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Zusammenfassung

In dieser Arbeit untersuchen wir das Zusammenspiel bestimmter dreifacher
Massey-Produkte mit assoziativen r—Matrizen und den sogenannten Szego-Kernen.
Im ersten Kapitel wiederholen wir die algebraisch-geometrische Theorie der as-
soziativen Yang-Baxter-Gleichung, die diese Identitdt mit der Untersuchung von
Vektorbiindeln iiber Kurven des arithmetischen Geschlecht 1 in Beziehung setzt.
Ausgehend von bestimmten Vektorbiindeln auf der kubischen Weierstraf-Kurve,
berechnen wir im zweiten Kapitel Losungen der oben genannten Gleichung, die
sogenannten assoziativen r—Matrizen. Im dritten Kapitel stellen wir Szego-Kerne
vor, beweisen, dass sie schiefsymmetrisch sind, und zeigen, dass sie durch dreifache
Massey-Produkte beschrieben werden kénnen, die mit Vektorbiindeln {iber Goren-
stein-Kurven assoziiert sind. Dariiber hinaus leiten wir zwei Identitdten ab, die
solche Kernfunktionen erfiillen miissen, insbesondere sollte die Zweite als eine gar-
bentheoretische Version der matrixwertigen Fay Identitit betrachtet werden. Im
letzten Teil dieser Arbeit wiederholen wir einige Ergebnisse beziiglich Linienbiin-
deln iiber Riemannschen Flachen und Theta-Funktionen, um als besonderen Fall

unserer Identitéit die trisekante Identitit von Fay abzuleiten.

Abstract

In this thesis we investigate the interplay of certain triple Massey products with
associative r—matrices and the so called Szego kernels. In the first chapter we
recall the algebro-geometric theory of the associative Yang-Baxter equation which
relates this identity to the study of vector bundles over curves of arithmetic genus
one. In the second chapter, starting with certain vector bundles over Weierstraf
cubic curve, we compute solutions, the so called associative r—matrices, of the
aforementioned equation. In chapter three we introduce Szegé kernels, we prove
that they are skew-symmetric, and we show that they can be described through
triple Massey products associated with vector bundles over Gorenstein curves.
Moreover, we derive two identities which these kernel functions have to satisty,
in particular the second one should be considered as a sheaf-theoretic version of
the matrix-valued Fay’s identity. In the final part of this thesis we recall some

results regarding line bundles over Riemann surfaces and theta functions in order



to deduce, as a particular case of our identity, the Fay’s trisecant identity.
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INTRODUCTION

In this thesis, we study tensor-valued functions satisfying the associative Yang-
Baxter equation and their analogs. Such functions arise from appropriate triple
Massey products in the derived category of coherent sheaves on Gorenstein curves
or as Szegd kernels associated with vector bundles on such curves with vanishing
cohomology. In the first part of this work, we study the algebro-geometric aspects
of the associative Yang-Baxter equation and we compute solutions, also called asso-
ciative r—matrices, of this identity. In the second part, we identify certain Massey
products with the aforementioned Szeg6 kernels via canonical isomorphisms. We

also investigate some identities that these kernel functions satisfy.

The associative Yang-Baxter equation (AYBE) appeared for the first time in a
work of Fomin and Kirillov [23] in the context of intersection theory on flag vari-
eties. Later, it was studied in connection with deformation theory of Hopf algebras
by Aguiar in [1, 2]. Finally, Polishchuk [39], in the framework of A.-categories,
introduced the version with spectral parameters as follows.

Let r : (C*,0) — Mat,»,(C) ® Mat,»,(C) be the germ of a meromorphic function,

then the associative Yang-Baxter equation is the identity

TIZ(mhmz;21722)7“23(7”177”3;22,23) =

= r3(my, ms; 21, 23)7°12(m3, me; 21, 22) + 7‘23(m2, ms; 2o, z3)7"13(m1,m2; 21, 23),

where ¥ = ¢% or and ¢% are appropriate embeddings of Mat, ., (C)®? into
Mat,, ., (C)®3, for instance 0'*(a ® b) = a ® b ® 1. We shall study solutions of
the AYBE which satisfy the property

T12(m1,m2;z1,z2) = —TZI(mzaml;Z%Zl)
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and that are invertible, for generic points (my, mo; 21, 22), viewed as elements in
End(Mat,«,(C)) =~ Mat,,(C)®?; these r—matrices are called skew-symmetric
and non-degenerate, respectively.

The approach of Polishchuk, which was further developed by Burban and Kreus-
sler in [18], permits to obtain a skew-symmetric, non-degenerate and associative
r—matrix from a pair of non-isomorphic, stable vector bundles over a Calabi-Yau
curve and a pair of distinct points belonging to the same irreducible component.
These solutions are obtained by computing appropriate triple Massey products in
the bounded category of coherent sheaves on such curves. Irreducible Calabi-Yau
curves are just Weierstra cubic curves W C P?(C), i.e. curves given by the equa-
tion zu? = 4v® — av2? — as23; where a1, as € C.

The smoothness of these curves is controlled by the discriminant Disc(aq,as) =
a} — 27a3. In the case a; = ay = 0, the singularity of the corresponding Weier-
strakl cubic is a cusp; it is a node for any other non-trivial solution of the relation
Disc(aq, as) = 0, whereas it is smooth, in particular it is an elliptic curve, when
Disc(ay, az) # 0.

Using the theory of stable vector bundles over W, Burban and Kreussler obtained
a more explicit description of the aforementioned Massey products which permits
a direct computation of r—matrices. Inspired by this method, we obtain solutions
of the AYBE as follows.

We know, from the theory of elliptic curves, that for any couple (ay, az) such that
Disc(ay, az) # 0, there exists a 7 € C, with the property (7) > 0, such that the
corresponding Weierstraf cubic is isomorphic to the 1—dimensional complex torus
T, =C/(Z+7Z). Let (n,d) € NT X Z be two coprime integers and M (n, d) be the
moduli space of stable vector bundles of rank n and degree d over T,,. Moreover,
let U(n,d) be a universal family on M(n,d), take ¢ = exp(?*4) and define the

n

matrices

10 0 01 0
0 ¢ ... 0 :
By=1 ) and B; := '
oo T : |
00 ... ¢t 10 ... 0O

We can now state the first result of this thesis:
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Theorem A. Let (n,d) € NT x Z be a pair of coprime integers. Then the fol-
lowing s a solution of the associative Yang-Baxter equation corresponding to the

universal family U(n, d)

—2mid d
r(m;z) = Z exp < ;Z az)m<g<b — aT> + %, z) B, @ By,

where
B 01(0|7)0,(m + z|7)

Kk(m, z) =
2 = g i ()
s the Kronecker function, m = mo —mq, 2 = 20 — z1 and By, = Bngb whereas

B, = 1B!B;e.

T n

In the case of nodal and cuspidal Weierstrak curves, using the description of stable
vector bundles over singular Weierstraf cubic curves due to Bodnarchuk and Bur-
ban, see for instance [12, 15|, we perform computations of associative r—matrices
forn=3 and d = 1.

As mentioned above, in the second part of this thesis we study Szegd kernels.
They owe their name to the mathematician Gabor Szego, who introduced them in
the context of complex analysis, however their fame, in the framework of algebraic
geometry, is due to Fay [20, 21]. Inspired by the paper of Polishchuk [41], which we
elaborate and further develop, we relate these kernel functions to appropriate triple
Massey products as well as, in particular cases, to solutions of the Yang-Baxter
equation.

Let C' be a Gorenstein, reduced, projective curve of positive arithmetic genus
g and X be a non-empty regular irreducible subset of C. Let £ be a vector bundle
over C, we shall denote by £* its dual and by £¥ the bundle £*®Q¢ ~ Hom(E, Q¢),
where Q¢ is the dualising sheaf of C'. We shall also introduce the concept of a good
triple, which is a tuple (€, x,y) such that: £ is a vector bundle on C, x # y € X,
the canonical maps H°(C, &) — &|, and H(C,EY) — £VY|, are zero. In this setting

one can define a triple Massey product

mivy : Hom(O¢, C,) ® Ext'(C,, £) ® Hom(&, C,) — Hom(Og¢, C,)
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as well as a map S¢(x,y)
H°(C,&(x))

S (x,y)

(€ @Q0)l

Ely,

where res, and ev, are canonical maps defined in Section 3.3. Using Serre Duality
and applying some canonical maps which are explicitly described in Section 3.4,

we obtain an isomorphism

Lin(Hom(O¢, C,) ® Ext'(C,, ) ® Hom(&, C,), Hom(Og¢, C,)) =~ (1)
~ Lin((€ @ Q). Ely)-

Theorem B. For any good triple (€, z,y), the map S¢(x,y) is the image of the

Massey product m&, via the isomorphism (1).

Y
The existence of the aforementioned identification, already observed by Polishchuk
in [41], is here proved in a new and more general form, since the underlying curve
C is not required to be smooth. Moreover, if we further suppose H°(C,&) =0 =

HY(C,€&), there exists an isomorphism
H(C x X, "R E|x(A)) — H(C,End(€]x)),

where A is the image of the diagonal embedding 6 : X — C x X.

Thus we call Szegd kernel the unique element S € HO(C' x X,EVRE|x(A)) whose
residue along the diagonal is the identity matrix; i.e. resa(S) = LEnd(e]x)-

Using the Riemann-Roch theorem, one can easily see that the vanishing of coho-
mology immediately implies that (€, z,y) is good for all distinct points z,y € X.

We shall recall the existence of a canonical isomorphism
€%s ® Ely ~ Lin((€ @ Q¢)la, £ly)

so that we can state the following result.

Theorem C. If € is a vector bundle over C such that H°(C,&) = 0= H'(C,¢),
then, for any x,y € X x X \ A, the tensor S(z,y) and the map S¢(x,y) get iden-

tified via the canonical isomorphism above.
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Let us now introduce the map 7 : X x X — X x X, which sends (z,y) to (y, ),
and A : EYXE — EXEY, which permutes both factors of the product at the level

of appropriate local sections. The following holds:

Theorem D. The Szegé kernel S is skew-symmetric, i.e.

A8) = —7*(9)

viewed as a meromorphic section of EY K E.

The skew-symmetry of the Szegt kernel S, at least in the case of smooth curves,
seems to be known, nevertheless we could not find a clear proof in the algebro-
geometric framework.

At this point, an observation made by Polishchuk [41] is useful. Unfortunately it
seems that the author does not provide any proof of this, so we have independently

developed his proposal, obtaining the next result:

Theorem E. Let &, ..., &, be vector bundles over C. LetT : & ®---®E, — Q¢
be a morphism of vector bundles and x+, ..., x, be points of X such that the triples

(&, x4, ;) are good for any t # j. Then the following relation is true:

Z T:ri (Z'dgi(gg*cm &® ® ng (xj, :L’Z)) =0.
i=1

J#i

Since the triple (Oc(y1 — x1), 21, 2) is good for all distinct points z1,y1,2 € X,
the element SOcW1=21) (g 2) is well-defined, moreover it is an isomorphism. We

denote it by s(z) and we state the following result.

Theorem F. Let £ be a vector bundle such that H°(C,E) = 0 = HY(C,€).
Then the following equality holds:

SEE) (20, yo)s(20) (o) ™ = SE (0, Yo) — S (1, Y0) - S (w1, y1) S (w0, y1), (2)

where xg,T1,Yo, 1 € X are four distinct points.
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The latter equation is a sheaf-theoretic version of the celebrated matrix-valued
Fay’s trisecant identity. This relation appeared for the first time in line bun-
dle cases in [20], as an equality between theta functions, and it owes the name
trisecant to Mumford [36], who used it to show that the family of trisecants of
the Kummer variety of a Riemann surface of positive genus is four-dimensional.
Later, it was generalized by Fay in [21], who developed the vector bundle case. In
order to see that the equation (2) and the one in [21] are equivalent, we have to
work over smooth curves, then, using the theory of theta functions, one obtains
s(xo)s(yo) ™' = %%, where E is the prime form as in [36].

Under this identification, the equation in Theorem F reduces directly to the matrix-
valued Fay’s identity. As an ulterior corollary, in the case of line bundles, the
equation in Theorem F immediately gives the one in [20]. Furthermore, when the
genus of C' is equal to one, the Szegd kernel S is given by the Kronecker function
mentioned in Theorem A. Moreover, a straightforward computation shows that in
this case the Fay’s identity and the associative Yang-Baxter equations are equiva-

lent.
Organization of the material:

In Chapter one, we introduce the AYBE and we recall results of Polishchuk [39] as
well as those of Burban and Kreussler [18| regarding triple Massey products and

their description through residue and evaluation sequences.

In Chapter two, we summarize classical results about vector bundles over ellip-
tic curves from |5, 37| and on their degenerations from [12, 13, 15, 18]. We then
perform computations of r—matrices in particular cases of nodal and cuspidal cu-
bics. Afterwards, we obtain the elliptic solutions cited in Theorem A above. These
results can be found in Sections 2.7, 2.8 and 2.9. We conclude the chapter relating
those solutions to other forms of Yang-Baxter equation, namely the quantum and

the classical one.

In Chapter three, we start recalling some results from [25], which relate Szego ker-

nels to the classical Yang-Baxter equation. Then we proceed comparing the kernel
£

x7y7

function S with S¢ and the triple Massey product m demonstrating Theorems
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B, C and D; these are contained in Sections 3.3, 3.4 and 3.5. We conclude the

chapter with Section 3.6 in which we prove the results stated in Theorems E and F.

In Chapter four, we recall some classical results about Riemann surfaces and theta
functions, we also construct a universal line bundle over C' x C' X Pic?"'(C') due to
which we can deduce Fay’s identity and the scalar associative Yang-Baxter equa-

tion from Theorem F.

Acknowledgements. I wish to express my sincere gratitude to my advisor Igor
Burban for introducing me to the topic of this thesis and for having shared with
me his mathematical knowledge. I thank the DFG for financially supporting me
via the grant CRC/TRR 191.
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e We denote by W C P?(C) the Weierstral cubic curve, i.e. a plane projective
curve defined by the equation zu? = 4v3 — a,v2? — ae23; where a;,ay € C.
It is irreducible and its arithmetic genus is 1. Moreover, it is smooth if
aj — 27a3 # 0, its singularity is cusp if a; = ap = 0, whereas it is a node in

any other case if a — 27a3 = 0.

e We use the symbol D2, , (W) to denote the triangulated category of bounded
complexes of O-modules with coherent cohomology. Whereas Perf(W) is the
full subcategory of D%, (W) admitting a bounded locally free resolution.

e Let C be areduced projective Gorenstein curve, n : C' — C its normalization,
Q¢ be its dualising sheaf and denote by M the sheaf of meromorphic 1-
forms over C. Then Q¢ can be identified with the sheaf of regular 1-forms
defined as follows. For any open set U C C' a regular 1-form over U is an
element w € I'(U,n.Mg) such that for any x € C' and any f € O¢(U) one
has

Z res,, ((f on)w) =0,
zi€n—1(x)
where res is the standard residue on the smooth curve C.

Observe that on any non-singular part of C, a regular 1-form is holomorphic.

e If £ is a vector bundle over a curve C' and x € C, &|, is the fiber of £ over .
Whereas we denote by C, the skyscraper sheaf supported at x. Moreover,
we will denote by Vec(C) the category of vector bundles over C.

e For any vector bundle &£ over a curve C' the symbol £* stands for the dual of
& whereas €Y = £* ® Q¢ ~ Hom(&, Q¢).
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The notations Hom(—, —) and Ext(—, —) are mainly used for global mor-
phisms and extensions between coherent sheaves or vector bundles, while

Lin(—, —) denotes maps between vector spaces.
We denote by h™"(C, &) the dimension of the space H"(C,E) for all n € N.

Especially in chapter four, we shall identify classes of line bundles over a

Riemann surface with divisors modulo linear equivalence.

Given a curve C and a vector bundle £ we will denote by S the associated
Szegd kernel and by S¢ the morphism corresponding to S via the identifica-

tion described in Section 3.3.
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CHAPTER 1

ASSOCIATIVE YANG-BAXTER EQUA-
TION

In this chapter we introduce the associative Yang-Baxter equation starting
with the algebraic definition and giving its solution. We then introduce appro-
priate triple Massey products and recall the results of Polishchuk [39], Burban
and Kreussler [18] in order to show how these products can be used to construct
solutions of the associative Yang-Baxter equation starting with a geometric data.
Continuing with such an approach, we conclude this chapter defining the residue
and evaluation sequences, so that we will be able to give a different and more
explicit description of the aforementioned Massey products. Such products will
be related to the study of vector bundles over a Weierstrafs cubic curve. This last
description of the Massey products will be used in chapter two in order to compute

solutions of the associative Yang-Baxter equation.

1.1 Associative Yang-Baxter equation

Let M = Mat,,«,(C) be the algebra of n x n matrices over C, with n € N. Let
r: (C* 0) = M®M be the germ of a meromorphic function and o : M®? — M®3,
i #j, 1,7 € {1,2,3}, be the map which sends a simple tensor A®@ B € M @ M
to the element with A in -th spot, B in the j-th spot and 1 in the remaining
tensor factor; for instance 0'3(A® B) = A® 1 ® B. If we define "/ = ¥ or, then
the most general version of the associative Yang-Baxter equation (AYBE) is the

following



1.1. ASSOCIATIVE YANG-BAXTER EQUATION

7‘12(

ml,mQ;21,2’2)7"23(7711,7713;22,23) = (11)
= Tlg(ml,m3; 21, Z3)Tl2(m3, ma; 21, 22) + 7”23(7712, mgs; z2, 23)7“13(7711,7”2; 21, 23)-

If r satisfies the latter relation, it is said to be a solution of the AYBE or, equiva-

lently, an associative r—matrix or simply r—matrix.
Definition 1.1.1. Let r(mq,ms; 21, 22) be an r—matrix.

(i) r is called non-degenerate if, under the canonical isomorphism M ® M ~

End(M) induced by the trace map, it is invertible for generic (my, mo; 21, 23).

(ii) Let g : (C?,0) — GL,(C) be the germ of a holomorphic function, then the

function r’'(myq, ma; 21, 29) equal to

(g(ma; 21) ® g(ma; 25))r(my, ma, 21, 25) (g(Ma; 21) 71 @ g(ma; 25) )
is still an r—matrix, which is said to be gauge equivalent to 7.

(iii) 7 is called skew-symmetric if 712(my, mo; 21, 22) = —1r*(ma, my; 29, 21).

