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Zusammenfassung

In dieser Arbeit werden Anfangs-Randwertprobleme verschiedener kreuzdiffusiver Systeme von
Evolutionsgleichungen aus dem Umfeld von Chemotaxis-Gleichungen hinsichtlich qualitativer
Eigenschaften ihrer Losungen untersucht. Insbesondere werden in einem parabolisch-elliptischen
Chemotaxissystem mit logistischen Quelltermen kurzlebige Wachstumserscheinungen nachgewie-
sen, die Existenz globaler schwacher schlieflich glatt werdender Losungen eines parabolisch-
parabolischen Chemotaxissystems mit logistischer Quelle und eines mit einem Navier-Stokes-
Fluid gekoppelten solchen Systems wird gezeigt und ihr Langzeitverhalten wird untersucht;
weiterhin wird die Beschranktheit der Losungen eines Keller-Segel-artigen Systems mit loga-
rithmischer Sensitivitdt bewiesen und die Existenz lokal beschrankter globaler Losungen eines
konsumptiven Chemotaxissystems mit logarithmischer Sensitivitdt und nichtlinearer Diffusion
wird demonstriert.

Abstract

In this work, initial-boundary value problems of different cross-diffusive evolution systems from
the context of chemotaxis equations are investigated with respect to qualitative properties of their
solutions. In particular, transient growth phenomena are detected in a parabolic-elliptic chemo-
taxis system with logistic source terms, the existence of global weak solutions to a parabolic-
parabolic chemotaxis system with logistic source and to such a system coupled with Navier-Stokes
fluid which eventually become smooth is shown and their long term behaviour is described; fur-
thermore, boundedness of solutions to a Keller-Segel type chemotaxis system with logarithmic
sensitivity is proven and the existence of locally bounded solutions to a consumptive chemotaxis
system with logarithmic sensitivity and nonlinear diffusion is demonstrated.
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1 Introduction

An important tool for understanding the world around us — be it for either predicting the evol-
ution of some quantity of interest or gaining insight into (the mechanisms of) some process —
are evolution equations: partial differential equations linking the rate of change of some quantity
with respect to time with a function of the quantity itself and its (spatial) derivatives.

The simplest and most classical example of such an equation is the heat equation u; = Awu, which
models the spread of heat or other diffusive processes.

More complicated instances may involve several interacting quantities, leading to systems of
evolution equations that are intricately linked.

As soon as such systems are suggested as description, it becomes important to study them
mathematically. Not only does the question arise whether there are solutions at all — which, of
course, is an indispensable condition for the model to be used sensibly for anything —, but also
the question about qualitative properties: Can anything be said about the solutions — even if
they are not known explicitly?

Apart from mathematical understanding of the model, answers to this question can be used
to predict the behaviour of the underlying process (if the description by that model is already
known to be at least somewhat accurate) or to firstly evaluate whether the equations provide an
appropriate description at all.

The systems to be considered in this work primarily originate from the area of mathematical
biology, more precisely: the study of chemotaxis. Even some of the simplest lifeforms (whose
density we will denote by u) are able to adjust their direction of movement to environmental
conditions, i.e. to preferrably move toward higher concentrations of a chemical substance with
concentration v — be it a nutrient or be it a signalling substance produced by themselves.

The evolution systems used to model this phenomenon approximately have the following form:

1.1
v = Av -+ g(u,v), (1)

{ut =Au—V - (uVv) + f(u),
and we will comment on the particular variants to be investigated (and in particular on the
choices of f and g) in the corresponding chapters.

For now, let us focus on the term —V - (uVv) = —Vu - Vv — uAv in the first equation: In
contrast to diffusion as modelled by the heat equation u; = Au, not only the second derivatives
of the same component determine the rate of change, but also those of the second component.
This effect is called cross-diffusion. (More precisely: weak cross-diffusion; in the case of strong
cross-diffusion there would be an additional contribution of Aw in the second equation.)

Apart from making the analysis much more challenging, the probably most striking consequence
the presence of such a cross-diffusive term can have is causing blow-up of solutions after finite
time, which can be considered the desired behaviour when modelling the aggregation of Dicty-
ostelium discoideum, as studied by Keller and Segel in the original model ((1.1) with f(u) = 0,
g(u,v) = u—w), but may be less appropriate in other situations. There are several related models
that arise quite naturally from biological motivation, e.g. from the desire to include population
growth effects. In the simplest sensible form this leads to logistic source terms f(u) = xku — pu?,
where the negative term possibly counteracts the aggregation effects of the cross-diffusion term
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to some extent. It is not accidental that “to some extent” in the previous sentence is vague.
The two mechanisms being of similar strength gives rise to a delicate, non-obvious interaction
between them.

The main message of Chapter 2 is that even the behaviour of solutions to chemotaxis systems
with logistic source terms which exist globally, are bounded, etc., is not entirely dominated by
the logistic equation. We consider the (initial boundary value problem of the) parabolic-elliptic
chemotaxis system

ug = eAu — V- (uVv) + ku — pu?
0=Av—v+u,

and show that not only the carrying capacity g, but every arbitrary bound can be surpassed
if the diffusion is sufficiently weak. This is an extension of [117] to the radially symmetric
higher-dimensional case.

Chapter 3 contains a first highlight: Without smallness conditions on the chemotactic strength,
we prove existence of global weak solutions to a Keller-Segel type chemotaxis model with logistic
source terms which (in the physically relevant case of space dimension 3) eventually become
smooth, and consider their long-term behaviour.

Chapter 4 features a small result concerning the two-dimensional case of a chemotaxis system
with singular sensitivity,

ur = Au — xV - (%VU)
vy = Av — v + u,

where it was known (and can easily be seen) that y being smaller than 1 guarantees global
existence and boundedness of solutions. We prove that 1 is not a critical number in this respect:
There is some xo > 1 such that global existence and boundedness are also asserted whenever
X € [L, xo)-

Of course, the effects of a singular sensitivity function become much more exciting when combined
with a second equation which aims at forcing v to tend to zero. With such a model we will be
dealing in Chapter 5: We derive a condition on the strength of nonlinear diffusion which is
sufficient for solutions to

w =V - (D(w)Vu) — V - (%w)
vy = Av — uv

to (exist globally and) be locally (i.e. on every finite time-interval) bounded.

Systems with consumption of the chemoattractant in particular appear in the form of a chemo-
taxis model coupled with fluid, whose examination has spawned a multitude of mathematical
works since ca. 2010, after experiments in 2006 suggested that in the study of chemotaxis the
effects of surrounding fluid should not be neglected. Such a system — the three-dimensional case
of a Navier-Stokes coupled chemotaxis system with logistic source terms — will be treated in
Chapter 6. Again we prove existence of weak solutions that become eventually smooth, and
show their convergence in the large-time limit.

For further details on these problems and the relevant literature, we refer the reader to the
introductions of Chapters 2 to 6.

The material is arranged in such a way that the chapters can be read almost independently from
each other. The amount of repetition this has caused is minuscule and seemed a small price to
pay for better accessibility of the text.
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2 Chemotaxis can prevent thresholds on
population density

2.1 Introduction

The Keller-Segel model

{ut =V - (Da(u,v)Vu) = V- (D1(u,v)Vov)
vy = DAv — k(v)v + uf(v) (KS)

of chemotaxis has been introduced by Keller and Segel in [43] to model the aggregation of
bacteria (for instance, of the species Dictyostelium discoideumn, with density denoted by w) in
the presence of a signalling substance (the chemoattractant, with density v) they emit in case of
food scarceness. Their movement is governed by random diffusion and chemotactically directed
motion towards higher concentrations of the chemoattractant. The Keller-Segel model or variants
thereof, as for example

{ uy = Au—V - (uVv)

T, = Av—v+u
where all coefficient functions appearing in (KS) have a simple form and diffusion of the signalling
substance is assumed to occur fast (instantaneously if 7 = 0), have been widely used and in-
corporated in more complicated models in the mathematical depiction of biological phenomena,
ranging from pattern formation in E. coli colonies [7] to angiogenesis in early stages of cancer
[92] or HIV-infections [89]. For a survey of the extensive mathematical literature on the subject
see the survey articles [32] or [34, 35].
Often the occurrence of the desired structure formation is identified with the blow-up of solu-
tions to the model in finite time, i.e. the existence of some finite time 7" > 0 such that
limsup; »7 [[u(,t)|| -~ = oo; and the model — both for 7 = 0 and 7 > 0 — is known to ad-
mit such solutions for every sufficiently large initial mass or in space dimensions larger than two,
whereas in dimension 2 for small initial mass all solutions exist globally in time and are bounded
[39, 30, 70, 73]. Moreover, blow-up of solutions has been shown to be a generic phenomenon of
the equation in some sense even for the parabolic-parabolic version of the system, in dimensions
N > 3 as well as for large enough initial mass in the two-dimensional case [69, 115].
Another point of view is that blow-up is “too much” and biologically inadequate, at least in some
situations. Then, for example, terms preventing blow-up are added, e.g. some logistic growth
term (cf. for example the tumor models in [6] or [90]), so that the model reads
up = Au—V - (uVv) + ku — pu?
TUp = Av — v + u.
For this problem it is known [100, 78, 111] that classical solutions exist globally in time and
are bounded if N < 2 or pu is large (where for 7 = 0, an explicit condition sufficient for this

is p > %) For higher dimensions and small p the existence or non-existence of exploding
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2 Chemotaxis can prevent thresholds on population density

solutions is unknown. As [112] seems to indicate, superlinear absorption does not necessarily
imply global existence.

The important question is: To what extent does the logistic term render the chemotaxis-term
innocuous? Does there still emerge some structure? Recently this question has been answered
affirmatively by Winkler [117] in the one-dimensional case: If the death rate p is small enough
(0 < p < 1), then there is some criterion on (the LP-norm with p > 1% of) the initial data that
ensures the existence of some time up to which any threshold of the population density will be
surpassed - as long as the bacteria do not diffuse too fast. Of course, the biologically relevant
situation is not that of only one space-dimension. With the present chapter we give an answer
to the question whether this phenomenon is restricted to this case or if it also occurs in higher
dimensions.

We shall confine ourselves to the prototypical radially symmetric setting and in the end obtain

Theorem 2.1.1. Let Q C RN, N > 1, be a ball. Let k > 0,u € (0,1). Then for all p > ﬁ

there exists C(p) > 0 satisfying the following: Whenever uy € C1(Q) is nonnegative, radially
symmetric and satisfies 8,,uo|aQ = 0 and such that

1 K
U, > C(p) max —/ U ,},
ool > Coymax { o [ o,

there is T > 0 such that to each M > 0 there corresponds some eo(M) > 0 with the property that
for any € € (0,60(M)) one can find t. € (0,T) and x. € Q such that the solution (u,v) of

up = eAu — V- (uVv) + ku — pu®
0=Av—v+u (2.1)
6V”|aﬂ = al'“|an =0, u(0, ) = uo,
in Q x (0, Taz), where Trpax € (0,00] is its maximal time of existence, satisfies u(xe,t:.) > M.

For this purpose we set out to find estimates finally leading to the crucial extensibility criterion
(2.27) for solutions of the “e = 0-limit” model

up = —V - (uVv) + ku — pu® (2.2)
0=Av—v+u
8,,v|(,m = 3l,u|aQ =0, u(0,-) = uo

of (2.1) in Qx (0,7 for some T > 0. The extensibility criterion is analogous to (1.6) of [117], that
in turn is built upon estimates, some of which heavily rely on one-dimensionality of the problem.
Cornerstone of our analysis therefore will be Section 2.3.5, where we craft the inequality which
also allows for higher-dimensional and therefore more realistic scenarios.

We will introduce our concept of solutions of (2.2) in Definition 2.4.1 and show their uniqueness
— if ug € Wh4(Q) for some ¢ > N — in Theorem 2.4.3 and the existence of radially symmetric
solutions that can be approximated by solutions of (2.1) in Theorem 2.4.7.

In contrast to the one-dimensional case, we are confronted with the challenge that we cannot, in
general, rely on the existence of global classical bounded solutions to the approximate problem.
Hence we prepare these results by finding a common existence time of such solutions — regardless
of the value of € (Theorem 2.3.14).

After collecting some additional boundedness property in Lemma 2.3.15, by a limiting procedure
(Lemma 2.4.5) we can turn to solutions to (2.2).

14



2.2 Preliminaries: The elliptic equation

If then p is large enough, a global, in some cases even bounded solution is guaranteed to exist
[Prop. 2.4.10]. However, if this is not the case, any radial solution to (2.2) with somehow
(LP-)large enough initial mass blows up in finite time (Theorem 2.4.13). In combination with
the fact that solutions to (2.2) can be obtained as limits of solutions to (2.1), this yields the
announced theorem about nonexistence of thresholds to population density: If u < 1 and ||uol|,,
(for p > ﬁ) is large enough, before some time T any threshold on the population density will
be exceeded at least at one point by any population that diffuses slowly enough.

After the following short section which recalls a few basic properties of solutions to the second
equation in (2.1) and equation (2.1) with € > 0, in Section 2.3 we focus our attention on existence
of solutions to (2.1) and estimates yielding a common existence time (Theorem 2.3.14) as well as
preparing for compactness arguments (by the estimates of Lemma 2.3.15 and Corollary 2.3.12).
Section 2.4 will be devoted to definition, uniqueness, existence, estimates and a blow-up result
for solutions to (2.2), followed in Section 2.5 by, finally, the proof of the “no threshhold” theorem
2.1.1.

Throughout the chapter, we assume that 2 C R” is a bounded domain with smooth boundary.
Often we will speak of radially symmetric (or, for short, radial) functions. In this case Q@ = Br(0)
is to be understood to be a ball centered in the origin and we will interchange u(z,t),z € 2, and
u(r,t),r = |z| € [0, R).

2.2 Preliminaries: The elliptic equation

In the proofs we will mainly be concerned with w, therefore it would be desirable to estimate
various terms involving the solution v of

—Av+wv=u in{, 81,1)‘8&2 =0 (2.3)
or its derivatives in terms of u. The following lemmata will be the tools to make this possible:

Lemma 2.2.1. Let v solve (2.3) for a nonnegative right-hand side u € C°(Q). Then also v is
nonnegative.

Proof. This is a consequence of the elliptic maximum principle. O

Lemma 2.2.2. Let v solve (2.3) for some u € C°(Q). Then for all p € [1, 0],
1ol 2oy < 020 o

Proof. As in [117, Lemma 2.1], for p € (1, 0), testing the equation by v(v2+n)2 ' as0 < n — 0
yields this estimate, which can then be extended to p € {1, 00} by limiting procedures. O

Estimates involving the L!(Q)-norm of u can be obtained as well:

Lemma 2.2.3. For all p > 0, n > 0 there exists C(n,p) > 0 such that whenever u € C°(Q) is
nonnegative, the solution v of (2.3) satisfies

p+1
/v”“ Sn/ w4+ C(n,p) (/ U) :
Q Q Q

Proof. (as in [117, Lemma 2.2]) Multiplication of (2.3) by vP, integration over 2 and use of
Young’s inequality result in

p/ vp_1|Vv\2+/vp+1:/uvp§ o /up"’l—&—ip /U”'H,
Q Q Q p+1/g p+1/g
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) 1
p/ PVl < 7/ ubtt,
Q p+1Jg

Because V(0" ) = 210" Vo and P~ |Vo|? = (p+1)2 |V(v"2")|2, we obtain

/‘ /up+1'
p+1 Q

Wh2(Q) & 12(Q) = Lt (@),

and therefore

As now

by Ehrling’s lemma there is ¢; = ¢;(n,p) > 0 (and hence ¢; > 0) such that for all p € WH2(Q)

4p

D
10117 < =g l8la + @6l 2 o) < IVl +er 91 2,

T(@Q) ~ Q)

Applying these two inequalities to ¢ = v and using Lemma 2.2.2 for p = 1, we arrive at

p+1 p+1
/vpﬂ /\ \2+cl (/v) §77/up+1+cl (/u) . O
Q p+1 Q Q Q

We also recall useful facts on maximal regularity for elliptic PDEs:

Lemma 2.2.4. For g > 1,y > 0, there is a constant C > 0 such that any (classical) solution v
of (2.3) satisfies HUHWM(Q) < CHUHLq(Q) and ||U||c2+v(Q) <C ||u||cw(9)

Proof. |23, ch. 19] [28, Thm. 6.30] O

2.3 Parabolic-elliptic case

2.3.1 Existence

We prepare the following two lemmata with this estimate from [110, Lemma 1.3 iv)] about the
(Neumann) heat semigroup:

Lemma 2.3.1. Let 1 < ¢g<p< oo orl<q<p=oo. Then there exists C > 0 such that for
all t > 0 and for all ¢ € LI(Q;RY)

|2V - 9ll ) < CO A2 FG70) 9] 0 g

Proof. [110, Lemma 1.3 iv)]. Although the lemma in that article is stated only for p < oo, the
proof actually already covers the case p = oo, because C§°(€2) is dense in L(Q). O

One of the first steps in dealing with solutions of (2.1) is to show that they exist, at least locally.
Let us briefly give the corresponding fixed point arguments.

Lemma 2.3.2. Let ug € C°(Q),e > 0,5 > 0,1 > 0. Then there is Tynae € (0,00] such that (2.1
has a unique classical solution (u,v) € (C*1(Q x (0, Timaz)) NCOQ X [0, Tinas))) x C20(Q x
(0, Trnaz)) and

hmsup ||u( )HLOO Q) — = 00 o7 Tipae = 00.
t " Timax

16



2.3 Parabolic-elliptic case

Proof. For 1 € C°(Q), by Uz we denote the solution o of
0=A0+0—-7 inQ, 8,0| 5, = 0.

Assuming R > 2 ||u0||W1,q(Q) to be given, we fix constants C as in Lemma 2.3.1, C5 and the
function C': [0,1] — R such that

M‘Z

t
VUil Loy < Colltull ooy, C8) = 01/0 (1+(e(t—s)"2 2 )ds, t € (0,1),

and note that C' is monotone and continuous with C'(0) = 0. We moreover choose T' € (0,1)
such that

(k4 2uR)T + 2RC5C(T) <

N =

For t € [0,T] we then define
¢ t
B(u)(- 1) : = ey —/ S(t=9)Ay. (u(-, 8)VUy(.5))ds + /@'/ =8y (. 5)ds
0 0
¢
- u/ et=9)82(. 5)ds.
0
Then ®: CO(Q x[0,T]) — C°(Q x [0,T]) is well-defined and, in fact, even ®(u) € C=°(Qx (0,7T)).

In addition, ® is a contraction in M := {f € CO(Q x [0,T)); £l e (x0.1)) < R}, as can be seen
from the fact that

[®(u) — q)(a)HLw(Qx(O,T))
t

< sup/
o<t<T Jo

t
+ sup /
0<t<T Jo

IAY - (u(-, 8) V() — (- s)v%(ﬁ))HLm(m ds

DA (k(u(-, 8) — (-, ) + plu(-,s) — a(, 5)))HL°°(Q) as

< C(T)(llu = Ull oo (o (0,7y) C2 R + RC2 [t = Ul o (o (0,7))) + T(6 + 2uR) [[u = Ul| o (2 (0,7))
1 ~
<3 [ = tl| oo (o (0,7))
for u,w € M. Furthermore ® maps M to M as well: If u € M, then

1Pl oo (25 (0,7y) < [[@(w) = P(O)[ oo (0 (0,7)) T 1P (O) | e (2 (0,7))

IA

1
> ull oo (ox 0,7y) T U0l poe (@) < R-

With the aid of Banach’s fixed point theorem, this procedure yields a unique solution of ®(u) = wu,
which can be seen to produce a solution (u,v) of (2.1) on Q x (0,T) if we let v(-,t) := ¥y (. 4) for
t € (0,T). Successively employing the same reasoning on later time intervals (then with different
ug and possibly larger R) the existence of a solution on a maximal time interval (0,T},q.) is

obtained where either T},,4, = 00 or imsup;, »p,_||u(:, t)||LQC(Q) =00. O

2.3.2 LP-bounds and global existence

Bounds on LP-norms are of great utility, not only for the deduction of global existence. A
standard testing procedure (see also [117]) yields

17



2 Chemotaxis can prevent thresholds on population density

Lemma 2.3.3. Let £ > 0, u > 0, ug € C°(Q) be nonnegative. Let (u,v) solve (2.1) classically
in Q x (0,T) for some T > 0,e > 0. Then for p > 1 and on the whole time interval (0,T), we
have

d
— [ v’ +plp— 1)5/ uP 2| Vul? < pH/ u? — (1 —p+ up)/ ub ™t (2.4)
dt Jo Q Q Q

Proof. Multiplication of the first equation of (2.1) by u?~! and integration by parts yield

1d up+(p71)s/up*2|Vu|2:(p71)/up*1VUon+/i/upfp/up+l
Q Q Q

pdt Jo Q

on (0,7). Another integration by parts in combination with the second equation of (2.1) and
Lemma 2.2.1 show

1 1 1
(p—l)/up_1Vu~VU:—L/upAv:L/up(u—v)gL/upH
Q P Ja P Ja P Ja

on (0,T), which gives formula (2.4). O
This estimate directly leads to the following bound on LP-norms of w.

Corollary 2.3.4. Let k > 0, > 0,u9 € C°(Q) nonnegative, suppose (u,v) is classical solution
of (2.1) in Q@ x (0,T) for some T > 0,e > 0. Let p € [1, ﬁ)
Then for all t € [0,T),

fyme=m{ f 6 (i) o}

Proof. An application of Holder’s inequality gives fQ uPtl > \Q|_%( Jo u)
(2.4) into the differential inequality

p+1
» and transforms

_1 1
y'(t) < pry(t) — (1= p+pp)|Q 7 (y(1)) %), t€(0,T),
for y = [, u?. An ODE-comparison then yields the result. O

Corollary 2.3.5. Let K >0, ¢ > N, ug € C°(Q). If u > %, the solutions of (2.1) are global.

Proof. This arises from the bounds in Corollary 2.3.4 by arguments that can be found in Lemmata
2.3 and 2.4 of [100]. O

If even i > 1, bounds can be given in a more explicit form and independently of €.

Lemma 2.3.6. Let k > 0, p > 1, ug € C°(), ug > 0, ug #Z 0, and let (uc,v.) be a classical
solution of (2.1) in Q x (0,00) for e > 0. Then, for all t > 0,

K K _ —rt\—1
ﬁ(l"‘(m 1)8 ) KZ>0,M>1,

HuUHLOO(Q)

lute (-, ) oo () < T+ (a—Dl[uoll oo (o t k=0,p>1,
||U’OHL°°(Q) C [i>0aﬂ: 1?
||U0HLoo(Q) k=0,p=1

Proof. (Cf. [117, Lemma 4.6].) This can be obtained by comparison with the solution y of

Yy (t) = ry(t) = (u=1)y*@#), t>0,  y(0) = Juoll (e - H
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2.3 Parabolic-elliptic case

2.3.3 Radial solutions

In the following sections we will restrict ourselves to the prototypical radially symmetric situation.
In this case, the first two equations in (2.1) can be rewritten in the form

N -1 N -1

Uy — UpVp — UVpp — wvy + ku — pu’ (2.5a)

Ut = EUpp + €
r

N -1
O:Urr+

U — U+ u, (2.5b)

if — as announced earlier — we perform the common “abuse of notation”, writing u(r,t), r € [0, R),
instead of u(x,t), || = r. We begin by preparing an inequality for the derivative of v. Gained
from the radial symmetry, it will be one of the most important tools for the calculations preparing
the estimation of [|[Vu|[;,q) in terms of [[u|[ . (q)-

Lemma 2.3.7. Let (u,v) be a radially symmetric nonnegative classical solution of (2.1) in
Q% (0,T) for some T >0 and Q = Br. Then forr € [0,R],t € (0,T),

1
vr(ryt) < 57l Ol o) - (2.6)

Proof. We fix t > 0. Equation (2.5b) can also be written in the form TN%I(TN_lvr)T =v—u
and implies

(rN o), = rV v —w),
hence
Nl (rt) = 0+ /0 PN w(p, t) = ulp,1))dp < Jlul-, )] oo o /O pNtdp
L ~
=N ”u('ﬂt)HLN(Q)a
which leads to (2.6). O

2.3.4 Compatibility

We say that a function ug satisfies the compatibility criterion (or, for short, that ug is compatible)
if ug € C1(Q2) and 9, ug | o =0 If functions with this property are used as initial data in parabolic
problems, the solutions they yield have bounded first (spatial) derivatives on a time interval
containing 0 ([48]). This will be important in the derivation of the crucial estimate of [, [Vul|?
for solutions u of (2.1) (Corollary 2.3.12) in terms of ||Vuol|,, instead of only ||Vu(-,7)||,, for
arbitrary small 7 > 0.

At first we show that any function ug € W14(£2) can be approximated by compatible functions
preserving all kind of “nice properties”:

Lemma 2.3.8. Let ¢ > N, up € WL4(Q) be radially symmetric and nonnegative, let € > 0.
There is g € C1(Q) with &,HOL%) = 0 such that |[uo — Uolly1.q(q) < € and also to is radial and
nonnegative.

Proof. Given ¢ > 0 we consider the standard mollifications 1° * g (cf. [22, C.5]) of

S
k-3

~ §
Ug 1= UOHBR_% + ug (R— 2> ]].]RN\B

in Q, where 1 denotes the characteristic function of a set, for an appropriate, small choice of &
and €. O
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2 Chemotaxis can prevent thresholds on population density

2.3.5 Preparations for the continuation estimate

In this section we are going to derive an inequality which shows that we can control the [|-|[1.4 ()
norm of solutions to (2.1) by their L*°(2)-norm. For the following computation we define, for
n >0,

®,(s) := (s* +n)%, seR,

and compute
) (s) = gs(s> +m)2 7,

which implies
5P (s) < q®(s) as well as 5@ (s) >0 (2.7)

for s € R and
P (s) =q((qg— 1)s* +1n) (s> + n)2=2% >0, seR. (2.8)
In preparation for later calculations we also note that for a,s € R,
y(s) — asPy(s) = (1 - aq)s® (s + )2~ +n(s” +) 27" (2.9)

Lemma 2.3.9. Let x > 0,40 > 0,9 > N,T > 0.
For any radial classical solution u of (2.1) in Q x (0,T) with radial initial data ug € WH9(Q),

and arbitrary 7 € (0,T), t € (7,T), we have (with Kt asC from Lemma 2.2.4)

[ 2, 0vut0b < [ @n0vut.on+ | t(<5q+q2n> ||u|Loo<m+nq) R
w1l [ (K13 + 2 bl oo

Proof. We denote Q5 = Q\Bs(0),let 0 < 7 < t < T and use wy to denote the (N —1)-dimensional
measure of the unit sphere 9B;(0) C RV,

We note that on Qs x (7,t) all derivatives of u appearing in the following calculation are smooth
and bounded, and we can hence change the order of integration and differentiation to start with

/QJ<I>77<|Vu<-,t>|>—/QS IV, —wN// VB (11 .

Here we use equation (2.5a) for w:

[ #,(vat.o) - [ @,(9ut. )
Qs Qs
t R
N-1 N -1
= OJN// erl@%(u,.) (eu,-,- +e U = Ur¥p = WWpp — U0y + KU — ,uu2>
d
= EWN urrr Ur + ewn )5((1)77<U’T))
fsz/ / rN*?’( fl)ur (uy) wN/ / R 7](w)
—QwN// Lty ® o (U —wN// N- 1UTTTU<I) (uy)
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2.3 Parabolic-elliptic case

R
+w1v/ P3N — Dv,u®) (u, —WN// N = Dvru, @, (ur)

—wN// —l)vr,«u@ Uy) —I-HUJN// (uy)
—QMLUN/ / UU,« ( 7-) =: Il—|—12+...—|—111.

Now we integrate by parts twice in the first term
t R
= —auN/ / um@" (U YUy — 5wN/ / erQuM.‘i)',](u,«)(N -1)
T Jé
+ EOJN/ V= u,,T@’ (u, ‘5
t R t R
<0+e(N —-1)(N — 2)oJN/ / V73, (u,) — 5wN/ N2, (u,) (N — 1) s
T Jd T
t
+ sz/ V= 1urT<I>’ (u, |5 ,
where we also used (2.8), and once in the second integral

t t (R
Iy = +e(N — 1)wN/ TN_Qq)n(uT)’(I; —e(N —-1)(N — 2)wN/ /5 N3P, (u,).

Upon addition, some of these summands vanish and estimating I3 < 0 by (2.7), we obtain

t ¢
L+1+ 15 < EwN/ rN_luTTq)%(u,,)‘f = —5wN/ N, @) (u)|

T T

because u, (R, t) = 0 for all £ € (0,T). _ N
Also the next term can be rewritten by integration by parts and using v, (R,t) =0 for ¢t € (0, 7).

I4=wN/t Nl @, (uy) |, _s + (N =1 UJN/ / (ur)
+wN/ / Ly ® n(ur).

Inserting (2.5b) to express vy in I differently, (among others) we obtain terms to cancel I7

and Iy:
t R
IG:—wN/ / vrué’ (u) —|—wN/ / Ly, w(up) = Iy = Ir.
T Js

Together with the trivial observation that I1; < 0 by (2.7), these estimates and reformulations
give

[ e qvuton = [ euq9uc. o)

t t
< —eow [ i) oy [P )
T T
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2 Chemotaxis can prevent thresholds on population density

—1wN/ / 20,9, (uy +wN/ / Ty (ur)
—2wN/ / Lyt ® o (ur) —wN/ / vrquJ;(ur)
+wN// “lu, @) (uy) wN// N — Dvu, @ (uy)
—|—muN/ / Ur‘I’I (ur).

Passing to the limit § \, 0 by boundedness of u,, u, v, on (0,R) x (7,t) and the dominated
convergence theorem we arrive at

[y (vat.oh - [ @,0vut.n)
Q Q
t (R
N - 1)wN/ / N2, (@, (u,) — u, @) (u)]
t (R
—i—wN/ / UM« P, (u,) — 2u,<1>;](ur)] — wN/ / TN_lvruq);,(ur)
0
JFWN// uur ur Jrliq/x/ (IVul) = In+1Ig+1Ic+Ip+1g
and with the help of (2.9), the first of these integrals can be rewritten as
Iy=(N-1) 1—qu// w2 (u24n) ¢
N - 1)wN/ / N2, (u? —|—77)§71 .
T JO
Treating the second term similarly and inserting (2.9) and (2.5b) gives
1, a_1
Ip = 1—2qu// vMu u +n2 —|—an// vrru+77)2
2q—1wN// (u—v)up (u? +77) -
41
+ (N = 1)( 2q—1wN// u? (ul +n)?
-1 a_1
+ nwn U—u— U (u.+77)2 ,
where also (u — v)u? < u (u? 4+ 7). For the sum of these terms we are thereby led to
Iy+1Ip <( —1qu// u +77)%_1

t rR g
+(2q—1)wN/ / TN_luén(ur)-i-??wN/ / N o —w) (uf + ) g
T JO T JO
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2.3 Parabolic-elliptic case

where we can use Lemma 2.3.7 to infer

N-1 R 2 2 3-1
In+1p<gq N YN r 7"||UHLoc(Q)Ur(Ur+77)
T JO
t R a_q
+(2q—1)wN// PN lud (U —|—an// (v—u (u +77)2

N-1 _
<qT+2q—1 on [y [ 7

—|—77wN// (v —u) (uf+n)%71.

Furthermore adding the other terms and making use of (2.7) in Ip,

Ig+...+1g

g/: (1 %) 0= 1) lollimiey +a) [ 2,07 (2.10)

t
0 [ Welimiey / Vol Ful((Vul? + )

+77wN/ / v—u (ui—i—n)%_l
< [ (0ol + v0) JRAGZ
2.1
+q/ el e /|W| Vul? + )" +an// (w2 +n)¥.

Here an application of Young’s inequality gives

t t
Tat oot T < [ Galulleoy +a) [ (96D + [l ooy [ 900
qg—1 ¢ 9 q
ot [l [ (90 +)? 2.11)
t R .
oy [ ol [ ¥ )

Merging first and third term, with Lemma 2.2.4 (and K as provided by that lemma) and Lemma
2.2.2 we have

t t
IA+...+IE§/ (5(]HU||LO<>(Q)+I€q)/ﬂ(1>n(|Vu\)—|—K/ el e gy el
t R
— q—2 a-2 _a_ 2 q
+77WN/ ||'Uz||Leo(Q)/ ’I"N 1 ( (uz_’_n) 2 g 2_’_.12>
T 0 q q
t
< [ Gl +50) [0 v+ 5 [ il
q—2 ' q 2
+77T/ Hu||L°°(Q)/Q(|V“|2‘*"7)2 / a|9||\u||Loe(Qx(r,t))

t
+n
t q_2 ’
S/ <(5Q+q77> ||U||Loo(9)+"5q)/ﬂq>fl (IVul)
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2 Chemotaxis can prevent thresholds on population density

t
1
+ |Q\/ <K||u||Lt°q(Q) +— ”uHLOO(QX(O t)))

In total, these estimates show the claim. O

Remark 2.3.10. In the above proof (and all affected propositions), 5¢ could be replaced by
(5 — +)q — 2 by keeping the negative summands neglected in lines (2.10) and (2.11).

Lemma 2.3.11. Under the assumptions of Lemma 2.3.9 the following holds:

[ vt < (19 oy + (1905 [T d5) )
e (50 [ 90 o s )

Proof. Letting 7 € (0,7T) and ¢ € (7,T) and starting from Lemma 2.3.9, by Gronwall’s inequality
we can conclude

t 2
[ @u(vut.) < ( [ oo+ [ |ﬂ|||u||itfm>+ntq|n||u||mﬂx<o,m)~

t q_2
-exp 5g+ = l[ull oo () + 54 ) ) -

By smoothness of u in Q x (0,7), we have for all s € (0,7)

[ ouwutn = [ [vutor a0

From this we gain

/ |Vu<-,t>|qs( [ vut o+ jogi / ||u|2tf<g)exp ( /f<5q||u||mm>+nqt)7

which implies the assertion. O

Corollary 2.3.12. In addition to the hypotheses of Lemma 2.5.9, let uy be compatible. Then

t t
. V(- 1)]7 < ( . Vol + |Q|K/0 |u||1L—L_°q(Q)> exp (/0 (g l[ull oo () +th) :

Proof. Since from the dominated convergence theorem we know that

/\vu(.,f)\q%/ Vao|®
Q Q

as 7\, 0 due to the boundedness of Vu for solutions of (2.1) with compatible initial data, this
is a direct consequence of Lemma 2.3.11. O
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2.3 Parabolic-elliptic case

2.3.6 Epsilon-independent time of existence
We begin this section with some Gronwall-type lemma which we will need during the next proof:

Lemma 2.3.13. Let f: [0,00) — R nondecreasing and locally Lipschitz continuous, let yo € R.
Denote by y the solution of y(0) = yo, y'(t) = f(y(t)) on some interval (0,T) and assume that
the continuous function z: [0,T) — R satisfies

2(t) < z(0) +/O f(z(m)dr forallte (0,T), 2(0) < yo.

Then z(t) < y(t) for all t € (0,T).

Proof. Let Ty :=inf {t € (0,T) : 2(t) > y(t)} and assume that Ty < T exists. Due to continuity,
2(To) = y(To), ie.

0+ [ " F(e(m)dr > 2(To) = y(To) = y(0) + / y(r)dr

To To
=+ | fly(r))dr > yo + ; f(z(7))dr > 2(0) + ; f(z(7))dr,

which is contradictory. O

The next theorem prepares the ground for the approximation procedure to be carried out in
Theorem 2.4.7. It guarantees that solutions to (2.1) exist “long enough”. Its proof is an adaption
of that of [117, Lemma 4.5], where an assertion similar to our Theorem 2.4.7 is shown.

Theorem 2.3.14. Let k > 0, > 0,q > N. Then for any L > 0 there are some numbers
T(L) > 0 and M(L) > 0 such that for any radially symmetric nonnegative and compatible
ug € WH4(Q) with [wollwi.aqy < L, for any e > 0 the classical solution (ue,ve) of (2.1) exists
on Q2 x (0,T(L)) and HU'EHLOO(QX(O,T(L)) < M(L).

Proof. For any € > 0, the classical solution (ue,v.) of (2.1) exists on some interval (0, T4z c)
and satisfies limsup; »p, ||u8||Loo(Q) = 00, unless Tiqzc = 00. It is therefore sufficient to

naw,e

show boundedness of [[ue|| o ) on (0,T(L)) for some e-independent T'(L) > 0. For this, we fix
constants ¢y, ca such that for all ¢ € WhHe(Q)

Ml o) < €1 IVOl Loy + 1 91l p1q) and 18110y < ez [@llwragqy > (2.12)

where we use ¢ > N, as well as K as in Lemma 2.3.9 and ¢35 = ¢5(L) such that

Q
& _ max {CQL, M} ,
1 2

so that by Corollary 2.3.4 applied to p = 1 we obtain

/u€<-,t) <o (2.13)
Q

C1

for any ¢ € (0, Thnag,c) and any solution (ue,ve) of (2.1) with ug, &, p as specified. Furthermore,
we let yr, denote the solution to

1+1
yi(t) = (6ger + KIQI(2e1) )y, " + (Baes + ra)yr + [9(K (2¢5) 7 4 1),
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2 Chemotaxis can prevent thresholds on population density

yr(0) = (V2L)" +1

and let T(L) > 0 be a number such that yy,(t) < (v2L)? + 2 for all t € (0,T(L)).
We then let vy € W14(Q) be as specified in the lemma, which in particular entails that
lluollyyr. a(q) < L. Fore >0 we denote by (ue,v:) the solution of the corresponding equation

( 1). We apply Lemma 2.3.9 for conveniently small n € (0, min{q, |Q| ™4
€ (0,7(L)) and, due to compatibility of ug, in the limit 7 \, 0 obtain

[ avuton < [ eivud + [ ((salllm +ra) [ @090)

1
"y / (Kue||L1qQ)+ . m)

< [ @7+ [ ((Gater IVl + )+ v0) [ (90D

t
2
10 [ (K 190l + @)+ 2 [Vl g+

) and arbitrary

) T

Here we abbreviate [, ®,(|Vuc(-,t)|) =: z(t) and estimate Ve (5 )l pago) < z%(t) Then

z(t) < 2(0) +/0 ((6(]61 +K|Q|(201)1+q)zl+%(s)+(6q03 + nq)z(s)+|Q|(K(203)1+q+2;703)> ds.

Additionally

2(0) = /Q B, (Vug) < 2} / Va7 + (20)40 < (VL) + 1

Lemma 2.3.13 therefore leads us to the conclusion that, for all ¢ € (0,7(L)) and independently
of n, we have [ ®,(Vu.(-,t)) < yr(t), which by Fatou’s lemma implies

/ Vue(, 8|9 < (V2L)1+2  for all t € (0,T(L)).
Q
Along with (2.12) and (2.13), this shows that for all £ > 0
e )l ooy < €1 ((VRL)T +2)7 + 5 =2 M(L)
n (0,7(L)). O

2.3.7 Preparations for convergence: Boundedness of u; in an appropriate
space

In order to use the Aubin-Lions-type estimate of Lemma 2.4.4, we will need at least some
regularity of the time derivative of bounded solutions.

