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Abstract The present thesis contains contributions to output reference tracking
of nonlinear multibody systems via feedback control. We focus on three aspects
of this topic. First, we perform a structural analysis and develop a structurally
novel ansatz to decouple and represent the internal dynamics of an input-output
control system. It allows to derive the internal dynamics’ equations completely al-
gorithmically without the need to compute the Byrnes-Isidori form. Moreover, since
the internal dynamics are given in terms of the internal variable and the system’s
output, we may derive criteria on the system parameters to validate stability of
the internal dynamics in advance, i.e., whether a system is minimum phase can be
evaluated without decoupling the internal dynamics. The next aspect under con-
sideration concerns a certain feasibility assumption in feedback control. Namely,
for systems with relative degree larger than one, it is commonly assumed that the
higher output derivatives are available. However, this cannot be guaranteed for gen-
eral applications. Therefore, we elaborate on the so-called funnel pre-compensator,
first proposed in [32]. The funnel pre-compensator is a dynamical system, which
approximates a given signal arbitrarily good, and the pre-compensator’s output and
its derivative are explicitly known. We show that the conjunction of a funnel pre-
compensator with a minimum phase system with arbitrary relative degree results in
an overall system, which is minimum phase as well. As a consequence, we show that,
utilizing the funnel pre-compensator, output reference tracking via funnel control
is possible with output feedback only, i.e., the derivatives of the system’s output
need not to be available. The third main contribution consists of two novel feedback
control laws, each of which achieves a specific control objective. In the first case, we
consider the situation when the system’s output is subject to possible measurement
losses. We derive a control scheme with an intrinsic availability function, such that
in the case of measurement losses, output tracking with predefined accuracy can be
achieved, if some conditions on the maximal duration of signal absence and minimal
time of signal availability are satisfied. Both conditions are given explicitly. The
second control objective under consideration is exact tracking in finite time. We de-
velop a funnel control law, which achieves tracking of a given reference signal such
that the error evolves within prescribed bounds, and for a predefined final time, the
system’s output and its relevant derivatives match the reference exactly.
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Zusammenfassung Die vorliegende Dissertation enthalt Beitrage zum Thema
der Ausgangs-Referenz-Verfolgung von nichtlinearen Mehrkorpersystemen mittels
Riickfiihrungs-Regelung (engl. feedback control). Dabei stehen drei Aspekte
dieses Themenkomplexes im Mittelpunkt. Zunachst wird eine Strukturanalyse
durchgefiihrt und ein strukturell neuer Ansatz zur Entkopplung und Darstellung
der internen Dynamik eines Eingangs-Ausgangs-Systems entwickelt. Dieser erlaubt
es, die Gleichungen der internen Dynamik vollstandig algorithmisch herzuleiten,
insbesondere wird die Berechnung der Byrnes-Isidori-Form vermieden. Da die in-
terne Dynamik durch Ausdriicke des internen Zustands und der Systemausginge
dargestellt wird, konnen Kriterien an die Systemparameter formuliert werden, aus
denen die Minimalphasigkeit eines Systems bestimmt werden kann, ohne die interne
Dynamik zu entkoppeln und auf Stabilitat zu untersuchen. Der néchste untersuchte
Aspekt betrifft eine Annahme, welche hiaufig in der Feedback-Regelung von Syste-
men mit hoherem Relativgrad getroffen wird. Es wird tiblicherweise angenommen,
dass die hoheren Ableitungen des Systemausgangs dem Kontrollschema zugénglich
sind. Dies kann jedoch fiir allgemeine Anwendungen nicht garantiert werden. Aus
diesem Grund wird der, in der Arbeit [32] entworfene, funnel pre-compensator
genauer untersucht. Der funnel pre-compensator ist ein dynamisches System,
welches ein eingehendes Signal beliebig genau annéhert und diese Annaherung aus-
gibt. Dartiber hinaus ist die Ableitung des ausgegebenen Signals explizit bekannt.
Es wird gezeigt, dass die Verkniipfung eines minimalphasigen Systems beliebigen
Relativgrads mit einem funnel pre-compensator wieder ein minimalphasiges System
ergibt. Damit lasst sich zeigen, dass unter Zuhilfenahme des funnel pre-compensators
Ausgangs-Referenz-Verfolgung mittels funnel control moglich ist, ohne dass die
hoheren Ableitungen des Systemausgangs bekannt sein miissen. Der dritte Haupt-
beitrag besteht aus zwei neuen Feedback-Regelgesetzen, wobei jedes ein bestimmtes
Kontrollziel erreicht. Im ersten Fall werden Systeme betrachtet, deren Ausgange
moglichen Messausfallen unterworfen sind. FEs wird ein Regelgesetz entworfen,
welches auch in diesem Fall Ausgangs-Referenz-Verfolgung mit vorbestimmtem
Fehlerverhalten garantiert, falls bestimmte Bedingungen erfiillt sind. Diese Bedin-
gungen betreffen die maximale Dauer des Signalausfalls und die minimal bendétigte
Zeit des gesicherten Vorhandenseins des Signals. Beide Bedingungen werden explizit
angegeben. Das zweite Kontrollziel ist Ausgangs-Referenz-Verfolgung mit exaktem
Wert zu einer vorgegebenen endlichen Zeit. Es wird ein Kontrollgesetz entworfen,
welches Ausgangs-Referenz-Verfolgung mit vorgegebenem Fehlerverhalten erreicht,
wobei der Systemausgang und seine relevanten Ableitungen fiir eine vorgegebene
Zeit genau mit der Referenz iibereinstimmen.
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1 Introduction

Feedback mechanisms are ubiquitous in every person’s everyday life. Being upright,
walking, riding a bike, eating, using tools, and even communication is based on pro-
cessing of impressions. A brief look at the world of plants testifies to the fact that
in nature itself feedback mechanisms are developed and utilized, e.g., the turning
of the blossom of a sunflower towards the sun; or the flight of a bird between trees.
In all these illustrative processes, the actual effects achieved are perceived and com-
pared with the intended effects. Thereupon, the causes of these effects are adjusted
according to the registered errors. This defines a feedback structure. However, feed-
back systems not necessarily consist of living matter. In particular, when it comes
to control, the systems are considered as consisting of inanimate matter. One level
of abstraction higher, as regards the mathematical description and the development
of control schemes, the objects under consideration are, e.g., functions, operators
and trajectories.

To get an impression of the successful history of feedback control, we outline some
milestones in its development; for detailed surveys on control see, e.g., [169, 186].
The Greek mathematician and inventor Ktesibios (285 - 222 before our calendar)
incorporated a feedback mechanism into a water clock to regulate the flow and so
improved its accuracy, cf. [133, 116]. About 1900 years later, the Dutch mathemati-
cian, physicist and inventor Christiaan Huygens (1629 - 1695) invented, besides his
numerous seminal contributions to science, a centrifugal governor, which regulates
the pressure and distance between millstones in windmills, cf. [149]. This control
idea was then used by the Scottish inventor and engineer James Watt (1736 - 1819)
who developed, in addition to groundbreaking technical achievements, a successor of
the centrifugal governor which regulates the admission of steam into the cylinder of
his famous steam engine, cf. [141, 183]. Since Watt’s centrifugal governor, patented
in 1788, combines sensing, actuation and control, it is widely considered as the
birth of modern control technology. The theoretical investigation of such regulating
systems was started by Maxwell in 1868 [140], where he studied linearized models
and performed a stability analysis; moreover, he derived stability conditions of third
order closed-loop systems in terms of the roots of algebraic equations. The general
case was then treated by Routh [172]. Independently, Vyshnegradskii developed
a stability criterion for third order steam engine regulators in 1876 [193]. This
article strongly influenced the further developments in various engineering contexts,
cf. [4]. In the subsequent years, driven by the Industrial Revolution, different control
techniques and feedback strategies were invented in the fields of electricity [184],
industrial process control [205], ship steering [144, 177] and flight control [142].
While the invention and development of control systems in the former cases were
driven by engineering insights and intuition, in the latter case a solid theoretical




basis was extremely important for safety reasons. Unfortunately, as so often in the
history of technology and invention, control theory was primarily driven by war. So,
since prior to, and during, the Second World War it was realized that science may
play an important role in the war, many control systems were developed for military
purposes in the first half of the twentieth century, cf. [12]. Linked to this was the
further development of methods in control theory, such as the frequency response
method [156, 39] and the theory of servomechanisms [79], where in the latter case
the transfer function of a system could be determined experimentally and then,
involving Nyquist plots, it could be used to design control structures. At that time,
the first successes were achieved in replacing mechanical and pneumatic computers
with electronic computers, cf. [136, 167]. Now it was possible to simulate large sys-
tems and use mathematical models to study the behaviour of diverse systems under
different operating conditions. However, since servomechanism theory did not work
well for systems with many input and outputs, the construction of models based
on the method of frequency response was quite time consuming. In general, perfor-
mances had to be optimized and new tools and mathematical descriptions had to
be developed. At this stage of the new discipline “control theory”, Kalman laid the
foundations of state-space theory and published a series of seminal works, cf. [102,
34, 103] to name but a few. In order to specify the questions he considered, the
fundamental terms of reachability and observability were introduced, and to study
questions of stability, the earlier results on stability of differential equations found
by Lyapunov [138] were utilized. The new state-space theory strongly influenced the
following decades of research and was widely applied in engineering. To give just one
example, the so-called “Kalman filter” [101] was of crucial importance in NASA’s
Apollo program. As mentioned above, feedback techniques were intended to be used
in flight control. However, since the dynamic properties of flight vehicles change
drastically with flight altitude and speed, ballistic missiles and supersonic flight
caused new challenges in control. The existing control systems with constant gain
could not be used for the entire flight envelope. For this reason, the research turned
towards adaptive control, in particular, model reference adaptive control was under
consideration, cf. the works [198, 162, 145, 115, 147, 114]. In the subsequent years,
more and more techniques and control structures were developed, which achieved
tracking of an external (given) trajectory, see, e.g., the articles [96, 109, 86]. This
particular control objective, namely tracking of a given reference trajectory is the
guiding topic of the present thesis and is introduced in the subsequent Section 1.1.