Observe that gauge equivalence preserves skew-symmetry.

In this thesis we will mainly work on skew-symmetric solutions of (1.1) that
depend on the difference m = m; — mo. Then, once we introduce the notation

r(my, mo; 21, 22) = (M, 21, 22), the AYBE can be rewritten as follows

2 (n; 21, 20)r® (0 4+ m; 29, 23) = (1.2)

= rlg(n +m; 2, 23)7°12(—m; 21, 29) + 7"23(m; 29, zg)r13(n; 21,23).

One can easily specialize the definitions of non-degeneracy, skew-symmetry and

gauge equivalence to this case.

FEzrample 1.1.2. We take M = Matoyo(C) with the standard basis given by the

vectors ey, 7,k € {1,2}. Then the following expression is a solution of (1.2)

2
1 1
r(m;z) = %]l@)]l—i—; Z eij @ ej;
ij=1

which can be proved by a straightforward computation.



1.2. TRIPLE MASSEY PRODUCTS AND AYBE OVER IRREDUCIBLE
CALABI-YAU CURVES

1.2 Triple Massey products and AYBE over irre-

ducible Calabi-Yau curves

A Calabi-Yau curve is a reduced projective Gorenstein curve with trivial du-
alising sheaf. A complete classification of such curves is given by the following
list:

(i) a generic configuration of n > 3 concurrent lines in P!,
(i) a cuspidal plane cubic curve,
(iii) a tachnode cubic curve,
(iv) a cycle of n > 1 projective lines, that is, for n = 1, a nodal cubic,
(v) an elliptic curve.

A proof for the latter classification can be found in [47], Section 3. If we also
assume our curve to be irreducible, then the Calabi-Yau curves are exactly the
Weierstral cubics that we are going to define now.

Let W C P?(C) be a WeierstraR cubic curve, i.e. a plane projective curve defined

2 _ 923, where a;,a; € C. These curves are

by the equation zu? = 4v® — a vz
irreducible and they have arithmetic genus one. Let us define the discriminant of W
as Disc(ay, az) := a? —27a3. Tt is well-known that W is smooth if Disc(ay, ag) # 0,
in this case W is an elliptic curve, it is a nodal curve (ordinary double point) if
Disc(ay,az) = 0 and (aq, az) # (0,0), whereas it is a cusp if (a1, a2) = (0,0).

Let W be a Weierstrals curve over C. It is well-known that the choice of a
non-zero element w € H°(W, Qy ) induces an isomorphism Qy ~, Ow, so that we
can always identify these two sheaves. Let z; # 2z, € W be two distinct points and
&1 2 & be two non-isomorphic vector bundles such that rank(&;) = rank(&,;),

moreover
Hom(El, 52) =0 and Eth(gth) = 0. (13)

Observe that non-isomorphic simple vector bundles of same rank and degree satisfy



1.2. TRIPLE MASSEY PRODUCTS AND AYBE OVER IRREDUCIBLE
CALABI-YAU CURVES

the latter condition. We call triple Massey product the following map

Hom(&;,C,,) ® Ext'(C,,, &) ® Hom(&, C.,) (1.4)

£1,E9
Mzi,29

Hom(El, (CZQ)7

where C,, and C,, are skyscraper sheaves and the map is defined as follows. Let
e € Ext!(C,,, &), f € Hom(&E,C,,) and g € Hom(&,, C.,). The element e can be

represented by a short exact sequence

0 &~ B—-C,, 0.

The conditions (1.3) imply that there exist unique lifts of f and g to morphisms
f:& > Band §: B — C.,. This gives the following commutative diagram:

E
~\
f

e:0 £ —2 b,C,, 0

B
N
g
C.,,

and the triple Massey product is defined as m& €2 (f®e®g) = §f. We now observe

21,22

—_

that Serre Duality, for a curve with trivial dualising sheaf, assures the existence of

a bifunctorial isomorphism:
Ext!(F, &) ~ Hom(&E, F)*, (1.5)

for any vector bundle & and F over W. Using the isomorphism (1.5), we can

rewrite m&£2 as follows

m&€2  Hom(&y, C.,) ® Hom(&,, C.,) — Hom(&, C,,) ® Hom(&;,C.,).  (1.6)

21,22
In fact

Lin(Hom(&;, C.,) ® Ext'(C.,, &) ® Hom(&,, C.,), Hom(&;, C.,) ~
Lin(Hom(&;, C,,) ® Hom(&,, C,, ), Hom(&,, C,,) ® Hom(&;, C,,)).

4



1.2. TRIPLE MASSEY PRODUCTS AND AYBE OVER IRREDUCIBLE
CALABI-YAU CURVES

Observe now that mé’;v&

2122 can be thought as a linear map

mére . gﬂm ® g§|z2 — 55"’51 ® 5ik|z2

21,22

Let v be the following canonical isomorphism of vector spaces
¢ : Hom(5f|21 ® 5;|Z2vg;|21 ® 8f|22) — Hom(52|217 51|Z1) ® H0m<51|22752|22)7

then we define
7,,81,52 — w(m&,&). (17)

21,22 21,22

The following theorem is due to Polishchuk [39], for the case when W is smooth,

and it has been generalized by Burban and Kreussler [18] to the singular cases.
Theorem 1.2.1. Let W be a Weierstraf$ cubic curve, then

. g ’g . . . .
(i) ri12 satisfies the associative Yang-Bazter equation

(7’51783)13(7"83’52)12 _ (7"81’52)12(7“81783)23 + (7’82’53)23(7°81’€2)13 —=0. (1.8)

21,23 21,22 21,22 22,23 22,23 21,23

(ii) The tensor r$%2 is skew-symmetric:

7’(’/“81’52) — _ &6

r
21,22 22,217

where T is the map which flips the entries, i.e. T(a®b) =b® a.

&1,E2

2122 is non-degenerate.

(i1i) Moreover, r

Proof. Let us give an idea of the proof.
(i) Let us denote by D%, (W) the triangulated category of bounded complexes

of Oy — modules with coherent cohomology and by Perf(1W) its full-subcategory

admitting a bounded locally free resolution. Since W is Gorenstein, we have

Perf(W)—— Hott,, (I(W))

|

(W)
Do (W) —— Hot g, (I(W)),

where the horizontal lines are isomorphisms and Hot o, (I(W)) is the sub-category

of the homotopy theory, whose objects are complexes such that all cohomologies

3



1.2. TRIPLE MASSEY PRODUCTS AND AYBE OVER IRREDUCIBLE
CALABI-YAU CURVES

are coherent sheaves on W. As a consequence of the homological perturbation
lemma of Kadeishvili [31], Perf(1V) is an A.-category. This means that, for any
collection of objects Zy, ..., Z, € Perf(W), we have linear maps

®Z:1 EXtiS (Zsflv ZS)

[

Ext/ 02 (7, 7,)

satisfying the identities

> D) u(1% @m; 1Y) =0,
i1, >0 i+j+l=n
By definition ms is the usual composition of morphisms. It is well-known that, in
the sense of triangulated category for &;, &, satisfying (1.3) and z; # 2 € W, mg3
is a map from Hom(&;, C.,) ® Ext*(C.,, &) ® Hom(&, C.,) to Hom (&, C.,) equal
to m&-22 defined in (1.4). The latter relation and the vanishing of Hom and Ext,

which allows us to cancel all terms m;, j # 3, lead to

(m53,52)12(m51,€3>13 . (

21,22 21,23 7 81753)23 (m51,52)12 + (m51,€2>13<m€2,53)23 - O)

m
22,23 21,22 21,23 22,23

viewed as a map

Hom(&,C,,) ® Hom(&, C,,) ® Hom(&;, C,,) —
— Hom(&;,C,,) ® Hom(&;, C,,) ® Hom(&, C.,).

Applying (1.7) to this equation we get the statement.

(77) The skew-symmetry remains to be proved. We now suppose W to be an elliptic
curve and we take a; € Hom(&,,C.,,), B € Ext'(C,,,&), ax € Hom(&,,C,,),
By € BExt'(&,,C,,). Then the skew-symmetry follows from the compatibility of the
A, structure with the Serre pairing given by p : Hom(&, F) x Ext!(F, &) — C.
Namely:

p(mfﬂ(ahBhGQ)MBQ) = —p(a17m3(51,a2752)) = —p(m3(02,52,a1)751)-

It remains to apply the isomorphism v to get the statement. A generalization
to the cuspidal and nodal case follows from the continuity of the Massey product

with respect to a family of Weierstrall cubic curves, see |18, Section 6] for more

6



1.3. RESIDUE AND EVALUATION SEQUENCES

details.

(11i) One can prove, see [39, Theorems 3 and 4], that 7122 is non-degenerate if
and only if Ext'(€;(22), E2(21)) = 0. The statement follows by conditions (1.3) and
using Riemann-Roch theorem. O]

Remark 1.2.2. Observe that the AYBE which appears in Theorem 1.2.1 is more
abstract than the one introduced in Section 1.1. They match under a choice of
a trivialization of the universal family of stable vector bundles. Details will be

treated in the next chapter.

1.3 Residue and Evaluation sequences

Let W be a Weierstrak cubic curve, W,., be the set of smooth points of W
and Qy be the sheaf of global differential 1-forms on W. Recall that we have an
isomorphism Qy ~, Oy, where w is a non-zero global section of €2y,. We then fix

such an w and for any p € W,., we define the following short exact sequence
0 — Qu — Qu(p) == C, — 0. (1.9)
Lemma 1.3.1. Let &, &y be two vector bundles over W such that
Ext' (€1, &) =0 = Hom(&E, &)
and w be as above, then for any point p € W,y the following map is an isomorphism

resgt® - Hom(E1, £ (p)) — Lin(&ily, Ealy)- (1.10)

Proof. We recall the proof of Burban and Kreussler in [18].
We take the sequence (1.9), we use the isomorphism, which depends on the choice

of w, Qw ~ O to get the sequence
O—>OW—>(’)W(p)resﬂ>CpHO.

We now tensor the sequence above by & and we apply Hom(&, —), so we get

0— Hom(é’l, 82) — HOHl(gl, gg(p)) —_ Hom(é’l, 82 X (Cp) — Eth (51, 82)



1.3. RESIDUE AND EVALUATION SEQUENCES

By hypothesis Ext' (€, &) = 0 = Hom(&;, &), then

Hom(&;, &(p)) ~ Hom(&;, & @ C,).

We now conclude defining 1res1floj€2 as Reszflf? composed with the canonical isomor-

phism Hom(&;, & ® C,) >~ Lin(&|,, &|,)-
[

We now introduce another short exact sequence. Let ¢ € W,,, the evaluation

sequence is the following
0— O(—q) — 0 =% C, — 0. (1.11)

Burban and Kreussler in [18] noticed that it induces another important isomor-

phism.
Lemma 1.3.2. Let &, & be two vector bundles over W such that
EXt1<817€2(p —¢q)) =0 =Hom(&, &(p — q)),

then for any two points p,q € Wiy, such that p # q, the following map is an
1somorphism
ev‘;:l’&(p) : Hom(&;, &(p)) — Lin(&ilg, £2q)- (1.12)

Proof. We tensor the sequence (1.11) by & (p), then we get
Evyg
0—&((p—q) — Ep) — &) @Ci — 0.

Applying the functor Hom(&;, —) we get

£1,E90
gql 2(p)

0 — Hom(&1, & (p — q)) — Hom(&y, E3(p)) ———— Hom(&y, E(p) @ Cy) —

- Eth(&, Ep —q)).

Since Ext! (€1, & (p —q)) and Hom(&;, E(p — q)) are both 0 and & (p)|, =~ &4, the

map in the statement is obtained composing ﬂil’&(” ) with the canonical morphism

Hom(&y, &(p) ® Cq) = Lin(€1|qa €2|q>- O
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Then, according to the previous two lemmas, the map
PE1LE2 _ o,€1,82(p) &1,82\~1
R} =ev, o(res;)?)

is well-defined, i.e.

~ . (reSi,lJ;gQ)fl evgl’EQ(m .
REVE : Lin(&Ey,, &) Hom(&;, &(p)) ———— Lin(&1y, E24)-

(1.13)
Before stating the main theorem of this section, recall that we have the following

isomorphism of vector spaces
Hom(&|,, &1 ],) ® Hom (&1, E2l,) = Lin(Lin(& |, &), Lin(&lg, &) (1.14)

Theorem 1.3.3. ([18, Section 4]) The map Rﬁ}q’& defined as above is the image

of 512 (1.7) under the canonical isomorphism (1.14).

The latter theorem allows us to compute the triple Massey products in terms
of residue and evaluation sequences. In the next sections we will provide a triv-
ialization of vector bundles over cubic curves and consequently also an explicit
description of the maps which appear in (1.13). Once we fix a trivialization, we
will have that the AYBE (1.8) corresponds to the associative Yang-Baxter equation
(1.1), see [18] for further details.



CHAPTER 2

VECTOR BUNDLES ON IRREDUCIBLE
CALABI-YAU CURVES

In this chapter we will study vector bundles over irreducible Calabi-Yau curves
that, as already stated in Section 1.2, are just Weierstraft cubic curves. Why are
we interested in studying those vector bundles? The answer is given by a theorem
of Burban and Kreussler [18|. Let M(n,d) be the moduli space of stable vector
bundles of rank n and degree d over a Weierstrals curve W, U be a universal family
and ¢ = {U,, ¢, } be a trivialization of U. Recall that U is a vector bundle over
W x M(n,d) such that, for any vector bundle V over W, there exists a unique v €
M(n,d) such that V ~ U|w () :=U". We take 21, 2o € W, my,my € M(n,d) and
we consider the corresponding vector bundles U™, U™? on W. Then, if we denote
by rg(mi, ma, 21, 22) € Mat,«,(C) ® Mat, «,(C) the image under the trivialization
¢ of the map %" “™* € Hom(&|.,,&1l.,) ® Hom(&|.,, &.,), which appears in

equation (1.7), the following theorem holds.
Theorem 2.0.1. [18] Provided that gcd(n,d) = 1, the tensor ry(my, mo, 21, 22):

(1) is an r—matriz in the sense of Section 1.1, i.e. it satisfies the associative

Yang-Bazter equation (1.1);
(1) is skew-symmetric;
i11) is non-degenerate;
(i) i deg ;

(iv) a different trivialization v provides a solution 1y, gauge equivalent to rg.

10



2.1. CATEGORY OF TRIPLES AND VECTOR BUNDLES ON THE
PROJECTIVE LINE

Namely, one can associate to any coprime couple of numbers (n,d) € N x Z an

associative r—matrix with the properties stated above.

2.1 Category of triples and vector bundles on the
projective line

In this and the next sections we will study vector bundles on singular cubic
curves following the approach of [18]. In order to deal with them we have to
introduce the category of triples.

Let C' be a reduced singular projective curve. Consider the following commu-

A
A

tative diagram

o
—

(@GN

(03
—

Q—
3

where:
(1) n: C — C is the normalization of C,

(17) Con = Homo(n.(Og), Oc) = Annp(n.(Og)/O¢) is the so called conductor
ideal sheaf;

(17i) o : A =V (Con) — C is the closed artinian subspace defined by Con and
supported at the singular points of C, whereas & : A — C is its pull-back in

A.
Let us denote v = an = na.

Definition 2.1.1. The category T'pl(C) of triples is defined as follows.

(i) Objects: They are triples (£,V, \), where € is a vector bundle over C, N €
Vec(A) and
AtV = aré

is an isomorphism of O ; modules.

11



2.1. CATEGORY OF TRIPLES AND VECTOR BUNDLES ON THE
PROJECTIVE LINE

(i1) Morphisms: Homzyc) (€1, Vi, M), (€2, Vo, A2)) consists of all pairs (f, g),
where f: & — & and ¢ : V; — V, are morphisms of vector bundles such
that the following diagram is commutative

AV 608 (2.1)

ﬁ*(g)l ld*(f)

WV 225 646,y
It is easy to see that T'pl(C') has a natural interior tensor product
(E1,V1,M) © (62, V2,00) = (E1 @ E,V1 @ Vo, M @ o).

The main theorem about category of triples and its relation with the category of
vector bundles over C' is the following.

Theorem 2.1.2. (i) There exists an equivalence of categories
O Vec(C) — Tpl(C)

given by
B(E) = (n'E,a”E, W),

where \e : *(*E) — a*(n*E) is the canonical isomorphism. Furthermore,
and the determinant commutes with the functor ®; i.e. ® o det ~ det o P.

(1) The quasi-inverse

U Tpl(C) = Vec(C)

associates to a triple (c‘?, V, 5\) the locally free coherent sheaf
£ = Ker(n,£ @ a,V Lem), v, &*E),

where ¢ = ¢ is the canonical morphism n.E — v,&*E and X is the composi-

. N Ui (X s
tion oY == v, &V —(—)—> v,a*E.

12



2.1. CATEGORY OF TRIPLES AND VECTOR BUNDLES ON THE
PROJECTIVE LINE

(i11) Let Ty = (&, Vi, M), i € {1,2}, be a pair of objects in Tpl(C) and & = U(T;).
Then ®(Home(&1,E2)) is isomorphic to

(HOmé(gh 52)7 HomA(517 g?)a h(;\17 ;\2>>a

where h arises from the commutative diagram:

ﬁ*HOmA<51, 52) M) &*HOmé((cjl, 52)

C(l?’LJ J{CCL'I’L

HOWA(d*gL fl*gg) M) HOmA(d*gl, d*g})

and cnj(j\l, 5\2)(¢) =X\ o ¢o A

The proof of the latter theorem can be found in [13, 15].
According to what was said so far, we have to describe the normalization of cubics
we are working on. The next lemma is a classical result in algebraic geometry, we

will follow the proof given in [38|.

Lemma 2.1.3. The normalization C' of the cubics Wy =V (zu? — v®) and Wy =
V(zu? — v3 — v22) is the projective line P1. Moreover, for any | € C, there exist

bijections Picl(Wy) ~ C and Pic'(Ws,) ~ C*.

Proof. Both curves have singularities just at [0 : 0 : 1] and normalization can be
computed locally. Thus we work over the affine curves u? = v3, u? = v 4 v? and
we prove that their normalization is Al.

Regarding the cuspidal curve, consider the ring R = C[v,u| = Clv, u]/(u* — v3).

Since the class of u is equal to the class of (£)?, then 2 is integral over C[v, 1]

which is not integrally closed. Thus Clv,u]/(u* —v*) C C[1,%, 2]. Now observe
that C[v,w, 2] = C[t], where t = 2, in fact T = u(2). The proof follows observing
that Cl[t] is integrally closed since it is a unique factorization domain. The proof
for the nodal curve is analogous.

