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Zusammenfassung 

In dieser Arbeit haben wir das nichtlineare geometrische Phasenverhalten von amorphen 

Silizium Metaoberflächen untersucht. Die Metaoberflächen wurden aus einem dünnen Film 

aus amorphem Silizium durch Elektronenstrahllithografie und reaktives Ionenätzen 

hergestellt. Das geometrische Phasenverhalten und die nichtlineare Umwandlungseffizienz 

wurden mit Hilfe eines Fourier-Raum Aufbaus untersucht, der es uns ermöglicht, die 

räumliche Fourier-Transformation der Metaoberflächen auf eine Kamera abzubilden und von 

dieser auf das Phasenverhalten der Metaoberfläche zu schließen. Um die Phasenantwort bei 

der Erzeugung der dritten Harmonischen zu untersuchen, haben wir ein Phasenprofil ähnlich 

einem Blaze-Gitter und ein Multiplex Hologramm kodiert, um die Machbarkeit dieses Ansatzes 

zu demonstrieren. Zusammenfassend lässt sich sagen, dass die geometrische Phase in den 

Prozess der nichtlinearen Erzeugung der dritten Harmonischen integriert werden kann und 

zur Lenkung und Formung des erzeugten Lichts verwendet werden kann. Darüber hinaus 

erwarten wir unterschiedliche geometrische Phasenreaktionen in Abhängigkeit von der 

Rotationssymmetrie. Im Falle einer C1- oder C2-Rotationssymmetrie ist die geometrische 

Phase proportional zum 2-fachen Drehwinkel bei Kopolarisation und zum 4-fachen Drehwinkel 

bei Kreuzpolarisation. Da die geometrische Phase in zwei orthogonalen Polarisationskanälen 

unterschiedlich ist, kann das Prinzip der nichtlinearen geometrischen Phase zur Codierung von 

Multiplex-Hologrammen verwendet werden, die durch Umschalten des Polarisationszustands 

von Ko- auf Kreuzpolarisation von einem auf das andere Bild umschalten können.  

Hier verwenden wir amorphes Silizium zur Realisierung der Metaoberflächen. Wie in dieser 

Arbeit gezeigt wurde, erfordert das nichtlineare geometrische Phasenprinzip jedoch eine 

zirkular polarisierte Grundanregung im Vergleich zu einer linear polarisierten Anregung im Fall 

von nichtlinearen Huygens-Metaoberflächen. Daher scheint amorphes Silizium im 

Zusammenhang mit der nichtlinearen PB-Phasenkontrolle aufgrund seiner isotropen Natur 

einen Nachteil zu haben, da THG aus einem isotropen Material unter zirkular polarisierter 

Anregung verboten ist. Es scheint, dass dem Mechanismus der Resonanzverstärkung 

besondere Aufmerksamkeit gewidmet werden muss. Aus diesem Grund war die nichtlineare 

Umwandlungseffizienz begrenzt und lag näher an dem, was man von plasmonischen 

Antennen erwartet: 10-18 1/W2.  

Aus dem Grund die Effizienz der nichtlinearen Konversion zu erhöhen, haben wir eine 

Metaoberflächen entwickelt, die Resonanzen unterstützt, die aufgrund ihrer Symmetrie vom 

Strahlungsspektrum entkoppelt sind: Quasi-bound states in the continuum (QBIC). Bound 

states in the continuum sind Resonanzen, die aufgrund ihrer Symmetrie vom 

Strahlungsspektrum entkoppelt sind. Bricht man diese Symmetrie, kann man vom freien Raum 

aus auf diese Mode zugreifen. Da QBIC-Resonanzen immer noch hohe Qualitätsfaktoren 

aufweisen, sind sie für die Erzeugung höherer Harmonischer von Vorteil. Es hat sich gezeigt, 

dass QBIC-Zustände die nichtlineare Umwandlungseffizienz auf bis zu 10-8 1/W2 erhöhen 



 

 
 

 

können.  Darüber hinaus wurden die Metaoberflächen so gestaltet, dass sie Mie-Resonanzen 

unterstützt, die ebenfalls die nichtlineare Effizienz auf 10-16 1/W2 bis 10-14 1/W2 erhöhen 

können. Wir zeigen numerisch und experimentell, dass eine Metaoberfläche aus amorphem 

Silizium mithilfe von Mie-Resonanzen und dem geometrischen Phasenprinzip effizient TH-

Licht erzeugen und formen kann. Das Design erreicht Wirkungsgrade für die Umwandlung der 

dritten Harmonischen von 10-14 1/W2, wenn es mit zirkular polarisiertem, fundamentalem 

Laserlicht in einem Wellenlängenbereich von 1240 bis 1360 nm beleuchtet wird. Die 

numerischen Studien zeigen, dass das Design QBIC unterstützt, um die nichtlineare 

Umwandlungseffizienz zu verbessern. Der Hauptgrund für die Dominanz der Mie-Resonanz ist 

der niedrige Qualitätsfaktor der BIC Mode, der auf unvermeidbaren Abweichungen im 

Nanofabrikationsprozess zurückzuführen ist, wie z. B. Oberflächenrauhigkeit und 

Oberflächenzustände, die durch reaktives Ionenätzen entstehen. Daher kann es eine 

Herausforderung sein, eine QBIC-Resonanz in einem Experiment zu realisieren, da es leicht  ist 

mit Moden mit sehr kleiner Linienbreite über- oder unterzukoppeln. Während des 

Designprozesses muss man Verbreiterungsmechanismen wie materialbedingte Verluste und 

Variationen der QBIC-Resonanzwellenlänge aufgrund der Standardabweichung in der 

Geometrie der einzelnen Nanoresonatoren berücksichtigen. Die Metaoberflächen bietet 

jedoch eine hohe Beugungseffizienz bei der Wellenlänge der dritten Harmonischen, basierend 

auf dem Prinzip der nichtlinearen geometrischen Phase. Außerdem kann das Prinzip der 

geometrischen Phase genutzt werden, um ein Vortex Beam Array in der dritten harmonischen 

mit hoher Genauigkeit zu kodieren. Da jedoch die Mie-Resonanz den Hauptbeitrag zum 

nichtlinearen Signal leistete, konnte die Frage, wie die geometrische Phase den QBIC-Zustand 

beeinflusst, nicht eindeutig untersucht werden. 

  



 

 
 

 

Abstract 

In this work, we have investigated the efficient nonlinear geometric phase response of 

amorphous silicon Metasurfaces. The Metasurfaces are fabricated from a thin amorphous 

silicon film by electron beam lithography and reactive ion etching. The geometric phase 

response and the nonlinear conversion efficiency were investigated using a Fourier spatial 

imaging setup, which allows us to map the spatial Fourier transform of the Metasurfaces, 

which can be used to understand the phase response of the Metasurfaces at the third 

harmonic wavelength. To investigate the phase response in the third harmonic generation, 

we coded a phase profile similar to a blazed grating and a multiplexed hologram to 

demonstrate the feasibility of this approach. In summary, the geometric phase can be 

integrated into the nonlinear third-harmonic generation process and can be used to direct and 

shape the generated light. 

Furthermore, we expect different geometric phase responses depending on the rotational 

symmetry. In the case of C1 or C2 rotational symmetry, the geometric phase is proportional to 

two times the rotation angle and four times the rotation angle for cross-polarization. Since 

the geometric phase is different in two orthogonal polarization channels, the principle of the 

nonlinear geometric phase can be used to encode multiplexed holograms, which can be 

switched from co- to cross-polarization by switching the polarization state. Here we use 

amorphous silicon to realize the Metasurfaces. However, as shown in this work, the nonlinear 

PB phase principle requires circularly polarized fundamental excitation compared to linearly 

polarized excitation in the case of nonlinear Huygens Metasurfaces. Therefore, amorphous 

silicon seems to have a disadvantage in the context of nonlinear PB phase control due to its 

isotropic nature since THG from an isotropic material is forbidden under circularly polarized 

excitation. It seems that special attention must be paid to the mechanism of resonance 

enhancement. For this reason, the nonlinear conversion efficiency was limited and closer to 

what is expected from plasmonic antennas: 10-18 1/W2.  

To increase nonlinear conversion efficiency, we have developed a Metasurface that supports 

resonances decoupled from the radiation spectrum due to their symmetry: Quasi-bound 

states in the continuum (QBIC). Bound states in the continuum are resonances that are 

decoupled from the radiation spectrum due to their symmetry. If one breaks this symmetry, 

one can access the mode from free space. Since QBIC resonances still offer high quality factors, 

they are advantageous for generating higher harmonics. It has been shown that QBIC states 

can increase the nonlinear conversion efficiency up to 10-8 1/W2. In addition, the Metasurface 

was designed to support Mie resonances, which can also increase nonlinear efficiency up to 

10-16 1/W2 to 10-14 1/W2. We show numerically and experimentally that an amorphous silicon 

Metasurface can efficiently generate and shape TH light using Mie resonances. The design 

achieves third-harmonic conversion efficiencies as high as 10-14 1/W2 when illuminated with 

circularly polarized fundamental laser light in a wavelength range from 1240 to 1360 nm. The 



 

 
 

 

numerical studies show that the design supports QBIC to improve the nonlinear conversion 

efficiency. The main reason for the dominance of the Mie resonance is the low quality factor 

of BIC, which is due to inaccuracies in the nanofabrication process, such as surface roughness 

and surface states formed by reactive ion etching. Therefore, it can be challenging to 

implement a QBIC resonance in an experiment because it can easily over-or under-couple with 

modes with a very small linewidth. During the design process, one must keep in mind and 

account for broadening mechanisms such as material-related losses and variations in the QBIC 

resonant wavelength due to the variance in the geometry of the individual nanoresonators in 

the Metasurface. However, the Metasurface provides high diffraction efficiency at the third 

harmonic wavelength based on the principle of the nonlinear geometric phase. Moreover, the 

principle of geometric phase can be used to encode a vortex beam array in the nonlinear 

generation process with high fidelity. However, since the Mie resonance was the main 

contributor to the nonlinear signal, the question of how the geometric phase affects the QBIC 

state could not be clearly investigated. 
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Chapter 1 Introduction 

Sixty years ago, Franken et al. first demonstrated second-harmonic generation from a beta 

barium oxide crystal, and Bloembergen et al. theoretically investigated wave mixing. [1⁠, 2] 

These discoveries established the field of nonlinear optics, and the contributions of various 

researchers around the world discovered nonlinear optical phenomena that led to a vast space 

of possible applications in the control and generation of light that would not have been 

possible otherwise: Harmonic and supercontinuum generation, Raman scattering, entangled 

photon and ultrashort pulse generation and measurements, to name a few. [3⁠, 4] All these 

ideas have a common theme: Controlling or measuring light with light, and this theme is a 

promising route to realizing various new technologies. For example, optical computing is 

about controlling light with light: An essential logical operation for realizing optical (quantum) 

computing is the Controlled Not (CNOT) gate. [4] The CNOT gate operates on two quantum 

bits and inverts the first quantum Bit if and only if the other quantum Bit is set to <1|. In optics, 

this process requires an interaction between two photons, which can be realized with 

nonlinear optical effects. Even though the idea of an optical computer is far-fetched and not 

yet feasible, first steps have been taken toward optical (quantum) computing. First, companies 

like Intel integrate photonic waveguides directly in their chips to reduce the latency of optical 

fiber communication between computers. [5] Even more interestingly, Feldmann et al. have 

realized an integrated optical waveguide network for processing matrix operations, which is a 

promising way to accelerate computations in areas such as computer vision. [6] Unfortunately, 

the nonlinear interaction between photons needed for optical computation is weak and 

requires strong fields and long interaction times in materials with strong nonlinear 

coefficients. Thus, nonlinear optical effects were discovered after the invention of the Laser 

in 1960 by Maiman. 

Researchers have historically used thick, specially cut optical crystals and resonators to 

prolong the interaction of light with nonlinear optical materials to improve the nonlinear 

conversion efficiency and light-light or light-matter interaction. [3⁠, 7] This approach results in 

bulky optical devices. However, for devices that require many nonlinear elements like a 

network, the size of the nonlinear optical elements must shrink, and due to the small size of 

the required optical elements, we face some restrictions: First, the smaller size of the optical 

elements has an impact on the efficiency of the nonlinear conversion process. Second, a single 

nonlinear optical element must perform more than one function, as the elements should be 

compact. One technology that helps us solve these limitations are resonant nanoparticles and 

Metasurfaces. Metasurfaces are arrays of resonant nanoparticles which can be arbitrarily 

shaped by nanofabrication, and therefore, they can be used to encode a wide range of 

functionalities. Because of their flexibility, metasurfaces are fascinating to realize functional 

nonlinear optical devices, which we investigate in view of its restricitions. We use amorphous 

silicon metasurfaces to enhance and, at the same time, shape light in the third harmonic 

file:///E:/sciebo/Thesis/ThesisDocument/Optical%23_CTVL0012147067f99a445cd991d11e0a3f953d9
file:///E:/sciebo/Thesis/ThesisDocument/Interference%23_CTVL001d328b6ccb0a44de28a3670b1dd9f5542
file:///E:/sciebo/Thesis/ThesisDocument/Parallel%23_CTVL0012938448b1d1d43fc87e21a3b487dfb2a
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generation process. The goal of this work is to investigate how to enhance the nonlinear 

interaction between three photons and manipulate the propagation of the generated light to 

realize various functions. 

There are several aspects to this goal. First, how to manipulate light propagation at the third 

harmonic frequency, second, how to improve third harmonic generation by using specific 

resonances of the metasurface/nanoresonators, and third, how to find a good compromise 

between resonance enhancement and propagation manipulation. On the first point, to 

manipulate the propagation of light at the third harmonic frequency, we use the geometric 

phase principle. This principle uses the rotation of a single nanoparticle in an array to 

manipulate the phase of light at triple frequency. This principle was first introduced for 

plasmonic systems and allows light to be directed and manipulated to realize essential 

functions such as beam steering [8], focusing, [9] multiplexed holography, [10⁠, 11], and 

nonlinear optical chirality. [12] However, the nonlinear conversion efficiency of these 

processes in plasmonic systems is limited because the localized surface plasmon resonance 

(LSPR), which is the fundamental functional mechanism of plasmonic resonances, has some 

limitations. Ohmic losses, low quality factors of LSPR, and low contribution of nonlinear 

coefficients in the bulk material due to the skin effect in metals limit the nonlinear conversion 

efficiency [13⁠, 14]. To increase the nonlinear conversion efficiency, researchers have used 

dielectric nanoparticles that support Mie resonances when the size of the particles becomes 

comparable to the size of the wavelength. However, the advantage of higher conversion 

efficiency comes with a disadvantage: dielectric nanoparticles have a larger three-dimensional 

extent than their plasmonic counterpart. [14⁠, 15] For this reason, dielectric metasurfaces 

require a higher density of resonators for reliable phase control compared to plasmonic 

metasurfaces. In addition, the size of the dielectric resonators is similar to the wavelength of 

the second and third harmonics of the generated light at visible frequencies. Therefore, near-

field coupling between resonators and diffraction effects are not as negligible as in the case 

of plasmonics, and the phase-matching and the direction of the generated light required for 

nonlinear wavefront control becomes a complex task. Wang et al. and Gao et al. demonstrated 

the wavefront control of the third-harmonic light generated by fully dielectric silicon 

metasurfaces. [16⁠, 17] Their approach is based on the generalized Huygens principle of 

nonlinear optics. By exploiting the (Mie) resonance behavior of a single silicon nanoresonator, 

they designed a library of individual structures that lead to different phase delays for the 

locally generated third harmonic signal. However, to smoothly cover the entire phase range 

of 0-2π, many structures must be designed. Such a design is a computationally intensive task 

because a single nanoresonator has multiple geometric degrees of freedom, and the optical 

properties must be tuned for the nonlinear process with the desired phase and amplitude. 

Therefore, the Huygens method of nonlinear phase control is sensitive to the precise 

geometry and refractive index of the nanostructures, complicating fabrication and making the 

optical properties susceptible to fabrication tolerances. In contrast, geometric phase 

principles can be used to continuously adjust the phase of the generated light. The significant 

file:///E:/sciebo/Thesis/ThesisDocument/Continuous%23_CTVL0018e32eb5362ad4872b2fc9083104024f7
file:///E:/sciebo/Thesis/ThesisDocument/Imaging%23_CTVL0010a8dbfb505994d8a81bc218d58829154
file:///E:/sciebo/Thesis/ThesisDocument/Spin%23_CTVL001834d1fb7515149019cbef4c3e07f9074
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL0019f9130d6a48e47d69df600075311898e
file:///E:/sciebo/Thesis/ThesisDocument/Giant%23_CTVL00196447a4d6c9545e68282e869497a694c
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL001c94863fb62554503a49b0a58dd93a01c
file:///E:/sciebo/Thesis/ThesisDocument/Resonant%23_CTVL0015d3f3604275441baa0fd73d81634a95b
file:///E:/sciebo/Thesis/ThesisDocument/Resonant%23_CTVL0015d3f3604275441baa0fd73d81634a95b
file:///E:/sciebo/Thesis/ThesisDocument/Multipole%23_CTVL001cab07f38def041af92acaef3fcd13b57
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL00165085fc3a1024a00a4188f8d2de4a175
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL0018b91b9cfdf664d4bb9dd70891b21e224
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advantage of the geometric phase principle is that one only needs to design and optimize a 

single resonator geometry and can rotate the structures on a metasurface to match a desired 

nonlinear phase profile. However, the disadvantage of this approach concerning dielectric 

metasurfaces is that the crosstalk and near-field coupling between the nanostructures varies 

from unit cell to unit cell due to the rotation and may affect the phase of the generated light 

since nonlinear optical effects are susceptible to small changes. Another challenge is that the 

geometric phase principle requires circularly polarized light, but third-harmonic generation 

under circularly polarized light is prohibited in amorphous silicon, which is used as the material 

in this work. Therefore, it is necessary not only to take care of the (Mie) resonance to enhance 

the nonlinear third-harmonic generation but also to design the nanoresonator in view of 

nonlinear selection rules, crosstalk between the structures, and directionality of light. 

On the other hand, concerning nonlinear optical conversion efficiency, two resonance 

mechanisms are of interest: magnetic Mie resonances [14⁠, 18⁠, 19] and so-called quasi-bound 

states in the continuum (QBIC) because it has been shown that both can amplify nonlinear 

effects. [14⁠, 20] Therefore, it is interesting to study both resonances in terms of their 

capabilities for nonlinear phase manipulation. Compared to Mie resonance, QBIC resonances 

can provide much higher conversion efficiencies, almost reaching the efficiency of 

conventional nonlinear crystals (see Table 2. Comparison of the different nonlinear optical 

elements for THG. The values are taken from the publications and the table is recreated and 

extended from Ref [13]. The entry for the BBO crystal was calculated based on information 

provided by the manufacturer (EKSMA): Ti:Sa Super Spitfire Laser operating at 1 kHz, 130 fs 

pulse width, 100 µJ pulse energy at 800 nm, beam diameter 1 mm.). Further, Quasi-BIC 

resonances are derived from BIC modes, which are decoupled from the radiation spectrum. 

[21] A mode can be decoupled from the radiation spectrum through symmetry and the 

collective in-phase oscillation of many resonators. BIC has been shown to exist in many 

dielectric metasurfaces, for example, arrays of nanocylinders. These modes have exceptionally 

high quality factors (Q > 10,000) compared to Mie resonances (Q ~ 50) [14] and therefore 

provide a strong enhancement of nonlinear optical effects. However, since these modes are 

decoupled from the radiation spectrum, the coupling of light to these modes is complicated, 

and one must introduce asymmetry to match the symmetry of the modes to the symmetry of 

a plane wave. [22] This asymmetric design leads to QBIC resonances with hight quality factors, 

which can be used to improve nonlinear conversion processes. For example, BIC exists in 

arrays of nanocylinders, but a nanocylinder is rotationally invariant. To convert the BIC mode 

into a QBIC resonance, one can introduce a small off-center hole. Therefore, an asymmetry 

makes a BIC mode accessible from free space and offers the possibility of introducing a 

geometric phase into the third harmonic generation process. [20] However, this advantage 

raises a question. The collective oscillation of resonators often plays a crucial role in forming 

symmetry-protected BIC modes and QBIC resonances. In contrast, the geometric phase will 

spatially change the phase of the oscillating nanoresonators that form the QBIC resonance, 

and it is worth investigating how the QBIC resonance behaves when a geometric phase is 

file:///E:/sciebo/Thesis/ThesisDocument/Resonant%23_CTVL0015d3f3604275441baa0fd73d81634a95b
file:///E:/sciebo/Thesis/ThesisDocument/Resonantly%23_CTVL0018d3e4fc53bd94951b7a901ccdd6b6dbe
file:///E:/sciebo/Thesis/ThesisDocument/Efficient%23_CTVL001704b8fd549ad44dea414cbf7fddc4e9d
file:///E:/sciebo/Thesis/ThesisDocument/Resonant%23_CTVL0015d3f3604275441baa0fd73d81634a95b
file:///E:/sciebo/Thesis/ThesisDocument/Dynamic%23_CTVL001b565c9ed461d4245a307d2565ba94cb5
file:///E:/sciebo/Thesis/ThesisDocument/Photonic%23_CTVL001dab8eb16b0c046b6a04ba61d6c2141f9
file:///E:/sciebo/Thesis/ThesisDocument/Resonant%23_CTVL0015d3f3604275441baa0fd73d81634a95b
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL001b5286333f2734ca1912d49763fb925d2
file:///E:/sciebo/Thesis/ThesisDocument/Dynamic%23_CTVL001b565c9ed461d4245a307d2565ba94cb5
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introduced into the metasurface. Therefore, another part of this work is to study the 

geometric phase in dielectric resonators and the geometric phase in terms of Mie and QBIC 

resonances, which can be used to improve nonlinear processes. 
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Chapter 2 Scattering of light: From natural effect to 

nonlinear engineering 

The scattering of light by small objects is one of the classical problems in optics, and it is 

responsible for many phenomena in nature, from the blue sky we see every day to the white 

appearance of clouds or smoke. [23] However, the interaction of light and matter is a 

complicated problem that generally depends on the shape of the scatterer and its material 

properties. It is convenient to distinguish between different domains to find meaningful 

explanations for the different effects resulting from scattering. In general, light scattering at 

spherical objects can be divided into two domains based on the diameter of the scatterer D 

versus the incident wavelength 𝜆. When the particle is small compared to the wavelength, 

Rayleigh scattering dominates, which describes the process as an elastic scattering of an 

electromagnetic wave by a small scatterer, such as a molecule, as illustrated in Figure 1. [23⁠–

26] This effect causes, for example, the blue color of the sky during the day when molecules 

scatter sunlight in the Earth's atmosphere. Since the process itself is inversely proportional to 

the fourth power of the wavelength, shorter wavelengths are scattered stronger than the 

longer ones [23]. Therefore, the blue light is distributed throughout the sky, while the sun's 

red light is less affected. When the particles have a size comparable to the incident 

wavelength, Mie theory is used to describe the interaction of light and matter. Gustav Mie 

first derived Mie theory in 1908 to describe the color and optical behavior of colloidal gold 

particles in which the gold nanoparticles resonate with visible light. [26] In general, Mie 

scattering results in more uniform scattering, where the scattering does not depend strongly 

on wavelength and light of all colors/wavelength is scattered uniformly in all directions, as 

shown in Figure 1a. This effect is responsible for the white appearance of clouds or smoke, 

where all colors of sunlight are scattered evenly in all directions. In addition to explaining 

natural phenomena, Mie theory offers a variety of technical applications: in the industry for 

measuring the size of small particles below 50 µm [27] or in medicine for distinguishing and 

counting plasma proteins in blood samples [28]. However, the advent of modern 

nanotechnology has allowed researchers to control the shape and arrangement of scatterers 

at will, as sketched in Figure 1b. These so-called metasurfaces are a new application of 

scattering theory. Here, each scatterer's resonances, geometry, and spatial arrangements are 

designed numerically to achieve specific functions [29]. One example is the development of 

flat metalenses in which a spatial arrangement of nanoscatterers focuses the light. [30] 

Moreover, by engineering the Mie resonances of nanoparticles, we can shape the interaction 

of light and matter and enhance physical effects that are inherently weak, such as nonlinear 

optical phenomena as third-harmonic generation, as explained later. 

This chapter describes the basic concepts used to describe the interaction of light and matter 

in the linear regime in terms of Mie resonances as well as in the nonlinear regime. First, we 

introduce the concept of scattering and Mie resonances in nanostructures by outlining the 

file:///E:/sciebo/Thesis/ThesisDocument/Beiträge%23_CTVL0015507e7b3d0cd4af3b53f00f410a471bb
file:///E:/sciebo/Thesis/ThesisDocument/Beiträge%23_CTVL0015507e7b3d0cd4af3b53f00f410a471bb
file:///E:/sciebo/Thesis/ThesisDocument/Beiträge%23_CTVL0015507e7b3d0cd4af3b53f00f410a471bb
file:///E:/sciebo/Thesis/ThesisDocument/Metasurfaces%23_CTVL0015efe63dc8565466eb7778f1b207491fe
file:///E:/sciebo/Thesis/ThesisDocument/Broadband%23_CTVL00155d9718ef0e747399263b5fc83c5ecc2
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derivation of the Mie solution from the Helmholtz equation leading to magnetic or electric 

multipole resonances. Later, I will introduce the "material side" of the scattering problem and 

discuss the optical properties of amorphous silicon, the material we have chosen for this work, 

and its nonlinear response. 

 

 

Figure 1. a) Illustration of Rayleigh and Mie scattering Sunlight is scattered by particles in the 

atmosphere. Depending on the size of the particles, Rayleigh or Mies scattering dominates. For 

small molecules, whose size is much smaller than the wavelength of the light, Rayleigh 

scattering predominates. Here, blue light is strongly scattered in all directions, while red light 

is less scattered. For larger particles, such as dust or small water droplets, which are 

comparable to the wavelength of light, Mie scattering predominates. Here, the light is 
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scattered uniformly in all directions. b) Illustration of a lens which utilizes Mie scattering to 

focus light. Taken from Ref. [30] 

 

2.1 The flow of electromagnetic energy and the optical theorem 

A scattering experiment is sketched in Figure 2. An external field described by [𝐸𝑖𝑛𝑐 , 𝐻𝑖𝑛𝑐] is 

incident on an object in a homogeneous medium. A part of the energy of the incident field is 

transferred to the object. At the object, the energy is either dissipated through (thermal) 

losses or scattered away. Therefore, the total electromagnetic field can be decomposed into 

the background field [𝐸𝑏 , 𝐻𝑏] and the scattered field [𝐸𝑆, 𝐻𝑆]. The background field describes 

the propagation of the incident field without the presence of the scatterer, and the scattered 

field describes the field radiated by the nano-object due to excitation by [𝐸𝑏 , 𝐻𝑏]. The 

electromagnetic scattering problem between the incident light and the particle can be 

complicated and is generally solved only numerically. 

 

 

Figure 2. Light scattering by a nano-object. An external wave [𝐸𝑖𝑛𝑐, 𝐻𝑖𝑛𝑐] falls on a 

nanostructure and induces a current J in its volume. The scattered field [𝐸𝑆, 𝐻𝑆] is radiated into 

the far-field and superimposes with the incident field. Recreated from Ref. [31]. 

 

However, it is possible to derive some basic principles of scattering since a scattering process 

is subject to the law of conservation of energy, i.e., the total electromagnetic energy in a 

volume Ω with its the corresponding interface Σ around a scatterer must be conserved. In 

file:///E:/sciebo/Thesis/ThesisDocument/Broadband%23_CTVL00155d9718ef0e747399263b5fc83c5ecc2
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electromagnetics, the law of conservation of energy is called the Poynting theorem and is a 

scalar equation [32]: 

 

−
1

2
∫ 𝐽∗ ∙ 𝐸⃗⃗𝑑𝑟
Ω

= 2𝑖𝜔 ∫ 𝑊𝑑𝑟
Ω

+ ∮ 𝑆 ∙ 𝑛⃗⃗𝑑𝜎
Σ

 

1 

Where S is defined as the Poynting vector and 𝑊 is the electromagnetic energy density in the 

volume: 

 

𝑆 =
1

2
𝐸⃗⃗ × 𝐻⃗⃗⃗∗ 

2 

𝑊 =
1

4
(𝐸⃗⃗ ∙ 𝐷⃗⃗⃗∗ + 𝐵⃗⃗ ∙ 𝐻⃗⃗⃗∗) 

3 

 

𝐽 is the induced current density in the scatterer due to the electromagnetic field. Also, 𝐸 is the 

electric field, 𝐷 is the electric displacement vector, 𝐵 is the magnetic field vector, and 𝐻 is the 

magnetizing field. The first term on the left-hand side of the equation 1 represents the 

interaction of the electromagnetic field with the scatterer and the dissipation of the 

electromagnetic energy into heat. In contrast, the second term on the right-hand side in 

equation 1 represents the total electromagnetic energy in the volume Ω. The last term on the 

right-hand side in equation 1 describes the electromagnetic energy flow into a given volume, 

flowing through the surfaces 𝛴 of the volume, as shown in Figure 2. Furthermore, as outlined 

in the beginning, the electromagnetic field can be decomposed into its various contributions 

from the incident and scattered field and the absorbed energy. Therefore, the Poynting vector 

can be decomposed into the contributions from the incident field (𝑆𝑖𝑛𝑐), the scattered field 

(𝑆𝑠) and the extinction  (𝑆𝑒𝑥𝑡) [32]: 

 

𝑆 =  𝑆𝑖𝑛𝑐 + 𝑆𝑠 + 𝑆𝑒𝑥𝑡 

4 

Where the 𝑆𝑖𝑛𝑐, 𝑆𝑆 and 𝑆𝑒𝑥𝑡 are defined as follows: 

 

𝑆𝑖𝑛𝑐 =
1

2
𝐸⃗⃗𝑏 × 𝐻⃗⃗⃗𝑏

∗ 
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5 

 

𝑆𝑠 =
1

2
𝐸⃗⃗𝑠 × 𝐻⃗⃗⃗𝑠

∗ 

6 

𝑆𝑒𝑥𝑡 =
1

2
(𝐸⃗⃗𝑏 × 𝐻⃗⃗⃗𝑠

∗ + 𝐸⃗⃗𝑠 × 𝐻⃗⃗⃗𝑏
∗) 

7 

By taking advantage of the above-defined Poynting vectors, the time average of the Poynting 

theorem can be written as follow: 

 

𝑊𝑎𝑏𝑠 + 𝑊𝑠𝑐𝑎 = 𝑊𝑖𝑛𝑐 + 𝑊𝑒𝑥𝑡 

8 

Where the 𝑊 terms are defined as: 

 

𝑊𝑎𝑏𝑠 = ∫ 𝑅𝑒(𝐽∗𝐸⃗⃗)𝑑𝑟
Ω

 

9 

𝑊𝑠𝑐𝑎 = ∮ < 𝑆𝑠𝑐𝑎 > 𝑛⃗⃗𝑑𝜎
Σ

 

10 

𝑊𝑖𝑛𝑐 = ∮ < 𝑆𝑖𝑛𝑐 > 𝑛⃗⃗𝑑𝜎 = 0
Σ

 

11 

𝑊𝑒𝑥𝑡 = ∮ < 𝑆𝑒𝑥𝑡 > 𝑛⃗⃗𝑑𝜎
Σ

 

12 

The terms correspond to the average powers of the electromagnetic field which are incident 

(𝑊𝑖𝑛𝑐), scattered away (𝑊𝑠𝑐𝑎), or dissipated (𝑊𝑎𝑏𝑠) on the particle. The extinction power 𝑊𝑒𝑥𝑡 

can be interpreted as the total power that interacts with the nano-object, which may result in 

scattering or dissipation of energy: 𝑊𝑒𝑥𝑡 = 𝑊𝑎𝑏𝑠 + 𝑊𝑠𝑐𝑎. This interpretation of 𝑊𝑒𝑥𝑡 follows 

from the fact that the incident electromagnetic field 𝑊𝑖𝑛𝑐 has an average power of 0. 𝑊𝑖𝑛𝑐 is 

zero, because 𝑊𝑖𝑛𝑐 represents the energy of the background field, that does not interact with 

the particle. This energy enters and leaves the volume in Figure 2. In addition, if the object is 
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excited by a plane wave, 𝑊𝑒𝑥𝑡 can be normalized to its intensity 𝐼 =
1

2
√

𝜖0

𝜇0
 𝐸0

2, which leads to 

the concept of the extinction cross-section: 𝜎𝑒𝑥𝑡 =
𝑊𝑒𝑥𝑡

𝐼
 . As the extinction power is the sum 

of the scattered and dissipated power, the extinction cross-section can be written as the sum 

of the scattering cross-section 𝜎𝑠𝑐𝑎 =
𝑊𝑠𝑐𝑎

𝐼
 and the absorption cross-section 𝜎𝑎𝑏𝑠 =

𝑊𝑎𝑏𝑠

𝐼
: 

𝜎𝑒𝑥𝑡 = 𝜎𝑎𝑏𝑠 + 𝜎𝑠𝑐𝑎 

13 

Here, the cross-section is given in the unit of inverse square meter (𝑚2). Often the cross-

section is normalized to the area of the object (in the direction of propagation of the wave), 

which is called the effective extinction cross-section. The effective extinction cross-section 

measures how large the object appears to a wave with a wavelength of 𝜆. Typical values for 

the effective extinction cross section are between 1 and 10, i.e. an object can appear as large 

as the wavelength of the ligth or even larger if the incident wave is in resonance with the 

object. Note that experimentally, instead of the scattering cross section, the transmission is 

often evaluated because it is easier to measure and, in the context of resonant dielectric 

metasurfaces, it also provides similar information about the operation of the metasurfaces. 