Lemma 2.3.15. Let eg > 0, let 4 > 0,7 > 0,q > N,p € (1,00),M > 0. Let uy € Wh4(Q)
be radially symmetric and nonnegative. Then there is C' > 0 such that the following holds for
e € (0,e0): If a solution ue of (2.1) in Q x (0,T) with compatible nonnegative radial initial data
ug,e € WH(Q), Jluo,e — tollyyaq) < € satisfies

lue(z,t)] < M
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2.4 Hyperbolic-elliptic case

for all (z,t) € QA x [0,T), then

et | <C
Lr((0.T):(Wy T (2))°)

Proof. We let ¢ € C}(Q2), multiply (2.1) by ¢ and integrate over Q:

/ UetP| =
Q

<e

/ eAucp — V- (Voo ) + Kuep — uuiw‘
Q

/ Vue - Vw‘ + ‘/ Ue Ve - V@‘ +tkK ||Ua||Loo(Q)
Q Q

2
/w’ Tl /so’

Invoking Corollary 2.3.12, Lemma 2.2.4 and Hoélder’s inequality, we infer the existence of con-
stants with V| puq) < M, V0. ooy < C lluclloo < OM and i) < C gl 2, and

1
conclude for C := T’ max{soM +CM?, (HM + uM2)C} that

\ / w\ < e[Vt ey V9
M ol + M2 ol e

< (eM +CM?) |Vepll 2, o + (M + ud*)C ]

+ M [[Ve| Lo IV

LT () LT (Q)

Lq a—1(Q)

_1
< OT el 1. g2 -
Here taking the supremum over ¢ with ”QD”WI’ﬁ(Q) =1 reveals
_1
||UEt||(W1,ﬁ(Q))* S CT »

and hence

. 1
/ et <c a
0 wt l(Q))

2.4 Hyperbolic-elliptic case

2.4.1 What is a solution?

We want to call a function “solution” if it satisfies (2.2) in the following sense:

Definition 2.4.1. Let T' € (0,00]. A strong W"4-solution of (2.2) in Q x (0,T) is a pair of
functions u € C°(2 x [0,T)) N L2 ([0,T); WH4(Q)) and v € C?°(Q x [0,T)) such that u,v are

loc
nonnegative, v classically solves 0 = Av — v+ u in €, 8”“‘89 =0 and

/OT/ngat/Quogo(',O)/OT/Qqu~V30+H/OT/ng0u/OT/Qu2<p (2.14)

holds true for all ¢ € L*((0,T); WHY(Q)) that have compact support in Q x [0,T) and satisfy
oy € LY(Q x (0,T)). If additionally T = oo, we call the solution global.

Remark 2.4.2. Due to density arguments, it is of course possible to formulate Definition 2.4.1
for p € C§°(Q2 x [0,T)) and obtain the same solution concept.
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2 Chemotaxis can prevent thresholds on population density

2.4.2 Uniqueness
These solutions are unique as can be proven very similarly to the one-dimensional case.

Lemma 2.4.3. Let ¢ > N, T € (0,00] and ug € Wh9(Q) with ug > 0. Then there is at most
one Whi-solution of (2.2) in Q x (0,T).

Proof. (Cf. [117, Lemma 4.2]). Letting ¢ > N and ug € WH4(Q) with uy > 0, we assume
(u,v), (u,) to be strong W4-solutions of (2.2) and note that (w, z) := (u — u,v — v) satisfies

—/OT/ngot:/OT/Q(UVU—GVEY)-Vgo—i-/i/OT/ngo—u/OT/Q(uz—QQ)go (2.15)

for all ¢ € LY((0,7); W+(Q)) which have compact support in Q x [0,7) and satisfy ¢; €
LY(Q x (0,T)) and
0=Az+w—=z. (2.16)

Letting Ty € (0,T), by Definition 2.4.1 (and by Lemma 2.2.4), we can define constants such that
€1 = ||U||L°°(Q><(O,TO))7 C2 = ||u||L°°(Q><(O,TO))’
€3 = HﬁHLOO((O,To),leq(Q))’ Cs = ||a||L°°(Q><(O,TO))'

According to Lemma 2.2.4, (2.16) implies ||z[[2.q(q) < C [wll4(q) for some C > 0 and hence,
as W24(Q) — Wh(Q) for ¢ > N, there is ¢4 > 0 such that

12w ) < callwllpoge) -
With these constants, we set
C:=q(c1 4+ ca+ £+ 2c3¢4 + c5). (2.17)

In (2.15) we use some function ¢ we construct as follows: For ¢y € (0,T) we define &5 € W (R)
by

1, t <o,
55(t) = @7 te [thtO+6]7
0, t>to+0,

for 6 € (0, To5%0), and let

t+h

Then for § € (0, T“gt(’ ),h € (0, T“gt(’ ),1>n >0, ¢isavalid test function in (2.15), and inserting
it yields

1 to+d 1 t+h 4
g/ /w(m,t)g/ w(z, s)(w?(x,s) +n)2 tdsdxdt
to Q t

_ /OT /Q R A I Ul (AR )it —wlz, @@, ) +mit

>

T
:/ /Eg(t) [-Vu - Vv —ulAv+ Vu- VU + uAv 4 kw — pw(u + )]
o Jo
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2.4 Hyperbolic-elliptic case

1 [tth
. 7/ w(z, s)(w?(z, s) + )% 'dsdadt

/ /E(s —Vw Vv —wAv —Vu-Vz—ulAz+ kw — pw(u + @)]
t+h

. 7/ w(z, s)(w?(z, s) +n)? " dsdadt.
t

h

Taking the limit § \, 0, which is possible for the first term, because the function (x,t) —

w(z,t)+ t+h w(z, s)(w? (x s)4mn)%~1ds is continuous, and on the right hand side by Lebesgue’s
theorem smce Vz, Az, u, Vv, Av,w,u, are bounded and Vw is uniformly bounded in L4(2) up
to time ¢y + h (according to Definition 2.4.1), we obtain

h

_/t"/w<x7t)w(x,t+h)(w2(x,t+h)—|—77)(2;L_1—w(m,t)(wz(x,t)—i—n)g_ldwdt (2.18)

to+h
/Qw(x,to)l/to w(z, s)(w?(z, s) + )% dsdx

to
:/ /[—Vw~Vv—wAv—Vﬂ«szﬂAernwfuw(quﬁ)]'

1 t+h
. E/ w(z, s)(w?(z, s) +n)* " dsdadt.
t

With the abbreviations w = w(z,t), wp, = w(z,t + h) we observe that

t() q t() q
—7/ /wwh wh—i—n’_l / / e 1
1 1 4 —1
>—* (w? +1)2 (wj, + 1) (wj, +n)* (w? +1)?
tO g q_l to t[) g 1
>—” +n2—*7 wh+n h (w? +m)2 71,

where we have used that s < (s2 4 7)2 and Young’s inequality. Converting the time shift in the
arguments to a change of integration limits, we obtain

to . to Y to+h q
B Lo oo [
toth q q
A e
-1,1 toth
:L(ﬁ//wQ(wQ_‘_n% 1_7/ / -1
to q _1 t0+h q
o et / )

where in the limit 1 N\ 0 the last line vanishes. Furthermore, by the continuity of w and because
lw(w? 4 1)2 1| can be bounded by the integrable function (w? 4 1)%,

1ot q * Lot
Q3 g/ w(w, s)(w?(x,s) +1)2 " Tds p = Qx> E/ w(z, s)lw(z, s)[1*ds
to

to
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2 Chemotaxis can prevent thresholds on population density

in L>°(Q) as well as

t+h
{(a:,t) — %/t w(z, s)(w?(z, s) +77)g_1ds} A { x,t) — — / w(z, s)|w(x,s)|9” 2ds}

in L>(Q x (0,%)) as n N\, 0. Therefore we can conclude from (2.18) that

1 [loth g—1 h
/w(x,to)f/ w(x, s)|w(m,s)|q_2dsdx+7/ /\w(x,t)|q
Q h to 0 Q

1 to+h
- qT / |w(z, t)|?dzdt
q to

to
S/ /(—Vw-Vv—wAv—Vﬁ~Vz—ﬂAz+nw—,uw(u+ﬂ))~
1 t+h
3] ettt
for h € (0, @) As w is continuous on Q x [0, Tp] and w(-,0) = 0 in Q, A N\, 0 yields

7
= [ |w(x,to)|?
. Q| (,t0)]

to

S/ / (=Vw - Vv —wAv — Vi - Vz — uAz + kw — pw(u + @))w(z, t)|w(zx, t)|72

Here we will estimate the integral on the right-hand side to obtain an expression that allows to
conclude w = 0 by means of Gronwall’s lemma. We will consider the summands separately:

to 1 to
—/ /Vw~va\w|q72:f/ /|w\quu
o Ja aJo Ja
1 to tO
== [ [t =0 < ol @iomy | ] 0l
Q/o /Q L=(@x(0.10)) | |

Also for the next term, the second equation of (2.1) and nonnegativity of v are helpful:

to to to
_/ / wAvw|w|™? = —/ / |w|?(v —u) < ||u||L°°(Q><(O,T0))/ / lw|?.
0 Q 0 Q 0 Q

For the last term we make use of the nonnegativity of both « and u:

to to to
/ /Kaw paw(u + ) )w|w|?2 / //i— |w|q</~@/ /|w|q

Boundedness of 7 in W9(Q)) and Lemma 2.2.4 play the main role in the following estimate.

to to
~ -2 ~ —2
[ vl < [0y 192 eyl

to
< / eaca o]l a0l %oty -
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2.4 Hyperbolic-elliptic case

And finally, once more employing the second equation, we have

to to to
—/ /ﬂAzw\wP_Q:—/ /ﬂzw\w|q_2—|—/ /ﬂ|w|q
o Ja 0o Ja 0o Ja
to
3(03C4+C5)/ /leq-
o Ja

Gathering all these estimates together, we see that with the constant C from (2.17) for all

tO c (OaTO) :
/ (e, to)|tdz < C / / fol?,
Q 0 Q

hence by Gronwall’s lemma w = 0 (and therefore also z = 0), which proves uniqueness of
solutions. O

2.4.3 Local existence and approximation

We will prove existence of solutions to (2.2) by means of a compactness argument whose key lies
in

Lemma 2.4.4. Let XY, Z be Banach spaces such that X — Y — Z, where the embedding
X <Y is compact. Then for any T > 0,p € (1,00], the space

{w e L>([0,T}; X);w, € LP((0,7); Z)}
is compactly embedded into C°([0,T];Y).

Proof. The proof uses the Arzela-Ascoli theorem and Ehrling’s lemma and can be found in [117,
Lemma 4.4], see also [86, Section 8|. O

We directly take this tool to its use and employ it with a slightly different choice of spaces than
in the one-dimensional case to obtain a similar result.

Lemma 2.4.5. (Cf. [117, Lemma 4.3]) Let k > O,u > 0,q > N, assume ug € Wh9(Q)
nonnegative and radially symmetric. Suppose that (¢;)jen C (0,00), (uo,e,); € WH(Q), T > 0,
M > 0 are such that €; \, 0 as j — oo, all ug. are compatible, nonnegative and radial with
lluwo,e — u0||W1,q(Q) < € and such that whenever € € (&) jen, for the solution (ue,v.) of (2.1) with
initial condition ug ., we have

ue(w,t) < M (2.19)

for all (z,t) € Q x (0,T). Then there exists a strong Wt4-solution (u,v) of (2.2) in Q x (0,T)
such that

Ue = U in CO(Q x [0,T7),
ue =u i L((0,T); WH(Q)),
ve = v in C*0(Q x [0,T7).

Proof. According to Corollary 2.3.12 and by (2.19),
(ue,)jen is bounded in L>((0,T); Wh?(Q)). (2.20)
Lemma 2.3.15 gives boundedness of the time derivatives: For some p > 1,

(te,¢)jen is bounded in LP((0,T); (chf%l(Q))*)
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2 Chemotaxis can prevent thresholds on population density

With the choice of X = Wh(Q),Y = C7(Q), Z = (W"71(Q))*, Lemma 2.4.4 allows to conclude
relative compactness of (uc,); in C°([0,T], C7(£2)). Due to this and (2.20), given any subsequence
of (g5);, we can pick a further subsequence thereof such that

Ue, —u in C°([0, T],C7 (), (2.21)

Ji

Us, S in L>°((0,7); Wh4()) (2.22)

i

as ¢ — 0o and also by the propagation of the Cauchy property from (ue; )ien to (ve; )ien via

Vei ~ Vi || ceoxiory = ‘ e T | geero@xgo, )
<C’ . - c‘ R
> ’UJsji Usjk Cv 0 (@x[0,T]) Us“ USJk co([0,7],C7 ()
for all 4, k € N, where C is the constant from Lemma 2.2.4,
Ve, =V C%0(Q x [0,T7]) as i — 0. (2.23)

The limit (u,v) is a strong W solution of (2.2), as can be seen by testing (2.1) by an arbitrary
p € Cg°(2 x [0,T)) and taking € = ¢;, — 0 in each of the integrals separately, as possible by
(2.21) to (2.23):

T T T
—/ /ugot—/uocp(-,t):—O-/ Vu-ch—/ /uVU-ch
0o Ja Q o Ja o Ja
T T
+/~@/ /ugo—,u/ /u2ap.
0o Ja 0o Ja

Hence the limit of all these subsequences u.,; of subsequences is the same, namely the unique
(Lemma 2.4.3) solution of (2.2) and therefore the whole sequence converges (in the spaces indic-
ated in equations (2.21) to (2.23)) to the solution (u,v) of (2.2). O

In Lemma 2.4.5 we assumed uniform boundedness of the approximating solutions. Fortunately,
on small time scales we are entitled to do so and can prove the following:

Lemma 2.4.6. Let kK > 0, > 0,q > N. Then for D > 0 there is some T(D) > 0 such that
for any radial symmetric nonnegative ug € W4(Q) fulfilling ||u0||W1,q(Q) < D there is a unique
Wha(Q)-solution (u,v) of (2.2) in Q x (0,T(D)). Furthermore, if ug.. are compatible functions
satisfying ||uo . — uOHWLq(Q) < g, this solution (u,v) can be approximated by solutions (ue,v:) of
(2.1) (with initial condition ug ) in the following sense:

Us = U in CO(Q x [0, 7)), (2.24)
U = in L=((0,T); Wh1(Q)), (2.25)
Ve — v in C*0(Q x (0,7)). (2.26)

Moreover, with K as in Lemma 2.3.9 this solution satisfies

t t
[ [Vut.o) < ( /2 Vol + K9] / ||u|2tf(m)exp ( / <5q||u||Lx(m>+mqt)
0

for a.e. t € (0,T(D)).
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2.4 Hyperbolic-elliptic case

Proof. For ¢ € (0,1) we let ug be compatible and |lug, — ol[y1.a(qy < € We apply Theorem

2.3.14 with L := D+1 to obtain T'(L) such that the solutions u. to (2.1) with initial data ug exist
n (0,7(L)) and are bounded by M (L) on that interval. Here Lemma 2.4.5 applies to provide

a strong W19-solution with the claimed approximation properties. The inequality results from

Corollary 2.3.12 as follows:

According to Corollary 2.3.12, for all t € (0,T(L + 1)),

t
vt < ([ Fuoeir+ w0l [ i ) e ([l )+ ).

We let ¢t > 0 be such that u(-,t) € W9(Q). Convergence of the right-hand side is obvious
because of the uniform convergence u. — u and ug . — ug in WH9(£2). This implies boundedness
of (Vue,)jen in L9(£2), hence L9(£2)-weak convergence along a subsequence and — due to the weak
lower semicontinuity of the norm —

/Q\Vu(.7t)|q gliminf/ [Vue,, ()]
< ([ el + 100 [ ol ) exp ([ 5atullmiey + vat).

2.4.4 Continuation and existence on maximal time intervals

Solutions constructed up to now may only exist on very short time intervals. With the following
theorem (which parallels [117, Thm. 1.2] in statement and proof) we ensure that they can be
glued together to yield a solution on a maximal time interval — to all eternity or until blow-up.

Theorem 2.4.7. Let k > 0, > 0, for some ¢ > N suppose ug € WH9(Q) is nonnegative and
radially symmetric. Then there exist Tpar € (0,00] and a unique pair (u,v) of functions

u € C(Q % [0, Traz)) N LEZ([0, Traz); WH(Q)),
v e CP(Qx [0, Thnaz))

that form a strong W14-solution of (2.2) and which are such that

either  Tpaz =00 or  limsup [[u(-,?)]| () = 00 (2.27)

Proof. We apply Lemma 2.4.6 to D := ||u0||W1.q(Q) to gain T > 0 and a strong W'%-solution
(u,v) of (2.2) in Q x (0,7) fulfilling

t
Jrvute< ([ 1vwp+ il [l ) epGo [ Tl +r @29

for almost every t € (0,7). Accordingly, the set

S = {f > 0| 3 strong W'4-solution of (2.2) in Q x (0,T)
with initial condition ug and satisfying (2.28) for a.e. ¢ € (0,7)}

is not empty and T},4; := sup S < oo is well-defined. According to Lemma 2.4.3, the strong
Wha_solution on € x (0, T}naz), which obviously exists, is unique. We only have to verify the
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2 Chemotaxis can prevent thresholds on population density

extensibility criterion (2.27). If Tyae < 00 and limsup, »q, . [[u(-?)[| <o) < oo, then there
would exist M > 0 such that for all (x,t) € Q x (0, Trnaz)

u(z,t) < M.

We could let N C (0,T}q42) be a set of measure zero, as provided by the definition of S, such
that (2.28) holds for all ¢ € (0, Tyaz) \ N. Together with u < M this would imply

(s to) sy < D

for some positive Dy and for each ¢y € (0, Tinaz) \ V. Lemma 2.4.6 would yield the existence of
a strong W '%-solution of

on 2 x (0,7(Dy)), which would satisfy

t
Jvacor < ([ vataor+ ol [ 1 ) ew (50 [ 1l + ) @20
Q 0

for almost every ¢ € (0,T(Dy)).

Upon the choice of tg € (0, Timaz) \ N with tg > Tras — @,

(u,v)(+,¢) t € (0,to)

(@) 1) = {(ﬂﬁ)(-,tto) t € [toto + T(D1))

would define a strong W %-solution of (2.2) in  x (0,to + T'(Dy)) which clearly would satisfy
(2.28) for a.e. t < to. For t > tp on the other hand, a combination of (2.29) and (2.28) would
give

to
/ |Vu |q <( (/ |VUO|q +K|Q|/ Hu”i—;q Q)) exp (5(]/0 ||ﬂHLoo(Q) + Kiqto>
¢
1 _
+K\Q|/ ||u||Lth(Q ) - exp (5q/t 2l Lo (@) +/€q(t—t0)>
0
t
< ([ ol + 100 [ 1) ) exp (50 [l vt

This would finally lead to a contradiction to the definition of T},,, as supremum, because then
obviously (&, V) would satisfy (2.28) for a.e. t € (0,¢y + T(D1)). O

2.4.5 An estimate for strong solutions: Boundedness in L

Having confirmed existence and uniqueness of solutions, we set out to explore some more of their
properties. And as in [117, Lemma 4.1], one of the first facts that can be observed (and proven
like in the 1-dimensional case) is their boundedness in L*().
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2.4 Hyperbolic-elliptic case

Lemma 2.4.8. Let k > 0, > 0, assume that for T > 0,q > N, u is a strong W%-solution of
(2.2) in Q x (0,T) with ug € WH4(Q), ug nonnegative. Then for all t € (0,T)

Lu@iﬂxﬁmw{éumi?}.

Proof. We define y(t) = [, u(x,t)dz. Then y is continuous on [0,T), as u € C°(Q x [0,T)) and
uw e Lo ([0,T); Wh q(Q)) — L ([O,T),Ll(Q)) — L} .([0,T) x Q), and it is sufficient to show

loc

that y € C1((0,7T)) and for all t € (0,T)
y(t) < ry(t) — ﬁy%).

To see this, we let tg € (0,7),t1 € (to,T) and let &5 € WH°(R) be given by

0 t<tog—O6Vt>t;+0
ot ¢ e [ty — 6, ¢

&(t) = ° o o
1 tE(to,tl)

Lol f e [ty by + 6]

for § € (0,00) with 69 = min{to,T — ¢t1}. Then ¢(x,t) := &s(t), (z,t) € Q x (0,T) defines an
admissible test function in (2.14) and we have

T T T T
7/ /ugatf/uoga(',()):/ /qu~Vg0+li/ /ugﬁ—u/ /u2<p
0 Q Q 0 Q 0 Q 0 Q

so that, by £5(0) =0 and Vy = 0,

to 1 t1+6
/u—i—g /u—n/ /55 u(z, t)dedt — / /u@; t)dadt.
—6JQ

Since u is continuous, the left hand side converges to y(t1) — y(to), whereas the right hand side
makes application of the dominated convergence theorem possible due to the boundedness of u
on [0,T — &g] as § N\, 0 and we arrive at

y(t1) - to_,.;/ JRET //2dxdt<n/ouu/t|é|</u)2.

Upon division by t; — to and taking limits ¢; — to, we infer that indeed y € C*((0,7)) with

y'(t) < ky(t) — |ﬁu|yz(t) for all ¢ € (0,T). O

2.4.6 Global existence for large p

Bounds on the L>®(Q)-norm are the only thing we need to guarantee existence of solutions for
longer times. They arise as a corollary to Lemma 2.3.6, which directly implies the following.

Corollary 2.4.9. Let k > 0,u > 1, > N. For each nonnegative, radial ug € W14(Q), (2.2)
has a unique global strong W1 -solution (u,v). Furthermore, if ug # 0, then

_Kk_ k0 —kt\—1
u—lf‘l Jﬂ (G ~ V™) £>00>1
uoll 00 () _
()| ey < § TFEDlwollom ot p=0p>1
||UO||L<><>(Q) e, k>0,u=1,
[[uoll oo () » k=0,p=1
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2 Chemotaxis can prevent thresholds on population density

Proof. Local existence up to a maximal time T}, < 00 is given by Theorem 2.4.7. For each
T € (0, Tynaz), there are solutions of (2.1) converging to (u,v) in C°(Q x (0,7T')), hence v inherits
the bounds from Lemma 2.3.6. By (2.27), (u,v) must thus be global. O

Without further labour, we can state what we have obtained so far:

Proposition 2.4.10. Let k > 0,44 > 1, > N. Then for each nonnegative radial ug € W4(Q),
(2.2) has a unique global strong Wt9-solution. Furthermore, if 1 > 1 or k =0, u,v are bounded
in £ x (0,00).

2.4.7 Blow-up for small p

The contrasting — and more interesting — case is that of small values of . Here we will show
blow-up. We borrow the following technical tool from [117]:

Lemma 2.4.11. Leta>0,b>0,d >0, and k > 1 be such that

(2
a =] .
d
Then if for some T > 0 the function y € C°([0,T)) is nonnegative and satisfies

¢
y(t) > a—bt+ d/ y*(s)ds
0

for allt € (0,T), we necessarily have

2

T<————.
~ (k—1)a""1d

Proof. [117, Lemma 4.9]. O

To be of any use to us, this estimate must be accompanied by lower bounds for (some norm of)
u. We prepare those by the following lemma

Lemma 2.4.12. Let kK > 0 and > 0. For allp > 1 and n > 0 there is B(p,n) > 0 such that
for all g > 1 all Wh4-solutions (u,v) of (2.2) with nonnegative ug in Q x (0,T) satisfy

foreo foew-omonf fom-mo ([

forallt € (0,T).

Proof. The same testing procedure as in [117, Lemma 4.8] leads to success. We repeat it (with
the necessary adaptions) for the sake of completeness, because Lemma 2.4.12 is a main building
block of the blow-up result.

Let Ty € (0,T), to € (0,T), 0 € (0,T —tg), & be as in the proof of Lemma 2.4.3:

1 t < to,
E5(t) == S =0 ¢ e [, to + 4],
0 t >ty + 6.
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2.4 Hyperbolic-elliptic case
For each ¢ > 0, the function (u + ¢)?~! belongs to L ([0,T); W'(Q)) and for 6 € (0,Ty — to),
he(0,1),¢ >0,

o(x,t) == 55(t)% /t_h(u(:ms) + ()P~ tds, (x,t) € Q x (0,T),

is a test function for (2.14), if we set u(-,t) = up for ¢ < 0. This yields

<15/t:0+5 /glu(a:,t)}ll/tt (“(3375)+<)p*1d5dxdt—/QUo(J:)(uo(x)+<)P*1dx

h

/ / & (1) u(z,t) + )P~1 i(lu(:c,t —h) + ()P .

=(p- 1)/0 /Qgé(t)u(x,t)Vv(x,t) . %/t_h(u(x,s) + P2 Vu(, s)dsdadt
T t
+m/0 Lﬁé(t)u(x,t)%/t_h(u(x,s)+Op—1d8dxdt

- ,u/OT /Q fts(t)uz(x,t)% /tih(u(x, s) 4+ ¢)P~tdsdadt.

Letting 6 tend to 0, we use continuity of v and Lebesgue’s theorem to obtain

/Qu(z,to)}ll/tt0 (u(z, s) + )P~ *dsdx

o—h

/to/ u(@,t) + Q" ;lu(x’t_h)—i_op1dxdt—/ﬂuo(uo+<)p1

=(p-1) / / u(x, t)Vo(z,t) / (u(w, s) + )P~ 2Vu(z, s)dsdzdt
+/$/t0/ u(z, t) h/t h( u(z,s) + ¢)P~*dsdedt (2.30)

— M/o /QUQ(Z‘,t)E /tih(u(m,s) + ¢)P~tdsdzdt.

We consider the second integral on the left hand side:

/to / u(z,t) + ()P~ ;lu("”vt SORE YA

:—7/ / (x,t) + ¢)Pdadt + — / / (z,t) + Q) (u(z, t — h) + ()P~ dadt
£ to i B g to - - -
+ h/o /Q(u(x,tHC) dzdt h/o /Q(u(:r,t h) + )P~ tdadt = I) + I,

where, upon an application of Young’s inequality, we obtain

to tO
I <-— 7/ / u(z,t) +C)pdxdt+ / u(z,t) + ¢)Pdxdt

_11// (z,t — ) + )Pdxdt
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—1 [* p—1 ("
7/0 /(u(x,t)+()pdxdt+pT/0 A(u(m,t—h)+§)pdmdt

_ pp;hl {h/ﬁ(uo( )4 Q) pdx—/to h/(u(m,t)—k()pdmdt}

and by similar cancellations as in the last step,

= — p—1 p—1
(/ (ug(x) + Q) dx—i— . h/ u(z,t) + )P~ dadt.

Hence, again by continuity of u,

hI}?jBP( / / u(z, t) + )P~ ;Lu(x,t—h)-i-op_ldxdt)
<—/uo+< ——/ o)+ 07 = [ (w0
+</ S to) + O

For any ¢ € L7 (€ x (0,Tp); RY), where  + £ =1, by u € L>((=1,T); W"(Q)),

/Q/ %/t,h%, $) + QP2 Vulz, s)ds - (. t)drdt
' wlzx P20z, t) - (x, t)dadt.
H/Q/O( (2,8) + P2 Vu(, 1) - (x, t)dzdt

Therefore, setting ) = uVv and similarly dealing with the first integral, (2.30) becomes

/Quc,to)( w1 to) + )P 1+—/ wo + )P p1 (ul-to) + )7

Q

—C/ U0+CPI+C/ “to) + Q)P /UO(U0+O7

_1//qu u+CP2Vu+/<;// (u 4 C)P —u/ /ng(w_c)p_l
S P

as h — 0. Because p > 1, u(u + ¢)?=2 — uP~! uniformly as ¢ — 0. In this limit we therefore
obtain

-1 -1
R R R Rl TR
Q P Ja b Ja Q
to to
>(p—1)/ /u”_1Vv~Vu—,u/ /upH.
0o Jo 0o Ja

This is equivalent to the following inequality, where we can use the elliptic equation of (2.2) to
express Av differently.

b w5t [ s o
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2.4 Hyperbolic-elliptic case

t t t
fl/0/up+1_p—l/0/upv_'u/0/up+1'
0o Jo p Jo Ja 0o Jo

Here Young’s inequality and Lemma 2.2.3 provide constants C; and ¢ respectively, such that

[t [
><p;f-u>/t°/w+l_z)/t°/up+1_cl/“/vpﬂ
Z(T ) [ g [ e E/tg(/fz“)m

(-1 //Sw ~/(/gu) . .

These lemmata can be utilized to decide which alternative of Theorem 2.4.7 occurs for p < 1.
It is the same as in case of dimension one (see [117, Thm. 1.4]) and can be proven almost
identically:

Theorem 2.4.13. Let k > 0, € (0,1). For all p > l%u there is C(p) > 0 with the following
property: Whenever ¢ > N and ug € WH9(Q) is nonnegative, radial and

K
ol oy > C ) max{IQI / u}

the strong W4-solution of (2.2) blows up in finite time, i.e. in Theorem 2.4.7, we have Tar <
oo and limsup, »p,  |[u(-,t)|| gy = o0

Proof. We let n = % > 0, B(p,n) as in Lemma 2.4.12,
1
4B(p,n) [P .
= — Q" Tee+D |
cle) (ﬂ—um—l o

Supposing that [[uol[»q) > C(p )max{lﬁl‘ Jo o, ~} and the corresponding W h4-solution of (2.2)

(from Theorem 2.4.7) was global in time, i.e. T4, = 00, we let y(t fQ uP(z,t)dx for t > 0.
This would define a continuous function on [0, o).
According to Lemma 2.4.12, kK > 0,u > 0,p > ﬁ > 1 and the choice of B(p,n) would make y

satisfy
y(t) = /Quo-i-((l— p—1—-n //u’”’lds_ 7, )/ </Qu)p+1
Zy(O)Jr(ll;)mr/O () — B(P,??)/O </Qu>p+1

for all ¢ > 0. By Lemma 2.4.8, for all t > 0 we would obtain

t p+1 t
/ (/ u) S/ (|Q|ﬁ1)p+1 §|Q|p+1fﬁp+1t,
0 Q 0

where m = max{‘ﬁll Jo o, %}. Therefore

(1-pp-1

y(t) = y(0) + -

t
Q% [y ()i~ Bl e
0
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2 Chemotaxis can prevent thresholds on population density

for all ¢ > 0. An application of Lemma 2.4.11 with a = y(0), b = B(p,n)|QPTimr+l, d =

U=wp=110|=% and &k = ppil now would allow to conclude from

2
py T e AR
" p,n m v
a () = |luolfp(q) < A—p_1 ) > 1

that — contradicting our assumption and proving the theorem — T},,, must be finite. O

2.5 No thresholds on population density. Proof of Theorem
2.1.1

Let us now, finally, prove the main result, corresponding to [117, Thm. 1.1] and expanding this
to higher dimensional space.

Proof of Theorem 2.1.1. (See [117, Thm. 1.1]). Let ug € W19(Q2) be as in the statement of the
theorem and let T' > 0 denote the maximal existence time of the corresponding solution of (2.2).
We then know by Theorem 2.4.13 that T' < co and

limsup [[u(-, )| ;o0 () = 00 (2.31)
t T

In the following we only consider solutions of (2.1) that exist at least until time 7. All other
solutions blow up earlier according to Lemma 2.3.2 and therefore trivially satisfy the theorem.
Let us assume that Theorem 2.1.1 were not true. Then there would be M > 0 and a sequence
€; — 0 such that

ue, (x,t) < M

for all (z,t) € Q x (0,T) and j € N. Therefore, we would obtain convergence by Lemma 2.4.5:
ue, = u in C°(Q x [0,7))

and -
ve, >0 in C*°(Q x [0,T)),

as j — oo, where (u,?) is a strong solution of (2.2). Because such solutions are unique, (@,7) =
(u,v) and in particular u =u < M in Q x (0,7T), contradicting (2.31). O

40



3 Eventual smoothness and asymptotics
in a three-dimensional chemotaxis
system with logistic source

3.1 Introduction

Starting from the pioneering work of Keller and Segel [43], an extensive mathematical liter-
ature has grown on the Keller-Segel model and its variants, mathematical models describing
chemotaxis, that is the tendency of (micro-)organisms to adapt the direction of their (otherwise
random) movement toward increasing concentrations of a signalling substance (see also Section
2.1).

If biological phenomena where chemotaxis plays a role are modelled on not only small time scales,
often growth of the population, whose density we will denote by u, must be taken into account.
A prototypical choice to accomplish this is the addition of logistic growth terms +xu — pu? in
the evolution equation for u. Here +ku, with kK € R being the difference between birth rate
and death rate of the population, is used to describe population growth, and the term —pu?
models additional overcrowding effects. Negative values of xk can be used to include effects
like spontaneous degradation into the model (e.g. in the case of a starving population) that
— in contrast to the effects modelled by the quadratic term — take place also in regions with
small population density. Unfortunately, it is unclear whether global classical solutions to the
chemotaxis-system

up = Au—V - (uVv) + ku — pu® (3.1)
v=Av—v+u
avu|aﬂ = ayv’aﬂ =0
'LL(', 0) = Uy, U(',O) = o,

where ug, v are given functions, exist in the smooth, bounded domain Q ¢ RY if N > 3 and
@ > 0 is small.

The parabolic-elliptic simplification (where v; is replaced by 0) of (3.1) has been considered in
[100], where — besides some study of asymptotic behaviour — it is shown that weak solutions
exist for arbitrary g > 0 and that they are smooth and globally classical if p > % In [109]
the existence of (very) weak solutions is proven under more general conditions. Under additional
assupmtions, also the existence of a bounded absorbing set in L°°(2) is shown.

Turning to the parabolic-parabolic system, important findings are given in [111], which assert
existence and uniqueness of global, smooth, bounded solutions to (3.1) under the condition that
1 be large enough.

Additional results on existence of global solutions or even of an exponential attractor have been
given in the two-dimensional case (see e.g. [78, 79]). In this case, global solutions exist for
arbitrary p > 0.

But not only the restriction to dimension 2, also the inclusion of some kind of saturation effect in
the chemotactic sensitivity [8], sublinear dependence of the chemotactic sensitivity on w [13] or
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

even changing the second equation into one that models the consumption of the chemoattractant
(as done in [93, 95] for k = ;1 = 0) can make it possible to derive the global existence of solutions.
The same can be accomplished by replacement of the secretion term +u in the second equation
of (3.1) by +g=r with some 0 < 3 < %, which enables the authors of [76] to show the
existence of attractors in the corresponding dynamical system.

On the other hand, the model

{ut =cAu—V - (uVv) + ku — pu? (3.2)
0=Av—v+u

has recently been shown to exhibit the following property (see Chapter 2): If 4 € (0,1) and
the (radially symmetric) initial datum wg is large in a certain LP({2)—space, there exists some
finite time such that up to this time any given threshold will be surpassed by solutions to (3.2)
for sufficiently small ¢ > 0. Although this demeanour may be interesting from an emergence-
of-patterns point-of-view and although solutions become very large, it still is not the same as
blow-up and, in fact, also occurs in case of bounded solutions, even in space-dimension 1 [117].
In [112] it is shown that in another related model,

1
ut:Au—V'(UVU)+’1u_MuBa ve = Av—m(t) +u, m<t):@/u’
Q

blow-up may occur for space-dimension N > 5 and exponents 1 < 8 < % + 3 N1_2.

Consequently, the supposition that any superlinear growth restriction already signifies the ex-
istence of a global, bounded solution does not stand unchallenged; and the question whether
the above-mentioned results on the presence of global smooth solutions in similar situations find
their analogue in the case of (3.1), the most prototypical chemotaxis system including logistic
growth, is not clear at all.

In the present chapter, we therefore investigate the existence of solutions to (3.1). More precisely,
we will construct weak solutions in the sense of Definition 3.5.1 below. We shall show that, in
dimension 3 and under a smallness condition on «, they become smooth after some time, which
also excludes finite-time blow-up from then on. Note that this, however, does not provide any
information on a small timescale.

To the aim sketched above we will then consider the approximate system

Uer = Aue — V- (ue Vo) + kue — pu? — sug (3.3)
Vet = AUz — Ve + Ug
Oute| yy = Ouveyy = 0

uE('7O) :U'O,E) U('7O) :UO,&‘?

for > N + 2 with nonnegative initial values ug. € C°(Q) and v . € WHN*1(Q), where global
classical solutions are quickly seen to exist, and derive estimates finally allowing for compactness
arguments, which will provide the existence of a weak solution to (3.1) in Proposition 3.6.1 and
Lemma 3.6.2.

We will employ the estimates from Section 3.4 to conclude that a solution must become small in an
appropriate sense after some time. This, in turn, will be the starting point for an ODE comparison
argument for the quantity fQ u2(-,t) + fQ |Vo.(-,t)|*, whose thereby-obtained boundedness in
conjunction with estimates on the Neumann heat semigroup results in eventual boundedness
and hence in eventual smoothness of (u,v). We finally arrive at the following result:
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3.1 Introduction

Theorem 3.1.1. Let Q C RN, N > 1, be a smooth, bounded, conver domain and ug € L*(Q),
vo € WH2(Q) be nonnegative. Let k € R, and p > 0.

Then there is a nonnegative weak solution (u,v) (in the sense of Definition 3.5.1 below) to (3.1)
with initial data ug, vg.

It can be approzimated in the sense of a.e.-convergence by solutions of (3.3) (and moreover in
the sense detailed in Proposition 3.6.1).

Furthermore, if N = 3, for any p > 0 there exists kg > 0 such that if kK < Ko, there is T > 0
such that u and v are a classical solution of (3.1) fort > T.

Moreover, in this case, there are C' > 0 and v > 0 such that for any t > T

<C.

y F ol o s gupp, ey <

HUHCHW’H%(ﬁx[t,H-l]
Remark 3.1.2. Because we have adopted a weak concept of solution, it is conceivable that
solutions to (3.1) are not unique. Investigation of this issue is beyond the scope of the present
work and we state the following theorems only for solutions as provided by Theorem 3.1.1.

Besides the aforementioned results about attractors, little is known about asymptotic behaviour
of solutions to models like (3.1). Recently, in [116] convergence to the positive homogeneous
equilibrium was found for values of p being sufficiently large as compared to the chemotactic
sensitivity.

The richness of dynamics and pattern formation exhibited by chemotaxis models with growth
[80, 47] however indicates that any speculation about asymptotical behaviour, especially about
convergence to homogeneous states, should be backed by rigorous examinations.

In the situation of (3.1), we can summarize the long-term behaviour as follows: If k£ < 0, solutions
will converge to the trivial steady state - and any formation of interesting patterns has to take
place on intermediary timescales.

Theorem 3.1.3. Let 1t > 0, and £ < 0. Let Q C R3 be a smooth bounded convexr domain and
let (u,v) be the solution to (3.1) provided by Theorem 3.1.1. Then

(u(',t),v(«,t)) - (070) ast — oo
in the sense of uniform convergence.

Remark 3.1.4. The same convergence result can be given for any classical solution of (3.1) for
pi>0and k£ <0in Q C R? as above. In this case, only minor adaptions of the proofs become
necessary.