Before we introduce the concepts of output reference tracking in detail, we briefly
outline the structure of the present thesis, which contains contributions to this
particular topic. There are three main aspects under consideration. As the first
aspect, in Chapter 2 we elaborate on the so-called internal dynamics of input-output
control systems of the form

i(t) = f(d(t), 2(t) + g(z(t))u(t), =(0) =2" €R",
y(t) = h(xz(t)),

where f € C(RP xR";R"), g € C(R™";R™*™), h € C}(R"; R™); further, y : R5g — R™
is the output and u : R>g — R™ is the input. To have a picture in mind, the internal
dynamics are the dynamics within the system, which are not visible at the output
explicitly. The internal dynamics play a crucial role in control theory, since almost




Chapter 1. Introduction

all controllers (feedback as well as feedforward) require the internal dynamics to be
stable. Hence, in order to verify applicability of a control scheme to a given system,
a stability analysis of the internal dynamics has to be performed. To this end, the
internal dynamics have to be decoupled. A typical and well-known technique to
decouple the internal dynamics is to transform the system into the Byrnes-Isidori
normal form, cf. [98]. However, finding the respective transformations requires a lot
of computational effort, such as solving partial differential equations with feasibil-
ity constraints. To avoid this, in Sections 2.1.1 & 2.1.2 we present a structurally
new ansatz to decouple the internal dynamics and present a representation of these,
which only involves system parameters. The internal dynamics’ equations are then
given in terms of the system’s output and its derivatives and can be derived com-
pletely algorithmically. In Section 2.2 we use the novel representation to derive a
stability result for the internal dynamics. This allows, for a certain class of systems,
to conclude stability of the internal dynamics in advance directly from the system
parameters, without the need to decouple the internal dynamics and perform a sta-
bility analysis.

The second aspect under consideration concerns a certain availability assumption in
feedback control of systems with relative degree larger than one. Roughly speaking,
the relative degree of a system is the number the system’s output has to be differen-
tiated such that the input appears explicitly. Typically, feedback laws for systems
with relative degree r € N involve the first » — 1 derivatives of the system’s output.
However, in general, the derivatives are not known. In this case, the derivatives can
be calculated via numerical differentiation, or approximated by high-gain observers,
for instance. Both of these techniques have their advantages, however, also particu-
lar disadvantages, cf. [190, 76]. To circumvent these, in Chapter 3 we elaborate on
the funnel pre-compensator first proposed in [32]. This is a dynamical system which
takes a signal, e.g., the output of a system, and gives an arbitrary good approxi-
mation of the signal as an output. Moreover, the derivative of the compensator’s
output is known explicitly. To utilize this property for feedback control, we show in
Section 3.2 that a minimum phase system

v (1) = f(d(t), T(y,....y"")(1) + Tult),

with arbitrary relative degree r € N, f € C(RP x R%R™), a causal, bounded-
input bounded-output and locally Lipschitz operator T introduced in Definition 1.4,
and symmetric I' > 0, in conjunction with a funnel pre-compensator, results in a
minimum phase system with the same relative degree. This overall system is then
amenable to funnel control, and output reference tracking can be performed with
output feedback only, i.e., without involving the output’s derivatives.

The third main contribution of the present work in Chapter 4 is the introduction of
two novel funnel control laws, each of which achieves a certain control objective. In
Section 4.1 we consider output reference tracking in the case that the output signal
is possibly subject to measurement losses. For linear minimum phase systems

@(t) = Az(t) + Bu(t), z(0)=2"€ R",

with matrices A € R™™, O, B € R™™ and arbitrary relative degree r € N,
we derive a funnel feedback law, which guarantees that the tracking error evolves
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1.1. Output reference tracking and funnel control

within prescribed bounds, even if the output signal is lost in some intervals. Here,
the maximal duration of signal losses and minimal time of signal availability have
to satisfy certain conditions, which depend on the system parameters (in particular,
these conditions strongly depend on the internal dynamics) and are given explicitly.
In Section 4.2 we focus on the long-standing open problem of exact tracking in finite
time via feedback control. For nonlinear systems

i (2) F1d(@), Ty, -y ) (0), ult))
s ) \Jnld®). T, g0, u(t))

with vector relative degree (71, ...,r,) € NV f € C(RP x R? x R™; R™) satisfying
the high-gain property in Definition 1.10, and operator T as above, we present a
funnel feedback law, which guarantees that the system’s output y and its derivatives
have predefined values at a predefined time T, i.e., yl(j)(T) = yi(i)ef(T), 1=1,...,m,

j=0,...,7,—1; and moreover, the tracking error y — y,t evolves within prescribed
bounds.

Although the main content of the present work does not directly concern the
invention and design of feedback control laws, it is directly related to, in the sense
that techniques and tools are provided, which improve and extend the applicability
of existing feedback control schemes. More precise, the present work mainly consists
of contributions to output reference tracking via feedback control, which can be seen
as the overarching topic. Therefore, we provide a brief introduction to this topic in
the next section.

1.1 Output reference tracking and funnel control

Since almost all results in the present work are derived in the context of output
reference tracking, we give a brief introduction to this topic. Moreover, since we
make extensive use of the idea of funnel control, we provide a brief introduction to
this topic too.

To begin with, we introduce the problem of output reference tracking. To this end,
we consider an input-output control system

$(t> = f(tv x(t)v u<t))7 x<0) = :L.O’
y(t) = h(z(t)),

where f: Rsg x R" x R — R" and h : R® — RP are to be specified later in the
light of the respective contexts. In system (1.1), the function u : Ry — R™ is called
input and y : R>o — RP is called output. Now, the goal of output reference tracking
is to find an input signal v such that the output signal y follows a given reference
signal y,.f. Here “follows” encodes the respective control objective, which in general
describes the desired tracking quality in terms of the error e := y — y,.f. The control
objectives emerged as those that received the most intensive treatment are

(1.1)




Chapter 1. Introduction

(CO.1) asymptotic tracking, that is, for long times
the tracking error approaches zero, i.e., |e]
lim, 0 [[e(2)]] = 0,

Time

(CO.2) approximate tracking, also known as M-
tracking, where the tracking error becomes ||e]|
smaller than any predefined A > 0, i.e.,

limsup, o [le(t)]] < A, Time

(CO.3) prescribed transient behaviour, where the .
tracking error is guaranteed to evolve within  |[|e]| [\'~.
prescribed bounds. G

~

Time

To perform output reference tracking, in general, two main control strategies can
be distinguished: feedforward control (“open-loop”) and feedback control (“closed-
loop”), cf. [164, Sec. 9]. The two control strategies are schematically depicted in
Figure 1.1.

Parameter
| 4 System i
Feedforward | u System v
Controller
I Feedback | €= ¥ = Yret % Yrer
Yret Controller ~
(a) Feedforward control system. (b) Feedback control system.

Figure 1.1: Schematic structure of the two control strategies: feedforward control
and feedback control.

Performing output reference tracking via feedforward control means to calculate
an input control u(t) based on the system’s equations and parameters, the initial
data and the reference signal y,.f, such that the system’s output evolves along the
reference trajectory. Therefore, the control signal is based on an inversion of the
underlying model - in some sense, not to be specified here. If, however, the system
parameters are not known exactly, the application of a feedforward control signal
leads to a tracking error, i.e., ¥ — yof # 0. Generally, this tracking error cannot be
compensated by the feedforward controller, since it does not incorporate information
about the actual output y(t) at time ¢, see, for instance [183, Sec. 1.4]. Moreover,
if the system is subject to unknown disturbances, the tracking may fail. For this
reason, often two degrees of freedom feedforward controllers are used [83], that is,
a feedforward controller combined with a feedback loop, where the feedforward
controller is responsible for the tracking of the reference signal and a feedback loop
stabilizes the system and rejects disturbances, cf. [70, 58]. Since the present work
focuses on feedback control, we will not go into detail about feedforward control
strategies here, but we refer to the works [55, 70, 37, 71, 199, 97, 158], the sur-
vey [129] and the recent work [58] and the references therein, respectively.