For transmission one evaluates the energy 𝑊𝑇 that a particle or an array of particles scatters 

in the forward direction and compares it with the incident energy 𝑊𝑖𝑛𝑐 in the same direction, 

so that 𝑇 =
𝑊𝑇

𝑊𝑖𝑛𝑐
. Compared to the effective scattering cross-section, the transmission is less 

than one. 

However, considering only the conservation of energy, the extinction cross-section can be 

related to the incident and the scattered field with the same direction, i.e., with the same 

wave vector 𝑘⃗⃗0. 

𝜎𝑒𝑥𝑡 =
4𝜋

𝑘𝐸0
2 𝐼𝑚 (𝐸⃗⃗0

∗ ∙ 𝐸⃗⃗𝑠(𝑘⃗⃗0)) 

14 

The above relationship is called the optical theorem and states that the power transmitted to 

a scattering object depends only on the scattered field in the same direction as the incident 

electromagnetic wave. If an object does not scatter light in a particular direction, it cannot be 

excited from that direction. 

 

2.2 Mie resonances 

The optical theorem provides a way to understand scattering in terms of energy flow. 

However, it does not provide a detailed picture of the interaction of light with a particle whose 

size corresponds to the wavelength. Here, Mie theory provides a compelling picture to 
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understand the electromagnetic response of a nanoparticle in terms of radiating electric and 

magnetic multipoles, and it provides a lot of intuition to explain the scattering of an arbitrarily 

shaped particle in terms of its multipole resonances [25]. Although, only the scattering 

problem of a nanosphere with refractive index 𝑛1 in a uniform medium with refractive index 

𝑛0 can be solved analytically. However, more complex geometries must be evaluated 

numerically. The eigenmodes of this system are called vector spherical wave functions (VSWF) 

and can be derived in spherical coordinates from the Helmholtz equation. The derivation of 

Mie scattering is complicated and would fill a separate chapter and can be found in Ref. [23] 

and [26]. Here the derivation and its most essential parts are outlined. The goal is to find the 

scattered electromagnetic fields [𝐸𝑆, 𝐻𝑆] outside of the sphere and internal (near) 

electromagnetic fields [𝐸𝑖, 𝐻𝑖] inside the sphere in terms of the VSWF. To derive the scattering 

of a spherical particle in a dielectric sphere, consider the scalar Helmholtz equation for the 

electric and magnetic field [23]: 

 

ΔE⃗⃗⃗(𝑟, 𝜔) + 𝑘2E⃗⃗⃗(𝑟, 𝜔) = 0 

15 

ΔH⃗⃗⃗(𝑟, 𝜔) + 𝑘2H⃗⃗⃗(𝑟, 𝜔) = 0 

16 

Further, the solution for the electric and magnetic fields of the Helmholtz equation needs to 

satisfy the following conditions: 

∇𝐸⃗⃗ = ∇𝐻⃗⃗⃗ = 0 

17 

∇ × 𝐸⃗⃗ = 𝑖𝜔𝜇𝐻⃗⃗⃗ 

18 

∇ × 𝐻⃗⃗⃗ = 𝑖𝜔𝜇𝐸⃗⃗ 

19 

reflecting the time-harmonic Maxwell equations, where the time dependence is given by 𝑒𝑖𝜔𝑡 

without free electric charges 𝜌 = 0 and currents (𝑗 = 0). These conditions mathematically 

mirror the scattering scenario outlined in the last chapter. 

A solution of the Helmholtz equation which satisfy the conditions 17 to 19 is given by: 

𝑀⃗⃗⃗𝑚𝑛
𝑒/𝑜

= ∇ × (𝑟𝜓𝑚𝑛
𝑒/𝑜

) 

20 

𝑁⃗⃗⃗𝑚𝑛
𝑒/𝑜

=
1

𝑘
∇ × 𝑀⃗⃗⃗𝑚𝑛

𝑒/𝑜
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21 

where 𝑀⃗⃗⃗𝑚𝑛
𝑒/𝑜

 denotes the vectorial magnetic field harmonics (TM) and 𝑁⃗⃗⃗𝑚𝑛
𝑒/𝑜

 the vectorial 

electric harmonics (TE). Therefore, the scattered electromagnetic fields [𝐸𝑆, 𝐻𝑆] and internal 

electromagnetic fields [𝐸𝑖, 𝐻𝑖] are given as an expansion series of the VSWF. The function 𝜓𝑚𝑛
𝑒/𝑜

 

in equation 20 and 21 denotes the even (e) and odd (o) scalar spherical harmonics which 

generate the vector spherical harmonics: 

𝜓𝑚𝑛
𝑜 = sin(𝑚𝜙)𝑃𝑛

𝑚(cos(𝜃))𝑧𝑛(𝑘𝑟) 

22 

𝜓𝑚𝑛
𝑒 = cos (mϕ)𝑃𝑛

𝑚(cos(𝜃))𝑧𝑛(𝑘𝑟) 

23 

Where 𝑃𝑙
𝑚(cos(𝜃) are the associated Legendre polynomials: 

𝑃𝑙
𝑚(cos(𝜃) = ∑(−1)𝑚

𝑛
2

𝑘=0

(−1)𝑚(sin(𝜃)𝑚
 𝑑𝑚

𝑑 (cos(𝜃)) 𝑚
𝑃𝑙(cos(𝜃))  

24 

with 𝑃𝑙  are the Legendre Polynoms with 𝑃𝑙 =
1

2𝑛𝑛! 

𝑑𝑛

𝑑𝑥𝑛
((𝑥2 − 1)𝑛). 

𝑧𝑛(𝑘𝑟) denotes the radial part of the scalar spherical harmonics. In this case, the function 

𝑧𝑛(𝑘𝑟) may be given by a spherical Bessel, or Hankel function, depending on the boundary 

conditions which are imposed on the interfaces between the internal and external 

electromagnetic fields. An overview of the magnetic, electric spherical harmonics, and scalar 

spherical harmonics is given in Figure 3. Note that the magnetic, electric spherical harmonics 

are vectorial functions, and each point has an absolute value and a direction. 
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Figure 3. The angular part of the spherical harmonics of the magnetic and electric vector. Red 

and green arrows indicate the direction of the field. The figure also shows the generating scalar 

functions, where only the first three orders (dipoles, quadrupoles, octupoles) are shown [33]. 

 

The VSWF are the solution of the Helmholtz equation for the scattering problem of a plane 

wave and a sphere, but one needs to determine how strong each vector spherical harmonic 

contributes to a scattering process. Therefore, one needs to connect the incident plane wave 

with the scattered electromagnetic field [𝐸𝑆, 𝐻𝑆] and the internal field [𝐸𝑖, 𝐻𝑖] of the sphere, 

this is done in two steps: First, the incident plane wave is expanded in terms of the VSWF and 

in a second step one needs to determine the radial part 𝑧𝑛(𝑘𝑟) of the scattered fields [𝐸𝑆, 𝐻𝑆] 

and internal fields [𝐸𝑖 , 𝐻𝑖] of the sphere. 

The first step is expanding the incident plane wave 𝐸(𝑟) = 𝐸0𝑒
𝑖𝑘⃗⃗𝑟 into the basis of the VSWF: 
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𝐸⃗⃗𝑖𝑛𝑐 = 𝐸⃗⃗0𝑒
𝑖𝑘⃗⃗𝑟 = 𝐸0 ∑

𝑖𝑛(2𝑛 + 1)

𝑛(𝑛 + 1)

∞

𝑛=1

(𝑀⃗⃗⃗𝑚𝑛
𝑜 (𝑘, 𝑟) − 𝑖𝑁⃗⃗⃗𝑚𝑛

𝑒 (𝑘, 𝑟)) 

𝐻⃗⃗⃗𝑖𝑛𝑐 = −
𝑘

𝜔𝜇
𝐸0 ∑

𝑖𝑛(2𝑛 + 1)

𝑛(𝑛 + 1)

∞

𝑛=1

(𝑀⃗⃗⃗𝑚𝑛
𝑒 (𝑘, 𝑟) − 𝑖𝑁⃗⃗⃗𝑚𝑛

𝑜 (𝑘, 𝑟)) 

25 

The second step is to impose the following interface conditions on the electromagnetic fields 

which determine the radial part 𝑧𝑛(𝑘𝑟) of the magnetic and electric spherical harmonics 𝑁⃗⃗⃗𝑚𝑛
𝑒/𝑜

 

and 𝑀⃗⃗⃗𝑚𝑛
𝑒/𝑜

 of the scattered fields [𝐸𝑆, 𝐻𝑆] and internal fields [𝐸𝑖 , 𝐻𝑖]: Let us first consider the 

interface conditions at the boundary between the sphere and its surrounding environment. 

Since the sphere and the surrounding media are assumed to be perfect dielectrics, there are 

neither charges nor surface currents at the interface, so that the tangential component of 𝐻⃗⃗⃗ 

and the normal component of 𝐷⃗⃗⃗ are both continuous. The second interface condition is that 

the solution is bounded at the origin. Therefore, the radial part 𝑧𝑛(𝑘𝑟) of the functions 𝜓𝑚𝑛
𝑒/0

 

of the internal field [𝐸𝑖 , 𝐻𝑖] is given in terms of Bessel spherical functions. Third, the asymptote 

at infinity corresponds to a diverging spherical wave for the scattered field. Therefore, the 

radial part 𝑧𝑛(𝑘𝑟) of 𝜓𝑚𝑛
𝑒/0

 of the scattered electromagnetic field [𝐸𝑆, 𝐻𝑆] is given by spherical 

Hankel functions of the first kind. In total the scattered and internal fields are given by 

𝐸⃗⃗𝑠 =             ∑ 𝐸𝑛

∞

𝑛=1

(𝑖𝑎𝑚𝑛𝑁⃗⃗⃗𝑚𝑛
𝑒 (𝑘, 𝑟) − 𝑏𝑚𝑛𝑀⃗⃗⃗𝑚𝑛

𝑜 (𝑘, 𝑟)) 

𝐻⃗⃗⃗𝑠 = −
𝑘1

𝜔𝜇1
∑ 𝐸𝑛

∞

𝑛=1

(𝑖𝑎𝑚𝑛𝑁⃗⃗⃗𝑚𝑛
𝑒 (𝑘, 𝑟) − 𝑏𝑚𝑛𝑀⃗⃗⃗𝑚𝑛

𝑜 (𝑘, 𝑟)) 

26 

𝐸⃗⃗𝑖 =             ∑ 𝐸𝑛

∞

𝑛=1

(−𝑖𝑑𝑁⃗⃗⃗𝑚𝑛
𝑒 (𝑘1, 𝑟) + 𝑐𝑚𝑛𝑀⃗⃗⃗𝑚𝑛

𝑜 (𝑘1, 𝑟)) 

𝐻⃗⃗⃗𝑖 = −
𝑘1

𝜔𝜇1
∑ 𝐸𝑛

∞

𝑛=1

(𝑖𝑐𝑚𝑛𝑁⃗⃗⃗𝑚𝑛
𝑜 (𝑘1, 𝑟) − 𝑑𝑚𝑛𝑀⃗⃗⃗𝑚𝑛

𝑒 (𝑘1, 𝑟)) 

27 

With 𝑘 =
𝜔

𝑐
𝑛 as the wave vector outside the particle and 𝑘1 =

𝜔

𝑐
𝑛1 as the wave vector in the 

medium of the nanoparticle. 𝐸𝑛 is the amplitude of the electromagnetic field. 

The coefficients 𝑎𝑚𝑛, 𝑏𝑚𝑛, 𝑐𝑚𝑛 and 𝑑𝑚𝑛 determine the contribution of each VSWF and each 

coefficient results from the overlap integrals of the incident plane wave (equation 25), the 

scattered (equation 26) and the internal fields (equation 27) of the form: 
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∫ ∫ 𝐸⃗⃗𝑖𝑛𝑐/𝑖/𝑆𝑐𝑎𝑀⃗⃗⃗𝑚𝑛
𝑒/𝑜𝜋

0

2𝜋

0
sin(𝜃) 𝑑𝜃𝑑𝜙

∫ ∫ |𝑀⃗⃗⃗𝑚𝑛
𝑒/𝑜

|
2𝜋

0

2𝜋

0
sin(𝜃) 𝑑𝜃𝑑𝜙

 

28 

By substituting the expressions for the electromagnetic fields into equation 28, the 

coefficients 𝑎𝑚𝑛, 𝑏𝑚𝑛, 𝑐𝑚𝑛, 𝑑𝑚𝑛 can be written as follows: 

 

𝑐𝑛𝑚 = 
𝜇1[𝑘𝑎ℎ𝑛(𝑘𝑎)]′𝑗𝑛(𝑘𝑎) − 𝜇1[𝑘𝑎𝑗𝑛(𝑘𝑎)]′ℎ𝑛(𝑘𝑎)

𝜇1[𝑘𝑎ℎ𝑛(𝑘𝑎)]′𝑗𝑛(𝑘𝑎) − 𝜇[𝑘1𝑎𝑗𝑛(𝑘1𝑎)]′ℎ𝑛(𝑘𝑎)
 

𝑑𝑛𝑚 = 
𝜇1𝑛1𝑛[𝑘𝑎ℎ𝑛(𝑘𝑎)]′𝑗𝑛(𝑘𝑎) − 𝜇1𝑛1𝑛[𝑘𝑎𝑗𝑛(𝑘𝑎)]

′
ℎ𝑛(𝑘𝑎)

𝜇𝑛1
2[𝑘𝑎ℎ𝑛(𝑘𝑎)]′𝑗𝑛(𝑘1𝑎) − 𝜇1𝑛2[𝑘1𝑎𝑗𝑛(𝑘1𝑎)]′ℎ𝑛(𝑘𝑎)

 

𝑏𝑛𝑚 = 
𝜇1[𝑘𝑎𝑗𝑛(𝑘𝑎)]′𝑗𝑛(𝑘1𝑎) − 𝜇[𝑘1𝑎𝑗𝑛(𝑘1𝑎)]′𝑗𝑛(𝑘𝑎)

𝜇1[𝑘𝑎ℎ𝑛(𝑘𝑎)]′ − 𝜇[𝑘1𝑎𝑗𝑛(𝑘1𝑎)]′ℎ𝑛(𝑘𝑎)
 

𝑎𝑛𝑚 = 
𝜇𝑛1

2[𝑘𝑎𝑗𝑛(𝑘𝑎)]𝑗𝑛(𝑘1𝑎) − 𝜇1𝑛1
2[𝑘1𝑎𝑗1(𝑘1𝑎)]′𝑗𝑛(𝑘𝑎)

𝜇𝑛1
2[𝑘𝑎ℎ𝑛(𝑘𝑎)]′𝑗𝑛(𝑘1𝑎) − 𝜇1𝑛𝑛

2[𝑘1𝑎𝑗𝑛(𝑘1𝑎)]′ℎ(𝑘𝑎)
 

29 

Here, a is the radius of the sphere and 𝑗𝑛 and ℎ𝑛 denote the spherical Bessel and Hankel 

functions of the first kind, respectively. As explained above, these functions result from the 

radial part of the generating function 𝜓𝑚𝑛
𝑒/𝑜

 of the VSWF for different boundary conditions. 

The coefficients define how strongly a certain electric or magnetic VSWF contributes to the 

scattering process. Here, n denotes the multipole order, e.g., n = 1 denotes the dipole moment 

and n = 2 the quadrupole moment, and higher order. The number m indicates the spatial 

orientation of the multipole. The first multipole moments such as dipole and quadrupole 

moments have a dominant contribution to the scattering process and can approximate the 

scattered electric field in the far field at a given wavelength. The different modes form the 

scattered electric field: 𝐸 ≈ 𝐸𝑒𝑝 + 𝐸𝑚𝑝 + 𝐸𝐸𝑄 + 𝐸𝑀𝑄. Here 𝐸𝑒𝑝, 𝐸𝑚𝑝, 𝐸𝐸𝑄 , 𝐸𝑀𝑄 are the electric 

fields generated by the electric dipole moment, the magnetic dipole, the electric quadrupole, 

and the magnetic quadrupole, respectively. 

By calculating the power of each multipole contribution, the effective scattering and 

extinction cross-section can be derived as follows: 

𝜎𝑆𝑐𝑎 =
𝜋

𝑘2𝑎2
∑ ∑ (2𝑙 + 1)[|𝑎𝑚𝑛|2 + |𝑏𝑚𝑛|2]

𝑛

𝑚= −𝑙

∞

𝑛=1
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𝜎𝐸𝑥𝑡 =
𝜋

𝑘2𝑎2
∑ ∑ (2𝑙 + 1)𝑅𝑒𝑎𝑙(𝑎𝑚𝑛 + 𝑏𝑚𝑛)

𝑛

𝑚= −𝑙

∞

𝑛=1
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Figure 4. The multipole expansion of scattering spectra in a 100-nm-radius Si nanosphere. The 

contribution of dipole and quadrupole modes are given, E-field distributions at each peak of 

multipole modes are shown at the top, and black arrows denote the orientation of E-fields [15]. 

 

Figure 4 shows the scattering cross-section and the multipole expansion in the case of silicon 

nanoparticles with a size of 100 nm. From the figure, it is evident that at different wavelengths, 

different multipole moments dominate. For example, at a wavelength of 785 nm, the electric 

field plot shows a vortex nature which is typical for the magnetic dipole mode. At position P2, 

at around 620 nm, the electric field plot has an entirely different shape. Here, one can see a 
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horizontally aligned electric field, which resembles an electric dipole. P3 shows a spectral 

position where the electric quadrupole moment dominates. Here, the electric fields have a 

quadrupolar shape. Since all multipolar moments have some bandwidth, the electric field at 

a given position naturally contains magnetic and electric resonances with different orders, as 

seen at position P4. The electric field is composed of a magnetic quadrupolar mode and an 

electric dipole, resulting in a more complex electromagnetic field configuration. Note that 

mixing Mie resonances results in resonances that behave differently from the resonances that 

compose them. For example, an anapole mode is composed of toroidal and electric dipoles of 

similar amplitude but are out of phase and interfere destructively in the far-field. As a result, 

the anapole mode is a non-radiating mode, as illustrated in Figure 5. Note that toroidal modes 

appear in the above-mentioned multipole decomposition by a coordinate transformation. 

Here the multipole decomposition is performed in cartesian coordinates instead of spherical 

coordinates, and the toroidal dipole appears as an eigenmode in the multipole decomposition 

in the cartesian coordinate system [34].  

The goal of this chapter was to introduce Mie resonances, since they play a crucial role in 

understanding the scattering from nanoparticles. Although, only the scattering problem of a 

nanosphere in a uniform medium can be solved analytically, the classification of 

electromagnetic fields in magnetic and electric multipole resonances also applies to more 

complex geometries and can be used to describe various optical effects, as the Kerker effect 

or anapole modes, as shown in Figure 5. In the following, we show that we can resonantly 

enhance and manipulate higher harmonic generation by using certain Mie resonances. 

Another example, where Mie theory provides a compelling picture for understanding an 

electromagnetic system are symmetry protected quasi-bound states in the continuum 

(QBICs), where the emission of a Mie mode can be suppressed by arranging the particles in a 

periodic array and due to the symmetry of the Mie resonance, as explained in Chapter 5. 

 

 

Figure 5. A toroidal dipole and an electric dipole overlap spectrally. Since the symmetry of the 

radiation patterns of the electric P-dipole and the toroidal T-dipole is similar, they can interfere 

destructively, resulting in total scattering cancellation in the far field with non-zero excitation 

from the near field. [34] 
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2.3 The “material side” of optical scattering and the optical 

properties of amorphous silicon 

In the previous chapters, I explained how light is scattered by small dielectric particles, where 

the scattering depends on the size and geometry of the particle, and the material properties 

are represented by the refractive index. In this Chapter, I will explain the optical properties of 

amorphous silicon since the optical response of a scatterer depends not only on its shape but 

also on how the material itself responds to light. In this work, I use silicon as a material because 

silicon has advantages over other materials in view of nanostructures. First, silicon can be 

deposited on a variety of substrates. Second, resonant nanostructures made of silicon can be 

small compared to the resonant wavelength due to its high refractive index (the magnetic 

resonance is given approximately by 𝜆𝑟~𝐷/𝑛 [35] where D is the diameter of the 

nanostructure). That is, a high refractive index leads to better light confinement. In addition, 

dissipative losses are negligible above a wavelength of 700 nm so that silicon nanostructures 

can exhibit Mie resonances in the infrared with low absorption. Therefore, silicon 

nanostructures can withstand higher pump powers without being damaged and have higher 

quality factors, which are advantageous for nonlinear processes. 

In the first part of this chapter, I will explain the electronic band structure of silicon in view of 

its linear optical properties. Later, I will introduce its nonlinear optical properties by generally 

introducing the nonlinear optics and then explaining the nonlinear optical response of silicon 

nanostructures in terms of Mie resonances. 

Solid silicon exists in three configurations: as a single crystal, as a polycrystalline form in which 

a lump of silicon consists of various micrometer-sized crystals, or as an amorphous form with 

very low crystallinity. Amorphous silicon is the disordered modification of crystalline silicon 

and has no long-range order because the bond lengths and angles are distorted or unsaturated 

(dangling bonds) due to the disordered placing of the silicon atoms in space, as shown in Figure 

6a. [36] 
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Figure 6. a) Exemplary spatial arrangement of amorphous silicon. The Si denotes the silicon 

atoms, the H denotes hydrogen, and the green bonds are unsaturated "dangling" bonds. b) 

The distorted bond angles of the Si atoms lead to energy fluctuations in the position space, 

resulting in band tails in the density of states. The energy levels of the unsaturated bonds lie in 

the middle of the band gap and form deep defect states. Recreated from Ref. [37]. 

 

Amorphous silicon is a semiconducting material but due to its disordered state the 

semiconductor properties like the wave functions of the charge carriers are hard to define. 

For example, the distortion in bond angle and length leads to charge carrier scattering, 

broadening of the density of states, and fuzziness in the wave vector of the electronic 

wavefunction and the electrical and optical properties of amorphous silicon differ significantly 

compared to electrical and optical properties of crystalline Si. In addition, amorphous silicon 

has poor semiconducting properties due to its high density of defects and dangling bonds. To 

reduce the defect density and improve the semiconducting properties, the dangling bonds can 

be saturated by hydrogen, which is called hydrogenated amorphous silicon (a-Si:H) [36]. An 

advantage of hydrogenated amorphous silicon is that it can be deposited directly onto a 

remote substrate using various methods. A well-known method for the deposition of 

amorphous silicon is plasma-enhanced chemical vapor deposition (PECVD), in which silane gas 

(SiH4) is decomposed into a plasma of radicals and ions of the different combinations of silicon 

and hydrogen by an electromagnetic RF source. 

Figure 6b shows the position space and the density of states in amorphous silicon. Here, due 

to the disorder, the density of states develops "band tails" near the valence and conduction 

band. In the band tails, the wavefunction of the electrons and holes is spatially localized and 

therefore does not participate directly in electronic transport. The dangling bonds create 

deep, highly localized electronic states in the middle of the bandgap, as shown in Figure 6b. 

These defects act as the main recombination centers in amorphous Si for electrons and holes 

file:///E:/sciebo/Thesis/ThesisDocument/Numerische%23_CTVL001cad5754eb7f7414bab7fbe5350d0077b
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and can be neutral (D0, occupied by an electron) or positively (D+, unoccupied by an electron) 

and negatively (D-, occupied by two electrons) charged. Since the amorphous Si is highly 

distorted, it is difficult to define the optical band gap. However, due to the nature of the band 

tails, it is possible to define a mobility gap, where the mobility of the charge carriers that can 

interact with light increases by several orders of magnitude. The mobility gap has a value of -

1.7 eV, which is significantly larger than the band gap of crystalline Si (-1.1 eV). Moreover, the 

uncertainty of the wave vector is of the same order as the wave vector itself, which means 

that the momentum of the charge carriers in amorphous Si is strongly broadened and 

therefore not well defined. As a result, photon absorption is unrestricted in terms of 

momentum and band structure, since there is always a wave vector that preserves the 

momentum of electrons and holes. Consequently, amorphous Si is a quasi-direct 

semiconductor with an increased absorption coefficient in the visible wavelength region 

compared to crystalline Si, where the optical absorption is phonon-assisted since crystalline Si 

is an indirect bandgap semiconductor. [36] Due to these effects, the refractive index and 

absorption of amorphous Si increase sharply in the visible region below 730 nm (~1.7 eV), as 

shown in Figure 7. The refractive index is almost constant in the infrared, and absorption is 

low away from the bandgap, where the optical response is mainly driven by bound charges. 

[36] 

 

Figure 7. Refractive index and extinction of hydrogenated amorphous silicon from 350 nm to 

1200 nm.  
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2.4 Nonlinear Optics 

For non-magnetic materials, the material’s electromagnetic response is given by the induced 

polarization vector 𝑃⃗⃗(𝑟, 𝑡). Typically, an external electric field induces collective displacement 

of electric charges. The displacement leads to a scattered field, which influences the 

propagation of the external electric field. Therefore, the dependence of the induced 

polarization to the electric field is given by [3]: 

 

𝑃⃗⃗(𝜔) =  𝜖0χ
(1)(𝜔)𝐸⃗⃗(𝜔) 

32 

Where 𝜖0 is the dielectric constant of free space and 𝜒(1)(𝜔) is the linear susceptibility, which 

relates the material properties to an electric field. Here, the induced polarization is linear 

proportional to an external electric field, and the light-matter interaction leads to well-known 

effects such as refraction of light on boundaries with different refractive indices and reflection 

of light on the surface of metals. However, with the advent of lasers that provide large electric 

field strength, the material's response deviates from equation 32, as the incident electric field 

can distort the electronic orbits of the atoms itself, changing the optical properties of the 

material. 

Assuming a monochromatic wave and an instantaneous response of the material (see Ref. [3] 

for a detailed explanation), the nonlinear behavior of a material in response to an electric field 

can be captured by expanding the induced polarization (equation 32) with higher order terms: 

 

𝑃⃗⃗(𝜔) =  𝜖0[χ
(1)(𝜔)𝐸⃗⃗(𝜔) + 𝜒(2)(𝜔)𝐸⃗⃗(𝜔)2 + 𝜒(3)(𝜔)𝐸⃗⃗(𝜔)3 + ⋯ ] 

33 

With 𝜒(2)(𝜔) and 𝜒(3)(𝜔) represent the second-and third-order nonlinear susceptibility, 

respectively. While typical values for 𝜒(1)(𝜔) are of the order of 1, typical values for second-

and third-order susceptibility are 𝜒(2)(𝜔) ~ 0.1
𝑛𝑚

𝑉
 and 𝜒(3)(𝜔) ~ 0.1

𝑛𝑚2

𝑉2 . 

This equation gives rise to the generation and propagation of light at new frequencies and 

other nonlinear phenomena, which can occur due to the nonlinear interaction of matter and 

light. For a better assessment of the effects which arise from the nonlinear interaction of light 

and matter one seperates equation 33 into its linear part, as defined in equation 32 and the 

nonlinear part 𝑃𝑁𝐿 = 𝜖0[𝜒
(2)(𝜔)𝐸⃗⃗(𝜔)2 + 𝜒(3)(𝜔)𝐸⃗⃗(𝜔)3 + ⋯ ]. 𝑃𝑁𝐿 is the source of 

nonlinear effects, and can be used to illustrate nonlinear optical phenomena. 

If only third order effects under monochromatic illumination are considered, the nonlinear 

polarization can be simplified to: 
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𝑃(3)(𝜔) = 𝜖0𝜒
(3)(𝜔)𝐸3(𝑡) 

34 

To illustrate the possible nonlinear effects like wave mixing or higher harmonic generation, 

assume that illumination is with a monochromatic wave (𝐸(𝑡) =  𝐸𝑒−𝑖𝜔𝑡 + 𝑐. 𝑐) and the 

nonlinear polarization is as follows: 

 

𝑃(3) = 𝜖0𝜒
(3)[ 𝐸3𝑒−𝑖3𝜔𝑡 + 𝑐. 𝑐] + 3𝜖0𝜒

(3)[𝐸2𝐸∗𝑒−𝑖𝜔𝑡 + 𝑐. 𝑐. ] 

35 

The first term describes the generation of the third harmonic (THG) with 𝜔𝑇𝐻𝐺 = 3𝜔, which 

is the main subject of this work, the principle is illustrated in Figure 8. The second term 

describes an electromagnetic field at ω, which changes the refractive index of the material 

during the propagation of the fundamental wave and, the phase of the fundamental wave 

depending on its intensity I: 𝑛 = 𝑛0 + 𝑛2𝐼 Where 𝑛0 is the linear refractive index, 𝐼 is the field 

intensity and 

𝑛2 =
3

2𝑛0
2𝜖0𝑐

𝜒(3) 

36 

This modulation of the refractive index by a sufficiently strong electromagnetic wave results 

in self-phase modulation. If the propagating wave has a Gaussian or similar spatial intensity 

shape, the self-phase modulation is stronger in the center of the beam and becomes weaker 

toward the sides, and the self-phase modulation acts as a lens on itself. This effect is called 

self-focusing and is used in lasers to produce pulses of femtosecond duration. Note that, if the 

fundamental field is a superposition of three monochromatic waves at three different 

wavelengths 𝜔1, 𝜔2 and 𝜔4: 𝐸(𝑡) =  𝐸1𝑒
−𝑖𝜔1𝑡 + 𝐸2𝑒

−𝑖𝜔2𝑡 + 𝐸3𝑒
−𝑖𝜔3𝑡 + 𝑐. 𝑐.. The third order 

response will lead to the generation of various new frequencies where one gets the sum or 

difference frequency of the three fundamental waves beside the THG at frequencies 3𝜔1, 3𝜔2 

and 3𝜔3 as illustrated in Figure 8. Besides the illustrated effects, there exist more wave mixing 

processes, as explained in Ref. [3]. 
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Figure 8. Schematic overview over different third order processes, where three photons 

interact to generate new photons. THG: three photons at a fundamental frequency interact to 

create one photon at three times the frequency of the fundamental photons. FWM: Three 

photons with different frequencies interact to create photons at 𝜔4 = 𝜔1 + 𝜔2 + 𝜔3 or 𝜔4 =

𝜔1 + 𝜔2 − 𝜔3. Recreated from Ref. [31]. 

 

2.5 The third-order response of amorphous silicon 

In the above, the nonlinear susceptibility was introduced as a 1D coefficient to describe 

nonlinear phenomena such as THG. In most cases, the nonlinear susceptibility coefficients 

depend on the direction of the applied electric fields and the material symmetry plays an 

essential role in the nonlinear optical properties of the overall tensor following Neumann's 

principle. Therefore, the ith component of the nonlinear polarization vector in cartesian 

coordinates can be written as [3]: 

 

𝑃𝑖
𝑁𝐿 = 𝜖0 [∑𝜒𝑖𝑗

(1)
𝐸𝑗

𝑗

+ ∑𝜒𝑖𝑗𝑘
(2)

𝐸𝑗𝐸𝑘 + ∑ 𝜒𝑖𝑗𝑘𝑙
(3)

𝐸𝑗𝐸𝑘𝐸𝐿

𝑗,𝑘,𝑙𝑗,𝑘

+ ⋯] 

37 

Where 𝜒(3) is a third rank tensor and 𝜒𝑖𝑗𝑘
(3)

 denotes its tensor elements. 𝜒(3) is a fourth rank 

tensor and 𝜒𝑖𝑗𝑘𝑙
(3)

 denotes the tensor elements. Here, {𝑖, 𝑗, 𝑘, 𝑙} ∈ {𝑥, 𝑦, 𝑧} denote the different 

directions of the electric field in cartesian coordinates. The subscript i determines the 

generated nonlinear induced polarization component at the higher harmonic resulting from a 

fundamental electric field with components in the j,k,l directions. 
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However, depending on the order of the tensor, the nonlinear susceptibility tensor can have 

a complex structure with many components, for example 𝜒(3) has 81 components. 