If x is positive and sufficiently small, we can assert the existence of an absorbing set in the
following sense:

Theorem 3.1.5. Let  C R3 be a smooth bounded convex domain. Then for any pu > 0 there
is ko > 0 such that for all k € (0,k0), there is v > 0 and a bounded set B, , C (C*T7(Q))?
such that for all (ug,vo) € L*(Q) x WH2(Q), the corresponding solution (u,v) as constructed in
Theorem 8.1.1 admits the existence of T > 0 such that

(u(-,t),v(-,t)) € By forallt >T.
Moreover, for each fixed p > 0,

diam e () xw1.oo () (Bu,x) — 0 as k N\ 0.
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

Further steps in this direction may hopefully lead to an even more detailed insight, much in
the spirit of [75, 4], into the long-time behaviour of solutions to (3.1) in dimension 3 for small,
positive p.

Remark 3.1.6. In the calculations below, we will assume that g > 0 is a fixed number.
Throughout the chapter, we fix @ C RV to be a convex bounded domain with smooth boundary
and ug € L2(Q), vg € W?(Q) nonnegative.

Also, we let 0 denote a number satisfying 6 > N + 2.

3.2 Existence of approximate solutions

The system (3.3) has a unique, global, classical solution. At a first glance, the source term
f(s) = ks — us? — es? seems to satisfy the condition f(s) < a — pgs? from Theorem 0.1 of [111],
which would provide a global solution, but as py depends on a, this theorem is not applicable in
the present case. Even tracing the dependece of 1y on a does not improve the situation.

We therefore use Lemma 1.1 of the same article, which asserts the local existence of a unique clas-
sical solution (u.,v.) to (3.3) for initial data ug . € C°(Q), vo. € WHNT1(Q). More specifically,
it implies that this solution exists on a time interval [0, Tynaz), Tinaz € (0, 00], and satisfies

1imsup (HUE('»t)HLw(Q) + HUE("t)HWl’”(Q)) -

max

if Thae < 0. Hence, in order to show the global existence of this solution, it is sufficient to
derive boundedness of u., v, and V..
Our means of pursuing this aim will be

Proposition 3.2.1. Let ¢ > N + 2. Let (u,v) be a nonnegative classical solution of

{ut =Au—V - (uVv) + f(u),

v =Av—v+u

in @ x[0,T), T > 0, with homogeneous Neumann boundary conditions, for initial data vy €
Whe(Q), ug € L>®() and some function f satisfying f(s) < Co for all s > 0 with some
Co > 0. Furthermore, assume that there exists C' > 0 such that u satisfies

(/OT/Quq)Zc.

Then u, v and Vv are bounded in Q x [0,T).
Proof. We denote by C4,Cy, C5 the constants provided by Lemma 1.3 of [110] such that

||veTA¢||L°C(Q) < C1lIVYll e (o (3.4)
for all » € W1>°(Q) and
IVem™6]| oo gy < Co(1+77273) [|9]] (e (35)
for all ¢ € LI(Q2) as well as
€729 - 9l| ey < O+ 77275 9] (e (3.6)
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3.2 Existence of approximate solutions

for ¢ € LI(;RY). Here, e™ V- signifies the extension of the corresponding operator on
Cs°(Q;RY) to a continuous operator from LI(Q;RY) to L>®(Q), see [110, Lemma 1.3]. Since

1_'N _ _1g¢tN q _ Nt1 N1y _
(—3-2) 7 =—3"" g =—30+ +)>—*(1+(N+2) 1)=-L

q—1

T Tq
Oy = (/O (1+(T—s) 2q)q1ds> (3.7)

is finite. We let ¢ € [0,7]. Employing (3.4) and (3.5) in the variations-of-constants formula for
v, we obtain

(A-1) H (t—s)(A—1) H d
190l < [0, + [ e ues), g ds

N
2q

<C1 [ Vool ey + C / (L (= 8) 22 JuC ) oy s

t
§01||wo|mo<m+cg(/o (L4 (t— ) b H)ats ) (/ e, i )ds)

<Ci ||vv0HL°O(Q) + C5C4C =: C5. (38)

We represent also u in terms of the semigroup, use the order-preserving property of the heat
semigroup and estimate with the help of (3.6) to see that

t t
0 < u(-t) =e?ug+ / =AY . (u(-, 5)Vu(-, 5))ds + / =92 f(u(-, 5))ds
0 0

t
< Jluoll e gy + C / (14 (t =) 75735 (-, )| oy V00 ) e g ds + TCo.

Another application of Holder’s inequality, now in time, in combination with (3.8) and (3.7) gives

< ||’U,0||LQC(Q) + C3C5C4C +TCy =: Cg.

Boundedness of v on £ x [0, 7] then is an easy consequence:

t
+/ e Du(, 5)
=@ Jo
for all t € [0, 7). O

0<w(,t) < et(Afl)vo

t
ds S ||HOHL°°(Q) +/ Cﬁds
0

Lo ()

For given nonnegative ug € L2(Q), vg € WH2(Q) and ¢ > 0, we choose nonnegative functions
ug . € C°(Q), vo. € WHNTL(Q) such that

lwo — uo75||L2(Q) < min{e, 1}, |vo — U075||W1=2(Q) < min{e, 1}. (3.9)

From now on, by (ue,v.) we denote the unique classical solution on [0, Tr,a.) to (3.3) with initial
data ug . and vy .. Proposition 3.2.1 in conjunction with the next two lemmata and Lemma 1.1
of [111] will show that, indeed, T}pq = 0.

Note that, by (3.9), in the following lemmata estimates in terms of ug. or vg. can be made
e-independent by retreating to the corresponding integral of ug or vy plus 1.
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

3.3 Estimates

In this section we present estimates for different quantities involving u. and v, respectively, which
can be obtained more or less directly from (3.3) together with ODE comparison arguments. In
the following, we let

k4 = max{k,0}.

Lemma 3.3.1. For any e > 0, the function u. satisfies

/ ue('7t) S max{/ UQ,e, ﬁ+|Q|}
Q Q o

Q)
limsup/ ue(+,t) < il |7
Q

t—o0 12

for t > 0. Furthermore,

uniformly in € > 0.

Proof. By Holder’s inequality, ( fQ ug)2 < ( fQ ug) |2|. Hence, integration of the first equation of

(3.3) yields
d 2 6
% Qusz Qu5t§070+/€+ QUS*H Qus—s QuE (3.10)
2

§H+/Qusg|(/gu5) on (0, 00).

The claim can be seen by solving the logistic ODE. O

Lemma 3.3.2. Let k >0, let T > 0. Then there exists C > 0 such that for alle >0

T T
Q 1
/ /@_,_E/ /uggH"‘rnax{/uQE,m|r |}T—|—/u0,5§C.
0 Ja HJo Ja H Q K BJa

Proof. The estimate

T T T
€ K 1 1
/ / uz+7\/ / ug S + / / u6+7\/ u0757 7/ us(.,T)
o Ja mJo Ja HoJo Ja nJa K Jo
K/+ K,+|Q‘ 1
< — max U0,e5 T+~ [ wuoe
H Q H K Ja

results from (3.10) after time-integration. O

Also for the second component of the solution some basic estimates are available:

Lemma 3.3.3. Let k € R and € > 0. The inequality

Q
/UE('at) §max{/ uO,E’HJr'7/UO’5}
Q Q K Q
holds as well as
t
K K| 1

/v?(~,t)+/ /Ugngmax{/ Ug,e, +| |}t+/’u0,s+/v(2),s
Q 0 Jo iz Q K K Ja Q

for allt > 0.

46



3.3 Estimates

Proof. Integrating the second equation of (3.3) gives, by Lemma 3.3.1,

o [t = [vatn= [ duto - [weos [t
S R AT

for t > 0, an ODI for fQ ve, whose solution directly shows

Q
/ v:(+, 1) < max {/ Uo,e, £l } + e_t/ V0,e forallt >0 (3.11)
Q Q H Q

and hence the first part of the assertion.
As to the second part, we derive an ODI for % fﬂ v2 in quite the same way: For t > 0, by Young’s
inequality

Ld ey = [ ottty = [ oal)A0 () — [ o2 e v (-
571 | 0200 = [utomatt = [ oot - [+ [ utonen

B Q ( a Q
<3 [0+ [,

Integrating this with respect to the time variable, so that we can use the bound from Lemma
3.3.2 on u2, we obtain

t t
/v?(.’t)—/vasgf//v?Jr//u?
Q Q 0o Jo 0 Jo
t
Q
—/ /U?‘meax{/uoﬁvar' I}H— /uo,a
0 JQ H Q H BJo

for any ¢t > 0 and the claim follows. O

A
<
(4

m

S

m N
—
=
_|_
N | =

S~

<
(L)
S
=
_|_
N =
jo]

S
LN
=

The next lemma gives estimates on the derivatives of v.

Lemma 3.3.4. Let k € R and € > 0. The solutions of (3.3) satisfy, for allt >0,

1 1 1 Q
[/ |ws<-,t>|2+/us<.,t>} <max{/wo,€|2+/uoys,“++ m{/ woe, 5t '}}
Q HJa HJo H Q 1%
and .
Q 1
/ / |Av (-, )]? < /@rmax{/ uO,sam}t+/ |V'Uo,s\2+*/uo,s~
0o Ja 2 Q H Q HJa

Proof. Integration by parts and Young’s inequality result in
1
dt |Vv5| + uE =-2 Avevst + ust
_—2/|Av5|2+2/AUEUE—2/Av€u€+—/uE /u—f/ 0
§—2/|Av5|2—2/|V1}5|2+/ |AUE|2—}-/u?—/u?—i——/u5
Q Q Q Q Q HoJa
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

1 1
—/ |Av6|2—/ |Vv€|2——/ug+l€++ /ug (3.12)
Q Q HJa H Q

n (0,00). From this, we can conclude by Lemma 3.3.1 that

|:/ |VU6|2 /ua:| < - |:/ |V'UE|2 / :| + fy +1 max{/ UQ,e, H+|Q|}
dt Q 1% Q H

on (0,00) and hence the claim follows by comparison with the solution of ¥/ = —y + const.
Re-sorting the terms in (3.12) moreover gives

d 1
[avcor <= [1vocop+ = [wen- S| [ mucors [ue)
dt |Ja B Ja
for t > 0, and therefore
t
[ [
0 Ja
Q 1
Mmax{/ uoﬁ,w}t {/ |Vv5(~,t)|2+f/ } /|V”U05|2 /uo8
I Q K Q H
9] 1
Mmax{/ UQ,es il |}t+/ |V11075\2+7/u0,E for all ¢ > 0. O
7 Q H Q K Ja

The bounds that have been derived so far can be combined to yield

IN

IN

Lemma 3.3.5. Let k € R. Then for any positive time T > 0, there exists a positive constant
C = C(T, p, 54, lJuoll 20y » 1vollyyr.2(q)) such that for all e >0

1" |Vue[* ’ 2 T 0
- +u uZln(l+ue) +¢ uzIn(l 4+ u.) < C.
2Jo Ja l4ue o Ja o Jo

In particular: The families {Ug}ee(o,l) and {5u§}€6(0,1) are equi-integrable over ) x (0,T).

Proof. Testing the first equation of (3.3) with In(1 + u.) and integrating by parts gives

|Vu.|? / UV, - Vue /
In(1 < — In(1
/ngt n(1+wue) < /Ql—l—ug+ T 1t + Ky ng n(1+ ue)

—,u/ u?In(1 + u,.) —e/ ul In(1 4 u.) on (0, 00),
Q

Q

which, using ((1 + ue) In(1 4 we) — ue)s = uer In(1 + e ), can be turned into

/ n(1+ ue) +E/ugln(1+u5)
Q

|Vue|? /UEVUE-V’LLE / /
&‘1 1 e) — 1 £ In(1 e) — Ue
/1+Ua+ 9] 1+u6 +I€+ Qu n( +u> Q[( +U)n( +U) u}t

[ /\

n (0,00). If we fix T > 0, integration in time hence shows that
T T
I::,u/ / u?ln(l—i—ue)—l—s/ / ugln(1+u5)
0o Ja o Ja
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3.3 Estimates

T 2 T
V| / /UEVUE Vu, / /
< — + + K ue In(1 + )
- /0 Q 1+ ue 0 1+ u + ‘ E

- /Q (14 ue(- T) (1 + (- T)) — s T)) + / (1 + uo.2) In(1 + o.z) — uo)

T 2 T
_/ /|Vue| +/ /uEva Vue_'_mr/ /uglnl—i—us
o Jal+ue 0 1+ ue

—|—/Qu€(~,T)—|—/Q(1+u0)5)1n(1+u0}6). (3.13)

We integrate the second term by parts:

U Vg - Vve
= A
// 1+ u, //1+ue T //“EWE <1+u6>
uz 14+ ue — u,
— Vv \Y% .
/o /91+u5 / /z“ T

Inserting this into (3.13) then results in
2
I<_ / / |Vue| / / Av, — / / uEVUE Vue 1
1+ ue 1"’“5 1+u5 (1+UE)§
+ l€+/ / ue In(1 + ue) + / ue (-, T) + / (14 up,e)In(l 4+ up.e),
0 Jo Q Q

where application of the trivial inequality

T+ < 1 gives rise to

14+ue)2
T 2 T
IS_/ |vu5| _/ /LUEAUE / /|VU5| |vu5
o Jal+ue o Jol+u: V1i+u

T
+n+/ /usln(1+us)+/u5(~,T)+/(1+u07€)ln(1+u075).
o Ja Q Q

(1 + ue) < ue and employing Young’s inequality shows

Estimating +

T 2 T 2
[ L Lot et [ et [
0 1+'LL€ 0 Q1+U5
+n+/ Jazs [+ [0tuomi+uw)
s (g [ [ fotmag [ [ o
=3 6) 5 Ae
2/ oltu \"T32 vet Jyueb Dty ) ) 1A
/ / |Vv€|2 / 14+ wuoe)In(l+ uge).

And if we compile the bounds provided by Lemmata 3.3.2, 3.3.4 and 3.3.1, we arrive at
I+ 1/T |Vue|?
2 0 Q 1 —+ Ue

1\ 1 Q Q
< (n++> — (mrmax{/ U0, ¢, il |}T+/ uo,s> +max{/ UQ,e, fisl }
2) p Q 1% Q Q p
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

1 /k Ko |Q 1
+ = <+max{/ uo,g,+||}T—&— ‘V’UO,5|2 + f/ uo@)
2\ p Q % Q K Jo
1 1 1 Q
+ TmaX{/|VUO,e|2 + */ U, e, fiy + max{/ Uo,a,Lrl |}}
2 ©Ja Iz Q Iz

+ / (14 uo,e) In(14+upe) =:C. O
Q
From the bound on fOT o ‘YfZ‘Q we can extract information on the behaviour of the spatial

gradient of u.

Lemma 3.3.6. Let k € R. For all T > 0 there is C > 0 such that for alle >0

HUE”L%((O,T),WI’%(Q)) <C

Proof. We denote by C; the constant provided by Lemma 3.3.2 and by C5 that of Lemma 3.3.5.
Then, by Hélder’s and Young’s inequalities,

T 4 T 4
— 3 —
P | uugnwl,%(m—/o ([ud+ [ 1ou)
T 4
g(/ /u> (947)? + // 'V“5'21+u8>
0o Ja (14 ue)s
+

2 1 2 V’LLEQ
<ciomi+ 3 [ [l b [ [y

2 1 4 2 2

Wl

In order to gain convergence results from an Aubin-Lions-type lemma, we need some information
on the time derivative. The following lemma provides this kind of information.

Lemma 3.3.7. Let k € R and T > 0. Then there is C > 0 such that for all e > 0

||u€t||L1((0 T;WENTH@)*) = =C.

Proof. Definition of the norm and integration by parts in (3.3) lead us to
T
/ sup / ustap‘
0o ¢ lJ/a
T
S/ sup(/uEAgp’—k /uEVUE.ng:’—i— n/ugp‘—&—u /u?g@’—l—& /uﬁ(p‘),
0 ¢ Q Q Q Q Q

where the suprema are taken over all functions ¢ € C§°(9) satisfying [[¢[lys.n+1(g) < 1, and

where we can use Young’s inequality and the fact that, due to the embedding I/V3 NH(Q) —
W2°°(Q), with some ¢; > 0 we have [[ll2.00 () < €1 for all such o, to see

et L1 o, 1y, W~ +2 @)+

T
1 1
Scl/ (/u5+2/u§+2/|vv5|2+|n/ug—ku/uz—i—s/ug)
0 Q Q Q Q Q Q

and infer boundedness of this norm, independent of ¢, from Lemmata 3.3.1, 3.3.2 and 3.3.4. O
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3.4 Preservation of smallness

The space in which the spatial gradient is known to be bounded can be improved if a bound on
u is assumed.

Lemma 3.3.8. Let k € R and let [Th, T3], To > T, be an interval such that

sup  sup  [Jus(", )|l oo () < 00
>0 te[Ty,Ts)

Then there is C > 0 such that for all e > 0
IVuell L2y )02 (0)) < C-
Proof. By Lemma 3.3.5, given T' > Ty > T3, we can find C > 0 such that
[
14+u. —

for all € > 0, ergo, setting C' = (1 + M)é,

//IWEF //HM\VgP (1+M)C =C. O

Under similar conditions, also the time derivative is bounded in a better space.

Lemma 3.3.9. Let k € R and let [T1,Ts], To > T1, be an interval such that

sup sup (Jlue(, )l ) + 0e(, Ol @) < 0.
e>0 tG[Tl,TQ]

Then there is C > 0 such that for all e > 0
HuitHLz((TL,Tz);(Wl'Z(Q))*) <C.

Proof. Let ¢ be an element of L2((Ty,Tz); W12(2) with norm 1.
Let C be the bound on HVuE||L2((T1’T2);L2(Q)) provided by Lemma 3.3.8. Then

/ Vue - Vol| +

< Hvu€||L2((T1,T2);L2(Q)) HVSD||L2((T1,T2);L2(Q))

uwp uEVva Vol + KUE— us —Eue)go

+( sup  [[Vue(, ) oo @) 1uellno oy 1) 2 ) IVl L2y 1) 2 (00))
te[T1,Ts]

(Ty — T1) |9 || kue + pu? + “gHLoo(Qx(Tl,TZ)) 1ol 21y 12):12(02))
<C + M~\/(Ty — T)|QM + \/(Ty — T)|Q(|6|M + uM? + M%) =: C

and hence boundedness of u.; in (L2((Ty,T2); WH2(Q)))* follows. O
3.4 Preservation of smallness

In the last two lemmata, we have seen that boundedness can provide bounds also for derivatives.
It will as well be important in establishing regularization effects. Therefore, in this section we
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

will derive this boundedness and to this aim proceed as follows: At first we will prepare some
estimates on y. (t) := [, u(-,t)+ [, |Voe (-, t)|*. These will establish that y. satisfies a differential
inequality with a polynomial right hand side; we will show that this polynomial has a positive
root and y. eventually undermatches its value. Finally, we will use the bounds just gained to
improve them to L*°-bounds for the solutions under consideration.

At first we state the following easy consequence of Poincaré’s inequality.

Lemma 3.4.1. If we denote 1) = |Q| Jq ¥, then

/ W< Cp / VP + 9?,
Q Q

for all p € WH2(Q), where Cp is the Poincaré constant of 1, which is defined to be the smallest
number for which the inequality [o,(Y —¥)* < Cp [, [VY|? holds true for all ¢ € WH2(Q).

Proof. As announced, this is a direct consequence of Poincaré’s inequality:

, |vw|22/(w—«/?>2: P22 wm/%: w?—wmwm&?=/w2—|9|¢2.
Q Q Q Q Q Q Q E]

Another elementary but useful identity is the following:

Lemma 3.4.2. Let ¢ € C3(Q). Then
A|VY[? =2V - VAY + 2| D).

Proof. For a simple proof we consider the components of these expressions

A|Vy|? = 262 9;)? Za (20,49;0;%)

1,j=1 i,j=1
N
=2 ) (8:050:0;% + 0;0070;0) = 2|D*¥|* + 2V VAP O
i,j=1

In the proof of Lemma 3.4.4 we will also make use of the well-known Gagliardo-Nirenberg in-
equality, which we recall in order to fix notation:

Lemma 3.4.3. Let Q be a bounded Lipschitz domain in RN, p,q,r,s > 1, j,k € Ny and a € [%, 1)
satisfying % =Ii+(L- %)a + I*T“. Then there are positive constants C1 and Cs such that for
all functions ¢ € L1(Q) N L*(QY) with Vi € L™(2),

HD w“LP(Q <Ci HDkw’ L7(Q) H"/}HLQ (Q) + s H"/J|

Proof. See 77, p.126]. O

L(@) -

We are aiming for an estimate for fQ |Vv.|*. During the calculations we therefore will have to
get rid of integrals of |Vuv.|®. The Gagliardo-Nirenberg inequality enables us to replace them by
more convenient terms.

Lemma 3.4.4. Let N =3. For any «a > 0 there is C(«) > 0 such that, for any k € R, € > 0,

(/ |wg|4) +</Qvu€4ﬂ on (0,00).

/|WE|6 <a/ V|V ?? + C(a)
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3.4 Preservation of smallness

Proof. For given j =0, k=1, Q, p=3,r=q=2, s =2, the Gagliardo-Nirenberg inequality
(Lemma 3.4.3) provides constants C; and Cj such that for ¢ € L?(Q) and with a = 3 the
inequality

161350y < 8C3 961220y 161720y +8CS 16113
L3(Q) = 1 L2(Q) L2(Q) 2 L2(Q) >

holds true (where we at the same time have used (z+y)? < 8(z®+%?)). Applied to ¢ = [V (-, t)|?
for any t € (0,00), this means

3
1

/\Vv€\6§80f (/ |V|WE|22> </ |w6|4> +8C3 (/ WE‘*) on (0, 00).
Q Q Q Q

With p = %, q = 4, corresponding to a > 0 Young’s inequality provides C (o) > 0 such that

3
/|Vv5|6§a/ V|V 22 + O(a) (/ |w5|4> +8C3 (/ |w€|4) on (0, 00)
Q Q Q Q

and the claim results with the choice of C(a) = max{8C3, C(a)}. O

With the help of Lemma 3.4.4, we separate u., Vu. and Vv, in one of the terms arising from
differentiation of [, u2.

Lemma 3.4.5. Let N = 3. Corresponding to u > 0 there exists C > 0 such that for any k € R
and € > 0 the estimate

1 1 3 3
/uEVu5~Vv€§ f/ |Vu5|2+,u/ug’+f/ V|V 22 +C (/ VU€4> + (/ |w5|4>
Q 4 Q Q 2 Q Q Q

holds on (0, 0).

Proof. Double application of Young’s inequality yields a constant C' > 0 such that on (0, c0)

1 1 ~
/UEVUE'VUE < 1/ |Vu5\2+/u§\Vv€\2 < f/ \Vu5|2—|—,u/u§—|—0/ |Vu.|°.
Q Q Q 4 Jo Q Q

Using Lemma 3.4.4 with a = § to estimate [, [Vv.|® this produces the assertion, with the choice
C=CCd). O

The term [, |[V|Vve|?|?, known to us from Lemma 3.4.4, arises from the following estimate with
the “correct” sign.

Lemma 3.4.6. Let k € R, let ¢ > 1. Then on (0,00), for any e > 0,

d
—/ |Vvs|2q < fq(qfl)/ \VUE\Q‘I%\V\VUE\QFf?q/ |VU5|2q+2q/ |Vvs|2q*1\VuE|.
dt Jo Q Q Q

Proof. Evaluating the derivative and inserting the second equation of (3.3) gives

d

%/ |V |?? = 2q/ |V |22V, - VA, —2q/ \VUE\Q‘VQV%-VUE—FZQ/ |V |22V, - Vu,
Q Q Q Q

on (0,00). Here, Lemma 3.4.2 and integration by parts eventuate

d ) )
ﬁ/ \vve\%:q/ V0. |20 QA\Vve\z—Qq/ Vo, |20 2|D2v5|2—2q/ Vo, |20
Q Q Q Q
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

+ 2q/ |V |** 2V, - Vu,
Q
<—qlg-1) [ VPRIV < 20 [ V020 [ VoV,
Q Q Q

In this step we used convexity of €2 to estimate the boundary integral

/ Vo (-, )22V (Vo (-, 1)]?) - v <0 forall t >0,

oQ

due to the fact that in convex domains 81,|V1)€|2’aQ < 0 follows from 8,,1)|6Q = 0, confer [94,
Lemma 3.2]. O
The other summand arising in the calculation of y.(t) can be estimated as follows:

Lemma 3.4.7. For any k € R and € > 0,

d

— u§§—2/|Vu5\2+2/uEVus'Vvs+2/<;/u§—2,u/ug’ on (0,00).
dt Q Q Q Q Q

Proof. This results from integration by parts and estimation of the negative last term in the
inequality

2/u€u5t§2/uEAuE—2/u5V~(u5Vve)+2fi/ug—ZM/ug’—Qe/ug,
Q Q Q Q Q Q

which by (3.3) is valid on (0, 00). O
We put the estimates that we have found so far to their use and state

Proposition 3.4.8. Let N = 3 and p > 0. There is a constant A > 0 such that for all € > 0,
forallv >0, n € (0,4] and R > 0 the following holds: If k € R satisfies k < K and 2k +n < C%),
where Cp is the Poincaré constant associated with ), then the quantity

yﬁ%=L%hﬂfLmem4 (3.14)

satisfies the differential inequality

4R%Q
Cpp?

%wsV—me+A(L+1)£m+ Py (1))

4v
for all t > Ty with some Ty = To(p, k, k) > 0 depending on u, k, R only.
Proof. With the aid of Lemma 3.3.1, fix Ty > 0 such that
/ ue (1) < 2R for all 7 > Ty, € > 0. (3.15)
Q 2
By Lemma 3.4.7 and Lemma 3.4.6 with ¢ = 2, we have

/71 / 2 / 4
Y, = o Qus + Q|Vv€|

§—2/\Vu5|2—|—2/uEVuE-VUE—i—Zﬁ/u?—Qu/ug’
Q Q Q Q
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3.4 Preservation of smallness

—2/ |V|w5|2|2—4/ |w5|4+4/ V0. PP|Vae| on (0, 00).
Q Q Q

By application of Lemma 3.4.5 to the second and Young’s inequality and Lemma 3.4.4 to the
last term, this becomes

1
y;g_z/ \Vug|2+f/ |w6|2+2ﬂ/u§+/ V| VoL 22
Q 2 Jo Q Q
3 3
+20<</ Vv€4> +(/ |W5|4> )
0 Q
1

—|—2/§/u§—2u/ug’—2/ \V\VU€\2|2—4/ |VU5|4—|—7/ |V |?

Q Q Q Q 2 Jo

1 1 3 H
w5 ( g [mvepr e ( ([ ver) + ([ o)

8 Ja 8 Q Q

3 . 2
§2n/u§+A(/ |V1}s|4) + Az (/ |Vv€|4> —4/ |Vv€|4,/ |Vus|27
Q Q Q Q 0

on (0,00), where we denoted Az = max{2C +8C(4),1} < A, C being the constant from Lemma
3.4.5 and C(3%) taken from Lemma 3.4.4.

Another application of Young’s inequality with v > 0 — so as to remove the unsolicited exponent
3

5 — and sorting other terms, in order that the term —ny appears, leave us with

3 3
A
Ye < (2'%""7])/ u§+A< VU€4> tv+— < |V'UE|4) _77/ u§—4 |VUE|4_/ |VUE‘2
Q Q dv Q Q Q Q

on (0,00), where we apply Lemma 3.4.1 to the last summand and use that by (3.15) we have
. (t) = \S%IIQ ue(+,t) < 27"‘ for t > T to arrive at
3
! 1 2 1 4
ye(t) <({@r+n) — =) [ wc( D)+ A{ 1+ — Ve (-, 1)
CP [¢) 4v Q
Q
v [aen [ [wecor)+ Sl
Q Q P
1 5 4|Qr?
<vomelt) + 4 (14 ) 00 + o for t € (T, o),
as long as (2k +7)Cp <1 and n € (0,4]. O

The function 3. satisfies a differential inequality with polynomial right hand side. This inform-
ation is not very useful in obtaining boundedness if not accompanied by the statement that
comparison with a stationary solution to the differential equation might be possible, i.e. that
there is a root of the polynomial. Such is provided by the following lemma.

Lemma 3.4.9. For any p > 0 there exists vo > 0 such that for all v € (0,19] there are kK > 0,
n € (0,4] such that the polynomial

1Y 5 4829
p(x)zl/—mc-i-A(l—&—lly)x ‘l‘m

defined in Proposition 3.4.8 has a positive root for k = K.
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source
Furthermore, for each & € [0,K] it has a largest positive root §,(R) as well, satisfying
5,(%) < 6,(R) < A
v(R) <6(R) < | 5~
A1+ 45)
Proof. Because p(x) is increasing in %, the estimate d, (k) < 0, (R) for & € [0, K] is obvious.

We choose vy > 0 such that
ve + a < min 1 256
07 4 27TAC3 274

and let v € (0,1]. Then the inequality

3

. L _ A~ 43
( it A2>2 < 4mm{(0P %) ’ } (3.16)

v+ ——FK .

u2Cp 21A(1+ 2)

is satisfied with & = 0. Let & € (0, 34;) be such that (3.16) is still satisfied for & = &. This is

possible due to continuity of the expressions in k. Additionally, let 7 = min{4, Cip — 2K},

Consequently, the inequality

4| ~2>2 4n® : 2 n 419 _,
+ < ————, that - - + <0 3.17
(” Cpp2" 27A+ L) o YT Eaay L) T Cee” (8:17)
holds. We observe that p attains a local minimum at
i
=y e >0,
g 3A(1+ L)
where
n 1 n m 49
m) =V = — + A1+ — +
plam) =v =i [y I ey Tian V30 + L) Cpp2”
- 2 n 419
V3N Eaas L) T op”

is negative by (3.17) and therefore p has a root in (2,,00). For any & € [0, K] this root is smaller
than /A(+f§)’ because for x > \/A(%ﬁ > \/A(+H§) we have

1
p(m)>A(1+4y)x3—nx20. O

We use this root for a comparison argument:

Proposition 3.4.10. Let N =3 and p > 0, let vo, 1, K and §,(R) for some v € (0,v0] be as in
Lemma 3.4.9. Then for any 0 < K <&, §,(R) > 0,(K) > 0 is such that for every k < K every
e > 0 has the following property: If y. from (3.14) satisfies

Y=(T) < 0u(k)
for some T > Ty (with Ty = To(u, k, k) from Proposition 3.4.8), then y.(t) < §,(k) for allt > T.

Proof. We choose as § = 0, (R) the largest root of p from Lemma 3.4.9 and observe that according
to Proposition 3.4.8 and the assumption on T'

yr(t) < p(y(t)) forall t>T  and  y.(T)<4.

The comparison principle for ordinary differential equations therefore shows by means of com-
parison with ¥ = ¢ that y.(t) < d for all ¢t > T as well. O

96



3.4 Preservation of smallness

3.4.1 Eventual boundedness of y.

Proposition 3.4.10 asserts that y. stays small, should it ever fall below a certain value. We still
have to ensure that the condition actually occurs.

Proposition 3.4.11. Let N = 3. Let v € (0,vp] with vy as in Lemma 3.4.9. Then there exists
ko € (0, ) such that for any k < & € (0, ko] there is to > 0 such that for all T > to, for alle > 0

/Q (uZ(,7) + [Voe (-, 7)[*) < 6,(R)

where 6,(R) > 0 is the positive root of p given by Lemma 3.4.9.
Furthermore, K satisfies

5, (R)1s?

k< m, (3.18)
where Cq is a constant depending on the domain € only.
Proof. Due to the embedding W22(Q) — W4(Q), there is Cq > 0 such that
1
(/Q |Vw|4> i < Cq /Q(w2 + |Aw|?) for allw € W22(Q). (3.19)

Let v be as given in the statement of the proposition, let K > 0 be as provided by Lemma 3.4.9
and let § = min{¢, (), 1}. Choose

N PO op? 1
0< Ko < min {Fd, m, 8} (320)

and let K € (0,k9] and kK < K. (This already ensures (3.18) as well as the applicability of
Proposition 3.4.10.)
We then let Ty = To(p, <, k) be as provided by Proposition 3.4.8, let ¢ > T; and note that as a

result of (3.15) this entails
2K|Q
/ug(-,t) < B (3.21)
Q H
Furthermore we denote

1 1 r+1 ®|Q
C’ozmax{1+/Vvo|2+/uo+,ﬁ+ max{l—&—/uo,,d}} (3.22)
B Jao wp Q H

and choose T' > 0 so large that

1 /2:|Q 2CqK|Q R r|Q
( R|2|+ Q';' |+Cgfimax{l+/uo,ﬁ| }t
T\ n Iz 1% Q Iz

1 C 20qR|Q
+OQ/UO+Q+CQ/U§+CQ+2CQCO+Q';") <
B Ja Q K

g
I 2’

(3.23)

Combining (3.19) with Lemmata 3.3.2, 3.3.3 and 3.3.4 gives
t+T 3
/ (/u§+(/ ot )
t Q Q
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

t+T t+T t+T
S/ /u§+09/ /’UE"—CQ/ /\AUE\Q
t Q t Q t Q
<K+max{/ ua(-,t),ﬁ+|Q}T+l/Us('at)
o Q H HJa

+CQR+maX{/ u5(~,t),H+|Q}TJrCQl/u€(~,t)+CQ/v§(~,t)
H Q H HJa Q

Q
+(;Q"f+max{/ ue(.,t)ﬂ“' }T+C /|qu , )|2‘+OQ ue (-, 1)
e Q H K Ja

Due to (3.21), upon another application of Lemmata 3.3.3 and 3.3.4 and taking into account
that k. <&, this reduces to

[ (e (frmer))

SE 2/—1|Q\T n 2/1\2§Z|
nop 1

R 2K|Q 2CqK|Q r|Q
+ CQE fi' |T—|— Q’;' I CQ max {1 4 / Uo, M}t
R 12 M Q H

1 210 2CoR|Q
T Co- <1+/u0>+CQ+CQ/ 2 oo o0y o 2600 ““' )
2 Q Q wop

where C is as defined in (3.22). Therefore,
Lo 2 4 :
rf (s (o))

2+4Cq) |0 1/2RQ 2 Q RO
Si( i gQ)‘ |22+< i |+ Cof| |+C max{lJr/uo,n' |}t
T H Q H

I u? I
2CQI€Q|>

1 C
—&-C'Q*/uo+£+CQ/UO+CQ+QCQCo+
HJa w 0

Our choices of kg and T in (3.20) and (3.23), respectively, now entail

P (e () ) <o

Accordingly, for at least one ¢y € (t,t +T)

/Quz('ato) + (/Q |Vvs('7f0)|4>é <0

holds as well. Because § < 1, for the same ¢ty we may infer

/Q (u2(-, to) + | Vo=, to)|*) < 6 < 8().

Due to 6, (k) < d,(ko) < du(R) for 0 < K < Ko, the claimed inequality for larger times 7 is a
direct consequence of Proposition 3.4.10. O
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3.4 Preservation of smallness

3.4.2 Eventual boundedness of (u.,v.) in L®(Q) x W1 (Q)

The next step is to refine these bounds on y. to bounds on u, v and Vov. LP-L9-estimates for the
heat semigroup will be the cornerstone of this procedure.

Proposition 3.4.12. Let N = 3. Then there exists a function K: [0,00) — [0,00) satisfying
lims_,o K(§) = 0 with the following properties:

Assume, v € (0,19), k < ko with vy, Ko as in Lemma 3.4.9 and Proposition 3.4.11 respectively.
Choose & € (ky, ko] and let §,(K) be as given by Proposition 3.4.11. Then there are T, > 0 and
C > 0 such that for allt > T, and for alle >0

[Jue (5 )l oo () + V0 (5 ) oo () < K (00(R)).-

Furthermore, corresponding to any HUOHLZ(Q)7 ||Uo||L2(Q), there is C > 0 such that for all t > T,
e>0
[0 ()| e 0y < Ce™ ) + K (6, ().

Proof. Let vg,v,x < Ky < K < kg and § := §,(K) be as indicated in the statement of the
proposition. Let T, — 2 be the number from Proposition 3.4.11, let tg > T, — 2 and let us first
show boundedness of u. on [tg + 1,%o + 2]. To this aim, we define

M:= sup H(Tfto)% (,7')H

T€(to,to+2] L (Q)

and let p € (3,4).

From the choice of T, and § and Proposition 3.4.11, we know that [, uZ(-,t) + [, [V (-, t)|* < &
for t > T,. Together with Holder’s inequality this implies

. . < . w (- .
b 990 My < e, 190 M
([ o#0)
Q
4p — ET
(/u 71) 2(')‘9))
Q
() o)
Q Q
<53t sup< - 2”p(~,s)>

1_7

+%Ws{§1)p((s—t0)% (.,s)) p (3.24)

N

<67 (s—to)~

for s € (to,to + 2]. Triangle inequality and LP-L%—estimates [110, Lemma 1.3] give a constant
C1 > 0 such that

- _3 _ _
le™ (- t0)|| oo ) < Cr(L 4 775) [luc (-, t0) — Te(t0) | 12y + 1T (t0)l L 0

where ([T (o) (o) = 7 Joy e (+f0) < 127 [Jue(-, o) | 2y < [9]~#v/3 and its consequence
||ﬂ5(t0)||L2(Q) < V06 lead to

6720 (o) || ooy < Co (1477 1)2V6 + 10|72 V5. (3.25)
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

Again, by semigroup representation and the fact that the heat semigroup is order-preserving,

0 < 7iuc(to+7) STie ™ uc(-tg) — 71 / eTIAY - (ue (-, o + 5) Ve (-, to + 5))ds
0

+7i / TR (kiue(yto + ) — pul(,to + 5)) ds
0

3
< T4

e(T_s)AuE(.’tO)H +r3 / He(f_s)Av (e (-, to + 8) Ve (-, to + S))H
0

L (Q) L= (Q)

+7i / I$+M8_%d8.
0

Together with LP-L9-estimates, (3.24) and (3.25) this entails for 7 € [0, 2] and some C3 > 0 from
[110, Lemma 1.3]

Thuc(to + T)HLN(Q) <riC (1 + 7 H)2vE + 739 EVE + 8wy M

+2 / (14 (7= 8)727%) fJuc( to + 5)Voe (-, to + 5)l| o (g ds
0

<201 (1 + 7)o + 73(Q| 72 V08 + 8k M

3 1_42_717
stug (-, o —|—3)H ds
L>=(Q)

1 4—p

T < P P
+02/ (L4 (r—s) 2 2)grs iH3 5"
0

<201 (1 + 7)o + r11Q|72V5 + 8koM

+02/OT<1+(T—s>

_ 3 1 _3,34-p _4-p
2 )0vs~ 4T3z M % ds,

N

As f02(1+(T—s)_%_%)s_%+%%pds is finite and 17%}{0 > 0, taking the supremum over 7 € [0, 2],
we infer

M < CyV/6 + Cusv M5
with obvious choices of the constants C5, Cy > 0. Therefore
M < D(§) :==sup{s € [0,00) : s — Cudrs' ™% < C3V5} < .
Note that D(d) tends to 0 as ¢ becomes small. For ¢ € [tg, 1o + 2]
(t—to)f l[ue (5 )l oo () < D(6),
meaning that for ¢t € [to + 1,0 + 2]
e (Dl o < D= t0)™F < D(G).
D(9) is independent of the choice of ty > T, — 2, therefore we can conclude
[ue (5 )l Lo 0y < D(9) (3.26)

for any t > T, — 1.
Boundedness of {Vv(-,7)},>7, in L=(£; RY) can be achieved from the following estimates: We
let tgo =T — 1 and t =7 — tp. Then [110, Lemma 1.3] provides C5 > 0 such that

t
Voo (1) <HV A=), (. ¢ H /Hv (t=9)(A=1)y, (. ¢ H d
Vel <[ oot [T Dt k)]s
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3.5 Definition of solutions

t
<Cst™% || Vv (-, o) | 1y + Cs / (14 (t—5)72)e " fuc(-, o + 5)|| o (0 ds
0

<Cs69t75 + D(5)05/ (1+0 2)e ?do (3.27)
0

is bounded uniformly in 7 € [Ty, 00). By similar reasoning together with Lemma 3.3.3, we obtain
bounds on [|vz(+, 7)1 (q)- In preparation for these estimates, let ¢, > to and let us note that
by (3.11) and Lemma 3.3.3

1 1 _ _ K4 1
o vt <o (/U(-,m)e Wm0y =5 | el to)
12 Jo ) 12 \Ja : K 12 Jo :

R+ —(tu—to) 4 F+ 1

< +C>e( O 4 (-t

(% oy b o)
52
[olk
<Cge~ (==t 4 0752,

<Cge~ (==t 4 2 +

where Cg depends on [[u|[1(q) and [[vol[ ;1o (and [$2]) only, and where we have applied (3.18)

in the last step, so that C; = [ 1+ — with Cq as in (3.18).