A straightforward computation shows that Con(W;) = (2, ¢3) whereas Con(W>)
is equal to (t* — 1,13 — t). Moreover C[t]* = C*, (C[t]/Con(W;))* ~ C* & C,
(R/Con(W;))* =~ C*. Furthermore, if we denote by R’ = Clv,u]/(u* — v® — v?),
we also have (R'/Con(W;))* ~ C* and (C[t]/Con(W3))* ~ C* @ C*. We now need
the following lemma, see [38| for a proof.

13



2.1. CATEGORY OF TRIPLES AND VECTOR BUNDLES ON THE
PROJECTIVE LINE

Lemma 2.1.4. Let S = Clx,y]/p(z,y), where p is a polynomial, and N be the

normalization of S, then the following is an exact sequence
0—= 8" — N*"x (S/Con)* — (S/Con)* — Pic(A) = Pic(N) @ Pic(S/Con).

We now apply the latter lemma to the curves W; and W5 and we observe that
Pic(C[t]) = 0 = Pic(C). We get:

O—>R*—>C*><(C*—>C*@(CL>P2'0(R)—>O
and
0= R* 5 C* xC* = C* aC L Pie(R) — 0.

We conclude that Pic(R) ~ (C* x C)/ker(f) and Pic(R') ~ (C* x C*)/ker(f’),
but in both cases a tedious computation shows that ker(f) = ker(f’) = C* In
order to conclude the proof, we have to come back to projective versions of both

curves. Due to exercise 6.9 in [27], one gets the short exact sequences
0 — C — Pic(W;) — Pic(P') — 0
and
0 — C — Pic(Ws) — Pic(P') — 0.
The claim follows observing that, see next theorem, Pic(P!) ~ Z and therefore
Pic(W,) ~Z & C and Pic(W,) ~7Z & C*,
so, once we fix the degree, we have the thesis. O

The next step is to obtain an explicit description of stable vector bundles over
a singular cubic curve W. We then take C' = W and its normalization C=P. In
order to understand the category of triples, we need a description of vector bundles

over the projective line.

Theorem 2.1.5. (Birkhoff-Grothendieck) Every vector bundle £ over P! is iso-
morphic to a direct sum of line bundles, i.e. € ~ Opi(ny) @ --- ® Op1(n;). Fur-

thermore, there exists an isomorphism deg : Pic(P') = 7.

14



2.1. CATEGORY OF TRIPLES AND VECTOR BUNDLES ON THE
PROJECTIVE LINE

Proof. We proceed by induction on the rank. If rank(€) = 1 then the statement
is trivial. Let us suppose we have proved the theorem for rank r vector bundles
and suppose we have a bundle £ of rank r 4+ 1. According to classical results of
Serre regarding ample line bundles and Serre duality, there exists a unique sy € N
such that H°(P', E(sq)) # 0 and HY(P',£(s)) = 0 for any s < sg. Then we have a

map o : Op1 — E(s¢) which provides a short exact sequence
0— Opl — 5(80) & = 0,

where the third term is locally free. In fact the quotient £(s¢)/Im(o) is tor-
sion free, otherwise Op1(D) < E(sg) for some effective divisor D. This would
lead to a contradiction, in fact in that case we would get HO(P!, E(sq)(—D)) =
HO(P', E(s)(—deg(D))) # 0. On & we can use the inductive hypothesis, then it
splits. It remains to prove that the latter short exact sequence splits, then, tensor-
ing it by Op1(—so) we would get the statement. We can tensor the short exact se-
quence above by Opi(—1) and we can pass to cohomology to get H°(P* £'(—1)) =
HO(P', E(sg—1)) = 0, where the last equality follows from the definition of s5. We
now use the induction on & =~ Opi(dy) @ - - @ Op1(d,,) and we obtain d; < 0 for any
i. We can conclude Ext' (£, Op1) ~ HY(P', &) ~ @, H'(P!, Op: (d; — 2))* = 0.

Uniqueness. Suppose that we have two different splitting &€ ~ @, Op1(d;) ~
D, Op: (d}) and, without loss of generalities, let d, be the first integer such that
dy # dj, and d, > dj. Then if we tensor both compositions by Op:(dy), we have two
isomorphic vector bundles with different number of holomorphic sections which is

not possible. O
Thus it follows that if (g, V, 5\) is a triple on a Weierstraf cubic curve, we have
(i) € = @1ez0p ().
(i) Y = 07",
(4i1) Y jeq ki = rank(&)
Something more can be said about the structure of a bundle of the form n*&.

Lemma 2.1.6. Let £ be a vector bundle over a singular Weierstrafi cubic curve

W and n : Pt — W be its normalization, then we have:

15



2.2. STABLE VECTOR BUNDLES OVER A CUSPIDAL CUBIC CURVE

(1) &€ is stable if and only if it is simple;
(i7) The bundles £ and n*E have the same degree;

(i13) there exist (a,r1,72) € Z X N x N such that n*E€ ~ Opi(a)™ & Op1(a + 1)
and ri + ry = rank(E).

Proof. The proof can be found in [18, Section 9]. ]

Observe that, due to the latter theorem, we now know that, for a singular
Weierstralt curve, simple is equivalent to stable, then we will work on stable vector
bundles.

According to what we said so far, we know how to describe the first two terms of
a triple, it remains to describe ) in terms of matrices. However this will be done
in two separated steps, one for the cuspidal curve and the other one for the nodal

cubic.

2.2 Stable vector bundles over a cuspidal cubic

curve

According to the definition the map A is an isomorphism of O z-modules, how-
ever, in order to write \ as a matrix in GL(O;y), some choices have to be done.

In fact while 7*) is canonically isomorphic to O%, where n = rank(€), we need a
trivialization to get a*(€) ~ O%. First of all we have to fix coordinates as follows.
Let W, be the cuspidal curve described by the equation zu? = v® and n : P! — W,
be its normalization n([zg : 21]) = [2821 : 25 : 2z}]. Once we have chosen such a
normalization, we have that the preimage of the singular point s = [0 : 0 : 1] is

given by n~'(s) = [0 : 1] = co. Using these coordinates we have

(supp(A), O4) = ({s},C,) and  (supp(A),O0z) = ({oc}, C[t]/#?).

Then, for any section o € H°(P!, O(1)), | € Z, and for any open set U C P! which

does not contain the point [1 : 1], we define



2.2. STABLE VECTOR BUNDLES OVER A CUSPIDAL CUBIC CURVE

Thus \ is represented by
p= pio +tiy € GL(O3),

where 1y and i, are matrices in Mat,,»,,(C). Moreover, due to the fact that u is in-
vertible and acting with elementary transformations, one can prove that pg can be
taken equal to 1, and p, is upper triangular. We would like to prove that a certain
subcategory of triples is equivalent to an appropriate category of matrices. In order
to obtain such an equivalence we have to prove that a morphism between triples
induces a function between matrices in GL, (O). Observe that, if (f, g) is a mor-
phism of triples, then n*(¢) has a natural identification with a matrix in Mat,, ., (C)
whereas f is a matrix with coefficients in C[zq, 21"~ ~ Hom(Op: (i), Op1(j)). Thus,
after choosing the trivialization ¢, if ¢ is a homogeneous polynomial of degree j —1

of the form ¢ = aozé_i + alzg_i_lzl + ... aj_iz{_i, then
a*(q) = aj_i—1 + ta;—; € Mat(Oj ).
Moreover, f is presented by a lower block triangular matrix.

Definition 2.2.1. Let (r1,r2) € NT x N such that r; 4+ ro = n, then the category

Bl.(W;) is defined as follows.
B
B_ ( 00 | Bot >
* B11

where any block B;; is a matrix of size r; x r; with coefficients in C. Here *

(1) Objects are matrices

is an empty block.

(79) Morphisms between two objects B and B’ are matrices

F
F— 00 | *
Fio | F1a

with blocks of the same size of B and B’ such that FB = B’F. The compo-

sition of two morphisms is given by the standard product between matrices.

Let us denote by Vec®!(W;) the full subcategory of vector bundles £ over W,
such that their pull-back over P! splits into a sum of terms of the form Op: and
Op:1(1). Similarly, let T'pl%*(WW;) be the corresponding subcategory of the category
Tpl(W7). Then the following proposition holds.
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2.3. STABLE VECTOR BUNDLES OVER A NODAL CUBIC CURVE

Proposition 2.2.2. There exists an equivalence of categories ® given by the fol-

lowing commutative diagram

Vec® (W) 2 Bl.(Wy)

Tplo’l (Wl),

where ® is the functor induced by the trivialization described above and ® is as in
Theorem 2.1.2. Moreover, if B € Bl.(W7) is simple, then the block By is a full

rank matriz.

Proof. A proof can be found in [13]. O

Ezample 2.2.3. Any element of Pic'(WW;) can be written as Oy, (p) for a point
p € P'\ {oo} =~ C, here we identify the regular part of WW; with its image in P*
via the normalization map. Moreover, a straightforward computation shows that
® sends Oy, (p) to the triple (Opi(1),Cs, 1 — pt).

2.3 Stable vector bundles over a nodal cubic curve

The case of the nodal curve W, defined by the equation zu? —v® — 0?2 is similar

to the previous one. Let us fix some coordinates such that, n=!(s) = {0 : co} € P!,

where s = [0 : 0 : 1] is the singular point of Wj. It is easy to check that one has

(supp(A), Oa) = ({s},C,) and  (supp(A),O0z) = ({0,00},C° & C*).

Then, similarly to what was already done in the previous section, for any section
o € H°(P',O(1)), I € Z, and for any open set U C P! which does not contain the

point [1, 1], we define
o

(20— 2)! |4

Therefore ) is represented by a couple of invertible matrices p° and p* over C.

¢(o) =

Moreover, acting with elementary transformations of matrices, one can always
suppose that > = 1.
Again, proceeding as in the previous section, we want to prove that a certain

subcategory of triples is equivalent to that one of appropriate matrices. Then we
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2.3. STABLE VECTOR BUNDLES OVER A NODAL CUBIC CURVE

have to describe morphisms of triples. Similarly to the cuspidal case, if (f,g) is a
morphism between triples, then g can be naturally viewed as a matrix in Mat(C)
whereas f can be described as follows. After choosing the trivialization ¢, if ¢ is
1

21 +

a homogeneous polynomial of degree j — i of the form ¢ = agzéfi + alzgfif
e aj_iz{_i, then
a*(q) = ((=1)"ag, a;_;) € Mat(C) x Mat(C).

Moreover, f is presented by a lower block triangular matrix.

Definition 2.3.1. Let (r1,75) € Nt x N such that r; + ro = n then the category
Bl,,(W3) is defined as follows.

(1) Objects are invertible matrices
By | B
B 00 | Do1
Bio | Bu
where any block B;; is a matrix of size r; x r; with coefficients in C.

(74) Morphisms between two objects B and B’ are couples (F, G) of block matri-

e Dy 0 G Dy 0
D" D, D" Dy

such that F'B = B'G. Here F and G have blocks of the same size of B

and B’. The composition of two morphisms is given by the usual product

ces

between matrices.

Let us denote by Vec® (W) the full subcategory of vector bundles £ over W,
such that their pull-back over P! splits into a sum of terms of the form Op: and
Opi(1). Let Tpl® (W3) the corresponding subcategory of the category Tpl(W5).

Similarly to the previous case, the following proposition holds.

Proposition 2.3.2. There exists an equivalence of categories ® given by the fol-

lowing commutative diagram

Ve (W) 2 Bl (W5)
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where ®' is the functor induced by the trivialization described above and ® is as in
Theorem 2.1.2. Moreover, if B € Bl, (W) is simple, then the block By is a full
rank matrix.

Analogously to the previous section, a proof can be found in [13].

FEzample 2.3.3. We conclude this section with the following example. Any element
of Pic'(W3) can be written as Oy, (p) for a point p € P!\ {0,00} ~ C*. Here we
identify the regular part of W, with its image in P! via the normalization map.

Moreover, a straightforward computation shows that ® sends Oy, (p) to the triple
(O]Pl (1)7 Cs, (p7 1))

2.4  Vector bundles on elliptic curves

Let 7 € C such that (7) > 0 and consider the full rank lattice I' = Z 4+ 7Z C

R? ~ C. We call (1-dimensional) complex torus the quotient space

T =T, =C/T.

One can prove that W, defined by the equation zu? = 4v3 — a;(T)vz? — ay(T)23,

is an elliptic curve; where

1 1
a;(I') =60 Z o and  ay(I") = 140 Z o3

0#£vel 0#£~y€el

Conversely, for any elliptic curve W, one can find a lattice IV such that the
corresponding elliptic curve W, is isomorphic to W. Let us denote by g the

Weierstraft function
1 1 12
T "
e e N G DL

then the following holds.

Theorem 2.4.1. The complex torus T, and the elliptic curve W are isomorphic

both as manifolds and as groups. The isomorphism is given by:
T — W C P*C)
t— et 1), ¢t T),1].
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A proof of this classical result can be found in [46].
We can then identify a complex torus with an elliptic curve. The latter isomor-
phism will be strongly used in what follows, in fact the classification of stable
vector bundles over elliptic curves is known (see [5]) and an explicit description of

vector bundles over a torus can be given through automorphy factors.

Definition 2.4.2. The category of automorphy factors associated with 7 € C,

(1) > 0, is defined as follows.

(i) Objects: They are couples (F,n), where n € N* is a positive integer and
F:T' x C— GL,(C) is a holomorphic function such that

Fvi+7,2)=F(n, 2 +7)F(y2,2), Vy,rel,zeC.

(17) Let (F,ny), (G, n2) be two automorphy factors, then morphisms are described
by holomorphic functions M : C — Mat,, xn,(C) such that

M2 +71)G(vy,2") = F(v, 2 YM(Z')

and the composition is given by the usual product of matrices. Two auto-
morphy factors (F,n,) and (G, ny) are isomorphic if and only if n; = ny and
G is related to F' as follows

G(y,7") = M7 (2" + ) F(y,2)M(2).

Lemma 2.4.3. There exists an equivalence of categories of automorphy factors

and vector bundles over a complex torus T'. In fact:

(i) An automorphy factor (F,n) defines a vector bundle
Er=(CxV)/~
over T, where V is a vector space of dimension n and
(2, v) ~ (2 47, F(y, 2 )0),V¥(y,2,v) e T x C x V.

(i7) Conwversely, for any vector bundle € over T there exists an automorphy factor
(F,n) such that £ ~ Er as in point (7).
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2.4. VECTOR BUNDLES ON ELLIPTIC CURVES

Proof. A proof of the correspondence between automorphy factors and vector bun-
dles can be found in [30]. O

In order to simplify computations, we impose the conditions
F(0,2') = F(1,7) = 1,,

so it is sufficient to study the behaviour of an automorphy factor along the gener-
ator 7.

Since our goal is to describe vector bundles over an elliptic curve with coprime
rank and degree, we need a way to produce automorphy factors. We start with

the next theorem which provides a way to explicitly describe the Picard group of
T.

Theorem 2.4.4. Let W be an elliptic curve and £ be a vector bundle over W such
that rank(E) and deg(E) are coprime. Then:

(i) € is univocally defined by the triple (rank(€),deg(£),det(€)) € N x Z x
Pic(W),

(17) e(2') = e(r,2') = exp(—miT — 2mwiz’) is an automorphy factor of dimension
1. Let w € W be a point and D = [p] be the divisor of degree 1 supported at

p, then there exists an isomorphism:
OW(D) =~ ge(Z/*IFFHTT)'
(17i) Furthermore, a divisor of degree | can be written as D = (I — 1)[q] + [q — p].
Then, if we define f(z') = e(2' —p+ 2)el(2'), we have Ow (D) ~ &;.

Proof. The first statement is a result from Atiyah [5]. The last two statements
can be found in [18]. O

We now know how to describe all possible line bundles over a torus 7. We
then would like to describe all possible vector bundles over T'. An algorithm which

provides such a description will be given in Section 2.6.
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2.5. ALGORITHM: STABLE VECTOR BUNDLES OVER SINGULAR
WEIERSTRASS CUBICS

2.5 Algorithm: stable vector bundles over singular

Weierstrals cubics

In this section we present an algorithm, established in [12, 18], which permits
to describe the universal family of stable vector bundles over Wy and W5 in terms
of block matrices. The theory developed in this section is valid for simple vector
bundles. However, as already stated, for a Weierstralk cubic curve simplicity is

equivalent to stability.

Theorem 2.5.1. Let W be a singular Weierstraf$ cubic curve and Sim(n,d) be
the set of all isomorphism classes of simple vector bundles of rank n and degree d.
If ged(n,d) # 1, then
Sim(n,d) = 0.
Otherwise the map
det : Sim(n,d) — Pic*(W)

15 a bijection .

A proof can be found in [18, Sections 9.2 and 9.3.].
We are then obliged to suppose ged(n,d) = 1, the question is: how do we describe
the family Sim(n,d)? According to Lemma 2.1.6 and supposing, without loss of
generality, that 0 < d < n, we can always decompose a bundle in order to reduce
it to the form Opi @ Op (1)™. In fact we can simply take r; =n —d and r, = d.

For any pair of positive coprime integers (r1,72) we define the following objects of
BI..

(1) We generate a sequence of pairs of natural numbers replacing at each step
(r1,72) by (11 — ro,m2) if 11 > 19 and by (11,79 — r1) if ro > 1. We iterate

the process until we get (1, 1), then it terminates.

(7i) We now start, motivated by Proposition 2.2.2, with the matrix

0 1 .
My 1 (m) = ( and we produce a sequence of matrices as follows.

0 m
B, | B
Mfl T2 (m) = . = Y
’ Bs | By
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then we place

By By| 0
M;“:l +72,72 (m) - O B4 ]17'2
0 00

if we go from (ry,rg) to (r1 + r2,72).

If instead we go from (rq,79) to (ry,r; +r3), we take

M'fl ,r1+72 <m>

(44i) Let M€ (m) be the matrix we obtain after the last step, we then replace all

diagonal entries of M¢ (m) by o

(iv) If M¢(m) is the matrix we get at the end of this algorithm, then the corre-
spondent X in the category of triple is presented by 1, + tM(m).

Remark 2.5.2. The step (7i7) is needed in order to make the family of vector bundles
compatible with the action of Pic®(W;) ~ C, i.e. M¢(nf + m) = B1,, + M¢(m).
Such a choice will provide a solution of the associative Yang-Baxter equation which

depends just on the differences of the moduli space parameters.