Nevertheless, the nonlinear susceptibility tensor can be drastically simplified by considering 

material and mathematical symmetries, such as spatial symmetry, permutation symmetry or 

Kleinman’s symmetry (which states that the third-order susceptibility is frequency 

independent, and the material responds instantaneously to applied E-fields). Regarding the 

symmetry of an isotropic material, all coordinate axes are equivalent and the components of 

𝜒(3) must follow the isotropic symmetry, following Neumann’s principle [3]: 

 

𝜒𝑥𝑥𝑥𝑥
(3)

= 𝜒𝑦𝑦𝑦𝑦
(3)

= 𝜒𝑧𝑧𝑧𝑧
(3)

 

𝜒𝑥𝑥𝑦𝑦
(3)

= 𝜒𝑥𝑥𝑧𝑧
(3)

= 𝜒𝑦𝑦𝑥𝑥
(3)

= 𝜒𝑦𝑦𝑧𝑧
(3)

= 𝜒𝑧𝑧𝑥𝑥
(3)

= 𝜒𝑧𝑧𝑦𝑦
(3)

 

𝜒𝑥𝑦𝑥𝑦
(3)

= 𝜒𝑥𝑧𝑥𝑧
(3)

= 𝜒𝑦𝑧𝑦𝑧
(3)

= 𝜒𝑦𝑥𝑦𝑥
(3)

= 𝜒𝑧𝑥𝑧𝑥
(3)

= 𝜒𝑦𝑧𝑦𝑧
(3)

 

𝜒𝑥𝑦𝑦𝑥
(3)

= 𝜒𝑥𝑧𝑧𝑥
(3)

= 𝜒𝑦𝑥𝑥𝑦
(3)

= 𝜒𝑦𝑧𝑧𝑦
(3)

= 𝜒𝑧𝑥𝑥𝑧
(3)

= 𝜒𝑧𝑦𝑦𝑧
(3)

 

38 

Furthermore, all other components of 𝜒(3) vanish because these are the only tensor elements 

where the cartesian coordinates x, y, and z occur in even numbers and an index cannot occur 

in odd number. The reason for this is illustrated in the following example: The element 𝜒𝑦𝑥𝑥𝑥
(3)

 

would produce a THG field in the y-direction due to an electric field in the x-direction. This 

response must disappear in an isotropic material because there is no reason why an isotropic 

material would produce a field in the 𝑦-direction instead of in the – 𝑦-direction and therefore 

this element vanishes [3]. The equation 38 gives four groups of elements. However, these four 

groups are not independent, because isotropy requires that the TH response of the material 

is the same in each axis. Therefore, if we rotate the coordinate system around an arbitrary 

axis, e.g. 45° around the z axis, resulting in {𝑥′, 𝑦′, 𝑧}, any tensor component can be written in 

terms of the tensor elements 𝜒𝑥𝑥𝑦𝑦
(3)

, 𝜒𝑥𝑦𝑥𝑦
(3)

 and 𝜒𝑥𝑦𝑦𝑥
(3)

: 

 

𝜒𝑖𝑗𝑘𝑙
(3)

= 𝜒𝑥𝑥𝑦𝑦
(3)

𝛿𝑖𝑗𝛿𝑘𝑙 + 𝜒𝑥𝑦𝑥𝑦
(3)

𝛿𝑖𝑘𝛿𝑗𝑙 + 𝜒𝑥𝑦𝑦𝑥
(3)

𝛿𝑖𝑙𝛿𝑗𝑘 

39 

Where 𝛿𝑖𝑗 is the Kronecker delta and is 1 if the coordinates 𝑖 = 𝑗 and 0 otherwise. From the 

condition, that all axes are equivalent, and that the TH response should not change with 

coordinate rotation, one can see that only 3 tensor elements are independent. Moreover, for 

THG we can assume that the order of the indices j, k, and l do not matter, since the three 

photons are indistinguishable at the fundamental frequency 𝜔. That is, 𝜒𝑖𝑗𝑘𝑙
(3)

(−𝜔𝑖, 𝜔𝑗 , 𝜔𝑘, 𝜔𝑙) 

is invariant under 4! permutations of the pairs (𝑖, 𝜔𝑖), (𝑗, 𝜔𝑗), (𝑘, 𝜔𝑘) and (𝑙, 𝜔𝑙). E.g., consider 
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the index combination for the fundamental electric fields of jkl for the tensor element 𝜒𝑦𝑦𝑥𝑥
(3)

, 

due to the permutation symmetry the tensor components 𝜒𝑦𝑥𝑥𝑦
(3)

 and 𝜒𝑦𝑥𝑦𝑥
(3)

 need to be equal. 

In the end it is possible to derive an effective matrix that captures the nonlinear response in a 

matrix formalism by using the inherent permutation symmetry again [38]. In total, there are 

10 different combinations of j, k, and l, and the three indices can be contracted to a single 

index m: 

𝑗𝑘𝑙 𝑥𝑥𝑥 𝑦𝑦𝑦 𝑧𝑧𝑧 𝑦𝑧𝑧 𝑦𝑦𝑧 𝑥𝑧𝑧 𝑥𝑥𝑧 𝑥𝑦𝑦 𝑥𝑥𝑦 𝑥𝑦𝑧
𝑚 1 2 3 4 5 6 7 8 9 0

 

Due to permutation symmetry, the order of the indices can be exchanged so that the 

polarization vector can be written as an effective susceptibility matrix: 

 

𝑃(3) = [
𝜒11 0 0 0 0 𝜒11 0 𝜒11 0 0
0 𝜒11 0 𝜒11 0 0 0 0 𝜒11 0
0 0 𝜒11 0 𝜒11 0 𝜒11 0 0 0

]

[
 
 
 
 
 
 
 
 
 
 
 

𝐸𝑥
3

𝐸𝑦
3

𝐸𝑧
3

𝐸𝑦𝐸𝑧
2

𝐸𝑦
2𝐸𝑧

𝐸𝑥𝐸𝑧
2

𝐸𝑥
2𝐸𝑧

𝐸𝑥𝐸𝑦
2

𝐸𝑥
2𝐸𝑦

𝐸𝑥𝐸𝑦𝐸𝑧]
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Which describes the THG in amorphous materials, especially silicon: Here 𝜒11 =  0.25 
𝑛𝑚2

𝑉2 . In 

view of nonlinear optics silicon has some advantages compared to other materials, since the 

third order nonlinear susceptibility is high compared to other materials. A comparison of 

commonly used high refractive index materials for nonlinear nanostructures can be found in 

Table 1. Note that a high refractive index suggests a high third harmonic nonlinear 

susceptibility following Miller’s rule [3]. Interestingly, the tensor in equation 40 generates a 

third harmonic signal only for linearly polarized light. If we calculate 𝑃(3) for circularly 

polarized light 𝜎 = ±1 and an electric field strength 𝐸0 propagating through silicon in the z-

direction with a wave vector 𝑘𝑧: 

 

𝐸⃗⃗ = [
𝐸0

𝜎𝑖𝐸0

0
] 𝑒𝑖𝑘𝑧𝑧 

41 
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𝑃(3) becomes zero for each component of the vector. For example, substituting equation 41 

into the effective susceptibility equation 40 for the component 𝑃𝑥
(3)

 returns: 𝑃𝑥
(3)

=

𝜒11𝑒
𝑖𝑘𝑧𝑧(𝐸0

3 + 𝐸0(𝜎𝑖𝐸0)
2) = 0. In general, it can be shown that circularly polarized light 

propagating through an isotropic medium does not produce THG due to the nonlinear 

selection rules [39]. 

 

Table 1. Linear and nonlinear optical properties of common high-index dielectrics for THG in 

the infrared and visible. 

Material Refractive Index 𝜒(3) [𝑛𝑚2/𝑉2] 

c-silicon 3.77-3.46 (700-1800 nm) [40] 0.25 (1550 nm) [41] 

c-Ge 4.33-4.13 (1090-1800 nm) [42] 0.4 (2000 nm) [41] 

Al0.22Ga0.78As 3.60-3.28 (720-1800 nm) [43] 0.07[44] 

ZnO 2.22-1.92 (400-1800 nm) [45] 0.03 (1500 nm) [46] 

TiO2 2.84-2.27[47] 0.02[48] 

 

2.6 The nonlinear conversion efficiency 

For THG, the intensity of the third harmonic light in dependence of the fundamental pump 

beam in the non-depleted pump approximation is given by [49]: 

 

𝐼3𝜔 =
3𝜔2

4𝜋2𝜖0
2𝑐4𝑛3𝜔𝜔0

4  (𝜒(3) )
2
|𝐽|2𝐼𝜔

3  

42 

Here, 𝐼𝜔 and 𝜔0 are the intensity and the beam waist of the fundamental beam at the pump 

wavelength. 𝐽 denotes the phase-matching condition and is given by |𝐽|2 = 𝐿2𝑠𝑖𝑛𝑐 (
Δ𝑘𝐿

2
). In 

the equation Δ𝑘 = 3𝑘3𝜔 − 𝑘𝜔 denotes the phase mismatch between the fundamental light 

and third harmonic, and L denotes the length of the nonlinear material. This equation gives 

the THG intensity for a pump beam propagating through a nonlinear optical crystal. For 

nanostructures, the THG intensity is different because different Mie modes and coupling 

conditions play a role in the nonlinear conversion process in nanostructures and it is difficult 

to establish a general equation. Note that due to the thickness of nanostructures in the 

subwavelength region, the phase matching conditions play a minor role. However, equation 

42 gives an idea of the parameters that are important in a nonlinear conversion process, such 

as the third-order nonlinear susceptibility and the intensity of the pump beam. Note that the 

intensity at the third harmonic frequency scales with the cubic number of the pump intensity, 
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which is a crucial feature of THG. If the average pump intensity and the average intensity of 

the TH light are known, the efficiency of the THG process can be defined as follows: 

 

𝜂 =
𝐼3𝜔

𝐼𝜔
 

43 

The efficiency scales with the square of the mean pump power since the mean TH power 𝐼3𝜔 

depends on the third power of the pump intensity, as can be seen from equation 43: 𝜂 ~ 𝐼𝜔
2 . 

However, when different metasurface designs in different optical setups with different pump 

intensities are measured and compared, such a definition is not sufficient, since theoretically 

any efficiency can be achieved by increasing the intensity of the fundamental pump beam. 

Therefore, the equation 43 does not distinguish between efficiency and effectiveness. To get 

around this, the average TH power can be divided by the cubic number of the average input 

power [50]: 

 

𝜁𝑇𝐻𝐺 =
𝐼3𝜔

𝐼𝜔
3  

44 

This efficiency 𝜁𝑇𝐻𝐺 , which is independent of the pump power, is measured in 1/𝑊2. A similar 

definition exists for other harmonic processes. The definitions above use average power to 

derive the nonlinear conversion efficiency. Although, many experimental setups use 

picosecond or femtosecond lasers because they provide much higher peak powers, and the 

metasurface generates TH light in a parametric response to the pulsed laser light. A 

metasurface pumped with a pulsed laser generates a TH signal only when a laser pulse 

interacts with the metasurface. For this reason, the crucial basis for the nonlinear conversion 

efficiency is the peak power 𝑃̂ of the pump beam and the THG light. However, it is often the 

average power rather than the peak power of a single laser pulse that is measured, and the 

average power and the peak power can be related as follows: 𝐼 =
𝐼

𝑅𝜏
=

𝐼

𝑑𝑢𝑡𝑦 𝑐𝑦𝑐𝑙𝑒
. Here, R is 

the repetition rate of the laser pulse. The duty cycle is the product of the pulse length and. the 

repetition rate and indicates the proportion in which the laser is active. If we assume that the 

pulse length of the third harmonic light is equal to the ulse length of the laser 𝜏𝑇𝐻𝐺 ≈ 𝜏𝑃𝑢𝑚𝑝, 

the power independent peak power conversion efficiency can be written as follows [50]: 

 

ΗTHG ≈
𝐼3𝜔

𝐼𝜔 
3 (𝑅𝜏)2

 

45 
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Table 2. Comparison of the different nonlinear optical elements for THG. The values are taken 

from the publications and the table is recreated and extended from Ref [13]. The entry for the 

BBO crystal was calculated based on information provided by the manufacturer (EKSMA): Ti:Sa 

Super Spitfire Laser operating at 1 kHz, 130 fs pulse width, 100 µJ pulse energy at 800 nm, 

beam diameter 1 mm. 

 

 

Dielectric 

material 
Design 

Operation 

mode 

Pump 

wavelength 

[nm] 

Peak pump 

intensity 

[GW/cm2] 

Efficiency 𝜂 and 

(ΗTHG) 

Si [51] 

Single nano 

cylinders on 

glass 

Magnetic 

dipole 

resonance at 

fundamental 

wavelength 

(FW) 

1260 4.5 
8 × 10−8 

(10−10
1

𝑊2
) 

a-Ge [52] 

Single nano 

cylinders on 

glass 

Magnetic 

dipole 

resonance at 

FW 

1650 0.8 
5 × 10−6 

(5 × 10−9
1

𝑊2
) 

a-Si [20] 
Metasurface 

of nanodiscs 

Q-BIC 

Resonance at 

FW 

1345 1 
10−5 

(10−7
1

𝑊2
) 

Si [53] 

Metasurface 

with T 

shaped nano-

objects 

QBIC 

resonance at 

FW 

1587 0.06 
5 × 10−8 

(10−5
1

𝑊2
) 

Au [54] 

Metasurface 

with metallic 

split-ring 

resonators 

Magnetic 

dipole 

resonance at 

FW 

1500  3 × 10−12 

Beta 

Barium 

Oxide 

(BBO) 

(Eksma 

FKE-800-

100)[7] 

BBO crystal 

with a 

thickness of 

500 µm 

Phase 

matched THG 

crystal 

800 39 
8 × 10−2 

(1.2 × 10−4
1

𝑊2
) 
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This definition gives a nonlinear conversion efficiency that is independent of the laser system 

and can be used to compare different metasurface designs and resonant gain mechanisms 

against each other. However, much intuitive understanding is lost between equation 43 and 

45. One could interpret equation 45 as follows: Equation 45 measures the nonlinear 

conversion efficiency of a system per “ontime of the laser” and per input power, normalized 

to the nonlinear power law 𝐼3𝜔~𝐼𝜔
3 . This definition is mostly used to describe the nonlinear 

conversion efficiency of metasurfaces or resonant nano-objects. There are several limitations 

of this equations: First, it is derived in the undepleted pump approximation and that we 

assume no back-conversion from the TH to the fundamental field. Second, we assume that 

the pulse length of the third harmonic light is equal to the pulse length of the fundamental 

field. For resonances with high quality factors, the interaction between the resonator and the 

light may alter the pulse length of both beams. Table 2 gives an overview of different THG 

conversion efficiencies in experimentally realized optical elements and metasurfaces. The 

table shows the different conversion efficiencies compared to their design, material, and 

resonance/operation mode. From the table, plasmonic metasurfaces have very low 

conversion efficiencies due to their high ohmic losses and low damage thresholds. Higher 

efficiencies can be achieved by Mie resonances in high refractive index dielectric materials 

due to the low absorption losses and high damage threshold away from the band gap of the 

material. For example, the extinction coefficient of crystalline silicon at 1200 nm is in the range 

of 10-7 [40⁠, 55] and the extinction coefficient of gold is in the range of 6 to 8 at 1200 nm [56⁠, 

57]. Therefore, compared to dielectric nanostructures, plasmonic nanostructures absorb 

more electromagnetic energy and convert it into heat, and this energy is no longer available 

for third harmonic generation. As a result, plasmonic nanostructures have a lower damage 

threshold and lower nonlinear conversion efficiency. However, besides the high absorption 

losses, another reason for the lower conversion efficiency of plasmonic nanostructures 

compared to dielectric structures is the smaller mode volume of plasmonic nanostructures. 

First, plasmonic nanostructures are thinner in the direction of light propagation. Typical 

thicknesses are between 30 nm and 50 nm, while dielectric structures have a thickness of 300-

700 nm. Second, the higher nonlinear conversion efficiency of dielectric metasurfaces 

compared to their plasmonic counterparts is due to the fact that plasmonic resonances are 

mainly confined to the surface of the metal particle due to the skin effect [14]. Even though, 

the nonlinear coefficients of metals and dielectrics are similar (silicon is in the range of 𝜒𝑆𝑖
(3)

 = 

0.25 nm2/V2, gold 𝜒𝐴𝑢
(3)

 = 0.2 nm2/V2). Therefore, the main contribution of the metallic particle 

to the generation process stems from the surface of the particle and the bulk nonlinear 

susceptibility has a negligible contribution. As shown in the last chapter the Mie resonances 

of dielectric nanoparticles are located inside the particle and not only on the surface. 

Therefore, they can easily access the bulk nonlinearity of the material. In view of light-matter 

interaction, Mie resonances provide an enhanced light-matter interaction, that results in a 

low quality factor because the electromagnetic energy can be easily re-emitted. To increase 

the nonlinear conversion efficiency further, we can use resonances with higher quality factors 
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(Q > 150) at the fundamental and third harmonic wavelengths, since the excitation coefficient 

𝛼 of the third harmonic depends on the quality factors 𝑄𝜔 and 𝑄3𝜔 of the involved resonances 

at the fundamental and third harmonic frequencies, and on the mode overlap between the 

involved resonances 𝜁𝜔→3𝜔 [58]: 

 

𝛼 ~ 𝑄3𝜔𝑄𝜔
3 𝜁𝜔→3𝜔 

46 

A physical explanation for this equation is that a quality factor leads to a long lifetime of an 

excitation at the resonance wavelength, which increases the interaction time of the 

electromagnetic wave with the material of the nanostructure, which in turn also increases the 

nonlinear interaction. To achieve higher conversion efficiencies, one can use the concept of 

quasi-Bound states in the continuum (QBIC), which have significantly higher quality factors, 

but the free-space coupling is restricted. We will explain QBIC and their challenges later in 

Chapter 5. However, metasurfaces with QBIC states have provided with the highest nonlinear 

conversion efficiency up to the date. Looking at the last entry in Table 2 which shows the 

efficiency of a commercially available THG kit, the QBIC metasurfaces almost reach the 

efficiency of conventional available nonlinear elements. At the same time, metasurfaces can 

reduce the thickness of nonlinear optical elements by several orders of magnitude, as a 

dielectric metasurface is typically 500 nm thick, compared to the 500 µm thickness for the 

nonlinear BBO crystal [7]. In addition, metasurfaces allow excellent design freedom in terms 

of spatial wavefront shaping and polarization control, which may enable new applications that 

require enhanced nonlinear interaction, along with simultaneous propagation control. 

 

2.7 Third harmonic generation from a nano cylinder 

In this section, I describe how Mie modes can be used to improve nonlinear conversion 

efficiency. Consider the case of THG from a nano-cylinder suspended in air. Here, the 

interaction of light and matter can be divided into two steps: First, the linear scattering, where 

an external wave [Einc, Hinc] excites the nanoresonator, results in a scattered electromagnetic 

field [Es, Hs] at a wavelength λ. Second, due to the nonlinear susceptibility, a nonlinear 

induced polarization builds up in the cylinder according to equation 40. This induced 

polarization is the driving source of a secondary wave at λ/3 with a total electromagnetic field 

of [Et
(3)

, Ht
(3)

]. This physical picture is based on two approximations: First, the non-depleted 

pump approximation, assuming that the nonlinear interaction is weak, and that material 

absorption and scattering are the dominant loss channels. Second, other nonlinear processes 

are negligible: Light at the THG wavelength does not couple back to light at the fundamental 

wavelength, and the Kerr effect, as well as two photon absorption [3⁠, 59] is negligible. 
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If the solution [Et
(3)

, Ht
(3)

] is known, the energy density Wsca
(3)

 at the third harmonic frequency 

can be calculated, and the nonlinear scattering cross-section can be defined analog to Chapter 

2.1 as follows: 

 

σsca
(2)

=
Wsca

(3)

S0
= ∮ Re(J⃗t

(3)∗ × E⃗⃗⃗t
(3)

)
Σ

n⃗⃗dσ 

47 

In addition, with the knowledge of Wsca
(3)

, which can be extracted from a numerical simulation, 

the THG conversion efficiency can be calculated as: 

 

ΗTHG =
Wsca

(3)

Sin
3  

48 

Here, we simulated an amorphous silicon cylinder suspended in the air with a diameter of 365 

nm and a height of 365 nm as shown in Figure 9a. As shown in the picture, the simulation 

domain is a sphere with the cylinder in the center. Around the sphere is a perfectly matched 

layer that absorbs the scattered light, so that back reflections from the domain boundary into 

the simulation space do not affect the scattering problem and the whole system behaves like 

a single cylinder in an infinite airspace. The refractive index of the cylinder is presented in 

Figure 7. In a first step, the scattering problem was solved numerically at fundamental 

wavelengths between 1000 nm and 1600 nm. An x-polarized incident plane wave with 

E⃗⃗⃗ =  (E0e
ikzz, 0,0), was used as the background field. Then the scattered field [Es, Hs] in the 

whole simulation domain was numerically determined. The extinction cross-section is then 

calculated according to σext =
Wext

I
. In the second simulation step, the solution of the internal 

electromagnetic fields of the nanocylinder is used as the source for the nonlinear 

electromagnetic fields at a wavelength from 333 nm to 533 nm. To achieve this, we used 

equation 40 to calculate the induced nonlinear polarization using the Comsol module for 

polarization. The components of the electric field inside the nanocylinder at the fundamental 

wavelength were inserted into the effective tensor and the nonlinear induced polarization was 

calculated, which serves as the source for the nonlinear signal at the third harmonic 

wavelength. 

In the linear scattering regime, the extinction cross section of the cylinder is shown in Figure 

9b. Here, the effective extinction cross section shows a maximum originating from the 

magnetic dipole resonance at 1510 nm, as can be seen from the electric field plot (Figure 9d), 

which shows a vortex in the x-z plane which is characteristic for a magnetic Mie resonance. In 

addition, the magnetic field shows a strong alignment with the x-axis in the x-y plane since the 
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incident plane wave is polarized in the x-direction. The second peak in the extinction cross 

section at 1190 nm is lower compared to the magnetic dipole and comes from the electric 

dipole (Figure 9c). Here the roles are reversed. The magnetic field shows a vortex in the x-z 

plane and the electric field shows a strong alignment to the x-axis in the x-y plane. Compared 

to the electric dipole, the magnetic dipole shows a stronger field enhancement inside the 

cylinder, which is beneficial for nonlinear processes.Table 2 suggest that the magnetic dipole 

resonance shows the strongest enhancement in the nonlinear conversion efficiency. The 

maximum THG conversion efficiency is estimated as in the order of 10−3 1

𝑊2. In comparison 

with Table 2, this value is higher. This is due to the fact that here, we look at an ideal system 

which is simplified and does not account for two photon absorption [51⁠, 59] or fabrication 

induced defects. In addition, in the simulation, the light is collected in every direction, which 

is almost impossible in an experimental setup. These results show that a dielectric cylinder can 

already generate a strong nonlinear signal by utilizing Mie resonances. 
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Figure 9. a) Overview of the simulation domain. The silicon cylinder is located in the center. 

The simulation area is surrounded by a perfectly matched layer. b) The scattering cross section 

of a silicon cylinder for different wavelength (blue). The nonlinear conversion efficiency at the 

third harmonic wavelength as a function of the fundamental wavelength. b) electric and 

magnetic field plots at different wavelength.  
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Chapter 3 Enabling nonlinear optical engineering: 

Fabrication technology 

To control light at the nanoscale, we need fabrication techniques which can produce 

subwavelength resonators and arrays of dielectric nanostructures. A commonly used 

technology is electron beam lithography and dry etching to realize these nanoresonators. The 

nanofabrication of dielectric metasurfaces takes several steps, depicted in Figure 10a-d. At 

first, an amorphous silicon (a-Si) film is deposited on a glass substrate by plasma-enhanced 

chemical vapour deposition (PECVD). Afterward, a thin film of poly-methyl-methacrylate 

(PMMA) resit is spin-coated onto the a-Si film and baked on a hot plate. Since the prepared 

substrate is semi-insulator, a film of conductive polyaniline was spin-coated on top of the 

resist to reduce the charging of the sample during the electron beam lithography (EBL). 

Subsequently, the nanostructures are patterned by EBL. The sample is developed in a 

MIBK:IPA solution and then washed with IPA to develop the patterns. Then the developed 

sample is placed in an electron beam evaporator and coated with a Cr layer. The excess Cr is 

removed by dissolving the resist in acetone and subsequent cleaning within a dimethyl 

succinate solution followed by an ultrasonic treatment. Then, the Cr nanostructures are 

etched into the a-Si film by using inductively coupled plasma reactive ion etching (ICP-RIE) that 

results a-Si nanofins with almost vertical sidewalls. Finally, the Cr is removed in a Cr etching 

solution. The fabricated structures are illustrated in Figure 12. 

Now we give a detailed overview of the different process steps. 

 

 

Figure 10. a) Deposition of amrophous silicon on a ITO Glass substrate. b) Pattern transfer to 

PMMA resisit by EBL. c) Inductivly coupled reactive ion etching (ICP-RIE) to transfer Cr mask 

into amophous Si nanofins. d) Cr removal [60]. 
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3.1 Plasma Enhanced Deposition of amorphous silicon 

Before depositing the amorphous silicon thin film of desired thickness on top of a glass or 

indium tin oxide (ITO) coated substrate, the substrate was first treated with a standard 

cleaning procedure: 15 minutes ultrasonic bath at 50°C - 60°C in acetone followed by 5 

minutes ultrasonic treatment in an isopropanol bath. The cleaning procedure with acetone 

removes organic contaminants from the sample, while the isopropanol can dissolve nonpolar 

residues left by the acetone. Subsequently, the hydrogenated amorphous silicon (a-Si:H) thin 

film is deposited by PECVD. In this process, a mixture of 2% SiH4 diluted in Ar with a flow rate 

of 400 sccm at 1 Torr is decomposed by an RF (@13.56 MHz) source with a power of 10 W into 

various ions and radicals generated in the plasma. Depending on the reactivity and staying 

time in the plasma, a selected fraction of those are able to take part in the film growth process. 

After different gas- and solid-phase reactions a-Si thin film is deposited on the substrate at a 

specific deposition rate (here, 23 nm/min). The substrate holder was heated to 200°C. The 

film thicknesses for the samples used in this work are 650 nm and 365 nm. 

 

3.2 Resist Spin-Coating 

The next fabrication step is to coat the substrate with an electron beam sensitive resist for the 

lithography. Here, we summarize the process; the detail about the process parameters is 

shown in Table 1. The spin coating process requires several steps. First, a thin layer of an 

adhesion promoter (Allresist 300-80 new, diphenylsilanediol) is spun onto the sample and 

annealed on a hot plate. During annealing, a uniform and thin layer of the adhesion promoter 

forms on the substrate. After annealing, the sample is rinsed with acetone and isopropanol to 

remove an excess adhesion promoter. The adhesion promoter reacts with the substrate 

surface to form highly stable Si-O bonds, which improve the wettability of the surface and the 

adhesion of the resist to the substrate surface [61]. 

Second, the electron beam resist is spun onto the substrate. In this work, we used resists made 

of poly(meth)acrylates (PMMA) with a mass of 950k dissolved in ethyl lactate to serve as a 

positive tone resist. Depending on the spin coating speed and PMMA concentration in the 

ethyl lactate, the coating thickness varies between 120 nm and 160 nm [61]. After spin coating, 

the samples are baked on a hot plate at a temperature in between 130°C and 180°C to remove 

the solvent. If the baking temperature of the resist is high (in the range of 170°C to 180°C), 

subsequent annealing of the substrate on a second hot plate at 90°C for 2 minutes is required 

to reduce stresses in the layer, achieve better layer quality and prevent cracking. Cracks and 

surface defects lead to an uneven conductive layer, which has a considerable impact on the 

achievable resolution of electron beam lithography. Therefore, it is vital to get an even surface 

when you apply the conductive layer to the resist. Cracks and surface defects lead to an 

uneven conductive layer, which has a significant impact on the achievable resolution of 
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electron beam lithography. In a final step, a conducting polymer (Allresist, Elektra 92, SX AR-

PC 5000/90.1) layer is spun onto the substrate to prevent substrate charging during electron 

beam lithography [61]. It is spin-coated at a speed of 5500 rpm, resulting in a thickness of 

46nm. After spin-coating, the resist is baked at 90°C on a hot plate. After the conductive layer 

is deposited, the substrate can be patterned using electron beam lithography. Note that the 

conductive layer is water soluble, therefore, can be removed in a water bath: The conductive 

coating itself is a mixture of polythiophenes, polystyrene sulfonates, and surfactants in an 

organic solvent mixture with isopropanol as the main component. Details of the parameters 

of the entire spin coating can be found in table 1. 

 

Table 3. Spin coating parameter for different coating materials. 

Step 
Spin speed 

[RPM] 
Spin time [s] 

Baking 

temperature 

[°C] 

Baking time 

[min] 

Thickness 

[nm] 

Adhesion 

Promoter 
4000 30 60 2 - 

PMMA 950k 

Option 1 
4000 30 

Baking:180 

Tempering: 90 

Baking: 2 

Tempering: 2 
160 

 

Option 2 
5000 30 

Baking:180 

Tempering: 90 

Baking: 2 

Tempering: 2 
120 

Conductive 

Layer 
5500 30 90 2 46 

 

 

3.3 Electron beam lithography (EBL) and development 

A combined EBL/SEM system (Pioneer Raith I) performs all lithographic processes. It provides 

an accelerating voltage up to 30 kV and a minimum aperture of 7.5 µm (usually 10 µm is used 

because the difference in resolution between 7.5 µm and 10 µm aperture is insignificant, but 

provides a larger beam current, resulting in a faster writing speed). In electron beam 

lithography, an electron beam scans the surface of the substrate, which is covered with an 

electron-sensitive layer (the resist). By scanning the electron beam in a specific pattern across 

the resist, individual shapes can be drawn into the resist, since the chemical structure of the 

resist is altered by the electron beam exposure. In the case of PMMA, a positive tone resist, 

electron beam lithography promotes cleavage of the PMMA polymer chain, as shown in Figure 

11. This process produces small unsaturated molecular fragments, including carbon 

monoxide, carbon dioxide, and methyl radicals. The fragments can later be resolved with a  
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Figure 11. Irradiation of an electron beam resist with an electron beam leads to chain scission 

in the exposed regions of the PMMA resist. This process produces small unsaturated molecular 

fragments, including carbon monoxide, carbon dioxide, and methyl radicals. These fragments 

can later be removed with a methyl isobutyl ketone based developer. Recreated from Ref. [62]. 

 

methyl isobutyl ketone (MIBK)-based developer. However, a certain number of electrons per 

area (measured in charge per exposed area, C/cm2) is required to effectively cleave a majority 

of the polymer chains, allowing MIBK to rid the exposed area of all PMMA. In general, a 150 

nm thin film of PMMA 950k with a conductive coating on top requires doses between 160 

µC/cm2 and 220 µC/cm2 for development. To ensure an excellent geometric quality of the 

nanostructures, dose tests with 0.8 to 2 times the nominal quantity are performed for each 

geometry to find the correct dose to clear the resist but not to overexpose it. The overexpose 

leads to a widening and modification of the developed geometry compared to the intended 

geometry, as shown in Figure 12a [62]. However, this so-called proximity effect is highly 

dependent on the geometry of the individual elements and the unit cell size of the 

metasurface, which makes it impossible to give a universal value for the nominal dose. In 

addition, applying a conductive coating often reduces the resolution of the resist because the 

scattering of electrons in the conductive coating increases and small details become blurred. 

Usually this effect cannot be compensated by adjusting the total dose across the Metasurface, 

and the geometry or dose of the individual nanostructures must be modified [62]. 

To understand possible compensation techniques to realize the desired nanostructure design, 

one needs to understand the proximity effect: An electron beam scans along a path specified 

by the desired geometry in electron beam lithography. However, the electron-electron 

interaction within the electron beam or the electron-atom interaction between the beam and 

the sample results in a broadening of the incident electron beam as it passes through the resist 

and the substrate (forward scattering) [62⁠, 63]. Therefore, the resist is exposed in a larger area 
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than desired. Furthermore, the resist is additionally exposed when the electrons 

backscattered from the substrate bounce back into the resist. The strength of these scattering 

processes depends on the material and the angle of incidence of the electron beam. 

Consequently, the dose delivered by the electron beam is not confined to the geometry, which 

leads to an enlarging and blurring of geometrical features in a nanostructure. In the presence 

of a conductive top layer, the scattering is amplified since the electrons penetrate through the 

conductive layer into the resist and then into the substrate, resulting in an increased scattering 

[62]. (Note that the conductive coating results in a reduction of the nominal dose compared 

to other resist substrate systems too. For example, a 150 nm thin film of PMMA 950k on an 

indium tin oxide (ITO) coated substrate requires a dose of 220 µC/cm2 to 300 µC/cm2 for 

development.) 

Two techniques can compensate for the electron scattering and proximity effect. First, the 

geometry, or second, the dose within the nanostructure, can be adjusted to reduce the 

exposure of some unwanted regions in the resist. Note that resolution can be improved by 

using thinner resists, but the resist thickness is limited if a subsequent lift-off is performed. In 

practice, the resist must be thicker than 120 nm (around three to five times the thickness of 

the deposited layer) to achieve good lift-off results [63]. 

For the first technique, the geometry of the nanostructure itself can be optimized to reduce 

overexposure. In the simplest case, the geometry can be made smaller to account for 

overexposure, but more complicated geometries require more sophisticated modification. 

We illustrate this technique using nanocrosses as an example, as shown in Figure 12a and b. 

As can be seen from the initial tests of a metasurface with nanocrosses, the edges of the 

fabricated nanostructures are slightly underexposed, resulting in convex rounding of the 

nanostructure. At the same time, the corners are overexposed, resulting in concave rounding. 