1.1. Output reference tracking and funnel control

In contrast to feedforward control, a feedback controller compares the output y(¢)
at time ¢ with the desired output y,.¢(t) and feeds the error e(t) = y(t) — yrer(t) back
to the system, see Figure 1.1b. As in the present thesis we concentrate on output
feedback control, we exclude the introductory discussion of feedback strategies such
as full state feedback, which is the underlying principle in, e.g., pole placement,
cf. [164, Sec. 9]. Involving the output tracking error e(t) at time ¢, a feedback con-
troller calculates a control signal u(t¢,e) (the dependence of the tracking error is
indicated), which affects the system in a regulating manner to achieve that the out-
put follows the reference. Since there are almost countless different feedback control
strategies, in this introductory section we outline only two of the most popular and
widely used. To begin with, we briefly look at a feedback controller, which inherently
relies on a model of the system being controlled, one of the most successful feedback
control strategies, so-called model predictive control; for a detailed introduction see,
e.g., [49, 73]. Such control schemes involve an underlying model, based on which
an input control is calculated, which forces the output to follow the given reference
and moreover, ensures that the control satisfies certain optimality conditions. One
advantage of this strategy is that it makes use of knowledge about the system to
reduce the control effort, however, to the prize of high computational costs of solving
an optimal control problem. For detailed considerations and applications see, e.g.,
[146, 170, 49, 73, 2], the survey [122] and the references therein, respectively. In the
present work, however, feedback control schemes are of particular interest, which
do not involve any identification of the system being controlled, but only take the
system’s output as information. So, in contrast to feedforward control and model
predictive control, in what follows we will concentrate on model free control strate-
gies which do not involve an underlying model to compute the input control signal.
At this point we skip the introduction and discussion of several different methods
of designing feedback laws such as for instance sliding mode, cf. [189, 125, 59], H,
techniques, cf. [65, 176, 200] or backstepping, cf. [111, 112, 66]. As a prototype of
feedback control, we consider a very successful and simple representative of model
free feedback controller, the so-called PID controller; for an introductory overview
see, e.g., [13, 40]. This controller consists of three parts, namely a proportional part
of the current error e(t) = y(t) — yrer(t), an integrated part, and a differentiated part.
The control law then reads

u(t) = Kye(t) + K; /t e(s)ds + Kqé(t),

where the constants K, K;, K; € R are called gains, which can be tuned to improve
the controller’s performance, cf. [161]. Due to its simplicity and success in applica-
tions, this controller became the probably most popular and widely used model free
feedback control law. For detailed introduction, discussions and applications we
refer to [53, 182, 161, 202], the works [126, 5] and the references therein, respectively.

Leading from the general introduction on feedback control to the method of
particular interest and to the specific consideration of the control objectives (CO.1) —
(CO.3), we exemplary investigate the problem of output stabilization of a linear,
single-input single-output system

@(t) = ax(t) + bu(t), =(0)= 2",

y(t) = ca(t), (12




Chapter 1. Introduction

where a,b,c > 0. Applying the output feedback law
u(t) = —ky(t), k>0,
yields the closed-loop system
t(t) = (a — kcb) z(t).

If the control gain k is chosen large enough, i.e., if the control input has a high gain
such that kcb —a > 0, then the system stabilizes. More precisely, for k large enough
the solution x decays exponentially, and so does the output y. Hence, the goal of
output stabilization is achieved, and the control objective (CO.1) is satisfied with
reference y,¢(t) = 0. We emphasize that for any parameters a, b, ¢ > 0 this simple
output feedback control law stabilizes the system for £ > 0 large enough. Now, what
if the system parameters a, b, ¢ are unknown? Then it cannot be guaranteed, that
the gain £ > 0 is chosen large enough to stabilize the system, no matter how large &
is chosen. In this case, remedy is given by adaption of the gain k. The idea is to
increase £ monotonically, such that after some time it is large enough to stabilize
the system. This results in the adaptive high-gain feedback law

u(t) = —k()y(t), k(t) =y(t)*, k(0)=0. (1.3)

It was shown in [148, 48, 139] that this adaptive high-gain feedback control law
achieves stabilization of any system (1.2). Precisely, it was shown that the feedback
law (1.3) applied to a system (1.2) with arbitrary parameters a, b, c € R, satisfying
the relation cb > 0, yields a closed-loop initial value problem, which has a unique
solution (z,k) : R>p — R x R and satisfies lim; ,, z(t) = 0. Moreover, the high-
gain is finite, i.e., limy o k(t) = koo < 00. Thereby, control objective (CO.1)
is achieved with constant reference y,c(t) = 0. A closer investigation of the simple
adaptive scheme (1.3) reveals some disadvantages. First, although the monotonically
increasing gain k£ converges to a finite value, it may increase unnecessary strong if
perturbations are considered. Moreover, as long as the output y is unequal to zero,
the gain grows. Second, this control law is essentially restricted to linear systems.
And finally, to achieve tracking of an arbitrary reference and not only stabilization,
requires a modification of the adaption scheme, which includes an internal model
and thus, the adaption scheme is no longer model free and forfeits its simplicity,
cf. [80]. These drawbacks were partially circumvented by the following modification
of the adaption scheme and a respective new control law, the so-called \-tracker

u(t) = —k()e(t), k(t) = max {|e(t)] — X, 0}, k(0) = k°, A >0, (1.4)

where e = y — y,or is the tracking error. First of all, the feedback law (1.4) is able to
perform tracking of a given reference signal, not only stabilization. Second, due to
the adaption scheme, the gain k£ only grows if the tracking error is larger than a pre-
defined A > 0 and constant otherwise. And finally, the application of this controller
is not restricted to linear systems. Feasibility of the feedback law (1.4) for tracking
problems was shown in, e.g., [89, 1]. In particular, this controller achieves the con-
trol objective (CO.2), i.e., it can be guaranteed that the tracking error converges to
a compact interval [—\, A], where A > 0 is at the designer’s choice. However, similar
to (1.3), the adaption scheme (1.4) may lead to unnecessary large gain values k if

7



1.1. Output reference tracking and funnel control

the system is subject to perturbations. Since the function k is non-decreasing, large
values of k£ remain large and hence perturbations may be amplified with large values.
Whilst the adaptive A-tracker (1.4) improves the adaptive high-gain stabilizer (1.3)
in view of tracking, and the latter itself improves the constant high-gain stabilizer,
none of the above feedback laws (1.3) and (1.4) may influence how the tracking error
(or the stabilization process) evolves over time. In other words, the control objec-
tive (CO.3), which concerns the evolution of the tracking error over time, has not
been taken into account yet. In [143] a control objective was studied, which in some
sense is between (CO.2) and (CO.3). The posed control problem is “of forcing this
error [the tracking error between the output and the reference signal] to be less than
an (arbitrarily small) prespecified constant after an (arbitrarily short) prespecified
period of time, with an (arbitrarily small) prespecified upper bound on the amount
of overshoot.” [143] The controller proposed there achieves this task for a class of
linear time-invariant systems.

In the year 2002, ILCHMANN, RYAN and SANGWIN introduced in their seminal work
“Tracking with prescribed transient behaviour” [91] a control scheme, the so-called
funnel control feedback law, which in one fell swoop solved many long-standing open
problems in feedback control, more precise, in output reference tracking via feedback
control. The systems under consideration are of the form

y(t) = fd(t), T(y)(t), ult)),

1.5
Ylico0) = y° € C([—0,0; R™), (15)

where f € C(RP x R? x R™; R™) satisfies the so-called high-gain property introduced
in Definition 1.10, the operator T belongs to a certain operator class 7, introduced
in Definition 1.4, and d € £>*(R>; RP) is a bounded disturbance. The breakthrough
result in [91] is that the proposed controller achieves output tracking of a given refer-
ence, with prescribed transient behaviour of the tracking error. The main ingredient
in the new control law is the so-called funnel function p € W (R, Rsg), with
©(s) > 0 for all s > 0 and liminf, ,., ¢(s) > 0. It was shown in [91, Thm. 7] that,
if the tracking error satisfies the initial constraint ¢(0)||y(0) — yet(0)|| < 1 for some
given ypot € WH(Rso; R™), the feedback control law

u(t) = —k(t) - (y() = vher(t)), () = 1= gp(t)”y(lt) — et ()

achieves output tracking of a given reference signal y,.s with prescribed transient
behaviour, so it satisfies the control objective (CO.3). The controller (1.6), with
this particular gain function k, is a special instance of the control structure proposed

in [91] and is particularly well suited to illustrate the fundamental idea of funnel
control. By rewriting the gain function k in (1.6) as

(1.6)

1 1
p(t) V(t) — ly(t) =yt (D))

the intuition behind the funnel controller becomes obvious.

k(t) = P(t) = 1/p(t),

Intuition: Whenever the tracking error is close to zero, the gain is close to one
and the resulting input u is close to zero. Whenever the norm of the tracking error

8



Chapter 1. Introduction

e = Y — Yrer 1S close to the funnel boundary 1, the gain function k& becomes large
and the input u = —k - e strongly pushes the output towards the reference, i.e., the

error is pushed away from the funnel boundary. In one word, the funnel boundary
is repulsive.