\/(4+8CQ)> Viel
Lemma 1.3 of [110] yields Cg > 0, which, in conjunction with Poincaré’s inequality and (3.26),
gives

ot + Dl gy < | A0, 12)

A T

L= (Q)

Ve (e, ts) +tD(
Nim A ©)

va(.7t*)—@/ve(~,t* LZ(Q) |Q|/v€ ,ts) +2D(9)
<Ca(1+ £ VTR 90ty + 7 [ vete ) +2D0)
<Cs(1 +t~1)\/Cp|Q|16% + Cge™+710)e2t 4 0767 + 2D()
for any ¢ € (0,2] and therefore
[ve (-, 7| oo () < 2C51/CpIQIF6% + C78% +2D(8) + Cgee™ (7~ (0 +1) (3.28)

for any 7 > to + 1 = T.. Collecting terms from (3.26), (3.27) and (3.28), we obtain a suit-
able definition of C' and of K(8) — and because 67, §2 and D(8) tend to 0 as § \, 0, indeed,
limg\o K((S) =0. O

Lo (Q)

< et(A—l)(UE 1) ‘m/vg yTx)

<Cs(14t771)

3.5 Definition of solutions
Definition 3.5.1. A pair of functions (u,v) € L% ([0,00); L*(2)) x L2 ([0,00); W12(Q)) is

called weak solution of (3.1) for initial data (ug,vo) € L*(Q) x W2(Q) if for all test functions
v € C5 (02 x [0,00)) with 8’/90‘8(2 =0 the following holds:

_/OOO/ngpt—/QuogO(O) :/ODO/QuAga—/Ooo/Qqu-Vgo—i-H/Ooo/pr—,u/Ooo/Quzw (3.29)
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

and, for all o € C§°(Q x [0,00)),

[ oo [ [ s [ foor [ fe o

3.6 Convergence to a solution

Purpose of the estimates from section 3.3 was to make the extraction of convergent sequences of
approximate solutions (u.,v.) possible. The following proposition lists, in which sense we have
obtained convergence.

Proposition 3.6.1. There exist u € L7 ([0,00); L*(Q)) and v € L? ([0,00); W12(Q)) and a
sequence €5 N\, 0 such that for any T >0

ue;, —u a.e. in Qx[0,T], 3.31
ue, = u in L*(Q x (0,T)), 3.32

gjul, =0 in L'(2x (0,7)), 3.33
v, =~ v in L*((0,7); W"3(9Q)), 3.34
ve, > v in L*(Qx (0,T

Ve, U a.e. in X

0,
(0,77,
Ave, = Av in L2(Q % (0
0
0

—w in L2(Q x (0,

Ue; Ve, = uVu in Ll(Q x (0, )aRN)

Uﬁj t

(

(

(

(
) (3.35

(

(

(

(
Proof. Lemmata 3.3.6 and 3.3.7 show boundedness of {u.; ¢ € (0,1)} in L3 ((0,T); W3 (Q)
and of the derivatives {u.;; € € (0,1)} in L'((0,T); (W1 (2))*) so that by a variant of the
Aubin-Lions-Lemma [15, Prop. 6], {uc; ¢ € (0,1)} is relatively compact in L (Q x (0,T));
in particular, there is a sequence €; N\, 0 (of which we will, without relabeling, choose further
subsequences in the following) such that u.; — u almost everywhere in Q x (0,7') for some
u e L3(Qx (0,T)). Boundedness of {u.; ¢ € (0,1)} in L2(Q x (0,T)) due to Lemma 3.3.2 yields
a subsequence along which u., — u in L?(Q x (0,T)).
By Lemma 3.3.5, {u2; ¢ € (0,1)} is equi-integrable and thus, according to [21, Thm. IV.8.9],
weakly sequentially precompact in L'(Q x (0,T)). Along a subsequence, ugj — 2 in LY(Q x
(0,7)) and hence

2 2
e, | 22 0.y = /QX(O,T) u, 1 oot u? 1= [lull 2 0x 01y
The combination of u., — u in L*(Q x (0,7)) and Hugj H
actually (3.32) holds.
Similarly, we see that {eu?; e € (0,1)} is equi-integrable (Lemma 3.3.5) and hence is weakly
convergent along a subsequence. Pointwise a.e. convergence of u/ to u? identifies the weak limit
of 5jug7, as 0, which is (3.33).
According to Lemmata 3.3.3 and 3.3.4, {v.; € € (0,1)} is bounded in L>((0,T); W12(£2)), which
is continuously embedded into L?((0,T); W2(€)), and a subsequence with (3.34) can be found.
Furthermore, {v.; € € (0,1)} = {Av. —v. + ue; € € (0,1)} is bounded in L2((0,7); L?(£2))
due to Lemmata 3.3.4, 3.3.3, 3.3.2, and the Aubin-Lions lemma yields (3.35) as well as, along
another subsequence, (3.36). At the same time, we can conclude (3.37) and (3.38).

L2(Qx(0,7)) - ||u||L2(Q><(O,T)) shows that
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3.7 Eventual smoothness. Proof of Theorem 3.1.1

The statement (3.39), finally, results from a combination of (3.32) and (3.34). O

From now on, by (u,v) we will denote the limit provided by Proposition 3.6.1. Of course, it
would be desirable for (u,v) to be a solution to the original problem. That is the case.

Lemma 3.6.2. The pair (u,v) is a solution to (3.1) in the sense of Definition 3.5.1.

Proof. We take @ as specified in Definition 3.5.1 and test the equations of (3.3) against it. The
convergence results of Proposition 3.6.1 then produce (3.29) and (3.30). O

Remark 3.6.3. None of the arguments used for Proposition 3.6.1 and Lemma 3.6.2 depend on
dimension N nor on the specific values of p > 0, kK € R.

3.7 Eventual smoothness. Proof of Theorem 3.1.1

In the most important scenario of spatial dimension 3, we can show that these solutions are
not only solutions in some weak sense, but possess the property of eventual smoothness: From
some time on, they are classical solutions. Our preparations from Section 3.4 that have provided
boundedness of (u.,ve) constitute the first step. The next proposition transfers these properties
to (u,v).

Proposition 3.7.1. Let N = 3 and assume k < kg with ko from Proposition 3.4.11. With T,
denoting the number from Proposition 3.4.12,

€ Lipe([Te, 00 WH(Q)), g € Lo ([T, 00), (WH(2))).
Furthermore u,v € L (2 x [Ty, 00)), Vo € L>®(Q x [T, 00); RY).

Proof. On the interval [T}, c0), from Proposition 3.4.12 we obtain boundedness of {uc}.¢(0,1),
{ve}ee0,1) and {|Vuel}eg(o,1) in L(Q x [T4,00)) and hence can choose a subsequence £;
0 of the sequence from Proposition 3.6.1 such that wu.,v., Vv, are weak-*-convergent in this
space. For T > 0, boundedness of {u.}.e(0,1) and {uct}ee(o) in LE, ([T, Ti + T]; WH2(2)) and
L ([T, T. + T), (W2(Q))*), respectively, are guaranteed by Lemma 3.3.8 and 3.3.9 and the
choice of a weakly convergent subsequence yields the assertion. O

Corollary 3.7.2. Under the conditions of Proposition 3.7.1, u € C°([Tk, 00); L*(£2)).

Proof. For any T > 0, u € L?([T\, T, + T); W12(Q)) and u; € L*([T%, Tw + T), (W12(Q2))*). By
Proposition 23.23 of [125], u is L2-continuous on [T, Ty + 7. O

Actually, u and v are even Holder continuous.

Lemma 3.7.3. Let N = 3. Assume, k < kg with kg from Proposition 3.4.11 and let T, be as in
Jo /g
Proposition 8.4.12. There is v > 0 such that u,v € CZ)’CQ (Q x [Tx + 1,00)). Moreover, there is

C > 0 such that for every T > T, + 1,

<C.

[[ul CV3 QX [T,T+1]) =

¥ @xrri) T o]l

Proof. We let T, be as in Proposition 3.4.12 and let ¢ > T\ be given such that [[u(-,t)|| ) <
[ull oo (2 (7 00)) B ([0, )| Lo () < V] oo (2 (7 ,00))» Which is the case for almost every such
t. Definition 3.5.1, Corollary 3.7.2 and Proposition 3.7.1 enable us to interpret u as a local weak
solution in the sense of [83] of the equation

U — V- (Vu —uVv) = ku — pu?, (3.40)
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

for @ on [T, 00).
Using boundedness of xu — pu? and Vv, an application of Theorem 1.3 of [83] ensures that

’

uwe OV (Qx [T, + 3,00)) for some 7' > 0. Theorem 1.3 of [83] additionally asserts that the

3 : fe'e)
norm ”u”C”%(ﬁx[H%,tw]) can be estimated by a constant C, which depends on the L™ (Q)-

norm of u(-,t) and some “data” of the problem, a term condensing structural information on
the equation (such as exponents) and certain L"-norms of coefficients and the right-hand-side in
(3.40).
Important to note is that, due to Proposition 3.7.1, u,v € L (Q x [Ty, 0)) and Vv € L () x
[T,,00); RY) and therefore the restrictions of these functions to Q x [t,t + 2] are bounded in
L>®(Q x [t,t +2]) and L>=(Q x [t,t + 2];RY), respectively, independently of ¢ > T,. Hence C,,
can be chosen independently of ¢.
Similar to Corollary 3.7.2, from (3.35), (3.38) and (3.34), we infer v € L2 ((0,00); W12(Q)) N
C°((0,00); L*(2)) and boundedness of u,v on [T} + 3, 00) imply, again by Theorem 1.3 of [83]
applied to the solution v of

U — V- (V) =u—v (3.41)

for v, that v € C”ll’%”(ﬁ x [t +1,t +2]) for some 4" > 0 — and that

loll . g

" <
’%(ﬁx[t+1,t+2]) -
with some constant C, which can be chosen independently of ¢.

Letting v = min{v/, 7"}, deriving a suitable constant C' from the values of C,, and C,, and taking
the arbitrariness of ¢ into account, the claim follows. O

Thanks to the regularity of u and v that we have gained so far, we can interpret v and v as
generalized solutions in the sense of [48] of the homogeneous Neumann boundary value problem
with initial value u(Tx 4+ 1), v(Tx + 1) to (3.40) or (3.41). As the coefficients are bounded, these
problems are known to be uniquely solvable [48, Thm. III.5.1]. Therefore we can use existence
theorems for smoother solutions to establish higher regularity of u and v.

Theorem IV.5.3 of [48] asserts the existence of C2*7:1+3 solutions, albeit under stronger smooth-
ness assumptions on the initial datum than we can guarantee so far. In order to neverthe-
less apply this theorem, let us, for tg > 0, T > t > 0, introduce a smooth monotone func-
tion &y 47 [to,to + T] — R satisfying £(t9) = 0 and £ = 1 on [ty + t,to + T] as well as
||€t07th||C1([to,to+T}) S 1 + %

Proposition 3.7.4. Let N = 3 and assume that k < kg with ko from Proposition 3.4.11. Then

there are T* > 0 and v > 0 such that u,v € C’?Ot'y’H%(ﬁ x [T*,00)). Moreover, there exists
C > 0 such that for allt > T*

<C.

+ ||/U||C2+’Y,l+%(ﬁ><[t7t+1]) =

||u||c2+’v,l+% (ﬁx[t,t—i-l])

Proof. Let T, be as in Proposition 3.4.12 and Ty > T, + 1. We let £ = ET(,’%,Q as defined above

and observe that ({v)(Tp) =0, 0, (§v =0 and v := {v satisfies

)|89

575 — Av = gt’U + §u — €U on (T‘o7 TQ + 2)7 (342)

a parabolic PDE with smooth coefficients and Hélder continuous right-hand side (due to Lemma
3.7.3). Theorem IV.5.3 of [48] in conjunction with the above-mentioned uniqueness property
makes £v an element of C2+7:1+3 (Q x [Ty, Ty +2]) and therefore v € C2+7 142 (Qx [Ty +3, Ty +2)),
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3.8 Asymptotic behaviour

where, according to the aforementioned theorem, its norm can be estimated by the C"%-norm
of the right-hand-side in (3.42) and therefore independently of Ty > T + 1, cf. Lemma 3.7.3.
For an analogous procedure concerning u, we let § = {7, 41,13 and consider u = &u, satisfying

'3
u(To + 3) = 0, 8,1, = 0 and solving
Uy — AU — V- Vv — tAv = &u + E(ku — pu?),

where the coefficients are Holder continuous as well as the right hand side and, by the same
argument as before, [48, Thm. IV.5.3] asserts u € C**71*3(Q x [Ty + 1,Tp + 2]) with a Tp-
independent estimate on the norm. The claim follows upon the choice T* = Ty + 1 and due to
the independence of the Hoélder norm of Tj. O

After these preparations, the proof of our main result consists in nothing more than collating
the right statements:

Proof of Theorem 3.1.1. Existence of a solution is given by Proposition 3.6.1 in combination with
Lemma 3.6.2, eventual smoothness and bounds on the Hélder norms by Proposition 3.7.4. O

3.8 Asymptotic behaviour

Now that existence and smoothness of (u,v) have been ensured, let us concentrate on the long
time behaviour of solutions.

3.8.1 The case k < 0. Proof of Theorem 3.1.3

Proof of Theorem 8.1.8. Let {(uc,,ve,)}jen be a sequence of solutions to (3.3) approaching (u, v)
in the sense of Proposition 3.6.1. Let ¥ > 0.

From Proposition 3.4.12 we can infer §y > 0 such that K (&) from Proposition 3.4.12 satisfies
K() < g for any 6 € [0, d).

Now we apply Lemma 3.4.9 with v € (0, 1p] so small that < Jdp and choose k¥ > 0 and

V A(lj—ﬁ)
n € (0,4] as provided therupon. In particular, this implies 6, (k) < &y for any & € (0, k).

We let & € (0,K) and let Ty = Tp(u, 0,%) be as in Proposition 3.4.8. As x < 0 < R, Proposition
3.4.12 implies that there is T" > 0 such that, independently of j € N,

[, 0| o gy 1025 GO [y o ) < 2K (00(R) + Ce™ T forall¢ > T, (3.43)

where C' is a constant depending on the norm of the initial data (ug, vg).
Choose Ty > T in such a way that Ce™(Tv=7) < g and that u,v are continuous on [Ty, 00) by
Theorem 3.1.1. Our choice of §y thus shows that, independently of j € N,

9 0
Huaj('vt)HLoc(Q) + Hvej('at)HWl,oo(Q) < 2§ + 3= U for all ¢t > Ty.

Almost everywhere convergence of (ue,,v.,) — (u,v) (as stated by Proposition 3.6.1 in (3.31),
(3.36)) and continuity of v and v hence imply that

(Ol oy + 10, Dl ey 9 for all ¢ > Ty, (3.44)

In conclusion,
(u(-,t),v(-,t)) =0 ast — oo

in the sense of uniform convergence on 2. O
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3 Eventual smoothness and asymptotics in a 3-dim. chemotaxis system with logistic source

3.8.2 Asymptotics for positive k. Proof of Theorem 3.1.5

Proof of Theorem 3.1.5. Under the condition of x being sufficiently small, Theorem 3.1.1 shows
that the solutions constructed above enter some bounded set B, ,, C (C?77(£2))2, where v > 0
is chosen as in Proposition 3.7.4.

As to the statement about the diameter of B,, ,, in L>°(Q) x W*°(Q) as k — 0, we can proceed
almost exactly as in the proof of Theorem 3.1.3: Let ¥ > 0. From Proposition 3.4.12 we can
infer 5o > 0 such that K () from Proposition 3.4.12 satisfies K(6) < 2 for any 6 € [0,p). The

application of Lemma 3.4.9 with v € (0, 1] satisfying , /ﬁ < dp provides n € (0,4] and
4v

k> 0. Let & € (0,~). We will prove that diam B, . <29 if k < &.

For this, we assume that « < & and let Ty = To(u, k, <) be as in Proposition 3.4.8. As k < R,

Proposition 3.4.12 implies that there is 7' > 0 such that, independent of j € N,

Hugj(-,t)HLw(Q) + qu(-,t)ﬂwm(m <2K(6,(R)) +Ce =T forallt >T, (3.45)

where C' is a constant depending on the norm of the initial data (ug, vp).

We choose Ty > T in such a way that Ce~(T2=T) < g and that u, v are continuously differentiable
on [Ty, 00) by Theorem 3.1.1.

Our choice of §y thus shows that, independently of j € N,

(AN Vi
e, ) ey + 0, Dy S 25 +5 =9 forall ¢ > Ty,

We make use of the almost everywhere convergence of (u.,, ve,;) — (u,v) (as stated by Proposition

3.6.1 in (3.31), (3.36)) and the fact that Vv, is essentially bounded by some constant C' on

Q x [Ty, 00) uniformly in j, which allows us to extract a L°°-weak*-convergent subsequence

leading to [[V| oo (o (15,00)) < C-

Together with the continuity of u, v and Vv these convergence results hence imply that

[us Dl oy + 00 Do) <9 forall £ > T

In terms of B, , this means

Bu,n - BII9/°° (Q)x W (Q) (0)

and hence diam(B,, ) < 29 for sufficiently small £ > 0. O
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4 A new approach toward boundedness
in a two-dimensional parabolic
chemotaxis system with singular
sensitivity

4.1 Introduction

Numerous phenomena in connection with spontaneous aggregation can be described by PDE
models incorporating a cross-diffusion mechanism. A prototypical example, which lies at the core
of models used for a variety of purposes and to so different aims as the description of pattern
formation of bacteria or slime mold in biology [43] or the prediction of burglary in criminology
[64], is the following variant of the Keller-Segel system of chemotaxis:

u = Au—V - (uS(v) Vo)
v=Av—v+u (4.1)
Ol = 0v]yq =0
u(+,0) = ug, v(-,0) = vy

in a bounded domain ¢ RY with smooth boundary, with given nonnegative initial data wg, vo.
We shall be concerned with the case of the singular sensitivity function S given by

S(v) =X (4.2)

for a constant x > 0, which is in compliance with the Weber-Fechner law of stimulus perception
(see [44]).

One of the first questions of mathematical interest with respect to this model is that of existence
of a global classical solution, as opposed to blow-up of solutions in finite time. For the vast
mathematical literature on chemotaxis, a large part of which is concerned with this question, see
one of the survey articles [34, 35, 32, 9] and references therein.

According to the standard reasoning in the realm of chemotaxis equations (as e.g. formulated
in [9]), in order to obtain global existence of classical solutions, for the two-dimensional case
considered here, it is sufficient to derive t-independent bounds on the quantities [, u(-,t) Inu(-,)
and [ |Vu(-,t)[?.

To achieve this in the particular context of (4.1), it has proven useful to consider the expression

/ulnu—a/ulnv, (4.3)
Q Q

as it has been done by Nagai, Senba, Yoshida [74] or Biler [10]. In these works, global existence
of solutions has been derived for xy < 1.
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

In the present chapter we shall answer the question whether y = 1 is a critical value in this regard
in the negative. This question had been left open in [113], where the above-mentioned results
have been generalized to higher dimension N, then obtaining existence in the case xy < 1/2/N.
Let us mention some more results concerning equation (4.1): That the classical solutions for
X < v/2/N are global-in-time bounded has been shown in [24]. In [113] also weak solutions

N+2
3N—-4"

moreover, certain global weak “power-A-solutions” exist ([91]).

In [3] the authors prove global existence and investigate the asymptotic behaviour of solutions to
a system incorporating logistic growth terms in addition to general sensitivities with singularity
at v = 0. Parabolic-elliptic chemotaxis models related to (4.1) are investigated, e.g. in [25], where
the presence of such growth terms is used to ensure global existence and boundedness of classical
solutions. In [26] global existence and boundedness of classical solutions to the parabolic-elliptic
counterpart of (4.1) are obtained for even more singular sensitivities of the form 0 < S(v) < X;,
k > 1, under a smallness condition on y, which for £ =1 and N = 2 amounts to x < 1.

Also concerning classical solutions of the fully parabolic system (4.1), to the best of our know-
ledge, the assertions for y < 1 are the best known so far.

Since the new possible values for x are but slightly larger than 1, rather than these values it
is the method that can be considered the new contribution of the present chapter: Key to our
approach toward the expansion of the interval of values for y known to yield global solutions,
namely, shall be the employment of an additional summand

b [ IV

have been shown to exist for (4.1), as long as x < In the radially symmetric setting,

in (4.3). Functionals containing this term have successfully been used in the context of coupled
chemotaxis-fluid systems (see [114]) or of chemotaxis models with consumption of the chemoat-
tractant [95] (e.g. obtained from the aforementioned system upon neglection of the fluid).

In the end we will arrive at the following

Theorem 4.1.1. Let Q C R? be a conver bounded domain with smooth boundary. Then there
exists xo > 1 such that for any x € (0,x0) and any initial data satisfying 0 < ug € C°(),
ug Z 0, and vg € WH4(Q) for some ¢ > 2 and vo > 0 in §, the system (4.1) has a global classical
solution which is bounded.

The plan of the chapter is as follows: In the next section we will discuss local existence of and
an extensibility criterion for solutions to (4.1). Section 4.3 provides identities and estimates that
will facilitate the usage of the additional term at the center of the proof of Theorem 4.1.1, to
which Section 4.4 will be devoted.

4.2 How to ensure global existence

A general existence theorem for chemotaxis models is the following, taken from [9]:

Theorem 4.2.1. Let N > 1 and Q C RV be a bounded domain with smooth boundary and let
q > N. For some w € (0,1) let S € CL“(Q x [0,00) x R?), f € C'(Q x [0,00) x R?) and

g € CLo(Q x [0,00) x R?), and assume that f(x,t,0,7) > 0 for all (z,t,7) € Q x [0,00)? and

loc . .
that g(z,t,5,0) > 0 for any (z,t,5) € Q x [0,00)2. Then for all nonnegative ug € C°(Q) and
vo € WH4(Q) there exist Tynar € (0,00] and a uniquely determined pair of nonnegative functions

u €C%(Q x [0, Thnaz)) N C*H(Q x (0, Thnaz))s (4.4)
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4.2 How to ensure global existence

v €CYQ X [0, Thnaz)) N C*HQ x (0, Traz)) N L3210, Thnaz ); WH(Q)),

such that (u,v) solves

uy = Au— V- (uS(z, t,u,v)Vv) + f(z,t,u,v), (4.5)
Uy = Av—w + g(a:,t,u,v),
0= aVu|8S2 = aV”|aQ’
u(+,0) =wug, v(-,0) =wg

classically in Q x (0, Trmaz) and such that

if Trnax < 00, then li;nsup (”“('at)”Lw(Q) + ||v("t)||WLEI(Q)) = 0o. (4.6)
t/ Tmax
Proof. A Banach-type fixed point argument provides existence of mild solutions on a short time
interval whose length 7" depends on [[uo|[ ;= (q), [[vollyy1.4(q)- Standard bootstrapping arguments
ensure the regularity properties listed above. It follows from the dependence of T on the norms

of ug and vy that the solution can be extended to Tpnq. € (0, 00] satisfying (4.6), see [9, Lemma
3.1]. m

This theorem is not directly applicable to (4.1), because it does not cover the case of singu-
lar functions S. We will remove this obstruction via use of the following lemma, which is a
generalization of Lemma 2.2 of [24].

Lemma 4.2.2. Let the conditions of Theorem 4.2.1 be satisfied, let Q be convex, and let { > 0.
Then there is n = n(ug, vo, ) > 0 such that if vo and the solution (u,v) to (4.5) satisfy

infvg >0 and inf / g(z, s,u(z, s),v(z,s))de > (,
Q

86[07Tmaz)
the second component of the solution also fulfils
v(z,t) >n for all (x,t) € Q x [0, Taz)-

Proof. Let us fix 7 = 7(ug,v9) > 0 such that

. 1.
Héfv(',t) > 3 1réfvo for all t € [0, 7].
Employing the pointwise estimate
1 12 _
(e'®w)(x) > = e / w for nonnegative w € C°(Q)
(4mt) = Q

for the Neumann heat semigroup e*® with d = diam €, as provided in [24, Lemma 2.2] for convex
domains following [33, Lemma 3.1], we can then conclude that

t
v(-,t) = et A=y —|—/ e(tfs)(Afl)g(-,s,u(-,s),v(-, s))ds
0

t 1 a2 (t )/
> ——————e W TV | g s,u(-,8),v(-,8))ds
/0<47r<ts>)2 [ g6cs.ut.9.00.9)
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

t 1 2
Z/ Ne*(”%)dr inf /g(m,s,u(x,s),v(m,s))dm
o (4mr)= Q

s€[0,t]

T 1 2
ZC/ = ety in Q
o (4mr)=z

. 2
for any ¢t € [7,Tnaz). With n = min{mﬁﬁvo,CfOT(uo’”O) (41)]\,e‘(r+ir)dr} this proves the
) 2

claim. 0

With this lemma we can weaken the assumptions on the sensitivity S so as to allow for a
singularity at v = 0.

Theorem 4.2.3. i) Let S € C.F¥(Q x [0,00) x R x (0,00)) for some w € (0,1) and apart from
the condition on S let the assumptions of Theorem 4.2.1 be satisfied.

Additionally, assume that f is nonnegative and g(x,t,s,r) > cs for some ¢ > 0 and any
(,t,5,7) € 2 x [0,00) x R? and that infouy > 0 and [, ug =: m > 0. Then there is Traz > 0
such that (4.1) has a unique solution (u,v) as in (4.4) and such that (4.6) holds.

it) Furthermore, if there are K1, Ky > 0 such that f(x,t,s,7) < Ky and g(z,t,s,17) < Ka(1+ s)
for all (x,t,s,7) € Qx (0,00)3, and for every n > 0, |S| is bounded on Q x (0,00)? x (n,0), and
if N =2 and there is M > 0 such that

/ u(,t) Inu(-,t) < M, and / |Vo(-, )] < M for allt € [0, Traz) (4.7)
Q Q

then (u,v) is global and bounded.

Proof. 1) We let n := n(ug,vg,cm) be as in Lemma 4.2.2 and let £: R — [0,1] be a smooth,
monotone decreasing function with £(r) = 1 for r < Z and £(r) = 0 for » > 7. We define

Sy(x,t,s,7) =
S(x,t,s,3), (w,t,8,7) € Q x[0,00) x R x (=00, 3),
§(r)S(z,t,s,2) + (1 =&(r)S(x,t,s,7), (x,t,87)€ Q x [0,00) x R x [3,00).

Then S, € CLF“(Q x [0,00) x R?) and S and S, agree for » > 7. Let us denote by (4.5),
problem (4.5) with S replaced by S,. Then we can apply Theorem 4.2.1 to (4.5), and obtain a
solution (u,v) with the required properties (4.4) and (4.6). Nonnegativity of f and integration
of the first equation of (4.5), entail that [, u(-,t) > m for all t € [0, Tnaz) and accordingly
ng(x,t,u(x,t), v(z,t))dz > cm > 0 for all t € [0, T}42). Therefore, by Lemma 4.2.2, v > 1 and
hence (u,v) solves (4.5) as well.

In order to carry over the uniqueness statement from Theorem 4.2.1, we ensure that any solution
of (4.5) also solves (4.5), in Q x [0,Tynas): Let v be a solution of (4.5). Let ¢ € (0,4) and
define tg = inf{t : infov(-,t) < e} € (0,00]. Then (u,v) solves (4.5), in Q x (0,%p). Assume
to < oo. Then by Lemma 4.2.2 and continuity of v, v(x,tp) > n > e = infqv(-,t) for all z € Q,
a contradiction.

ii) Since (u,v) is a solution of (4.5),, we can apply [9, Lemma 3.3], which turns (4.7) into a
uniform-in-time bound on ||u('7t)HL°°(Q) + ||v(-,t)||W1,q(Q), thus asserting global existence by
means of (4.6) and boundedness. O

Remark 4.2.4. Throughout the remaining part of the chapter, we will assume that  C R2
is a bounded, smooth, and convex domain, that 0 < ug € C°(Q), ¢ > 2 and vy € WH4(Q),
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4.2 How to ensure global existence

info vo > 0 and that [, ug =: m > 0.
Then, in particular, Theorem 4.2.3 is applicable to (4.1). We will denote the unique solution of
(4.1) by (u,v) and by Tpq. its maximal time of existence as in (4.6). It satisfies

/ u(-,t) =m for all t € [0, Thaz)- (4.8)
Q

Lemma 4.2.5. Let 7 = min{l1, %}, and assume there ezxists C' > 0 such that

t+71 2
Vv
/ / [Vl <C foranyte€ (0,Thes —T)
t Q u

and that
/ u(, ) Inu(-,t) < C  for any t € (0, Tnasz)
Q

Then Trar = 00 and (u,v) is bounded.

Proof. Let ¢1,co > 0 be the constants yielded by the Gagliardo-Nirenberg inequality (Lemma

3.4.3, with parameter names as introduced there) for j =0, k=1, ¢=2,r=2,5s =2, a = %.

2
Then with m from (4.8),

[l / CIE /t (e 19V IV + 2 )

4
[Vul2) * ctmC 4 9
< ¢ m4 +tem? | < +com
t Q 4u 4

holds for any ¢t € (0, Tynae — 7)-
Multiplying the second equation of (4.1) by —Awv and integrating, from Young’s inequality we
obtain

/Q|w<-,t>|2s/Q|wo|2—/ot/g|m2—/ot/9|wﬁ s [ [y [ [

n (0, Thnaz), that is, y(t) := fQ |Vu(-,t)|? satisfies the differential inequality 3 +y < f on

[0, Trmax), where f = 3 fQu satisfies ftJrT |f(s)|ds < C for all t € (0, Tynez — 7) and with some
constant C' > 0. Letting z be a solution to 2’ + z = f, 2(0) = z0 = [, |[Vvo|?, we observe that
the variation-of-constants formula entails

Lt/7]-1  (k+1)r t
z(t)—e*tzoz/ ft—1s)ds < Z / e %I f( t—s)\ds—i—/ e °|f(t—s)|ds
kT Lt/7]

[t/7]-1
1
< E —kr <
>~ - € C+C_C(1+1_e_7_) fOI'tG(O,Tmaz)v

so that an ODE comparison yields boundedness of y = [, |[Vo(-, t)[2.
Together with the second assumption, the bound on fQ w In u, this is sufficient to conclude global
existence and boundedness of solutions by Theorem 4.2.3 ii). O

71



4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

4.3 Some useful general estimates and identities

Lemma 4.3.1. Let Q be conver and let 1 € C%(Q) satisfy 8Vw|fm = 0. Then for allx € 0Q we
have 9, |Vi(x)|* < 0.

Proof. This is Lemme 2.1.1 of [61], see also [94, Lemma 3.2]. O

Lemma 4.3.2. For all positive ¢ € C?(Q) satisfying 8,,1#’89 =0

[ oot = [ St [ ivepas- /'VW.

Proof. This proof is also contained in the proof of [114, Lemma 3.2]. The equality rests on the
pointwise identity

YD In P = w’D (1vw>

2

(B
2

—w’ L ouwn)T + Loy

(U
\VT/J|4 2 2
=1 0 W D*p|* — 1/)3 (D YY) - Vi
V|t 212 2
= + — D V Vyl© -V
and integration by parts in the last term giving
I i vyl
——vv2~vz/—v2A—2 . O
| mviver-ve = [ Siveras—2 [ S
Lemma 4.3.3. Let 1) € C%(Q) be positive and satisfy 8yw’89 =0. Then
Vy[2Ay \V¢|4
A¢ 2 / D2¢ 2 e | 4 / a VQ/} 2
- fteer == fgerer -5 [ B Ve
Proof. This results from [114, Lemma 3.1] upon the choice of h(y)) = E' The proof can be found
in [18, Lemma 2.3]. O

Lemma 4.3.4. (i) For all positive 1 € C?(Q) satisfying éﬂ’uzﬂaQ =0,

1 1 1 1 1
_ ZIAD?2 = — D21 2 4 - 2A — —0, 2,
| gavk == [uptmep 3 [ Svepav+g [ Cowu

(i) If furthermore Q is convez, then

1 1 1
— | ZIAv2 < — D*Iny? — = | —|Vy|?Av.
/m/f‘ W= /Q’(M il 2/91/12| Py

Proof. This is a direct consequence of the previous three lemmata. O

Lemma 4.3.5. There is ¢y > 0 such that for all positive 1 € C%(Q) fulfilling 8,,1/)‘09 =0 the
following estimate holds:

Vo[t
P

/ Y|D? Iny|? > ¢
Q Q
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4.4 The energy functional. Proof of Theorem 4.1.1

Proof. An even more general version of this lemma and its proof can be found in [114, Lemma
3.3]. O

Remark 4.3.6. As can be seen from the referenced lemma, the constant in the above statement
[
can be chosen to be GV

4.4 The energy functional. Proof of Theorem 4.1.1

In this section let us investigate the energy functional defined by

Fab(U,0) = /

Alng — a/ ﬂlni—i—b/ VAR, 0<@eCO@), 0<FeCi(@) (4.9)
Q Q Q

for nonnegative parameters a, b.

If we want to gain useful information from this functional, the upper bounds on its derivative
that we will derive should be accompanied by bounds for F,; from below. In order to ensure

those, let us first provide the following estimate for solutions of (4.1).

Lemma 4.4.1. For any p > 0 there is Cp, > 0 such that

/ VP (-, 1) < O, for any t € [0, Taz)-
Q

Proof. Since t — [[u(-,t)|| ;1) is constant by (4.8), for p > 1 this is a consequence of Duhamel’s
formula for the solution of the second equation of (4.1) and estimates for the Neumann heat
semigroup, which can e.g. be found in [110, Lemma 1.3]: They provide C' > 0 such that for all
te (07 Tmaz)7

t
||U('7t)||Lp(Q) < Het(A_l)UO} +/ He(t—s)(A—l)(u(HS) _ m‘QDH + He—(t—s)m|Q“
0 Lr(e)

LP(Q)

ds
LP(Q)
¢ _Nn_1 —(f— —(f— 1

< l[voll pogay + / (CO+ (=) F0)e 0 Ju(ey5) = mIQ 1 o) + ¢~ ImlQF ) ds.

The case p € (0,1) then follows from v? <1+ v. O

The following lemma gives bounds from below as well as means to turn boundedness of F, ;(u, v)
into boundedness of fQ ulnu.

Lemma 4.4.2. Let a,b > 0. There is v € R such that
1
Fap(u,v) > 5/ ulnu — on (0, Traz)-
Q

Proof. With m as in (4.8), we have

1 ;1 o
fab(u,v)zf/ulnu—k/ulnﬁzf/ulnu+m/ —lnv—1 ﬂ’
’ 2 Q [e) Ve 2 Q Q uz m

similar as in the proof of [10, Thm. 3]. Hence, following an idea from the proof of [74, Lemma
3.3] in applying Jensen’s inequality with the probability measure -*d\ and the convex function
—In, we obtain

1
v*u2

1
]:aAb(U,U)Z*/ulnu—mln
l 2 Q Q m
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

1 1 ) H
>_ [ ylnu—mln| — v |

2 Jg m\Jq Q

1
Zi/ﬂulnu—&—%lnm—%lana

after applying Holder’s inequality and with Cy, as in Lemma 4.4.1. O

Lemma 4.4.3. Let a,b > 0. Then
i) Fap(u,v) is bounded below.
ii) If SUD{(0, Tyan ) Fap(u(-,t),v(-,t)) < oo then SUD4€ (0,710 ) Jou(-,t)Inu(-,t) < co.

Proof. Both statements are immediate consequences of Lemma 4.4.2. O

Lemma 4.4.1 as well enables us to control the first two summands of F, ;(u,v) from above by
u2
fQ N

Lemma 4.4.4. Let a > 0. Then for any § > 0 there is cs > 0 such that

2
/ulnu—a/ulnvgé/ u——|—cg on [0, Thaz)-
9 Q v

Proof. Given a > 0 let € € (0,1) be so small that Hfi:f“ > 0. There is C; > 0 such that for
any z > 0 we have Inxz < C.x®. Therefore for any 6 > 0 Young’s inequality and Lemma 4.4.1
provide Cs > 0 and ¢s > 0 satisfying

1+e
u u 14
/ulnufa/uhlv:/uln—gcg §5/(u
Q Q o v o v** Q

26)15,5 +Cé/(UW)ﬁ
Q
2

<5 [ S te onf0, Thas). 0
o) v

With these preparations, we turn to the time derivative of F, ;(u, v), beginning with the already
investigated first part:

Lemma 4.4.5. For any a > 0,

2 2
i]:a,o(u,v) :_/ |Vul b (x+2a / Vu-Vov alx +1)/ u\VU| /
dt Q u

holds on (0, Trnax)-

Proof. Using the first equation of (4.1) in £ (fQ ulnu —a fQ uln v) and integrating by parts we
obtain:

d
(/ulnu—a/ulnv) :/utlnu—i—/ut—a/utlnv—a/ — Ut
dt \Jo Q Q Q
U Vo
:_/Qu (VU—XUVU> /Qv (Vu—x Vv)
—a/g(Av—v—Fu)
Qv
/ \Vu|2 /Vu VU /Vu Vv /u|Vv|2
= —aX 3
Q v
Vu - Vv u|Vo|? u?
+a [ ———a s tal u—al| —. O]
Q v Q v Q Qv
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. .. . Voul?
and, in this situation, cannot control [, ul e " we are

Since we do not know the sign of [, Y4V
P 2
left with Young’s inequality, hoping that the resulting coefficient GctZa)” _ a(x +1) of fQ s

4 v?
turns out to be negative. This can be achieved if y < 1.

2
However, it becomes possible to cope with larger parameters if [, u‘f;’ L can be controlled, e.g.
4
by having control over [, |va\ and [, ’i—f The second term already being in place, fortunately,

the first is one of the terms arising from the following;:

Lemma 4.4.6. The estimate

4 2 . 2
42 / o) < — 200/ [V _/ [Vl +2/ Vu - Vo _/ |Vul?u (4.10)
dt Q Q ’U3 Q v Q v Q U2

holds on (0, Tynaz), where co is the constant provided by Lemma 4.3.5.