We added or subtracted small rectangles at each edge and corner to account for this geometry 

change, as shown in 3b. The size of these rectangles is about 10 nm, which is comparable to 

the minimum resolution of the PMMA resist [61]. Adding a rectangle to the edge of a 

nanostructure increases the dose in this area slightly, while subtracting a small rectangle from 

a corner decreases the dose in this area. The overall shape of the nanostructure is not heavily 

affected since the size of the added or subtracted rectangles is close to the minimum  
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Figure 12. An unmodified a) and modified b) design of nanocrosses in metasurfaces as written 

with EBL and the physical realization after lifting off the Cr mask. An unmodified c) cylinder 

with hole and a dose modified cylinder d) with a hole as written and its physical realization. 

Scalebar 450 nm (a, b). 

 

resolution of EBL system and the used resist. The drawback of this method is that some areas 

of a nanostructure may not be suitable for modification because they are too small, or the 

modification would obscure other features. Additionally, a particular feature's overall 

size/diameter can also be adjusted to compensate for the widening. 3a,b shows an example 

of a nanostructure before and after geometry modification. After the modification, the overall 

geometry written on the sample is greatly improved. The images show nanocrosses as an 

example; however, this optimization method can also be used for other geometries. In 

contrast to adjusting the geometry, the dose can also be adjusted across a single 

nanostructure. Here, the dose can be increased or decreased in some areas of a nanostructure 

so that the resist outside the desired area is exposed as little as possible. The disadvantage is 

that often the dose must be reduced to a value close to or below the critical dose of the resist 

to avoid overexposure. After developing the resist, PMMA residues may remain in the 

underexposed areas, causing problems during lift-off. Figure 12c,d shows an example of a 

structure where the dose is varied within the design to reduce the proximity effect. Here, the 

dose is reduced from 1 to 0.8 to 0.6 of the nominal dose in two concentric circles around the 

hole. In a final step, the nominal dose is varied to find the optimum value so that the hole is 

free of PMMA after development. Without correction, the off-center hole of the cylinder is no 

longer present in the nanostructure after lift-off. However, after correcting the dose around 

the hole, the feature is written correctly. Note that the structure shown in Figure 12c and d is 

an example of how it is not enough to correct the geometry sometimes, since increasing the 

size of the inner hole would cause the cylinder to intersect with the outside, resulting in 
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crescent-shaped structures. Note that geometry modification is highly used in optical 

lithography to improve the shape quality of written structures, since it is easy to change the 

geometry of a lithography mask. On the other hand, dose modification is mainly used in EBL 

because the dose can be easily controlled by the time the electron beam dwells on a point. 

After writing the desired structures, the resist is developed. First, the conductive top-coating 

is removed in a water bath for 15 seconds. Then the sample is placed into a solution of 1:3 

MIBK:IPA for 90 seconds (for 150 nm to 160 nm resist thickness), which is cooled to around 

5°C before the development to increase the contrast of the resist. The sample is then placed 

in an IPA bath for 1 minute to stop the development. The sample is then rinsed with IPA. 

 

3.4 Etch mask deposition and lift-off 

The etch mask was deposited by an electron beam evaporator. In this process, an electron 

beam heats Cr granules to evaporate them in a vacuum (typically 10-6 mbar). The evaporated 

Cr is deposited on the sample at a rate of 0.1 nm/s, measured with a quartz crystal monitor. 

Typical film thicknesses range from 11 nm to 30 nm, depending on the thickness of the resist, 

since the thickness of the resist must be 3-5 times that of the Cr mask to achieve good lift-off 

results. On the other hand, the subsequent step of reactive ion etching also requires a certain 

thickness of the Cr mask since the mask erodes during etching. Then, the excess Cr is removed 

by dissolving the resist in acetone at a temperature of 70°C for 1 hour and subsequent cleaning 

in a dimethyl succinate solution at 85°C for another one hour, followed by ultrasonication to 

remove the residual Cr and to ensure a good lift-off result. At the end, only the nanostructures 

written by EBL remain on the silicon. 

 

3.5 Reactive ion etching and Cr removal 

The lithographically defined pattern is then transferred into the amorphous silicon using a 

reactive ion etching (RIE) process. The amorphous silicon is etched by an inductively coupled 

(ICP)-RIE process, commonly used in semiconductor manufacturing. In this step we want to 

achieve a good transfer of the Cr mask into the Si with vertical sidewalls. To achieve this 

anisotropic etching, the RF powers, gas flow rates of each chemical, and chamber pressure of 

the plasma system must first be optimized [64⁠, 65]. Here, a 900 W ICP source creates a high-

density plasma through a conductive coil (the inductive element). Another 41 W RF source in 

a parallel plate arrangement then accelerates the plasma onto the sample. Further to achieve 

anisotropic etching, the chamber pressure should be low to increase the mean free path of 

the ions and radicals in the plasma, here the pressure was 10 mTorr. The gas mixture inside 

the chamber was SF6 and C4F8 with flow rates of 18 sccm and 45 sccm, respectively. In this 

process the radicals and fluorinated ions originating from the SF6 etch the silicon. During the 
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etching process the silicon reacts with the fluorine to form SiF4, which is volatile under the 

chamber conditions and can be pumped out of the chamber. The C4F8 leads to passivation of 

the silicon surface, as the ring-shaped C4F8 molecule decomposes to CF2, which forms a 

protective polymer on the silicon surface. Here, the ratio of SF6 and C4F8 is almost 1:3 which is 

advantageous for anisotropic etching [64⁠, 65]. The combined effect of etching and passivation 

results in vertical sidewalls and good pattern transfer from the Cr into the silicon, as shown in 

Figure 13a. Another typical etching result can be seen in Figure 13b. Here one can see a 

cylinder with a hole after etching and after cutting the structure by focused ion beam. One 

can see that the hole is etched almost to the substrate. However, the etch rate for small holes 

is lower than the etch rate around the nanostructure due to the lower ion and radical 

concentration that can enter the hole. This effect is called aspect-ratio dependent etching 

(ARDE).  

Nevertheless, good pattern transfer is achieved because the Cr mask is less affected by the 

etching process and erodes more slowly than the silicon during the etching process. Typically, 

at least 25 nm of Cr are needed to etch 1 µm of Si, resulting in an effective selectivity of around 

40 between silicon and Cr during RIE. The erosion is mainly driven by physical etching by ion 

bombardment. For this reason, selectivity depends on the RF power used during etching. The 

area around the mask that is not protected by Cr is etched, while the silicon under the Cr mask 

is protected. After etching, the Cr mask is removed in a bath of Cr remover (Cr etch solution 

#1, containing perchloric acid and ammonium nitrate) diluted with water at a concentration 

of 80/20. Due to the dilution, the solution has a lower etch rate of 20 nm/min compared to 

the undiluted solution, which has an etch rate of 60 nm/min but makes it easier to control the 

etching process. The sample is then placed in a 90°C water bath to remove the etching 

solution. In the final step, the water is evaporated from the sample placed on a hot plate at 

90°C, as dry blowing tends to remove the etched nanostructures. 

 

Figure 13. a) SEM image of amorphous Si nanostructures in metasurface after etching and b) 

magnified image of a Si nanostructure after cutting it by a focused ion beam (FIB) milling 

process. 
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Chapter 4 The propagation of light and nonlinear 

beam shaping with dielectric metasurfaces 

Chapter 2 dealt with the linear and nonlinear responses of silicon resonators. Here it is shown 

that THG can be drastically improved by exploiting the natural magnetic resonances which 

occur in these systems. However, many applications require not only the efficient generation 

of light at the higher harmonic, but also the shaping of the wavefront of the generated light 

to realize certain operations or functionalities. For example, to direct the generated light at 

an angle to another optical element or to focus it. These functionalities can be realized with 

metasurfaces that generate a specific field 𝐸𝑀(𝑥, 𝑦, 𝑧𝑀) at the metasurface at the third 

harmonic such that after propagation through an optical system, the generated light behaves 

in a specific way that reflects the desired functionality. However, there are three possibilities 

on how one can construct an optical field 𝐸𝑀(𝑥, 𝑦, 𝑧𝑀) for beam shaping. In general 

𝐸𝑀(𝑥, 𝑦, 𝑧𝑀) is a complex number and it has two parameters that can be spatially controlled: 

The amplitude 𝐴(𝑥, 𝑦, 𝑧𝑀) and phase 𝜙(𝑥, 𝑦, 𝑧𝑀) [66⁠, 67]: 

 

𝐸𝑀(𝑥, 𝑦, 𝑧𝑀) = 𝐴(𝑥, 𝑦, 𝑧𝑀)𝑒𝑖𝜙(𝑥,𝑦,𝑧𝑀) 
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Therefore, one can use a metasurface and spatially change the intensity, phase, or both of the 

generated light to affect propagation in a particular way. However, in many cases, a desired 

functionality can be encoded only by the spatial phase profile 𝜙(𝑥, 𝑦, 𝑧𝑀), and we only need 

to spatially vary the phase of the generated light. Note that this approach also works for linear 

metasurfaces and in classical optics: For example, a lens is an optical element that does not 

spatially change the amplitude of light passing through it, but introduces a spatially dependent 

phase delay caused by the propagation of light through glass of different thicknesses [67]. 

The next step in encoding a particular functionality in a dielectric metasurface is to find a set 

of nanostructures that will produce the desired phase delay when arranged in an array. Note 

that there are several ways to introduce a phase delay through a metasurface, as explained 

later. These nanostructures are then arranged in a metasurface according to the desired phase 

profile, as illustrated in Figure 14. Here one can see a simple example of a phase profile and 

how it could be encoded in a metasurface with a specific period p. First, the wavefront needs 

to be folded in the interval of 0 to 2π. Afterwards, the phase profile is sampled in steps of the 

period p to encode it into a metasurface. For the physical implementation, one needs to find 

a scheme or set of nanostructures that allow the required phase shift in each unit cell. 

However, to realize efficient wavefront shaping, we have three requirements for the elements 

of the metasurface [68]: First, one needs to cover the entire phase range (at least 2π), and the 

desired phase delay of a given structure should not be changed by the surrounding elements, 
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i.e., the nanostructures should be considered as independent scatterers. Second, the intensity 

of the generated third harmonic field should not change from element to element since one 

wants to encode only the phase. Third, the amplitude of the scattered or generated light 

should not change from element to element to achieve substantial interference. Fourth, since 

a metasurface can only sample a continuous phase profile in discrete steps, as indicated in 

Figure 14b, the unit cell size should be small enough to allow the best possible sampling rate 

of the phase profile. The unit cell size should be smaller than the operating wavelength in the  

 

 

Figure 14. a) The blue curve represents an intended spatial phase profile. The orange curve 

represents the phase profile of the blue curve folded into the phase range from 0 to 2π b) A 

metasurface with a period p which encodes the spatial phase profile. Due to the discrete 

sampling the phase profile can be different to the original one. 

 

best case. However, the first and last requirements are in conflict. One would prefer fine 

sampling of the spatial phase profile, but fine sampling reduces the unit cell size of the 

metasurface and leads to coupling effects between nearby elements that change the phase 

delay of the elements. This effect has already been studied in the linear regime (see Ref. [69]), 

but becomes even stronger in the nonlinear regime, since nonlinear optical systems are 

susceptible to small changes in geometry that negatively affect the diffraction efficiency of the 

metasurface. Therefore, finding a good trade-off between these constraints is the main task 

of metasurface design. In addition, dielectric resonators have a size issue in view of nonlinear 

optics, where magnetic Mie resonances are often used to enhance the nonlinear conversion 

process. However, in the case of a magnetic dipole resonance, the size 𝐷 of a nanoparticle 

and the resonance wavelength 𝜆𝑟𝑒𝑠 are related by 𝐷 ≈
𝜆𝑟𝑒𝑠

𝑛
 [70], where n denotes the 

refractive index of the nanoparticle. Therefore, the unit cell size of a metasurface is often 

larger than the TH wavelength itself, which can lead to diffraction and scattering of the 

generated light by the lattice. For these reasons, it is always challenging to realize an efficient 

wavefront-shaping metasurfaces in the nonlinear domain. 
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4.1 Resonant wavefront shaping: The Huygens Principle 

In principle, two physical mechanisms can be used in nanostructures to achieve phase delay 

to shape light in the nonlinear domain and to design elements with the desired phase delay 

—the resonant (Huygens approach) and the geometric phase approach [71]. The first 

approach involves a resonant nanostructure in which the generated field at the higher 

harmonic frequency has a phase delay to the incident field. This approach can be understood 

if the nanostructure is viewed as a driven oscillator. Here, by slightly changing the geometry 

of the nanostructure, the resonance wavelength can be tuned. However, since the design 

wavelength is fixed, the resonator has a fixed phase relation at the design wavelength with 

respect to the resonance frequency. Consequently, the higher harmonic light is also generated 

with a particular phase delay with respect to the design wavelength. Therefore, by tuning a 

resonance around a specific wavelength, it is possible to create a range of nanostructures 

covering the whole phase range. Note that the resonant approach only allows a phase range 

of 0 to π, to reach the complete phase range of 0 to 2π the geometry of each nanostructure is 

to be rotated by 90°. This approach was first introduced by Pfeiffer and Grbic [72] for resonant 

beamforming in the linear domain. The development of a set of nanostructures usually 

requires a full-wave simulation due to the complexity of the problem. The simulation process 

is similar to the one described in Chapter 2. However, the structure geometries are optimized 

numerically with respect to the desired phase and amplitude at the desired wavelength of the 

higher harmonics, which are specified as optimization objectives. An example of such a 

nonlinear Huygens metasurface was realized by Wang et al. [17]. Here, an amorphous silicon 

metasurface was used for resonant wavefront shaping at the third harmonic by exploiting the 

magnetic and electric resonances of elliptical nanostructures. The geometry of each silicon 

pillar was modified to achieve a specific phase response due to the resonance shift, as can be 

seen in Figure 15a. 
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Figure 15. a) Geometries and nonlinear phases of Si nanostructures.  The geometric 

parameters of the nanopillars and the corresponding analytical and numerical results for the 

phase of the third-harmonic field at a pump wavelength of 1615 nm (538 nm TH wavelength) 

and linear polarization of the pump along the x-axis. B) SEM image of the silicon metasurface. 

C) Phase profile to reconstruct a blazed grating at the third harmonic wavelength encoded into 

the metasurface shown in b). d) Fourier space image of the THG signal in forward direction. 

The diffraction efficiencies is 92%, that is 92% of the THG is directed into the designed 

diffraction angle of 5.6° [17]. 
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Figure 16. a) Evolution of the second harmonic directionality from the case of a nanocylinder 

(two lobes, left) to a nanochair (one vertical lobe, right): schematic representation and 

numerically calculated patterns in the Fourier plane. B) Selection of a set of nanochairs based 

on the relationship between a given geometric parameter 𝑎 and the far-field SHG phase 𝜑(𝑎) 

[58]. 

 

At the same time, the amplitude of the THG signal was kept constant as a constraint for the 

design. With this approach, it is possible to encode different wavefront phase profiles into the 

harmonic generation process by arranging the different elliptic cylinders in a Metasurface, as 

illustrated in Figure 15b. For example, one can realize a sawtooth phase profile, which deflects 

the generated light under an angle of 5.6° (Figure 15c,d). With this approach, they achieved 

high nonlinear conversion efficiencies due to exploiting a resonant system as well as high 

diffraction efficiencies of over 90%. Further, this approach allows for more complex 

applications like nonlinear imaging, where an object is illuminated with the fundamental 

wavelength and is then imaged at the third harmonic light [73]. Another work with a similar 

approach for nonlinear holography with silicon metasurfaces can be found by Gao et al. [16]. 

Further, wavefront shaping can be achieved for second harmonic generation (SHG) in [100]-

AlGaAs. However, due to the zinc-blende crystal structure of AlGaAs, the second harmonic 

(SH) generation is directed at an angle of about 45° [74] [58⁠, 75] for [100]-AlGaAs, as illustrated 

in Figure 16a. Note that by changing the crystal orientation of AlGaAs from [100] to [111] SHG 

can be generated parallel to the pump beam [74]. Therefore, AlGaAs nanostructures for 

wavefront shaping must be designed not only with respect to the phase and amplitude of the 

SHG but also to the direction of the SH light [58]. To achieve this, the design utilizes a complex 

three-dimensional structure to shape the directionality of the SH light, as illustrated in Figure 

16b. By changing the geometry to the nanochair, one can adjust the phase of the generated 
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light at the second harmonic. However, the diffraction efficiency remains low due to the 

difficult constraints on directionality mentioned above. Here, the diffraction efficiency is 

around 45% for the SH beam at the SH wavelength of 775 nm (fundamental wavelength of 

1550 nm), which is due to the large period of the unit cell (p = 900 nm) [58]. Overall, the 

resonant approach to wavefront shaping enables phase design in the generation of higher 

harmonics and subsequent encoding of an arbitrary wavefront with a set of nanostructures 

with high nonlinear conversion efficiency since the nanostructures can be resonant and since 

dielectrics have significant nonlinear coefficients. As the optical coupling between 

nanostructures is implicitly controlled in the simulations (if the geometric parameters of the 

metasurface do not change drastically from unit cell to unit cell), the diffraction efficiency can 

also be high. However, the drawback of this approach is the large computational effort 

required to create a library of nanostructures for fine-grained phase control with constant 

amplitude in the nonlinear domain. 

 

4.2 Geometric Phase Principle 

The second approach to phase engineering with metasurfaces is the so-called Pancharatnam-

Berry or geometric phase approach. Here, the phase change in the nonlinear generation 

process can be controlled by the rotation of a single nanostructure in an array when the 

metasurface is pumped by circularly polarized light. It is known from plasmonics that rotating 

a nanostructure by an angle θ can cause a phase shift between the circularly polarized light 

incident on the nanostructure and the higher harmonic generated light. In this case, the order 

n of the nonlinear process influences the nonlinear phase delay, and the phase changes with 

it [8]: 

 

𝑃(𝜎, 𝜃) ∝ 𝑒𝑖(𝑛±1)𝜎𝜃 

50 

Where 𝜎 = ±1 denotes the circular polarization state of the fundamental pump light, incident 

on the nanostructures. The exponent 𝑖(𝑛 ± 1)𝜎𝜃 represents the nonlinear Pancharatnam 

Berry phase factor accumulated during the nonlinear conversion process. The phase factor 

depends only on the rotation angle of the nanostructure with a specific (m-fold) rotational 

symmetry . In addition, ±1 indicates whether the phase is accumulated in the same 

polarization (+1) compared to the fundamental beam (called co-polarization) or in the 

opposite polarization state (-1, called cross-polarization). For example, a structure with 

twofold rotational symmetry leads to phase factors of ±2θ for co-polarization and ±4θ for 

cross-polarization. The first part of this work addresses the question of whether such a 

nonlinear geometric phase metasurface design is feasible for purely dielectric metasurfaces. 

Considering the phase control requirements discussed at the beginning of this chapter, the 
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geometric phase approach allows fine-grained phase control since the phase can be 

continuously adjusted by rotating the nanostructure. In addition, the amplitude of the 

nonlinearly generated light remains constant by design since only a single nanostructure 

design is required. Compared to the nonlinear extension of the Huygens principle, the 

computational cost is low because only a single nanostructure needs to be optimized for high 

nonlinear conversion and diffraction efficiency. Thus, two of the three requirements are 

fulfilled in a simple way. However, in view of nonlinear phase manipulation, several questions 

remain: First, does the tensorial nature of amorphous silicon lead to similar problems as in the 

SHG from [100] AlGaAs? Second, cell-to-cell rotation strongly modifies the coupling between 

nanostructures due to the larger three-dimensional extent compared to plasmonic 

nanostructures. Compared to plasmonic resonators, dielectric resonators are larger. 

Therefore, the density of dielectric nanoresonators is higher and the distance between them 

is smaller compared to their plasmonic counterparts. This can have a more negative effect on 

nonlinear phase control than in the plasmonic case, since the distance between adjacent 

dielectric nanostructures must be smaller than that of plasmonic nanostructures. This in turn, 

leads to near-field coupling effects on the phase and amplitude of the emitted TH light. For 

these reasons, we have investigated TH phase control in amorphous silicon metasurfaces 

governed by the geometric phase principle. We show experimental evidence that the 

nonlinear PB phase principle can be extended to all-dielectric metasurfaces under circularly 

polarized light and can be used in holography or beam steering. Moreover, magnetic Mie 

resonances are often used to enhance the nonlinear conversion process. 

In the first part of this chapter, we explain the geometric phase principle using nanostructures 

with C2 rotational symmetry as an example, as shown in Figure 17. We derive the geometric 

phase principle and show the experimental implementation and different outcomes with 

nonlinear generation and phase manipulation. We also show that it is possible to encode 

holograms in nonlinear generation using the geometric phase principle. Later, we explain the 

geometric phase principle for different rotational symmetries. 

 

4.3 Derivation of the PB phase for THG 

Consider an electromagnetic wave traveling along the z-axis through a metasurface extending 

in the x-y plane, as illustrated in Figure 17 with the example of a nanofin. The nanostructures 

are rotated along the z-axis by an angle θ, as shown in the figure. In the case of plasmonic  
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Figure 17. Schematic illustration of the generation of third harmonic light with antenna’s 

rotation. Upon rotation the generated nonlinear signal gains phases of θco = 2σϕ and θcross = 

4σϕ in co- and cross-polarization states, respectively [60]. 

 

particles, the rotation introduces a geometric phase in the harmonic generation process 

according to equation 50. However, the nanostructures are assumed to be approximated as 

2D objects in a plane due to the short propagation distances. In contrast, dielectric resonators 

are up to 10 to 20 times thicker than their plasmonic counterparts, and the nonlinearly 

generated signal builds up through the total radiation of the induced nonlinear polarization in 

the volume, making wave coupling and propagation effects striking. Therefore, instead of 

approximating the electromagnetic response of the system in the 2d plane of the surface, we 

need to calculate an effective third-order susceptibility 𝜒𝑖𝑗𝑘𝑙
(3)𝑒𝑓𝑓

, which describes the nonlinear 

susceptibility of the whole nanostructure. To calculate the effective susceptibility, one must 

resort to numerical investigations, since one has to calculate the spatial overlap integral 

between the electromagnetic near fields present in the nanostructure at ω and 3ω in response 

to the incident fields and the outgoing field at the TH frequency [76⁠–79]. Usually this is done 

by simulating the nanostructure at the fundamental and third harmonic wavelength with an 

excitation 𝐸⃗⃗𝑖,𝑖𝑛𝑐
𝜔  and 𝐸⃗⃗𝑖,𝑖𝑛𝑐

3𝜔 : 

 

𝜒𝑖𝑗𝑘𝑙
(3)𝑒𝑓𝑓

= ∑ 𝜒𝑎𝑏𝑐𝑑,𝑆𝑖
(3)

𝑎,𝑏,𝑐,𝑑 𝜖{𝑥,𝑦,𝑧}

∫(𝐸⃗⃗𝑎,𝑖
3𝜔)∗ 𝐸⃗⃗𝑏,𝑗

𝜔 𝐸⃗⃗𝑐,𝑘
𝜔 𝐸⃗⃗𝑑,𝑙

𝜔  𝑑𝑉

𝐸⃗⃗𝑗,𝑖𝑛𝑐
𝜔 𝐸⃗⃗𝑘,𝑖𝑛𝑐

𝜔 𝐸⃗⃗𝑙,𝑖𝑛𝑐
𝜔 𝐸⃗⃗𝑖,𝑖𝑛𝑐

3𝜔 𝑉𝑢𝑛𝑖𝑡
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Here 𝐸⃗⃗𝑎,𝑖
3𝜔denotes the local electrical field component of the electric near field in Cartesian 

coordinates at frequency 3𝜔 and when the structure is excited with an electromagnetic field 

at the third harmonic frequency. The local electric fields of the electric near field at frequency 

𝜔 are denoted by 𝐸⃗⃗𝑏,𝑗
𝜔 , 𝐸⃗⃗𝑐,𝑘

𝜔  and 𝐸⃗⃗𝑑,𝑙
𝜔  when excited with an pump field at the fundamental 

file:///E:/sciebo/Thesis/ThesisDocument/Silicon%23_CTVL0019aa829bceeff445a93dbecdf8e52f3f6
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL00196a82c26858c49efb455225f209aa94b
file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL001060677dbd0d9420a9800f49f6cf1c352


The propagation of light and nonlinear beam shaping with dielectric metasurfaces 

 
55 

 

frequency. The star indicates the compelx conjugate because the electric field at the third 

harmonic is radiated, but in numerical simulations the structure is often excited by a wave 

which leads to a time reversal in the equation. The indices a, b, c, d, i, j, k, and l refer to the 

Cartesian coordinates x, y, and z, respectively, and describe the polarization of the incident 

light at both frequencies. Moreover, 𝜒𝑎𝑏𝑐𝑑,𝑆𝑖
(3)

 is the intrinsic third order nonlinear response of 

silicon and 𝑉𝑢𝑛𝑖𝑡 is the volume of the resonator. This effective third-order susceptibility 𝜒(3)𝑒𝑓𝑓 

with its components 𝜒𝑖𝑗𝑘𝑙
(3)𝑒𝑓𝑓

 relates the third-order response of a dielectric nanostructure to 

the fundamental light field and contemplates the symmetry of the structure. Therefore, it can 

be used to describe the nonlinear geometric phase response of a dielectric nanostructure. To 

study the geometric phase in response to the rotation of a nanostructure, it is helpful to switch 

from a Cartesian to a circular polarization basis in the x-y-plane {𝑒𝐿 , 𝑒𝑅 , 𝑒′𝑧}. In the circular 

basis, the unit vectors are given in terms of the Cartesian Basis {𝑒𝑥, 𝑒𝑦, 𝑒𝑧} as follows [79]: 

𝑒𝐿 =
1

√2
(𝑒𝑥 + 𝑖𝑒𝑦) 

𝑒𝑅 =
1

√2
(𝑒𝑥 − 𝑖𝑒𝑦) 

𝑒′𝑧 = 𝑒𝑧 
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Moreover, the transformation matrix of the unit vectors is therefore as follows: 

 

(

𝑒𝐿

𝑒𝑅

𝑒𝑧

) =
1

√2
(
1 𝑖 0
1 −𝑖 0

0 0 √2

) (

𝑒𝑥

𝑒𝑦

𝑒𝑧

) 

(

𝑒𝑥

𝑒𝑦

𝑒𝑧

) =
1

√2
(
1 1 0
𝑖 −𝑖 0

0 0 √2

) (

𝑒𝐿

𝑒𝑅

𝑒𝑧

) 
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Note that the z-axis remains unchanged since we are interested in the phase response in the 

x-y plane, and rotation about the x- or y-axis instead of the z-axis is not possible. Therefore, 

the effective third-order susceptibility in circular coordinates is given by a coordinate 

transformation [79]: 

 

𝜒𝛼𝛽𝛾𝛿
(3)𝑒𝑓𝑓

= ∑ 𝜒𝑖𝑗𝑘𝑙
(3)𝑒𝑓𝑓

Λ𝑖
𝛼Λ𝑗

𝛽
Λ𝑘

𝛾
Λ𝑙

𝛿

𝑖,𝑗,𝑘,𝑙
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Here, 𝛼, 𝛽, 𝛾 and 𝛿 refer to the circular coordinates R, L, and z. Λ𝑖
𝛼 is the element of the 

transformation matrix between the respective circular and cartesian basis vector in equation 

53. When a nanostructure is rotated in the x-y plane of the metasurface, the nonlinear 

polarization differs from the unrotated nonlinear polarization in the laboratory frame by a 

phase factor that gives rise to the nonlinear geometric phase. In the case of counterclockwise 

rotation of the nano resonator by an angle 𝜃, the effective nonlinear polarization is described 

as follows: 

 

𝜒𝛼′𝛽′𝛾′𝛿′
(3)𝑒𝑓𝑓

= ∑ 𝜒𝛼𝛽𝛾𝛿
(3)𝑒𝑓𝑓

R𝛼
𝛼′R𝛽

𝛽′
R𝛾

𝛾′
R𝛿

𝛿′

𝛼,𝛽,𝛾,𝛿
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Here, the indices {𝛼′, 𝛽′, 𝛾′, 𝛿′} refer to the rotated coordinate system and R𝛼
𝛼′are the 

elements of the rotation matrix for the rotation from 𝛼 to 𝛼′. The total rotation matrices R𝛼
𝛼′ 

and R𝛼′
𝛼  in a circular basis is as follows: 

 

R𝛼
𝛼′  = (

𝑒𝑖𝜃 0 0
0 𝑒−𝑖𝜃 0
0 0 1

)  R𝛼′
𝛼  = (

𝑒−𝑖𝜃 0 0
0 𝑒𝑖𝜃 0
0 0 1

) 
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Together with the rotation matrix 56, the third-order nonlinear polarization, can be written as 

follows: 

 

𝑃⃗⃗
𝛼′
(3)𝑒𝑓𝑓(𝑟) = ∑𝑅𝛼

𝛼′𝑃⃗⃗𝛼(𝑟)

𝛼

= 𝜖0 ∑ 𝑅𝛼
𝛼′𝜒𝛼𝛽𝛾𝛿

(3)𝑒𝑓𝑓
𝐸⃗⃗𝛽 𝐸⃗⃗𝛾𝐸⃗⃗𝛿

𝛼,𝛽,𝛾,𝛿

                                    

= 𝜖0 ∑ ∑ 𝑅𝛼
𝛼′𝜒𝛼𝛽𝛾𝛿

(3)𝑒𝑓𝑓
R𝛽′

𝛽
R𝛾′

𝛾
R𝛿′

𝛿 𝐸⃗⃗𝛽 𝐸⃗⃗𝛾𝐸⃗⃗𝛿

𝛼,𝛽,𝛾,𝛿𝛽′,𝛾′,𝛿′
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The rotation matrix shown in equation 56 is a diagonal matrix, and therefore, the effective 

nonlinear susceptibility can be written as: 𝜒𝛼′𝛽′𝛾′𝛿′
(3)𝑒𝑓𝑓

= 𝜒𝛼𝛽𝛾𝛿
(3)𝑒𝑓𝑓

R𝛼′
𝛼 R𝛽

𝛽′
R𝛾

𝛾′
R𝛿

𝛿′ and for a purely 

circular polarized fundamental excitation, one obtains: 

 

𝑃𝐿
(3)𝑒𝑓𝑓

= 𝜖0 [ 𝜒𝐿𝐿𝐿𝐿
(3)𝑒𝑓𝑓

(𝐸𝐿)3𝑒2𝑖𝜃 + 𝜒𝐿𝑅𝑅𝑅
(3)𝑒𝑓𝑓

(𝐸𝑅)3𝑒−4𝑖𝜃 ] 

𝑃𝑅
(3)𝑒𝑓𝑓

= 𝜖0 [ 𝜒𝑅𝑅𝑅𝑅
(3)𝑒𝑓𝑓

(𝐸𝑅)3𝑒−2𝑖𝜃 + 𝜒𝑅𝐿𝐿𝐿
(3)𝑒𝑓𝑓

(𝐸𝐿)3𝑒4𝑖𝜃 ] 
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Here, 𝑃𝐿
(3)𝑒𝑓𝑓

 and 𝑃𝑅
(3)𝑒𝑓𝑓

are the effective volume polarizations for left (L) and right (E) 

circularly polarized light and the rotation angle 𝜃 of the nanostructure. Note that the index 

combination LLLL and RRRR refer to polarization states, where fundamental electromagnetic 

wave and the THG wave have the same polarization (co-pol.), and the index combination LRRR 

and RLLL refers to the case where the fundamental wave and the THG wave have opposite 

handedness (cross-pol.). Equation 58 shows that the nonlinear generation process can carry 

the geometric phase of 𝑒±2𝑖𝜃 in co-polarization and 𝑒±4𝑖𝜃 in cross-polarization. The intensity 

of TH waves contributed by each nonlinear polarization term is determined by the magnitude 

of the effective nonlinear susceptibility and the field intensity of the fundamental 

electromagnetic fields. 

 

4.4 Gradient design 

Considering a periodic array of dielectric resonators where each resonator has a different 

rotation, each resonator emits TH light with a different phase, and depending on the rotation, 

we obtain constructive and destructive interference in the far-field. Figure 18 shows the 

spatial phase profile to encode a blazed grating and its physical realization as a metasurface  

 

 

Figure 18. a) Sawtooth phase profile to realize a blazed grating (scale bar: 9.2 µm) and b) 

realization of a gradient PB phase metasurface with the rotation of nanostructures. 