Consequence: If the error is initially within the funnel boundaries, it will remain
within the funnel boundaries.

We illustrate this by the following simple example. Consider
y(t) = y(t) +u(t), y(0) =0,

with reference signal y,er : Rsg — R, ¢ — sin(t). As funnel function we choose

¢ :Rsg — Rsp, t = (e7*+0.1)7!, so the funnel boundary 1 = 1/¢ is exponentially
decaying.

1 i 13 27
\ —le(?)] —u(t)
‘\‘ =T 'w (t)
\‘ k(%)
05 2 o0
0 : 1 ) ‘ ‘
0 5 10 0 5 10
time t / s time t / s
(a) Tracking error e, funnel boundary 1) (b) Control input.

and corresponding gain function k.

Figure 1.2: Exemplary application of the funnel control scheme (1.6).

In Figure 1.2a the absolute value of the tracking error e = y — y,f and the funnel
boundary ¢ = 1/¢p, together with the corresponding gain function k are depicted.
It can be seen that, if the tracking error is small, the gain function has small values
close to one. However, if the tracking error approaches the funnel boundary, the gain
function rapidly grows. Note that in particular, the tracking error evolves within
the predefined funnel boundary, whereby control objective (CO.3) is satisfied. In
Figure 1.2b the control input u as defined in (1.6) is depicted. Here, the behaviour

of the tracking error causes the respective input signal, which forces the output y
towards the reference signal 1.

We emphasize some properties of the funnel control strategy.

(i) It is clear from system (1.5) and the control law (1.6), that the funnel con-
troller does not rely on system parameters; only structural assumptions such
as the high-gain property of the right-hand side f and the conditions on the
operator T have to be satisfied. So, the funnel controller is model free and
hence robust with respect to model uncertainties.
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(ii) One funnel control scheme is applicable to the entire class of systems, which
satisfies the structural assumptions.

(iii) The controller is able to compensate any bounded disturbance within the
system, so it is robust with respect to noise.

(iv) The controller has a very simple structure, comparable to the PID controller.

(v) The gain function, although time varying, is not a dynamical system, as it is
the case for the high-gain stabilizer (1.3) and the A-tracker (1.4). In particu-
lar, the gain function is not monotonically increasing and therefore does not
converge to a large value, but becomes large only when needed.

(vi) The funnel controller guarantees that the tracking error evolves within the
prescribed error bound 1/¢. Note that the funnel function ¢ is not neces-
sarily monotonically increasing, i.e., the funnel boundary is not necessarily
monotonically decreasing.

Beside the advantages listed above, the control law (1.6) is restricted to sys-
tems (1.5), i.e., multi-input multi-output systems with relative degree one. In 2007
a funnel controller for systems with arbitrary relative degree r € N was proposed
in [93]. However, this controller involves a backstepping procedure, which compli-
cates the controller severely. Since its inception in 2002 it took about eleven years
to extend the funnel control scheme in its simple structure to systems of relative
degree two, this extension was done in [78]. The new controller does not only
involve the tracking error e = y — y,o but its derivative é as well. It was then shown
in [78, Thm. 3.1] that the proposed controller achieves the control objective (CO.3)
of output reference tracking with prescribed transient behaviour of the tracking
error. Another five years of research finally brought the generalization of funnel
control schemes to systems of arbitrary high relative degree r € N in [24] in the
year 2018. The proposed control scheme consists of recursively defined auxiliary
error signals involving the tracking error’s derivatives up to order r — 1, which
follows the insights found in [91] and [78]. Up to this stage of the development of
funnel control schemes, only the control objective (CO.3) (and hence also (CO.2))
could be achieved. The task of asymptotic tracking (CO.1) remained an open
problem and was solved in 2019 for relative degree one systems in [123], where a
reformulation of the error variables led to the result [123, Thm. 6] of asymptotic
tracking with prescribed transient behaviour. The insights from [123] were used
in the recent work [21] to achieve asymptotic tracking for nonlinear systems with
arbitrary relative degree r € N. This controller does not involve the auxiliary error
variables as in [24] but straightforwardly uses the derivatives of the tracking error
e,é,...,e" . The ability to achieve control objectives (CO.1) — (CO.3) was shown
in [21, Thm. 1.9].

As it is feasible to achieve control objectives (CO.1) — (CO.3) as well as due to its
strikingly simple structure and implementability, the funnel controller proved to be
an appropriate tool for tracking problems in various applications such as control of
industrial servo-systems [76] and underactuated multibody systems [18, 26], control
of electrical circuits [33, 180], control of peak inspiratory pressure [166], adaptive
cruise control [28, 29], control of infinite-dimensional systems such as a boundary
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controlled heat equation [171], a moving water tank [27] and defibrillation processes
of the human heart [17], temperature control of chemical reactor models [94], speed
control of wind turbine systems [75, 77|, DC-link power flow control [180], voltage
and current control of electrical circuits [33], and oxygenation control during artifi-
cial ventilation therapy [165].

An alternative approach to achieve the control objective (CO.3) is the so-called
prescribed performance controller first introduced in [11]. Although they follow a
similar motivation, funnel control and prescribed performance control are funda-
mentally different. The latter transforms the system into a new form with new
states, where the transformation incorporates a performance function (similar to
the funnel function). The control law is then constructed using the new states. This
new formulation yields, that boundedness of the new states, which is achieved by
the proposed controller, implies the evolution of the tracking error within the pre-
scribed error bounds. The controller proposed in [11] is of rather high complexity,
since the unknown nonlinearities from the system are approximated via a neural
network. This issue of complexity was addressed in subsequent research and led to
the control schemes presented in [10, 8, 56]. The prescribed performance controller
was successfully applied in various contexts such as hypersonic flight vehicles [44, 43,
42], spacecraft control [99, 204], control of robotic manipulators [131, 181], trans-
portation systems, e.g., high-speed trains [137] or tractor-trailers [60] and numerous
more. For a detailed and comprehensive discussion of applications of the prescribed
performance controller see the survey [41]. While both controllers, funnel control
and prescribed performance controller, can claim great success in applications, both
partly suffer from their feasibility assumptions. For the prescribed performance con-
troller the entire state is required to be available; this was solved in [56], however,
via the incorporation of a high-gain observer, which has to be initialized properly,
cf. Chapter 3. The funnel controller, on the other hand, involves higher derivatives
of the system’s output. This issue is addressed in the present work in Section 3.3.

1.2 Preliminary definitions, concepts and results

In this section we provide definitions and introduce concepts which are used through-
out the present work. We briefly recall some basic concepts such as relative degree,
the representation of a system in Byrnes-Isidori form and the resulting equations for
the internal dynamics, which are particularly used in Chapter 2. For R C R"™ open
and F': R — R"™ we consider a dynamical input-output system

i(t) = F(x(t)) + G(z(t)) u(t), z(0)=2"€c R CR", @)

where the function A : R — R™ is the output measurement, y : R>g — R™ is the
output, G : R — R™™ is the input distribution and « : R>y — R™ is an input
affecting the system in an affine form. Note that the input and the output have
common dimension m € N.

Assumption. If not stated otherwise, throughout the present work we assume that
the input and the output of an input-output system have the same dimension.

11
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If m =1, a system (1.7) is called single-input, single-output (SISO), if m > 1,
it is called multi-input, multi-output (MIMO). In order to introduce the concept of
relative degree, we recall the following.

Definition 1.1. Let h : R® — R™ be a function which is differentiable on an open
set U C R”, and let F' : R® — R" be a vector field. Then, the Lie derivative of h
along F' is defined by

(Lrh)(2) =W (2) - F(z) e R™, ze€U,
where A’ : R® — R™*" is the Jacobian of h. For z € U, k € N and h € C*(U;R™),
we successively may define (LER)(2) := (L (L5 h))(2) with (L%h)(2) = h(2).

For a system (1.7) we denote the columns of G(2) by ¢i(z), i =1,...,m, z € R,
and may further define the Lie derivative of each component of the output along the
input distribution as

(Lahi)(2) == [(Lo i) (2), ooy (Ly, i) (2)] € R™™ 2 € R,

With the aid of Lie derivatives, in accordance with [98, Sec. 5.1] we recall the concept
of vector relative degree for (SISO and MIMO) systems (1.7).