We now describe a similar algorithm for the nodal cubic curve.
(i) We produce a sequence of integers (ry,r2) as in the previous algorithm.

(77) We now start, motivated by Proposition 2.3.2, with the matrix M;;(m) =

0 1
< 0) and we produce a sequence of matrices as follows.
m

If we go from (ry,rs) to (r1 + r2,72), we send the matrix

B | B
nod 1 2
et (21

Bs | By
to
By By| 0
My, (m) = 0 0|1,
Bs Bs| 0
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If instead we go from (rq,79) to (ry,r; +r3), we take

0|1, 0
M:fgl-i-’rg <m> - Bl O B2
Bs| 0 By

(i73) For the same reason of Remark 2.5.2, we replace all the non-zero entries of

the final matrix by m.

(iv) We then take u>® = 1, and p® = M"?4(m), where M"™%(m) is the matrix

resulting from the first three steps.

Example 2.5.3. The universal family of stable vector bundles of rank 3 and degree
1 over W, is given by (Oz, @ Opi(1),C3, 1), where

1 00 m 1 0
um)=10 1 0|+t 0 m 1]|,meC.
0 0 1 0 0 m

Example 2.5.4. The universal family of vector bundles of rank 3 and degree 1 over
W, is given by the triple (O2, @ Op1 (1), C3, 1), where

0 m|O0
pPim)=1 0 0|m |,meC* and u>® =13
m 01]0

The final step is to return to the category of vector bundles. One can prove,
see [18], that, if a curve C is either W7 or Ws, then there exists a universal family
U of stable vector bundles of rank n and degree d such that, for any point m of

the moduli space, the corresponding vector bundle U™ is given by
V(O 4@ 04 (1), Cy, ).

Recall that U is the functor defined in (2.1.2) and g is the gluing map obtained,

respectively for the cuspidal and nodal cubic, from the algorithms described above.
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TORUS.

2.6 Algorithm: stable vector bundles on the com-

plex torus.

In order to describe vector bundles over a 1-dimensional complex torus T', we

have to recall an important result from Oda [37].

Theorem 2.6.1. Let 0, : T,,, — T, be an étale covering of degree n and & — T
be a stable vector bundle of rank n and degree | such that ged(n,l) = 1. Then,
there exists a line bundle L — T, such that £ ~ 0,.(L). Conversely, for any line
bundle L — T, of degree [, the bundle 0,,L ~ & 1s stable of rank n and degree .

The last theorem, the description of Pic/(WW) established in (2.4.4) and a
straightforward computation imply that we can describe any vector bundles of
rank n and degree [, gcd(n, ) = 1, through an automorphy factor (F,n) as follows.

The automorphy factor which represents the set of stable vector bundles of
rank n and degree [ can be defined by the algorithm:

(1) We start with the one dimensional automorphy factor
2mi
é(z') =é(r,7') = exp (m’lT — —z’);
n

(1) We use Oda’s theorem to get

0 1 0
~ —2mim
F(2') = exp - 0 0 ; (2.2)
e"(z') 0 0

(i1i) We define F(0,2') = 1,, and for any j € Nt we place
F(j1,2)=F( 4+ (j—1)7)...F(2) and F(—jt,2') = F(j1,2 — j7)7 %
(1v) Moreover, we also set the condition:
F(nit +mno,2") = F(mT, 7)),
for any nq,no € Z.
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Finally, if we use the isomorphism M(n,d) ~ T, then we have that U™ ~ Ep(m..1),
where F(m,~,2') is the automorphy factor defined through (2.2) and the latter
algorithm. Observe that now we are considering m as a variable. It is the moduli

parameter coming from the description of the Picard group in Section 2.4.

2.7 Associative r—matrix obtained from a cuspidal
cubic curve

3

Once we know how to represents vector bundles over the cubic curve zu? = v3,

we are ready to perform the computation of an r—matrix. Let U be the universal
family of stable vector bundles of rank n and degree d over Wy, ged(n,d) = 1.
According to what was said so far, we can always map a bundle U™ on W; to
its corresponding triple via the functor ® as in Theorem 2.1.2. Moreover, for
any triple (£,V,)), let F : Tpl(W;) — Vec(P') be the functor F(E,V,\) = &
and let U™, U™ be two non-isomorphic vector bundles over W;. We define
the space Sol,. := ]m(HomTpl(Wl)(q)(uml), OU™)) LN Homp1(B,B(1))>, where
B:=0n"e 04 (1).

Theorem 2.7.1. Let w be the rational 1-form over P! given by dp, where p is a
coordinate in P\ {oo}. Let U™ and U™ be two non-isomorphic vector bundles

over Wi and z1, zo be two distinct points of W1. Then the map

my ym2, _ u™1 ym2
(I‘esgl,w u ! (Zl)

Lin(@U™ |, U™|,,) — 2 Hom (U™ , U™ (2,)) —2—— Lin(U™ |,,,U™|.,)

defined in Section 1.5 can be identified, under the trivialization introduced in Sec-
tion 2.2, with the map

Matn(C) =5 Sol, 25 Matyn(C). (2.3)
Here we put

I‘eszl (F) = F(1721) Cl’n,d evzl (F) = M

22—21

Moreover, let r(my, ma; 21, 22) be the image of ev,, ores, !

under the canonical map
Mat,, ., (C) @ Mat,, ,, (C) — Lin(Mat,, «,,(C), Mat,, «,,(C)) (2.4)
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2.7. ASSOCIATIVE R—MATRIX OBTAINED FROM A CUSPIDAL CUBIC
CURVE

induced by the trace, i.e. X QY is sent to Z — Tr(XZ)Y.

Then the tensor-valued function r(my, mo; 21, 22) is a solution of the AYBE

r%(n; 21, 22)7"23(71 +m; 29, 23) = (2.5)

13(

=r-(n+ m; 21, Z3)T12<_m; 21, 22) + T23(m; 225 Z3>T13(n; 21 23)’

Moreover, r(my, mo; 21, 29) is skew-symmetric and non-degenerate.

We now perform the computation of the associative r—matrix obtained from

the universal family of vector bundles described in example (2.5.3), namely
(O} ® Op(1),C, ) and  p =13+ tTs(m)

where J5(m) is the Jordan block with m along the diagonal. This computation is
the first original result of this thesis.

A morphism F in Hom(Op ‘@ 04, (1), O 4(1) @ O (2)) is a matrix whose entries
are polynomials of degree at most two that has to be evaluated on A in the way
described in Section 2.2. We get

a"+ade b +0e h
Fly=| d+de d+d'e s
6/// + e//E. fl// + f//E ‘ g// _|_ g/g

Moreover the diagram (2.1) which appears in point (i7) in the definition of the

category of triples has to be commutative, which, due to our trivialization, gives:

= 0 Mo — 21

0 0 mo — 27

The latter condition leads to the system (*):
ad=m-z)d"+ V=m-—z2)b"+d"—ad" | VV=(m—z)h+s
C/ — (m _ Zl)cl/ + e/// d/ — (m _ Zl)d// + f/l/ _ Cl/ d// — (m _ Zl)s +g// ,
"

e — (m _ 21)6/” f// _ (m _ Zl)f/// — ‘ g/ _ (m _ Zl)g” _ f///
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where m = mgy — my. We now have to compute Res,, (F') = F(1, z1), that gives

CL, + a”21 b/ + b”Zl h 11 (12 O3
C/ + C//21 d/ + d”Zl S = g1 (g2 Qg3

! " "2 ! " "2 / "
etz +e"2 frHf'a+f zl‘g—kgzl Q31 Q32 Qg3

Using (), we can solve the last system and write every entrance, on the left

hand side, in terms of «y,,,. We explicitly write down some of them:

.
h = a3

§ = Qa3
b' = (m — 21)0413 + Qo3

/
b = aqy — Zl(m - 2’1)0413 — 21023

a” = 3= (a1 + o + agz) — 2onz + 2 (m — 21)ans + (M — 2 )as;

2m

a = aq — 213%(0411 + g + ag3) + %zlam — Zrzi(m — z1)aiz — z1(m — F)ass
" = an — 3(on1 + an + ags) + Erag, — %(m — z1)aqg — m(m — 3 )aos

d = ay — 2"

" = ag —may; + (a1 + axn + asz) — %am%—

—l—@(m — z1)onz +m?(m — Z)ags

7

e = (m—z)e”

o — gy — zlmem

g" = 5=(ou1 + oo + ) + 312 — Z(m — z1)ous + (321 — m)as
g =az—g"'xn

d" = ons + 5 (a1 + g 4 agg) — gm(m — z1)anz — oy

d =09 —d'%

[ =mg" — ass

f// _ (m o Zl)fm —

f/ = Q39 — f//Z1 o fmZ%.

\

We are now ready to compute ev,,(F) = —2—{Bu}imeq1,23 € Matgu3(C). We

2o—21

get
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CURVE
. a + a”z b+ b2 h B Bz Bis
P 4+ "z d +d"z S =2 Ba1 B B3 |
2 — 21
e+ ez + eng fr+ "z + f”/Z% ‘ g +q"z B31 Bsz B3

where z = 2o — z;. According to what we said so far, we can write any [, in
terms of a-coefficients:

.
Bis = ai3

523 = (¥a3
P12 = a1z + z[(m — z1)an3 + aos)

B = a1 + 2[5 (a1 + g + ags) — Zany + 2(m — z1)ons + (m — 2 )ags]

m
Bo1 = ag1 + z[an — %(0411 + Qg + aiz3) + 2Tmau - @(m — z1)ai3+
—m(m — 3 )aas]
Paa = aia + Z[ﬁ(all + Qp + azz) + %Oélz — Z(m — 2z1)az — %Zla23]

B3 = 33 + 2[5 (30 au) + 5012 — B(m — z1)ons + (321 — m)aas]

B31 = az1 + z(m + 22) o1 — magy + 5 (aun + Qo + asz)+

—%alz + @(m — z1)anz + m?(m — Z)os]

Byo = o + 2(m + 22)[—ass + 5 > ay + B+

2mzq

—im?(m — 21)ans + (222 — m?)ag) — 2[an —mai + 23 ay — 2 aa+

3
\+2%(m — z1)ang +m*(m — 3 )agg).
We conclude using the isomorphism

Lin(Matgxg(C), Mat3><3(@)) — Matgxg((C) & Mat3x3(C)

which sends the linear map e;; — 7iiex to the tensor v7ej; @ ey
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CURVE
The last isomorphism gives the associative r—matrix:
1 2 1
r(m; 21, 22) =+ %(1 ®1)— §€21 e+ 5621 ® (e22 + €33)
2 Jes1 @ €11+ (m— = ez © +li ® eyt
3 m — z1)€31 W el m 3 €32 ¥ €11 s Pt €Ll & €k
2 1
+(m — z1)es1 @ €12 + €32 @ €12 + 5611 & ea1 — 5622 & ea1 — 5633 & ea1
m 2m? 2
+T€21 X €21 — T(m — 21)631 X €91 — m(m — 3)632 X €21+
m 1
—E(m - 21)631 X e99 — 521632 & ega+
m 22
_E(m — 21)e31 ® esz + (7 —m)egy @ esz + (M + 23)e12 ® ez1+
2m 1
—?(m + 22)611 ® e31 + gm(m -+ 22)(622 + 633) X e31+
2m? 2m3
—T(m + 29)e9) ® €31 + T(m —21)(m+ 2z2)es ® e+
z 2
+m?(m — gl)(m + 22)e32 ® €31 — g(m + 29)es3 ® eso+
1 m
+§(m + 2’2)(611 + 622) X e3o + g(m + 22)621 X e3o+
m2
—?(m — 21)(m + 22)e31 ® ezt
2mz
+( L mz)(m + 29)e3s ® €39 — €12 ® €30+
2m m 2m?
+?€11 & €39 — 3(622 + e33) ® €30 + Tem ® e3n+
om? z
———(m — z1)ez1 ® ezo — m2(m - —1)632 & e3a.

3 3

2.8 Associative r—matrix obtained from a nodal

cubic curve

Here, similarly to the previous section, we perform a computation for the curve
Wy = V(zu? — v® — v?2). Let U be the universal family of stable vector bundles
of rank n and degree d, with gcd(n,d) = 1. Let ® be the functor defined in
Theorem 2.1.2 and let F : Tpl(W3) — Vec(P') be the functor whose image is
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the first term of a triple. Then, analogously to the previous section, we define
the space Sol,,4 := ]m(HomTpl(WQ)(CD(L{ml), O (U™?)) LN Homg: (B, B(l))) , where
B:=0n"a 04 (1).

Theorem 2.8.1. Let w = % be the rational 1-form over P', where p is a coordinate

in P\ {0,00}. Let U™ and U™ be two non-isomorphic vector bundles over Wi

and z1, zo be two distinct points of Wy. Then the map

(reslz'{mw1 U2y ev?mlﬂm%zl)
Lin(U™|,,,U™|,,) ———— Hom (U™, U™?(2,)) ——— Lin([U™|,,,U™|.,)

defined in Section 1.5 can be identified, under the trivialization introduced in Sec-

tion 2.3, with the map

Matn (C) = Solng 2 Mat,yn(C). (2.6)
Here we put

res, (F) = %F(l,%) and ev, (F) = Flza)

22—21

Moreover, let r(my, mo; 21, 22) be the image of ev., ores.! under the map (2.4)
Mat,,x, (C) ® Mat, ., (C) — Lin(Mat,, x,,(C), Mat, x,,(C)).

Then the tensor-valued function r(my,ms; 21, 22) is a skew-symmetric and non-
degenerate solution of the AYBE (2.5).

We now compute the associative r—matrix derived from the family described
in example (2.5.4). The triple is given by (O, ® Op:(1),C2, 1)), where p* is the
identity matrix whereas u° is:

0 m|O0

0 0]m

m 0|0
As in the previous case we have to compute F|j;, where F' is a morphism in
Hom(Op & 04, (1), 0374(1) & 0L, (2)). A straightforward computation gives

—a =b |t
FO = — —d| s
e f/ _g/
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and
a// b//
FOO — e// d//

6/// f/l/

Moreover, it has to makes commute the diagram (2.1) in the definition of triples
in Section 2.1. The latter condition leads to:

t  —ad | =V
s —d|=d | =2m : (%)
_ g/ e f/

where m = =2, Computing the residue we obtain:
1

11 (12 (O3 CL/ + a”21 b/ + b”Zl t
21 | Gvg1 Qoo Quag | = d+ C//Zl d + d”Zl S
/ 1 " / 2 nmn / i
Q31 (39 (33 e+e'z+e Z% f ‘|‘f 21 +f Z% ‘ g9 +9° %

If we now solve the last system using (x), we find the relations (*x):

= z1003 (s = 210093

[ =mzias e = on

= V = —mziags

c = Z10091 — %alg b= Q19 + M21Qa3

fr=93 _au ¢ = mziags + m?2iang

f” = (x390 — 21 (m + #)OKB + %0621 \e” = (x3g1 — M12 — 21 (m2 + %)0623

and
( I 21 3 2
a = g (m 11 +m (33 + mOZQQ)
" __ 1 2
a’ = 1—m3 (C(H + maogg +m C¥33)
! zm 2
g = =275 (a1 + magg + mPass)
(% % *)
" __ 1 2
g = +_17m3 (mau + Q33 +m 0422)
’ z 2 3
d = —1_71713 (m 11 + maus +m 0622)

" o__ 1 2
kd = +_1—m3 (m 11 —|— maoss —|— 0422).
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We now have to compute the evaluation map ev,,(F) = ﬁ(ﬂij)ide{lzs}, namely:

) a + a"z b+ 0"z t B Bz Bz
P d+ "z d+d'z S =7 Bo1 P2z Pasz |
2 — 21
e+ ez + 6'”2; f/ + f”ZQ + fWZ% ‘ g/ +g”22 ﬁBl 532 ﬁ33

where z = z; — z;. We now solve the last system and observe that, due to (x %)
and (% % %), we can write every [3;; as linear combinations of ay;. We then end up
with:

(512 = Z12M0ig3 + 220012 (ﬁl?) = 21013
Paz = 210023 Bo1 = 21091 + Zaz
P31 = —zmaiz + 22031+ P3a = 22032 + —22 5 Qo1+
\+2122(—m2 _ % + %mg + Zfin)a% \—i—lez(j—;m —m — # + 212512)0413
and
P11 = %Ozn + s + 12_”,53&33
Pz = +1i"7i3 aqp + ZQ;Z;,L?B Qg + 725 (i3
B33 = +1505 011 + 12_”:,33 Qg + 221__2;:?3 Q3.

Similarly to the previous case we have to apply the isomorphism
Lin(Matgxg(C), Matgxg((C)) — Matgxg(C) & Matgxg(C)

which sends the linear map e;; — fyf,jekl to the tensor fyfjleji ® eg;. We then get:

2o — 21m3
z(1 —m3)

(€22 @ €11 + €33 @ €2 + €11 @ e33)+

r(m; 21, 22) = (11 ® eq1 + €22 ® eg2 + €33 ® €33)

n m
1—m?3
m2
+1 — 3 (€33 ® €11 + €11 ® egg + €92 ® e33)+

22
"‘;(621 ® e12 + €13 ® e31 + €23 @ e39)+

21
+;(€32 ® €93 + €31 ® €13 + e12 @ ea1)+

+—e13 X €21 — Megq (%9 €31 + 21Mess (%9 612+
m

Z1%9 2 1 21 o Z9 z9
+—(—m -+ —m" + —)632 X e31 — —e12 Q e39+
z m Z9 zZ1m m
2129 , 21 1 Z9
_(_m_m__2+ 2)631®632
z 29 m m
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2.9 Associative r—matrices obtained from elliptic

curves

As we have seen in Section 2.4 we can identify an elliptic curve with a 1-
dimensional torus. Let 7 € C be a complex number such that (7) > 0 and
T =T, ~ C/(Z+TZ) be the corresponding complex torus. Let U be the universal
family of stable vector bundles of rank n and degree d, such that gcd(n,d) = 1.
Recall that U4 ~ T and let U™ be the corresponding vector bundle on 7" at the
point m.