 

where the nanostructures are rotated in the x-direction to encode the grating. Note that due 

to the discrete nature of the nanostructures, one can only sample the phase profile at discrete 

points, resulting in a step phase profile. Due to the phase accumulation across the blazed 

grating, the generated TH beam is deflected by an angle 𝛼𝑡. The relationship between the 
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accumulated phase and the deflection angle is given by the generalized law of anomalous 

refraction [80]: 

 

sin(𝛼𝑡) 𝑛𝑡 − sin(𝜃𝑖) 𝑛𝑖 =
𝜆𝑇𝐻

2𝜋

𝑑𝜃

𝑑𝑥
+ 𝑚

𝜆𝑇𝐻

𝑠
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Where 𝛼𝑡 and 𝛼𝑖 are the angles of the refracted and incident beams, respectively. 𝑛𝑡and 𝑛𝑖  

are the refractive indices of the material on the refracted beam side and on the incident beam 

side, respectively. 𝜆𝑇𝐻 is the third harmonic wavelength and 𝑑𝜃/𝑑𝑥 is the change in phase 

from one unit cell to the next unit cell per unit cell period. The last term 𝑚 𝜆𝑇𝐻/𝑠 describes 

the grating equation and considers the diffraction at the unit cell itself, where m stands for 

the diffraction order and s for the period of the unit cell. This term is necessary because the 

unit cell in dielectric nanoresonators for THG is often larger than the third harmonic 

wavelength. However, in our case, we assume that the third harmonic is normally incident, 

refracted in air, and we consider the zero-diffraction order (m = 0) only. Therefore, the 

equation reduces to: 

 

sin(𝛼𝑡) =
𝜆𝑇𝐻

2𝜋

𝑑𝜃

𝑑𝑥
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From this equation, it is possible to connect the phase change due to the rotation of the 

nanostructures to the deflection angle 𝛼𝑡 of the TH beam. 

 

4.5 The geometry of the unit cell and optical characterization 

The nanoresonators in Figure 17 were designed to have a size of 400x200x650 nm3 (LxWxH) 

with a unit cell size of 575x575 nm2 and were made of amorphous silicon fabricated as 

explained in the last chapter. The resonance of the nanoresonators is designed to be around 

1215 nm (Figure 19a). The measured transmittance values (Figure 19b) in the near-infrared 

region show that the silicon resonators are in resonance at 1290 nm and has a linewidth of 

100 nm, much broader compared to the simulations. We attribute the redshift and broadening 

compared to the simulation firstly to the imperfection of the nanofabrication and secondly to 

defects created by the RIE process. Reactive ion etching (RIE) can introduce defects into the  
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Figure 19. The transmission spectrum of the metasurface measured with an FTIR spectrometer. 

b) Calculated transmission spectra for left and right circular polarized light simulated with CST 

Microwave Studio. The nanostructures show a resonance at 1215 nm for both polarization 

states. c) Electrical near field plots inside the nanostructure at x = 0 nm [60]. 

 

nanostructures caused by high-energy ions and radicals. It is known that RIE leads to surface 

defects, forming surface states in Si nanofins that increase absorption [81]. Therefore, the 

refractive index of the nanostructures may differ from the refractive index of an unstructured 

film, which shifts the resonance wavelength. The electric near-field diagrams (Figure 19c) at 

the resonance frequency of 1215 nm show that the field within the structures is enhanced by 

a factor of 8. Moreover, the electric near-field diagrams and the transmittance values for left 

and right circularly polarized light show no differences since the structure itself and the 

electromagnetic field exhibit a mirror symmetry. Additionally, the electric field distribution 

shows a vortex in the electric field which is typical for a magnetic Mie resonance. 
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4.6 Nonlinear optical characterization by Fourier plane imaging 

To investigate the nonlinear wavefront shaping properties of dielectric metasurfaces 

experimentally, we use a setup that can efficiently collect the generated light with a 

microscope objective and transmit it to a camera or spectrometer. However, to assess the 

wavefront shaping properties of this metasurface, it is convenient to image the back focal 

plane of the microscope objective than the image of the metasurface itself because the  

 

 

Figure 20. Scheme of Fourier imaging with a thin lens. The sample is placed at the focal point 

of the lens. Here, the light distribution in the rear focal plane of the lens is proportional to the 

angular spectrum of the light emitted by the sample. 

 

Fourier plane contains direct information about the direction of the light. For example, 

consider a beam that starts at the focal point of a thin lens on the optical axis (𝑦1 = 0) at an 

angle 𝜃1 to the optical axis and propagates through the lens and then to the back focal plane 

of the lens, as shown in Figure 20. The lateral distance of the beam to the optical axis 𝛥𝑦 after 

passing through the lens can be calculated by trigonometry. Figure 20 shows that the beam 

height at the back focal plane is Δ𝑦 =  𝑓 𝑡𝑎𝑛(𝜃1) and that the beam height is proportional to 

the angle of the beam in front of the lens. However, in terms of the experimental 

implementation, microscope objectives are often used for Fourier imaging setups. Here, the 

focal length of a microscope objective is often not specified and only the distance between 

the specimen and the first optical surface of the objective, the working distance 𝑊𝑂𝐵, is 

known. In this case, the relationship between the lateral distance of a beam in the back focal 

plane and the deflection angle 𝛼 is approximately given by [60]: 
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𝛼 ≈
𝛥𝑥

𝑊𝑂𝐵
 

61 

This equation can be used to measure the angle of deflection of a beam in the paraxial 

approximation if the beam height at the back focal plane and the working distance between 

the specimen and the objective are known. Note that the measurable angular range is limited 

by the numerical aperture (NA) that can be detected by the objective, since the numerical 

aperture and the maximum deflection angle α of the light are connected by [80]: 

 

𝑁𝐴 = 𝑛 sin (𝛼) 

62 

Where n is the refractive index of the medium in which the beam propagates. Further, note 

that converging lenses can perform a spatial Fourier transform as light propagates through 

them from the front z = -f to the back focal plane z = +f. Therefore, the distribution of light in 

the Fourier plane is proportional to the spatial frequencies of the light which propagates 

through the lens. The pure scaled Fourier transform due to a lens can be written as follows 

[67⁠, 68⁠, 80]: 

 

Θ(𝑥, 𝑦, −𝑓) =
𝑖𝜆

𝑓
∫ ∫ exp (

𝑖2𝜋

𝜆𝑓

∞

−∞

∞

− ∞

(𝑥𝑥′ + 𝑦𝑦′)Θ(𝑥′, 𝑦′, +𝑓) 𝑑
𝑥′

𝜆
𝑑

𝑦′

𝜆
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Where Θ(𝑥, 𝑦, 𝑧) is the optical field, which propagates through the lens. The Fourier transform 

property of lenses is extremely useful in both theory and application, as we will see in Chapter 

4.9.  

The complete setup to characterize the nonlinear signal of a metasurface is shown in Figure 

21a. The metasurface is illuminated by a slightly focused circularly polarized laser beam at 

fundamental wavelengths between 1200 nm and 1350 nm. The laser source used in the 

experiments is an optical parametric oscillator (OPO) with a typical pulse length of 200 fs and 

80 MHz repetition rate, synchronously pumped by a TiSa femtosecond laser (Coherent 

Chameleon). An infinity-corrected microscope objective with a numerical aperture of 0.6 

(Nikon ELWD) collects the third harmonic light from the metasurface. To measure the angle 

of deflection of the frequency-converted light from the metasurface, we imaged the back focal 

plane of the microscope objective onto an sCMOS camera, since it contains information of the 

deflection angle as discussed above. Since both lenses behind the objective lens in the setup 

have the same focal length (f=150 mm), the imaging system must apply no additional 

magnification correction. Note that short pass filters block the fundamental beam. Using a 
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combination of a quarter-wave plate and a linear polarizer makes it possible to distinguish 

between generated light with the same (co-polarization) or opposite polarization (cross-

polarization) compared to the incident fundamental pump light. 

 

4.7 Nonlinear measurements 

Figure 21b and c show the THG measurement results for the different co- and cross-

polarization combinations for metasurfaces with and without a phase gradient at a 

fundamental wavelength of 1240 nm, respectively. Here, the resonators were rotated to 

resemble a blazed grating encoding a phase shift of 0 to 2π (co-polarization) and 0 to 4π (cross-

polarization) in 4.6 µm with eight nanostructures. Therefore, the phase difference dθ 

 

 

Figure 21. a) Schematic representation of the optical setup for the measurement of third 

harmonic (TH) light. The first combination of a linear polarizer and a quarter-wave plate (QWP) 

processes the circularly polarized fundamental input beam onto the metasurface. The second 

combination analyzes the THG output light. The lens in front of the sample focuses the light 
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onto the sample, while the lenses behind the objective lens image the back focal plane of the 

objective onto the CMOS camera. The THG light is collected by a 40×/NA 0.6 microscope 

objective. b) Third harmonic diffraction spots generated by the blazed grating metasurface. 

The THG signals are measured with different combinations of circularly polarized input and 

output light. The inset shows the top view of the corresponding metasurface. The scale is 1 μm 

(c) Third harmonic diffraction points for the metasurface without phase gradient for different 

combinations of circularly polarized input and output light. The inset shows the top view of the 

metasurface [60]. 

 

is π/4 in co-polarization and π/2 in cross-polarization. In total, this leads to a deflection angle 

of 5.15° in co-polarization and 10.30° in cross-polarization, according to equation 58, where 

m = 0. However, since the unit cell period is 575 nm and the THG wavelength is smaller than 

450 nm, higher diffraction orders (m = 1) occur at higher deflection angles of 53.91° (co-pol.) 

and 63.87° (cross-pol.), which are due to diffraction of the TH light at the unit cell. However, 

the qualitative behavior is the same, which is shown in Figure 21b and c. The figure shows the 

back focal plane (the Fourier space) of the microscope objective lens as imaged onto the 

sCMOS chip. We observe a beam deflection of the frequency tripled light of ± (5.36 ±

0.01)° for the co-polarization states. The value is close to the design value of ±5.15°. In the 

cross-polarization, the TH diffraction spots from the gradient metasurface appear at a 

deflection angle of ± (10.10 ± 0.01)°., which is close to the desired deflection angle of 

±10.30°. The diffraction angles for the co- and cross-polarized TH light result from the 

different accumulated PB-phase at the metasurface. In contrast, a metasurface without 

gradient, where all nanostructures have the same orientation, shows a deflection angle of 0°, 

since all resonators radiate with the same geometric phase and constructively interfere under 

an angle of 0°, parallel to the optical axis of the setup. Furthermore, the brightness of the TH 

light is different for co- and cross-polarization. This is because the beam is generally elliptically 

polarized due to the selection rules described in Section 4.11. In this experimental setup, we 

project the generated TH light onto a circular polarization basis, but in a circular polarization 

basis, one would expect different intensities for co- and cross-polarized THG when 

decomposing the elliptically polarized light into a circular basis. Figure 22 shows the 

experimental results from the wavelength sweep between 1200 nm and 1350 nm for fields 

with and without gradient metasurfaces and for an unstructured silicon film of the same 

thickness as the nanofins (650 nm) for both co- and cross-polarization. Due to the gradient, 

the diffraction angle changes from 5.02° to 5.63° (co-pol.) and from 9.97° to 11.11° (cross-pol) 

if the fundamental wavelength is swept from 1200 nm to 1350 nm. Figure 22 shows the 

integrated intensity of each diffraction spot for co- and cross-polarization for the 

corresponding diffraction angles of the nonlinear metasurface without gradient. We observe 

that the THG intensity stays nearly constant over the whole fundamental wavelength range 

for co-and cross polarization. Further, it is evident that the co-polarised TH light is 2-3 times 

more intense than the TH light in the cross-polarization. The same trends are evident from the 
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metasurface without gradient. Note that the integrated TH intensity is always obtained from 

the zeroth-order. The TH intensity shows a broadband response over the whole spectral range 

of the magnetic resonance, which is typical for THG from dielectric metasurfaces from 

magnetic resonances. We also find that the THG signal from the metasurface is enhanced by 

a factor of ∼40 (Figure 13c) for the co-polarization state compared to a 650 nm thick 

amorphous silicon film. The silicon film itself shows a negligible amount of THG in the co-

polarization state, close to our detection limit. Note that the low THG signal from the silicon 

film is expected because amorphous silicon is an isotropic medium and does not generate TH 

light since THG is forbidden under circularly polarized excitation due to dipole selection rules. 

This leads to the assumption that the observed THG signal is due to the nanostructured 

amorphous silicon nanostructures since they break the isotropy of the film [39⁠, 82]. In this 

context, it is worth noting that the bare ITO-coated glass substrate used as the substrate for 

the silicon metasurface also exhibits negligible nonlinear response for the same reason. 

 

 

Figure 22. Measured THG intensity as a function of wavelength for the different combinations 

of input and output polarizations. a) The results for the metasurface with phase gradient show 

a nearly constant THG signal. b) The results for the metasurface without phase gradient. Here, 

only the zero order is analyzed, since each nanofin has the same rotation and thus the same 

phase. c) THG intensities of a 650 nm thick amorphous silicon layer and an ITO-coated glass 

substrate without silicon. The silicon layer shows only a weak THG in the co-polarization and a 

negligible signal in the cross-polarization. In comparison, the ITO-coated glass substrate shows 

a negligible THG signal in both polarization states [60]. 
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4.8 Power dependence of the third harmonic signal and conversion 

efficiency 

Next, we confirm the signature of the TH generation since the sCMOS camera used in this 

setup cannot distinguish between different wavelengths. Therefore, we verified the origin of 

the detected photons by measuring the intensity of the detected light as a function of the 

intensity of the pump laser at a fundamental wavelength of 1240 nm, as shown in Figure 23. 

Here we can see a nonlinear dependence of the detected light intensity on the input intensity. 

As described in Chapter 2.6 the generated light at TH frequency shows a cubic dependence on 

the pump intensity: therefore, we fitted a cubic function of the form 𝑓(𝐼𝑝 ) = 𝑎𝐼𝑝𝑢𝑚𝑝
𝑏  to the 

recorded values. Here, 𝐼𝑝 represents the input intensity and a is a proportionality constant. 

The coefficient b contains information about the order. Here, b=2.95 for the co-polarization 

case and b=3.49 for the cross-polarization case, close to the theoretical factor b=3. The fit 

values and the goodness of fit are listed in Table 2. A comparison of the fit with the average 

THG intensity compared to the average fundamental input power can be seen in Figure 23. 

 

Table 4. Fit values of the nonlinear fit function 𝑓(𝐼𝑝 ) = 𝑎𝐼𝑝𝑢𝑚𝑝
𝑏  to the pump power dependent 

measurement and goodness of fit. 

 
Coefficients  

(95% confidence bounds): 
Goodness of fit 

 a b SSE R2 
Adjusted 

R2 
RMSE 

Co-

polarization 

 

0.01384 

(0.009518, 

0.01817) 

 

2.953   

(2.89, 

3.016) 

 

1.539e+06 0.9995 0.9995 320.3 

Cross 

polarization 

0.0001644  

(-1.565e-

05, 

0.0003444) 

3.49  

(3.27, 3.71) 

 

4.111e+05 0.9959 0.9995 320.3 

 

In order to determine the THG efficiency, the integrated counts displayed in Figure 22 can be 

converted to an average TH power 𝑃𝑇𝐻𝐺  incident on the detector. However, the setup can 

significantly impact the conversion efficiency since only a fraction of the TH light generated  
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Figure 23.  Average input  power  compared to the average  third harmonic  intensity.  

Measured values compared  to the fit function f(x) = axb. 

  

can reach the detector. Therefore, we need a factor 𝜂𝑐𝑜𝑟𝑟(𝜆) to correct for the transmission 

efficiencies of all optical components used in the setup and the detector's quantum efficiency. 

(For the setup depicted in Figure 21a, 𝜂𝑐𝑜𝑟𝑟(𝜆) ≈ 0.5.). 

Furthermore, the used detector does not show intensity in SI derived units but in counts 𝐶𝑇𝐻𝐺 . 

Count is a measure of how many electrons are detected by the readout circuit of the detector. 

The gain of the camera depends on its operating mode and physical properties; here, one 

count corresponds to an amount of detected electrons. Finally, by considering the conversion 

factor from counts to electrons and the correction factor 𝜂𝑐𝑜𝑟𝑟(𝜆), we can calculate the 

average THG power 𝑃𝑇𝐻𝐺  as: 

 

𝑃𝑇𝐻𝐺 =
𝐶𝑇𝐻𝐺

𝜂𝑐𝑜𝑟𝑟(𝜆)𝑡𝑖𝑛𝑡

ℎ𝑐

𝜆𝑇𝐻𝐺
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Where 𝑡𝑖𝑛𝑡 denotes the integration time of the detector, h the Planck constant, c the speed of 

light and 𝜆𝑇𝐻𝐺  the third harmonic wavelength. 
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By applying equation 64 to the wavelength sweep shown in Figure 22, the average power of 

the TH light is estimated as 5 pW. We estimate a conversion efficiency of 
𝑃̂𝑇𝐻𝐺

𝑃̂𝜔
3 ≈ 10−18 1

𝑊2 
 . 

Here, the average pump laser power is 50 mW. Literature values for the nonlinear conversion 

efficiency using magnetic Mie modes are in the range of 
𝑃̂𝑇𝐻𝐺

𝑃̂𝜔
3 ≈ 10−15 1

𝑊2 . Differences with 

the literature may result from the broadening of the resonance, results reduction in the 

quality factor and weaker THG, since the nonlinear TH intensity 𝐼𝑇𝐻𝐺  is proportional to the 

quality factors at the fundamental and third harmonic wavelength [58⁠, 59]: 

 

𝐼𝑇𝐻𝐺~ 𝑄3𝜔𝑄𝜔
3  
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Of course, 𝛼𝑇𝐻𝐺  also depends on the overlap integral of the mode at the fundamental and 

third harmonic wavelength. Here, the quality factor of the targeted resonance is around 𝑄𝜔 =

13 as can be seen from Figure 19a. Literature value for other Mie resonances in silicon are in 

the range of 𝑄 = 50 (see Table 2). Consequently, increasing the quality factor from 13 to 50 

would increase the THG by a factor of 125, which would increase the nonlinear conversion 

efficiency by orders of magnitude. Since a high quality factor leads to a longer interaction time 

of the light with the material and therefore boosting the nonlinearity. Other reason for the 

low conversion efficiency can be a mismatch in the mode overlap integral at both the 

wavelengths [59]. 

 

4.9 Holography and the Gerchberg Saxton Algorithm 

Since the geometric phase principle allows us to store optical information in a metasurface, 

we apply the principle to more complex beamforming applications such as holography. 

Holography allows us to store a wavefront in a medium and reconstruct it later. It is one of 

the best-known techniques for creating three-dimensional images from a two-dimensional 

medium, but it is also used in many other areas, for example, as a security marker on 

banknotes and ID cards, or in holographic interferometry, which enables us to measure the 

displacement of objects with optical interferometric precision [83]. A simple way of encoding 

a hologram is shown in Figure 24a. Here, monochromatic light with high coherence is used to 

illuminate an object, and the light scattered from the object is transmitted to a photosensitive 

plate. Another part of the original laser light is used as a reference and is also transmitted to 

the plate. On the photosensitive plate, both beams interfere, and the interference pattern of 

the reference beam and the scattered beam is recorded on the plate. This plate is called the 

hologram and contains the complete phase and amplitude information of the light scattered 

by the object. When the interference pattern is adequately illuminated, the light is diffracted, 

and the image is reconstructed by interference, as shown in Figure 24b. 
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However, Figure 24 shows the way to encode a hologram as a completely analog principle. 

First, a physical object is recorded in an optical system and then physically reconstructed with  

 

 

Figure 24. Recording and reconstruction of a hologram. a) To record the hologram, the 

scattered laser light of an object is superimposed with a reference beam on a light-sensitive 

Film. b) To reconstruct the hologram from the film, the hologram is illuminated with the same 

light source in the same direction as during recording. The hologram diffracts the light so that 

an observer can see a virtual image of the recorded object [83]. 

 

light. With the advancement of the modern technology, it has become possible to bypass the 

analog recording of a hologram and generate the interference pattern of an object directly in 

digital form. Subsequently, this interference pattern can be encoded in a physical medium, for 

example by applying the geometric phase principle in the nonlinear domain. In the last section, 

this process was used to generate a phase gradient to deflect light at an arbitrary angle. 

However, the geometric phase can be used to create more complex wavefronts that can be 

encoded in a metasurface, such as a phase-only hologram. In the case of a phase-only 

hologram, the transmission amplitude is constant for all nanoresonators across the 

metasurface, but the phase 𝜙(𝑥, 𝑦) changes spatially. That is, the complex transmission of the 

holographic metasurface is given by: 

 

𝐸(𝑥, 𝑦) = 𝑢0𝑒
𝑖𝜙(𝑥,𝑦) 
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Here, 𝑢0 is the constant amplitude of the generated electromagnetic field. In order to encode 

any hologram into the metasurface, one must determine the spatial phase profile 𝜙(𝑥, 𝑦). In 

this work, the spatial phase profiles for encoding holograms are determined by a computer-

generated holography algorithm, the Gerchberg-Saxton algorithm, developed by W.O. Saxton 
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and R.W. Gerchberg in 1972 [84]. The Gerchberg Saxton Algorithm belongs to the class of 

Adaptive-Additive algorithms, which compute the unknown part (Phase or Amplitude) of  a 

propagating wave iteratively by Fourier Transform [85]. The basic idea of the algorithm is to 

propagate a wave from the hologram plane, where the pure-phase hologram is defined to the  

 

 

Figure 25. illustration of the Gerchberg-Saxton algorithm. First, a target image and a random 

phase are used for initialization in the image plane. The amplitude and phase are inverse 

Fourier transformed into the diffraction plane. Within the diffraction plane, the amplitude is 

replaced by a plane wave while the phase is maintained. After the Fourier transform of the 

diffraction plane into the image plane, the amplitude is replaced by the target image and the 

phase is retained for the next iteration. 

 

image plane, where the holographic image is to appear and back, and compare and replace 

the result with the desired image to be encoded. A flowchart of the algorithm is shown in 

Figure 25. In the first step, the algorithm is initialized with a random phase distribution 

𝜙0(𝑥, 𝑦) and a uniform amplitude of the field 𝑢0 = 1 to mimic a plane wave illumination. The 

total field is then given by 𝐸𝐻 = 𝑢0 exp(𝑖𝜙0(𝑥, 𝑦)). Then, the field 𝐸𝐻 is propagated from the 

hologram plane to the image plane by Fourier transformation, resulting in a field 𝐸𝐼 =

𝑈(x, y) exp(𝑖Φ(𝑥, 𝑦)) in the image plane. Here, 𝑈(x, y) is the amplitude of the field in the 

image plane which reflects the desired target image and Φ(𝑥, 𝑦) is its phase distribution. At 
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this point of the algorithm, the amplitude 𝑈(𝑥, 𝑦) is replaced by the amplitude 𝑈0(𝑥, 𝑦) of the 

target image while the phase distribution is retained so that the complex field is now given by 

𝐸𝐼
′ = 𝑈0(x, y) exp(𝑖Φ(𝑥, 𝑦)). Note that  

 

 

Figure 26. The flowchart of the modified Gerchberg-Saxton algorithm for generating the 

desired holograms. The red and blue parts of the diagram represent the processes involved in 

the original images 1 and 2, which are related to the phase profile of φ1 and φ2 FFT and IFFT 

stand for Fourier transform and inverse Fourier transform, respectively. [60] 

 

the target image is often given in terms of intensity 𝐼0(𝑥, 𝑦), so that 𝑈0(𝑥, 𝑦) = √𝐼0(𝑥, 𝑦). An 

inverse Fourier transform of the field 𝐸𝐼
′ is then performed to propagate back into the 

hologram plane, where the complex field is then given by 𝐸𝐻
′ = 𝑢(x, y) exp(𝑖𝜙(𝑥, 𝑦)), where, 

𝑢(x, y) is the amplitude of the field in the hologram plane and 𝜙(𝑥, 𝑦) its phase distribution. 

In the last step of the algorithm, 𝑢(x, y) is set to a uniform amplitude 𝑢0(𝑥, 𝑦) = 1. However, 

the phase distribution 𝜙(𝑥, 𝑦) is maintained, and the algorithm repeats the loop N times. By 

repeating the loop, the image quality of the reconstructed image is improved, and eventually, 

the reconstructed image converges to the target image [84]. There are several modifications 

to the algorithm described above to improve image quality. For example, instead of plane 

wave illumination, a different 𝑢0(𝑥, 𝑦) can be chosen that more closely represents the 

illumination conditions to the experimental conditions. Note that to improve image quality 

and the converging speed of the algorithm, weighting functions can be introduced in several 

steps of the algorithm [83]. 
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In this example of the Gerchberg-Saxton algorithm, only one phase distribution was 

considered. However, the phase response of nanoresonators in the nonlinear domain allows 

the encoding of more than one phase distribution. This results from the fact that two different 

phase responses in co- and cross-polarization are possible for THG from a nanoresonator with 

C1 or C2 symmetry. In this case, the Gerchberg-Saxton algorithm needs to be modified to 

account for two phase distributions [60], but the rotation angle need to be fixed for one value 

so that the relationship 𝜑2 = 2𝜑1 = 4𝜎𝜃 is satisfied. The Flowchart of the modified 

Gerchberg-Saxton algorithm is shown in Figure 26. A feedback function replaces the amplitude 

in the object plane to increase the convergence speed and improve the quality of the 

reconstructed images. Here, the phase relation of 𝜑2 = 2𝜑1 is used in the iterations to 

combine two independent holograms, since the geometric phase differs by a factor of two in 

co- and cross-polarization. Then, we obtain the optimized pure phase holograms 𝜙1(𝑥, 𝑦) and 

𝜙2(𝑥, 𝑦), which can reconstruct two completely different holographic images at the image 

plane. To realize metasurface holograms, we encode either 𝜙1(𝑥, 𝑦) or 𝜙2(𝑥, 𝑦) into the 

orientation angle of the nanofin according to the nonlinear PB phase principle. Then this 

metasurface can be excited by a laser beam to reconstruct the hologram at the third harmonic 

frequency. Interestingly, the Gerchberg-Saxton algorithm includes a Fourier transform to 

propagate from the holographic plane to the image plane. This step in the algorithm is similar 

to the Fourier transform performed by a microscope objective. Therefore, a holographic 

image placed in the front focal plane of a microscope objective would be Fourier transformed 

according to equation 63 and the holographic image would be reconstructed at the Fourier 

plane of the microscope objective. This opens the way to measure holograms in the same 

experimental set-up as explained in the Chapter 4.6.  

 

4.10 Nonlinear Metasurface Holography 

We encoded different holographic images: an image of the letter X and further a multiplexed 

hologram, which shows the image of a sun and a cloud in co- and cross-polarization, 

respectively. The obtained reconstructed images at the TH frequency are shown in Figure 27. 

The X hologram shown in Figure 27a is designed to be reconstructed in co-polarization within 

an angular range of ±20°. The cross polarizations are not intended to carry any holographic 

information and therefore do not show a pattern in Fourier space. The digitally reconstructed 

hologram is shown in Figure 27b. In the case of the multiplex hologram (as shown in Figure 

27c), the holographic images are reconstructed in both the co-polarization and the cross-

polarization. In co-polarization, the reconstructed image of the sun appears, while in the cross-

polarization, the image of the cloud appears. The bright spot in the center of the images is due 

to the residual THG signal, which does not carry any phase. The images show a slight speckle 

pattern, which is typical for reconstructing holographic images with laser radiation. Speckle 

patterns can be enhanced by imperfections and variations in the nanofins, 
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Figure 27. a) Measured holographic image of the letter X  for different combinations of input 

and output polarizations. The image appears only in the state of co-polarization of the THG 

signal, while no image is seen in the state of cross-polarization. (b) The simulated holographic 

image of the letter X  . The image is designed to appear within an angle of 20° in Fourier space. 

(c) Measured multiplexed holographic image for different combinations of input and output. 

d) The corresponding simulated holographic image of the sun and the cloud for both 

polarization states. Spatial phase profile of the X Hologram (e) and the multiplexed hologram 

(f) [60]. 

 

glass substrate, and experimental illumination conditions. By reversing the polarization state 

of the fundamental beam, the hologram produces the conjugate image due to the change in 

the sign of σ in the phase factor. However, the reconstructed images in Figure 27a have higher 

fidelity than the reconstructed images in Figure 27c, the same trend is also observable in the 

digitally reconstructed hologram (Figure 27b,d). This is because, first, we use different images 

with a more complex shape for the multiplexing scheme and, second, the multiplexed phase 

distribution contains two images in two polarization channels. Therefore, the multiplexed 

hologram contains more information to be accommodated in the same space. This is also 

reflected in the phase distribution encoded in the metasurface, as can be seen in Figure 27e 

and f. Here the phase for the X (Figure 27e) and for the multiplexed hologram (Figure 27f) is 
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shown and for the multiplexed hologram, the phase changes more rapidly as a function of the 

coordinate on the metasurface than in the case of the X hologram. Furthermore, for 

experimental reconstruction, the metasurface of the multiplexed hologram must allow a 

larger phase change from unit cell to unit cell than the metasurface of the X hologram, which 

further reduces the phase resolution and thus the experimentally achieved fidelity, since both 

holographic metasurfaces have the same unit-cell size. 

 

4.11 Nonlinear generation and geometric phase in view of rotational 

symmetries 

In the last part, we saw that the geometric phase can be encoded in a nonlinear metasurface 

for THG. Now we want to discuss the geometric phase in relation with the rotational symmetry 

of the nanostructures. From plasmonic systems it is known that depending on the rotational 

symmetry in propagation direction only certain symmetries allow for THG. The universal 

concept of spin-rotation coupling for phase modulation in the nonlinear domain was 

presented by Li et al. [8 ⁠, 82] and can be applied to dielectric nanoresonators, too. The 

symmetry of a nanostructure and its geometric phase response are related: For example, 

consider a structure with fourfold rotational symmetry (in short written as C4.). For example a 

cross, as shown in Table 5. The C4 structure can be seen as a combination of two nanofins (in 

short called C2 structures) which are rotated 90° against each other. One bar Ca has a rotation 

angle of zero and the other Cb has a rotation angle of 90°. As a result, the geometric phase 

response in co- and cross-polarization for both structures is given by 𝜙𝐶𝑜,Ca = 𝜙𝐶𝑟𝑜𝑠𝑠,𝐶𝑎 = 0 

and 𝜙𝐶𝑜,𝐶𝑏 = 𝜋 and 𝜙𝐶𝑟𝑜𝑠𝑠,𝐶𝑏 = 2𝜋. Therefore, the generated light will destructively interfere 

in co-polarization and constructively interfere in the cross-polarization channel, resulting in 

negligible THG in the co-polarization channel and stronger signal in the cross-polarization. This 

short example shows that a discussion of the nonlinear geometric phase is not complete 

without understanding the nonlinear selection rules that link the rotational symmetry of a 

nanostructure in the direction of light propagation to the third harmonic generation in a 

circularly polarized basis. 

Consider a nanostructure with m-fold rotational symmetry (in short written as Cm) 

perpendicular to the propagation direction, for example Figure 28 shows a nanostructure with 

a twofold rotational symmetry. Again, the effective nonlinear susceptibility 𝜒(𝑛)𝑒𝑓𝑓is used to 

derive the response of a nanostructure in relation to its rotational symmetry, as introduced in  
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Figure 28. Nanostructure with C2 rotational symmetry and a rotation at an angle 𝜙. 

 

Chapter 4.3. Here n is the order of the harmonic generation process. As already shown before, 

the nanostructures reacts with a nonlinear induced effective nonlinear polarization 𝑃(𝑛),𝑒𝑓𝑓 if 

pumped with a circularly polarized electromagnetic field 𝐸𝜎 at the fundamental frequency 𝜔. 

Moreover, the induced effective nonlinear polarization has components in both the co- (𝜎) 

and the cross-(−𝜎) polarization, leading to: 

 

𝑃(𝑛),𝑒𝑓𝑓 = 𝑃𝜎
(𝑛),𝑒𝑓𝑓

+ 𝑃−𝜎
(𝑛),𝑒𝑓𝑓

~ 𝜒(𝑛)𝑒𝑓𝑓(𝐸𝜎)𝑛 

67 

Where 𝑃𝜎
(𝑛),𝑒𝑓𝑓

 is the nonlinearly induced effective polarization for circular polarized light with 

the same circularly polarization state and 𝑃−𝜎
(𝑛),𝑒𝑓𝑓

 is the same with opposite circular 

polarization state. Now if we rotate the nanostructure in the laboratory frame by an angle of 

𝜃, the electromagnetic field in the nanostructures follows the rotation, but if we assume an 

m-fold rotational symmetry, the rotation would lead to the same geometrical and 

electromagnetic configuration after a rotation of 𝜃 =
2𝜋

𝑚
, accordint to Neumann’s principle. 