Definition 1.2. A system (1.7) has vector relative degree (r1,...,r,) € N'*™ at a
point z° € R C R”, if there exists an open neighbourhood U C R of 2°, such that
for all z € U,

i) for all j € {1,...,m} and all k € {0, ...,r; — 2} we have (LsL%h;)(z) =0,

ii) and
I'y(2) (LaLp ™ ha)(2)
Fl)=| + | = ; € Gl,,(R),
L' (2) (Lo L™ hm)(2)
where I' : U — GIL,,,(R) is called high-gain matriz. If ry = --- = r,, = r € N, then

we say system (1.7) has strict relative degree .

To have a picture, the strict relative degree is, roughly speaking, the number
the output of a system has to be differentiated such that the input occurs explicitly.
Consequently, vector relative degree is the collection of numbers of derivatives needed
such that the input occurs in the respective output channel. We emphasize that,
due to Newton’s second law, namely that the rate of change of a body’s momentum
equals the applied force!, many physical systems have relative degree two, i.e., the
input (the applied force) occurs in the second derivative, i.e., the acceleration, of
the measured output (position).

Remark 1.3. Since the class of linear systems #(t) = Ax(t) + Bu(t) with out-
put y(t) = Cz(t), A € R™", input distribution B = [By,...,B,] € R™™ and
output measurement mapping C' = [C],...,CI]T € R™" is an important sub-
class of systems (1.7), we record that, in virtue of Definition 1.2, a linear system
has

L“Mutationem motus proportionalem esse vi motrici impressae, et fieri secundum lineam rec-
tam qua vis illa imprimitur” [151], translation “The alteration of motion is ever proportional to
the motive force impressed; and is made in the direction of the right line in which that force is
impressed.” [152]

12



Chapter 1. Introduction

(i) strict relative degree r € N, if
i) for all k € {0, ..., — 2} we have = CA*B = 0,
ii) and the high-gain matrix
[:=CA"'BeR™™
is non-singular,
(ii) vector relative degree r = (r1,...,7p), if
i) for all4,5€{1,...,m} and all k€{0,...,r; — 2} we have C;A*B; = 0,
ii) and the high-gain matrix
I CiA"'B, ... C1A"TIB,
=1]:|= : : e R™™,
' CpA™ B ... C,A™"1B,
is non-singular.

Next, we introduce a class of operators that play a significant role in the definition
of classes of dynamical systems under consideration in Chapters 3 & 4.

Definition 1.4. For ¢ > 0 and n,q € N we define the operator class

w={T:C([—0,00);R") = L5 (Rso; R?) | T satisfies (T.1) — (T.3)},

R
where

(T.1) T maps bounded trajectories to bounded trajectories, i.e., for all ¢; > 0 there
exists ¢ > 0 such that for all £ € C([—0,00); R"),

sup [[E@)]| <1 = sup [T < e,
) te[0,00)

te[—o,00
(T.2) T is causal, i.e., for all t > 0 and all (,{ € C([—0, 00); R"),

oty = Elimoy = T(Olpy = T,

(T.3) T is locally Lipschitz continuous in the following sense: for all ¢ > 0 and all
functions £ € C([—o,t];R™) there exist numbers A, 4, ¢ > 0 such that for all
Cla CQ € C([_O-7 00)7Rn> with C1|[—U,t] - §7 <2|[—0',t] = é— and ||<1(8) - €(t>|| < 67
IC2(s) — &(t)|| < 6 for all s € [t,t + A, we have

ess suPyer ] [T(C1)(8) = T(C) ()| < € supsepy,erafllGi(s) = Gas)]]-

Since the definition of the operator class 7"? is rather technical, a commentary
seems appropriate. Property (T.1) encodes a stability condition on the internal
dynamics of a given system, (T.2) is a causality assumption, which typically arises
in physically motivated contexts and is quite naturally satisfied there; this property
is important when establishing well-posedness of solutions of respective dynamical
systems. The technical property (T.3) comes into play establishing the existence of
a solution of closed-loop initial value problems under feedback control.
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Remark 1.5. In the context of physically motivated dynamical systems encom-
passed by the systems under consideration later in Chapters 3 & 4, it is worthwhile
to have a closer look on what the operators belonging to 7,%? may embrace. We
collect a selection of important physical phenomena, which can be modelled by
operators belonging to 7"9.

(i) Hysteresis occurs, if the state of a system depends on the system’s history.

For relay hysteresis, exemplary consider a magnet in a given magnetic field.
Then, the magnetic moment of the magnet depends on how the applied field
changed in the past. In physical and chemical systems, relay hysteresis effects
are often related and associated with irreversible thermodynamic changes and
deformations. Moreover, such hysteresis occurs in many artificial systems,
such as in Schmitt triggers, which are used in signal processes, for instance to
convert analogous signals to digital signals; or heating devices which include
thermostats. Formally, let r; < 7o, and let oy : [—ry,00), ag : (—00,19)
with aq(r;) = as(r1) and ay(rg) = ag(re) be globally Lipschitz continuous.
Feeding in the continuous input v : R>gp — R to the hysteresis element, the
output w : Rsg — R is such that (v(t),w(t)) € graph(a;) U graph(as) for
all t € Rsq; either w(t) = ag(v(t)) or w(t) = as(v(t)), depending on the the
history of v, namely if the threshold r; or ry was last attained by v. This
situation is schematically depicted in Figure 1.3.

Output w(t) = (Tv)(t)

//

} | Input v(t)
1 T2

]

Figure 1.3: Schematic input-output relation of a relay hysteresis
element.

A proper initialization then yields that for every input v € C(Rso;R) the
hysteresis element has a unique output w = Tv € C(R>o; R), where the oper-
ator T belongs to the class 7"

A frequently occurring phenomenon in mechanical systems is backlash hys-
teresis, which describes the play between two parts of a solid link. Consider a
link consisting of two solid parts P; and P,. For some b > 0, the displacement
of each part at a time instant ¢t € Rx is given by v(t) and w(t), respectively,
where |v(t) —w(t)] < bfor allt € Rsg and w(0) := v(0)+p for some p € [—b, b].
The situation is depicted in Figure 1.4.
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P |2b
- /b/ /b/ "

Figure 1.4: Structure of a mechanical backlash hysteresis element
and schematic input-output relation.

Now, the position w of part P, is constant as long as the displacement v of
part P; is within the inner part of P». Then, for a continuous v : R>g — R
we have for P, that w(t) = 0 whenever |v(t) — w(t)| < b. With this, we may
introduce a family of backlash hysteresis operators T, depending on the pa-
rameter p, such that w = Tpv for a given v € C(R>¢;R), thus T, € 761’1.
Further hysteresis effects, which can be modelled by operators belonging
to T are generalized backlash as introduced in [113], elastic plastic hysteresis
and general hysteresis effects modelled by so-called Preisach operators. For
detailed overviews discussing the mathematical properties of the operators
briefly discussed above, see, e.g., [113, 134, 90].

Delay is an effect which, due to the finite propagation of information, occurs
actually in any real system; see Figure 1.5.

Space

v(t)

| |
1
T Time

Figure 1.5: Schematic structure of information delay.

In virtue of [173, 90, 21] consider for k£ = 0,..., K possibly nonlinear func-
tions Ay : R x R™ — R? such that Ag(-, z) is measurable for each z € R™,
and for every compact C' C R™ there exists ¢ > 0 such that

for a.a. t ER V21,29 € C 1 ||Ag(t, 21) — Ax(t, 22)|| < cllz1 — 22|

For k = 0,...,K let 7, > 0 and define 7 := maxycqo,. xy 7. Then, for
v € C([—T,00), R™) we may define the following operator,

(Tv)(1) :_/_ Bols, vt +5)ds + 3 Al vt — ), £ 0,

which models point and distributed delays and belongs to the class 7.™9.
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(iii) Insome contexts, in particular when dealing with partial differential equations,
the respective spaces are not finite dimensional any more. For instance in
the articles [17, 27] situations are under consideration, where the operator T
represents infinite dimensional internal dynamics.

Next, we introduce a class of functions which form the basis to define a concept
of a solution of ordinary differential equations. The definition follows [88, App. B].

Definition 1.6. For n € N let D C R5; x R" be a non-empty, connected and
relatively open set, i.e., D is a domain. For ¢ € N a function f : D x R? — R"
is called Carathéodory function, if for every [tg,t;] x K C D, where K C R" is a
compact set, and every compact set () C R"

(C.1) f(t,-,-) : K x @ — R" is continuous for almost all ¢ € [ty, 1],
(C.2) f(-,z,q) : [to,t1] — R™ is measurable for each fixed (z,q) € K x Q,

(C.3) there exists an integrable function « : [to,t1] — Rs( such that for almost
all t € Ry and all (z,q) € K x @ the estimation || f(t,z,q)| < a(t) is valid.