Let A be the automorphy factor defined by A(1,2') = diag(1,¢(,...,¢(" ') = By,
where ¢ = exp(#24) and A(1,2’) = é(2') exp (FZ2) By, with (Bs)i; = 0i—j+1=,0

n n

Here é(z') is the function in (2.2). Namely

1 0 0 01 0
0O ¢ ... O S
Bl = R X . and BQ = . (27)
o T : 0 |
00 ... ¢"! 10 ... 0

Definition 2.9.1. We denote by S the space of holomorphic functions
G:C— M= Matan((c)

such that
S = {G :C— M‘G(z/—i— l) = X(Z)BlG(z’)Bfl}.

Here we put

1 if [=1
[)= .
x(l) {exp () p(2) if =7

n

and h(z') = —exp(—2mi(z' + 71— 21)), 1 € C.

Theorem 2.9.2. Let w = dz’ be a nowhere vanishing global 1-form over T. Let
U™ and U™ be two non-isomorphic vector bundles over T and 21, zo be two dis-

tinct points of T'. Then the map

m1 ym2., _ um1 ym2
reszz'{l - u 1 , (21)

Lin (™., , U™, o Hom (@™, U™ (1)) 2 Lin U™ ., U™].,)
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2.9. ASSOCIATIVE R—MATRICES OBTAINED FROM ELLIPTIC CURVES

defined in Section 2.6 can be identified, under the trivialization introduced in Sec-

tion 2.4, with the map

-1
res;, evz,

Mat,, %, (C) ——= & —= Mat,,,,(C). (2.8)

Here for any G € S we put

G(z G(z
res;, (G> - 9&(1(-’_71)“')’ eVZQ(G) - Wj)%%’
with
Os(Z'|T) = Z exp(mil®t + 2mil?’). (2.9)
leZ

Moreover, let r(my,ms; 21, 22) be the image of ev,, o 1“es;11 under the canonical map

(2.4)
Mat,, %, (C) ® Mat,, ., (C) — Lin(Mat,, x,, (C), Mat, x,,(C)).

Then the tensor-valued function r(my, mao; 21, 22) is a skew-symmetric non-degenerate
solution of the AYBE

2 (n; 2)r® (n + msw) = rB(n 4+ m; 2z +w)r?(—m; 2) + rB(myw)r3(n; 2 + w),
that is a particular case of (1.1) when r(my, ma; 21, 22) = r(my — ma, 21 — 23).

Proof. One can easily see that S represents Hom (U™, U2 (z;)) under the trivi-
alization induced by the automorphy factor A = A(m,~,2’) above. In fact S is
Hom(A(my,~,2"), h(z)A(ms,,2")), where h(z") = h,,(2’) is the automorphy fac-
tor of Op(z1). The theorem is then proved as in [18], see in particular Section 8.2.

In that article the statement was demonstrated for the space
S = {G :C— M‘G(z' +1) = X(l)B;G(z’)Bll}

where By = 1, and By = F(2') as in (2.2). A straightforward computation shows
that the automorphy factor in (2.2) can be reduced, up to the rescaling by a
constant matrix, to that one in (2.7). In fact one can obtain the automorphy
factor (2.7) from (2.2) just acting with the matrix diag(é"™!,... ¢€,1). Therefore

the argument in [18] is automatically adapted to this new description. O

03(z'+ £ |7)

If we define the function 6, (2, 7) = ~—~——2——, we introduce the notations
xp(—miz’—mi)
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2.9. ASSOCIATIVE R—MATRICES OBTAINED FROM ELLIPTIC CURVES

B, = B$B®, B, = 1B'Bye, a,be{0,...,n—1},

and the Kronecker elliptic function [49]

K(m/, ') = 01(0]7)6:(m" + 2'|7)
) 0, (m/|7)01(2'|7)

we are ready to state the main result of this section.

Theorem 2.9.3. The following is a solution of the associative Yang-Baxter equa-
tion given by the universal family of stable vector bundles U under the trivialization

described at the beginning of this section:

n—1 .
—2mid d m
)= Sy - ) mn )B* B, 2.10
r(m; z) ab:oexp( - az)m(n< at ) + 2 | Boy ® Bay (2.10)

with m =mo —my and z = 29 — 2.

Proof. (i) First of all we observe that the set B,, form a basis for the vector

space M = Mat,,«,(C), in particular any element in G € S can be written
as G(Z/) = Zgab(z’)Bkl.

(77) A straightforward computation shows that
BB, By = ("Bay,

while
-1 _ b
ByB_, By~ = (" Bgp.
Moreover the conjugations, Adp (—) = B; — Bj’l, j € {1,2}, commute.
(i7) Then g,p(2') € S if and only if
9an(Z' + 1) = (gap(?'), and Jap(2' +7) = ¢'exp (%)h@/)gab('z,)a

with h(2') = —exp(—2mi(z + 7 — z1)).

(iv) We observe that, from the theory of theta functions [35], the unique solution

of the system
{gab(Z' +1) =gab(2')
gap(Z'+7) =h(2")gap(Z)
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is given by the function 3(2'+ 5= —z|7). Then we can adapt this machinery

)

. . -1
(v) A straightforward computation shows that, once we apply res_' followed by

to solve the system which appears in (iv), therefore

—2mid 1+7 d
gan(2') = exp ( - az’> 03 (z’ —at - ﬁ(aT —b)

ev,,, we get

im.2) = e (—2m’d )eg(HTT|T)93(z+%+1+TT — L(ar —b)|7)
m,z) = ex az .
g P 05(2 — L(ar — b) + 2| 7)s(z + L2|r)

2+ Ty
Dslar o) ‘)) and ob-

(vi) We conclude the proof using the relation 60,(z,7) = T T it
4

serving that the canonical morphism (2.4)
Mat,, ., (C) @ Mat, ., (C) = Lin(Mat, «,,(C), Mat, «,(C)),

acts as follows

Ba if (@, V) = (a,b).

can(B;b @ Bab)(Ba/b/) - { 0 otherwise

2.10 Classical and Quantum Yang-Baxter equations

Let g be a simple complex Lie algebra, U(g) its universal enveloping algebra
and r : (C?,0) — g®g be the germ of a meromorphic function in a neighbourhood
of 0. Then the classical Yang-Baxter equation (CYBE) is defined by the relation

(1% (21, 22), 7% (2, 28) |4+ [ (21, 22), 77 (21, 28) ]+ 12 (21, 23), 7% (22, 23)] = 0, (2.11)

where 7/ are the appropriate embeddings of g ® g — U(g) ® U(g) ® U(g) which
send g1 ® go to the element who has ¢; in the ¢ — th spot, ¢ in the j — th spot
and the identity in the remaining one. A solution of the above relation is called

classical r—matrix.
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Example 2.10.1. A straightforward computation shows that the simplest solution

of the CYBE which depends just on the difference z = z5 — 21 is given by

1(1
r(z) = 2 5(622 —€22) ® (€11 — €22) + €12 ® €91 + €21 ® €12,

where g = sl(C).
The definitions of non-degeneracy, skew-symmetry and gauge equivalence from

(1.1.1) can be easily adapted to this version of the Yang-Baxter equation.

Definition 2.10.2. Let g = sl,,(C) be the simple lie algebra of traceless matrices.
Then we will say that a classical r—matrix has infinitesimal symmetries if and only
if there exists g € sl,(C), g # 0, such that

[r(21,22), 0@ 1+1®g|=0.

Classical r-matrices were classified by Belavin and Drinfeld, such a classification

is given by a certain lattice of poles.

Theorem 2.10.3. (/8, 9, 10])

Let r(z1, 22) be a non-degenerate classical r—matriz, then:

(1) r(z1, 22) is gauge equivalent, after a change of variables, to a solution which

depends only on the difference z = z1 — zo and it is skew-symmetric.
(2) r(z) extends to a meromorphic function on the whole complex plane C.

(8) The set of poles of r(z) forms a lattice T' C C and rank(T") specifies the type
of r. In fact one of the following holds:

() if rank(I') = 2, then r(2) is called elliptic, this means that it is equiv-
alent to a linear combination of elliptic functions. Moreover, such a

solution exists if and only if g = sl,(C).

(27) If rank(T') = 1, then r is said to be trigonometric, i.e. there exists

a rational function f(z) and X € C such that r(z) is equivalent to
f(exp(Az)).
(iii) If rank(T') = 0, then r(z) is equivalent to a rational function f(z), in

this case the solution is called rational.
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2.10. CLASSICAL AND QUANTUM YANG-BAXTER EQUATIONS

For instance the r—matrix in example (2.10.1) is rational.
A natural question is: what is the interplay between the two Yang-Baxter equations
we introduced so far?
First of all observe that we have a natural projection Prj : Mat,«,(C) — sl,(C),
given by M — M — Mﬂ. Then, if r(m; 21, 2z2) is an associative r—matrix, it

is well-defined the tensor Prj®?(r(m, z)) and the following proposition holds.

Proposition 2.10.4. Let r(m; 21, 22) be a skew-symmetric associative r—matriz

and suppose the limit
lim Prj®2(r(m; 21, 22)) = 1e(21, 22),
m—0

exrists.
Then the tensor r.(z1, z9) in sl,,(C)®? satisfies the classical Yang-Bazter equation.

Furthermore, suppose that r(m; z1, z9) has a Laurent series given by

19l <= ,
r(m;z1, 22) = % + m'ri(z1, z2). (2.12)

1=0

In that case:

(1) Any other solution gauge equivalent to r is of the form (2.12) and the corre-
sponding solutions of the CYBE are gauge equivalent to each other;

(#3) If r(m; 21, 22) is non-degenerate, r.(21, z2) is also non-degenerate;

(17i) Suppose that r(m; z1, z3) is non-degenerate and that r. is either elliptic or
trigonometric or has no infinitesimal symmetries. Then, for fized my € C,
mo # 0, the tensor r(mo; 21, 22) = Tme(21,22) solves the quantum Yang-
Bazter equation (QYBE), i.e. the following relation

7’7130 (21, ZQ)T}T?O (21, 23)7’230 (22, 23) = 7’723()(22, Z3>T71r?0 (21, Zg)’f}lnzo (21, ZQ). (213)

The first part of this theorem can be found in [17], Lemma 1.2. The second

part was proved by Polishchuk and generalized by Henrich see for instance [28].

Ezample 2.10.5. (i) Clearly the solution obtained in (2.10) is of the form (2.12)
and it is elliptic. Thus, for fixed m = my, it satisfies the QYBE (2.13) and
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2.10. CLASSICAL AND QUANTUM YANG-BAXTER EQUATIONS

gives the classical r—matrix:

n—1

r(z) = Z exp <_2;:idaz> K(% <b — a7> , z) B}, ® Bg,.

a,b=0,(a,b)#(0,0)

Observe that we obtain the same solution computed in [17].

(77) The associative r—matrix computed at the end of Section 2.7 is of the form
(2.12) and gives the rational solution:

3

3
1 1 )
— 4 - 1Yt @
re(21,22) =+ § ekl®€lk+z E ()", @ vy

=1,k i=1

—Z1€32 Q Vg — €21 ® V1 — €12 ® €32
—z1€31 ®e12 + e32 ¥ e+ v @ eo

‘|‘Zz€12 & €31 + 22U9 0% €39,

where v, = %diag(Q, —1,-1), vy = %dz‘ag(l, 1,—2) and v3 = vy — v;. More-
over, a straightforward computation shows that it has no-infinitesimal sym-
metry, thus the corresponding associative r—matrix solves the quantum
Yang-Baxter equation. We finally observe that r. is the same computed
in [17].

(i7) Ome can show that
1 e
r(m;z) = %1 ® 1+ ;ijgl €ij & ejj

is an associative r—matrix who also solves (2.13) and the CYBE, however
any g € sl,(C), g # 0, is an infinitesimal symmetry of the corresponding

classical solution.
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CHAPTER 3

SZEGO KERNELS

In this chapter we introduce the so called Szego kernels. These kernel functions
are closely related to solutions of a specific form of the Yang-Baxter equation that
we shall introduce. Therefore, they are also related to the Yang-Baxter relations
described in chapter two. Moreover, inspired by the ideas in [41] and following
the approach of the first chapter of this thesis, we will prove that Szegd kernels
have an alternative description both via appropriate triple Massey products as
well as through residue and evaluation sequences. A first difference with respect
to the topics treated in the first two chapters is given by the genus of the curve,
which can also be taken to be greater than one. In the last part of this chapter,
after we proved the skew-symmetry of the aforementioned kernel functions, we also
demonstrate some identities that Szegé kernels have to satisfy. In particular we

will obtain a sheaf-theoretic version of the matrix-valued Fay’s identity.

3.1 Szego kernels and classical Yang-Baxter equa-
tion
First of all we have to introduce a new form of the Yang-Baxter equation.

Definition 3.1.1. Let r be a meromorphic function r : C x C — g ® g, where g
is a finite-dimensional complex Lie algebra. The generalized classical Yang-Baxter
equation (GCYBE) is the following:

[r2(21, 22), 7% (22, 23)] + [112 (21, 22), P13 (21, 23)] + [r*2 (23, 22), 72 (21, 23)] = 0, (3.1)
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where 7™ are the same as in equation (2.11).

A solution of the GCYBE is called skew-symmetric if r'?(z,w) = —r?*(w, z) for

all z, w where r is defined.

Remark 3.1.2. It is clear that a skew-symmetric solution the of GCYBE is also a
classical r-matrix, i.e. it solves the CYBE

[7“12(21, 22)77“23(22, z3)] + [rlz(zl, 29), 7"13(2’1, z3)] + [rlg(zl, 23)77“23(22, z3)] = 0.

Example 3.1.3. Let g be a simple complex Lie algebra. Then a straightforward
computation shows that the following function is a non-degenerate solution of the
GCY BE which does not satisfy the classical one:

w

r(z,w) = .

Z—w

Here v is the Casimir element of g. It is easy to see that the latter solution is not

skew-symmetric.

Let C' be a reduced, complex, projective Gorenstein curve, X be an irreducible,
affine open subset of C' such that Qx ~ Ox. Then (see either [16] or [25]) there

exists a short exact sequence
0— OCXX — OCX)((A) — 5*(H0mx(Qx, Ox>) — O,

where § : X — C x X is the diagonal embedding and A = Im(¢§). The existence
of such a sequence will be proved in the next section, see formula (3.2). We now
use the fact that 0y ~, Ox, recall that such a trivialization is given by the choice

of a non-zero section w of H°(C,Q¢). We obtain:
0 — Ocxx = Ocxx(A) - Oa — 0.
If we now tensor everything by G X G, we end up with
0= GGy = GRG|x(A) = 6.(F]|x ®G|x) = 0,
where G is a sheaf of Lie algebras satisfying the following conditions.
(1) G is a coherent O¢-module.
(ii) H°(C,G) =0= HY(C,G).
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(i17) For all p € X we have G|, ~ g.

Then, using the vanishing of cohomology of G, applying the global sections functor

and due to the Kiinneth formula, we get an isomorphism
rest : H'(C x X,GXG|x(A)) = H°(X,G|x ® G|x).

The latter isomorphism in particular implies the existence of a unique section
e H°(C x X,G X G|x(A)) such that resg (r*) = . Here we denote by 7 the
unique element of H°(C' x X,G X G|x(A)) which is sent to the identity by the
isomorphism H°(X,G|x ® G|x) ~ Endc(G|x).

Definition 3.1.4. The unique element r := r* is called Szegt kernel or equiva-

lently geometric r—matrix.

Remark 3.1.5. We are only interested whether the Szego kernel r solves the GCYBE
or not, in this case it is possible to suppress its dependence on w, see [25| for more
details.

One can prove that the following theorem holds.

Theorem 3.1.6. [25] For any three distinct points x,y,z € X the Szegi kernel r

15 a non-degenerate solution of the generalized classical Yang-Bazter equation

[r2(21, 22), 7% (22, 23)] + [ (21, 22), 72 (21, 23)] + [r** (23, 22), 72 (21, 23)] = 0.

In particular, if we work with locally free sheaves and if there exists a global
nowhere vanishing one form w € Q¢, the Szeg6 kernel r is skew-symmetric. There-

fore it also solves the classical Yang-Baxter equation.

3.2 Curves of positive genus and Szego6 kernels

Let C be a reduced, projective Gorenstein curve of (arithmetic) genus g > 0,
X # ) be a regular irreducible subset of C' and ¢ : X — C x X be the diagonal
embedding, i.e. A = I'm(J). Recall that, if C' is smooth, its dualising sheaf Q¢
is isomorphic to the sheaf of holomorphic 1-forms, otherwise one has to introduce

the sheaf of regular 1-forms.
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Definition 3.2.1. Let C' be a reduced projective Gorenstein curve, n : C — Cits
normalization and denote by Mg the sheaf of meromorphic 1-forms over C. Then,
for any open set U C C a regular 1-form over U is an element w € I'(U,n.Mg)
such that, for any = € C and any f € O¢(U), one has

Z res,, ((f on)w) =0,

z,En~1(x)
where res is the standard residue on the smooth curve C.

Remark 3.2.2. Observe that a regular 1-form is holomorphic on any smooth part
of C. One can prove, see for instance [6], that the dualising sheaf Q¢ of a reduced

projective Gorenstein curve can be identify with the sheaf of regular 1-forms.
Recall Serre duality for a Gorenstein curve, see [27].
Theorem 3.2.3. For any V,W € Perf(C) we have a non-degenerate bilinear

form
b(—, —)s : Hom(V, W) x Ext'(W,V ® Q¢) — C.

In particular there exists a bifunctorial tsomorphism
Ext'(W,V ® Q¢) ~ Hom(V, W)*.
Proposition 3.2.4. For any vector bundle £ over C' the following residue sequence

on C' x X 18 exact:

resa

0 — m& = mE(A) —2 5.(E@ Q') — 0, (3.2)
where m : C x X — C.

Proof. We start demonstrating that the sequence
0= Ocxx = Ocxx(A) = 6.(Q5") — 0 (3.3)

is exact.

The first map is trivially defined, we have to describe the second one.

Let B=Cx X, z € X and U, C B be an open neighbourhood of (z,z). We
observe that any section s € HY(U, Ocxx(A)) can be locally written as s;ff’j),

with s’ € HO(U, Ocxx). We take any w € H°(67 (U, N A),Q¢), clearly w can be
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locally written as w = w'(p)dp, with w’ holomorphic on X ~ A. We observe that
Q;' ~ Hom(Q¢, O¢), then the residue map is the map which takes z € 6~ 1(U,NA)
and sends it to w'(2)s'(z, z). The statement follows taking the tensor product of
the sequence (3.3) with 77€&. O

Corollary 3.2.5. In particular, if we take € equal to Q¢, we obtain the following
sequence:
0= 70 = TQ(A) =2 05 — 0. (3.4)

We now consider both projection maps my, o

CxX
VAN
C X
and we observe that, if we tensor the sequence (3.4) by 71&* @ m3€|x := E* R €|y,

we get
0 ERE|x — EYRE|x(A) = 6,(End(E]x)) — 0. (3.5)

Here £ is a vector bundle on C' and we are using the notation £¥ := £* ® Q¢.