As a result the rotated electric field 𝐸′ of the nanostructure would take the following form: 

 

𝐸′ = 𝐸𝜎𝑒𝑖𝜎
2𝜋
𝑚  

68 

The same must be valid for the nonlinearly induced effective polarization in the co- and cross-

polarization states, where the rotated nonlinearly induced effective polarizations 𝑃𝜎
′(𝑛),𝑒𝑓𝑓

 and 

𝑃−𝜎
′(𝑛),𝑒𝑓𝑓

transform to: 

 

 



The propagation of light and nonlinear beam shaping with dielectric metasurfaces 

 
75 

 

𝑃𝜎
′(𝑛),𝑒𝑓𝑓

= 𝑃𝜎
(𝑛),𝑒𝑓𝑓

𝑒𝑖𝜎
2𝜋
𝑚  

𝑃−𝜎
′(𝑛),𝑒𝑓𝑓

= 𝑃−𝜎
(𝑛),𝑒𝑓𝑓

𝑒−𝑖𝜎
2𝜋
𝑚  

69 

Applying equation 68 to the rotated frame defined above (equations 69) leads to: 

 

𝑃𝜎
(𝑛),𝑒𝑓𝑓

𝑒𝑖𝜎
2𝜋
𝑚 + 𝑃−𝜎

(𝑛),𝑒𝑓𝑓
𝑒−𝑖𝜎

2𝜋
𝑚 ~ 𝜒(𝑛)𝑒𝑓𝑓(𝐸𝜎)𝑛𝑒𝑖𝜎

2𝜋𝑛
𝑚  

70 

Due to the m-fold rotational symmetry of the nanostructure, a rotation of 𝜃 =
2𝜋

𝑚
 would map 

the nanostructure and its electromagnetic fields on itself. Therefore equations 68 and 69 can 

be compared, which indicates that the exponential factors must follow certain conditions for 

co- and cross-polarization, since the term 𝑒𝑥𝑝(𝜎2𝜋𝑛/𝑚) needs to be equal to 1: 

 

𝑛 = 𝑚𝑙 ± 1 

71 

Where l is an arbitrary integer if n is positive and ±1 indicates the Co(+)- and Cross(-)-

polarization. This condition links the rotational symmetry m of the nanostructure to the 

harmonic generation process in a circular basis. If equation 71 cannot be satisfied, harmonic 

generation is not possible. For example, consider the nanostructure in Figure 28 and the  

 

Table 5. Different rotational symmetries of nanostructures and the selection rules for third 

harmonic generation. 

 

 

C1 

 

C2 

 

C4 

 

Third harmonic 

generation 

Allowed in co-

and cross-

polarization 

Allowed in co-

and cross-

polarization 

Allowed in 

cross-

polarization 

 

generation of the third harmonic (n=3). The nanostructure would map onto itself if rotated 

180° and therefore the rotational symmetry is m=2 (C2). Under this condition Equation 71 can 

be satisfied for co-polarization and cross-polarization with an integer of l = 1 (co-pol.) and l = 

2 (cross-pol.).  
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Table 5 shows the allowed third-order processes for nanostructures with different 

symmetries.  

A mildly interesting consequence of these selection rules is that the beam is generally 

elliptically polarized when THG is allowed in co- and cross-polarization. Consider the third-

order nonlinear polarization which was derived in Chapter 4.3:  

 

𝑃𝐿
(3)𝑒𝑓𝑓

= 𝜖0 [ 𝜒𝐿𝐿𝐿𝐿
(3)𝑒𝑓𝑓

(𝐸𝐿)3𝑒2𝑖𝜃 + 𝜒𝐿𝑅𝑅𝑅
(3)𝑒𝑓𝑓

(𝐸𝑅)3𝑒−4𝑖𝜃 ] 

72 

 

𝑃𝑅
(3)𝑒𝑓𝑓

= 𝜖0 [ 𝜒𝑅𝑅𝑅𝑅
(3)𝑒𝑓𝑓

(𝐸𝑅)3𝑒−2𝑖𝜃 + 𝜒𝑅𝐿𝐿𝐿
(3)𝑒𝑓𝑓

(𝐸𝐿)3𝑒4𝑖𝜃 ] 

73 

For simplicity, let us assume that the fundamental beam has a left circular polarization and 

the nanostructures have C1 or C2 symmetry. In this case, the left circularly polarized pump light 

would be converted into left and right circularly polarized TH light and the brightness of the 

TH-light depends on the induced nonlinear polarization 𝑃𝐿
(3)𝑒𝑓𝑓

 ~ 𝜒𝐿𝐿𝐿𝐿
(3)𝑒𝑓𝑓

(𝐸𝐿)3𝑒2𝑖𝜃 in co-

polarization and 𝑃𝑅
(3)𝑒𝑓𝑓

 ~ 𝜒𝑅𝐿𝐿𝐿
(3)𝑒𝑓𝑓

(𝐸𝐿)3𝑒4𝑖𝜃 in cross-polarization. In general, however, the 

effective third-order nonlinear tensor elements 𝜒𝐿𝐿𝐿𝐿
(3)𝑒𝑓𝑓

 and 𝜒𝑅𝐿𝐿𝐿
(3)𝑒𝑓𝑓

 need not be equal. 

Therefore, the brightness of the generated right and left circularly polarized light is different 

and the light is generally elliptically polarized. This is a reason for the difference in brightness 

for co- and cross-polarized THG, which is evident throughout this work, as mentioned in 

Chapter 4.7 and will become clear in the following chapters. Note that this effect is also 

observed in circularly polarized higher harmonic generation in crystals [39] and in plasmonic 

systems [82]. Note that it is generally not possible to determine analytically whether the THG 

is stronger for co-polarization than for cross-polarization and that one must rely on numerical 

simulations to calculate the brightness of the THG in Co- and Cross-polarization. 

 

4.12 Geometric Phase for C2 Rotational Symmetry 

Figure 29a shows the schematic of the unit cell of a nonlinear metasurface made of 

nanostructure with with C2 rotational symmetry. The structures are made of amorphous 

silicon and are placed on a glass substrate with a low refractive index (SiO2). The medium 

surrounding the nanostructures is air. The nanostructures' width, height and length are set to 

w = 150 nm, h = 620 nm, and l = 300 nm, respectively. The period is p = 380 nm, which is 

shorter than the TH wavelength to suppress the higher order diffraction of the TH signal and 

increase the uniformity of the nonlinearly generated wavefront. In addition, the wavefront is 
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illuminated with a left-circular polarized fundamental excitation at 1300 nm, resulting in a THG 

at 433.33 nm. Figure 29b shows the LCP and RCP components of the electromagnetic field 

within the nanostructure at the fundamental and third harmonic wavelengths, respectively. 

Due to the small size of the nanostructures, there is no resonant excitation with strong field 

enhancement in the nanostructure. Figure 29c shows the LCP, RCP, and total forward THG 

conversion efficiencies for nanostructures with different rotation angles, the plot indicates a 

coupling between the unit cells, since the conversion efficiency is strongly modulated in a 

rotation of 90° which is similar to the rotational symmetry of the square lattice. Further the 

change in peak-to-valley efficiency due to rotation is a factor of 2, indicating coupling in which 

the strength of the coupling changes with the distance between nanostructures. Figure 29d 

shows the THG conversion efficiency as a function of the fundamental wavelength from 1150 

nm to 1500 nm. It can be seen that the THG conversion efficiency reaches a maximum at 1275 

nm but increases towards shorter fundamental wavelengths as the electromagnetic field is 

better confined within the nanostructures. In addition, the efficiency of the RCP and LCP 

components also varies, especially for the cross-polarized component (RCP in this case), which 

is nearly zero at fundamental wavelengths above 1450 nm. As discussed in Chapter 4.11, the 

intensity of the TH light in co- and cross polarization is different since the light is elliptically 

polarized in the case of a C2 symmetric structure. However, based on the above discussion, 

we numerically investigated the nonlinear geometric phase change for nanostructures with C2 

rotational symmetry by rotating the nanostructures gradually along one direction and 

investigating the nonlinear diffraction at the TH wavelength. Figure 29e and f show the 

simulated phase change of the LCP and RCP TH signals as a function of the rotation angle. It 

can be seen from the figure that the phase changes from π to -π when the structures are 

rotated from 0 to 180°. However, for co-polarization, the phase changes at about two times 

the angle of rotation, while for cross-polarization, it changes at about four times the angle of 

rotation. This closely follows the nonlinear polarization in equation 58, indicating that the 

nanostructures exhibit a nonlinear geometric phase change as a function of rotation according 

to 𝑒±2𝑖𝜃 and 𝑒±4𝑖𝜃. Figure 29g and h show the obtained electric field at the third harmonic in 

co- and cross-polarization in the x-z plane of an array of nanostructures for the case where 

the angle of rotation changes by 10° (1/18π) from unit cell to unit cell. From the electric field 

it can be seen that the rotation results in the refraction of the generated TH light at angles of 

1.78° (Co-pol.) and 3.67° (Cross-pol.), which are close to the angles of 1.82° (Co-pol.)  and 3.63° 

(Cross-pol.) as calculated using equation 59 in both polarization combinations, which is 

following the nonlinear selection rules for THG and the nonlinear geometric phase principle. 

However, the wavefronts in co- and cross-polarizations exhibit slight modifications. The 

wavefront is not perfectly straight but is slightly curved, and a small modulation of the 

amplitude is also apparent. This indicates a change in the coupling among neighboring cells if 

the neighboring structures are rotated, which leads to the deviations between the phase 

response from a geometric phase gradient metasurface as depicted in Figure 29g and h and  

the phase response according to 𝑒±2𝑖𝜃 and 𝑒±4𝑖𝜃. 
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Figure 29. Nonlinear response of the locally rotated silicon nanofin array. a) Schematic 

representation of the silicon nanofin with in-plane C2 rotational symmetry and its geometric 

parameters. b) The LCP and RCP components of the FW field at 1300 nm and the corresponding 

TH field of the silicon nanofin array, where the rotation angle is 0°. All fields are normalized by 

the amplitude of the FW input electric field. c) The LCP (red), RCP (blue) and total (black) 

forward THG conversion efficiencies of the rotated silicon nanofin array in the range of 0° to 

180° with a rotation angle step of 5°. d) The LCP (red), RCP (blue) and total (black) forward THG 

conversion efficiencies of the rotated silicon nanofin array by sweeping the FW wavelength 

from 1150 to 1500 nm. Numerical calculation of the spin-dependent anomalous refractions of 

the TH signals generated by the nonlinear gradient phase metasurface. The simulated 

nonlinear geometric phase associated with the (e) LCP and (f) RCP TH signals when the LCP FW 

of wavelength 1300 nm is incident while rotating the silicon nanofins from 0° to 180° with a 

rotation angle step of 5°. The simulated free space field distribution of the g) LCP and h) RCP 

TH signal. All fields are normalized with the intensity of the FW input electric field [79]. 

 

 

file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL001060677dbd0d9420a9800f49f6cf1c352


The propagation of light and nonlinear beam shaping with dielectric metasurfaces 

 
79 

 

 

Figure 30. Experimental verification of the TH signals generated by an all-dielectric silicon 

geometric-phase metasurface with a spin-dependent surface phase gradient. a) Top view SEM 

image of the metasurface. The silicon nanofin with C2 rotational symmetry is rotated by 9°. 

The scale is 1 um. b) Schematic of the experimental setup. F1 refers to the short pass filter; LP1 

and LP2 refer to the linear polarizer; QWP1 and QWP2 refer to the quarter wave plate; L1, L2 

and L3 refer to the focusing lens. c) The measured TH diffraction patterns under the 

illumination of the circularly polarized FW of wavelength 1200 nm. d) Intensity profile of the 

intersection line of the measured TH diffraction pattern [79]. 

 

For the experimental validation, we fabricated the metasurface on glass substrate. An SEM 

image of the fabricated structure is shown in Figure 30a and for experimental characterization 

of the nonlinear behavior of the structures, we used the same setup (Figure 30b) as explained 

in the chapter 4.5. Figure 30c shows the measured nonlinear diffraction of the LCP and RCP 

TH signals when the phase gradient metasurface sample is illuminated with left and right 

circularly polarized light of 1200 nm wavelength and 50 mW average power. The measured 

TH light is obtained at an angle 3.05°±0.01° in co-polarization (LCP -> LCP) and at 6.09° ± 0.01° 

for cross-polarization (LCP->RCP), which is close to the design values of 3.01° (co-pol.) and 

6.01° (cross-pol.), following the nonlinear geometric phase principle. In addition, the images 

show a small contribution from the conjugate (-1) diffraction order. However, there is also a 
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zero-diffraction order in the experiment that carries no phase. This can be explained by the 

coupling of neighboring cells which changes with the rotational angle, as explained earlier. 

Besides the coupling effect, fabrication defects and imperfections in the circular polarization 

state also reduce the diffraction efficiency and can contribute to the undesired diffraction in 

the zeroth and conjugate diffraction order. 

 

4.13 Additional discussion about coupling effects in C2 symmetry 

To verify whether the coupling between the nanostructures causes the fluctuation of the 

nonlinear geometric phase shown in Figure 29, we simulate the geometric phase carried by 

the TH signals emitted from the metasurface. Here, the silicon nanostructure have different 

local orientations (see Figure 31a) and b) by fixing the long axis of the nanostructure along the 

x-axis (see Figure 31c) and rotating the unit cell itself instead of the structures. Figure 32a and 

b show the deviation between the simulated and the ideal linear geometric phase carried by 

cross-polarized FW output signals and nonlinear geometric phases carried by co- or cross-

polarized TH signals. In this case, we assume the metasurface is fixed like shown in Figure 31a. 

From the simulation results, we find that the deviation also varies periodically when the local 

orientation changes, reflecting the square lattice's rotational geometry. Figure 32c and d 

shows the linear and nonlinear phase carried by the cross-polarized FW, co-, and cross-

polarized TH signals radiated from the metasurface sample, where the nanostrucutres long 

axis is always collinear with the x-axis. The results show that the nonlinear geometric phase 

deviation is up to three times stronger than the linear phase deviation. This indicates a 

coupling between the unit cells which alters the phase response in this particuar system. 

According to Ref. [69], in the linear domain, possible reasons for the deviation are given in 

terms of propagating waves in the plane of the metasurface and the excitation of Mie 

resonances, which are parallel to the direction of propagation but can be excited in the case 

of a rotational gradient. Furhter, the results show that the phase deviation is stronger in the 

nonlinear than in the linear regime. 
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Figure 31. Illustration of a nanostructure array where the local orientation is (a) 0° and (b) 30°. 

(c) For the nanostructure whose local orientation is 0°, the array is rotated as a whole, but the 

long axis of the nanostructures is fixed along the x-axis. 

 

 

Figure 32. Influence of the coupling between adjacent unit cells on the geometric phase. When 

the metasurface sample is illuminated by a LCP FW with a wavelength of 1300 nm, the phase 

deviation between the simulated and ideal for linear (a) and nonlinear (b) geometric phase is 

shown with gradual variation of the local orientation. The linear (c) and nonlinear (d) phase 

for a silicon nanofin array with different local orientation, where the long axis of the silicon 

nanofin is always fixed along the x-axis [79]. 

 

To further investigate the phase distortion, we study the nonlinear geometric phase response 

for the co-polarized and cross-polarized TH waves when the metasurface sample is illuminated 

with LCP FW of different wavelengths as shown in Figure 33. Here, we choose a wavelength 

of about 1200 nm because we observed only weak co-polarized TH conversion efficiency, as 

shown in Figure 29d. In addition, the cross-polarized TH signal is nearly zero at pump 

wavelengths longer than 1450 nm. Here, the nonlinear geometric phase of the cross-polarized 

TH deviates from the expected relationship with the rotation angle when the FW wavelength 

is set to 1500 nm. It indicates that the coupling becomes stronger at longer wavelength for 

this particular system.  
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Figure 33. Numerically investigated nonlinear geometric phase when the metasurface is 

illuminated with LCP fundamental plane wave whose wavelength is (a) 1200 nm, (b) 1400 nm, 

and (c) 1500 nm, respectively [79]. 
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4.14 C1 rotational symmetry 

 

Figure 34. Numerical calculation of the TH signals generated by the all-dielectric geometric-

phase metasurface consisting of a locally rotated silicon nanostrucutures with C1 rotational 

symmetry. a) Schematic of the nanostrucutures and its geometry parameters. Selection of LCP 

FW at 1240 nm, b) the simulated THG conversion efficiency with stepwise rotation of the silicon 

nanostrucutures from 0° to 360° with a rotation angle step of 5°. Simulated field distribution 

of the LCP and RCP components of the c) total FW fields and d) TH fields. All fields are 

normalized to the intensity of the input FW electric field. Nonlinear geometric phase of the e) 

LCP and f) RCP TH wave due to rotation of the silicon nanofins from 0° to 360° with a rotation 

angle of 5° [79]. 

 

In addition to the C2 case, we fabricated nanostructures with C1 rotational symmetry, as shown 

in Figure 34. The C1 nanostructure has a "U-shape" and the geometrical parameters are set to 

w = 150 nm, l = 300 nm, d1 = 80 nm and d2 = 60 nm, as illustrated in Figure 34a. The 

nanostructures' height and unit cell size were set to h = 550 nm and p = 400 nm to achieve 

higher THG conversion efficiency. When the nanostructures are rotated from 0° to 360°, the 

THG conversion efficiency changes due to the variation of the coupling between the unit cells, 

as shown in Figure 34b. The modulation shows a fourfold dependence on the rotational angle, 

compatible with the symmetry of the lattice. Figure 34c,d is the calculated electric field 

file:///E:/sciebo/Thesis/ThesisDocument/Nonlinear%23_CTVL001060677dbd0d9420a9800f49f6cf1c352


The propagation of light and nonlinear beam shaping with dielectric metasurfaces 

 
84 

 

distributions at the fundamental and third harmonic wavelengths for a fundamental 

wavelength of 1240 nm (413.33 nm TH wavelength). Note that the design is again 

 

 

Figure 35. Measured diffraction pattern and intensity profile of TH waves radiated from the 

geometric phase gradient metasurface made of nanostructures with C1 rotational symmetry. 

The scale of the inset SEM image is 1 µm [79]. 

 

non-resonant and therefore has low conversion efficiencies. However, again, the large 

fluctuation of the THG conversion efficiency as a function of rotation (here the THG conversion 

efficiency varies by a factor of 2.2) and the strong field outside the nanoresonator indicate 

strong coupling between the unit cells and distortion of the geometric phase, as already 

discussed for the C2 symmetry case. Note that, as discussed in Chapter 4.11, the intensity of 

the TH light in co- and cross polarization is different, since the light is elliptically polarized in 

the case of a C1 symmetric structure. Figure 34e and f show the numerically obtained nonlinear 

geometric phase change in response to rotation, which is consistent with the nonlinear 

geometric phase change expected from equation 58 and the nonlinear selection rules for a 

structure with C2 rotational symmetry. 

 

4.15 Experimental verification for C1 

The experimental outcomes from the C1 metasurface is shown in Figure 35. Here, one gradient 

period contains 15 nanostructures, and the metasurface is illuminated with a circularly 

polarized laser beam with an average power of 50 mW and a fundamental wavelength of 1240 

nm. The measured diffraction angles are 7.54° ± 0.001° (co-pol.) and 15.29° ± 0.001° (cross-
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pol.), respectively, which are close to the theoretical values of 7.92° and 16.00° obtained from 

equation 59 for co- and cross-polarization. Further, as seen in the numerical investigation, the 

co-polarization shows a much stronger signal than the cross-polarization. The principle of the 

nonlinear geometric phase again determines the overall nonlinear phase response of the 

metasurface. However, unwanted diffraction spots appear in the measurements, but the 

contribution from these diffraction orders to the overall THG is small. 

 

 

Figure 36. Numerical calculation of the nonlinear beam steering of the TH waves generated by 

the dielectric geometric-phase metasurface composed of silicon nanofin with C4 in-plane 

rotational symmetry. a) Schematic representation of the silicon nanofin. Select the LCP FW 

wavelength as 1350 nm, b) the field distribution of the different circularly polarized 

components of the FW and TH fields excited in the silicon nanofin array whose local rotation 

angle θ is 0°. The nonlinear geometric phase c) of the RCP TH signal and d) the THG conversion 

efficiency of the RCP (red circle) and LCP (blue circle) TH waves when the silicon nanofins are 

rotated from 0° to 90° with a rotation angle step of 5°. The simulated TH field distribution in 

free space of e) the anomalously refracted RCP TH waves and f) the LCP TH waves, which are 

bound to the surface. All fields are normalized to the intensity of the FW electric field [79]. 

 

4.16 C4 Rotational Symmetry 

Next, we explain the case of a nanostructure with C4 symmetry. As illustrated in Figure 36a, 

the width, length, height, and lattice constant are optimized as w = 130 nm, l = 280 nm, h = 

500 nm, and p = 390 nm, respectively. In the numerical investigation, the metasurface was 

illuminated normally with a left circularly polarized fundamental excitation at 1350 nm (450 

nm TH wavelength). Figure 36b shows the electric field plots at the fundamental and third 

harmonic excitation. The field enhancement in the case of the RCP component is much 
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stronger than the LCP component. Which Indicates that the nonlinear polarization for cross-

polarized light 𝜒𝑅𝐿𝐿𝐿 is much stronger than the nonlinear polarization for the co-polarized 

light, 𝜒𝐿𝐿𝐿𝐿, which means that only cross-polarized light is obtained in the THG process. Figure 

36c, shows the geometric phase response if the nanostructures are rotated. We obtain a 

phase shift equal to four times the rotation angle, which is consistent with the nonlinear PB 

phase principle for cross-polarized light. Figure 26d shows the THG conversion efficiency as a 

function of rotation for co- and cross-polarized light. From the figure, the conversion efficiency 

in co-polarization is negligible, and the efficiency in cross-polarization is much stronger. 

Further, the conversion efficiency modulates with the rotational angle, and the maximum is 

approximately three times stronger than the minimum, indicating a stronger coupling 

between adjacent unit-cells. A brief phenomenological explanation for the disappearance of 

the THG for co-polarized light can be given with the geometric phase principle that was given 

in Chapter 4.11. 

In addition, Figure 36e and f show the electric field distribution of the THG for co- and cross-

polarization for nanostructures with a C4 rotational symmetry which is rotated along one 

direction. Here, a full rotation of 90° is completed with 20 nanofins. The fundamental 

wavelength is set to 1350 nm in the simulation to increase the linearity between the local 

rotation angle and the geometric phase, which is due to the subwavelength nature of the 

array. Here, one can see that only a negligible part of the THG is radiated in the co-polarization, 

and the cross-polarization shows a strong THG. According to this numerical investigation, the 

diffraction angle is 3.36°, close to the theoretical value of 3.31°, as calculated using equation 

59. The coupling is also evident in the numerical data, as discussed earlier for C2 rotational 

symmetry: The wavefront shows modulation of the electric field amplitude in the x-direction. 

Moreover, although the rotation increases linearly from unit cell to unit cell, the phase front 

of the electric field at the third harmonic is not a straight line. Compared to the case of a 

geometric phase gradient with C2 nanostructures, the modulation is even more significant. In 

co-polarization, the TH light is confined by the structure and does not radiate into the far field, 

according to the selection rules for nonlinear generation. 

 

4.17 Experimental Results C4 

Experimentally, fabricated metasurface sample consists of rotationally symmetric C4 

nanostructures which complete a full rotation from 0° to 90° in 10 steps. In the experiment, 

the metasurface was illuminated with circularly polarized FW light of wavelength 1340 nm 

with average power of 50 mW. A diffraction angle of 6.12° ± 0.01° was measured that agrees 

with the theoretical value of 6.58°. In the case of co-polarization, there is no THG to be  
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Figure 37. Measured diffraction pattern and intensity profile of TH waves radiated from the 

geometric phase gradient metasurface obtained for nanostructures with C4 rotational 

symmetry. The scale of the inset SEM image is 1 µm [79]. 

 

observed in a higher diffraction order. However, there is a strong TH light in the zeroth-

diffraction order in co- and cross-polarization, which carries no phase information. This differs 

from the simulations, which show a generation of TH light only in the cross-polarization. In 

addition, the zeroth-order contributions are stronger than the phase response from the 

Pancharatnam-Berry phase principle, indicating an essential change in the geometry of the 

structures of the fabricated metasurface compared to the simulations. As can be seen from 

the SEM images, the C4 structures exhibit strong rounding, and the geometry resembles a 

nano-cylinder rather than a cross with C4 rotational symmetry. Therefore, the overall 

diffraction efficiency in the desired diffraction order decreases, and the zeroth-order response 

increases. Further, the coupling between adjacent unit cells, which is also apparent from the 

simulations, will decrease conversion efficiency, due to the modulation of the amplitude and 

phase of the THG light, as evident from the numerical model. 

 

4.18 Conclusion 

In summary the geometric phase can be integrated into the nonlinear generation process and 

used to direct and shape the generated light. It is possible to encode a wavefront into the 

rotation of any nanoresonator—for example, holographic images in the generation of higher 

harmonics from silicon metasurfaces. Furthermore, we can use the different geometric phase 

responses in co- and cross-polarization to multiplex holographic images with a modified 

Gerchberg-Saxton algorithm. One expects different geometric phase responses depending on 

the rotational symmetry. In the case of C1 or C2 rotational symmetry, the geometric phase is 

proportional to two times the rotation angle (co-polarization) and four times the rotation 
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angle in cross-polarization. Further, for a structure with C4 rotational symmetry, we see only 

a geometric phase in the cross-polarization, proportional to 4 times the rotation angle, 

following the nonlinear selection rules. 

Moreover, we have shown that due to the three-dimensional extension of the nanostructures, 

the linear phase behavior is distorted by the interaction between the nanostructures and the 

lattice. Here, we use amorphous silicon to realize the metasurfaces. However, as shown in this 

chapter, the nonlinear PB phase principle requires a circularly polarized fundamental 

excitation compared to a linearly polarized excitation in the case of nonlinear Huygens 

metasurfaces. Therefore, there appears a disadvantage for amorphous silicon in the context 

of nonlinear PB phase control because of its isotropic nature, as THG from an isotropic 

material under circularly polarized excitation is forbidden. In this chapter, the conversion 

efficiency (in the order of 10−9 1/𝑊2) of the fabricated metasurfaces remains low compared 

to the similar works based on nonlinear extension of Huygens principle reported in the 

literature, presented in the Table 1 in Chapter 2.6, and the value is comparable to plasmonic 

systems. Consequently, the design of the amorphous silicon resonator for nonlinear PB phase 

control requires special attention to the design of the electromagnetic field and the symmetry 

of the nanostructure to achieve high nonlinear conversion efficiency for THG.
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Chapter 5 Third harmonic generation and phase 

control with quasi-BIC and Mie resonances 

In the last chapter, we used the rotation of silicon nanostructures to encode arbitrary 

wavefronts in a dielectric metasurface. However, the conversion efficiencies of the 

metasurfaces for THG presented in this work remain low compared to the state-of-the-art, 

presented in Table 2 in chapter 2.7. Two resonance mechanisms are mainly used to enhance 

the nonlinear conversion efficiency in metasurfaces: First, Mie resonances with finite lifetimes 

that lie within the light cone and consequently can couple to the free space. The excellent 

coupling between the resonance and the free space and the strong light-matter interaction 

make them ideal for wavefront shaping and efficient generation of higher harmonics. They 

allow easy coupling of an electromagnetic field with the strong nonlinear coefficients of high 

refractive index dielectric materials. On the other hand, metasurfaces or nanostructures can 

support electromagnetic modes that are decoupled from the radiation spectrum and 

therefore have very high quality factors (in theory Q > 10,000) [86], limited only by the non-

radiative losses of the material that makes up the metasurface [53⁠, 87]. However, there are 

several reasons why a mode can be decoupled from radiation spectra. First, these so called 

Bound states in the continuum (BIC) emerge from the destructive interference of different 

resonances in a single nanostructure [21⁠, 86 ⁠–89]. Second, they can be the result from a 

symmetry mismatch between the free space radiation spectrum and the mode, the so-called 

symmetry-protected BIC [21⁠, 22⁠, 87⁠, 90]. 

Interference-based BICs are the result of destructive interference of different radiation 

channels. Destructive interference can occur between resonances of different resonators or 

different resonances in the same resonator. For example, if two nanoresonators are arranged 

on top of each other to form a cavity, the light that interacts with the two resonators 

accumulates an overall phase at a certain distance and wavelength, that may result in 

destructive interference [86]. On the other hand, BICs resulting from the interference of two 

resonances in the same nanostructure are called accidental BIC [21]. In order to understand 

accidental BIC, it is helpful to use multipole expansion and explain accidental BIC using their 

multipole modes [91]: The interference between two multipole resonances depends on their 

multipole expansion coefficients [23], as explained in Chapter 2.2: In general, the multipole 

expansion coefficients of a mode in a nanostructure are complex numbers. However, if the 

structure has inversion and time-reversal symmetry, the electric field of the structure's 

eigenmodes must satisfy the following conditions: 𝐸⃗⃗(𝑟) = 𝐸⃗⃗∗(−𝑟) [92]. This situation leads 

to a strict condition for the phase of each multipole in the multipole expansion due to the 

symmetry of the multipoles: The coefficients of the multipole expansion are all real and all 

multipoles are either in-phase (+) or opposite phase (-) [91⁠, 92]. Therefore, one can find a 

resonance with a specific set of multipoles and a specific wave vector 𝑘⃗⃗1 where all multipoles 
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in the direction of 𝑘⃗⃗1 add up to zero. According to the optical theorem, for this particluar 

radiation channel, an excitation or reradiation to free space is not possible. Figure 38a 

illustrates the formation of such an accidental BIC. Here, different Mie resonances 

destructively interfere in a nanostructure and close the radiation channels in the direction 𝑘⃗⃗1 

[91]. On the other hand, a symmetry-protected BIC decouples from free space by a different 

mechanism, but a multipole decomposition can also explain this [91]. Consider a plane wave 

propagating in the z-direction, and an array of nanostructures expands in the x-y direction, as 

shown in Figure 38b. Here, all nanostructures are excited by a plane wave and oscillate in 

phase with each other. Note that in a photonic band diagram, in the Brillouin zone this case is 

called the Γ-point [90⁠, 91]. However, due to their three-dimensional expanse, each 

nanostructure in the array has modes with multipole moments along the x, y, and z directions. 

Due to the symmetry of certain multipoles, when the multipole moment is aligned along the 

z-direction, the nanostructures cannot radiate in the z-direction under normal incidence 

because their multipole moments are parallel to the propagation direction of the light. This 

fact is illustrated in Figure 38b. For example, a dipole or a quadrupole oriented in the z-

direction cannot radiate in the z-direction. In addition, the subwavelength nature of these 

arrays suppresses higher-order diffraction and closes all radiation channels. As a result, the 

mode is completely decoupled from free space, and the quality factor of the resonance is 

determined only by non-radiative losses.  

This idea of decoupling a mode from the radiation spectra by utilizing its symmetry causes the 

various experimental realizations, and applications of BIC. BIC are an excellent choice for 

applications where high quality factors are essential. For example, lasers made from GaAs 

Metasurface, as shown in Figure 38c [93]. The metasurface is designed to support a BIC at the 

fundamental wavelength of 830 nm to enable lasing at the GaAs band gap emission 

wavelength of 830 nm at a temperature of 77 K. The nanostructures support vertical magnetic 

dipoles aligned along the z-axis. In addition, the period of the unit cell in the x-direction is sub-

diffractive to confine the vertical magnetic dipole in that direction and enable a high quality 

factor mode to form the BIC. On the other hand, the period in the y-direction is larger to 

enable diffractive outcoupling of the emitted light at 830 nm under a certain wavevector, as 

shown in Figure 38c. Since the quality factor of the BIC resonance in this experiment reaches 

Q = 2750, the metasurface can be pumped at 780 nm, can reach the laser threshold, and starts 

lasing at a wavelength of 830 nm. 

However, in addition to lasing, high quality factors become important in applications where 

strong light-matter interaction is vital, such as higher harmonic generation. For example, 

Figure 38d shows a metasurface that supports symmetry-protected BIC. The metasurface was 

designed to enhance THG [22]. By introducing an asymmetry in the geometry, it is possible to 

transform the symmetry-protected BIC into a quasi-BIC (QBIC) that can couple to the free 

space. The strength of the free-space coupling, which can be quantified by the linewidth or 

quality factor of a resonance, depends on the strength of the asymmetry, which can be 
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quantified by a parameter α. α compares the geometry of the symmetric structure with that 

of the assymmetric one. Figure 38e shows an example definition. Figure 38f shows the 

measured transmission of the metasurface for different asymmetry factors. As the asymmetry 

gets larger, the linewidth increases. Note that the quality factor decreases with increasing 

asymmetry, since 𝑄 ~ 1/𝛼2 [94]. Figure 38g shows the THG intensity of the nonlinear  

 

 

Figure 38. The formation of a) an accidental and b) symmetry protected BIC. c) Principle of a 

metasurface consisting of GaAs nano cylinders on a SiO2 substrate embedded in hydrogen 

silsesquioxane (spin-on-glass). Along the y-axis, the period (Py = 540 nm) was chosen to allow 

diffraction in the emission wavelength range of GaAs (~830 nm at 77 K). Along the x-axis, the 

period was fixed as 300 nm and is subwavelength. d) SEM image of a metasurface that 
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supports symmetry-protected BIC. e) Symmetry breaking in metasurface with two bars 

enabling QBIC with a width of w. By cutting one edge by a length of 𝛿𝑤, one can break the 

symmetry. The asymmetry factor 𝛼 is determined by the quotient of w and 𝛿𝑤. f) Change of 

the measured transmission spectra as a function of the meta-atom asymmetry α. Note that 

the transmission is stacked. g) Measurement of the THG signal for different asymmetric 

metasurfaces in the region of the QBIC resonance. The circles show the experimental data. The 

solid curves are for orientation. a) and b) are taken from Ref. [91]. C) is taken from Ref. [93]. 

d) to g) from Ref. [22]. 

 

metasurface for different asymmetry parameters. One can see that the THG intensity 

increases with increasing asymmetry, peaks for a critical value of the asymmetry, and then 

decreases again. This observation contrasts with the naive view of QBIC resonance that an 

increasing quality factor leads to an increasing conversion efficiency, as explained in Chapter 

2.6. This is because the coupling with free space modes becomes more difficult as the 

asymmetry/linewidth decreases. As a result, the energy that can be transferred from free 

space to the QBIC is limited as we use smaller and smaller spectral fractions of the pump light. 