Next, we introduce the concept of a solution to an initial value problem.
For n,q € N, 0 > 0 and ty € R>g let D C R>y x R" be a domain, F': D x R? — R"
be a Carathéodory function as in Definition 1.6, and T € 79 be an operator as in
Definition 1.4. We consider the initial value problem

i(t) = F(t,z(t), T(z)(t)), (1.8)
Tl(cotg) = 2" € C([—0,to); R™), (to,2°(t0)) € D.

Then, in virtue of [91, Sec. 5], we have the following definition.

Definition 1.7. A solution of (1.8) is a function x € C(I;R™) on an interval of
the form [ = [—o,®], for ty < @ < o0, or [ = [—0,w), for w < oo, such that, for
J :=1\[—0,to], we have x||_y 4, = 2°, 2|, is absolutely continuous with (¢, z(t)) € D
for all t € J, and

VieJ : x(t) =x(ty) +/ F(s,z(s), T(z)(s))ds. (1.9)

to
A solution is maximal if it has no proper right extension that is also a solution.

Remark 1.8. As pointed out in [84, p. 234] the interpretation of the “local Lipschitz
property” (T.3) in Definition 1.4 and so the interpretation of a solution x € C(/; R")
of (1.8), where I = [—0,@] or I = [—0o,w) for finite w, requires special attention
since the operator T has C([—o,00); R") as its domain. Let J := I \ [-0,0) and
z € C(I;R™). For each 7 € J define the function =, € C([—0,00); R") by

oo (t) = {x(t), t e [~o,7],

z(1), t>T.

Now, we associate with the operator T € 77 its “localisation”, namely the operator
T :C(;R™) — L2.(J;R"™) defined as

loc

Vreld: T(iv)ho,r} = T(x:)]j0,7-
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Note, that by Definition 1.4 (T.2) the operator T is well defined. Together, a re-
placement of T by T in (1.9) yields the correct interpretation of a solution; however,

throughout the present work we will notationally not distinguish between T € 7,4
and T.

Since we extensively use the result [91, Thm. 5] concerning the existence of
solutions of ordinary differential equations, for reasons of more pleasant readability
of the present thesis, we repeat it here.

Proposition 1.9. [91, Theorem 5] Consider the initial value problem (1.8)
with (to,l’o(to)) eD. Then,

(i) the initial value problem (1.8) has a solution z : [—0,w) — R™, which satisfies
graph(‘rhto,@) = {<t7$(t)) |t € [thw)} C D7

(ii) every solution can be extended to a maximal solution,

(iii) if F is locally essentially bounded and x € C(|—o,w); R™) is a maximal solu-
tion, then the closure of graph(z|y,.)) is not a compact subset of D.

We omit the proof here but refer to [91, p. 11].

In order to characterize the class of admissible nonlinearities f appearing in
the systems under consideration later, we recall the definition of the “high-gain
property” from [21, Sec. 1.2].

Definition 1.10. For k,q,n € N a function f € C(RF x R? x R";R") satisfies the
high-gain property, if there exists v, € (0, 1) such that, for every compact set K C R*
and compact set () C R? the continuous function

X :R—=R,
s = min{ (v, f(§, 2, —sv)) | (d,2) € K x Q, ve R" v, <|jv]| <1}

is such that sup,cg x(s) = oco.

For a detailed discussion and equivalent conditions of the high-gain property we
refer to [21, Rem. 1.3 & 1.4]; we only record the equivalence of f having the high-
gain property and the existence of v, € (0, 1) such that for every compact K C RF,
@ C R? at least one of the following two statements is true

sup x(s) =00 or supx(s) = oc.

5>0 5<0
Later, in Sections 3.2.1 & 4.2.1 we will recall the findings from [21, Sec. 2.1.3]
to integrate the high-gain property into the respective context. We complete this
introductory section stating the following result about invariant sets of dynamical
systems, which will be used frequently throughout the present thesis as it plays a
significant role in proving the main results of the present work.

Lemma 1.11. If for z € C'([r,T);R™) with 7 < T € R, m € N, there exists
M > ||z(7)|| > 0 such that

vieln ) (el =M = Sl <0), (1.10)

then
Vieln, ) : [z(t)| < M. (1.11)
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1.2. Preliminary definitions, concepts and results

Proof. Seeking a contradiction we assume that there exists ¢; € (7,T) such that
||x(t1)]| > M. Then, by continuity, there exists to := max {t € [r,¢) | ||z(t)|| = M },
and hence we have ||z(t)|| > M for all t € [to,t1]. Then, using (1.10) we obtain

le(t)]? — lx(to)]? = / (L1 0)IP) at <o,

to

and we find the contradiction
M? < z(t)]* < [l=(to)||* = M?>.

Therefore, (1.11) holds for all t € [, T). O
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Chapter 1. Introduction

1.3 Previously published results

As summarized in the following table, parts of the present thesis have been submitted
for publication or already have been published. The author of the present thesis
made significant contributions to the respective articles.

Section

Contained in

New in the present thesis

Section 2.1

Section 2.1.2

Section 2.2
Sections 3.2 & 3.3

Section 4.1

Section 4.2

Lanza [118, 120] for the spe-
cial case r = 2

Berger, Driicker, Lanza, Reis
and Seifried [1§]

Lanza [118, 120]

Lanza [119]

Berger and Lanza [22]

Lanza [117] for strict relative
degree

the general case for r € N,
Lemma 2.3,

Lemma 2.4,

Remark 2.16,

Remark 2.23,

Remark 2.31,

Remark 3.1,

Lemma 3.10,

Step four in the proof of The-
orem 3.9 is new as regards
properties (T.2) and (T.3),
Remark 3.15,

incorporation of bounded
disturbances,

Remark 4.2,

Corollary 4.12

the consideration of systems
with vector relative degree,
Remark 4.16 (ii) & (iv),
Remark 4.17,

Remark 4.23
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2 Internal dynamics

In this chapter we perform a structural analysis of multibody systems; we elaborate
on the representation of the so-called internal dynamics. Roughly speaking, the
internal dynamics of a dynamical system are dynamics within the system, which
are not visible at the output explicitly. In particular, for a fixed output possibly
there remains motion within the system. Although the internal dynamics do not
explicitly affect the output, the system’s state is affected by the internal dynamics.
This fact is illustrated in Example 2.19. To have a picture in mind, for a linear
system © = Ax + Bu with linear output y = Cx, the internal dynamics are the
state’s motions within the kernel of C'.

In feedforward control as well as in feedback control the internal dynamics
play an important role and in particular its stability properties are of high rele-
vance, where stability refers to a bounded-input bounded-output, respectively to a
bounded-input bounded-state property in most cases. Although there is progress
in designing control schemes for systems with unstable internal dynamics, see for
instance [16, 23, 18, 178], most control strategies rely on the stability of the internal
dynamics, by way of example see [48, 46, 108, 143, 91, 179, 25, 30, 26] and also the
survey [87]. Therefore, stability analysis of the internal dynamics of a given system
is an important step before applying a certain control scheme to the system. To
do so, the internal dynamics have to be decoupled such that a stability analysis
can be performed. In [98] a coordinate transformation is introduced such that the
system’s equations can be represented in terms of external and internal variables.
This idea of representation leads to a normal form for general input-output systems,
the so-called Byrnes-Isidori form. However, the derivation and explicit computation
of this normal form in general requires a lot of effort since typically a set of partial
differential equations has to be solved, where additional constraints have to be
satisfied; this is illustrated in Example 2.2.

In the present chapter we develop a structurally new ansatz to decouple the
internal dynamics and present a set of variables for the internal state. Further,
we derive a (local) coordinate transformation, the computation of which, compared
to the Byrnes-Isidori normal form, is much less involved and requires less compu-
tational effort. In this context, a local coordinate transformation defines a local
diffeomorphism between regions of the state space and the space of external and
internal states. We will derive a set of feasible coordinates for the internal state in
terms of the system’s output and the internal variable. This novel representation
yields two main results. First, the coordinate transforming diffeomorphism is given
explicitly, and moreover, its inverse is given explicitly as well. This allows to re-
construct the system’s entire state from the system’s output and the internal state.
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Second, the internal dynamics are completely decoupled and thus, for instance, are
amenable to stability analysis. The new set of variables for the internal state allows
to compute the internal dynamics completely algorithmically, and in particular,
without the need to compute the Byrnes-Isidori form explicitly.

Although we aim to find a representation of the internal dynamics, which avoids
the explicit computation of the Byrnes-Isidori form, we will exploit its structure.
To this end, we recall [98, Prop. 5.1.2] which states that for a system (1.7) with
well defined (vector) relative degree there exists a state space transformation which
diffeomorphically transforms the system into a normal form.