Lemma 3.2.6. Let € be a vector bundle over C such that
H(C,&)=0=H'C,E),

then
HO(C X X,Ev&ﬂx) :O:Hl(C X X,Sv&ﬂx).

Moreover, we get an isomorphism of vector spaces
HY(C x X,EYRE|x(A)) =2 HY(C,End(E]|x)).

Proof. Observe that applying Riemann-Roch formula we immediately see that

HY(C, &) = 0= HYC,€) if and only if H°(C,EY) =0= HY(C,EY).

The first statement follows easily using Kiinneth formula. In fact we multiply any

factor of the decomposition by an element of the form H*(C,&EY) = 0.

The last part follows from the sequence (3.5) applying the global sections functor.
m

Similarly to the previous section we can introduce the next definition.
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Definition 3.2.7. The unique section S € H(C' x X,EY K £|x(A)) such that

resa(S) = Lgnae|y) is called Szegd kernel.

The name kernel is due to the sequence (3.5).

3.3 Residue and Evaluation sequences

Let C', X be as in the previous section, £ be a vector bundle over C. We say
that p € X is a base point for £ if the map H°(C, &) — &|, is zero.

Definition 3.3.1. Let =,y be two points of X. We say that a triple (£, z,y) is

good when:

(i) = #y;

(#7) x is a base point for £Y;
(i17) y is a base point for &.

Remark 3.3.2. Note that if H°(C,£) = 0= H*(C, &), then, using Serre duality or
Riemann-Roch theorem, one can easily see that the triple (€, x,y) is good for any

x,y € X as long as x # y.

Lemma 3.3.3. Let £ be a vector bundle over C and x € X, then the following

are equivalent:
(i) x is a base point for EY;
(i) HY(C,&Y(—x)) =~ H*(C,&Y);
(i1s) HY(C,E) ~ HY(C,E(x)),
Moreover, if x € X is a base point for EY, the following relation is satisfied:
RO(C, E(x)) = rank(E) + h°(C, €).
Proof. Consider the exact sequence

0— Oc(—2) = Og =5 C, — 0.
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We tensor it by £¥ and apply the functor H°(C, —), we get
0— H°C,EY(~x)) = H'(C,EY) = &Y|, = HY(C,EY(~x)) = H (C,EY) — 0.

The base point hypothesis immediately implies point (i7). In fact the map
HO(C,EY) — £V, is zero. Conversely, if the first two terms of the latter sequence
are isomorphic, then Kern(HY(C,EV) — &Y|,) = H°(C,EY), giving the equiva-
lence between the points (i) and (ii).
The second part, (it) <= (iii), follows from a chain of Serre isomorphisms:
H°(C,&Y(—z)) ~ Homg(E(x),Q) ~ Ext'(Og, E(x))* ~ HYC,E(x))*. A simi-
lar chain of morphisms for H%(C, V) and the isomorphism (i7) lead to the thesis.
The last statement is a straightforward computation. One has to write down
the Riemann-Roch relations for both £(x) and &£, then solve the system using (i7)

and Serre duality, such a process leads to
RO(C, E(x)) = deg(E) + rank(E) + h°(C, E) — deg(E).
m
The previous lemma assure that, for any natural number r = rank(&), there
exists always at least a non-trivial section of £(z) which does not belong to £.
Remark 3.3.4. Observe that the residue sequence (3.6), on the subspace C' x {x},
x € X, can be identified with the following sequence:

0— Q¢ — Qo) =% C, — 0. (3.6)

In fact 77Q¢ over C' is just Qo, Oc(A) reduces to O¢(z) and everything on the
right hand side, since it is a restriction on a fiber, is trivial. Note that res,(¢) is
just the classical residue for any local meromorphic 1-form ¢ with at most a simple

pole at x.

We now tensor the sequence (3.6) by £ ® 2, and we pass to cohomology. Then

we get
0— H(C, &) — H(C,E(x)) =25 (£ ® QL)|e — HY(C,E) — HY(C,E(x)) — 0.

Using Lemma 3.3.3 we see that res, : H*(C,E(z)) — (€ ® QF)|. is surjective and
its kernel is H°(C,£). Here we use the same symbol for a morphism of sheaves

and for the map of global sections.
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We now introduce the evaluation sequence, let y € X C C, then the following

is a short exact sequence:
0= Oc(—y) = Oc =% C, — 0. (3.7)

If we tensor the latter sequence by £(x) and we pass to cohomology, we get

evy

0— H(C,E(x —y)) — H(C,E(x)) —% E(x)], — H(C,E(x —y)).... (3.8)

We observe that £(x)|, ~ &|, as long as = # y, then, due to the good triple
hypothesis, ev, : H*(C,&(x)) — &|, vanishes on H°(C, &), that is the kernel of
res,. Therefore, due to homomorphism theorem, there exists a unique linear map

S¢(x,y) which makes the following diagram commutative:

HY(C,&(x)) (3.9)

resy evy

S (x,y)

(€ © Q)| Ely-

Remark 3.3.5. Observe that the sequence (3.8) implies that y is a base point for
E(x) if and only if HY(C,E(x —y)) ~ H°(C,E(x)), which is equivalent, due to the
Lemma 3.3.3, to h°(C, E(x — y)) = rank(E) + h°(C, £)).

Remark 3.3.6. Note that, if we suppose H(C,&) = 0 = H'(C, &), the maps res,
and ev, become isomorphisms. In fact, due to the semi-continuity theorem (see
[27], Theorem 12.8), H*(C,E(x — y)) are zero in a Zaritsky open subset of C.

Hence S¢(z,y) = ev, ores; .

Ezample 3.3.7. We claim that the triple (O¢(z—2), x,y) is good for any z,y, z € X
such that x # z and = # y. Observe that since H°(C, O¢(z —x)) = 0 the condition

for y is already fulfilled. Moreover, consider the canonical sequence
0= Oc(z—x) = Oc(z) > C, —»0
and pass to cohomology. We obtain
0 — H°C,0c(2)) = C — HY(C,00(z — x)) = H'(C,0c(2)) — 0.

The latter sequence implies H'(C,O¢(z — z)) ~ H'(C,0¢(z)), the statement

follows from Lemma 3.3.3.
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Ezample 3.3.8. Let x,y, z be three distinct points of C' and € = O(z — x), then it
is easy to see that S¢(z,y) is an isomorphism.
If instead we take y = 2, then S®(x,y) = 0. In fact, due to Remark 3.3.5, y is a

base point of £(x), which immediately implies ev, is the zero map.

We now wish to investigate the relation between S and the Szegd kernel S
defined in the previous section, see Definition 3.2.7. For this purpose, observe
that, for an arbitrary bundle W, there exists a morphism tr : W* @ W — O¢,
given by f®@w — f(w). Then for any vector bundle V, there exists an isomorphism

VN, @ V|, ~ Lin((V ® Q5w V]y), (3.10)

where the action of a tensor ¢ ® v on the element v € (V ® QF)|, is given by
(g @v)(u) = g(u)v.

Lemma 3.3.9. Let £ be a vector bundle over C such that H*(C,E) = 0. For any

v#y x,y € X, consider the linear map S¢(x,y) = ev,ores; '

(€@ QL) = HY(C,E(x)) 22 &,

Then the value of the Szegi kernel S at the point (x,y), i.e. S(x,y) € Y], ®E|,,
is the image of S€(xz,y) under the isomorphism (5.10).

Proof. Consider the bi-orthogonal system, with respect to the trace map, given by
{e1,...,en} basis of £ ® QF|, and {e], ..., e;} basis of £* ® Q¢|,. We can also fix
a basis {Ey, ..., E,} of H(C,&(x)) determined by the relations res,(E;) = ¢;. We
can then write S’{x}xX = Y éf®F;, where any element of €] is a linear combination
of the basis {e},... e }, ie. & = > hye;*. We conclude that €5 = e} from the
fact that res,(E;) = ¢; and Y ef ® e; = 1. It remains to observe that both S and
S, under the isomorphism (3.10), send e; to E; evaluated in y.

O

3.4 Szego kernels and triple Massey products

In this section, similarly to what was done in the first chapter, we define a
certain triple Massey product. We prove that for a good triple (£, z,y) such a

product is related by a canonical isomorphism to the map S¢(z,y) defined in the
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previous section. Let C' be a reduced, projective Gorenstein curve of arithmetic
genus g > 0, X be a non-empty regular irreducible subset of C. Let xz,y € X be
two distinct points and € be a vector bundle over C' such that the triple (£, z,y)
is good. Then we define the triple Massey product

Hom(Og¢, C,) ® Ext'(C,, ) ® Hom(€, C,) (3.11)
me,
HOIH((Qc, (Cy>

as follows.
Let f € Hom(Og¢,C,), w € Ext'(C,,&) and g € Hom(E,C,). Observe that by
definition w is represented by

0=-€&—-W-—-C,—0.
Moreover, since f and g are given, we can write the following diagram:

Oc (3.12)

1N

w
N

Cy,

0 )

C, 0

where f: Oc — W and §: W — C,, if they exist, are lifts of f and g. The triple
Massey product is then defined by miy(f KWK g) = f]f. It remains to prove that
the definition is well-posed.

Lemma 3.4.1. If the triple (€,x,y) is good, then the triple Massey product mivy

s well-defined and uni-valued.

Proof. First of all, we have to prove the existence of the maps f and §. We take
the short exact sequence

0—-&—-W—-C,—0
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and we apply the functor Hom(—,C,). We get
0 — Hom(C,,C,) — Hom(W, C,) — Hom(&,C,) — Ext'(C,,C,) — ....

Using the properties of skyscraper sheaves supported at the distinct points x and
y, one can easily see that Hom(C,,C,) = 0 = Ext'(C,,C,). The latter conditions
imply Hom(W, C,) ~ Hom(&, C,), therefore there exists a unique g.

We now repeat the procedure applying the functor Hom(O¢, —), we obtain

0 — Hom(Oc¢, &) — Hom(Og, W) — Hom(O¢, C,) — Ext'(O¢, &) — ...

Observe that if HY(C,&) = 0 = H'(C,&) the proof is similar to the previous
case, moreover f is unique. In the general case, we have to prove that the map
Hom(O¢, W) — Hom(O¢, C,) is surjective. Consider the pull-back

0 & w’ Oc 0

L L)

0 & w C, 0.

If the map F : Ext'(C,, &) ® Hom(O¢, C,) — Ext'(O¢, &) sends w ® f to the
zero extension, we get the map f we are searching for. In fact the upper sequence
in the previous diagram would split. Observe that using Serre duality we have
Ext'(C,, &) ~ (£ ® Q). as well as Ext'(O¢, &) ~ H°(EY)*. Due to the iso-
morphism Hom(O¢,C,) ~ C, one can see that the map F' can be rewritten as
F' (E@QL)]. — HY(EY)* that is dual to ev, : H(EY) — &Y|,. F' is zero due to
the base point hypothesis, thus we have a surjection Hom(O¢, W) — Hom(O¢, C,.)
and so we get f.

We conclude the proof observing that the triple Massey product is uni-valued if
and only if the triple (€, z,y) is good. In fact any factorization of the form

Oc——E——=C,

|/

Ely
gives no contribution to the diagram (3.12). O

We are now ready to state the main result of this section.
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Theorem 3.4.2. Let C and X be as at the beginning of this section, let £ be a
vector bundle over C' and z,y € C such that (£,x,y) is a good triple. Then the
Massey product mé. in (8.11) is the image of the map S€(x,y), defined by the

$7y
commutative diagram (5.9), under the isomorphism:

Lin(Hom(O¢, C,) ® Ext'(C,, £) ® Hom(&, C,), Hom(O¢, C,)) =~
~ Lin((€ ® Q) |z, Ely)-
Proof. Before proving the main theorem we need some preliminary steps.

Lemma 3.4.3. There exists an isomorphism of functors
o, : Hom(C,, — ® Q% ® C,) — Ext'(C,, —),

between vector bundles over C' and complex vector spaces.

Proof. Let £ be a bundle over C' such that rank(€) = r and x € C. Consider the
short exact sequence

resy

0-ERQ - ERQ(r) —ERC, —0

and apply the functor Hom(C,, —®%). Using the vanishing of the first two terms

due to Serre duality, we get
0 — Hom(C,, & ® QF ® C,) =% Ext'(C,, &) — Ext'(C,, &(z)) —

— Ext'(C,, £ ® Q5 ® C,) — 0.

We conclude the proof observing that the last two terms are both of dimension
r. In fact: Ext!'(C,, E(x)) ~ H(Ext'(C,, E(x))), whereas Ext'(C,,E ® Q%l,) is
isomorphic, due to Serre duality, to the r dimensional vector space £ ® 962|x-

Therefore «, is an isomorphism. O

We now observe that, using the residue sequence (3.6) and for w € Ext'(C,, &)

as in diagram (3.12), we have the following commutative diagram

0 E—>W C, 0

T

0 & E(x) E®QL®C,—0.
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The latter diagram, together with the definition of Massey product (3.12), can be
extended to:

J{id A J{azl(w)

0——E—E&(x) — €@ Q@ C, —— 0.

Remember that by definition res, : H*(C,&(x)) = (€@ Q)] ~ E@ QL ®C, and
recall that Hom(O¢, —) ~ H°(C,—). Thus we have

aa?l(w)fa: = resx()‘f)'

Note that, if we tensor everything by C,, we also get

Oc ®C,
lfy
EQC, —W®C,

l P

ERC,—E(x) ® C,y,

therefore
evy(Af) = ay_lfy.
If we now recall the definition of the triple Massey product, we immediately get

(mi,y)(f RW®g)y = gy © a;1 o fy=gyo Si,y(o‘;l(w)fx)-

In order to conclude the proof, we have to describe mi under a sequence of

Yy
isomorphisms. We claim that the following relation holds:

N(f @w®g)=7(f®sw))(g).

Here s : Ext'(C,, &) ~ Hom(€ ® Q%,C,)* is the isomorphism given by the Serre
pairing and

7 € Lin(Hom(O¢, C,) ® Ext!(C,, &) ® Hom(&, C,), Hom(Oc, C,)),
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whereas
72 € Lin(Hom(O¢, C,) ® Hom(€ ® Qf, C,)*, Lin(Hom(&, C,), Hom(O¢, C,))).

Clearly there exists a canonical isomorphism between the spaces in which the two
elements v; and v, live.
We now claim that s(w) is sent to o '(w) € Hom(C,, (£ @ Q5)|.)-

Lemma 3.4.4. The following is a commutative diagram:

Ext'(C,, ) —————— Hom(& ® Q, C,)*

| |

Hom(C,, & ® Qf ® C,) —— Hom(€ ® Q* @ C,, C,)*,

where the map T is induced by the canonical isomorphism of vector spaces
Hom(U,V)* ~ Hom(V,U).

Proof. Given a vector bundle W over C, using the residue sequence (3.6) and

applying Hom(W, —), we obtain a commutative diagram

Hom(W|,, W|,) —— Hom(W, W @ C,) —= Ext' (W, W ® Q¢)

C H°(C,C,) —2Z—— HY(C,Q0)

Here we are adopting the following notation: tr, is the usual trace map,  is the

"trace" on a Gorenstein variety G of dimension 7y, i.e. t: H™(G,Qg) — C (see
[27], II1.7); v, is the connecting morphism, £, B3, are again trace maps and all
the non-labeled functions are canonical morphisms.

The commutativity of the last diagram implies that, for any f € Hom(W, W®C,),
one has

HBw(va(f))) = tr(fa)-
We conclude the proof observing that:

(00 0 () = tr{a” (W) 0 0) = HB (a0 (') 0 0))) = 5(u')(6)
for any 0 € Hom(€ ® Q,C,) and v’ € Ext'(C,, &) .
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We now come back to the proof of the main statement. Observe that a~!(w)
can be viewed, up to isomorphism, as an element in (€ ® Qf)|,. Any map ~,, as

above, is then sent to a map
73 € Lin(Hom(O¢, C,) ® (€ ® QF)|s, Lin(Hom (€, C,), Hom(O¢, C,)))

such that v5(fa © a; ' (w))(gy) = n(f @ w & g)y.
If we now observe that Hom(O¢, C,) ~ C ~ Hom(O¢, C,) and that Hom(&, C,) is
isomorphic to £*|,, we deduce that 3 is sent to a linear map 4 in Lin(E®QE |, £|,)

such that the following diagram is commutative

« (@' (w) fz)
(€@ ) : Ely
71 (fRweg)y 9y
C
The theorem is proved observing that v, = Siy while v, = m‘;y. O]

Corollary 3.4.5. If moreover H°(C,E) = 0 = HY(C,E), then the triple Massey

product mivy is isomorphic, in the sense of Lemma 5.5.9, to the Szegé kernel
S(x,y), for any x,y € C, x #y.

3.5 Skew-symmetry

In this section we prove that Szegd kernels are skew-symmetric, but before
proceeding with this intent we need some remarks.
Let C be a reduced, projective Gorenstein curve of arithmetic genus g > 0, X # ()
be a regular irreducible subset of C' and & be a vector bundle over C' with vanishing
cohomology. In particular deg(€) = (9 — 1)rank(€). As already stated several
times, using Riemann-Roch theorem, one can see that £¥ has the same properties
of £. In fact

HY(C,&) =0 =HYC,EY) and HYC,E)=0=HOC,EY).

The latter conditions imply that the residue map can be defined for the bundle

&Y. We then have an isomorphism
res, : HY(C, &Y (x)) — £,

26



3.5. SKEW-SYMMETRY

Moreover, we can define
S (x,y) == evyores;!: &, = (£ @ Q0)ly.

Let 7: EYRE — EXEY be the morphism which switches the factors on the level
of appropriated local sections and A : X x X — X x X be the map which flips the
entries. Recall that S is the Szegd kernel from Definition 3.2.7.

Definition 3.5.1. The Szegt kernel S is skew-symmetric if and only if

7(8) = =\'(9)

for any z,y € X x X \ A, where S is viewed by restriction as a meromorphic
section of £V X &.