Therefore, there is a trade-off between a high quality factor (small linewidth), which increases 

the conversion efficiency, and the energy that can be effectively transferred to the QBIC and 

converted into higher harmonic light. However, when this critical coupling condition is 

satisfied, the conversion efficiency of nonlinear processes can be increased by four orders of 

magnitude or more [53⁠, 95] compared to Mie resonances. Note that lasers with a bandwidth 

of a few nanometers (femtosecond lasers) or less (picosecond lasers) are often used for 

nonlinear experiments. To effectively utilize the QBIC resonance, the linewidth of the laser 𝜆𝐿 

and the resonance linewidth of the QBIC 𝜆𝑄 should be matched such that 𝜆𝐿 ≈ 𝜆𝑄 [20⁠, 53]. 

Third harmonic conversion efficiencies for quasi-bound states in the continuum can reach  

10-8 1/W2 [53]. 

Given nonlinear wavefront shaping, QBIC resonances offer great potential because they 

produce strong nonlinear signals. To introduce a geometric phase, one needs to break the 

rotational symmetry of the nanoresonator. At the same time, a QBIC can be formed by 

symmetry breaking, which is a great tool to control the resonance and geometric phase with 

only one parameter, the asymmetry of the system. However, since symmetry-protected BICs 

form at the Γ-point of the first Brillouin zone, they are collective oscillations of many 

nanoresonators oscillating in phase [90⁠, 94]. On the other hand, the geometric phase 

introduces a spatially varying rotation that can change the phase of the oscillations of QBIC 

from unit cell to unit cell. Since nonlinear optical properties are susceptible to small geometric 

changes, it is worthwhile to investigate the feasibility of QBIC in terms of nonlinear wavefront 

shaping. 
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5.1 Symmetry protected BIC in cylindrical nanostructures and quasi-

BIC 

We use a two-dimensional array of cylindrical amorphous silicon nanoresonators in this work. 

The metasurface consists of an array of cylindrical nanoresonators with an off-center air hole 

that changes the rotational symmetry of the cylinder from C∞ to C1, as shown in Figure 39a. 

The geometry of the unit cell was designed based on the BIC mode to achieve high nonlinear 

conversion efficiency for THG with a fundamental excitation wavelength of ~1300 nm. The 

calculated linear transmission of the metasurface for a unit cell period of 664 nm under 

circularly polarized light is shown in Figure 39b. The figure shows a broad resonance dip at a 

wavelength of 1300 nm with a linewidth of ~50 nm that resembles a magnetic Mie resonance. 

A peak accompanies the Mie resonance at a wavelength of 1325 nm with a linewidth of ~8 

nm, resembles QBIC. The magnetic field diagram at the wavelength of 1300 nm (top inset in 

Figure 39b) shows the magnetic dipole nature of the resonance in the x-y plane. Figure 39c 

shows the corresponding plots of the electric field in the x-z and y-z planes for the magnetic 

field in the x-y plane at the same wavelength. The electric field resembles a vortex in the x-z 

and y-z planes, typical of a magnetic Mie resonance with a magnetic dipole moment in the x-

y plane. The magnetic dipole mode can enhance the nonlinear conversion efficiency as it 

allows efficient coupling of an electromagnetic field with the nonlinear susceptibility [96]. In 

contrast, the sharp transmission peak at 1325 nm shows an entirely different electromagnetic 

field profile compared to the Mie resonance at 1300 nm. At 1325 nm, the electric field diagram 

shows an asymmetric vortex in the x-y plane (lower part of Figure 39d), which is enhanced 

near the air hole. The magnetic field plots in the y-z plane show that the magnetic dipole 

moment of this resonance is slightly tilted compared to the cylinder axis, as shown in the 

bottom row of Figure 39d. 

Let us consider the nanoresonator without the small hole to better understand the QBIC. The 

electric and magnetic field diagrams of such a cylinder are shown in the top row of Figure 39d. 

As can be seen in the magnetic field diagram, this nanocylinder features a vertical magnetic 

dipole mode parallel to the cylinder axis; therefore, the electric field of the mode forms a 
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Figure 39. a) Design of a unit cell from a silicon cylinder with broken symmetry. b) Numerically 

obtained transmission spectrum of an array of such cylinders with a hole of radius 40 nm. The 

QBIC presents itself as a sharp transmission peak within a broad resonance dip. The insets 

show the mode profiles for the broad Mie resonance around the QBIC and the QBIC itself. c) 

Left, the magnetic field plot in the x-y plane for the magnetic Mie resonance at 1300 nm inside 

an amorphous Si cylinder with a hole of radius 40 nm arranged in a subwavelength array. 

Right, the corresponding electric field plots in the x-z and y-z plane of the magnetic Mie 

resonance. d) Electric and magnetic field curves inside an amorphous Si cylinder arranged in 

subwavelength arrays featuring BIC (without a hole, top row) and QBIC (with a hole of radius 

40 nm, bottom row). The plots in the x-y plane show the electric fields at 1325 nm, while the 

plots in the y-z plane show the corresponding magnetic fields [97]. 

 

symmetric vortex in the x-y plane. The mode cannot couple to free space because the 

symmetry of the mode in the x-y plane does not match the symmetry of a plane wave at 

perpendicular incidence, and the period of the unit cell below the wavelength prevents any 

wave vector that is not perpendicular to the metasurface. These properties eliminate possible 

channels for radiation decay, resulting in a high quality factor and long lifetime. The long 
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lifetime of these BICs is crucial for high nonlinear conversion efficiency, as it allows for more 

prolonged interaction between the trapped energy and the nonlinear susceptibility of the 

material. By incorporating an off-center hole in the cylinder, one can break the in-plane 

symmetry of the nanoresonator, open two radiation channels perpendicular to the 

metasurface, and the BIC is then converted into quasi-bound states in the continuum (QBIC) 

capable of coupling to the free space [90]. The corresponding electric and magnetic fields 

 

 

Figure 40. a) The numerically determined transmission of the nanoresonator array  between  

1100 nm and 1500 nm as a function of the hole sizes. The line width increases with increasing 

hole size. The gray line represents the spectral position of the BIC without interference. b) The 

numerically determined transmission of the nanostructure between  1100 nm and 1500 nm as 

a function of the offset of the hole from the center. At an offset of 0 nm, the hole is located 

directly in the center of the nanocylinder [97]. 

 

for the QBIC for an arrangement of cylinders with holes of radius 40 nm are shown in the 

bottom row of Figure 39d. Compared to the electric field diagrams for a cylinder without a 

hole, the hole leaves the electric field vortex largely intact but leads to a field enhancement in 

its surrounding area. This feature leads to a nonzero electric dipole moment in the x-y plane, 

which matches the plane wave's symmetry at normal incidence.  

 

In this example of QBIC, the asymmetry is controlled by the off-center air hole. Therefore, the 

asymmetry can be characterized by the size of the air hole and its position from the center of 

the cylinder. Figure 40a shows the numerically determined nanostructure transmission 

between 1100 nm and 1500 nm as a function of hole sizes. The QBIC resonance shifts to 

shorter wavelengths with increasing hole size from about 1350 nm to 1150 nm. Moreover, the 

linewidth increases with increasing hole size from 0 nm to 20 nm because the hole size 

controls the asymmetry of the resonator and the QBIC. A larger asymmetry leads to stronger 
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coupling with free space as the net dipole moment becomes stronger. As a result, the coupling 

with free space increases, which shortens the mode lifetime and increases the linewidth. 

When the hole size becomes too large, the QBIC resonance "merges" with the Mie resonance 

in its surrounding. In addition, the hole can be placed at different locations away from the 

center of the cylinder, as shown in Figure 40b. The influence of QBIC resonance as a function 

of offset of the air hole from the center of the cylinder is shown. Here, the distance of the air 

hole to the center of the cylinder is varied, while all other variables are as described in Figure 

39a. At zero offset, the air hole is at the center of the cylinder, so the symmetry of the system 

is not broken, and the QBIC resonance disappears. However, as the displacement increases, 

the QBIC resonance becomes visible as its linewidth increases, reaching its most apparent 

appearance at a displacement of 60 nm from the center of the cylinder. At this position, the 

air hole begins to overlap with the "center" of the vorticity in Figure 39d. Beyond this shift, 

the visibility of the QBIC resonance decreases again as the linewidth decreases again. 

 

5.2 Nonlinear geometric Phase of QBIC 

The symmetry breaking due to the air hole allows the BIC to couple to free space by modifying 

the system's symmetry. In addition, one can introduce the geometric phase approach to this 

system. As explained in the last chapter, a C1 symmetric structure allows for a geometric phase 

response in the co- and cross-polarization of 2σθ and 4σθ, respectively. However, for 

functional applications such as nonlinear holography, a high spatial density of nanoresonators 

is required to obtain high-fidelity holographic images since the image quality increases with 

spatial phase resolution. On the other hand, as the density of the resonators increases, the 

near-field coupling between the neighboring unit cells increases, leading to a deviation from 

the geometric TH phase relationship as shown in equation 58 in Chapter 4.3. This results in 

increased crosstalk between the different polarization channels and introduces phase noise 

that limits diffraction efficiency, as discussed in chapter 4.12. Due to the near-field coupling, 

there is always a compromise between the PB phase relationship and a high spatial phase 

resolution. To evaluate the trade-off between the near-field coupling and the geometric 

phase, we numerically investigated our design with third-harmonic generation and the 

corresponding nonlinear phase for different periods. The color plot of the transmission spectra 

in the wavelength range of 1100-1500 nm as a function of the period of the unit cell p (500-

900 nm) is shown in Figure 41b. The transmission spectrum shows a sharp peak embedded in 

a much broader resonance corresponding to the QBIC, as shown previously in Figure 39b. By 

increasing the unit cell period, the QBIC resonance wavelength can be varied from 1225 nm 

to 1400 nm. At the same time, the peak remains spectrally narrow with a linewidth of ~8 nm 

since the linewidth is mainly controlled by the size of the hole and its position from the center, 

which were kept constant in these simulations. The plots of the simulated nonlinear geometric 

phase and TH intensity in the zeroth diffraction order for different periods of the unit cell (609 
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nm to 730 nm) are shown in Figure 41c-e. The Figures show that the TH intensity for different 

unit cell sizes remains within the same order of magnitude as expected by the uniform 

linewidth of the QBIC peak. Moreover, the TH intensity in co-polarization is stronger than the 

TH intensity in cross-polarization, since the overall TH from the nanostructure is elliptically 

polarized. In addition, the TH signal is susceptible to the fundamental wavelength around the 

QBIC resonance. The intensity of the signal is significantly reduced when the excitation 

wavelength deviates further from the resonance. The above observations prove that QBIC is 

the main contributor to the THG in the numerical simulation. Figure 41c-e also show the TH 

geometric phase change as a function of the rotation of the cylinder at the QBIC wavelength.  

 

 

Figure 41. a) geometric phase for THG from a nanoresonator with C1 rotational symmetry. Due 

to the broken symmetry in the cylinder, the light at the TH frequency carries a phase in co- (RCP 

to RCP) and cross-polarization (RCP to LCP). b) Two-dimensional plot of the transmission 

spectra of the metasurface, which consists of cylinders with an off-center hole, for different 

periods from 500 nm to 900 nm. The QBICs form a transmission peak in a broader resonance 

cavity. The inserts represent different periods for nonlinear investigation. (c-e) Left: Plots of TH 

signal strength as a function of pump wavelength in the vicinity of the QBIC resonance for the 

different periods (609 nm, 664 nm, and 730 nm) as marked in b). The fundamental wavelength 

ranges from 1300 nm to 1314 nm (609 nm period), 1325 nm to 1339 nm (664 nm period), and 

1350 nm to 1364 nm (730 nm period), corresponding to TH wavelengths of 433.33 nm to 

438.00 nm, 441.67 nm to 446.33 nm, and 450.00 nm to 454.67 nm, respectively. Right: The 

nonlinear geometric phase of the generated TH light as a function of the rotation of the C1 
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cylinder between 0° and 180° for the fundamental wavelengths of 1307 nm (c), 1332 nm (d), 

and 1357 nm (e) [97]. 

 

In addition, the nonlinear phase relationship becomes more linear with larger periods as the 

near-field coupling becomes weaker with the increasing period. Therefore, the period is 

critical to optimize the system for nonlinear geometric phase control while maintaining a 

uniform TH intensity. 

 

5.3 Experimental Results 

Based on the design described in the last chapter, we fabricated ten different metasurfaces of 

size 100x100 µm² for five different periods of the unit cell (562 nm, 609 nm, 664 nm, 730 nm, 

811 nm). For every period, we fabricated two metasurfaces, one with and one without a 

blazed phase grating. In the case of the phase grating, the angle of rotation of the 

nanoresonator along the x-direction increases by 22.5° from unit cell to unit cell. 

Consequently, a full rotation of 360° is achieved in 16 unit cells. Two scanning electron 

microscopy (SEM) images of the metasurfaces, one without phase gradient and one with 

phase gradient, are shown in Figure 42a and b. Details of the nanofabrication processes can 

be found in the Chapter 3. From several SEM images, it is possible to determine the average 

radius of the cylinders to be (182.5 ± 3.5) nm which is close to the desired diameter of 182.5 

nm. However, the average radius of the off-center holes is smaller than desired, varying from 

20 nm for a period of 562 nm to 35 nm for 811 nm. 

 

5.4 Linear Transmission 

The linear transmission spectra were measured with a white light laser source (Fianium 

Whitelase) in the spectral range from 1150 nm to 1300 nm. We also controlled the input 

polarization with a linear polarizer. A 10x infinity-corrected microscope objective captured the 

transmission of the metasurface. The light was directed to a spectrometer (Andor Shamrock 

Kymera 193) with a series of lenses. The spectrometer was equipped with an InGaAs detector 

(Andor IDus 491A InGaAs) to measure optical transmission in the infrared. The spectral 

resolution of the setup is 1.43 nm. Figure 42a and b show the linear transmission for different 

input polarization of the metasurfaces for different unit cell sizes. The polarization state is 

defined in the inset. The plots show a broad transmission dip within the wavelength range 

from 1250 nm to 1300 nm. However, the transmission shows an obvious difference between 

the two polarizations. The resonance dips for horizontally polarized light are at a shorter 

wavelength than the resonance dips for vertically polarized light at the same periods. The 

broad transmission dip shifts to a longer wavelength as the unit cell size increases, which is 
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consistent with the simulations. In addition, the shape of the resonance dip differs for the two 

polarization states. In the case of vertical polarization, the resonance dips are asymmetric for 

all unit cell sizes, while they are symmetric in the case of horizontal polarization. The apparent 

asymmetry in the vertically polarized transmission of the metasurfaces could be due to the 

influence of QBIC since the QBIC mode is linearly polarized in the vertical direction, as shown 

in Figure 39d and as discussed in Ref. [90] and since the asymmetry vanishes in the cross 

(horizontal) polarization. However, the expected sharp transmission peak observed in the 

numerical study of the transmission spectra is not observed experimentally. Possible reasons 

for this behavior are discussed later. 

 

5.5 Nonlinear Measurement Setup 

The nonlinear measurements were done in a similar setup to the one explained in chapter 4.6 

but some of the components were changed to accommodate the experimental demands. 

Here, we use an optical parametric oscillator with a pulse length of 200 fs and a repetition rate 

of 80 MHz as a coherent light source for the nonlinear optical experiments.  
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Figure 42. a,b) SEM images of the fabricated metasurfaces with and without blazed phase 

grating. Scale bar 1 µm. c,d) Experimentally obtained transmission spectra for vertically (c) and 

horizontally (d) polarized input light with wavelengths in the range of 1240-1360 nm for 

different unit cell sizes. e,f) Third harmonic intensity for fundamental excitations with 

wavelengths between 1240 nm and 1360 nm for different periods in (e) co- and (f) cross-

circular polarization. The red curves show the overall nonlinear response of an anharmonic 

oscillator model, with the fitting parameters of the model extracted from the linear 

transmission spectra in Figure 42c [97]. 

 

We change the fundamental pump wavelength between 1200 nm and 1350 nm during the 

experiment, but the average laser power remained at 50 mW. We used a 50-mm achromatic 

lens optimized for the infrared range to focus the laser light on the metasurface. The resulting 

beam waist is about 45 µm. Therefore, the average pump peak power density is 

0.32 𝐺𝑊/𝑐𝑚2. We apply a 50x microscope objective with a numerical aperture of 0.42 to 

collect the generated third harmonic light from the metasurface. To capture the Fourier Plane 

of the objective, we use a set of two lenses and image the Fourier plane on an imaging 

spectrometer. With the imaging spectrometer (Andor Shamrock 303 equipped with an iDUS 

420 detector, spectral resolution of the setup is 1.44 nm), we can resolve the wavelength of 

the frequency-converted light and different diffraction orders orthogonal to the diffraction 

grating. Using a set of quarter wave plates and polarizers in front of the specimen and behind 

the microscope objective, one can prepare a co-and cross-polarization state, as explained in 

Chapter 4.6. 

 

5.6 Nonlinear Measurements 

Figure 42e to f show the TH measurement results of the metasurfaces without phase gradient 

for different periods in the co- or cross-polarization state. The red plot in Figure 42e to f 

represents the TH response of the anharmonic oscillator model, which is discussed later. The 

measurements were performed for the fundamental excitations in the wavelength range from 

1240 nm to 1360 nm. The plots show that the intensity of the generated TH light is higher for 

co-polarization than for cross-polarization. Moreover, the total intensity of TH light increases 

with unit cell size for co-polarization and cross-polarization. The increase in TH intensity with 

a larger unit cell size associated with the decrease in the linewidth of the magnetic Mie 

resonance could be related to the increase in its quality factor. All nonlinear measurements 

show a broadband TH response of the metasurfaces accompanied by a peak a few times 

higher than the surrounding TH intensity. The spectral width (FWHM) of the TH light is 5 nm 

to 6 nm. It is possible to estimate the conversion efficiency from the TH intensity. An average 

pump beam power of 100.00±1.00 mW (Pin) is measured with a power meter. One can 

estimate an average THG power of 0.14±0.02 μW (PTHG) derived from the spectrometer data 
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after normalization to the beam path's optical components and the detector's quantum 

efficiency. We estimated the maximum achievable nonlinear conversion efficiency of the 

metasurfaces we fabricated to be ΗTHG =
𝑃̂THG

(𝑃̂in)3
≈ 10−14 1

𝑊2. The average power conversion 

efficiency is 𝜁𝑇𝐻𝐺 =  10−4 1/𝑊2 (for definitions see Chapter 2.6). Note that we assume that 

the TH pulse length is equal to the pulse length of the fundamental beam due to the low-

quality factor (𝑄 ≈  40 − 50) of the resonances and the low height of the metasurfaces 

compared to the wavelength of the fundamental excitation in its propagation direction. 

Moreover, a comparison with Table 2 shows that the nonlinear conversion efficiency 𝜂̂THG is 

closer to what would be expected from a Mie resonance instead of a QBIC. Note that the 

estimated efficiency is based only on the zeroth diffraction order of the two-dimensional 

metagrating. Since the TH wavelength is smaller than the unit cell period, higher diffraction 

orders are expected. The higher diffraction orders occur at an angle greater than 45° and are 

therefore not detected by the microscope objective since the numerical aperture only allows 

the detection of light within a cone of 24°. It is worth noting that the maximum THG efficiency 

(at zero-order) of the metasurface is 𝜂̂THG,lin =
𝑃̂THG

(𝑃̂in)3
≈ 10−13 1

𝑊2 (10−3 1

𝑊2 is the average 

efficiency) when the metasurface is illuminated with a vertically polarized fundamental beam. 

Since a circularly polarized fundamental beam has a vertical and a horizontal component and 

one loses 50% of the power during excitation, the TH nonlinear conversion efficiency is 

~(
1

2
)
3

=
1

8
 times weaker for circular polarization compared to linear polarization. Compared 

to an unpatterned silicon layer of the same thickness, the patterned metasurface shows 

10,000 times higher TH intensity when illuminated with a linearly polarized fundamental 

excitation. 

 

5.7 Coupled Harmonic Oscillator Model 

In this section, the metasurface's linear and nonlinear optical properties are investigated in 

the framework of a classical coupled anharmonic oscillator model, since the numerical and 

experimental results show a significant difference between them. As shown previously, the 

numerically determined linear transmission spectrum shows a defined peak with a narrow 

linewidth related to the QBIC. However, this property is not present in the experimental linear 

transmission. While the nonlinear numerical results show a strong THG due to the presence 

of the QBIC, the experimentally determined THG response exhibits a broadband behavior that 

coincides with the transmission dip, as shown previously. To better evaluate the discrepancy, 

we employed the toy model of the coupled anharmonic oscillator [98⁠, 99]. The model consists 

of two oscillators, one of which represents the magnetic Mie mode (with an oscillator 

amplitude of 𝑥𝐷), which can interact with an external electromagnetic field 𝑓1 and couples to 

free space. On the other hand, we define the oscillator strenght of the BIC mode as 𝑥𝐵. This 

mode cannot couple to free space since it is assumed to be a dark mode but can only couple 
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to 𝑥𝐷. This configuration is called the Fano resonant regime which is realized in the coupled 

oscillator model if only one resonator is driven where the damping of the resonator is larger 

than the coupling constant [100]. With these assumptions, the two coupled differential 

equations for the anharmonic oscillator model are as follows: 

 

𝑥̈𝐷 + 2𝛾𝐷𝑥̇𝐷 + 𝜔𝐷
2𝑥𝐷 − 𝑘𝑥𝐵 + 𝛼𝑥𝐷

3 = −𝑓1 

𝑥̈𝐵 + 2𝛾𝐵𝑥̇𝐵 + 𝜔𝐵
2𝑥𝐵 − 𝑘𝑥𝐷 + 𝛼𝑥𝐵

3 =    0 

74 

Where 𝑥𝐷/𝐵(𝑡) 𝛾𝐷/𝐵 and 𝜔𝐷/𝐵 represent the amplitude, linewidth, and resonance frequency 

of the Mie mode and the BIC, respectively, and 𝑘 is the coupling constant between the 

oscillators. The third-order nonlinear response of this model is given by the anharmonic term 

𝛼𝑥𝐷
3 , where 𝛼 is the nonlinear coefficient. To solve the coupled equations, one can use a Taylor 

expansion as follows: 

 

𝑥𝐷(𝑡) =  𝑥𝐷,0 + 𝛼𝑥𝐷,1 + 𝑂(𝑛2) 

𝑥𝐵(𝑡) =  𝑥𝐵,0 + 𝛼𝑥𝐵,1 + 𝑂(𝑛2) 

75 

Here, 𝑥𝐷/𝐵,0 represents the solution of the classical coupled harmonic oscillator, while 𝑥𝐷/𝐵,1 

are the first-order correction terms that describe the nonlinear response of both oscillators, 

as will be shown later. If we insert the Taylor expansion 75 into the system of coupled 

equations 1 and compare the terms of the same order ( 𝑥𝐷/𝐵,0 vs. 𝑥𝐷/𝐵,1) of the perturbation 

parameter 𝛼 in both equations, we find that the anharmonic oscillator model splits into two 

sets of differential equations. One describes the linear response of the coupled harmonic 

oscillator, and another set of equations describes the nonlinear response. The system of 

equations for the first is given by: 

 

𝑥̈𝐷,0 + 2𝛾𝐷𝑥̇𝐷,0 + 𝜔𝐷
2𝑥𝐷,0 − 𝑘𝑥𝐵,0 = −𝑓1 

𝑥̈𝐵,0 + 2𝛾𝐵𝑥̇𝐵,0 + 𝜔𝐵
2𝑥𝐵,0 − 𝑘𝑥𝐷,0 =  0 

76 
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While the nonlinear response is given by: 

 

𝑥̈𝐷,1 + 2𝛾𝐷𝑥̇𝐷,1 + 𝜔𝐷
2𝑥𝐷,1 − 𝑘𝑥𝐵,1 = 𝑥𝐷,0

3  

𝑥̈𝐵,1 + 2𝛾𝐵𝑥̇𝐵,1 + 𝜔𝐵
2𝑥𝐵,1 − 𝑘𝑥𝐷,1 = 𝑥𝐵,0

3  

77 

From the decoupled systems of equations 76 and 77, one can see that the linear coupled 

harmonic oscillator drives the nonlinear oscillation in equations 77. To calculate the nonlinear 

response, one must first calculate the linear response from the system of equation 76, which 

serves as the source for the nonlinear response in equation 77. Therefore, we first give the 

solution to the system of equations 76. The solution can be calculated by a Fourier 

Transformation. In the frequency domain, equation 76  transforms to: 

 

1

(𝑤𝐷
2 + 𝑖𝛾𝐷𝜔 − 𝜔2)

 𝑥𝐷,0 + 𝑘𝑥𝐵,0 = −𝑓1 

1

(𝑤𝐵
2 + 𝑖𝛾𝐵𝜔 − 𝜔2)

 𝑥𝐵,0 + 𝑘𝑥𝐷,0 =  0 

78 

Therefore, the linear oscillator strength of 𝑥𝐷,0 and 𝑥𝐵,0 to the linear coupled harmonic 

oscillator is given by: 

 

𝑥𝐷,0 =
𝑤𝐵

2 + 𝑖𝛾𝐵𝜔 − 𝜔2

(𝑤𝐷
2 + 𝑖𝛾𝐷𝜔 − 𝜔2)(𝑤𝐵

2 + 𝑖𝛾𝐵𝜔 − 𝜔2) − 𝑘2
𝑓1 

𝑥𝐵,0 =
𝑘

(𝑤𝐷
2 + 𝑖𝛾𝐷𝜔 − 𝜔2)(𝑤𝐵

2 + 𝑖𝛾𝐵𝜔 − 𝜔2) − 𝑘2
𝑓1 

79 

From the equations 79, several observations can be made. First, the amplitude of 𝑥𝐷,0 is 

modified around the resonance frequency of the oscillator 𝑥𝐵,0. Second, in the case of 𝜔𝐷,0 =

 𝜔𝐵,0, the lineshape of 𝑥𝐷,0 is symmetric and when they are detuned from each other, an 

asymmetric lineshape arises composed of a local minimum and maximum. This is a signature 

of a Fano-like resonance. Third, the amplitude and its modulation depth increase with an 

increased coupling constant k. The solution of the nonlinear coupled oscillator equation 77 

can be found by a Fourier Transform too. In the frequency domain, equation 77 becomes as 

follows: 
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1

(𝑤𝐷
2 + 𝑖𝛾𝐷𝜔 − 𝜔2)

 𝑥𝐷,1 + 𝑘𝑥𝐵,1 =  𝐹[𝑥𝐷,0
3 ] 

1

(𝑤𝐵
2 + 𝑖𝛾𝐵𝜔 − 𝜔2)

 𝑥𝐵,1 + 𝑘𝑥𝐷,1 =  𝐹[𝑥𝐵,0
3 ] 

80 

Therefore, the nonlinear oscillator strength of the nonlinear coupled anharmonic oscillator is 

given by: 

 

𝑥𝐷,1 =
1

1 − 𝑘2𝑔𝐷
2𝑔𝐵

2 (𝑔𝐷𝐹[𝑥𝐷,0
3 ] − 𝑘2𝑔𝐵

2𝐹[𝑥𝐵,0
3 ]) 

𝑥𝐵,1 =
1

1 − 𝑘2𝑔𝐷
2𝑔𝐵

2 (𝑔𝐵𝐹[𝑥𝐵,0
3 ] − 𝑘2𝑔𝐷

2𝐹[𝑥𝐷,0
3 ]) 

81 

Equation 81 gives the nonlinear response of the anharmonic oscillator model, where 𝑔𝐵/𝐷 =

 (𝑤𝐷/𝐵
2 + 𝑖𝛾𝐷/𝐵𝜔 − 𝜔2). The equations for 𝑥𝐵,1 and 𝑥𝐷,1 consists of two terms. The first term 

𝑔𝐷/𝐵𝐹[𝑥𝐷/𝐵,0
3 ] describes the nonlinear response of the Mie or BIC mode in response to the 

linear oscillation of it. The second term 𝑘2𝑔𝐷/𝐵
2 𝐹[𝑥𝐵/𝐷,0

3 ] describes the energy transfer from 

one oscillator to the other. 

 

5.8 Model Results 

To relate the model of the anharmonic coupled oscillator to the numerical and experimental 

results in the linear and nonlinear optical domain, we need to relate solution 79 to the 

experimentally and numerically determined transmission values. The model of the coupled 

anharmonic oscillator described above depends on several parameters, such as the resonant 

frequency and linewidths of both modes and the coupling constant between them. One way 

to derive the model parameters from the numerical values is to use the extinction spectra [98⁠, 

99]: 

 

𝛼(𝜔) = 𝑓1𝜔 𝐼𝑚 (
(−𝜔2 − 𝜔𝑑

2 + 2𝑖𝛾𝑑𝜔)−1

1 − 𝑘2(−𝜔2 − 𝜔𝑑
2 + 2𝑖𝛾𝑑𝜔)−1(−𝜔2 − 𝜔𝑏

2 + 2𝑖𝛾𝑏𝜔)−1
) + 𝛼0 

82 

At the same time, the extinction spectra can be calculated from the experimentally and 

numerically obtained transmission spectra 𝑇 as [98]: 
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𝛼(𝜔) = −ln (𝑇) 

83 

Therefore, it is possible to convert the transmission spectrum into the corresponding 

extinction spectrum using Equation 83, and the spectrum obtained can be used for fitting with 

equation 82. From the fit, the values for the coupling constant, resonance frequency, and 

linewidth of the Mie mode and BIC can be derived. The parameters are listed in Table 1. Note 

that we fitted the model to the transmission of vertically polarized light since the QBIC 

resonance should only appear for a vertical polarization, as evident from Figure 39d and Ref. 

[90]. 

 

Table 6. Model parameters of the coupled anharmonic oscillator model. The parameters were 

obtained by fitting the numerically and experimentally achieved transmission spectra using 

equations 82 and 83. Note that the values in the table are converted from frequency values to 

wavelength for better comparison with Figure 39b and Figure 42c. 

 𝑝 [nm] 𝜔𝑑 [nm] 𝛾𝑑 [nm] 𝜔𝐵 [nm] 𝛾𝑏 [nm] 𝑘 [nm] 

Experimental 

spectra 

(Figure 42c) 

563 1263 49 1307 12 19 

609 1276 42 1296 11 22 

664 1290 39 1294 11 21 

730 1301 32 1296 19 20 

811 1313 39 1315 23 32 

Simulation 

(Figure 39b) 
664 1300 25 1320 0.1 16 

 

Therefore, the nonlinear response of the metasurfaces can be estimated from the extracted 

values of 𝛾𝐷/𝐵, 𝜔𝐷/𝐵, and 𝑘 from the fit of the extinction spectra obtained experimentally from 

the transmission spectra shown in Figure 42c. 

Figure 42e-f show the relationship between the experimentally observed TH response for a 

range of wavelengths for co- and cross-polarized configurations and the corresponding TH 

response from the model calculation, 𝐼𝑇𝐻𝐺 = |𝑥𝐷,1 + 𝑥𝐵,1|
2 (red curve). The model 

qualitatively mirrors the experimentally observed broadband nonlinear response by 

considering only the linear optical properties of the system. However, from a quantitative 

point of view, the model may not provide a good estimate because it does not consider the 

transmission and reflection of the oscillator but only the oscillator strength. Further, the  
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Figure 43. Plots of the TH oscillator strength as estimated from the anharmonic oscillator 

model for the experimentally obtained linear transmission spectrum for a period of 664 nm (a), 

shown in Figure 42c, and for the simulated spectrum for the same period as shown in Figure 

39b. The overall TH signal 𝐼𝑇𝐻𝐺 = |𝑥𝐷,1 + 𝑥𝐵,1|
2; 𝐼𝐷 = |𝑥𝐷,1|

2 and 𝐼𝐵 = |𝑥𝐵,1|
2 are the 

contributions from the magnetic Mie mode and the BICs, respectively. The plots are normalized 

to the maximum oscillator strength of ITHG [97]. 

 

model parameters are obtained from the measured linear transmission. In addition, the model 

describes the metasurfaces as a single coupled oscillator, but the metasurface itself has many 

resonators. Therefore, small geometric changes that may leave the overall transmission 

unchanged can significantly affect the nonlinear properties. Moreover, the nonlinear 

susceptibility of the material is not considered in this model, but only the nonlinear behavior 

due to the resonance itself. As a result, there are discrepancies between the model and the 

experimental data. However, the model helps us to understand the nonlinear behavior 

because it allows us to separate the nonlinear contributions of the Mie resonance and the BIC 

and to reduce a complicated behavior to six model parameters. 