Proposition 2.1. If a system (1.7) has vector relative degree (r1,...,r,) € NI*™
at a point 2° € R”, then, for an open neighbourhood U C R™ of 2, there exists a
local diffeomorphism ® : U — W C R”, W open, such that

§()) _
(n(t)) — &(a(1)), (2.1)

.....

system (1.7) (nonlinearly) into Byrnes-Isidori normal form

yj(t) = fj,l(t),
Ea(t) = &a(t),
éjﬂ‘j—l(t) = gj,rj (t)v (2'2)

€y (8) = (L) (O7HEW®), m(1))) + To(@71(E(E), m(E) u(t), j=1,...,m,

(t) = q(&(t),n(t)) + p(&(t),n(t)) u(t).

We refer to € as the external state and to n as the internal state. Consequently,
the last equation in (2.2) represents the internal dynamics of system (1.7), which
may involve the system’s input u exerting force to the internal dynamics.

As a special instance, we consider linear systems of the form
@(t) = Az(t) + Bu(t), z(0)=2"€ R",
y(t) = Cx(t),

with A € R™" and C'T, B € R™™. We assume that this system has strict relative

degree r € N. Note that in this particular case, the relative degree is global, i.e., for

all k < r —1 we have CA¥B = 0 and CA" !B € GL,(R) for all x € R". Following

the investigations in [95], if system (2.3) has strict relative degree r € N, then, with
B:=[B AB ... A"'B] e R™™,
c:=[CT (cAT ... (caHT]"
Ve R gt imV = kerC,
N = V(I, — B(CB)~'C) € R"—m)xn,

(2.3)

e RTmXTL7

(2.4)

U:= Lﬂ € GL,(R),
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Chapter 2. Internal dynamics

the change of coordinates

&1 )
&2 y
57” y(r—l)
n n

transforms system (2.3) into Byrnes-Isidori form

&(t) = & (1), &i(0) =¢& e R™,
&(t) = Z Ri&;(t) + Sn(t) + Tu(t), &(0)=¢ € R™,

0(t) = @nt) + P&(t), n(0) =" € R""™,
with output
y(t) =& (1),
where
[Ri ... R, §]:=CAU "R mtnrm)

(2.5)
P:=NA'BI ' e RvXm = NAV g Rivrm)x(nmrm),
If rm < n, system (2.3) has nontrivial internal dynamics. Moreover, we emphasize,
that this particular transformation prevents the occurrence of the input variable u
in the internal dynamics, i.e., the internal dynamics are not directly excited by the
input signal.

We return to general nonlinear systems (1.7). With the aid of Lie derivatives intro-
duced in Definition 1.1, the diffeomorphism ® in (2.1) can be represented as

hl (J])
(Lrph)(z)

(L%jﬁﬂ@)
(5> — o(z) = W crer (2.6)

(L3~ ) ()
¢1(x)

Go_s(2)

where ¢; : U > R, i =1,..n— 7, # = Z;n:l r;, are such that ®'(x) is invertible
for all x € U. As in the transformation of linear systems above, we seek for a
transformation such that the internal dynamics are not excited by the system’s
input u. In view of (1.7) and (2.6) this means to find functions ¢; such that for
all x e U

Vi=1,...n—#: <LG ¢) () = <ng~5i(x)> -G(z) = 0 and ¥ (z) € GL,(R), (2.7)
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which in fact requires to solve a set of n — 7 nonlinear partial differential equations
such that the constraint ®'(x) € GL,(R), z € U, is satisfied. While the result [98,
Prop. 5.1.2] yields conditions on the input distribution G such that such functions
exist, no strategy is given, how these functions can be constructed. In the present
chapter we will focus on the latter aspect.

Example 2.2. We illustrate the aforesaid. Consider a robotic manipulator system
as introduced in [179, Sec. 4.2]. The rotational manipulator arm consists of two
links with homogeneous mass distribution and mass m with length [. A passive
joint consisting of a linear spring-damper combination couples the two links to each
other. Passive in this context means, that there is no input force at this point.
We stress, that the linearity of the passive joint does not result in linear equations
of motion, as we will see in (2.8). As an output, the position of point S on the
second link is measured. Using a body fixed coordinate system, the point S on the
passive link is described by 0 < s < [. The situation is depicted in Figure 2.1. We

Figure 2.1: Rotational manipulator arm consisting of two links and a passive joint.
The figure is taken from from [179].

present the manipulator’s equations of motion. As we will see below, it is reasonable
to consider the dynamics of the manipulator for 8 € B := {ﬁ € R‘ cos(f) # g—i )
Note, that for s < %l we have B = R. Henceforth, we assume g € B and perform
the computations. We define U := R x B x R?, set z := (z1,...,24)" and

5 14,1
M:B— RQXQ, Ty > l2m 3 + COS(xQ) 3 + 2 ?OS(.ZUQ)

5 + & cos(xz) 3 ’
fi:Usg — R, x> $Pmay 2z + x4) sin(zs),
1
fa:Us — R, T —cTy — dry — §l2mx§ sin(xz),

where M : B — R?**? is the mass matrix and (fy, fa) encode the internal forces
acting on the manipulator arm. With this we obtain the equations of motion

a(t)\ _ (filalt), B(t),a(t), 5(¢)) L
60 (5) = Uttty s ien) * o] 10 @9
For later use, we compute the inverse of the mass matrix

L 36(12m)
M@B)™ = 16 — 9 cos(B)? [—
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Chapter 2. Internal dynamics

Following the considerations in [179], we take the auxiliary angle

S
s+1

y(t) = hla(t), B(t)) = alt) + ——=6()

as output, which approximates the position S on the passive link for small angles o
and . In order to represent the system (2.8) in the form of (1.7) we define for
z = (21,...,74)" the functions

(@) [25 24 filz) fola)]

F:Uz =R,  aw diag(ly, M(x,
G:Us = RY™ 2 diag(lp, M(z2)") [0 0 1 0],
h:Us = R, z[1 25 0 0]z,

and obtain

@(t) = F(z(t)) + G(z(t))u(t),
y(t) = h(z(t)).
Via a short calculation we obtain

''RxB—=R

36(1*m) 2 1 s (1 N 1 (1)
= - — — + —cos(x
16 —9cos(z2)2 \3 s+1\3 2 ) )
which is invertible on Ug. Since I' # 0 for x € Up, according to Definition 1.2,
system (2.8) has strict relative degree 7 = 2 on Ug. For g € { € R ‘ cos(B) = 2}

we have I' = 0, from which it is clear why to consider the dynamics for 8 € B only.
With G introduced above the equations (2.7) for ¢1, ¢o read

36(Em) ! (1 0 o1 (z) — (1 +1608(x2)> i@(ib’)) =0,

16 — 9cos£:z:2) 581,‘3 ! 3 2 0Ty (2.92)
G 19 ba(z) — 1+1COS(JJ ) igg () ] =0
16 — 9 cos(zs) \39xs 372 2 ) oxy s
where ¢1, ¢» have to be such that
1 s%l 0 0
’ ! ! o € GLR), z €U (2.9b)
- = - , X : :
5 01(2) Fnoi(@) 5non(r) 5da() ! g
=0a(1) 3=¢a(r) FZgo(x) FEol)
Although (2.9a) is equivalent to
0 - 3 0 -
i — (142 i
8x3¢1(x) ( + 5 cos(x2)> 8x4¢1<x>’
0 - 3 0 -
a—xg(ﬁg(ﬂf) = (1 + 5 COS(LUQ)) 8_1‘4 2(%),
it is far from trivial to find a solution of (2.9a) such that (2.9b) is satisfied. o
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2.1. Representation of internal dynamics

2.1 Representation of internal dynamics

In this section we introduce a structurally new ansatz to decouple the internal dy-
namics and present a set of feasible coordinates to represent the internal dynamics
of k™-order ODE systems in Section 2.1.1, and multibody systems with kinematic
loops and holonomic as well as non-holonomic constraints in Section 2.1.2. More-
over, for a subclass of the system class under consideration, we derive sufficient
conditions on the system parameters which allow to verify the stability of the in-
ternal dynamics without decoupling these. We show the existence and feasibility of
functions forming the novel representation of the internal dynamics, and provide a
particular choice simplifying the internal dynamic’s structure. We obtain an explicit
representation of the coordinate transforming (local) diffeomorphism and its inverse
on the one hand, and on the other hand, the internal dynamics can be represented
in terms of the system’s output and the internal variable without the need to com-
pute the Byrnes-Isidori form explicitly. The representation is such that the internal
dynamics are given in the form

0(t) = (), y(t), 4(t),....y* (1),

which means that the internal dynamics are completely decoupled and have the sys-
tem’s output and its derivatives as inputs, but no further knowledge of the system’s
overall (full) state is required. At the end of Section 2.1.1 we revisit Example 2.2
and use the result obtained to present the system’s internal dynamics completely
determined by the system’s parameters, in particular, without the need to solve
a set of partial differential equations with constraints. In Section 2.2 we present
a stability result which allows to verify the stability of the internal dynamics in
advance without the need to decouple the internal dynamics.

Before we start deriving the novel representation of the internal dynamics, we
state the following lemma for later use.

