. Mimura. Chemotaxis and growth system with singular
sensitivity function. Nonlinear Anal. Real World Appl., 6(2):323 – 336, 2005.

[4] M. Aida, T. Tsujikawa, M. Efendiev, A. Yagi, and M. Mimura. Lower estimate of the attractor dimension
for a chemotaxis growth system. J. London Math. Soc., 74(2):453–474, 2006.

[5] H. Amann. Compact embeddings of vector-valued Sobolev and Besov spaces. Glas. Mat. Ser. III,
35(55)(1):161–177, 2000. Dedicated to the memory of Branko Najman.

[6] V. Andasari, A. Gerisch, G. Lolas, A. P. South, and M. A. J. Chaplain. Mathematical modeling of cancer
cell invasion of tissue: biological insight from mathematical analysis and computational simulation. J. Math.
Biol., 63(1):141–171, 2011.

[7] A. Aotani, M. Mimura, and T. Mollee. A model aided understanding of spot pattern formation in
chemotactic E. coli colonies. Jpn. J. Ind. Appl. Math., 27(1):5–22, 2010.

[8] K. Baghaei and M. Hesaaraki. Global existence and boundedness of classical solutions for a chemotaxis
model with logistic source. C. R. Math. Acad. Sci. Paris, 351(15 - 16):585–591, 2013.

[9] N. Bellomo, A. Bellouquid, Y. Tao, and M. Winkler. Toward a mathematical theory of Keller-Segel models
of pattern formation in biological tissues. Math. Models Methods Appl. Sci., 25(9):1663–1763, 2015.

[10] P. Biler. Global solutions to some parabolic-elliptic systems of chemotaxis. Adv. Math. Sci. Appl., 9(1):347–
359, 1999.

[11] T. Black. Sublinear signal production in a two-dimensional Keller-Segel-Stokes system. Nonlinear Anal.
Real World Appl., 31:593–609, 2016.

[12] M. Braukhoff. Global (weak) solution of the chemotaxis-navier–stokes equations with non-homogeneous
boundary conditions and logistic growth. Ann. Inst. H. Poincaré Anal. Non Linéaire, pages –, 2016.

[13] X. Cao. Boundedness in a quasilinear parabolic-parabolic Keller-Segel system with logistic source. J. Math.
Anal. Appl., 412(1):181–188, 2014.

[14] X. Cao and J. Lankeit. Global classical small-data solutions for a three-dimensional chemotaxis Navier-
Stokes system involving matrix-valued sensitivities. Calc. Var. Partial Differential Equations, 55(4):Paper
No. 107, 39, 2016.

[15] X. Chen, A. Jüngel, and J.-G. Liu. A note on Aubin-Lions-Dubinskĭı lemmas. Acta Appl. Math., 133:33–43,
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