Proof. From the second equation of (4.1), we obtain

14 /|V\/z7|2 :ﬂ/ [Vl :/ 2V1"Vvt7/ [Vo[?v,
dt Q dt Q v Q v Q U2

7/ 2Vv~VAv7/ 2|Vv|2+/ 2Vv~Vu7/ |Vu|2Av
~Ja v Q v Q v o v

|Vo|?v [Vv|?u
o v? o v?

+

on (0, Thax)-

Integration by parts in the first integral and merging the second and second to last summand
lead us to

§ 2 2 . 2

44 /|V\/E|2 :_2/ Ay +/ Vol Av_/ Vo +2/ Vu-Vo [ |[Vou
4 \a o v a v Q v Q v o v

(4.11)

on (0, Tpnaz)- By Lemma 4.3.4 and due to the convexity of {2 we can transform the first summand

according to
Av|? 1
—2/ [Av® < —2/@\D21n1)|2—/ —|Vol*Av,
o v Q Qv

making the second term in the right hand side of (4.11) vanish:

d

4— < |V\/17|2> < —2/ v|D*Inv|* — [Vol + Vi Vo ‘VUPU.
dt \Jg B Q

2 2
Q v Q v Q v

(4.12)

We are left with a term we can estimate with the help of Lemma 4.3.5:

v 4
—2/ v|D*Inv|* < —200/ | §| )
Q Q v

thereby gaining the term which will make the crucial difference in the estimates to come and
arriving at

4 2 _ 2
4% (/ Vﬁ|2> S—Qco/ Vot [ [V 49 Vu-Vo [ |V u 0
Q Q

3 2
v Q v Q v Q v

If we combine the previous two lemmata, we are led to:
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4 Boundedness in a two-dimensional parabolic chemotaxis system with singular sensitivity

Lemma 4.4.7. Let a,b>0, § € (0,1). Then

R < _ _ _
TR Wy s e e e 2 | ), o

2 2 b 2
—5/Q ‘V;L' —aé/ﬂ%—ka/ﬂu—i/ﬂ |v;| on (0, Tpaz).  (4.13)

Proof. An estimate for &7, ,(u(-,t),v(-,t)) is given by the sum of the terms from Lemma 4.4.5
and Lemma 4.4.6:

d |Vu \2 Vu - Vv u|Vo|?
— < — —
dt}a’b(%m < /Q " (X+2a+ )/ (ax+a+ 4)/9 2
/ / |Vv\4 / |Vol?
+a |l u—a| ——= - —.
Q 4 Q v

In order to finally still have some control over [ Ws , as required for Lemma 4.2.5, we retain a
small portion of this term when applying Young’s inequality:

|Vul? |2 /Vu Vv /|Vu|2 (X +2a+ %)? /u|Vv|2
2 —1
/ xF a+2 o v < (=1 (1—5) o v
so that
d |Vu)? (X +2a+ %)? b u| V)2
—_ < _ _ - =
g () < 5/9 u +< 4(1—9) ey /Q 2

2 4 2
\Y \Y%
+a/ u—a | L _ fco/ Vol / Vol on (0, Trnaz)-
0 o v 2 0 'U3 4 0 v

4
By virtue of the presence of — fQ 'va;' , which originates from the additional summand of the

2
d 1 ((X+2a+g)2 b) by Vo4

2
energy functional and the preparations of Section 4.3, we can continue estimating fQ “‘372”‘ by

4
Q “72 and [, 'Yj;‘ and still hope for negative coefficients in front of the integrals, in contrast

to the situation of Lemma 4.4.5. In doing so we keep some part of fQ - ® for the sake of a later
application of Lemma 4.4.4 and arrive at

d |Vul? \Vv|4 b/ |Vo|?
—Fap(u,v)(t) <=6 [ —— — — = - —
dt}- »(u,v)(t) /Q " —&—a/Qu / 1), o

2
u? 1 (x +2a+ %)? b |Vol*
1- Ll 2 gy —a—-
+al 5>/Qv +4a(1—5)< = ) Jo e

which amounts to (4.13). O

Lemma 4.4.8. Leta > 0,b >0, x > 0 be such that

2

1 {(x+2a+2)? b be,

e(a, by x) == 4a<42—ax—a—4 —70 < 0. (4.14)
+

Then there are k > 0, § > 0 and ¢ > 0 such that for any t € (0, Thnaz),

d

&faﬁb(u, V)(t) + kFap(u,v)(t) + (5/Q M <.

u(; )
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4.4 The energy functional. Proof of Theorem 4.1.1

Proof. By continuity of

0= @s5(a,b;x) =

da(l—0) \  41-9) N7

+

b 2
1 ((x+2a+2)2 b> beo

in § = 0, for fixed a, b, x, negativity of v(a,b; x) entails the existence of § > 0 so that ¢s(a,b; x)
is negative as well. Therefore, by Lemma 4.4.7,

2 2
g}-ab(um)—i-(;/ [Vl +a5/ u——i—b/ V)2 §a/ u on (0, Thaz)-
dt- o u Qv Q Q

Since [, u is constant in time by (4.8), Lemma 4.4.4 implies the assertion. O

Lemma 4.4.9. If
Xo € {x > 0; there are a > 0 and b > 0 such that p(a,b;x) < 0} =: X,

then
(07 XO) C X.

Proof. Since, for any fixed a > 0, b > 0,

1 b2 :
X — o(a,b;x) = 61a ((X2 +4a® + 1 + bx + 2ab — 4a — b) — 32abco>
+

is monotone, for any a > 0, b >0
(a, b; x0) < 0 implies p(a,b; x) < 0 for any 0 < x < Xxo- O
Lemma 4.4.10. There is xo > 1 such that p(a,b;x0) < 0 for some a > 0,b > 0.

Proof. Since ¢(%,0,1) =0 and
d (10 N\ 1
0_db<32 (4+b) —280b>

d (1
—o (=01
db<p<2,b, ) -

there is b > 0 such that cp(%, b,1) < 0 and by continuity of ¢ with respect to x, the assertion
follows. O

b=0

Proof of Theorem 4.1.1. By Lemma 4.4.10, there are a,b > 0, xo > 1 such that ¢(a,b,xo) < 0
and hence, by Lemma 4.4.9, also ¢(a,b,x) < 0 for x € (0,x0). An application of Lemma 4.4.8
thus reveals that for all £ > 0

d Vul?

A 0) (1) + KT, 0)(E) + 6 / [Valf . (4.15)

de™ ™ ’ Q U

for some £, d,¢ > 0. Together with the boundedness of F, (u,v) from below by Lemma 4.4.3 i)

this ensures that F, (u, v) is bounded so that an integration of (4.15) also shows the boundedness
Nk |Vul?

o ‘/;f fQ [

Since Fup(u,v) is bounded, by Lemma 4.4.3 ii) the same holds true for [,ulnu and so the

conditions of Lemma 4.2.5 are met and Theorem 4.1.1 follows. O

Remark 4.4.11. Assuming ¢y = m, as permitted by Remark 4.3.6,

~1.1-107% = ©(0.49,0.001; 1.015) < 0,
i.e. xo > 1.015.
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5 Locally bounded global solutions to a
chemotaxis consumption model with
singular sensitivity and nonlinear
diffusion

5.1 Introduction

Even simple, small organisms can exhibit comparatively complex and macroscopically apparent
collective behaviour. Bacteria of the species E. coli, for example, when set in a capillary tube
featuring a gradient of nutrient concentration form bands that are visible to the naked eye and
migrate with constant speed. Following experimental works of Adler (see e.g. [1, 2]), in 1971
Keller and Segel ([44]) introduced a phenomenological model to capture this kind of behaviour,
a prototypical version of which is given by

{w V- (DW)Vu) - V- (V1) in 2 x (0,0) (1)

vy = Av —uv in Q x (0, 00)

with D(u) = 1. Herein, u represents the density of bacteria and v is used to denote the con-
centration of the nutrient. In the model in [44], the diffusion coefficient D(u) is supposed to
be constant, thus leading to the typical effect of linear diffusion which causes any population to
spread with infinite speed of propagation. In order to avoid this (biologically clearly unrealistic)
behaviour, it might be desirable to allow for diffusion of porous medium type (i.e. D(u) = u™" 1)
cf. also [9, p. 1665].

Nevertheless, starting with [44], the model with linear diffusion has successfully been employed
to find travelling wave solutions (see e.g. the overview in [105] and references cited therein) and
also their stability has been investigated ([55],[71]).

In spite of the rich literature concerned with travelling wave solutions (for such solutions to
related systems see also [65],[66], [56], or [36], [67]), little is known about existence of solutions
for more general initial data (see below).

The difficulty lies in the hazardous combination of the consumptive effect of the second equation
on the nutrient concentration with the singular chemotactic sensitivity in the first: While the
second equation compels v to shrink, it is the cross-diffusive contribution of the chemotaxis term
that seeks to enlarge the solutions to (5.1). And it is this very term that is furnished with a
large coefficient whenever v becomes small.

For a moment leaving aside the logarithmic shape of the sensitivity in V- (£Vv) = V- (uVInv),
we are led to the system

)

{ut = Au—V - (uV), (5.2)

vy = Av — uv,

which also appears as part of chemotaxis fluid systems intensively studied during the past six
years. (The interested reader can consult the introduction to Chapter 6.) Even in (5.2), global

79



5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

existence of classical solutions is not yet known, apart from 2-dimensional settings ([114]) or
under smallness conditions on vy ([93]).

Although the mathematical difficulty in treating the system vastly increases when a logarithmic
sensitivity is included, this form is important. Not only is it needed for the emergence of trav-
elling waves ([44, 42, 85]), there are also models giving a detailled mechanistic basis ([123]) and
experimental evidence asserting this form ([41]).

In those Keller-Segel models (cf. [34, 32, 9]) where v does not stand for a nutrient to be consumed
but a signalling substance produced by the bacteria themselves, i.e. the evolution is governed by

{ut = Au—xV - (2Vv),

v = Av—v+u,

the singularity in the sensitivity function is mitigated by v tending to stay away from 0 thanks
to the production term in the second equation. (For this system, global solutions are known to
exist if y is sufficiently small, where the precise condition depends on the dimension as well as on
whether classical (Chapter 4, [113, 10]) or weak solutions (|91, 113]) are considered and on radial
symmetry of initial data ([10, 72]); but for large x also blow-up may occur in the corresponding

parabolic-elliptic system ([72]).) The proof of boundedness of solutions for xy < \/% in [24] even
relies on the second equation actually ensuring a positive pointwise lower bound for v.

In (5.1), we cannot hope for such a convenient bound and thus have to deal with the influence
of the actual singularity in the sensitivity function.

Nevertheless, for D = 1, in the domains R? and R? a global existence result was achieved for
initial data that are H' x H'-close to (u,0) for some u > 0 ([106]). The proof rests on energy
estimates for a hyperbolic system into which (5.1) can be converted by means of the Hopf-Cole
type transformation ¢ := % that had been introduced in [54] for the treatment of an angiogenesis
model.

More recently it has become possible to treat general initial data (the only restrictions being
positivity and regularity assumptions) for the system in bounded planar domains ([121]), where
it was shown that global generalized solutions to (5.1) with D = 1 exist whose second component
v moreover converges to 0 with respect to the norm in any LP(Q) for p € [1,00) and to the
weak-+—topology of L*°(£2). If, moreover, the initial mass of bacteria is small, the solution
becomes eventually smooth ([122]) and converges to the homogeneous steady state. In [122]
also an explicit smallness condition on ug in L1n L(Q) and VInwvg in L?() has been found that
ensures the global existence of classical solutions.

Solutions emanating from large data, however, have not been proven to be bounded and might
blow up and cease to exist as classical solutions after a finite time, continuing only as generalized
solutions in the sense of [121]. In higher-dimensional domains, even the existence of such solutions
is unknown. Only in a radially symmetric setting “renormalized solutions” have been constructed
([120]).

In the present chapter, we aim to find solutions to (5.1) that are locally bounded and hence do
not blow up in finite time. For this, we will rely on stronger growth of D, i.e. on the nonlinear
diffusion we want to include. More precisely, we assume that with some m > 1, which will be
subject to further conditions, and § > 0

D € Csm = {d € C*([0,00));d(s) > ds™ " for all s € [0,00)}.
In a first step we will additionally require strict positivity of D, i.e.
Decf, = {de C([0,00));d(s) > ds™ " for all 5 € [0,00) and d(0) > 0}

and prove global existence of classical solutions to (5.1):
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5.1 Introduction

Theorem 5.1.1. Let N > 2 and Q C RYN be a bounded smooth domain. Then for every § > 0
and m > 1 satisfying

N
m> 1+, (5.3)

every D € C;‘m and every pair (ug,vo) of initial data fulfilling

ug € C7(Q) for some v € (0,1), vy € WH(Q), u >0, vo>0 inQ (5.4)

the initial boundary value problem

w =V - (D(w)Vu) — V- (%w) in Q x (0, Tnas) (5.52)

vy = Av —uv in Q% (0, Thez) (5.5b)
Oyu=0 in Q% (0, Timaz) (5.5¢)
O,v =0 in 0Q x (0, Thnaz) (5.5d)
u(+,0) = ug in Q (5.5e)
v(+,0) = vg in (5.5¢)

has a classical solution (u,v) € (C°(2 X [0, Traz)) N C*HQ x (0, Thnaz)))? which is global (i.e.
Tinaz = 00).

Afterwards dropping the strict positivity asumption on D, we will use an approximation proced-
ure and finally prove the existence of global weak solutions that are locally bounded:

Theorem 5.1.2. Let N > 2 and Q C RY be a bounded smooth domain. Then for every § > 0
and m > 1+ %, every initial data

ug € L™ =1HQ) o e WER(Q),  we >0, v >0 (5.6)

and every D € Csm,, (5.5) has a global locally bounded weak solution (u,v) (in the sense made
precise in Definition 5.4.1), which in particular satisfies

ull oo (ax 0,7)) < 20 for every T € (0, 00).

We will devote Section 5.2 to the proof of local existence of solutions and an extensibility criterion.
In the proof of boundedness that follows, we will sometimes use the system

{ut =V - (D(u)Vu) =V - (uVw) (5.7)

wy = Aw — |[Vw|? +u

), which has also been used in [121, 122].

We note that while the first equation seems more accessible in (5.7) due to the lack of any
singularity, it is (5.5), where the second equation is more amenable to the derivation of estimates
on V.

The first stepping stone for the proof will be a spatio-temporal L2-bound for Vw (Lemma 5.3.2),
already giving some boundedness information for fot Jo I[Vu™ | and [, u™ (-, ¢) for t > 0, which

obtained from the transformation w = — IH(W
L>®(Q

we can use to obtain bounds on fot Jo IVu™ 1| (Lemma 5.3.3) and thereby on fot [[ull;, for certain
p, 7 and any ¢ > 0 (Lemma 5.3.5). One consequence of such bounds is a spatio-temporal L?-
bound on Vv (see Lemma 5.3.7), derived with the help of maximal Sobolev regularity properties
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

of the heat equation (cf. Lemma 5.3.6). Another is the (local-in-time) boundedness of w (Lemma
5.3.9). This is important, as it will enable us to transfer bounds from Vv to Vw (Lemma 5.3.10).
Bounds on fg fQ |[Vw|? now in turn will translate into control over fQ uP for some p (Lemma
5.3.12). If p is sufficiently large, this entails L>(2 x (0,T"))-boundedness of |Vv| and |Vw| and
thus finally of u (Lemma 5.3.11 and Lemma 5.2.1 v)). Thereby, the solution is not only locally
bounded, but moreover exists globally, according to the extensibility criterion (5.15).

In Section 5.4 we rely on bounds already derived in the previous section to construct locally
bounded weak solutions to (5.1) with functions D causing possibly degenerate diffusion.
Notation. Throughout the chapter we fix N € N, N > 2, and Q C R¥ as a bounded, smooth
domain. When dealing with the solution to a differential equation, we will use T}, to denote
its maximal time of existence; in the case of (5.5) such T},4, is provided by Lemma 5.2.4. By —

t
and < we refer to continuous and compact embeddings of Banach spaces, respectively. We will
sometimes write D(u) for the concatenation D o u of functions. The number Ay > 0 will always
be the first positive eigenvalue of the Neumann Laplacian in (2.

5.2 Local existence

We begin the proof by ensuring local existence of classical solutions in the non-degenerate case.
As a first step let us, for easier reference, collect some basic results on existence of and estimates
for solutions of certain parabolic PDEs.

Lemma 5.2.1. i) For any T > 0, ¢ > N and r > N and every M > 0 there are C; > 0
and v > 0 such that for all nonnegative functions vg € Wh4(Q) and u € L*((0,T); L™ (2))
satisfying [|vollyra) < M and |[ullpoc(o,7)1r0)) < M for the solution v € Vo = {v €
L>2((0,T); L*(2)); Vo € L2(2 % (0,T);RN)} of

vy = Av — uv, (‘3,,11’69 =0, v(-,0)=1vp (5.8)

one has HU”C“’%(Ex[o,T]) < C;. If, moreover, u € Cﬁvg(ﬁ x (0,T]) for some B € (0,7), then
v e COUQ % [0,T]) NC2HBI+5(Q x (0,T)). Ifue L=®(Q x (0,T)), then v € CL(Q x (0,T)).

ii) For any r € (N,o0| there is Cy; = Cy(r) > 0 such that for any T > 0 and any q € [2, 0]
for all nonnegative functions vg € WH4(Q) and u € CB’Q(Q x (0,T)) for some B € (0,1), the
solution v € C%(Q x [0,T)) (for some v € (0,3)) of (5.8) satisfies

”Vv(’?t)”Lq(Q) < Cii HVUOHLq(Q) + Cli ||’UOHLoc(Q) ”uHLOC((O,T);LT(Q)) :

i11) For every T >0, 69 > 0, M > 0 and K > 0 there is Cyy; > 0 such that for every ug € L ()

satisfying 0 < ug < M and every g € C°(Q2 x (0,T);RYN) fulfilling g -v = 0 on 0Q and
19l @y < K, and for all A € L*=(Q x (0,T)) with A > 6o in Q x (0,T), the unique weak
solution of

uy =V - (AVu —g) in Q x (0,T), ayu]m =01 (0,T7), wu(-0)=uwuy in 9, (5.9)

satisfies
lull oo (ax o,y < Cisi and VUl 2oy 0,)) < Cii- (5.10)

w) For any T > 0, for any Dy > §y >0, M >0, K > 0 and 8 € (0,1) there are C;, > 0 and
v € (0,1) such that for every A € L= (Qx(0,T)) fulfilling 6o < A < Dy a.e. in Q2x(0,T), and for
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5.2 Local existence

all g € (CO(Q x (0,T);RY)) with g-v =0 on 0Q and 91l e (2 (0,7y) < M and all up € CP(Q)
with |[uol|os @y < M, any solution u of (5.9) that obeys the estimate ||ull ooy (o1 < K satisfies

Civ. (5.11)

Hu”C’“’%(ﬁx[O,T]) <

Moreover, if g € CB"%/(Q x (0,T)) for some ' > 0, then u € C*1(Q x (0,T)).
00

v) Foreverym >1,0>0, K>0,p0>1,q1 > N+2 and T € (0,00] there is C,, > 0 such that
for every D € C1(Q2 x [0,T) x [0,00)) which obeys D > 0, D(x,t,s) > §s™~L for all (x,t,s) €
Q% (0,T) x (0,00) and every f € CO((0,T); C°(Q)NCH)), f-v <0 0ondQx(0,T) satisfying
11l oo 0,7y Lo () < K, for every nonnegative function u € CP(Q x [0,7)) N C%LHQ x (0,T))
that satisfies ||ull Lo (0, 7); 100 () < K and ug <V - (D(z,t,u)Vu) + V- f(z,t) in @ x (0,T) and
(‘3,,u|652 <0 on (0,T), we have |[u(-,1)|| gy < Cy for every t € (0,T).

Proof. i) According to [48, IIL.5.1], (5.8) has a unique weak solution v € V2 in © x (0,7"). The
first part of the statement thus immediately results from [83, Thm. 1.3 and Remarks 1.3, 1.4],
whereas the second is a consequence of a uniqueness statement ([48, II1.5.1]) combined with the
existence assertion for classical solutions in [48, IV.5.3] (applied to &.(t)v(z,t) for some cutoff
function & € C§°(]0,00)), EE}(Q%) =0, & ) = 1 for arbitrary ¢ > 0). The third part —
actually, even Holder-continuity of Vv — is provided by [58, Thm. 1.1].

ii) Existence of a solution ensured as in the proof of i), we may rely on [81, Cor. 4.3.3] to represent
v as mild solution via the variation of constants formula, and invoking [110, Lemma 1.3 iii)] and
[110, Lemma 1.3 ii)], we gain ¢; > 0 and ¢y > 0, respectively, such that with p := max{q,r} and
by Holder’s inequality

|(a,oo

t

11 _1_N¢1_1 (s
||V’U(~,t)||Lq(Q) <c ||V’U0||L,1(Q)—|-/OCQ|Q|5 Iz (1—|— (t—s) ;=2 (G5 )Huy(.’S)HLT(Q)e A(t=5)qg

<a ||VUO||Lq(Q) tc3 ||U0||Loo(Q) HUHLOO((O,T);LT(Q)) )

where we have used that 02~ % (57%) < 14+ ¢=5% for all ¢ > 0 and all p € [1,00] and set
c3 = fooo Ca (2 + O'_%_%) e~*%dg, which is finite because of » > N, and where we have taken
into account that by comparison arguments 0 < v(-,t) < [|vo[| () in © for all t € (0, 7).

iii) This is a combination of [59, Thm. 6.38] (estimate for Vu), [59, Thm. 6.39] (existence and
uniqueness) and [59, Thm. 6.40] (uniform boundedness).

iv) The same theorems as in the proof of i) apply.

v) This is (part of) Lemma A.1 in [94]. O

Lemma 5.2.2. For every positive function D € C°([0,00)), for every L > 0 and y € (0,1) there
is T > 0 such that for every ug € C7(Q) satisfying [uollcr@y < L and every vo € Whee(Q)
which satisfies vo > 1 in Q0 and fulfils ||UQHW1,DO(Q) < L there is a pair of functions (u,v) €
CO(Q x [0,T)) N C*1(Q x (0,T)) solving (5.5) in Q x (0,T).

Proof. We let R := L +1 > [Juo||p«(q) + 1. For the choice of r := oo we obtain ¢; = Cj; >
0 with properties as described in Lemma 5.2.1 ii), and thereupon invoking Lemma 5.2.1 iii)
for parameters T = 1, §y = infsugD(s), M = R and K = ¢, R(1 + R)L%e?, we are given
co := Cj;; > 0 as in (5.10). An application of Lemma 5.2.1 iv) for T = 1, §p = infs0 D(s),
Dy = supy. g D(s), M = max{c; R(1+ R)L?e", L} and K = ¢ provides us with c3 := Cj,, > 0

83



5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

and v € (0,1) as in (5.11). With these, we choose T' € (0, 1) such that [[uol| o) + esT? <R
and introduce

S = {a € CO@ % [0,T));0 <@ < Ryu(-,0) = o, 1l .3 0,07, < 03} c @ % [0,T)).
(5.12)
For any u € S we define u(-,t) := u(-,T) for ¢ € (T,1] and note that the solution v of
vy =Av—1av inQx(0,1), du|,,=0, v(-0)=1roin, (5.13)
satisfies 1
[vol[ oo () = v(+ %) = (inf vg)e B > ze*R (5.14)

in Q for all ¢ € [0,1] and, by definition of ¢;, ||Vv(-,t)HLOO(Q) < ca(l1+R) ||v0||W1,oo(Q) <
c1(l+ R)L.
We let u be the solution of

ug =V - (D(ﬂ,)VU — sz> in Q x (0,1), (9yu|(SQ =0, u(-,0)=mwugin .

Then by definition of ¢5 and ¢z (with g = ZVv and A = D o @ in (5.9)), ull o (x0,1)) < €2

and ||ul| < ¢3. Hence if we define ®(u) := we have [|@(U)(,t)]| oo () <

73 (@x[0,1]) u|9x(07T)7
[uoll o () + cst? < R for every t € (0,T) and every @ € S, and thus ® is a function mapping S
into itself, where S is a closed convex set in C°(€2 x [0,T]). Moreover, ®: S — S is continuous:
We let w € S and @* € S for all k € N such that @* — @ in C°(Q x [0,7]). Then, with
respect t0 [|+[| ;o (g (0,)) and with respect to the weak-*-topology of L>((0,T); Whe°(Q)), the
solutions v* of (5.13) with @ replaced by u* converge to o solving (5.13) with @ instead of u:
Assuming on the contrary that there were a sequence (k;);en such that for each subsequence
(K1, )men thereof the sequence (v*m ),,en did not converge in the indicated topologies, from the

uniform bounds on ||vkl HC'*’%(ﬁx[O,T]) and on ||Vv’“l ||Lx((07T);LOC(Q)) asserted by Lemma 5.2.1 i)

and Lemma 5.2.1 ii), respectively, we could conclude the existence of some subsequence (v*n ), en
being uniformly convergent in Q x [0,7] and weakly-*-convergent in L°°((0,7); W1>°(Q)). By
passing to the limit in the weak formulation in the equations of the form (5.13) satisfied by v*,
the limit can easily be seen to coincide with the unique weak solution o of (5.13) with @ replacing
4, contradicting the choice of (v¥);cny. We observe that hence and by (5.14), fj—:Vvk Ay
in L°°((0,T); L>=(Q;RY)). Similarly taking into account bounds on H@(ﬂ

IV2 @] 20 0,79y
weak formulation of the equations defining ®(%*) and uniqueness of the solution ®(u) = u of
u = V- (D[)Vu — £V0), 3,,u’89 =0, u(-,0) = up, we finally see that ®(u*) — ®(u) in
C(Q2 x [0,7)).

We note that S C C°(Q2 x [0,7T]) is a closed bounded convex set and ®(.S) is relatively compact
in C°(Q x [0, 7)), owing to the uniform Holder bound c3 and Arzela-Ascoli’s theorem, so that we
can apply Schauder’s fixed point theorem to find u € S such that ®(u) = u. Due to the regularity
assertions in Lemma 5.2.1 iv) even u € C%1(Q x (0,77); also the corresponding solution v of the
second equation belongs to this space by 5.2.1 i). O

k)HC”%(ﬁx[O,T]) and

as obtained from Lemma 5.2.1 iv) and 5.2.1 iii) and again employing the

Lemma 5.2.3. Let T > 0. If on Q x (0,T) there is a solution (u,v) to (5.5) such that

sup (-, )| 100 ) < 00,
te(0,T)
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5.2 Local existence

then there is T > T such that there is a solution to (5.5) in Q x (0,T) which on Q x (0,T)
coincides with (u,v).

Proof. Successive application of comparison arguments in (5.5b) and of Lemma 5.2.1 parts ii),
iv) and i) show the existence of v > 0 and M > 0 such that

. 1
Q;{%{T)U > M’ ||’U||L°°((O,T);W1v°°(§2)) < M’ HUHCW’%(QX[O,T]) < M7 HU”C“”%(ﬁX[O,T]) < M.

Due to the uniform continuity of v and v,

uo(x) = 2Sli/n% u(x, t), vo(z) = tli/n%v(a:,t), z€Q,

are well-defined and satisfy M > 0y > - in ) as well as ||H0||Cv(5) <M.
Picking a sequence (tx)ren T and referring to ||v||Loc,((0 Tywiee () < M, we may conclude

the existence of a subsequence (ty,)ien such that Vu(-,tg,) — Vp in L¥(Q;RY) as I — oo,
and thus infer [[0o|[y1.q) < M. According to Lemma 5.2.2, we can find 7 > 0 and (u,v) €

(CO@ x [0,7]) N C>1(Q x (0,7])) solving
U =V- (D(a)va— §w> ., W =Av-w  inQx(0,7),
|, = 00| 5, = 0, U(-,0) = Tig, (-,0) = Tp.
Letting
(U,U)(',t), t < T7
@) (-t —T), te[T,T+7),

(@, v)(-,t) == {

we obtain a weak solution of (5.5) in © x (0,7 + 7), which by Lemma 5.2.1 parts iv) and i) is
classical. O

Lemma 5.2.4. Let v € (0,1), m > 1 and 6 > 0. For every D € Csm, ug € CV(Q), vp €
Wee(Q), ug > 0, vo > 0 in Q, there is Tpae > 0 and (u,v) € (C°(Q x [0, Truaz)) N CHHQ x
(0, Tyaz)))? such that (u,v) solves (5.5) and

Trnaw =00 or  limsup [lu(-,1)| e q) = o0 (5.15)

max

Moreover, u > 0 and 0 < v < [[vo|| o (g throughout Q x (0, Tiaq).
Proof. We let ug € C7(2) and vy € W1>°(Q), define
S = {(t,u,v); t € (0,00),u,v € CYQ x [0, Trnaz)) N CHHQ x (0, Tynaz)) (u,v) solves (5.5)}
and introduce the order relation < given by
(tr,ur,v1) 2 (t2,u2,v2) 1 = 1 < t27U2|(07t1) = u1, ”2|(o,t1) = V1.

Every totally ordered set M1 = {(t;, u;,v;); ¢ € I} with arbitrary index set I has an upper bound
(sup;es ti, u,v), where u(r) = u,;(7) if 7 € (0,¢;) and v is defined analogously. (This yields well-
defined functions, since w;, (1) = u;, (1) if 7 € (0,¢;,) N (0,¢;,), because M7 is totally ordered.)
Moreover, S is not empty, according to Lemma 5.2.2. By Zorn’s lemma there is some maximal
element (Tineq,u,v) € S. Assume that limsup, »7,  [[u(-?)][ ~(q) < oo. Then Lemma 5.2.3

immediately yields T > T such that (f U, 0) = (Trmaz,u,v), contradicting the maximality of
(Tma:c7 U, U)~ ]
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

5.3 The nondegenerate case

This section is devoted to the derivation of estimates for the solutions, so as to finally obtain
their global existence by means of the extensibility criterion (5.15).

For some manipulations in (5.5a) it would be more convenient to deal with a nonsingular chemo-
taxis term of the form V- (uVw) instead of V- (%Vv). For this purpose, we employ the following
transformation and, given a solution (u,v) € (C%(Q x [0, Taz)) NC*H(Q x (0, Thaz)))? of (5.5)
for initial data (ug,vg) as in (5.4), let

w:=—In (”) in Q x [0, Thnag)- (5.16)

HUOHLoo(Q)

Then w > 0 in Q x (0, Tjnae) and (u,w) € (CO(Q x [0, Thnaz)) N CHHQ x (0, Thnaz)))? solves

ug =V - (D(u)Vu + uVw) in Q x (0, Thaz) (5.17a)
w; = Aw — |Vw|? +u in Q x (0, Traz) (5.17b)
Oyu=0=0,w in 992 x (0, Trnaz) (5.17¢)
u(-,0) =ug, w(-,0)=wgy:=—1 10 in £, (5.17d)

" Mool
where (ug,wq) satisfy

ug >0, wo >0, wye WhH®(Q), wuye C?(Q) for some v € (0,1). (5.18)
Evidently, given [lvg[| (g, every solution (u,w) to (5.17) yields a solution to (5.5) via v :=

[[voll oo () €7

5.3.1 First estimates

We will proceed in several steps, the first being the following simple observation that the bacterial
mass is conserved throughout evolution:

Lemma 5.3.1. Let T > 0,6 >0, meR, D € Csp and let u e CO(Q2x[0,T))NC*1(Qx (0,7T)
solve (5.5¢), (5.5a) with some v € C>1(Q x (0,T)) or (5.17a), (5.17c) with some w € C*1(Q x
(0,7)). Then, with ug := u(-,0),

/ u(-,t) = / U for every t € (0,T).
Q Q

Proof. This is an immediate consequence of (5.5a) or (5.17a), obtained upon integration over
Q. O

In (5.17), a spatio-temporal L2-bound for Vw can be inferred rather directly:

Lemma 5.3.2. Let m € R, § >0, T > 0 and (u,w) € (C°(Q x [0,7)) NC*HQ x (0,7)))? be a
solution to (5.17) for any D € Cs,,. Then, with uy = u(-,0), wo := w(-,0),

t
/ /|Vw|2 g/wo—i—t/uo for every t € (0,T).
o Ja Q Q
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5.3 The nondegenerate case

Proof. In order to see this, it is sufficient to integrate the second equation of (5.17) and take into
account Lemma 5.3.1. O

This bound can be transformed into a first information on derivatives of u:

Lemma 5.3.3. Let m > 1, 5

> For any K > 0 there is C > 0 such that for any
D € Cs,n any solutzon (u, w) f (5
)

7) emanating from initial data (ug,wo) as in (5.18) with

5.1
[[woll pmaxtr.m-1y (@) < K, lwollpi gy < K obeys the estimates

t
/ / u2m74‘vu|2 < C(l + t) for allt € (O,Tmaac)
0 JQ

and

¢
/ / D(u)u™ 3| Vul> < C(1+1t) for allt € (0, Traz)
0 Jo

as well as
/umﬂ(.,t) <CO+1)  forallt€ (0, Tha). (5.19)
Q

Proof. Due to (5.17a), on (0, T}45) we have

g W™l = (m— um 2V - u)Vu + uVw
3/ (m=1) [ "2 (D) Vu +uTw)

=(m—-1)(2—m) /Q D(u)u™ 3| Vul? + (m — 1)(2 — m) /Q u™ 2Vu - Vw.  (5.20)

We note that by Young’s inequality

/um*QVIrVw < é/u2m74\Vu\2+i/ [Vw?>  on (0, Thaz)- (5.21)
) 3 Ja 40 Jo

The sign of (m — 1)(2 —m) in (5.20) depends on the size of m and we therefore distinguish the
following cases:
If m € (1,2), (5.20) together with (5.21) and Lemma 5.3.2 yields

//D w3Vl + // 2m—a| 7 2
<o 0 o e
gmm et (/Qu0>m1+45(/9wo+t/guo> for any t € (0, Thnax)-

(5.22)

If m > 2, (5.20) and (5.21) can be combined to give

1 / m—1 1 / m—1 l/t/ m—3 2
— [ u ) ——————— | u, + - D(u)u Vu
m-Dm=2Jo" U T e nm o o a0

t t
+§/ /uQm_4|Vu|2§3/ /|Vw|2 for any t € (0, Tinas)s
3Jo Ja 40 Jo Jo
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

which allows for a similarly obvious definition of C' as (5.22). This inequality also entails (5.19)

for m > 2, the only case that does not immediately result from Lemma 5.3.1.

If m = 2, apparently the consideration of . [, u™™* = & [ = 0 does not help in achieving

an estimate for fg Jou?m | Vul? = f(f Jo IVul?. From the analogously obtained inequality

D 20 1) 3
[t g / P g2+ 20 / Vul? < 3 / Val? + 35 [ IVl on (0.T0).

dt
however, we can derive the same form of estimates as in the other cases. O

For convenience let us recall those special cases of the Gagliardo-Nirenberg inequality we are
going to use in the following:

Lemma 5.3.4. i) Let0 < q<p< 2N 5 (0r0<qg<p<ooif N=2)andlets>0 and~y>0.
Then there is ¢ > 0 such that

||¢||Lp(g) < C”le” Q) ||,¢)HLG(Q)

where

for allyp € WH2(Q) N LIY(Q) N L*(Q),

‘l‘ Q=
=z~
| ==

Q=
N =

i) Let p,q € (1,00) be such that p(¢ — N) = q(2p — N)a for some a € [5,1). Then there is ¢ > 0
such that a
190080y < NG ) 1125 + el

for all p € W2P(Q) N WH4(Q) N L>°(Q2) with 9,7 =0 on Q.

Proof. The Gagliardo-Nirenberg inequality (cf. Lemma 3.4.3) can be found in [77, p. 125], [23,
Thm. 10.1] or in [57, Lemma 2.3] (where also the case of p, ¢ < 1 in i) is covered); replacing D)
by At in the standard formulation of ii) is possible by, e.g., [23, Thm. 19.1]. O

Aided by the Gagliardo-Nirenberg inequality, in the next step, as consequence of the estimates
from Lemma 5.3.3 we shall acquire the bound (5.23), which will be featured as condition in
Lemmata 5.3.7 and 5.3.8, and can be seen as an important ingredient of the proof of Theorem
5.1.1.

Lemma 5.3.5. Let K >0, T € (0,00), 6 >0 and m > 1. If either
i) m<2,r>1andp>1 satisfy p < 255(m —1) (mdr(l—l)<2m—3+% or

i) m>2,r>1andp € [m—1,25(m—1)] are such that (5 —7)r< 1+ 2,
then there is C' > 0 such that whenever (u,w) € (C°(Q x [0,T)) N C*1(Q x (0,T)))? solves
(5.17) for some D € Csm and for initial data (ug,wo) with (5.18) and [[uol|pmax(rm-11(q) <

K, ||w0||L1(Q) < K, we have

t
/ [ull sy < C(1 +t") for allt € (0,T). (5.23)

0
Proof. i) Due to m > 1, the inequality p < ]\%NQ( — 1) is equivalent to = < N ,and p > 1
ensures —F= > ——. Thus, the Gagliardo-Nirenberg inequality (Lemma 5. 3 41) 1eldb c1 >0

such that with
m—1— m=1
P

)
mflJr%f%
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5.3 The nondegenerate case

and hence —"<a <2, for all t € (0, Tinaz) We obtain
m—1

/nwmg /H”lymm)
Scl/ ||Vum*1
0
et (1—a) e t T
<[ w) [+l ) ver [ ()™

where we have used Lemma 5.3.1, and can conclude the proof with applications of Lemma 5.3.3
and Young’s inequality.
ii) From Lemma 5.3.3 we obtain ¢z > 0 such that

m— 1a} m— 1|
L2(Q)

P [

Lm=1(Q)

t
/um-l(.,t)gcz(1+t) and / /|Vum_1|2§02(1+t) for all ¢ € (0, Tyas).
Q 0 Q

The fact that p € [m — 1, 225 (m — 1)] entails both —2— > 1 and —2- < 22 Therefore, with

:71—"_%_ N

N[—=

Lemma 5.3.4 i) produces ¢3 > 0 such that for all ¢t € (0, Theq)

t t
| Wiy = [ 7

r(l1—a) t
<%/HWWWmSMWﬂE§+%AWmW;Z@

_r
m—1

r(l—a)

< ey (Cg(l + t)) m—1

m— 2 T '
/ (HVu et 1) + ez fluollpigy t < ea+est™,
0

where we have used tha Lemma 5.3.1 and the trivial inequality r 7‘1 <r,

chosen suitable positive constants N and Cs. O

5.3.2 Estimates for Vv

As preparation for exploiting (5.23) in the second equation of (5.5), we recall

Lemma 5.3.6. Let p,q € (1,00). Then for every T > 0 there exists C > 0 such that for every
z € L1U(0,T); LP(Q)) the unique solution of

=Av—2z inQx(0,7T), 8,,1)‘8920, v(+,0)=0

[ 1800 <€ [ 1

Proof. We obtain this lemma as straightforward consequence of well-known maximal Sobolev
regularity assertions, cf. [27],[31]. O

satisfies

Lemma 5.3.6 empowers us to develop (5.23) into useful knowledge about the gradient of v:
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

Lemma 5.3.7. Letp > %, r>p and

)T}, if p> N,

N, #%), if §F <p<N.

ge(L,N+(2—
ge(IL,N+(2—

sz |z

Then for every K > 0 and T > 0 there is C > 0 such that for every vg € W1>°(Q) with
[voll w1y < K, and every 0 <u € L"((0,T); LP(2)) for which
T
| Tl < % (5.24)

is satisfied, the solution v of (5.5b) fulfils

/OT/QIWI" <c (5.25)

Proof. In order to prepare the application of Lemma 5.3.6, we decompose v(-,t) = 9(-, 1) +e*®vq
in Q x (0,T), where ¥ solves

Uy =AU —uv in Qx (0,7), 8,,’17|89 =0, v(-,0)=0.