Recall that S¢(z,y) : £ @ Q%] — €|, and that we have trace map
tr: & ®&~End(€) — C.
Lemma 3.5.2. The following are equivalent:
(i) The Szegi kernel S is skew-symmetric;

(17) try(resy(s2),evy(s1)) = —try(res,(s1), evy(se)) for any couple of distinct points
z,y € X and for all s; € H°(C,EV(y)), so € HY(C,E(x)).

Proof. Observe that, due to isomorphism in Lemma 3.3.9, that uses the trace map,

the first condition can be rewritten as
tro(S%" (y, 2)(a),b) = —try(a, S5 (z, y)(b)), (3.13)

for all (a,b) € £, x (£ ® QF)a
We now consider (s, s2) € H*(X,EV(y)) x H*(C, E(x)) such that a = res,(s;) and

b = res,(sz). Then, using the symmetry of tr, equation (3.13) can be rewritten as

try(resy(s2), evy(s1)) = —try(res,(s1), evy(s2)),

for any (s1,s2) € H(C,EY(y)) x HY(C,&(x)). O
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Applying — ® Q¢ to tr : £* ® € — O¢ yields
trie . &V @ £ = Q.
which allows us to demonstrate the next result.

Theorem 3.5.3. The Szegi kernel S is skew-symmetric.

Proof. First of all we prove that the Szegd kernel S is skew-symmetric if and only
if

res, (179 (s1, 89)) + res, (tr%¢ (sy, 89)) = 0,
for any s; € HY(C,EV(y)), s2 € H(C,&(x)) and for all (z,y) € X x X \ A. We

observe that we have the following commutative diagram

EV(y) @ E(x) —EV R E R Oc(x +y)

resy ® evyl

&y ® &l trétc

fr

(Cy resy Qc(y) ® OC(‘T)
In fact a straightforward computation shows that in both ways we get

try(evy(s1), evy(s2)) - evy () - resy (M),

where A\ € Qc(y) and p € Ox(x) are local sections. Observe that here occurs
an abuse of notation. In fact the vertical residue at y is the map between vector
bundles already defined in diagram (3.9), whereas the lowest one is the classical
residue over a curve.

The statement at the beginning of this proof follows using the latter diagram
and the previous lemma,; i.e. res,(tr®c(—,—)) = tr,(—,—). Using the symmetry
of the trace map we get also res, (tr*(—, —)) = tr,(—.—). The proof of the lemma
follows applying the residue theorem. In fact the residual sum has to vanish, see
for instance 3|, over all closed points of C, but it obviously vanishes on any point

that is neither x nor y. O
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3.6 Identities for Szego kernels

Let C' and X be as in the previous sections and (&, z,y) be a good triple. We
prove some relations satisfied by the function S€(z,y). In particular, we compute
a sheaf-theoretic version of the matrix-valued Fay’s trisecant identity. The first

result of this section is the following:

Theorem 3.6.1. Let &y, ... ,E&, be vector bundles on C. LetT : £1®---®E, — Q¢
be a morphism of vector bundles and x1, ..., x, be points of X such that the triples

(&;,xj, ;) are good for any © # j. Then the following relation is true:

> T, ide,gay,,, © () ST (2, 1)) = 0. (3.14)
i=1 ji

Proof. For any j € {1,...,n}, we can choose s; € H°(C,&;(x;)) \ H°(C,&;) with
the properties res,,(s;) = a; € (&; ® QF)|s,. Observe that one has the following

commutative diagram

&y HO(C, &(wr))

H(C, @2y &i(w1))

resy; ®evy, ®--Qeve, T
(20 ® @2y E)lay H(C, Qo + -+ + 2,))
T, resq,
Ca, Csy

which implies res,, (T(s1 ® -+ ® s5,)) = Ty, (T€8;, ReVy, @ .. eV (81 R -+ R 8p)).
Writing down the same commutative diagram for any x; we get:

I‘esxi (T(Sl ® e ® Sn)) — ,_Tm (evg(i—l) ®res.1‘i ® evi(n_i)(sl ® e ® Sn))

i

Applying residue theorem we end up with:

n

Z T (ev2iV @res,, v (s, @ ®s,)) = Z res,, (T(s1®---®s,)) = 0.

i=1 i=1
We now observe that, using the properties res,;(s;) = a; € (£; ® Q)].;, we have

res,, (si) = ide,p0z), and evy, (s;) = S%(x;,x;). Thus the statement follows. [
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Remark 3.6.2. Note that relation (3.14) reduces to the skew-symmetry once we
take n = 2. In fact we can set: & = &, & = £, with the properties H°(C, &) =
0=HYC,E),and T :=trfc : &Y @ £ — Q¢ as in Section 3.5. .

As already mentioned in Section 3.3, if one considers a vector bundle £ with
vanishing cohomology and takes two distinct points x1,y; € X, then the bundle
E(x1 — 1) has vanishing cohomology. Moreover the maps S¢ and S¢” are locally
invertible. Recall from Remark 3.3.7 that (Oc(y1 — x1),21,2) is a good triple
for any three distinct points zq,y1,2 € X. Let us denote by s(x) the element
SOcWi=21) (7, %), which we know to be an isomorphism (Remark 3.3.8), we can

now prove the following result.

Theorem 3.6.3. Let € be a vector bundle such that H°(C,E) = 0= H(C,E), let
X0, T1,Yo, Y1 € X be four distinct points. Then the following equality holds

Sg(ml_yl)(xo, yo)s(wo)s(yo) ™" = S (0, y0) — S (21, 50)S% (w1, y1) " SE (w0, 1)
(3.15)

Proof. Step 1

We apply relation (3.15) to the bundles & = £V, & = E(x; —y1) and & equals to
Oc(y1 —z1). Observe that in this case the map 7T is naturally defined via the trace
map, i.e. £ ®E R E3 >~ E* R Qe ® E — Q. We then compute everything at the
distinct points yi,zg, z1. If we denote SPcWi=21) (g, 2) = I, ., we immediately

get

Ty1 ('L.dgl(g)ﬂé‘yl ® S‘,g(:m—yl)(xo7 yl) ® ‘[$17y1) -+ Txo(sgv (yl’ 1‘0) X id52®9*

cleg
+T1«1 (ng (yl, Jfl) X Sg(xliyl) (.130, l’l) X Idg3®98‘$1) = 0.

® Loy 0)+

We recall that SOcW1=21 (g, 4,) = 0 (see Remark 3.3.8). Thus we obtain
trwo(sgv (ylu xU)(a)v b- I:EL:EO) + trﬂ:l(sgv (ylv Il)(a’)a Sg(azl—yﬂ(x()’ xl)(b) ’ C) =0,

where (a,b,¢) € £y, X (E(x1 — 1) @ Q) |ze X (Oc(yr —x1) @ QE) |2, - Using skew-
symmetry and non-degeneracy of the trace map as well as the fact the inverse of
S¢ is well-defined, we end up with

Sg(mlfyl)(x07 371) — —(Sg<l’]‘j’17 y1>>7lsg($07 yl)SOC(ylffbl)(wl’ :C(])
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Step 1II
We repeat the step I one in a slightly different way. We take the bundles £ = £V,
E = E(xr1 —y1) and & = Oc¢(y1 — x1). We compute everything at the distinct

points g, xo, r1. We can write

tryo (CL, Sg(mliyl)<x07 yO)(b)]rhyo (C)) + trmo(sgv (y07 S(,’O)(CL), b- le,wo (C))
+try, (S (yo, 1) (@), ST@ ) (zg, 21) (b) - ¢) = 0,

with (a,b,¢) € |y, X (E(x1 — Y1) @ Q) |we X (Oc(y1 — 1) @ QE)|z, - The latter
equation, proceeding as in the previous step, gives the relation

SE@L=) (4, o) - SO (31 40) — SE (o, o) - SO (1, o)+
—S* (1,50 - S5O (29, 1) = 0,

Step I1I
We substitute the equation obtained in the first step inside that one got in the

previous one, the statement follows reordering terms. O

The latter can be considered as a generalization in the case of Gorenstein curves
of the celebrated Fay’s identity which appears in [20, 21]. In order to reduce it to
that identity, we shall work over Riemann surfaces. Details are treated in the next
chapter.
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CHAPTER 4

LINE BUNDLES OVER COMPLEX TORI
AND FAY’S IDENTITY

This chapter is devoted to the study of line bundles over smooth projective
curves of positive genus, i.e. Riemann surfaces. In order to study sections of those
bundles we have to investigate the theory of complex tori and their line bundles.
We have to introduce the Jacobian of a Riemann surface, that is a specific torus
which can be used to describe many properties of the surface itself. In particular
we will define a Poincaré bundle over the Jacobian and we will pull it back to the
curve. We conclude this thesis describing the identities obtained at the end of the

third chapter in terms of theta functions.

4.1 Line bundles over complex tori

Before studying line bundles over a g—dimensional complex torus, we need a

preliminary and well-known lemma.
Lemma 4.1.1. Any line bundle over C9 is trivial.

Let V be a complex vector space of dimension g and I" be a full rank lattice in
V. We call the complex, compact and connected g-dimensional manifold 7'= V/T’
complex torus of dimension g. Observe that T" has a natural structure of an abelian
group. We denote by m : V' — T the canonical projection and we observe that,
due to the previous lemma, 7*L is a trivial bundle for any line bundle £ over T

Thus we can write 7*L£ ~ V x C. Moreover the natural action of I over V can be
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lifted to an action on V' x C in order to have £ isomorphic to V' x C modulo such

an action. An element v € I acts on the fibers as follows:

Vv, 2) = (v +7,0a,(v)2),

for any v € V, z € C and where a, is a holomorphic invertible function on V. The
latter equation defines a group action of I' on V' x C if and only if it satisfies the

cocycle relation, i.e.
Ay 472 (Z) = Ay, (Z + ’72)a“/2(z)'

A function a, as above is called automorphy factor and any line bundle on the

torus is defined by a family of automorphy factors.

Definition 4.1.2. Let (a,) er be a family of automorphy factors, then a holomor-
phic function 6 : V' — C, which satisfies the relation

00 +7) = a, (0)0(v)
for all v € V and v € I', is called theta function.

Lemma 4.1.3. Let L be a line bundle on T and (a-)er be a family of automor-
phy factors for L. Then the space of theta functions for (ay) er is canonically

isomorphic to the space of sections of H(T, L).

Proof. We recall a proof from [7].

Any section o of L lifts to a section o’ of 7*L given by o'(v) = (v,0(m(v))). One
can easily check that ¢’ is invariant under the action of T, in fact o’ (v+7) = yo'(v).
This means that it is a theta function. Conversely, any section of 7*L, which is
invariant under the action of I, is the lift of a section of £. Moreover, using the
trivialization of the pull-back bundle, i.e. 7L ~ V x C, we can see that any
section of such a bundle is of the form v — (v, f(v)), where f is a holomorphic
function from V to C. We conclude the proof observing that those kind of sections

are invariant, under the action of I', if and only if f is a theta function. ]

Thus, in terms of sheaves, for any £ € Pic(T') and for any U open set of T' we

have

LU)={0:U = Clo(y+v) = a,(v)0(v),Vy,v € T x U},
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where U = 7= 1(U).

We would like to give a description of factors of automorphy.

Let H : V xV — C be a Hermitian form anti-linear in the first variable and
linear in the second one. Let z,w € C, we define R(z,w) = R(H(z,w)) and
I(z,w) = S(H(z,w)). Observe that R and I are symmetric and skew-symmetric
real bilinear forms, respectively. Moreover, if one of H, R, I is non-degenerate, then
all of them are non-degenerate. Let H be a Hermitian form such that I(yy,72) € Z
for all 71,7, € . Let f be a function from T' to S' = {z € C||z| = 1} such that
f(y1+7%) = f(71)f(72)(=1)10172) and denote by H the set of all pairs (H, f) with
the properties just stated, then we are ready to state the next theorem.

Theorem 4.1.4. (Appel-Humbert)[33]
There ezists a group isomorphism H — Pic(T), where:

(1) The group structure of H is defined by

(Hi, f1) - (Ha, f2) = (Hy + Ha, fifa);

(13) whereas the isomorphism is given by (H, f) — L(H, f), with the line bundle
L(H, f) defined by the automorphy factors

0, (0) = ) expl(H (3, 0) + 5 H(7,7).

We further suppose H to be positive definite and we observe that I = 3(H)
can be considered as a non-degenerate, skew-symmetric form from I' x I' to Z.

Then, due to Frobenius lemma [24], there exists a basis of I" such that the matrix

(5 0)

where D = diag(dy,...,d,) is a diagonal matrix whose elements are d; € Z such
that d; divides d; ;.

which represents I is of the form

Theorem 4.1.5. The dimension of the space H*(T, L(H, f)) is equal to []7_, d;.

i=1

Proof. This is a well-known result, a proof can be found either in 7] or in [33]. O
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4.2 Poincaré bundle

Given a complex torus 7 = V/I', we consider the space V = Hom,(V,C) of
anti-linear maps L : V' — C. Observe that there exists an isomorphism of real
vector spaces between V and Homg(V, R) which provides a non-degenerate bilinear
form

(—,—):VxV =R
defined by (L,v) := S(L(v)).
Therefore, the dual lattice I = {L € V|(L,v) C Z} is a lattice in V. Thus
we can define the dual torus 7% = V/I'*. It satisfies the property (T%)* = T.
Observe that the non-degeneracy of the bilinear form (—, —) implies that the map
a:V — Hom(T,SY), given by L — exp(27i(L,—)), is surjective. Moreover, it is
not hard to see that the kernel of the latter map is precisely I'.

Lemma 4.2.1. The map « induces an isomorphism T* ~ Pic®(T).

Proof. The map « gives an isomorphism between T* ~ Hom(T',S'). Moreover,

using the Appel-Humbert theorem, one can prove that there exists an isomorphism
Hom(T, 8') ~ Pic®(T), see [33] for more details. O

We are then ready to prove the following theorem.

Theorem 4.2.2. There exists a unique holomorphic line bundle P over T x T*
such that:

(1) For any line bundle L € T* one has 77|TX{£} ~ L;

Moreover, if A is any normal analytic space and L' is any line bundle on T x A

satisfying the conditions:
LN rxizy € Pic®(T) for any x € A and  L'|joyxa is trivial.

Then there exists a unique holomorphic map v : A — T such that L' ~ (idxv)*P.
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Proof. We give a sketch of the proof from [33].

We have to define a Hermitian form. We then pose

H:(VxV)? =,

where H((v1, L1), (va, La)) = La(vi) + L1(ve). Observe that by definition H, re-
stricted to (' x T'*)*2 takes integer values. We also define f : I' x I'* — S as
f(v, L") = exp(mi - S(L'(y))). According to Theorem 4.1.4, we have just defined
a line bundle, that we will denote by P, over T' x T*. The automorphy factors

associated with such a bundle is given by
1
(02, (0. D) = 1 D (5 (0, D). 00 )+ A (012,60, 2) )

We immediately observe that a.((0,L'),(0,L)) =1 for all L € I'*, L € V, so the
property (ii) is proved. The first one is easy to prove, in fact we take a line bundle
L € T* ~ Pic®(T), defined by a certain L € T* ie. £ = L(exp(2miS(L)),0).
A straightforward computation shows that exp(2miS(L) is equivalent, up to a
non-zero holomorphic map, to a,((7,0), (v, L)), which proves (7). The uniqueness
follows easily from the See-saw Theorem 4.8.2.

The final part of the statement follows again from the See-saw Theorem 4.8.2. In
fact, define v : A — T* by x —L'|7(s}, the map is well-defined and unique by
the See-saw theorem. It remains to prove that v is holomorphic, however it is not

hard to see that graph(v) is bi-holomorphic to A, therefore v is holomorphic. [

Thus, we shall identify x € 7™ with the line bundle P |7y (43

4.3 Jacobian of a Riemann surface

In this section we connect the theory of line bundles over a complex torus to that
one of locally free sheaves over Riemann surfaces. Let C' be a smooth projective
curve of genus g > 0, i.e. a Riemann surface of genus g. It is well-known that
H\(C,Z) ~ Z* and H°(C,Q¢) ~ C9. Moreover, as a consequence of Poincaré
and De Rham duality, there exists a well-defined non-degenerate intersection form
(—, —) between elements in H,(C,Z). Using such an intersection form one can
choose a basis {a;, b;}?_, of the first homology group H;(C,Z) such that
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(ai, CLj) =0= <bz, b]> and (ai, b]> = (5@‘,

where 0;; is the Kronecker delta function.
Once we fix a basis of H,(C,Z) as above, that is said to be canonical, we can use
the Gram-Schmidt algorithm to get a basis {wy,...,w,} of H*(C,Q¢) such that

/ wj = (SLJ
a;

Theorem 4.3.1. Let C be a compact Riemann surface of genus g > 0, {a;,b;}_,
be a canonical basis of Hi(C,Z) and let {wy,. .. ,w,} be a basis of H*(C,Qc) such
that

,,,,,

Then the matrizx B = (ﬁ%‘) 15 symmetric and its imaginary part 1S

i.=1,.g
positive definite. The matriz B s called period matriz of C.

As a consequence of the latter classical theorem, whose proof can be found for
example in [11], we can define the full-rank lattice I'c = Z9 + BZ9.

We then call Jacobian of C' the complex torus
J=J(C):=CT¢.
In order to relate the curve C to its Jacobian we need the next definition.

Definition 4.3.2. Let py be a point of C. We call Abel map with base point pg
the map A : C' — J(C) defined by

([ £)(19)

The integration is taken on any path from py to p, since w; are holomorphic,
therefore closed, the integral depends just on the class of the path in Hy(C,Z).
Thus, since we are working on the quotient by the lattice generated by {a;, b1 }Y_;,
the definition is well-posed.

The Abel map has the following remarkable properties.
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Theorem 4.3.3. The Abel map is an embedding. Moreover, it induces an isomor-
phism a : Pic®(C) — J,

Oclpr+ - +pn—q1— - —qn) = Z(A(pi) — Alai)),

for any p1,.. ., 0nsq1s---,qn € C. The function « is called Abel-Jacobi map.