To understand the response of the model, we discuss exemplarily the metasurface with a 

period of 664 nm, but the behavior is the same for all fabricated metasurfaces. The linear 

fitting reveals that the resonance wavelengths corresponding to the resonance frequencies 

𝜔𝐷 and 𝜔𝐵, are in the broad transmission dip (1287 nm), and the asymmetric shoulder (1293 

nm) of the transmission spectrum, respectively. The linewidth of the Mie resonance and the 

BIC are estimated to be 52 nm and 12 nm, respectively. Figure 43a shows the overall THG 

response from the model and the individual contributions from 𝑥𝐷,1 and 𝑥𝐵,1 for the 

experimentally obtained data. One can see that the Mie resonance dominates the nonlinear 

response 𝑥𝐷,1, while 𝑥𝐵,1 plays only a minor role in the experiment, since the pump excites 

mainly 𝑥𝐷,1. Similar results can be estimated for the other experimentally obtained 

transmission spectra, and in every case, the nonlinear response of the Mie resonance 𝑥𝐷,1 

dominates the overall nonlinear response of the anharmonic coupled oscillator model. In the 
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case of the numerical simulations, the nonlinear response is dominated by the response of 

the BIC 𝑥𝐵,1. 

 

On the other hand, one can fit the anharmonic oscillator model to the numerically obtained 

transmission values, as shown in Table 6, the resonance wavelength 𝜔𝐷 obtained from the fit 

appears to be 1300 nm which agrees with Figure 39b. Further, the spectral position of 𝜔𝐵 

appears to be 1320 nm, which corresponds to the sharp peak in Figure 39b. The linewidth 𝛾𝐷 

appears to be 25 nm and 𝛾𝐵 = 0.1 𝑛𝑚, which leads to a Quality factor of the mode 𝑥𝐵 of 

13.200, which agrees with the assumption that the dark mode 𝑥𝐵 is a BIC mode [86]. Further, 

the coupling constant is smaller than 𝛾𝐷 which gives a connection of the coupled harmonic 

oscillator model to the Fano resonant regime [81⁠, 100]. In this case, the nonlinear response of 

the model, as shown in Figure 43b of the coupled anharmonic oscillator, is dominated by the 

BIC mode, and the TH response shows a sharp peak at the position of 𝜔𝐵, which originates 

from 𝑥𝐵. Further a broader “background” TH is visible which originates from magnetic Mie 

resonance 𝑥𝐷. 

To link the numerical results with the experiments, we varied the linewidth 𝛾𝐵 of the BIC while 

keeping the other model parameters constant. Figure 44a shows the transmission 

 

 

Figure 44. a) Linear transmission as calculated from the anharmonic oscillator model. We 

extracted the parameters for the model from the simulated transmission values in Figure 1d. 

However, the linewidth 𝛾𝐵 of the BIC was varied form 0.1 nm to 6.5 nm. b) the corresponding 

nonlinear oscillator strength for 0.1 nm and 6.5 nm linewidth [97]. 

 

values of the model if the linewidth 𝛾𝐵 is changed from 0.1 nm to 6.5 nm. With a linewidth of 

0.1 nm, the anharmonic oscillator model shows a sharp transmission peak at 1320 nm, as 

expected from the numerical results. However, when the linewidth increases from 0.1 nm to 
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6.5 nm, the transmission peak decreases, and the peak becomes a shoulder in the 

transmission dip of the mode 𝑥𝐷. This observation agrees with the experimentally determined 

transmission values of the metasurface for different periods in Figure 42c. The decrease in 

visibility of the QBIC peak is related to a decrease in the TH response of the nonlinear oscillator 

strength 𝑥𝐵,1, as shown in Figure 44b. Figure 44b shows a pronounced peak in the overall TH 

response related to the THG of the BIC 𝑥𝐵,1. However, by increasing the linewidth 𝛾𝐵 to 6.5 

nm, the peak due to the BIC 𝑥𝐵,1 becomes insignificant and the nonlinear response of the 

whole system is dominated by 𝑥𝐷,1. That means a decrease in the quality factor of the BIC 

quickly deteriorates its TH response. 

 

In summary, this model shows good qualitative agreement with the experimental and 

numerical results and predicts that the Mie mode is the main contributor to the overall TH 

response of the system. Moreover, this assumption also agrees with the experimentally 

determined conversion efficiency. In the nonlinear experiments, the conversion efficiency is 

of the order of 10−14 1/𝑊2. This conversion efficiency is comparable to the conversion 

efficiency reported in the literature for magnetic Mie resonances (see Table 2), while QBIC 

resonance enhances the TH conversion efficiency by orders of magnitude. 

Moreover, the experimentally obtained transmission shows a significant change in the 

resonance frequency of the Mie resonance, as shown in Figure 42c and d, compared to the 

simulations in Figure 41b, even though the average size of the cylinders in every fabricated 

Metasurface is similar. Moreover, the change in the material properties seems to increase 

with decreasing unit-cell size. In addition, the anharmonic oscillator model predicts increased 

losses in the material with decreasing unit-cell size. Therefore, it looks like the losses depend 

on the density of the nanoresonators on the Metasurface. It appears that higher densities of 

resonators lead to more losses, suggesting that the losses may occur during a fabrication step 

in which the damage to the material depends on the density of the resonators. Possible steps 

are electron beam lithography, since the amount of scattered high-energy electrons in the 

material is higher, or reactive ion etching, since it is a chemical process that depends on the 

density of the structures. It is known from previous work that reactive ion etching can distort 

the material structure and introduce lossy surface states that increase the absorption of the 

material [99⁠, 101]. It is already known that this mechanism broadens the Fano resonances in 

metasurfaces. In addition, a strong increase in absorption also leads to a change in the 

refractive index of the material since the Kramers-Kronig relationship links absorption and 

refractive index [3]. Since it is difficult to estimate the extent of the change in refractive index 

and absorption, we can only make a qualitative statement about the influence of various 

factors. However, the increased absorption does not appear to be the only mechanism playing 

a role in the low visibility of the QBIC. Another influence may come from the unavoidable 

manufacturing variations in nanofabrication, as explained in chapter 5.9. 
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Other reasons for the losses occurring in the system are due to symmetry breaking compared 

to the experiment. First, the nanoresonator array must be fabricated on a substrate, which 

breaks the symmetry of the metasurface in the direction of light propagation. However, the 

system was simulated by considering a substrate, so, the losses due to this asymmetry were 

already considered. However, since the simulation of the entire metasurface was not feasible, 

only the unit cell of the design was investigated numerically. A real metasurface has a limited 

size and therefore the translational symmetry is broken at the edge of the metasurface. 

Therefore, the radiation from the vertical magnetic dipole forming the BIC is no longer 

suppressed and thus a radiation channel opens. It has already been shown that the quality 

factor of the QBIC resonance increases with the size of the metasurface [81]. This is because 

for larger metasurfaces, the ratio of nanoresonators located inside the metasurface to 

nanoresonators located at the edge of the metasurface improves with the size of the 

metasurface, as the ratio of area to circumfence also increases with the size of the 

metasurface. However, the metasurface used in Ref. [53] has a quality factor of Q > 1000 and 

a linewidth of less than 1 nm, while the metasurface size is only 25 x 25 µm2. In addition, they 

use rectangular nanostructures but also target a vertical magnetic dipole to create a QBIC 

resonance. Working QBIC metasurfaces with quality factors around 200 have been 

successfully realized with metasurface sizes ranging from 50x50 µm2 to 200x200 µm2 [53⁠, 81⁠, 

89⁠, 102]. 

 

5.9 Influence of fabrication tolerances 

The linear experiments and the model show a substantial broadening of the Mie resonance 

for smaller periods. On the other hand, the measured THG intensity decreases for 

metasurfaces with a smaller period. This indicates that the absorption of the material 

increases with smaller periods. On the other hand, the Mie resonances for the metasurface 

with 730 nm and 811 nm periods show a very narrow linewidth that is closer to the linewidth 

observed in the simulations. However, the QBIC resonance is not observable even for this 

metasurface. The different observations in the experiment and the model suggest that there 

may be different mechanisms that may broaden the BIC, which are summarized in two 

parameters in the anharmonic oscillator model: The line width of the Mie resonance and the 

line width of the BIC. However, the broadening of the linewidth can have two causes: a 

homogeneous broadening due to material and scattering losses, and an inhomogeneous 

broadening where variation in geometry changes the resonant frequency and the average 

linewidth over all resonators becomes wider than the resonance when each resonator has the 

same size [3]. 

To account for the inhomogeneous broadening, I adapted a method from Ref. [102]. In their 

work, they simulate the metasurface unit cell supporting QBIC resonances for different 

geometric parameters and average the spectral response over the different geometries 
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according to a Gaussian distribution. The parameters of the Gaussian distribution, such as 

average magnitude and variance, are derived from the SEM image and analyzed using OpenCV 

in Python. Here we have used a similar approach, exemplified by the metasurface with a 

period of 664 nm, as shown in Figure 39a. As shown earlier, the two main parameters 

controlling the spectral position of the QBIC resonance, and the Mie resonance are the 

cylinder radius and the radius of the air hole. Due to nanofabrication, both parameters can 

vary. To determine the effect of the fabrication-induced variances on the transmission 

spectrum, one can simulate the spectrum of the unit cell for different combinations of air hole 

radius and cylinder radius. We used the value of the air hole radius and the cylinder radius 

around their respective average values, 𝑟̃𝑐 = 183 𝑛𝑚 in the case of the cylinder and 𝑟̃𝐻 =

 23 𝑛𝑚 in case of air hole. Here I swept the radius rC of the cylinder (radius rH , air hole) from 

165 nm (10.4 nm, air hole) to 200 nm (39.4 nm, air hole) in steps of 0.2 nm (0.2 nm, air hole). 

The obtained spectra are then averaged according to the two-dimensional Gaussian 

distribution with standard deviations σc and σH [103]: 

 

𝑓𝑋(𝑟𝐶 , 𝑟𝐻) =
1

2𝜋𝜎𝐶𝜎𝐻√1 − 𝑘2
exp(−

1

2(1 − 𝑘2)
[
(𝑟𝑐 − 𝑟̃𝑐)

2

𝜎𝑐
2 +

(𝑟𝐻 − 𝑟̃𝐻)2

𝜎𝐻
2 −

2𝑘(𝑟𝑐 − 𝑟̃𝑐)(𝑟𝐻 − 𝑟̃𝐻)

𝜎𝐻𝜎𝑐
]) 

84 

Where X represents the set of all possible combinations of (𝑟𝐶 , 𝑟𝐻) and k denotes the 

correlation between 𝑟𝐶  and 𝑟𝐻, and we assume here that the correlation k = 0. Note that this 

may not be the case depending on the nanostructure’s geometry and manufacturing method. 

Figure 45a shows the average transmission spectra for different standard deviations of the 

geometric variation from 0 nm to 2 nm, where for simplicity, σ = σC = σH. The spectral position 

of the Mie resonance and the QBIC does not change with increasing standard deviation and is 

at about 1300 nm and 1325 nm, respectively. Moreover, the linewidth of the Mie resonance 

does not increase much with the standard deviation and remains around 30 nm because the 

standard deviation σ is much smaller than the linewidth of the Mie resonance. However, the 

visibility of the QBIC resonance decreases with increasing standard deviation σ. Even small 
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Figure 45. a) Numerically determined averaged QBIC resonance spectra for the nanocylinders 

designs for different standard deviation values for the geometric variation from σ = 0 to σ = 2 

nm. Even for small standard deviations of 0.8 nm, the visibility of the QBIC resonance is greatly 

reduced. b) Scatter plot of the different metasurface with 664 nm period for the hole radius 

and the cylinder radius. 

 

standard deviations of only σ = 1 nm strongly influence the QBIC resonance and lead to a 

broadening where the visibility of the QBIC resonance decreases. At larger standard 

deviations, the QBIC resonance becomes a broad shoulder in the transmission dip of the Mie 

resonance before disappearing completely. This broadening is qualitatively similar to what can 

be seen in the linear transmission obtained experimentally. Note that the transmission spectra 

do not quantitively agree with the experimentally measured transmission spectrum since 

other effects in the fabrication chain may also influence the material's refractive index, as 

explained above. For this simulation, we used the refractive index shown in Figure 7. 

Furthermore, these results agree with those from Ref. [102]. Here, a similar effect of 

fabrication tolerances on the visibility of the QBIC resonance was found. However, Kühne et 

al. used other nanoresonator designs. The QBIC resonance was still visible even at larger 

standard deviations of the geometry parameters of up to 2 nm to 3 nm, and the decrease in 

QBIC resonance visibility is different for different nanoresonator designs. 

This analysis was performed for arbitrary standard deviations. However, to understand how 

strong the influence of manufacturing tolerances is, we estimate the standard deviation from 

several SEM images by a circle-Hough transformation in Matlab. To estimate the radii and 

their standard deviations, we first convert the grayscale SEM images to black and white images 

and then use the circle-Hough algorithm to derive the radii of the air holes and cylinders. 

However, the process has uncertainties. First, the imaging quality is affected by the lens 

aberration in the SEM optics, which leads to an enlargement of the objects at the image 

corners and thus to an increased size of the nanostructures, while the objects in the center 

remain almost unchanged. Second, the position of the electron beam changes slightly due to 

the charging of the sample and distorts the image. Due to this, we may overestimate the 
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standard deviation of the radii. However, the obtained radii pairs (𝑟𝐶 , 𝑟𝐻) can be plotted in a 

scattering plot in Figure 45b. From the scattering plot, one can derive the average values, 𝑟̃𝑐 =

183 𝑛𝑚 in the case of the cylinder and 𝑟̃𝐻 =  23 𝑛𝑚 in the case of the hole. The standard 

deviations are 𝑟̃𝑐 = 1.5 𝑛𝑚 in the case of the cylinder and 𝑟̃𝐻 =  3.5 𝑛𝑚. The values of the 

standard deviations are close to the value of 1.5 nm, at which the QBIC resonance is no longer 

observable. 

 

5.10 Diffraction Efficiency 

To analyze the behaviour of a metasurface, it is interesting to consider a blazed step phase 

grating, as it provides an easy model of how the geometry parameter, e.g., the period of the 

metasurface, affects the geometric phase itself and what constraints exist. The phase grating 

is illustrated in Figure 46; it has N equidistant phase steps of 2𝜋/𝑁. Here p is the period of the 

unit cell and every step has a size of 𝑝 = 𝑑/𝑁, where d is the period of the blazed phase 

 

 
Figure 46. Phase profile of a stepped blazed grating with a period of d which consisting of N 

equidistant phase steps 𝜙𝑛. In this example N = 4. 

 

grating. Each phase step n of the stepped blazed grating is given by 𝜙𝑛 = (𝑛 − 1)
2𝜋

𝑁
 and we 

assume that every step can be approximated as an independent scatterer. The diffraction 

angle of a blazed grating can be calculated from equation 59 in chapter 4.4. The transmission 

of such a stepped blazed grating from each element n is given as follows: 

 

𝑡𝑛(𝑥) = 𝑒𝑖𝜙𝑛  

85 

Where 𝜙𝑛 = 2𝜋(𝑛 − 1)/𝑁 is the constant phase steps. Here we assume that each element 

transmits or generates the same amount of light. We also assume no "shadowing effect" of 

the metasurface, i.e., each element emits unobstructed light over the entire unit cell of the 

phase step. Chapter 4.12 indicates that this effect is negligible in the nonlinear domain since 



Third harmonic generation and phase control with quasi-BIC and Mie resonances 

 
115 

 

the nonlinearly generated light is passed almost vertically through each nanoresonator on the 

metasurface, as shown in Figure 29g and h. 

However, when the grating is excited by light, the phase grating generates third harmonic light 

with an abrupt phase change from element to element, and the third harmonic light is 

diffracted into multiple diffraction orders. We showed that diffractive optical elements can be 

constructed and analyzed by a Fourier transform, but since a blazed diffraction grating is a 

periodic structure, instead of an continuous Fourier transform, one decompose the diffraction 

grating into a Fourier series, which is easier to analyze [104]. Here, the diffraction efficiency 

for each order of the stepped blazed grating can be determined by analyzing the Fourier series 

of the stepped blazed grating and its Fourier coefficient 𝑐𝑞 [104⁠, 105]: 

 

𝑝𝑘 = |𝑐𝑞|
2

= |
1

𝑑
∫ 𝑒−𝑖𝜙𝑛𝑒2𝜋𝑖𝑘

𝑥
𝑑  𝑑𝑥 |

𝑑

0

2
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Since 𝜙𝑛 are constant steps, it is possible to split the integral into several integral over the 

different constant steps [106]: 

 

𝑝𝑘 = | ∑ ∫ 𝑒−𝑖𝜙𝑛𝑒2𝜋𝑖𝑘𝑥′ 𝑑𝑥′

𝑛+1
𝑑

𝑛/𝑑

𝑁−1

𝑛=0

|2 
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Further, we can use the mathematical identity [106]: ∑ exp (−
2𝜋𝑖

𝑁
𝑁−1
𝑚=0 𝐴𝑚) =

sin(𝜋𝐴)

sin(
𝜋𝐴

𝑁
)
 to 

simplify equation 87: 

 

𝑝𝑘 = [
sin (

𝜋𝑘
𝑑

)

𝜋𝑘
𝑑

 ]

2

[
sin (𝑑(0.5𝜙1 −

𝜋𝑘
𝑁 )

𝑑 sin (𝑑(0.5𝜙1 −
𝜋𝑘
𝑁 )

 ]
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In total, the diffraction efficiency for the first diffraction order k = 1 is given by: 
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𝜂 = (
sin (

𝜋
𝑁)

𝜋
𝑁

)

2

 

89 

From this equation, it can be seen that the diffraction efficiency increases with the number of 

phase steps. Thus, as the phase resolution increases, the diffraction efficiency also increases. 

However, since we use discrete nanoresonators to build a metasurface for wavefront control, 

we cannot decrease the spacing arbitrarily. First, we cannot allow the individual elements to 

overlap. Second, since the nanoresonators have an evanescent field that decreases 

exponentially outside the resonator, decreasing the distance of the nanoresonator leads to 

increasing near-field coupling between the resonators, which changes the properties of the 

resonance, such as its frequency and phase relationship. Since each resonator has a different 

angle of rotation from its neighbor, the coupling strength between the individual elements 

varies, which has a negative effect on the nonlinear geometric phase. Part of this work was to 

determine the practical consequences of this behavior. As shown before, the period seems to 

influence the phase relation, which would make the period a good parameter to improve the 

diffraction efficiency. 

We fabricated a metasurface resembling a blazed-phase grating by using the geometric phase 

principle for experimental realization. We added a rotation from unit cell to unit cell by 22.5° 

in the x-direction to realize the phase steps 𝜙𝑛 of the stepped blazed grating. Therefore, a full 

rotation of 360° is covered by 16 unit cells, and a PB phase shift of 4𝜋 (8𝜋) in co-polarization 

(cross-polarization) is achieved. Therefore, we realize a total phase change of 0 to 2π with N = 

16 (8) steps in co-polarization (cross-polarization). Depending on the period, the diffraction 

orders appear at an angle of 4.64° (co-polarization) and 9.29° (cross-polarization) for a TH 

wavelength of 430 nm, with a maximum achievable diffraction efficiency of 98.72% in co-

polarization and 94.96% in cross-polarization, according to equation 89 and the diffraction 

efficiency decreases with phase resolution. 

 

5.11 Experimental Results 

To experimentally realize the nonlinear phase tailoring properties, we studied the third 

harmonic generation from our metasurfaces with the phase gradient based on the geometric 

phase principle for different unit cell periods, resulting in beam deflection (for details, see 

Capter 4.4). Since the phase gradient is similar to a phase blazed grating, the diffraction spots 

can be assigned to the individual phase gradients based on the phase factors of the geometric 

phase (±2nd↔±4α, ±1st↔±2α). To resolve and measure the deflection of the third harmonic 

light, we imaged the Fourier plane of the microscope objective that gathers the light from the 

specimen. The obtained TH intensity in different diffraction orders and the estimated 
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diffraction efficiencies for co-polarization and cross-polarization are shown in Figure 47. The 

Fourier space image for the co-polarized TH light shows a prominent spot in the first 

diffraction order (at the desired angle) with small contributions in the 0th and 2nd diffraction 

orders. In contrast, the TH light appears mainly in the second diffraction order when cross-

polarized. The zeroth-order diffraction spot in the center of the Fourier space carries no 

geometric phase. 

However, we calculated the diffraction efficiency for a given diffraction order as the quotient 

of the intensity of this diffraction order 𝐼𝑥 (marked by the dashed white lines), where x is the 

diffraction order and the total TH intensity 𝐼𝑡𝑜𝑡𝑎𝑙. In the co-polarization, the first diffraction 

order (proportional to 2α) appears with a very high diffraction efficiency (~90%) for periods 

from 664 nm to 811 nm, which is close to the theoretically possible value of 99.76%. In 

addition, the plots show that for a wide range of fundamental wavelengths, the high 

diffraction efficiency is maintained because the THG originates from the magnetic Mie 

resonance. However, at smaller periods (609 nm and 562 nm), the diffraction efficiency 

decreases dramatically due to the increase in near-field coupling strength between the 

neighboring nanoresonators. Moreover, the diffraction 

 

 

Figure 47. Diffraction efficiencies of TH light in different diffraction orders for different periods 

of phase gradient metasurface under excitation of fundamental beams with wavelengths from 

1240 nm to 1360 nm in co- and cross-circular polarized configurations. The Fourier images 

above the diagrams of diffraction efficiencies are shown for a period of 811 nm and for a 

fundamental wavelength of 1300 nm. The first row shows the same for the co-polarized 

measurement, while the second row represents the cross-polarized measurement [97]. 
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efficiency is negligible for the −1𝑠𝑡 (Figure 47b) and −2𝑛𝑑 (Figure 47a) diffraction orders 

because the phase gradients appear like blazed gratings. The same trend of variation of 

diffraction efficiency is observed for the third harmonic in cross-polarization. In cross-

polarization, the phase shift from unit cell to unit cell is 4α. As a result, the dominant 

diffraction occurs at the +2nd diffraction order (Figure 47e). In this case, we achieve a 

maximum diffraction efficiency of ~75% to 80% compared to a theoretically achievable 

diffraction efficiency of 94.96%. However, the overall diffraction efficiency is lower for the 

cross-polarization than for the co-polarized configuration. This is mainly because the TH phase 

changes at 4α for cross-polarization, while the phase changes at 2α for co-polarization, which 

decreases the phase resolution by a factor of 2. Subsequently, the diffraction efficiency 

decreases in cross-polarization compared to co-polarization. 

 

5.12 Vortex Beam Array 

To determine the functionality of our metasurface for applications, we developed a vortex 

beam array for realization at triple frequency, as discussed above. We chose a 3x3 array of 

vortices with different topological charges m to transform a Gaussian beam at the 

fundamental wavelength into an array of vortex beams at the TH wavelength. Considering the 

trade-off between conversion and diffraction efficiency described in Chapter 5.11, we 

designed and fabricated a geometric phase metasurface with a period of 664 nm. Taking 

advantage of the design freedom of the geometric phase principle, we have encoded two 

different vortex beam arrays in the co- and cross-polarization channels of the TH light 

(corresponding to phase factors of 2𝜎𝛼 and 4𝜎𝛼, respectively). The vortex beam array can be 

expressed by a Fourier series as follows: 

 

𝑇𝑁𝐷𝑉𝐺
(𝑛±1)𝜎𝛼 = exp(𝑖(𝑛 ± 1)𝐿0𝛼) ∑ ∑ 𝑇𝑚𝑛

(𝑛±1)𝜎𝜃exp (𝑖
2𝜋

𝑇𝑥

(𝑚𝑥 + 𝑛𝑦) + 𝑖(𝑚𝐿𝑥 + 𝑛𝐿𝑦)𝛼)

∞

𝑛=−∞

∞

𝑚=−∞
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The topological charges are 𝐿0 = 2, 𝐿𝑥 = 2, 𝐿𝑦 = 6 and n represent the harmonic generation 

order, 1 (for fundamental frequency) and 3 (for THG). Here, (n-1) and (n+1) describe the co- 

and cross-polarization configuration, respectively. The first point in the series expansion 

predicts the location of each diffraction order, which also relates to the generated frequency. 

The topological charges of each diffraction order follow the rule 𝐿0 + 𝑚𝐿𝑥 + 𝑛𝐿𝑦 for the 2σθ 

case and 2𝐿0 + 𝑚𝐿𝑥 + 𝑛𝐿𝑦for the 4σθ case. For each diffraction order, the numerical 

aperture is NA =
𝜆

𝑇𝑥
√𝑚2 + 𝑛2, which changes with the TH wavelength. Then, the phase 

profile in co- and cross-polarization can then be determined by a computer-generated 
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holography algorithm such as the Gerchberg-Saxton Algorithm or a genetic algorithm [107], 

using equation 90 as a target. 

The experimental and numerical results for the generation of nonlinear optical vortex arrays 

with corresponding topological charges are shown in Figure 6. The measurement setup is the 

same as explained in chapter 4.6, but the spectrometer is replaced by Andor Zyla 4.2 sCMOS 

camera to record the image of the vortex beam. There is also a tiny spot in the center of the 

Fourier plane, which is visible in the experimentally reconstructed arrays. It comes from the 

rest of the TH light, which does not contain geometric phase information. Note that the vortex 

beams with high topological charges start to interfere (e.g., the vortex beams with topological 

charges 14 and 16 shown in Figure 48a and b), as all vortices are packed within an angular 

range of 17.46° (NA = 0.3). In addition, one can see that the measured vortex arrays have a 

minor speckle pattern, which is typical of pure phase holograms. When one inverts the 

polarization state of the background illumination, the metasurfaces generate the conjugate 

images due to the sign change of the circular polarization state in the phase factor of the TH 

signal. In addition, another vortex beam array at the fundamental wavelength was encoded 

by wavelength multiplexing. The reconstructed holographic image at the fundamental 

wavelength in the cross-polarization channel as determined by the linear PB phase principle 

(allowed only in cross-polarization) is given in Figure 48e and f. The vortex beam array at the 

fundamental wavelength is reconstructed within an angular range of 36.86° (NA = 0.6); 

therefore, the interference between different vortices is small. Again, the conjugate vortex 

beam can be reconstructed by reversing the polarization state. Careful observation reveals 
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Figure 48. The left column shows the numerically determined vortex beam arrays with different 

topological charges at the TH wavelength for both polarization states: a) co-polarization and 

b) cross-polarization. The right column shows the experimentally reconstructed TH images in 

the Fourier plane, which resemble the numerically obtained arrays in a) co-polarization or b) 

cross-polarization. The numbers on the experimentally reconstructed images represent the 

topological charges of each generated vortex beam. c) shows the numerically simulated (left) 

and the experimentally measured (right) vortex beam arrays in cross-polarization at the 

fundamental wavelength [97].  
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that the individual vortex beams in an array produce ghost images due to internal reflections 

in the camera. The anti-reflection coating and the camera are designed for the visible spectral 

range. The ghost images are stronger for the vortex beam with low topological charges, e.g., 

for m = -2, because the intensity is concentrated on a smaller area of the camera sensor. 

 

5.13 Conclusion 

We show numerically and experimentally that a metasurface made of amorphous silicon 

nanoresonators can efficiently generate and shape TH light using Mie resonances and the 

geometric phase principle. The design achieves third-harmonic conversion efficiencies of up 

to 10−14 1/𝑊2 when illuminated with circularly polarized fundamental laser light in a 

wavelength range of 1240 to 1360 nm. The numerical studies show that the design supports 

QBIC to enhance the nonlinear conversion efficiency. However, in the experiments, the main 

contribution to the nonlinear signal comes from the Mie resonances that are also present in 

this wavelength range. This is confirmed by the model of the coupled harmonic oscillator. The 

main reason for the dominance of Mie resonance is the low quality factor of QBIC mode, which 

is due to inaccuracies in the nanofabrication process, such as surface roughness and surface 

states formed by reactive ion etching. Therefore, it can be challenging to implement a QBIC 

resonance in an experiment since it is easy to over-or under-couple to modes with a very low 

linewidth. During the design process, one must keep in mind and account for broadening 

mechanisms, such as material-induced losses and variations in the QBIC resonance 

wavelength due to the variance in the geometry of the individual nanoresonators in the 

metasurface. However, a good design process for QBIC resonant metasurfaces must include a 

sensitivity analysis of the resonance for each factor. Note that due to the low visibility of the 

QBIC resonance, we can only make qualitative arguments for specific loss mechanisms, as 

material properties appear to change significantly during nanofabrication. 

However, the metasurface provides high diffraction efficiency at the third harmonic 

wavelength based on the nonlinear geometric phase principle. Moreover, the principle of 

geometric phase can be used to encode a vortex beam array in the nonlinear generation 

process with high fidelity. However, since the Mie resonance was the main contributor to the 

nonlinear signal, the question of how the geometric phase affects the QBIC state was not 

investigated in the experiment. Nevertheless, the concept offers a path to obtain miniaturized 

nonlinear metadevices that can control light flow in applications which require a small spatial 

footprint.  
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Chapter 6 Outlook 

In this work, we studied dielectric metasurfaces in terms of their third-order nonlinear 

geometric phase response. We have investigated whether one can encode an arbitrary phase 

profile into the third harmonic generation process and manipulate the light propagation in 

nonlinear optical metasurfaces. On the other hand, we tried to improve the nonlinear 

conversion and diffraction efficiencies of the nonlinear generation process to control the 

generation and propagation of third harmonic light. 

These results are a prerequisite for applications where one wants to replace bulky classical 

optical elements to meet tight space constraints. In the linear domain, metasurfaces are 

investigated to replace optical components in systems such as smartphone cameras [108] or 

to couple light from a chip to a fiber and vice versa as integrated elements. The latter is 

becoming increasingly important as semiconductor manufacturers begin to integrate optical 

components directly onto their chips [5]. In the nonlinear domain, applications are limited. 

Although the efficiencies shown in this work represent the state of the art for metasurfaces, 

the overall third harmonic efficiency of the metasurfaces are lower than the conventional 

nonlinear crystals. Therefore, applications of nonlinear metasurfaces in areas like augmented 

reality or holography are not yet feasible. Even though that higher harmonic generation can 

have an advantage in this area since the nonlinear conversion process would allow to filter 

out “background” or stray light at the fundamental wavelength and enhancing the image 

contrast. Nevertheless, the nonlinear efficiencies are high enough that cheaper and smaller 

optical detectors can detect the generated light if the metasurface is pumped with a 

sufficiently high peak power. For this reason, nonlinear dielectric metasurfaces may find their 

first applications in femtosecond laser diagnostics, as ultrashort pulse lasers deliver high peak 

powers and often require nonlinear operations to measure the properties of their pulses [3]. 

Optical devices such as autocorrelators or FROG/GRENOUILLE measurement systems are quite 

large and difficult to integrate into a laser system with tight spatial constraints [109]. A 

nonlinear metasurface that is less than one micrometer thick and integrates multiple functions 

into a single device can perhaps be integrated into a laser system to monitor laser function in-

situ without the need for another device on the optical table.  

In addition, although optical computing is still a distant goal, it has already been shown that 

metasurfaces with high third-order susceptibility that support bound states in the continuum 

can modulate light with light. Here, a laser beam can shift the QBIC resonance because it can 

change the refractive index of the material, which can change the transmission at that pump 

wavelength and make the metasurface transparent to another beam at the pump wavelength. 

This nonlinear optical gating is the first step towards a nonlinear optical element that can 

switch light with light [110 ⁠, 111]. 
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Another application where nonlinear metasurfaces can have an impact is spontaneous 

parametric downconversion (SPDC). Spontaneous parametric downconversion is the opposite 

of second harmonic generation or higher harmonic generation. In this process, a photon with 

a fundamental frequency 𝜔𝐹 is split into several photons with lower frequencies. For example 

a photon can be split into two photons at frequencies 𝜔𝑆 and 𝜔𝐼, called signal and idler, 

respectively [3⁠, 4]. Compared to higher harmonic generation, where the fundamental and the 

higher harmonic must satisfy certain energy relations, SPDC has different constrains in terms 

of energy, while the phase matching condition in nanostructures is relaxed [112]. This is 

because the energy of the signal and idler photons is not fixed. For example, a photon with a 

fundamental wavelength of 400 nm can be split into two photons with a wavelength of 800 

nm or into a pair where one photon has a wavelength of 300 nm and the other has a 

wavelength of 1200 nm, or infinite other combinations, since in Metasurfaces the phase 

matching condition is relaxed [112]. However, since all photon pair combinations are equally 

possible and one distributes a finite amount of energy over a vast space of possible photon 

pair combinations [3⁠, 4]. Therefore, the efficiency of spontaneous parametric down 

conversion is limited. Metasurfaces can play a role here too, as the Mie resonances or BIC may 

be used to enhance SPDC at a particular wavelength. First examples of SPDC with 

nanoresonators and metasurface made of GaAs, GaP and lithium niobate have already been 

demonstrated [112⁠–116]. However, in the future, one could combine the holographic 

functionality of geometric phase or Huygens metasurfaces with SPDC and realize various 

effects with these metasurfaces. In this context, it would be interesting to see if one can 

introduce a geometric or resonant phase into the SPDC process and steer the photons in a 

certain direction by phase manipulation. Since SPDC has no classical analogue and the photon 

pairs can be quantum mechanically correlated, it would be interesting to see what the 

consequences of phase control are in SPDC processes. 

In summary, nonlinear metasurfaces are versatile for encoding information in a nonlinear 

process and for functional applications that are more challenging than generating higher 

harmonic light alone. Therefore, the research field of nonlinear optical metasurfaces 

continues to expand, and exciting applications are published every day. 
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