By nonnegativity of vy and uv, we clearly have 0 < v < v < K in Q x (0,7).
Welet g < N+ (2 - %)r and without loss of generality assume ¢ > 2p (which is possible since

2p=N+2p—N<N+(2p—N)Z =N+ (2-X)rand also 2p < & if p € (§, N)). We note
that ¢ < N + (2 — %)r implies that r > % = (g;fNJ\)[p and hence with
_ plg—N)
q(2p—N)

we have aq < r. Moreover, ¢ > 2p ensures that pg— Np > pq— % = %q(Qp—N) and thus a > %,
and, furthermore, (p — N)g > —Np, which is obvious for p > N and holds by assumption on ¢
if p < N, entails 2pg — Nq > pg — Np and hence a < 1. Accordingly, from [110, Lemma 1.3 iii)]
and the Gagliardo-Nirenberg inequality (Lemma 5.3.4 ii)) we obtain ¢; > 0, co > 0, respectively,
such that we have

T T T
/ /\wqgﬁ/ /|Vef%o|<I+2fI/ /|vmq
0 Q 0 Q 0 Q
T
<aT Valle +2 [ Vil

T T
1 ~a ~n(l—a ~
< aTIO Vool oy 2 | 1T IS 2 [ 170w

Since ag < r, due to Young’s inequality and boundedness of v this estimate can be turned into

T T
/ / Vo]t < 5+ c4 / 1A,
0 Q 0

for some c3 > 0, ¢4 > 0, where we may invoke the maximal Sobolev result of Lemma 5.3.6 for
z = uv and hence fOT 20 zr) < K" fOT l[ull7p (g to conclude (5.25) from (5.24). O
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5.3 The nondegenerate case

5.3.3 Bounds on w
Another consequence of (5.23) is (local-in-time) boundedness of w:

Lemma 5.3.8. Assume that r € (1,00), p € [1,00) are such that % < 1. Then for every

K > 0 there is C > 0 such that whenever, for some T >0, w € C°(Q2x[0,T7))NC>'(Q2x (0,T))
solves (5.17b), (5.17c), (5.17d) for some wg as in (5.18) and some u € CO(Qx [0,T)) NC?1 (2 x
(0,7)) such that [|wol| o) < K, ﬁ Jou(-,t) < K fort e (0,T) and moreover

T
)
| 1l < &

then
w(z,t) < C(1+1) for all (z,t) € Q x (0,T).
Proof. By nonpositivity of —|Vw|?, we have that according to the variation-of-constants formula,

for any ¢t € (0,T),

¢ ¢ ¢
0 <w(-t) =ePwy— / =32 V(- s)|?ds Jr/ =2 (u(-, s) —u(s))ds +/ u(s)ds
0 0 0

t
< flwoll o< (o) —i—/o He(t_s)A (u(-,8) — E(s))HLm(Q) ds+ Kt in £, (5.26)

where u(t) := ﬁ Jou(-,t) < K fort € (0,T) by assumption. For assessing the remaining integral
in (5.26) we invoke [110, Lemma 1.3 i)] to obtain ¢; > 0 such that

[ s -

t
Scl/ (14 (=) ) e M ful,5) = (s)]| g ds (5.27)
0

Lo ()

t [e%e)
<o /0 (14 (¢ = )75 ) ) ful-,5)] gy ds + 1 KIQIF /0 (1407 %) e Mao

o0 " .
< 01/ (1 + 0‘7%) T e Mot g 4 01/ [lu(-, S)HZP(Q) + 01K|Q\% / (1 + U*%) MYy
0 0 ;
forallt € (0,7). Collecting the constants in (5.26) and (5.27), we see that for all (x,t) € Qx(0,T)
w(z,t) < C(1+1),

where

c;=K+c1K+c1K|Q|%/ <1+0_%)e_’\1”d0+k1/ (1+0_%)ﬁe*)‘1"ﬁda,
0 0

which is finite due to % < 1 (and its consequence % <1). O

If we can find parameters that allow for an application of Lemma 5.3.5 and Lemma 5.3.8 at
the same time, we can conclude boundedness of w. This is the goal we pursue in the following
lemma.:
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

Lemma 5.3.9. Let
N
m>1+ 1 (5.28)

and 6 > 0. Then for all T € (0,00) there is C > 0 such that for every D € Cs,, and every
(uo,wo) as in (5.18) with [[uoll pmaxir.m-1y(q) < K, lwollpe oy < K, any solution (u,w) €
(COQA % [0,T))NC?1(Q x (0,T)))? of (5.17) satisfies

w(z,t) < C for allz € Q and allt € (0,T).

Proof. Let us first consider the case m € (2 — +, 2] (that is of interest only if N < 4, because m
is supposed to satisfy m > 1 + %) and observe that by (5.28), we have

fN=2]_5_ 1 N _ [(5 1+N2 5.1 3y
ifN=3 [ 4 2N 8 4 2N 8 4 N 8

Therefore, we see that

3

Vv
—
ENENENI VY

4 4 3
4m2—10m+Nm—Nm+5——+fN>0

N 2
and hence
(N —2) (m—i) sz—%N—2m+3
<4m2—8m+%m—4m+8—%=2(m—1) <2m—4+;),
so that

N(m—32) 2N
< ~1).
2m — 4+ 2 N_am~

Since moreover %(m > 1, it is possible to choose some number p > 1 which satisfies

—1)
e (Mm-3) 2N_(m — 1) ). With this choice of p we let
PS\amarz N2 : p
_2m -3+ %

1-1
P

T

and note that 2m — 3 + % >4 — % -3+ % =1>1- % entails r > 1. Hence Lemma 5.3.5 i) is
applicable. Moreover,

2p(1 1)_2]9( 11 )_2 pem—3+2)—p+1 2 Nm—-3)+1

— = > -2 =1
N N 2m —3+ 2 N 2m —3+ % N 2(m-3+4)

r

and we can additionally invoke Lemma 5.3.8 so as to obtain the desired boundedness of w on
Q% (0,7).
If m > 2 (and m > 1+ ), we note that

N2(m —1) N*m—1)  N*m-—1) 2N

< = =
2N(m—1)+4(m—1)-2N "2Nf 44l 2N 2 _N N-2
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5.3 The nondegenerate case

Since m > 2,

14+ 2
m+_N1 g1+%<1+%+%,
and hence
#_1_3<3+i_ 2 :2N(m71)+4(m—1)—2N
m—1 N N N2 N@m-1) N2(m—1)
Therefore we can pick p € <2N(m_]¥;_£z:n121)—2N’ %(m — 1)) such that % > m,l—l —-1- % and
p>m—1, and we let r := i%; Then r > 1 and, apparently, (ﬁ — %)r < 1—&-%7 warranting

m—1 p

applicability of Lemma 5.3.5. Moreover, p > 2N(m71¥)2~(FT(;1121)72N entails % < % + (%)2 — m

and thus %(1 +2) = % + 1% <l+Z&--L-4 % and hence, finally,
N wob
- _ L=1--,
2p 1+ 5 r
which permits us to employ Lemma 5.3.8 and conclude. O

Lemma 5.3.10. For every K > 0 and every q € (0,00] there is C > 0 such that for all T > 0
and allv € C°(Q x [0,T))NC?1(Q x (0,T))

ol > o wS K mQx©7), and (|Voll oy < K
implies
||Vw||Lq(Qx(o,T)) <C
Proof. Since w < K, we have v = [[vo|| ()€™ = l|vollp(q) e~ X and immediately obtain
1< ||”U0HZ§O(Q) e < KeX in Q x (0,T). Thus

1
—Vv

~ < K™ V0l agax 0.y < K2 = C. O

vaHLrJ(Qx(O,t)) <

La(Q2x(0,t))

5.3.4 LP-bounds on u

Lemma 5.3.11. Let § >0, m > 1, q> 2 and p > 1. Then for every K >0 and T > 0 there is
C > 0 such that the following holds: If ¢ > N and

m<2 prm-l, p<(a-1m-1)+ 122 (529)
or  m>2, p22(1—;>(m—1)7 pg(m—1)<g+(q_2;§\][\[+2))7 (5.30)

then for every function w € C°(Q x [0,7)) N C*Y(Q x (0,T)) with

¢
//|Vw|q§Kf0rallt€(0,T),
0o Jo

any solution u € CO(Qx[0,7))NC*1(Qx (0,T)) of (5.17a), (5.17c), (5.17d) with some D € Cs
and Hu0||Lmax{1,m_1}(Q) < K fulfils

/ uP(,t) < C for allt € (0,T).
Q
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

Proof. Either of (5.29) and (5.30) implies p > m — 1. Moreover,

N -2 q—2 p+m—1
2N — 2g p—-m+1

(5.31)

Let us first consider the case m < 2. Then p > m — E implies p—m +1> = 7 2 and hence

2 < 2q p—m+1
m+p—1~—"qg—2 p+m-—-1

(5.32)

‘We now let
m+p—1  ¢g=2 pitm—1

2 2q p—m+1
m+p 1 _|_ 1 1

2

and observe that 5 41
q p—m
. . <2, 5.33
“ q—2 m+p—1"— ( )

because p < (¢—1)(m—1)+ %2 implies that Hr-p=(5-p= q_%p < %(m—lyk% =
(1+q¢2)( —D4x=m—1+_L(m—1)+ %, thatis, “L5(p—m+1) <m+p—1+ % and
hence 45 (p — m+1)—1< (m+p—1)+ % — 1, which leads to

m+p—1 q—2 p+m—1

—m+1 2
g 20 pomal PET R 2 pomtl o PR ool
¢=2 m+p—1 L5 q=2 mEp—1 g(m+p-D+F-1) "

From Lemma 5.3.1 we obtain ¢; > 0 such that

()

m4p—1
u- 2

2 =0 for all t € (0,7).
L m+p—1 (Q)

Due to (5.31) and (5.32) we can apply the Gagliardo-Nirenberg inequality in the form of Lemma
5.3.4 1) to obtain ¢ > 0 such that

/ (p+1-m) Ly _/u%<%-z;ﬁti>
Q Q

29 p—m+l
m+4p—1||g=2" mtp—1
= Hu 2 2qg p—m+1
La— 2 m+p— 1(Q)
a- .p—m+1 (1 a) _2q p—m+1 . p—m+1
m+p—1 q 2 "mip—1 m+p—1 q—2 mitp—1 m+p—1 q 2 7n+p 1
SCQHVU 2 Hu 2 + ¢ ‘
L2(Q) L m*:"*l () L m+P*1 Q)
a2l e BBt pomn
= eyl VT T || gy, +eped? T (5.34)
L3 (Q)

n (0,7).
In obtaining such an estimate for m > 2 we could use the same argument. It is, however, possible
to obtain better conditions by relying on Lemma 5.3.3 instead of Lemma 5.3.1. Apart from that,
the reasoning is analogous: We have p > 2(1 — %) (m —1), which implies gp > (¢ —2+¢q)(m —1),
thus ¢(p —m +1) > (m — 1)(¢ — 2) and hence

2(m—1) < 2¢ p—m+1
m+p—1~—"q9g—2 p+m-—-1

(5.35)
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5.3 The nondegenerate case

and let
mtp—1  g=2 ptm—1
2(m—1) 2q p— m+1
b:=
m4p—1 + L 1
2(m—1) T N 2

)

noting that
2q p—m+ 1

b- <2, 5.36
q—2 m+p—-17— ( )
because p < (m —1)(% + W) implies that (.15 — 1)(5;%7) = q%%l < M2y -5 and
(p—m+1) _ N+2 _ m+ 1 —m+1_ 2
hefcelm (=1 < B+ 2 = A —+2, which shows that STy R Rl RS
m+p—

P2 + 2 — 1 and therefore also

m+p—1 -2 ptm—1
2q p—m+1 z(mp1) ng '5:14-1. 2g p—m+l1

_ _ +p—1 _ _
2 m+p—1 Zém”lﬁN EY q—2 m+p-1

g  p—m+tl 1

_q—2 2(m-1)
T omgp—l 1 1
2m—1) TN T 2

<2.

Lemma 5.3.3 yields ¢3 > 0 such that

o=+

2(m—1) <c3 for all t € (O7T)
L m+p—1 (Q)

and hence (5.31) and (5.35) enable us to invoke the Gagliardo-Nirenberg inequality and obtain
¢4 > 0 such that on (0,7

m+4p—1, 2 —m+1
/u<p+1—m>ﬁ :/u+<ﬁ-fn+p,1>
Q Q

. p—m+1

M+2'pfl q 2 mtp—1
= ||Uu
Lq—2 fn+p—1(Q)
.29 . p=m+1 (1—a)- —m41 2q  p—m+l
v +p—1 -2 mFp—1 m+p—1 q— 2 m+p 1 m+p—1|lg—2 m+p—1

< cy HVu 2 Hu 2 2(m—1) “+ ¢4 ‘u 2 2
L2(Q) LmFp=1 (Q) LmFr=1(Q)
_, .29 p—m+l1 2 m41

(1—a)- 24, . p=m+l m4p—1 || =2 myp—1 =4 P
< eqcq KRR | V4 i +cqcd™? T (5.37)
L2(Q)

From either (5.34) and (5.33) or (5.37) and (5.36) (and possibly Young’s inequality) we hence
find that with some c5 > 0 we have

2
— 9 7”+p 3
/u(p+1 ™t < e H Vu‘
Q

L2 + ¢ on (0,7T). (5.38)

In

1d/ / -3 2
WP+ =16 P3|\ Vulf < (p-1
ot /o (r—1) A Vul < (p—1)

we can apply Young’s inequality to see that, on (0,7),

/UPIVU’VU}‘ < M/up+m*3|Vu|2+E/up*m+1|Vw|2.
Q 4 Q o Jo

/ up_1Vu-Vw‘ on (0,7)
Q

(p—1)
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

A further application of Young’s inequality allows us to separate u and |Vw| in the last integral
according to

et [wrmstivup < S22 [ jgupy L2 [ yonomit o o,)
K Q 03 Q des Q

Therefore, due to (5.38), in total,

_— p -~ 7 prm \V4 < Y q l .

Integration with respect to time produces the lemma. O

We are particularly interested in applying the previous lemma for some p > N, because for such
p, a bound on [, u” on some interval [0,T] already ensures uniform boundedness of Vv (and
hence Vw) on Q x [0, 7.

Lemma 5.3.12. Let 6 > 0. Assume that either

i)2-%<m<2, N>2¢>Nandq>1+ 32+t or

.. 2 2 _
it) m>2, N>2,q>N andq>mT+fn”}r2)4.

Then there is p > N and for every K > 0 and T' € (0,00) there is C > 0 such that whenever
u € CO(Q2x[0,T))NC% Q% (0,T)) solves (5.17a), (5.17¢), (5.17d), with some D € Cs m, some ug

as in (5.18) and such that [[uo || pmaxr.m-1y () < K, and some w € C°(Qx [0, T))NC>L(Qx (0,T))

satisfying
T
| [ vwl <k
0 Ja

/ uP(,t) < C for allt € (0,T).
Q

then

Proof. i) For ¢ = 2 we have m — % =m—-1=(@-1)(m-1)+ ‘7%2 and because m > 2 — -, for
every ¢ > 2 we have

d P 2 1 1 1 d [ G2
Cfm-2)=Z2<1=2-—_ At <m-lt— =2 ((G-Dm-1)+L2).
i (m q) Z = N omtmolt o <m-l4 5 7 ((q J(m—1)+ N )
Therefore m — % <(g—1)(m-1)+ %. Furthermore ¢ > 1 + mgifvlﬂ = m;lljfglv implies

that

g-2 1 2
(g—1(m-1)+ N —q<m 1—|—N>—|—1 m N>N.

Hence it is possible to find p > N such that p > m — % and p < (¢g—1)(m—-1)+ % and an
application of Lemma 5.3.11 proves the statement.
ii) Since x + % > 2 for all z > 0, and since g > 2, we have

IN

g, (a-2)(m+2)
2

2
9_Z2
q + 2N

and hence 2(1 — %)(m -1) < (m—-1)(%+ %) The fact that ¢ > 2 t2m’4am—d _

) (m—1)(N+m+2)
(2N? + (2m +4)(m — 1)) = (225 + 2m + 4) g5 shows that ¢(N +m +2) >

1
(m—1)(N+m+2)
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5.3 The nondegenerate case

2m + 4 + 2= andhenceN<—( (N+m+2)—2m—4) = 2ZA(Ng+ (¢ —2)(m +2) =
(m—1)(% + %) Therefore we can choose p > N such that

p<(m—1)(g+@_2;w> and p>2(1—;>(m—1)

and apply Lemma 5.3.11 for this choice of p to obtain the assertion. O

The previous lemma requires a bound on some fOT fQ |[Vw|?. Fortunately, this is exactly what
we have prepared in Lemma 5.3.5, Lemma 5.3.7, Lemma 5.3.9, and Lemma 5.3.10.

Lemma 5.3.13. Let m > 1+ % and § > 0. Then there is p > N and for every K > 0 and
T > 0 there is C > 0 such that every solution (u,w) € (C°(Q x [0,7)) N C%1(Q x (0,7)))? of
(5.17) with initial data (uo,wo) as in (5.18) and with |[uoll 1oy < K, wollyrecio) < K and
any D € Cgm satisfies

/up(-,t) <C for every t € (0,T).

Proof. By the choice of m, from Lemma 5.3.9 we know that we can find C > 0 such that for
any ug, wo and D as above, any solution (u,w) € (C°(Q x [0,7)) N C%1(Q x (0,T)))? of (5.17)
satisfies 0 < w < Cin Q x (0,7). Lemma 5.3.10 therefore warrants that the desired conclusion
results from a combination of Lemma 5.3.5 and Lemma 5.3.7 with Lemma 5.3.12 — provided that
there are parameters p, ¢, r that simultaneously satisfy all conditions posed by these lemmata.
This is what we ensure in the remainder of the proof:

Case N =2, m € (2,2]: We let r = 4(m — 1), p: 2, and ¢ = 4m — 2. Then r(l—%) =
4m-1)(1— 7) =2(m—1) <2m—2=2m — 3+ 2, which enables us to invoke Lemma 5.3.5 i).
Moreover, m > 3 1mphes 4m — 4 > 2 and thus r > p, and we have g =4m —2=2+4m —4 <
2+ (2-2)4(m—-1)=N+(2- ;)r. Therefore, Lemma 5.3.7 becomes applicable. Thanks to
q:4m7224~372:4>2*Nandthankstom2 3. hence q=4m —2>4-32-2> 1 =
1+ 23571 =1+ NN 1 holds true, facilitating the use of Lemma 5.3.12 i).

N+1
CaseN:B,mG(g 2]: Here welet r = p f2m77 Thenp>1,r>1 pf2m77<6m 6=
%(m—l)andr(l—;)—r—l—2m—f—2m 34 £, so that Lemma 5.3.5 i) can be used.

Since m > 7 = 21 > 15, we have that 12m* —19m — § = 12(m — 3)m - § > 12(77%)£f§ =

%—%z216;16>Oandthus3m—|—8<12m2—16m+16—(4m—7)(3m 2), ie. 2p>3m+g

Furthermore, p—2m—4<4—7 7<3andp—2m—§2§—§:2168— 3 >§,sothat

consequently, also 3 - > 2p holds. We choose ¢ € (348 2p), thereby ensuring the applicability
of Lemma 5.3.7. .
Since finally ¢ > 3m+8 — m+3 =142

3m—2 m—S

3+3
—1+3

>1+ A% =

r and g > 3m+8 =1+3 6-5

=1+
% > 3 > 2 we may also draw on Lemma 5.3.12 i).

2

)

Case N > 2, m > 2, m>1+%: Let r :== p := 22 (m — 1). Then obviously p = r > 1.

Moreover, p < 28 (m — 1) (because 285 > 22N ig equivalent to 2N? > 2N2 + 2N — 4N — 4
and hence to 0 > —2N —4) and
1 1 D N+1 N +2 2
), = B R S S <14 =
(m—l p)r m—1 N SN
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

so that the conditions of Lemma 5.3.5 ii) are satisfied. We furthermore let ¢ := 2p = W(m -

1) and note that p > &, since 28 (m — 1) > 2. LI = NEL 5 B and that ¢ < 2p =
2r + N — NZ, that moreover either p > N or p < N and ¢ = 2p < NN—Z), because p > %,
and therefore Lemma 5.3.7 is applicable. In order to see that these choices also make the use of

Lemma 5.3.12 ii) viable, we first investigate the polynomial
Py(m) := (2N +2)m> 4+ (2N? + N)m? + (=4N? — 11N — 6)m — N> + 2N? + 8N + 4. (5.39)

It is extremal whenever Py (m) = (6N + 6)m? + (4N? + 2N)m + (—4N? — 11N — 6) = 0,
which is the case for exactly two real numbers that lie in (—o0,2), because for m > 2 we have
Pi(m) > (24N + 24) + (8N? +4N) + (=4N? — 11N — 6) > 0. We claim that Py(m) > 0 for
any m > max{2,1+ &'} and for this compute Py(max{2,1+ I'}):

Pyn(2) = 16N 4 16 + 8N? 4 4N —8N? — 22N — 12 — N® + 2N? + 8N +4
= N3+ 2N? 6N +8

—8+4+8+412+8>0, N=2,

—27+18+18+8 >0, N =3,

—64+32+244+8=0, N=4,

N
PN(1+4>:

4% <(2N+2)(N+4)3+4(2N2+N)(N+4)2+16(41]\7211N6)(N+4)

and

- 64N3+128N2+512N+256>

2
= 4—3N2(5N +3)(N —4),
which is nonnegative for N > 4. Since Py is nonnegative in max{2, 1+ %} and strictly increasing
on (2,00), we conclude that Py(m) > 0 for any m > max{2,1 + &'}. Positivity of Py(m) is

equivalent to
2(N 4+ 1)(m — 1)*(N +m+2) > N> + m?N +mN — 2N

and hence
4(N +1) 2N?% +2m? +2m — 4

¢=—x (m-1> (m—1)(N+m+2)

Furthermore by the fact that p > %, we also have ¢ > N, and can invoke Lemma 5.3.12 ii). O

Remark 5.3.14. The condition m > 1 + % in Lemma 5.3.13 is first and foremost employed
to guarantee boundedness of w, that is, boundedness of v from below by a positive constant.
Therefore it seems reasonable to ask whether it would be possible to soften the assumption on
m if we already knew that w be bounded. It turns out that the condition m > 2 — % of Lemma
5.3.12 is as strict as m > 1 + % = % if N = 2, whereas for N = 3 we see that for any value
2m—3+2

of p choosing r = ——
P

is optimal (cf. Lemma 5.3.5 i)). Then r > p (required by Lemma

5.3.7) entails p < 2m — %. Other conditions on p are either obviously satisfied with this choice
of p = 2m — % (namely p < 6m — 6) or are essentially largeness conditions on p. Thus the
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choice of p, r in the second case in the proof of Lemma 5.3.13 was optimal and we can follow
the calculations there, which leaves us with two more necessary conditions: p > 2 leading to

2
%, and positivity of 12m? — 19m — %, requiring m > % + é %, which therefore remains

as condition on m if one already supposes boundedness of w. For N = 4, % < m < 2, similarly
choosing p = r = 2m — % admits application of Lemma 5.3.5 i), whereas for invoking Lemma

5.3.7 and Lemma 5.3.12 we need some g between 1+ Nﬁi‘]ﬁflﬂ = 4mtld and 2p = 4m — 3, which

exists if 4m — 3 > 44’:;:134, ie. m > %(7 + v/69). The conditions r > p > % of Lemma 5.3.7 and
r(1— %) <2m—3+ 2 (Lemma 5.3.51)) imply & —1 < 2m—3+ 2 and hencem > & — £ +1s0
that for N > 5 any choice of m < 2 is impossible and for these dimensions we may restrict our
attention to Lemma 5.3.7 and the second parts of Lemmata 5.3.5 and 5.3.12. The assumptions

of Lemma 5.3.5 ii) combined with the condition r > p of 5.3.7 imply that p < 28H (m — 1).

Therefore it is necessary that 2%(m -1) > %, ie. m > flj(vj\',f)lj — apart from this condition
we are led to follow the case “N > 2, m > 2”7 of the proof of Lemma 5.3.13.

In conclusion: If boundedness of w were known a priori, the present proof would be applicable if

m >

%7 N = 27
19 1 /163 _
me 2T sV 5 N =3,
(7 +69), N =4,
max {%,largest root of Py from (5.39)} , N > 5. O

5.3.5 Global solutions. Proof of Theorem 5.1.1

Having completed the necessary preparations, we can now turn to the proof of existence of a
global solution. In order to lay the groundwork for compactness arguments in Section 5.4, at the
same time we derive a batch of estimates for the solutions.

Lemma 5.3.15. Let 6 >0, m > 1+ %.

i) For any (ug,vo) as in (5.4) and any D € C;m there is a global classical solution (u,v) €
(CO(Q2 x [0,00)) NCELHQ x (0,0)))2 to (5.5).

it) Moreover, for every T >0, K > 0 there is Cp > 0 such that for every D € Csp, and (ug,vo)
as in (5.4) with [[uoll pmaxrm-1yq) < K, + < lvoll Lo () V0llwro() < K, every solution
(u,v) € (C°(Q x [0,T)) NC>1(Q x (0,T)))? to (5.5) satisfies

Hu”LOO(QX(O}T)) <Cr (5.40)
HUHLOO((O’T);WLOO(Q)) <Cr (5.41)
Loy <Cr (5.42)

v Lo (2% (0,T))
HD(U)VUHL'Z(QX(QT)) <Cr (5.43)
||V“m_1HL2(Qx(o,T)) <Cr, (5.44)

T

| pwwrsvup < cx, (5.45)
0 Q
loell L2 o, zyswi ) < O (5.46)

||Ut||L1((OyT);(WOl,NJrl(Q))*) <Cr (1 + sup D(S)) (5.47)
s€[0,Cr]
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

Proof. According to Lemma 5.2.4, corresponding to Luo, vp) and D as in the hypothesis of the
present lemma, there is a local solution (u,v) € (C(Q x [0, Tnaz)) N C?H(Q x (0, Trnaz)))?. We
now let T' € (0, Tinaz] N (0,00) and K > 0. By ZDk let us abbreviate the set of initial data

IDK = {(UOavO) c C'Y(ﬁ) X WI’OO(Q) for some S (0, 1), ||u0||L°0(Q) S K, ||’U()HW1,OO(Q) S K}

Lemma 5.3.13 provides us with p > N and ¢; > 0 such that for every D € Cs,, and every
(ug,v0) € IDk, every classical solution (u,v) € (C%(Q x [0,T)) N C%1(Q x (0,T)))? of (5.5)
satisfies

[ull Lo (0,7); 2002 < €1
and hence

HVUHLoo(Qx(o,T)) <c¢; and ||wi|Loc(Qx(o,T)) <3

as well as

IVl Lo 0,7y < €

with some ¢, ¢3 and ¢4 obtained from Lemma 5.2.1 ii), Lemma 5.3.9 and Lemma 5.3.10, respect-
ively, (all of which, accordingly, do not depend on the precise value of D € Cs y, or (ug,v0) € ZDk)
and with w being defined as in (5.16). This asserts (5.41) and (5.42). An application of Lemma
5.3.11 for sufficiently large values of ¢ and p then ascertains the existence of ¢5 > 0 such that for
all D € Cs,y, and all (ug,vo) € ZDg any classical solution (u,v) of (5.5) satisfies

[uVwll Lo 0,7y, L7 +3(0)) < 55

again with w as in (5.16). Additionally taking into account Lemma 5.3.1, we can apply Lemma
5.2.1 v) with f := «uVw so as to obtain ¢ > 0 such that for all D € C;,,, and all (ug,v9) € IDg
every classical solution (u,v) of (5.5) satisfies

l[ull oo (ax 0,7)) < €63

which shows (5.40) and in light of the extensibility criterion in (5.15) — also proves i). Given
D € Cs, we let D(s fo o)do and D(s fo o)do for s > 0. Then for every D € Cs .,

and (ug,v) € IDK, any classmal solution (u U) of (5. 5) obeys u; = AD(u) + V - (uVw) with w
as in (5.16), and testing this equation by D(u) we obtain

/OT/Q(Z_)(U)):& = —/OT/QWD(U)2 —/OT/Qqu-VD(u)

which, by Young’s inequality, turns into

| Pt + 5 /OT [ 1pva < [ Do) + / [ 1vul < D) + glopTec

due to nonnegativity of D proving (5.43). The existence of ¢; > 0, cg > 0 such that for any
D € Cs,, and any (ug,vo) € ZDg every solution of (5.5) satisfies

HvumilHLQ(Qx(O,T)) <er, / / D(u)u™?|Vul? < cg

immediately results from Lemma 5.3.3, so that (5.44) and (5.45) have been shown. For every
p € C5°(2) we have that any solution (u,v) of (5.5) for any D € Csm, (1o, v0) € 2D satisfies

/vtgo —‘/ngVv/uvgp
Q Q Q

< 2|Vl i) + Ko llell o
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and we can conclude (5.46). We let cg > 0 be such that ||§||«(q) < co for every ¢ € WVt (Q)
with ||¢||W01,N+1(Q) < 1land ¢io > 0, c11 > 0 such that (9] ;2 0.7)) < €10 19l 1 x0,7))
c11 for every ¢ € L*((0,T); LN*1(Q)) with ”d)HLOC((O Tl Ny < 1. We denote X :=

LY((0,T); Wy N t1(Q))*) and thus have X* = L>®((0,7); Wg'V ' (Q)). Taking ¢ € X* with
lloll ¢+ < 1, for any solution (u,v) of (5.5) for D € Cs, and (ug,vo) € ZD i we have

S [ =

um—?

/ / =3 D(uw)|Vul?
T m—2

/ / Y L'KJVU-Vu +
0o JQ v

where we can estimate I; < |m — 2|cgco,

17
I, < f/ / u™ 3D (u) | Vul* + / / "1 (u)|Vel? <& —|— fcgl 12, sup D(s),
2Jo Ja s€[0,c]

moreover
I3 < cgcalm — 2| Hum72vu||L1(Q><(0 ) = cocalm = 2|\/1QIT ||um72vu||L2(Q><(0,T))

_ cocalm — 2|\/|Q|T _ cocacr|m = 2|V/[QT

= m— [Vum™ 1HL2 (@x(0,1)) = m—1

m—2

Ut

w2 Vv)

Q Q
< |m —2| ™ 2D(u)Vu - Ve

m—1

+|m—2| VvVgp =11+ 1+ I3+ 14,

and I < cg"_104c11, so that finally

1™ el s oz v ey < 12+ s sap D),
s€|0,ce

where ¢13 := cgcglm — 2|+ S + cocaer|m— 2‘ cocacr|m 2|y 1T +eg Lesery and e15 = %0?710%07 holds for any
solution (u,v) of (5.5) for any (uo,vo) € IDK and any D € Cs . O
Proof of Theorem 5.1.1. Lemma 5.3.15 i) together with (5.40) contains Theorem 5.1.1. O

5.4 Weak solutions in the degenerate case. Proof of
Theorem 5.1.2

If the diffusion becomes degenerate at points where v = 0, we can no longer hope for classical
solutions. Therefore we introduce the following definition of weak solutions that are — in line
with our goal of finding solutions that do not blow up in finite time — locally bounded.

Definition 5.4.1. Let§ >0, m > 1 and D € Cs,,, and define D(s fo o)do for s € [0,00).
Moreover, let (ug,vo) be as in (5.4). By a locally bounded global weak solutlon to (5.5) we mean
a pair of functions (u,v): Q x [0,00) — R? such that

u € L2 ([0, 00); L®(Q))
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

D(u) € Li,([0,00); WH2(Q2))
v € Li5.([0,00); WH*(0))

and for every p € C§°(Q x [0,00)) we have

/Ooo/ﬂugat/ﬂuw(-,())/OOO/QVD(u).V<p+/OOO/QZW~W (5.48)
,/OO/wf/vw(.,o):f/oo/vu-wf/oo/uw. (5.49)

Having prepared a lot of bounds on solutions to (5.5) for D € C+ that are uniform in D € C
(Lemma 5.3.15), we approximate D € Cs,, and find a limit of the corresponding solutions.

and

Proof of Theorem 5.1.2. Let D € Cs,,. For any € > 0 we define D.(s) := D(s + ¢), s
[0,00), and note that, for any ¢ > 0, D, € C;m. We choose (ugc,v0:) € (CH(Q))? such
that ug. — ug and vo. — vo in L}(Q) as € N, 0 and that there is K > 0 such that for all
e € (0,1) we Eave HUO,EHLmax{lm:l}(Q) + ||U0,e||W1,oc(Q) < K and HUO,sHLoo(Q) > %7 and let
(ue,ve) € (CO(Q x [0,00)) N C%1(Q x (0,00)))? denote a solution to

et = V- (DeVue) — V- (%:Vv&-) in 2 x (0,00),

Vet = AUz — UV, in Q x (0, 00), (5.50)
us('70) = uO,Ea UE('vo) =V0,e in Q7
8yu5{m =0= 8,,115’89 n (0, 00),

which exists due to 5.3.15 i)

Let us define D.(s) := [ D.(o)do, s € [0,00). We claim that for every n € N there is a sequence
(€n.k)ken such that Enk — O as k — oo for any n € N, that for n > 1 the sequence (e, x)ken is
a subsequence of (€,,—1 x)ken and that for any n € N

Ue, , converges a.e. in Q x (0,n) and in L' (Q x (0,n))

D.,  (uc,,) converges weakly in L2((0,n); Wy'*(Q))

Ve, converges uniformly in Q x (0,n) (5.51)
Ve, . converges weakly* in L>(Q x (0,n); RN)

——Vu.,,  converges weakly* in L>°(2 x (0,n); RY)

as k — oo. For n = 0 we choose an arbitrary monotone sequence (€gx)ren C (0,1) which
converges to 0. Let n € N and let us assume that some sequence (£,_1x)ren With properties as
in (5.51) is given. Then by Lemma 5.3.15 ii), more precisely, by (5.40), there is ¢;(n) > 0 such
that

[ ETP— HLOO(Qx(o,n)) < c1(n) for all k € N. (5.52)

We abbreviate

dp:= sup sup D.(s) < sup  D(s).
c€(0,1) 0<s<es (n) 0<s<es (n)+1

Then )
cir(n
Do (e, o (0 1) < / dy = c1(n)dy  for all (z,8) € Q x (0,n)
0
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5.4 Weak solutions in the degenerate case. Proof of Theorem 5.1.2

and combining this with (5.43), we find ca(n) > 0 such that for all k € N
||E5n—1,k (ufn—l,k)HLQ((OJI);WI,?(Q)) < CQ(”)'

Hence there is a subsequence (Egl L)keN of (en—1,k)ken such that (D w (u o )ken is weakly

convergent in L2((0,n); W12(Q)). Moreover, (5.44), (5.40) and (5.47) show that there is c3(n)
such that for all k € N

com |()
L2((0,n);W1:2(%2)) mk /ot

Since WH2(Q) & L2(Q) < (W NTH(Q))*, we can invoke a version of the Aubin-Lions lemma

(|86, Cor. 8.4]) to find a subsequence (5(236);6@; of ( " k)keN such that (u P )keN is convergent
n k

in L%((0,n); L*(12)), and a further subsequence (&, (3 ))keN of (e, (2 ))keN such that (u:g)l)keN and
n,k

m—1

u < es(n).

ESz)k 1 1,N+1
L1((0,n);(Wy T 0)%)

thus, by continuity of [0,00) 3 = — 271, also (u_s) Jken converge a.e. in 2 x (0,n) as well as
n,k

with respect to the norm of L'(Q x (0,n)) due to Lebesgue’s dominated convergence theorem
and the fact that the constant ¢;(n) is integrable over £ x (0,n).
Moreover, (5.41) and (5.46) ensure the existence of ¢4(n) > 0 such that

o
Enk/ ¢

and again due to Wheo(Q) < & oo@ (Q) — (Wy'(2))* and [86, Cor. 8.4] we find a subsequence
(52436);6@\; of (e, ;)rc)keN such that (v_ @, )ken converges uniformly in  x (0,n). Additionally, (5.41)
(5 ) )

< ey4(n) forall k e N

'U()

< cy(n), ’

Lo ((0,n);W1:°0(92)) L2((0,m);(Wo ' (2))%)

produces another subsequence (¢, ;)ren of ( " k) ken such that (Vv ®) Jken converges weakly™

in L>*°(Q x (0,n)). Finally, owing to the bound in (5.42), we can extract a further subsequence

(€n,k)ken of (g, L)keN such that also (U Vo, k) is weakly™ convergent in L>®( x (0,n)).
€

En,k
We then use the diagonal sequence (€j)ken 1= (€k.k)ken to find functions w,v, z: @ x [0,00) = R
and ¢, &: Q x [0,00) — R such that
Uz, — U in L}, .([0,00); L (Q)) and a.e. in Q x (0, 00), ( )
Vg, — v in Lloc([ )) ( )
Dz (uz,) =z in L Wh3(Q)), (5.55)
vvgk i\( in Lloc([ LOO(Q RN)) and ( )
( (5.57)

0,00
0,00
0, 00

)

e
)
)
Lvus, Be i ([0, 00) L2 (2 RY))

as k — oo. Since uz, +&; — w a.e. and D is continuous, also Dz, (uz, ) = D(uz, + k) — D(Ex) —
D(u) — D(0) = D(u) a.e., and hence z = D(u). Also, (5.54) and (5.56) imply ¢ = Vv and the
combination of (5.54) and (5.57) shows that £ = VInw.

We let ¢ € C5°(§2 x [0,00)). Then (5.50) entails that

_/ /ugkgot—/@to Ek(p / /VDak uEk VSO"‘/ / Uey V’UEk VSO
0 Q Ve,
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5 Chemotaxis consumption model with singular sensitivity and nonlinear diffusion

_/ /ngQO_/UO,ngO(HO):_/ /vvgk Vg@—/ /ng’vgkg@,
0 Q Q 0 Q 0 Q

so that passing to the limit as k — oo in each of these integrals shows that (u,v) satisfies (5.48)
and (5.49). That u € L2.([0,00); L>°(€2)) is also entailed by (5.53) and (5.52). Hence (u,v) is a

loc

locally bounded global weak solution to (5.5) in the sense of Definition 5.4.1. O

and

104



6 Long-term behaviour in a
chemotaxis-fluid system with logistic
source

6.1 Introduction

Bacteria and sand are different. Although both are heavier than water and will tend to sink if
dispersed in it, bacteria may possess the ability to swim — and to direct their movement toward
more favorable environmental conditions, i.e. for example toward higher concentration of oxygen,
thus instigating the emergence of bioconvective patterns (see [82, Sec. 4.2]). Such behaviour can,
e.g., be observed if colonies of Bacillus subtilis are suspended in a drop of water (see e.g. [45]),
and models describing this phenomenon, that is, the model proposed by Tuval et al. in [101] and
variants thereof, have received much attention from the mathematical community over the past
few years.