Proof. This result is well-known and a reference for the proof can be found in
[11]. O

4.4 Theta functions and theta divisor

Let B’ be a symmetric g X ¢ matrix with complex entries and such that its
imaginary part is positive definite. We call the holomorphic function 6 : C¢ — C

defined as follows:

0(z,B) =06(z) = Z exp(min'B'n + 2min'z),
nezs
theta function associated with B’ or simply theta function. One can prove that
this series converges uniformly on compact sets and thus it defines a holomorphic
function on C9.
According to the previous section’s discussion, we can define the theta function
associated with the period matrix B of a Riemann surface C. Let I'c = Z9 4 BZ9,

then @ transforms in the following way:
O(z+ ) =06(2)

0(z + By) = exp(—miy' By — 2miyz)0(2)

for any v € Z9. So 6 is quasi-periodic with respect to the lattice ['c.
Let us denote
0:={z€ J(C)|0(z) =0},

such a zero locus is called theta divisor. In fact it is a (¢ — 1)-dimensional sub-
variety of J = J(C). Observe that despite the quasi-periodicity of 6, the variety ©
is well-defined. Moreover, according to Theorem 4.1.5, the function 6 is the only
section of O;(©). In fact one can easily see that in this case dy = --- =d, = 1.

The variety © can be described, via the Abel map, as follows.
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Theorem 4.4.1. (Riemann’s theorem)([11, 33]) A point z € J belongs to ©, i.e.
0(z) = 0, if and only if there exist g — 1 points py,...,p,—1 € C such that

g—1

z= K"‘ZA(Z%),

=1

where A is the Abel map and K € J is the Riemann point. Such a point depends on
the choice of the basis of Hi(C,Z) and on the base point of the Abel map. However
the sum on the right hand side of this theorem does not depend on the choice of
the base point of the Abel map.

Moreover, there exists a unique K € Pic9™*(C) such that K* ~ Q¢ and, if K is
equal to Oc(q1 + - -+ + q4-1) for some points ¢; € C, then K = — Zf:_ll A(g;).

We wish to give a different formulation of the latter theorem. Observe that, if

we fix an element £, € Pic?(C), we have an isomorphism
Lq® —: Picl®(C) — Pic’(C))
induced by the tensor product. In particular, we get a commutative diagram
/ y

Pic®(c) — 2=, Pies—1(C),

where ag is the map O¢(Dy—1) = —K + A(D,_1) and where D,_; is a divisor of

degree g — 1. Moreover, the map ax gives another commutative diagram

Pies 1 (C) 25— g

Pict71(C) ——— ],

where ¢V(£) = LY and i(z) = —=.
Furthermore, if we denote

W = {L € Pic" *(C)|h°(C, L) > 0},

the Riemann’s theorem can be translated as follows

69



4.5. POINCARE BUNDLE OVER A RIEMANN SURFACE

Lemma 4.4.2. W is a divisor in Pic?"'(C) and ax(W) = ©.

We conclude this section observing that we also get an isomorphism
{L£ € Pico 1 (C)|£? ~ Qc} 25 {2 € J|]22 = 0}

which sends K to 0. Elements of both sets are called theta characteristic.

4.5 Poincaré bundle over a Riemann surface

We wish to use the Poincaré bundle over a torus in order to define a universal

line bundle over a Riemann surface C. We need some preliminary results.

Proposition 4.5.1. There exists an isomorphism ®g : J — J* = Pic®(J) defined

by
x = t5(0,(0)) ® 0,(—6),

where t, : J — J is giwen by c — x + c.
Proof. See [7, Theorem 2.8] or [33, Section 2.4]|. O
We also need the following:

Theorem 4.5.2. (i) The Abel map A:C — J induces an isomorphism

A*: Pic®(J) — Pic®(C).

(13) The following diagram is commutative

pio(Cc) -

| ]

J - J.

(iii) For any x € J let L, € Pic®(C) be the corresponding element via the Abel-

Jacobi map. Then we have
A (t2,0,(0)) = L7 @ K @ Oc(po),
where po 1s the base point of the Abel map.
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Proof. See [33] for a proof of these classical results. O

The last theorem implies that Q := (A x A%)*P, where A% = (A*)7!, is a

universal family over C' x Pic®(C') such that:
(1) Qlipyxpicric) ~ Opico(c);
(i7) For any £ € Pic®(C) we denote £ = A#(L). Then
A(Plesy) = A(L) ~ L.
Similarly, we get a universal family R := Q@7 (K) over C x Pic?~!(C), where

7o is the canonical projection along the first term.
Denote RY := Hom(R, 7:8¢), take §(z,y) : C x C — J defined by §(z,y) = [ &

“ @D
~ Yy
and denote A = A x Pic?"1(C). Here A is the diagonal in C' x C. Finally, recall
that i : J — J is the involution i¢(v) = —wv, then the following holds.

Theorem 4.5.3. There exists an isomorphism

RYRR(A) ~ (6 x ax)*Q, (4.1)

where Q := (id x i)*(id X ®g)*"P @ w{(04(0)) and 7 : J x J — J. Moreover,
denote C* = C' x C x C x C and consider

@) xa
Ot x Pies=1(0) 2%y gy,
where 6@ (x1, 9,91, y2) = fyi:;? &. Then

(RY KR (A?) ~ (6@ x o) Q, (4.2)

where A% .= Pict™H(C) x (Arz + Arg + Aoz + Asy — Ay3 — Aoy) and A;j is the

divisor in C* where the entries i and j coincide.

Proof. The results stated in this theorem seem to be known, however we could not
find a good reference in the literature, so we provide a proof.
First of all observe that

(i) Since Q comes from the Poincaré bundle of a torus, we have
Q’{O}XJ ~ Q0.
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(7i) Moreover, using Proposition 4.5.1, we deduce

Qlixiey = t7:(04(0))
for any ¢ € J.

Now we recall a variant of the See-Saw Theorem from |34, chapter III, Section 10].

Theorem 4.5.4. Let X1, X5 and X3 be varieties such that X, and X5 are complete
whereas the last one is connected. Let L be a line bundle over the product X; x
Xy x X3 and suppose there exists a triple (r1,x,23) € X1 X Xo X X3 such that
the bundles

L|{.’E1}><X2><X37 L|X1><{x2}><X3 a’nd L|X1><X2><{x3}
are trivial. Then L ~ Ox, «x,xX;-

We use the latter theorem to prove the equation (4.1).
(1) Let 7 € Pic? '(C) be a non-singular odd characteristic, i.e. 72 =~ Qg,
hY(C,7) =1 and X := a(r — K) € J is such that 2\ = 0 (or equivalently A = —\).
Mumford in [36] proved that such a 7 always exists. Clearly the LHS of (4.1)
gives

(RYRR(A) [oxexiry =~ (£ B L)(A),

where L is the line bundle corresponding to 7 via the universal family R. The

RHS of (4.1) gives, according to what we said at the beginning of this proof,
5 (t5(04(0)).
Therefore, observing that A = —\ and £, ~ L’ equation (4.1) give
5*(1(04(0)) = (£, B L,)(A),

We are allow to write they are isomorphic according to what we will see regarding
the prime form in Section 4.6.

In fact we will prove that 0[7](z — y) has D x C+C x D+ A as divisors of zeroes.
Here D is a divisor such that 7 ~ Og(D) and 0[] is the translated of theta by
the vector A € J ~ Pic’(C)). The statement follows from See-saw Theorem 4.8.2
applied to {p} x C and C x {p}.

(2) We now consider the restriction to C' x {p} x Pic?"1(C). One can easily see
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that, since Ry« pics-1(cy s trivial, the LHS is isomorphic to RY ® 75(Oc(p)).

Observe that we have a diagram

C x C x Pict=}(C) —2Xx JxJ
Jz‘dxid
C' x Pict=1(C) —— 270K J X .

We have to prove that

(A x ag)(Qlexs) ¥ RY @ 7&(Oc(p)).

Clearly a further restriction to {¢} x Pic?~! gives the trivial line bundle on both
sides. We then take ¢ € Pic?~'(C'), so that RY|oxiey = (7' ® Qc. We can now
write ( = K ® v, where v € Pic®(C). Thus RY|cxqc} = v~ @ K. Therefore, using
Theorem 4.5.2, we get

A(t7,(04(0))) ~ L' ® K® Oc(p).

The latter condition implies the result once we use the See-saw Theorem 4.8.2.

(3) The third point follows from the commutativity of the diagram:

6><OCK

C x C x Picd™1(C) Jx J

Txivl J{ixi

C x C x Pics=1(C) —222xK J x J,

where i(z) = —z, 7(z,y) = (y,x) and V(L) = L". In fact the Poincaré bundle P
on J x J* satisfies, due to the self-duality of (J*)*, both relation (i x id)*P ~ P*
and (id x i)*P ~ P*. Therefore

i7(04(0)) = 0,4(8).

So the third point can be reduced to the second one.
The equation (4.2) can be proved using the See-Saw Theorem 4.8.2 over the space
C* = C? x C? and using relation (4.1).

O
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Remark 4.5.5. A remark about the notation is needed. For any 3 € Pic9~!(C),
we have the corresponding 8’ € Pic®(C), given by K@ 8/ = 3, as well as 8" € J
defined by a(f') = 8”. The last theorem implies that

(R'X R)®2(A2)|{B}><C><C><{t0}><{t0} ~ Ly R Ls(A).

Moreover

where L3 and Elvg are line bundles corresponding to [ via the universal families R
and RY, respectively.

Then we denote by 6[3"] the unique (up to scalar) section of the bundle 3, (0 (0)).
Observe that any 5" can be written as 8” = Bay + ag, with a1, as € R. Therefore,
after a straightforward computation, we have

018"](z) = Olar, az)(z) = exp(mia;Bay + 2mwiar(z + az))0(z + Bay + az).

We pose, with an abuse of notation, 0[3] := 6[—"]; so that 0[] is considered as
a section of 6*(t* 5,0;(0)) =~ L X Lg(A).

4.6 Prime form
Let Pp,..., P, 1 be points of C such that h°(C,7) = 1 and 72 ~ Q¢, where
7=0c(P, + -+ P,_1). Mumford [36] proved that such a 7 always exists.

Lemma 4.6.1. If 7 as above, then the divisor of zeroes of

Olr](x —y)

15 given by

(Pt +Py)xC+Cx (P +-+Pyq)+ A,
where A is the diagonal in C' x C

Proof. We follow [36] for this proof.

According to Riemann’s theorem, 6[r](0) if and only if h°(C,7(y — x)) > 0 or
equivalently if and only if 7(y —x) € W. If R°(C, 7) = 1, then h°(C, 7(y)) is either
1or2.
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(i) Ifh°(C,7(y)) = 1, then there exists a section whose zeroes are y, P, ..., Py_1.
Since h°(C, 7(y —z)) > 0 still has to hold, we deduce that such a section has
to vanish in . Thus z € {y, P, ... ,Fg,l}; which gives part of the thesis.

(it) Suppose h°(C,7(y)) = 2. Then, using Riemann-Roch theorem and the iso-
morphism 72 ~ Q¢, we deduce h°(C,7(—y)) = 1. Hence the unique section

of 7 has to vanish in y, therefore y € {Py,..., P, 1}.
O

Remark 4.6.2. The previous argument fills the missing details in the proof of
Theorem 4.5.3.

Observe that, due to Theorem 4.5.3 and following its notation, we can consider
0[7](x —y) as a section of the bundle £, XL, (A). We now take s, € H(C, L,), ob-
serve that, since £, ~ LY, one has s, € H°(C, LY). Moreover s, has Pp,..., P,
as divisor of zeroes. Using Kiinneth formula s,(—) - s;(—) can be considered as

a section of £, X £,. Thus % can be regarded as a holomorphic section of
O(A) on C x C.

Definition 4.6.3. We call prime form the expression

olrl(x —y)

@) y) (44)

E(x,y) =

Remark 4.6.4. Observe that since 72 ~ Q¢ the element s? is a global 1-form. Thus

1
res, ————
E(z,y)
is well-defined. Furthermore, we suppose the prime form to be normalized in order
to have res,—, m =1.

Let 7 € Pict~(C) such that h°(C,7) =1 and 72 ~ Q(, then the ratio

E(t, )
E(t,y)

can be considered a meromorphic section of the line bundle O¢(z) whose only pole

(4.5)

is in y, for any z,y € C.
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Corollary 4.6.5. Let £ be a vector bundle over C' such that H°(C,E) = 0 and
HYC,E) = 0. Let xg,21,y0,y1 € C be four distinct points. Then the following

relation s true:

E(%,ﬂﬁl) E(?Jo;yl)
E<x07y1> E(y07xl)

Proof. 1t follows from Theorem 3.6.3 observing that s(zo)s(yo) ™! is equal to

E(zo,z1) E(yo,y1) —1/E(t,x) o E(z0,21) o .
E(w&yi) —Eéﬁzi) In fact ev,,(res, (E(t’y))) = —E(x(]yyl)oE(lxhyl)' Similarly we have

1/ E(tx) o E(yo,z1)
“Vyo (resxl (E(t,y))) - E(yanly)OE(;hyl). U

Sg(xliyl)(l'(b 3/0) = Sg(x07 3/0) - Sg<x17 yO)Sg(xh yl)ilsg<x07 yl)

The relation above is equivalent to the matrix-valued Fay’s trisecant identity
which appears in |21, 22, 43].

4.7 Fay’s trisecant identity

Let A € Pict~(C) and L, be the corresponding line bundle, under the isomor-
phism (4.1) restricted to {z} x C' x {\}, z € C, such that H°(C, L)) = 0. Then,
using Riemann-Roch theorem, one can easily see that H'(C,L,) = 0. Therefore
the element S*(z,y) as in (3.9) is well-defined. Moreover, according to Remark
4.5.5, we can consider the function O[A](x — t) as a section of the bundle £,(z).
Thus, due to what was said about the prime form (4.4), the element

O (z —1)

s(t) = B (4.6)

can be thought as a, necessarily meromorphic, section of the bundle £, whose
divisor of poles is supported at x. In particular we can compute the residue map
of s(t). In fact, due to Remark 4.6.4 and the fact that [\](0) = 0 if and only if
ho(C, L) > 0, we have

res,(s(t)) = 0[\](0) # 0.

Thus, the element S*(z,y) = ev,(res;!(s)) is given by

0Nz —y) 1
E(z,y) 6[A](0)

S (w,y) = (4.7)

(
In a similar way one can take the universal family (4.2) in order to get
)

ON(z —y+z1— 1
E(z,y) 0N (21 —y1)
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Corollary 4.7.1. Let A € Pic ' \ W and x,y,z1,y1 € C. Then the following

relation holds true
E(z,y)E(x1,y1)0[A(x —y1)0[A| (21 —y) + E(z, y1) E(y, 21)0[A](x —y)0[A] (z1 —y1) =
= E(z,21)E(y, y1)0[A(z — y + z1 — y1)0[A](0)

Proof. The proof follows from (4.6.5) taking S* as in (4.7), reordering terms and
using E(p,q) = —E(q,p) for all p,q € C. O

The latter is the Fay’s trisecant identity, it appeared for the first time in [20].

4.8 The case g =1 and the AYBE

We now suppose g = 1 so that C'is an elliptic curve. Moreover, the choice of a
basis of H,(C,Z) fixes a nowhere vanishing element w of H°(C,¢) and therefore
an isomorphism Q¢ ~, Oc¢. In this setting the isomorphism (4.3), for 7 € Pic’(C)
such that £2 ~ O¢ and H°(C, L,) = 1, reduces to

§°(0,4(0)) = Oc(A).

Over a complex torus, the unique 7 with the properties above gives the theta

function
[o@)

—0,(2) = —2¢4 Z(—l)"qn("+1)sin(2(n + 1)mz),

n=0
where ¢ = exp(miBB) and B is the period matrix which reduces to a complex number
whose imaginary part is positive.

Thus the prime form is given by

01(x —y)

E(r,y) = 70)

where the denominator is due to the normalization with respect to the residue as
in Remark 4.6.4.
Since the theta divisor is sent to the zero element in Pic’(C), that one whose

section is given by 61, any element A € Pic’(C), A # 0, gives a line bundle with
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vanishing cohomology. Thus we can compute the element S*. Observe that, since
6,(0) = 0, a section of t*,(©) is given by 6;(x —y — \) so that:

o By - N0)
S = N —y)

We now observe that from Theorem 4.5.3, which in particular implies that 6, is

an odd function, we have

O1(x —y —N01(0) Oy —x+ A)01(0)
01(=A)01(z — y) 01( N0 (y —x)

Therefore the RHS of the equation above is equal to the Kronecker function s

which appears in Theorem 2.10. A straightforward computation shows that in this

case the relation in Corollary 4.7.1 reduces to

01(z — 21)01(y — y1)
01(z — y1)0h (y — 1)
01(y1 — 21)01(y — )
01(y1 — )01 (y — 1)

LN A+y —2+y —21) — (A +y1 —21)01 (A +y — )+

O1(A+y1 — 2)0h(A+y —z1) =0.
Moreover, the latter identity is the scalar Yang-Baxter equation
klu;v)c(u+u';0") = k(u+ ;v + 0 )k(=u'50) + k(W50 k(u; 0 + '),

whereu=y—x,v =\ u =2 —y; and v = y; — x1.

Remark 4.8.1. In the case of line bundles over elliptic curves, the function S and
the associative r—matrix as in (2.10) can be both identify with the Kronecker
function k. Moreover, the Fay’s identity reduces to the scalar associative Yang-

Baxter equation.
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SEE-SAW THEOREM

In this appendix we provide a proof, slightly readjusted, of the See-Saw theorem
which appears in [33].

Theorem 4.8.2. Let V' and W be complex varieties such that V is complete and
let L be a line bundle over V- x W. Then:

(1) the set
We = {w € W|L|y xquyis trivial}

15 Zaritsky closed in W ;

(1) there exists a line bundle N over Wy such that L|yxw, ~ 3N, where
VX W = W;

(2ii) If V and W are compact complex manifolds and L is a holomorphic line
bundle such that Llvqwy and L|qyxw are trivial respectively for any v € V
and w € W. Then L is trivial.

Proof. (i) Observe that on any complete variety M a line bundle L is trivial if
and only h°(M, L) and h°(M, L*) are both greater than 0. In particular

We ={w € WIh(Llvxgwy) >0 and h°(L*yxqwy) > 0}

Using the semi-continuity theorem for cohomology, one immediately deduces
that W, has to be closed.

(i) We now consider N' = o, (L|xxw,). For any w € W there exists an isomor-
phism, provided by the base change theorem, f : RN (w) — H(L|x x{w}) ~

C. We now observe that, since f is surjective, the function
HO (1. L] x xfuy) = H(L]x w{w})
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4.8. THE CASE G =1 AND THE AYBE

is surjective for all w € W as well. The second part of the theorem is now

proved, i.e.
T3 = Ll

(24i) The last point is a simple corollary of the first two points.
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