Before we recall some of the progress made in the analysis of such models, let us briefly motivate
the form of the system we want to investigate in the present chapter. In order to describe the
interaction between bacteria, their fluid environment and oxygen (or another nutrient) contained
therein, we introduce scalar-valued functions v and v standing for the concentration of bacteria
and oxygen, respectively, and a vector-valued function U representing the velocity field of the
surrounding water. The fluid motion is supposed to be governed by the incompressible Navier-
Stokes equations

U+ (U-V)U =AU + VP +uVd + f, V-U=0

where we have allowed for an external force f (which nevertheless might best be thought of
as being zero in the most prototypical case) and, more importantly, where buoyancy effects
are included, which arise from density differences between fluid with and without bacteria, as
mandated by the presence of a given gravitational potential ®. P symbolizes the pressure of the
fluid, another unknown quantity.
Oxygen is assumed to diffuse in the manner of linear diffusion, as described by the heat equation.
It is moreover transported in the direction of the fluid flow and, finally, consumed with a rate
proportional to the amount of bacteria present. Combining these effects, the resulting equation
is the following:

v = Av —uv  —U-Vu.

~ ~— ==

diffusion consumption transport

The evolution of the bacterial concentration is also influenced by diffusion and transport along
the velocity field of the fluid. The cells moreover steer their motion in the direction of the
concentration gradient of oxygen, by means of chemotaxis. This gives rise to a contribution
—xV - (uVv) to the time derivative of u, thus introducing cross-diffusive effects into the model,
which lie at the core of the mathematical difficulties accompanying the analysis of chemotaxis
systems like the famous Keller-Segel model ([34, 9]). Therein x > 0 is a parameter regulating
the strength of the chemotactic attraction. In addition we want to allow for population growth
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

to take place in the simplest conceivable manner, namely according to a logistic law, where we
denote by « the effective growth rate of the population and by p a parameter controlling death
by overcrowding. Evidently, each subdomain cannot sustain infinitely many bacteria, but has a
finite carrying capacity only. Therefore, death effects taking place at high population densities
cannot be neglected. Indeed, the subsequent analysis will strongly rely on positivity of i, whereas
k, small whenever typical time-scales of bacterial reproduction are substantially deceeded such
as in application contexts like bioconvection, may attain any nonnegative value. Accounting for
these effects leads to the equation

u = Au —xV-(uVv) —U - Vu +ku — pu® .
~ —— e —
diffusion  chemotaxis ~ transport Jogistic growth
With time starting at 0, spatially the whole scenario is to take place in a bounded domain 2 C R?
with smooth boundary, which we want to think of as drop of water resting on a surface. Thus it
is quite natural to assume that no fluid motion takes place on the surface of the drop, that is,

U=0 on 01,
and that no bacteria cross the boundary between the drop and its surroundings,
du=0 on 0.

We will also assume that
o,v =0 on 01,

that is, that no exchange of oxygen takes place between the fluid environment and its exterior.
This assumption is less natural, at least for the part of the boundary that separates water and
air, but so far has been employed in almost all papers dealing with chemotaxis fluid interaction
from a mathematical viewpoint (exceptions being early existence results for weak solutions in
2-dimensional bounded domains [63], numerical experiments like in [16] and, most notably, a
recent work by Braukhoff [12], where it was shown that in 2- or 3-dimensional convex bounded
domains classical or weak solutions, respectively, exist for a chemotaxis-Navier-Stokes model
with logistic source if the boundary condition for v is d,v =1 — v).

Thus, in total, the system to be considered here is

ug + U - Vu = Au— XV - (uVv) + ku — pu? in 2 x (0, 00)
v+ U-Vv=Av—uv in Q x (0,00)
Ui+ (U -V)U=AU+VP+uV®+ f, V-U=0 in  x (0,00) (6.1)
U=0, du=0,v=0 in 9 x (0, 00)
u(-,0) =wug, v(-,0)=wvg, U(,0) =10y in
for some initial data
Ug € CO(Q), Vo € Wl’q(Q), Uy € D(Aa) (6 2)
ug > 0, vg >0 inQ '

withqg > 3, a € (%, 1), where A denotes the realization of the Stokes operator under homogeneous
Dirichlet boundary conditions in the solenoidal subspace L2 (€2) of L?(Q;RY).

If x =p =0 (and f = 0), this model is an instance of the one for which the existence of
global weak solutions in = R? was shown in [62]. The existence of global classical solutions

106



6.1 Introduction

in two-dimensional bounded convex domains was discovered in [114]. Global weak solutions on
Q) = R? have been treated in [128] under weaker conditions on the initial data. In the setting
of [114], the convergence of solutions to the stationary state was proven in [118]; its rate was
given in [126]. Upon neglection of the nonlinear fluid term (U - V)U, that is upon consideration
of Stokes flow instead of a Navier-Stokes governed fluid, global weak solutions can also be found
in bounded three-dimensional domains ([114]). (The results of [114, 118] have been extended to
non-convex domains in [40].) For the three-dimensional setting (of bounded convex domains)
with full Navier-Stokes-fluid and large initial data only recently the existence of weak solutions
has been demonstrated by Winkler ([114]). He furthermore showed that every eventual energy
solution becomes smooth after some waiting time, and converges as t — oo ([107]).

Other variants of the model that are commonly treated include nonlinear (porous medium type)
diffusion of bacteria, where Au is replaced by Au™ for some m > 1 (see [96, 97, 20, 17, 127|),
thereby improving chances for finding bounded solutions, or, exchanging xV - (uVwv) for V -
(uS(u,v,2)Vv), more complex sensitivity functions S ([119, 104, 103, 37, 14]), which may be
matrix-valued, thus introducing new mathematical challenges by destroying the natural energy
structure of the system and, seen from the biological viewpoint, taking care of more complicated
swimming behaviour of bacteria (cf. [19, 84, 124]).

In contrast to (6.1), in the classical Keller-Segel system the chemoattractant is produced by the
bacteria themselves and not consumed (accounting for terms +u—wv in place of —uw in the second
equation of (6.1)), and models of Keller-Segel-Stokes type have also been considered ([104, 11]).
In Q = R3, mild solutions to a system encompassing both mechanisms at the same time were
proven to exist under a smallness condition on initial data ([46]).

Chemotaxis fluid models including logistic growth (x,u > 0) have been treated in [102, 99, 98,
108, 12].

In [102], a result on the existence of weak solutions for (6.1) is given, and for the case of sufficiently
nonlinear cell diffusion, attractors are considered. In a Keller-Segel-Navier-Stokes system with
logistic source (u > 0, £ > 0) in two-dimensional bounded domains global classical solutions
have been detected in [99], which furthermore converge to 0 if kK = 0. Under the assumptions of a
Stokes fluid and sufficiently large p (explicitly: p > 23), in [98] these results have been achieved
for three-dimensional bounded domains as well. In [108], for 4 > %,/Fx in bounded convex
domains  C R? generalized solutions are constructed, which then are shown to converge to the
homogeneous steady state with respect to the topology of L!(Q) x LP(Q) x L?(Q) for p € [1,6),
if certain conditions on [ are satisfied.

It is the main goal of the present chapter to achieve similar results for the consumption-chemo-
taxis-fluid model (6.1). Having to deal with a consumption instead of production term in the
v-equation seems more beneficial for proving boundedness of solutions and encourages us to
hope that the solutions remain bounded and thus exist globally without any further largeness
condition on p except positivity and that the convergence takes place with respect to stronger
topologies than in [108]. This is indeed what we will prove. Moreover, we will shed light on
asymptotic regularity properties of the solutions we are going to construct.

Let us state the main results in detail: Posing the condition

{f € L2((0,00); L (Q;R3)) N L=( x (0,00); R3) N CA 2 (Q x [0, 00); R3), 63

||f(.,t)||L%(Q)—>O ast — 0o for some 3 >0

on the external force on the fluid, we will first (re-)derive the following theorem on global existence
of weak solutions:
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Theorem 6.1.1. Let Q C R3? be a bounded smooth domain and let x, & > 0, ;1 > 0. Let ug, vo, Up
be as in (6.2) with some ¢ > 3 and o € (%, 1), let ® € C1TA(Q) for some B> 0, and let f satisfy
(6.3) for some 8 € (0,1). Then there is a weak solution (in the sense of Definition 6.2.16 below)
to (6.1), which can be approzimated by a sequence of solutions (ue,ve,Ue) to (6.4) in a pointwise
manner (and moreover with respect to the topologies indicated in Proposition 6.2.17).

(For weak solutions to (6.1) with f = 0 see also [102, Thm. 4.1] or, for a setting with different
boundary conditions, [12].) The solutions (u, ve,U:) to the approximate system (6.4) that are
mentioned in Theorem 6.1.1 (but do not appear in [102]) will serve as essential tool also in the
proof of our second theorem, which is concerned with the asymptotic behaviour and eventual
regularity of solutions.

Theorem 6.1.2. Let the assumptions of Theorem 6.1.1 be satisfied. Then there are T > 0 and
~v € (0,1) such that the solution (u,v,U) given by Theorem 6.1.1 satisfies

u,v € CPPIHI(Q X [T,00)), U e CHIITE(Q x [T, 00); R?).

Moreover,

u(t) = —, v(,t)—=0, U(,t)—0 as t — oo,

where the convergence takes place with respect to the norm of C*(Q) and C*(Q;R3), respectively.

As to the proofs, we will first turn our attention to Theorem 6.1.1: In Section 6.2, namely,
we will be concerned with solutions to the approximate problem (6.4) (see Lemma 6.2.1) and
with the derivation of estimates that allow for compactness arguments in constructing solutions
to (6.1) (Proposition 6.2.17). The foundation for the acquisition of these estimates will be an
examination of the derivative of

v 2
/uglnue—kz ﬂ—&—[(x/ |U.|?
Q 2 Jo ve Q

for suitable K > 0 (see Lemma 6.2.10). In contrast to a system without logistic source terms in
the equation for u, mass conservation of the bacteria is not guaranteed in (6.1). We begin Section
6.3 by finding a suitable substitute, and then, relying on this, prove convergence of fttH fQ Ve
and of [|v:(+,t)|| () as t — 0o (Lemma 6.3.4 and Lemma 6.3.6, respectively). In Lemma 6.3.8

we derive a differential inequality for fQ % for appropriate parameters 7, 8, finally yielding
LP-bounds on n whenever the second solution component is small. Using these bounds, we then
prove eventual Holder regularity of U, (Lemma 6.3.13), v. (Lemma 6.3.14), and u. (Lemma
6.3.15), which can be transferred to u, v, U and turned into higher regularity (Lemma 6.3.17).
For convergence as t — oo, we finally draw upon uniform Holder bounds (Corollary 6.3.16) and
the compact embedding C**+73(Q x [t,t + 1]) < CY0(Q x [t,t + 1]) as well as some of the
properties collected during the course of Section 6.3; concerning n, for example, Lemma 6.3.2
(and thus, indirectly, Lemma 6.2.5) will once more be important.

Notation. We will refer to the partial derivative with respect to the last argument by %w. The

symbol fﬁf will be used to indicate compact embeddings. For vectors V,W € R3 we let V @ W
denote the matrix (V;W;); j=123. Finally, P: LP(;R3) — L2(2) stands for the Helmholtz
projection in L?((Q).
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6.2 Existence of weak solutions

6.2 Existence of weak solutions

We will start by considering an approximate problem, namely

Uet + U, - Vu, = Au, — XV - (1 f;us V’ug> + K. — piu? (6.4a)

Vet + U - Vv, = Av. — vsé In(1 + eue) (6.4b)

Uet + (YU - VU, = AU, + VP. + u. VO + f(z,t) (6.4c)
ey = O0uve| o =0,  Uelyu =0 (6.4d)
ue(+,0) = ug, ve(-,0) =wvg, U:(-,0) =Ty (6.4e)

where Y. = (1 + A)~!, and provide estimates for its solutions. In Proposition 6.2.17, these
estimates will enable us to construct a solution to (6.1) by a limiting process. An approximation
in this way was also employed in [114], [107], [108].

6.2.1 Local existence and basic properties

First, let us recall that locally these solutions actually exist. Because the reasoning is well-
established (and not central to later parts of the chapter), we shall only briefly hint at the
proofs, both here and in Lemma 6.2.12, where their global existence is indicated.

Lemma 6.2.1. Let q > 3, a € (%,1), B e (0,1), k,x >0, u>0,dcCHQ) and f as in
(6.3), let ug,vo, Uy satisfy (6.2) and let € > 0. Then there are Tyaq,. and uniquely determined
functions

ue € OO % [0, Traz.c)) N C?HQ x (0, Traz.c)),
ve € C%(Q % [0, Trnaz.e)) N C*H(Q x (0, Trnaz.e)) N LZ((0, Traw e ); WH(Q)),
Us € C°(Q x [0, Tinaz.e); R*) N O (Q x (0, Thnawe); R?)

which together with some P. € CY0(Q x (0, Tynaz,c)) solve (6.4) classically, and satisfy Tmaz.c =
oo or

tlirgsup (||u€('7t>||L°°(Q) + v O)llwa gy + ||AaU6('at)||L2(Q)) = 00. (6.5)
Proof. The proof follows the reasoning of [114, Lemma 2.1] if some of the adaptions necessary
in [114, Lemma 2.2] and [108, Lemma 3.1] are taken into account.

Banach’s fixed point theorem applied in a closed ball in L°°((0,7); C°(Q) x W14(Q) x D(A%)) to
a mapping whose fixed points are mild solutions to the system establishes the existence of such
solutions on a time interval [0,7T), where T depends on the norms featured in (6.5) only. By an
invocation of standard regularity theory for parabolic equations and the Stokes semigroup these
solutions turn out to be classical solutions. O

For the rest of the chapter let us fix parameters x,x >0, u >0, a € (%, 1), ¢ >3 and g € (0,1),
let f be as in (6.3), ® € C'A(Q), initial data ug, v, Uy satisfying (6.2) and, given € > 0, let us
denote by (ue,ve, Ue) the corresponding solution to (6.4).

Lemma 6.2.2. For anye >0, z € Q and t € (0, Tynas,.) we have u(z,t) > 0 and ve(x,t) > 0.

Proof. An application of the parabolic comparison principle to the subsolution 0 of (6.4a) or
(6.4b), respectively, immediately results in the claimed nonnegativity. O
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Similarly, we obtain boundedness of v..

Lemma 6.2.3. There is C > 0 such that for any € > 0 and for any t € (0, Tnaze),
||Ue('7t)||Loo(sz) <C (6.6)
and, for any e >0, t = |[ve(-,1)|| e () s nonincreasing on (0, Tinaz,e)-

Proof. With C = ||vol| [« Q) both assertions are a consequence of the parabolic comparison
principle. O

Another quantity whose boundedness, in this case in L?(Q2), quickly results from the second
equation is the gradient of v,:

Lemma 6.2.4. There is C' > 0 such that for any € > 0,

Tma.’n,s
/ / [Vue|? < C. (6.7)
0 Q

Proof. Let € > 0. Upon multiplication by v, integration over {2 and integration by parts, (6.4b)
results in

1
/vevgt:—/ |Vv€|2—/Ugfln(l—i—aug)—&—/1}€U5~Vv6 on (0, Traz.e)s
Q Q o €

Q

where the last term vanishes by [, v-Us - Vv = £ [, Us - V(v?) = =1 [, 02V - U. = 0 due to
V-U.(-,t) =0 for all t € (0, Tyas,c), and integration with respect to time entails

1 ¢ 1
*/’U?(',t)ﬁ-/ /|Vv6|2§ f/vgg for any t € (0, Thaz.e)s
2 Jq o Jo 2 ) 7

so that we may conclude (6.7) by taking ¢t Ty e- O

In contrast to the situation without source terms, we cannot hope for mass conservation in the
first component. Nevertheless, the following inequality still holds:

Lemma 6.2.5. There is C' > 0 such that for any € > 0,
t+7
/ Ue(+,t) < C forallt € (0, Tineze) and / / u? < C foranyt e 0, Thaz,e — T),
Q t Q

where T := min{1, %me,g}.

Proof. Integration of (6.4a) and an application of Holder’s inequality yield that for any € > 0

d 2 M / ?
_ = — < e — T 07Tma:r )
dt/ng /{/Que /L/Quafn/ﬂu |Q|(Qu5) on ( <)

so that an ODE comparison argument gives boundedness of (0, Thaz,c) 2 t — [ouc(:,t) and
integration with respect to time allows to conclude the existence of a bound on (0, Tpeze —7) 2

t+ : t+ t+
t— [, u2 by means of the equality p [} [ u? =k [ [que + [que(-t) = [que(t+7). O
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6.2.2 A priori estimates implied by an energy type inequality

We want to derive a (quasi-)energy inequality for the function

2
/uelnuﬁi/ M—f-[(x/ U.J2. (6.8)
Q 2Jq ve 0

As preparation, we first deal with the derivatives of the summands separately:

Lemma 6.2.6. There is C > 0 such that for any € > 0,

2 .
T /uelnug /u lnu5+/ Ve <x Q%Jrc on (0, Trmaz,e)-

Proof. First we observe that s — ks — us? s € [0,00), and s — (ks — £s s?)Ins,s € (0,00), are

bounded from above by some constant C;. Using these estimates and (6.4a), from integration
by parts we obtain

d /u Inu / Inu +/u
— = [ u
dt 0 5 £ et 5 et
/AuE Inw.)— /lnuEV ( VUE> —/UE-Vuglnu6
1+sue
—l—/@/uslnuE /u lnu5—|—l<:/uE /

Vue|? \% \%
/ | Ua| 1ujr Euva _ %/ ug Inu. +2C; on (O,Tmaw,a)
Q € Q

for any € > 0, so that the claim results with C' = 2C}. O

In the next lemma we will collect statements that will enable us to deal with terms arising
from differentiation of fQ |V/v:|?. In particular, it is this lemma that will render any convexity
condition on the domain unnecessary. The proofs are either contained in or adapted from the
articles [68, 38, 114]. The first use of this strategy for removal of the convexity condition in the
context of chemotaxis-fluid models can be found in [40].

Lemma 6.2.7. i) Let ¢ € C*(Q) satisfy 0,10 =0 on dQ. Then
0 |VY|?* < RIVYI?,

where R is an upper bound on the curvature of 0. B
i4) Furthermore, for any n > 0 there is C(n) > 0 such that every 1 € C?(Q) with 9,2 = 0 on
9 fulfils

VYl 200y < nl[AY] 20y + C) Y]] 12

iii) For any positive ¢ € C?(€2)
1
P M
iv) For any positive 1 € C%(Q) with 0,1 = 0 on JQ we have

_ |Ay? |V1/)|2A1/) _ 2 2 2
2/Q¢ + [ 2/1/;|D1n1p| / Lo, 1vup.

1,3
+ g Erour]

(6.9)

L2(Q) L2(Q) L2(Q)
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

v) There is k > 0 such that for all positive v € C?(2) with 8,7 =0 on OQ the inequality

[oprme e [0
Q Q

e
holds.
vi) There are C > 0 and k > 0 such that every positive 1 € C%(Q) fulfilling 0,4 = 0 on O
satisfies
A 2 QA 4
—2/ 29| +/ |v¢|2 Ld S—k/¢|D21n1/z|2—k/ |W’| +C’/w (6.10)
a ¥ o ¥ Q Q

Proof. 1) This is [68, Lemma 4.10].

ii) Let us fix r € (0,3). Thanks to the boundedness of the trace operator tr: Wrtz2(Q) —
Wr2(0Q) (cf. [29, Thm. 4.24]) and the embedding W™2(9Q) < L?(0Q) (see |29, Prop.
4.22(ii)]) there is k1 > 0 such that [¢[|;2p0) < k1 ||¢||WT+%>2(Q) for all ¢ € Wr+22(Q). If we
let 0 := % + 3, the interpolation inequality [6() Prop. 2.3] guarantees the existence of kg > 0
such that [|g[ .13 2q) = k2 |61y, 2(0) 6]l = (o for all ¢ € W?2(Q). Furthermore, according

to e.g. 23, Thm. 19.1], there is k3 > 0 such that [|¢[lyy22q) < k3 [|A¢]| 12(q) + K3 [|6]] 12(q) for
all ¢ € W22(Q) with d,¢ = 0 on Q. Moreover, for any > 0, Young s inequality provides us
with ks = k4(n) such that for any a,b € [0,00) we have a’b'~ 0 < msE @ + ka(n)b, since the
choice of r implies 6 € (0,1). With these constants, for any ¢ € W?22(Q) satisfying 9,7 = 0 on
02 we obtain

199000y <1 IVl reg aiqy < 51 180 2 gy < Erke 18 91153y

<kikaks HA7/1HL2(Q) W”L?(Q) + kikoks ”77[’”9;5(19)0
ST]||A1/)||L2(Q) (k1k2k3+k4( )) ||wHL2(Q) :

iii) Let v € C%(Q) be positive. The pointwise equalities

AV =V (2\FW’> 2A}+ 2V

. (vw) _ Ay |V

) W Y2

1 Ay VY
V) =a - Z/};
and

Alny =V - (Vlny) =

immediately entail

_1 1|Vyl?
A\f—ﬁ\/@Alnw—kZ o

and thus (6.9).

iv) Being a special case of assertions from [18], this can be found as Lemma 4.3.4 i) in Chapter
4.

v) This was proven as [114, Lemma 3.3], ¢f Lemma 4.3.5.

vi) Let n > 0. Part i) and Young’s inequality in combination with ii) and iii), respectively, can
be employed to yield C' > 0 such that

|V|?
[ goawr<a | L~ alvvil],

<alavel,

clvel,

L2(8Q) L2(Q) L2(Q)
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<ol el

for all positive 1) € C2?(Q) satisfying 8u¢|69 = 0. Thus, for any such ),

R ) vl
—0, < Al
/mw8|vw|<n/ﬂw nof+q [ & +c/¢

Taking into account iv) and v), we readily obtain (6.10). O

o e

L2(Q) LQ(Q) L2(Q)

We can take these estimates to their use in the next proof, which is concerned with the derivatives
of the second summand in (6.8).

Lemma 6.2.8. There are K > 0,C > 0 and k > 0 such that for every e > 0,

2 .
4 [ Vel +k/v€|D21nv€|2+k/ [Vee|* <C’+K/ IVU. |2f2/M
dt Q Ve Q Q UE Q 1+EU€

holds true on (0, Thag.e)-

Proof. We begin by computing % fQ [vel?. For any € > 0, on (0, Thyq4,.) We have

Ve

|V115|2 2/ Vve Vg / |V, |?
= - Vet
Q

dt Ve v2

_ _2/ Avgvst +2/ |VUE|2UEt— \va‘zvat
2 2
Q Ve Q vz Q Ve

Av. v, Voe|?
= —2/ ¢ =+ | 2| Vet
Q

Ve 0 UE
Ave 2 Avglve In(1 + cue) Av,
= + 2 £ +2 U.- Vv
1} Q ’Us [ g
2 2 2
Q €

From Lemma 6.2.7 vi), we obtain k; > 0, ks > 0 such that for any ¢ > 0 we may estimate

Av,|? V. |? Vo |*
_2/ |Ave| + | U;‘ Av, S—kl/ve\DQhwe\z—kl/ | U§| +k2/’UE on (0, Tnaz,e)-
Q Q Q Q Vg Q

UE (6.12)

As to the terms containing U, we note that for all € > 0,

Av, c|? 1
2/ Y (U, - V) :2/ |V” 0. . vo. —2/ —Vu. - (VU.Vv.) —2 | —U. - D*. V.,
Q Q

Ve s Q Ve

and

2 1 1 1
/ |vvs| U V’UE = / v (> . UE‘V'UE‘Q = / *Us ! V|VUE|2 = 2/ 7U5 ’ D2UEV'U5
Q 1}5 Ve Q Ve Q Ve

hold on (0, Tynaz,e ), so that for any € > 0,

A 2
2/ vEUE-VUE—/ Ve lTy o
Q Qo Yz

Ve
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

1

|V, |? 1 5
= 5 Ue Vv =2 [ —Vu. - (VU Vv.) =2 [ —U. - D*v: Vo,
Q Y Q Ve Q Ve
1
= —2/ —Vue - (VU V) on (0, Thaze), (6.13)
Q Ve
where we can estimate
1 k Vo |*
2/ —Vo. - (VU.Vv,) < —1/ | v;' + /cg/ 0|VU?  on (0, Trag.c) (6.14)
Q Ve 2 Jo v Q
with some k3 > 0 courtesy of Young’s inequality. Moreover,
Vo2 1
_ 7 Ve In(1+eu:) <0 on (0,Tyqz,c) and for all € > 0 (6.15)
Q €
and an integration by parts shows
AvetvcIn(1 .
2/ VeeveIn(l +eue) 72/ Ve Vle (0, Tonas.) for all & > 0, (6.16)
Q Ve o l+4eu. ’

so that, for any € > 0, using (6.12), (6.13), (6.14), (6.15), (6.16) turns (6.11) into

d |Vve|? / 9 o k1 [ |Vol|* / / 9 /Vv€~Vus
— k D=1 — <k k VU] -2 | ——
Te + k1 st| nove|” + 3 ), s Sk stJr 3 st| | 1+ eu

on (0, Tynaz,e), and finally inserting the uniform bound on v, provided by Lemma 6.2.3 gives the
assertion. O

Finally, we turn our attention to the last term in (6.8).

Lemma 6.2.9. i) There is C' > 0 such that for any ¢ € R and any € > 0 we have

d o\ 5
dt/Q|UE|2+/Q|VU5|2SC/Q(uE—()2+C(/Q|f|5> on (0, Traz.c)- (6.17)

it) Moreover, for any n > 0 there is Cy, > 0 such that for any € > 0,

d o\
d—/ \U€|2+/ |VU5|2§n/u§1nu5+Cn (/ f|5> +Cy  on (0, Tnaz.e)- (6.18)
tJa Q Q Q

Proof. If for any € > 0 we multiply (6.4c) by U., we obtain

1d
2dt/§z| 2 /Q =

z/UE~AUE+/UE~VP—/(Y5UE-V)UE-UE+/u5V<I>-UE+/U5~f
Q Q Q Q Q

=—/ |VUE\2+/uEV<I>~UE—|—/ Ues- fy on (0, Tnaze), (6.19)
Q Q Q

where we have used that V - Us = 0, so that for any € > 0 on (0, Tyaz,c), Wwe have

1

1
/(YEUE-V)UE-U,S = —/ v-(YEUE)|UE|2—7/ Y.U. -V|U.|? = f/(V-YEUE)\UEP =0.
Q Q 2 Q 2 Q
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That U, is divergence-free also shows [, uc(-,t)V®-U.(-,t) = [, (uc(-,t) — ) V®-U(-, t) for any
t € (0, Thnae,e). Young’s inequality in combination Wlth Pomcare S 1nequahty and the bounded-
ness of V® enables us to find k; > 0 such that

[ty =0ve vl <h [ @l0-0%+ [IVU.COP (620)

holds for any ¢ € (0, Tynaz ) for any € > 0.
From the embedding W, %(Q) < L5(2) we can obtain a constant ky > 0 such that

||¢||L6 (@) k2 HV¢||L2(Q for all ¢ € W(}’Q(Q)

and hence Holder’s and Young’s inequalities allow us to estimate

. 5 s\ 6 s\ 6
Jocas([o0e) ([109)" < hal90dye ([ 101F)
Q Q Q Q
1 5
< Z/ VUL + ks (/ |f§> on (0, Tpaws) for alle >0 (6.21)
Q Q
with some k3 > 0. Adding (6.19), (6.21) and (6.20) results in (6.17). If we furthermore use that

2 < qaf, ¢?Ing + |Qes for any positive function ¢ and any a > 0, for each n > 0 we can
Q Q
find €}, > 0 such that

1
/ lueUs - VO| < 17/ u?Inu, + f/ VU +C,  on (0, Trmaz.e) (6.22)
Q Q 4 Jo

holds for any ¢ > 0, thus establishing (6.18). O
If we now amalgamate Lemma 6.2.6, Lemma 6.2.8 and Lemma 6.2.9, we end up with

Lemma 6.2.10. There are C > 0, kg > 0, and K > 0 such that

d X |V'UE|2 / 2
— | = K U,
dt l:\/(zue nue+2/ﬂ 0 + Kx Q‘ 6|

Vue|? V|t
—|—E/uglnu5+/ ﬂ+ko/U5|D2lnva|2+ko/ | U;‘ +k:o/ |VU.|?
4 Jo Q Ue Q Q U2 Q

5

C(/Q|f§)3+0

on (0, Thnas,c) for all e > 0.

Proof. We fix K and k as in Lemma 6.2.8, apply Lemma 6.2.9 with n = ﬁ and add the
inequality given by Lemma 6.2.6 to the -multiple of that from Lemma 6.2.8 and Ky times the
inequality from Lemma 6.2.91i). With ko := ¥ min{K, k}, Lemma 6.2.10 results immediately. [

We collect the bounds this quasi-energy inequality gives rise to:

Lemma 6.2.11. There is C > 0 such that for any € > 0 the estimates

/ue(, In ue (-, t /'WE ’ /|U H2<C hold for all t € (0, Tnaze) (6.23)
Q
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

and such that we may estimate

t+7 t+7 2 t4+T1
/ /u Inue + / / [Vuel® / /v€|D2lnv ?<cC (6.24)
4 t+
/ / W”a' / IVU.|2 < C (6.25)
Q t Q
t+1 4 t+1 t+7
/ /|Vu5\§+/ |w5|2+/ /\VU5\4+/ /uggc (6.26)
t Q Q t Q t Q

for any e >0 and any t € [0, Thpage — T), where 7 = min{1, %me,s}.

Proof. We let F.(t) := [quc(-,t)Inuc(-,t) + % [, IVUE( t)l + KX [, |U<(:,t)?, note that each of

the summands is bounded from below, that slns < - —|— s2Ins for any s > 0, fQ %

[[ve (5 )l poe () Jo % + Q] for any t € (0, Tm,m E) and that there is C, > 0 such that

Jo U2 < Cp [ IVU(-,t)[? for any t € (0, Traz,c). Hence (and by (6.3)), F. satisfies an
ODI of the form F + kl}' < ko with some k1 > 0 and ks > 0, and we may conclude the
validity of (6.23). The estimates in (6.24) and (6.25) then directly result from Lemma 6.2.10

upon integration. For (6.26), we observe that the bound on f:” Jo, uZ results from Lemma 6.2.5,
and that by Young’s inequality

E t+7 2 t+7
[ [t 2
3 J¢ Q Ue 3 Ji Q

for all t € [0, Thnqz,e — 7). Furthermore, by Lemma 6.2.3 for any ¢ > 0,

(RS}

Vo (-, 1)|?
Vou.(-.t)? < B |57’
L1900 < e Bl [
Ve ()2

< oo f t Ovaaw 5

< ool gy [ S for any 1€ (0. Ty
which is bounded due to (6.23). The integral ftHT Jo [Vve|* can be treated similarly, invoking
(6.25). 0

A first consequence of these bounds is that the approximate solutions are global and we may a
posteriori ignore any condition of the type ¢ < Tjqz,c in the previous lemmata.

Lemma 6.2.12. For any € > 0, Tyq2,c = 00.

Proof. Under the assumption that Ty,q4,c < 00, for any € > 0, Lemma 6.2.11 would provide us
with C' > 0 such that

anam,s
/ / |va|4 <(C and / \U€|2 <C on (0,Thnaze)-
0 Q Q

With this as starting point, we could follow the reasoning of [114, Lemma 3.9] to derive a con-
tradiction to (6.5). There differential inequalities for [, u2 and [, |A2U.|? first yielded bounds
for these quantities on [0, Thya0.c), then smoothing estimates for the Stokes semigroup (if com-
bined with an embedding for the domains of fractional powers of A) and for the Neumann heat
semigroup successively led to estimates for [[Uel| o qx (0,70s.))> Vel oo (0,702 ):L4(0)) 204

el oo (0 (0,0 )) -
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6.2 Existence of weak solutions

6.2.3 Time regularity

In preparation of an Aubin-Lions type compactness argument, we intend to supplement Lemma
6.2.11 with bounds on time derivatives. This will be the purpose of the following three lemmata.

Lemma 6.2.13. For any T > 0 there is C > 0 such that for every e > 0,
||u5t||L1((07T);(ng4(9))*) S C.

Proof. Let T > 0. We recall that (Ll((aT); (WO2’4(Q))*))* = L>((0,T), W2*(Q)) and that
hence for all ¢ € L*((0,T); (Wo*(€2))*)

T
=] 2,4
H¢||Ll((O,T);(W5’4(Q))*) = sup {/0 /§2¢¢7 2 €L ((OvT)a WO (Q))a H@HLOO((O,T),WSA(Q)) S 1} ’

and introduce k1 > 0 such that

max {||¢||L4((O,T);W1=4(Q)) Mol Lzco,m:r20) > 18l L2 0,7y w200 - ”QSHLOC((O,T);WL‘X’(Q))}
< k160l oo 0,0y, w20y for all ¢ € L2((0,T), w2t(),

which is guaranteed to exist by the continuous embeddings of W24(Q) into the spaces W14(Q),
L?(Q), and W1>°(). We then pick an arbitrary function ¢ € L>((0,T), W02’4(Q)) having norm
[l Lo (0,1) w2iay) S 1 and test (6.4a) by ¢, so that we obtain

T T T u
[ [we= [ [Voveox [ [ v vy
0o Jo 0o Jo o Jaol+eue
T T T
o[ froeaf[ [ [ [
0o Ja 0o Jo 0o Ja
T 3
4
<IVellLago,ryza) (/ /|VU5|3>
0 Q
T 3 1
+ X[l 0 iz ( | u> swp ([ 1900
o Ja te(0,7) \J
T % T
+ £ llell L2, 1):220)) (/0 /{ﬂ?) +M||<P\|Loc((o,T);Loc(Q))/O /ng
1 1
T 2 T 2
+ HVSDHLOQ((O’T);LOO(Q)) (/ / |U5|2> </ / u?) fOI‘ all g > 0.
0 Q 0 Q

If we let C' be as in Lemma 6.2.11, we obtain

1

T
/ / Uerp < ki (CT)E + xky (CT)2C? + kkyC? + ki CT + kyCT — for all e > 0
0 Q

and thus conclude the proof. O

We continue with a similar statement concerning the second component of the solution.
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Lemma 6.2.14. For all T > 0 there is C > 0 such that

[vetll 20,2y wi2 ))) < €
for all e > 0.

Proof. Let T > 0. Employing Hélder’s inequality and using that for any € > 0 and s > 0 appar-
ently @ < s, we see that for any ¢ € L2((0,T); Wy*(€2)) satisfying ol 20,y w120y < 1
we have

T
/ /'Uat@
o Ja
T T 1 T
:7/ /Vvsngof/ /vsfln(lJreus)cer/ /vsU€~V<p
0o Ja o Jo ¢ 0o Jo

r : v\
s(/ /me?) 16l 2 0myszzcay + el e @xcory) (/ / u) 1l omezacan)

. }
+ [[vell oo (2 (0,7)) (/0 /QU5|2> IVoll 2o,y 02(0) -

again concluding the proof with the aid of Lemma 6.2.11. O

Lemma 6.2.15. For all T > 0 there is C > 0 such that

0=l 0,7y w32y < € (6.27)
holds for any e > 0.
Proof. Let 9 € L*(0,T; W;(2)) with [|9]| 12 p.wis gy = 1. Then

T T T T T
//Ustws —//VUE.VH//}@UE@@UEVH//UEW.H//f.q
0JQ 0JQ 0JQ 0JQ 0JQ

S IVUell 20,1y, 22 () IV 9l 220,722 02

+ 1Y2Uell 220,720 () 1Ue poe (0.1:22(0) 1V 9 L2 (0,723 ()
+ IVl poe ) Nuell L2 0,7):20)) 191l L2 0,7y 22 (02))
U 2 07928 o 19N 220,750 (92)) - (6.28)

Here we can use that by the embedding W12(Q) < L5(;R?) and nonexpansiveness of Y. on
L2(Q) (see e.g. 87, (I1.3.4.6)]) there is k > 0 such that for any € > 0

IYoUlllgoqy < FIVYeUlllaq) = k||42VeU, Y.ARUL

L2(Q) L2(Q)

< kHA%UE

Ly E[VU 12(q) -

Thus, the bounds on [|[VUellr2(0.7).12(0)): 1Uell Lo (0,7);22(02))0 ¥ellp2(0,7);12(0)) from Lemma
6.2.11 entail boundedness of the expression in (6.28), so that (6.27) results. O
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6.2 Existence of weak solutions

6.2.4 Passing to the limit. Proof of Theorem 6.1.1

With these lemmata we have collected sufficiently many estimates to construct weak solutions
by compactness arguments. Before doing so, let us define what a weak solution is supposed to
be:

Definition 6.2.16. A weak solution of (6.1) is a triple (u,v,U) of functions such that

w € L3,([0,00); L2(2)) N L, ([0, 00); W (1)),

v € Lioe([0,00); WH*(Q)) and
U € Lie([0, 00); Wy 7 (),

and that

/OT/Qucpt/Quocp(.,o)/oT/QuU.w/Olvu.w+x/f/ﬂuw.w
//Wt/w(.,o)//w.w/OT/QW.Wé /quga andT
//U v — /UO //U®U Vz/J——ALVU-V¢+AAuV¢V<I>+/{)/J-¢

hold for any ¢ € C§°(Q x [0,00)) and any ¢ € C§% (2 x [0,00)), respectively.
Such weak solutions do exist:

Proposition 6.2.17. There exist a sequence (&5);en \( 0 and functions u, v, U such that u €

leocg(t[h t 00); L)L ([0, 00); W (), v € L2,,([0,00); WH(92)), U € L2, ([0, 00); Wy 2(2))

U = U in Lloc([(), 00); LP(Q))) for allp € [1, %) and a.e. in Q x (0,00), (6.29)
Ve = U in CP ([0, 00); LP(Q)) for allp € [1,6) and a.e. in Q x (0,00), (6.30)
ve v in L°(Q x (t,t+1)) for allt >0, (6.31)
Us—=-U in leoc([O, 00); LP(Q;R?)) for allp € [1,6) and a.e. in Q x (0,00), (6.32)
Vu. = Vu in L > ([0,00); L3 (Q; R?)), (6.33)
Vo, = Vo in L§S.([0, 00); L2 (S R?)), (6.34)
VU. =~ VU in L},.([0,00); L*(Q; R3*3)), (6.35)
Y.U. - U in L}.(]0,00); L2(Q;R?)) and (6.36)
Us = U in L7, .([0,00); L*(2)), (6.37)

as € = €5 \y 0, and such that (u,v,U) form a weak solution to (6.1) in the sense of Definition
6.2.16.

Proof. For any p € [1,42), W 3(Q) & LP(Q) — (W3 4(Q))*, so that for any T > 0 the bound

on ||u5||L3 (o0.Twh 4 @) from Lemma 6.2.11, which was independent of ¢, together with Lemma
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

6.2.13 and [86, Corollary 4] shows relative compactness of {uc;e > 0} in L3 ((0,T); LP(€)) and
thus ensures the existence of a sequence (), en satisfying (6.29). Because for any T > 0 there

is a uniform bound on fOT Jo ®(u) for ¥(z) = ZIn(z), {u2;e > 0} is weakly relatively pre-
compact in L'(Q x (0,7)) by the Dunford-Pettis theorem (cf. [21, Thm. 1V.8.9]) and hence,
along a subsequence of (£;);en, uZ — 2z in L'(Q2 x (0,7)) for some z € L*(Q2 x (0,7)), where
2 has to coincide with u? due to (6.29). In particular, fOT Jquz — TfQ u? as ¢; — 0.
Since moreover, along a further subsequence, u. — wu in L?OC([O,OO);LB(Q)) due to (6.26),

we obtain (6.37). Similarly, bounds on v. with respect to the norm of L°([0,T); W12((Q))
and on vy in L2([0,T); (W12(2))*) as obtained in Lemma 6.2.11 and Lemma 6.2.14 and the

embedding W12(Q) & LP(Q) — (W33(Q))* for all p € [1,6) allow for an application of
[86, Corollary 4], which yields (6.30) along a suitable subsequence of the sequence previously
found. Similar reasoning for U, combining bounds on U. in L2([0,7T); W12(Q)) and on U,
in L2([0,T); W213(Q))*), results in (6.32). Due to (6.32), also for almost every ¢t > 0 we
have U.(-,t) — U(-,t) and taking into account [87, II.(3.4.6)] and [87, II.(3.4.8)] shows that
IVeUs = Ull oy < IVeUe = YoU + YU = YU | 20y < U = Ull 2y + [(Ye = Y)Ul| L2 () = 0
for a.e. ¢t > 0. Since ||YeUe[12(q) < IUcll12(q) and [|Ue|[12(q) converges in L?((0,T)), a version
of Lebesgue’s theorem ensures the validity of (6.36). Convergence of the gradients along further
subsequences, as asserted in (6.33), (6.34) and (6.35), is easily obtained from the bounds given
in Lemma 6.2.11. The convergence properties asserted in (6.30), (6.32), (6.33), (6.34),(6.35),
(6.36) and (6.37) finally, are sufficient to pass to the limit in each integral making up a weak
formulation of system (6.4), so that (u,v,U) is a weak solution to (6.1). O

The most important consequence of this proposition is that the existence theorem is proven:

Proof of Theorem 6.1.1. The theorem is part of the statement proven by Proposition 6.2.17. [

6.3 Eventual smoothness and asymptotics

6.3.1 Lower bound for the bacterial mass

Although we already know an upper bound for fQ u, we are still lacking a corresponding estimate
from below, which was crucial in the derivation of the convergence of v in [107]. Consideration
of the function

G 5() :/Qus(~,t)H/SZIHW+B/§21;3(-,t), t € (0, 00)

7 K 2

will help us to recover this lower bound. At the same time, we will obtain another cornerstone
for the proof of convergence of u (see Lemma 6.3.9 and Lemma 6.3.18).

In [108], a similar functional has been employed to obtain convergence of u and v to a constant
equilibrium. The model considered there contains the Keller-Segel equation as second equation
and due to the contributions of the production term +wu therein, whose influence is increased
with increasing values of B, it was not possible to choose B arbitrarily large there, which in the
end resulted in a largeness condition on p ([108, (8.3)]). Thanks to the consumption term in
(6.4a), all terms obtained from this equation work in favour of our estimate and we do not need
a corresponding condition on g and can choose B in such a way that G, p becomes an energy
functional.
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6.3 Eventual smoothness and asymptotics

Lemma 6.3.1. There is By such that for any B > By and any € > 0, we have

u—52+i Veel® on (0, 00) (6.38)
T op 2utq uz T T '

d
aga,B(t) + ,U/

Q

Proof. Let By := ”X and B > By. The derivative of G, p then satisfies

l.

d Ue
&ge,B:/uet_f/ : +B/'U5'U€t
/ / /Aus K /V'(Hw / /
= Ue — b | U — — +—x] ———F—— | 1+k | u.
Ue HoJa u

1
+7/U5 Vie | g vsAvs—B/vgfln(l+su5)—B/UEVUE~UE
Q Q Q Q

I Ue €

on (0,00) and for all 5 > 0. Here we can use that U, is divergence-free and hence integration by
parts shows that [, V v?)-U, vanishes as well as Jo Us-VInu.. Furthermore we can summarize
the terms without derlvatlves according to

2 2
fu/ugfi/lJer/uE:fu/ <ueﬁ> on (0,00) and for all € > 0
Q Ko Jo Q Q H

so that for all € > 0 we obtain

2
K |Vu5|2 / ue VU,
sl ) e V/
geB N/ <Us > uQ + i Jo (1 +€u€)ug Ue

—B/|V1}E|2 B/v —In(1 + eue)

n (0,00). Nonnegativity of fQ vZ ln(l + eue) and an application of Young’s inequality together

with the trivial estimate (Jm <1 yield
d \° &k Vuel>  ® Vu |  kx?
| (u—) o [ Rl [R50 [9up -5 [ vup
de Q 1% pJa  uz 2u Jo  uZ 2 Jo Q
n (0,00) for any € > 0, so that we finally arrive at (6.38). O

We collect the estimates implicitly contained in Lemma 6.3.1:

Lemma 6.3.2. There are k > 0 and C > 0 such that for any e >0

/ ue(+,t) >k for allt >0, and (6.39)
Q

/OOO/Q (u - Z>2 <C. (6.40)

Proof. Let B > By with By as in Lemma 6.3.1 and € > 0. For any ¢ > 0, integration of (6.38)
on (0,t) yields

2 t 2
K paie (-, t) B/ ) /t/< /<;> /{/ |V

uc(t) == [ mE 22 ) 4 Ue — — | 4+ —
/QE():U/Q K 296() o Ja\ = n 2u Jo Jo ul
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

S/uo—ﬁ/ @—l——/vo.
Q K
In particular, for all ¢ > 0,
E/IHM>/ () — /uﬁi /v3+ﬁ/ln@
K Ja k Q rJo K
|Vu€\2
L L
” oM (6.41)
B/ > / o //( ) K /t V]
—fuw——=[vy+—/In + Us — — — .
/QO 2 Jo 0 ) 2n Jo Jo o u

Since ﬁfﬂ ln’“‘si & f ”“5 = Joue(-t) is bounded according to Lemma 6.2.5, this
entails (6.40). The estunate in (6 41) also shows that

E'vt 1 B
/lnuu()>M{—/u0—/v8+ﬁ/lnuuo]::k1 for all t > 0,
Q K €2 192 Q 2 Ja K Ja K

so that Jensen’s inequality implies

Y

,/ug(.’t)i Zefnln v Tl > el forallt >0
Q

and hence (6.39). O

For later reference, we state an immediate consequence of (6.40).

Corollary 6.3.3. The function u obtained in Proposition 6.2.17 satisfies

[ (t) <

Proof. With C as in (6.40), for any T € (0, 00),

[ =5y =i [0 (-t) <c

by (6.37). 0

6.3.2 Decay of oxygen

With the lower bound on the bacterial mass from Lemma 6.3.2 we are well-equipped for the
derivation of decay of v by means of (6.4b). Smallness of v will play an important role in Section
6.3.3, when we derive bounds on u. in higher LP-norms via a differential inequality holding for
small values of v, only. For turning such bounds into information on u, it will be crucial that
the validity of the ODI does not hinge on € too much, i.e. that the decay of v, be uniform in
€. In pursuance of this uniformity, in the following lemma we will consider v instead of v. and
afterwards carry back the decay information to the v. (which, due to their differentiability, are
much better suited for making an appearance in ODIs like that in the proof of Lemma 6.3.8).
The idea of the proof of boundedness of v, is taken from [107, Sec. 4].
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6.3 Eventual smoothness and asymptotics

Lemma 6.3.4. For any n > 0 there is T > 0 such that for anyt > T

t+1
0< / / v <.
t Ja
Proof. Integrating (6.4b) shows that

n(1
/vo // +su€ forany t >0 and any ¢ > 0,

which in light of (6.30), (6.29) asserts that

t
/UOZ//UU forallt >0
Q o Ja

t+1
/ / uv — 0 as t — oo. (6.42)
t Ja

Denoting the average value ﬁ Jov(-,t) of v(-,t) by ©(-,t) we observe that

:[H/Qu(v—v)Jr/tmv/Qu for all ¢ > 0, (6.43)
[ oo = () (o) st o o)

with ¢p, k1 being constants obtained from Poincaré’s inequality and Lemma 6.2.5 in combination
with (6.37). We use kz to denote the positive lower bound for [, u, which is guaranteed to exist by

Lemma 6.3.2 and (6.29). Since Vo € L2(Qx (0, 00); R%) due to Lemma 6.2.4, ["f,, u(v—5) — 0
as t — oo and taking (6.42) and (6.43) into account, we see that

1 t+1 t+1
S—/ /kaS/ ﬁ/u%O as t — oo. O
Qe Ja ¢ Q

We transfer this information back to the functions v.:

and hence in particular

+1
uv

where

Corollary 6.3.5. For any n > 0 there is T > 0 such that for allt > T there is e = €¢(t) > 0

such that for any € € (0,0)
t+1
[ [w<n
¢ Q

Proof. This directly results from Lemma 6.3.4 and (6.30). O

Lemma 6.3.6. For any n > 0 there are T > 0 and g9 > 0 such that for every t > T and every
e € (0,e0) we have

[ve (5 )l Lo () < 7
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Proof. The Gagliardo-Nirenberg inequality asserts the existence of k; > 0 such that

12 1
16l < Fr (Il o 1915 oy + 160y for all o € WH(9) (6.44)

and according to Lemma 6.2.11 there is k2 > 0 such that

t41
/ Vo |* < ks  forallt>0,e>0. (6.45)
t Jo

Let n > 0. Let § > 0 be such that k1k25%5T13 + k15 < 1. Due to Corollary 6.3.5 there are Ty > 0

and g9 > 0 such that for every ¢ € (0,e09) we have f;;gﬂfﬂ ve < §. Invoking (6.44) and (6.45),
we see that

To+1 To+1 12 n To+1
L Wl < [ 190l gy el [ oelage
0 0

To
To+1 4 To+1 % o
<t [T 0ol ) ([ el ) 1 s
To To

§k1k§%5% + k0 <n for any ¢ € (0,&9).

3
13

In particular, for every € € (0, o), there is at least one g € [T, To+1] such that [[ve (-, o) || o (o) <
n and thus, due to monotonicity of v. (Lemma 6.2.3), for all € € (0,g9) and all t > T := T + 1,

||Us('vt)HLoc(Q) <7 O
Corollary 6.3.7. The function v obtained in Proposition 6.2.17 satisfies
”v("t)HLOC(Q) —0 ast — oo.

Proof. Combining Lemma 6.3.6 with (6.31) this convergence statement results immediately. [

6.3.3 Boundedness of u

In obtaining eventual smoothness and convergence of the solutions constructed in Proposition
6.2.17, we will heavily rely on estimates for higher norms of u. We can achieve those for large
times in Lemma 6.3.8 and prepare this by deriving a differential inequality for y.(t) := fQ ﬁ,
which holds for small values of v.. Fortunately, we already have established that [|ve (-, )| (o)
converges to 0.

The same quantity has proven useful in the derivation of estimates for [[u(-,¢) 1, for large
t already in [118, Sec. 5| and [107, Sec. 5]. Note, however, that there (that is: in the setting
without logistic source) the analogue of (6.49) below would read

) [2p6 + xp(p — 1)n)? ul?|Vu,|?
vt (4((9(1 o) i) PP ”) /Q UETS

so that the right hand side already equalled zero, and hence at the same time bounds on the
-2 2
expression f:HfQ % could be obtained.

The fact that y is defined on intervals (7', co) for large T only, raises the problem that the initial
values y.(T') are unknown and differ for varying . Fortunately, the nonlinear absorptive term
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6.3 Eventual smoothness and asymptotics

allows for comparison with solutions ’starting from initial data oo’ (see (6.50)), so that the bound
on y. does not depend on [, u2(T') and hence not on e.

Also, it is important to note that 7' may (and will) depend on p, but is independent of ¢ due to
the uniformity of the decay of v, asserted by Lemma 6.3.6. This will be decisive when transferring
the bounds on [|uc||,(q) to [[ullpm(q)-

Lemma 6.3.8. For any p € (1,00) there are T* >0, €9 > 0 and C > 0 such that

[utn<c
Q
for allt > T* and all € € (0,e9).

Proof. Let p > 1. First fix § > 0 so small that
4p*0 + 4p*0x(p — 1) + X*p*(p — 1)°0 < 2p(p — 1)

and let 0 < 7 < min{1,6 }. Then

? 2px

4p*0 + 4p*Ox(p — 1)% +x*’(p - 1) 997 <dp(p —1)[1 +6 — xpn]
and hence

4p°0% + 4p”Ox(p — Vn + x*p*(p — 1)%0° < 4p(p — 1)0[1 + 0 — xpn),
that is,

(20 + xp(p — 1)n)* < p(p — 1)40(1 + 6 — xpn). (6.46)
We use Lemma 6.3.6 to fix T' > 0 and gy > 0 such that for any € € (0,¢p), t > T, we have

n
[0 ()l oo () < 5 (6.47)

Let € € (0,£0). Then

(t) / ug t>T
y = T N\p» — b
) Q (77—115)0

is well-defined, and on (7', c0) we can compute

d u? / uPlugy / u?
— =p +6 v
dt Jo (n=vo)? " Ja =) 7 Jg (n—we)HO
_p/ p 1Aua Xp/ u;g_lv'(1+5u vvs) _p/ Ug_lUg'Vug
o (n—wve)b Q (n —wve)? o (n—we)?
uzg up+1
A Arery

val e PE. .
+9/ ueave 9/“ & +E“)—9/“€U T (648)
Q

_ Ua 9+1 — v, 1+6 (77 _ ’UE)1+0

Here we use that, since U, is divergence-free, we have
=117 . PU. -V p
7p/u€ c GUE*G/ U Ueg 1:)_60—/U5~V( Ue 9)—0 on(T,oo).
o (m—v) o (nm—ve) Q (1 —ve)
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Furthermore, employing Hoélder’s inequality, we estimate

P

L= () (hae)” <) (haer)”

on (T,00) by (6.47), so that
1+1
uP 3 141
(ftip) =l e
g

uttt n’
‘”p/g (p—vo)? = X (2m|)

We infer from (6.48) by integration by parts that

ub 2|\ Vu|? ub™ 'Vu, - Vo WP~ Vu, - Vo
YL < p(p—l)/ﬁ— 9/ Eo+18+xp(p—1)/( = —

D=

(n—wve) o (1+eue)(n —wve)?
UP‘V’UE‘Q 141
0 . —k ’
R / (1 +eue)(n —ve)1+0 ey i
=1l .V Py, |2 Pl (] +
gp/wgmg)/wo/w on (T, 00).
o (n—v)'t o (n—ve)** o (m—ve)'t
We use that Hw <1 and (by (6.47)) 1 < rszvE < 2 as well as nonpositivity of the last term
and get
’ u?”?|Vau|? ul| Vo [*
yS—pp—l/i—ﬂlJr@ —xo0n) | ———5
) ( ) o (n—wve)? ¢ ) ] o (n—wv)?t?
uP~Vu.||Vo 1+1
+ [0 + xp(p — 1)n + Gp]/ W + kpye — kiye 7, on (T, 00),
(9] - Ue

where an application of Young’s inequality reveals that for any ¢ > T,

R e T

~ (200 + xp(p — L)n)® / ul”2 (1) Vue (-, 1) 2
~ 4(0(1+0) — xpon) Jo (n —ve)?

and thereby leads to

uP(- v-(- t)]?
+ (6(1 + 6) — xpdn) /Q s((;tﬂz)sz(ﬁet)'

2p0 + xp(p — 1)n)? ul?|Vu| +3
L < [ -plp—1 /74—@5—16 5”
_<4(9(1+9)xp977) =D o —we T ek
<wpye —kiye * on (T,00) (6.49)

by (6.46). Because

L B wen B
ye(T)r KD Kp

solves z/ = kpz — k1z1+%, z2(T) = y(T), by a straightforward comparison argument we infer
Ye < z on (T, 00) and thus

uP uP kl —P
ul < -0 7< 9/75:‘9 t<9{1e”} .
\/Q S / E _U5>0 —7’ 9 (n_vs)g 77 yE( ) —17 K}p( )
fort >T*:=T+ 1. O

z(t) : =

k1 et P
< = _ H(t T) .
Lp (1 e )} , t>T, (6.50)
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6.3 Eventual smoothness and asymptotics

One particular consequence of this bound is the following:

Lemma 6.3.9. For any p > 1 and any 6 > 0 there is T > 0 such that for any t > T there is
€0 > 0 such that for any € € (0,¢0)

/t+3
t

Proof. Let § > 0, let p > 1. Employing Lemma 6.3.8 we let T > 0, &, > 0 and C > 0
be such that [, gp t) < C% for all t > Ty, € € (0,&,). From (6.40) and (6.37) we in-
2

fer that fOOOfQ (u - ﬁ) is finite. Hence, there is T > T, such that for all ¢ > T we have

Ug — — < 0.

Ml Le ()

2
ftHS Jo (u - ﬁ) < 1677233 (C + ﬁ|Q|ﬁ)472p. Due to (6.37), for all ¢ > T we can find

t+3 2 2p—293—2 L\
¢ > 0 such that for all € € (0,,) we have [, [ (ug—ﬁ) < §2r—23 —P<C’+ﬁ\9|zp) .
For any ¢t > T, we let g9 := min{e,,e;}. By interpolation and Holder’s inequality, for any ¢t > T
and any ¢ € (0,&):

R

2p
2p—3
LQ“(Q)>

I

t+3 pil A=
t L2(9) Fllzze (o)
L 2p—4 Zp-3
t+3 2 2p—2 t+3 K 72273 2p—2
< Ue — —
L2(9) t PllLze (o)
2p—3
—4 —
172 . 2p—2
/ /t

t+3 2p—2 +3
I (v ) P

1 2p—3

4-2p\ 2p—2 o ) 22\ P2
621) 233 217 C’+|Q2p) 3<C+|Q|2p)
o

6.3.4 Convergence of U

IN

"
X
|

As starting point for convergence and eventual smoothness of U we prove the following

Lemma 6.3.10. For any q € [1,6) and any n > 0 there is T > 0 such that for any t > T one
can find eg = go(t) > 0 such that for any € € (0,¢&9),

t+1 9
| Wty <

Proof. According to Lemma 6.2.9 applied to { = ﬁ, there is C' > 0 such that for any € > 0

2 5
g/|UE|2+/|VUE\2§C/ (ue—“) +C(/ |f|§> on (0,00).
dt Jo Q Q 0 Q

2
Due to (6.3) and the uniform bound for fOOOfQ (ue — ﬁ) from (6.40), apparently there is C' > 0
such that .
/ U+, )2 —/ Ug +/ / VU< C
Q Q 0 Ja
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

for all ¢ > 0 and any ¢ > 0. Accordingly, due to (6.35),

o0 t4+1
/ / |VU|* < / U2+ C andhence lim / / |VU|?> = 0.
0o Ja Q t—=oo Jy Q

Because W12(Q) — L4(Q), for any 7 > 0 there is T > 0 such that for any ¢t > T we have

ftﬂ ||U||iq(9) < 2 and thus, by (6.32), for any 7 > 0 there is 7" > 0 such that for any ¢t > T

¢
there is €p > 0 such that for any € € (0, ¢g), tt+1 ||U€||2Lq(Q) <. O

Lemma 6.3.11. For any p € [6,00) and any 6 > 0 there is T > 0 such that for any t > T there
is €0 = €o(t) > 0 such that for any € € (0,¢0),

1U=(,8)l oy <0 for any s € [t,t +1].

Proof. We let p > 6 and choose g € (3,6) such that
3 1 1 1 3 3
__3(_>:+_>0 (6.51)

and define vy := %(% — %) We use LP-L?-estimates for the Stokes semigroup (see e.g. [14, Lemma

2.3]) to choose constants ki, ko, k3, k4 and ks such that

le™ P o) <kat™ " 1191 Lagey for all ¢ € LY(®;R°) and all ¢ > 0,
e 4PV -8 gy kot 27 19l for all 9 € L* (% R?) and all ¢ > 0 and
le™" P2 Loy ks 19] 2o for all ¢ € LP(;R?) and all t >0 (6.52)
and that

3 3
/ He_(‘n’_S)AP?(~,5)‘ o) ds < k4/0 (B—s) 7267w IPeCs)ll, 3 ) ds

0
<ks su 5 8)||. s 6.53
<ho s 190,91 (6.53)
for all ¢ € L*((0,3); L2 (Q;R?)), and pick & € (0,) such that
3 -1 3 -1
1 3 1 3
0p < <2k2/ 522‘105_27d3) and Jg < (2]€2/ 322pd3) . (6.54)
0 0

We then choose tg such that for every ¢ > tg we can find £; > 0 such that for any € € (0,¢;)

t+1 5o t+3 P do
el <gis [ w2 < ’
/t ellLa (@) Syp, ; S ) 34k [V
do
d Ty 2 < )
o se(stl,lgr:s) I S)HLg(Q) 374ks

4k
inequality), Lemma 6.3.9 and (6.3). We let t; > to and € € (0,&4,) and find ¢, € (1,11 +
1) such that [|Ue(t:o)|l o) < 2o We define T = tg+2. In X = {V: (t,,t. +3) —

2
which is possible due to Lemma 6.3.10 (applied to n = (6—0) and combined with Holder’s

ki°
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6.3 Eventual smoothness and asymptotics

LP(QR?); supye(o,3) 87 IV (-t + 8o < do} we now consider the mapping ¥: X — X
given by

Y(V)(t) = e U (1) + / t TPV (V@ V)(,8) +uc(-, )V + f(-, )] ds

[
for t € (t,,t, +3).

First, we verify that actually ¥(V) € X for all V' € X. Taking into account (6.52) and (6.53),
for any such V' we may estimate

ty+3 K

ue(, 8) — ;

+ k3 ||V(I)||L°°(Q)/

te

ds+ks sup [[f(,9)] s
L7(Q) SE(tasts+3) Lz(@)
for all t € (t,,t« + 3). Thus, if we use the choice of ¢, and e, that Y. is contracting and that
VeV < HVH%p(Q) by Holder’s inequality, we see that for every t € (., ¢, +3) and every
VelX,

L5 (Q)
60 ¢ _1_3 =) (5() (50
(=t )" VIOl o) < T do (G037ka [ (t—s)" 272 (s—1) ds | + 177 S 90,
ty
(6.55)

where for the estimate ftt (t— s)_%_%(s —t,)"ds < fOB(t - s)_%_%s*%ds we rely on (6.51)
and where we take into account (6.54). Moreover, for any V,W € X,

VeV -WeWl|Lqyz = ||V®(V—W)+(V—W)®W||Lg(m
< (Vo) Wl Lo@) IV = Wil oy < 200 IV = Wi 1o (q)

and hence for all ¢ € (t,,t, + 3),

t
_1_3
[V)(@) =T W)D) Lo 0 Skz/ t—s) 2w [VoV-WeWl| g, ds
t

3
_1_3
§2k7250/0 57272 ds |V = Wil oo 0,120 (02)) »

so that ¥ apparently is a contraction on X. Therefore, there is a unique fixed point of ¥ on X,
which, due to the definition of ¥, must coincide with the unique weak solution U, of (6.4c) on
(e, t +3) (cf. [87, Thm. V.2.5.1]). From (6.55) we may conclude that

”UE('?t)“LP(Q) <9
forall t € (tx + 1, +3) D (t1 + 2,61 + 3). O

In the following lemmata, we will attempt to prove Hélder regularity of the components of a
solution on intervals of the form (to,to + 1) for o > 0 by using that they satisfy certain PDEs.
The estimates used for this purpose take into account initial data, that is, e.g., U(to), about
which we do not know much. Therefore, we introduce the following cut-off functions:

Definition 6.3.12. Let {y: R — [0,1] be a smooth, monotone function, satisfying & = 0 on
(—00,0] and & =1 on (1,00) and for any tg € R we let &, := &o(- — to).
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

We will employ this function in the proof of the following lemma on regularity of U-..

Lemma 6.3.13. There are v € (0,1), T > 0 and C > 0 such that for any t > T one can find
g0 = €o(t) > 0 such that for any e € (0,g9) the estimate

||U5Hcl'*'"{y%(ﬁx[t’t_"_l];Rg) S C (6.56)
holds true.
Proof. Let s > 3 and s; > 2s. Let » > 1 and let s} be such that - + & = 1. According to
Lemma 6.3.8 there are C' > 0, 71 > 0 satisfying that for any ¢t > T there 1s €1 > 0 such that
t+1
/ ltcl oy <C forall € (0,e1) (6.57)
t

and Lemma 6.3.11 makes it possible to find 7' > T3, such that for all ¢ > T there is ¢; € (0,¢1)
such that

HUEHLOO((t,t-&-Q);LT(Q) <C, ||U€||L°°((t,t+2);L5(Q)) < C’ HU&HLOO((t,t+2);LS/1 () <C (658)

for every e € (0,&;). Moreover, given any tg > T we let £ := &, as in Definition 6.3.12 and note
that due to (6.57), (6.58) and (6.3) there is kg > 0 such that

/:OH PE (u — N) V<I>

for any to > T and € € (0,¢e4,). We then for any ¢y > 0 let £ := &, and observe that the function
&U. solves

ARGV O e <k 6.59
+ ellLs(Q) + ” ffHLS(Q) S Ko ( . )
@) Jto "

(€U = A(EUL) — (YU - V)EU. + V(EP:) + Eu VD +Ef + &0, in  x (tg, )
V-(&U:)=0 in Q x (tg, )
(EU)(yt0) =0 in Q, (EU)=0 on 90 x (tg,00)

and hence the known maximal Sobolev regularity estimate for the Stokes semigroup ([27], cf.
Lemma 5.3.6 for the corresponding statement concerning the heat semigroup) yields a constant
k1 > 0 such that

to+2 X to+
| Nl + / |D2evn)|]
to

to

b (6.60)

to+2 to+2
<hfos [T IPUErt DU+ [ [P (0= 2) ve|
to to K Ls(Q)

to+2 to+2
‘) ‘) |
to to ()

From the boundedness of the Helmholtz projection in L"-spaces and Hoélder’s inequality we obtain
ko > 0 such that for any tqg > T

Loy < k2 YU U)o o
< b2 |U=( )10 ) IV (EU) GBI

L*1(Q)
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6.3 Eventual smoothness and asymptotics

< kO IV (EU) () 2w

[~
-

wl=

for all ¢ € (to,t0 + 2) and any € € (0,e4,). We let a = =7 and observe that a € (3,1).
Hence the Gagliardo-Nirenberg inequality (Lemma 3.4.3) provides us with k3 > 0 such that for

all to > T

ol
o |-

I

V(U D01 ) < Fs | D2 U 0|5 g €U (D)

< ksCUm DU ()| ) forallt € (to,to +2).2 € (0,e4).

Therefore, employing Young’s inequality, we find k4 > 0 such that for all ¢ty > T

to+2
s / IP((Y.UL - V)(EU.))|

to

9 to+2 ) s
L) S ferkoksC 20 /to |D?(U.))| L:(Q)

1 to+2 ) s
< §/t |1 D?(EUL)|[ () + 2k
0

for all € € (0,&¢,). Combining this with (6.59), we thus can find k5 > 0 such that (6.60) turns
into

Ls (Q) S k5

to+2 1 to+2 )
G A R L CReA]
0

to

for any to > T and any € € (0,ep). Accordingly, for any s > 1 there are C > 0, T' > 0 such that
for any ¢t > T there is g9 > 0 satisfying that for any e € (0, &)

1 Uet|

re(arne ) T IUell ey ws @) < C-

Finally, by [5, Thm. 1.1], this implies (6.56). O

6.3.5 Eventual smoothness of v

Applying a similar reasoning, concerning v we obtain bounds of the same kind.

Lemma 6.3.14. For every p € (1,00) there are C > 0 and T > 0, such that for any t > T there
is €9 > 0 such that

t+1 t+1
[ el ey + / [oellyra oy < C (6.61)

for all € € (0,20) and moreover there are C > 0, T > 0 and v € (0,1) such that for any t > T
there is g = €o(t) > 0 such that

||Ue||Cl+v%(§x[t,t+1]) =C

for any € € (0,&¢).

Proof. Let p € (1,00) and choose g € (1,p). We use Lemma 6.3.13 and Lemma 6.3.8 to choose
T, > 0 such that there are Cy > 0 and C,, > 0, for any t > T, allowing us to find ; > 0 such
that

HU6||L°°(Q><(t,t+2)) <Cy and ||U6HLeo((T,oo);Lp(Q)) < Cy for all £ € (0, &¢).
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6 Long-term behaviour in a chemotaxis-fluid system with logistic source

We then employ maximal Sobolev estimates for the Neumann heat semigroup ([27], see Lemma
5.3.6), which yield k1 > 0 such that

to+2 to+2
| Nl + [ A€
0 0

to+2 to+2 to+2
<t (04 [ 10 Tl + [l e ey [ 1€ )

to to to
to+2
< ki CE / 19 (€0e) I8y + 261 ool (C2 + 1€ oy
0

for any tg > T and any ¢ € (0,e9). With k3 > 0 being the constant featured by the Gagliardo-
Nirenberg inequality (Lemma 3.4.3 with the same argument as in Lemma 5.3.4 ii) to replace D?
by A), for any tg > T we moreover have

kY IV(€02) (D0 0y ka8 (60) ()15 ) €0 Gy Eag@)! + Fe 1€0e (5 DI
S§IIA(£UE)( o) + K3 180070 () + F2 00l o)

for any ¢ E (0,et,) and t € (to,to + 2), where k3 > 0 is obtained from Young’s inequality and

a:= 5 P+1 satisfies a € ( 1). In total, we have found k4 > 0 such that for any tq > T,
q

2_ 1
3. p

to+2 1 to+2
| W +5 [ IAE) ey < ks
0

to

holds for any € € (0,&4,). Due to £ =1 on (to + 1,%9 + 2), we in particular have shown that for
any p > 1 there are C' > 0, T := T, + 1 > 0 such that for any tg > T we can find g9 > 0 such

that for any e € (0,¢¢)
to+2 to+2
L Mol + [ el < -
to+1 to+1

Using sufficiently high values of p, an application of the embedding result in [5] refines this into
the assertion on Hélder continuity. O

6.3.6 Smoothness of u
Inter alia depending on Lemma 6.3.8 and (6.61), we can achieve the same for w.:

Lemma 6.3.15. There are v € (0,1), C > 0 and T > 0 such that for any t > T there is
g0 = €o(t) > 0 with any € € (0,e9) satisfying

<C.

”usnclﬂ*%(ﬁx[t,tﬂ]) =

Proof. Let p € (1,00), g € (1,p). Using Lemma 6.3.8, we fix Ty > 0, C,, > 0 such that for any
e > 0, for any t > Tj,

lueC Ol ponia) < Cu Mlucls )Ly < Cus Nue(3 D)l o) < Cu-

Aided by Lemma 6.3.14 and Lemma 6.3.11 we then choose C,, > 0, Cy > 0 and T > T such
that for any ¢ > T there is ; > 0 such that for any ¢ € (0, &)

t+2
2
IVoelimaeern €0 [ 180l <€y
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6.3 Eventual smoothness and asymptotics

1U:(, 8)| oo ) < Cu for all s € (t,t+ 2).

From the Gagliardo-Nirenberg inequality (Lemma 3.4.3 combined with e.g. [23, Thm. 19.1] (cf.
Lemma 5.3.4 ii)) for estimating || D?¢|| by |A¢||)) and Young’s inequality we see that for any
n > 0 we can find C,, > 0 such that

1—a
IVl ) < ka DG o) [0l + ka6l a i) < M 1AL ) + Collélhaq — (6:62)

1,11
for all ¢ € W2P(Q) with 8,,¢)|aﬂ = 0, where a = QI‘{ ‘f and k; > 0 is the constant obtained

from the Gagliardo-Nirenberg inequality. For any ¢ > T and any € € (0,&¢) we may estimate

Ug
HW' (1 +wswa)

p p

Vu, - Vo, Uge

= +
H€(1+5u5)2 E1+a€u€ Lr()

< 2P ||V (&uc) - VUE”LP(Q +2° HUEHIEM Q) HAU€||L2P
<2°CY Hv(g'US)HLp(Q +2°CY ||A’U5||L2p

Av,

Lr(Q)

on (t,t+2). The maximal Sobolev estimates for the heat semigroup ([27]) once more assert that
with some ky > 0

t+2 t+42
[ ey T

t+2 t+2
< k2/ ||5Ua : VUE”Z[),p(Q) + kQX/
t t

p

&V <1+€ €Vv5)

t+2 t+2 »
+ sz‘&/ 1€uelly ooy + k2:“/ H@EHLF»(Q)
t t

for any ¢ > 0 and any € > 0. Taking into account the estimates prepared above, for ¢ > T and
e € (0,e;) we thus obtain

t+2 t+42
J R ey TN
t+2

t+2
<halCh+2C) [ IV ) + 2L [ 1Al + Faln W)Cult + 1)
t

LP(Q)

1 t+2
< POIT 4 el p)Cult +1 =05 [ A€y + o el
t

where we have used (6.62) with n = W

t+2 1 t+2
luetllZ +f/ |2, o) < Cr
/t+1 etiiLr(Q) 9 1 ellLr(Q)

for any ¢ > T and any € € (0,¢;), where we have set Cy = 2PCP/C\, + ka(k + p)C(t +1 —t) +
C,C,. O

Finally, since £ = 1 on (¢t + 1,t 4+ 2), we
conclude

6.3.7 Improved smoothness

Having found uniform Hélder bounds on u., v. and U, for € > 0 in the previous three lemmata,
also u, v and U share this regularity and these bounds.

133



6 Long-term behaviour in a chemotaxis-fluid system with logistic source

Corollary 6.3.16. There are v € (0,1) and Ty > 0 as well as a subsequence {ej, }ren of the
sequence from Proposition 6.2.17 such that for any t > Ty

e s u, ve—v in CYEQx[ht+1]), U.—U i CYHVE@x[t,t+1];R?)
as € = ¢; \( 0. Moreover, there is C > 0 such that for all t > Ty

<, <C U, <C. (6.63)

||u||cl+7%(§x[t,t+1]) HUHCHV%(Ex[t,Hl]) Qx[t,t+1];R3) —

Proof. This is an immediate consequence of Lemma 6.3.15, Lemma 6.3.14 and Lemma 6.3.13. O

Lemma 6.3.17. There are T > 0 and v € (0,1) such that
w,v e CHYTI(Q X [T,00)), UeC*1H3(Q x [T,00);R?).
Proof. With £ as in Definition 6.3.12 (and with T" as in the previous lemmata), the problem
U =Av+g, O(T)=0, 8,0],,=0, (6.64)

for g = —fuv — EUVv +v€' € CV(Q x (T, 00)) is solved by &v, the solution of this problem is
unique according to [48, IIL1.5.1], and there is a solution belonging to C?t71+3 (Q x [T 4 1, 00)).
We conclude that v € C?*71+3(Q x [T + 1, 00)).

Moreover, £u solves the following initial boundary value problem for u:

U =Au—a-Vu+b, uT)=0, 8,ul,,=0, (6.65)
where
a=xVv+U, b= —xuAvE + kué — pu*é + &'u

satisfy a,b € 073 (Q x (T, 00)). Theorem [48, TV.5.3] guarantees the existence of a solution u €
C? 7143 (Q x [T, 00)) to (6.65), and the uniqueness assertion in [48, ITL.5.1] for weak solutions of
(6.65) shows that £u = . Due to £ = 1 on [T'+1,00), we conclude u € C?t7143 (A x [T+1, 00)).
Finally, £U solves

E0)e = A(EU) + PEU = &U - V)U +&uVe +£f), V- (§U) =0,

(EU)(, T~ 1) =0,

(gU)’aQ =0,
where P(&'U — (U - V)U + &uV® + £f) is Holder continuous according to Corollary 6.3.16,
(6.3) and [14, Lemma A.2|. The regularity assertion of [88, Thm. 1.1], if combined with the

uniqueness result in [87, Thm. V.1.5.1], thus yields the desired smoothness of (U on [T — 1, 00)
and hence of U on [T, c0). O

6.3.8 Convergence
Lemma 6.3.18. The solution (u,v,U) of (6.1) constructed in Proposition 6.2.17 satisfies

u(-,t) = —, v(-,t) = 0, U(-,t) =0 ast — oo

in CY(Q) and C*(Q;R3), respectively.
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6.3 Eventual smoothness and asymptotics

Proof. Assume v(-,t) 4 0 in C'(Q2) as t — oo. Then there are 1y > 0 and ¢; — oo such that
[o(,ti)llcr @ > mo for all j € N. Due to (6.63) and by the compact embedding CH(Q) &

C*(Q) there is some function vs, € C*(Q) such that v(-,t;,) — v along a subsequence (¢, )ren
of (tj)jen and therefore v(-,t;,) — voo in L>(2) as t — oo, which shows that, according to
Corollary 6.3.7, voc = 0. But ||v(',tjk)\|cl(§) —0 contradicts ||v(',tj)||cl(5) > n for all j € N.

We proceed similarly for U: Assuming U # 0 in C(Q;R?), we find 1 > 0, t; = oo and
Uso € CY(Q;R?) such that ||U(.7tjk>||cl(§;R3) > no and U(-,t;) = Uso in CH(SLR3). If Uy £ 0,
for some arbitrary p > 4 there are 71 > 0 and a subsequence (¢j, )ren Of (¢j)jen such that
o, tjk)||Lp(Q) > 1. With 7} as in Corollary 6.3.16, we may use Lemma 6.3.11 to obtain T > Tj
such that for any ¢ > T there is £, > 0 such that for all € € (0,2;) we have |Uc(-,?)[| 1) < %
and pick j such that t; > T" and & such that for all € € (0,e0), [|[U=(-,2;)[| 1n(q) < % We observe

that thereby [[U(-,¢;) = Uz (- 85)l o) > M — 2 > 0, which contradicts Corollary 6.3.16.
As to the convergence of u we define

u;j(z,8) = u(z,j+s), x€Q, sel0,1],

and claim that u; — 4 in C1O(Q2x[0,1]) as j — oo. Were this not the case, we could find 19 > 0

m CLo@x[o.1D) > ng for all £ € N. Due to

the bound on w in (6.63), wj, — Uee in C0(Q2 x [0, 1]) with some us, € CH(Q x [0,1]). Because

and a sequence (jg)ren C N, ji — 00, such that ’ Uj, —

2
fol fQ (uj (z,s) — %) dxds — 0 as j — oo according to Corollary 6.3.3, us = ﬁ7 contradicting

m Cro@x(o) > no. Hence u; — - in CH(2x [0,1]) as j — oo, and

— 0 as j — oo implies that u(-,t) — % ast—oo. O

either uj, — o Or ||uj, —

k

m

in particular sup,¢p 1 Huj('7 s) —

c (@)

6.3.9 Proof of Theorem 6.1.2
Proof of Theorem 6.1.2. The theorem immediately results from Lemmata 6.3.17 and 6.3.18. [
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