Lemma 2.3. For m,n,p € N and an open set U CR" let w: U — R™" v:U —
RP*™ and s : U — R™(™+P) he matrix valued functions, where m +p < n. If

()

Ve eU: rkw(z) =m, rkov(z) =p, rks(z) =m + p and rk B}(:{;)} s(x) =m+p,

then, for any 2° € U there exist an open neighbourhood U° C U of 2° and functions
a € CHU%R™™) and B € C(U% RM—™=P)*n) "guch that

[;U((?)] € GL,(R), |w(z)| € GL(R), B(x)s(z) =0,

forallx € U° C U.

Proof. We fix 2 € U and make use of [183, Lem. 4.1.5] which states the following.
Consider W € C(U;R¥*™) with tk W (z) = w for all x € U. Then there exist an
open neighbourhood V C U of z° and T' € C(V; G1,(R)) such that

Ve eV: W()T(z)=[L, 0].
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Chapter 2. Internal dynamics

We use this to show the existence of o € C*(U;R"™™). Since by assumption we
have rkw(z) = m for all z € U, there exist an open neighbourhood V' C U of z°
and T = [T, Ty] € C(V; Gl,(R)) such that

Ve eV: w) [Ti(z) Ta(z)] = [I, 0],

that is, imTy(x) = kerw(z) and rkTy(x) = n — m for all x € V. Let £ =
), ..el 1T € R™*n with ¢; € R™™ a unit row-vector for i; € {1,...,n},

7=1,...,n—m. Then,

[w](;)} [Ty(x) To(x)] = [If ETS(x)]’

Since tk Ty(2°) = n —m it is possible to choose 7y, . .., %, such that for z° € V we
have ETy(2°) € Gl,_,(R). As Ty € C(V; R™ ™) the mapping z + det(ETy(z))
is continuous on V. Hence, there exists an open neighbourhood V' C V of 2% such
that det(ETy(z)) # 0 for all z € V. Thus,

VeeV: rk{w;)] =n.

Therefore, with
a:V-sR"™™ gz Ex

we have o € CHV;R"™) and [w(z)",d/(z)"] € GL,(R) on V, via o/(z) = E.
Next, we show the existence of a function 8 € C(U°;R""™=P>") guch that
[v(x) ", w(x)", B(z)"] € GL,(R) and S(z)s(z) = 0 for all z € U°. We observe that
by assumption rk s(z) = m + p for all x € U. Therefore, again by [183, Lem. 4.1.5],
there exist an open neighbourhood V' C U of 2° and T = [T}, T3] € C(V; G1,(R))
such that )

VeeV:s(x) [Ti(z) To(z)] = [Lnwp 0],

i.e., imTy(z) = ker s(x)" and Ty € C(V;R™*(=m=P)) We observe for f(z) = To(x)"
(z)

(x

v
w(x) ER™ z eV,
B(x)

which is invertible on V since by assumption [v(x)",w(z) 7| s(z) is invertible on U,
and 1k Ty(z) = n —m — p for all x € V. Therefore, [v(z),w(z)T, f(z)7] € Gl,(R)
on V. Moreover, by construction of 3 we have 8(z)s(z) = 0 for all z € V. We set
U° := V NV which completes the proof. n
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2.1. Representation of internal dynamics

2.1.1 Systems of ordinary differential equations

We consider systems of ordinary differential equations of order k,

¢Ot) = FC),- . <0(0) + BEC(®)) ul),
y(t) = h(¢(1)),

with initial values (V(0) = ¢ € R®, i = 0,...,k — 1. In physical contexts, the
function f € C(R™ x --- x R";R") encodes internal and external forces. Further,
B € C(R™;R™™) denotes the distribution of the input, and h € C*}(R™";R™) is
the (physical meaningful) measurement. The signal y is called output, the signal u
is called input of system (2.10), respectively. Note that the dimension of the input
and output coincide, however, we do not assume colocation, i.e., we allow explicitly

for 1'(¢) # B'(C)-

(2.10)

We aim to rewrite system (2.10) in the form of (1.7). To this end, we set the

variables 1 := (, 29 :=(, ...,z := (*1) and obtain an equivalent representation
of (2.10)
i1 (1) = wa(t), 21(0) = a7 € R",
: : (2.11)
i‘k_l(t) = fk(t), ZL‘k_l(O) = IL‘g_l € Rn,
() = f(x1(t), ..., 2k (t)) + Blxy)u(t), 7(0) = 2 € R™,

For N = nk we define

F:R"x...xR* = R"Y,
-
(T1,...,Tx) — (xQT,...,x,:,f(xl,...,xk_l)T) ,
G :R" — RYV™,

€T — [O,...,O,B(.ﬁﬁl)—r]—r,

and obtain with z := (z],...,z])" € RN a system which is equivalent to (2.10)
210 0 20
x(t) = : + : u(t), =(0)= ' c RV,
0 o SIECIECE
f(@a(t), ... ax(t)) B(w1) 20 (2.12)

where h : RN — R™ with h(z) = h(z;). Formally, for L : R — R"™*" we define
recursively for ¢ € N the functions ag = 0 and

i—1
0

ai(x1,. .., x5, L) 1= Z (67 (%‘—1(951, o @i1) + L) xz)) " Lj+1 (2.13)
J

J=1

With this we obtain the following.
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Chapter 2. Internal dynamics

Lemma 2.4. For a system (2.12) with h(z) = h(z1), where h € C¥~'(R™;R™) and
h'(xy) =: H(z1), the i*" Lie derivative of the output h along the vector field F is,
forie=1,...,k—1, given by

(L;f}) (2) = ag(@1, ... 25, H) + H(z1) 2ip1, © € RY, 2; € RY, (2.14)

where the functions a; are defined in (2.13).

Proof. We proof (2.14) by induction over 7. For i = 1 and z; € R" we have
ay(xy, H) = 0 and thus, for z € RY with h(z) = h(z1) and W (z;) = H(z1)

(Lpﬁ) (@)= [H(z1) 0 --- 0] F(x) = H(x1)x2 = ay (w1, H) + H(xy) 22,

where z1, 25 € R" and x € RY. Let (2.14) be true for an i € {1,...,k — 2}. Then,
forr € RN and x; € R", j =1,...,i+ 1, we have

(L&'R) (@) = (LeLih) (@)
= (LF(ai(ajl, cooxn H) 4 H($1)i€i+1))(l’)

-(82 (@@, 2, H) + H($1)QJ¢+1)>T- T
(%ai(%,.. xi H O>T
_ (ai ai(xy,. .. x;, H 0> -
H(xl)
0
i 0 |

i

0
(9_ (Cl@(iUl, o x, H) + H(%)%H) Tip1 + H(x1) 2541

=1

= a1 (21, .., i1, H) + H(21) Ti41,

<.

which is the assertion. O

In order to derive a representation of the internal dynamics we make the following
assumption.

Assumption 2.5. For H : R" — R"™*" and B : R™ — R™*"™ there exists some open
set U; C R™ such that

Vo, € Uy : F(C(Zl) = ( ) ( ) S Glm(R)
Note that Assumption 2.5 implies rk H(z1) = rk B(z1) = m for all 2, € U;.

Lemma 2.6. Consider system (2.12) where h(z) = h(z;) for z € RN, 2, € R",
and let Assumption 2.5 be satisfied for B(z) and H(z) = h'(z), z € Uy C R",
Uy open as in Assumption 2.5. Then, system (2.12) has relative degree r = k on

U:=U; x RE—Dn,
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2.1. Representation of internal dynamics

Proof. Using the findings of Lemma 2.4 we may compute for z; € Uy, x; € R”
i=2,...,k—2, and z € U; x Rk=1n

0
(LaLih)(w) = [+ -+~ % H(z;) 0 --- 0] | °
— —_—— | 0
i — times k—i—1 B(ZEl)
= Oy, G=1,... . k—2,
0
(LaLi ' h)(@) =[x - « H(@)]|
N——

= H(z1)B(x1) =: T'(z1),

where I'(z1) = H(x1)B(x1) is invertible for x; € U; by Assumption 2.5. Therefore,
according to Definition 1.2, system (2.12) has relative degree r = k on U; X R,
m

If the system (2.11) has further structure, namely if the input and the output
are colocated, we obtain the following.

Corollary 2.7. Consider a system (2.12) and assume colocation of input and out-
put, i.e., h'(z1) = B(x;)", 21 € R™. Then, system (2.12) has relative degree r = k
on U :=U; x RE=Dn where Uy := {x € R* | tkh'(z) = m }.

Proof. Let h'(x1) = B(x;)". Then, Assumption 2.5 is satisfied for all z; € U; =
{x € R" |tk h/(z) = m}. Therefore, Lemma 2.6 yields r = k on U. O

Now, we turn towards the representation of the internal dynamics of a sys-
tem (2.12). In the following we assume that Assumption 2.5 is satisfied on an open
set U}, so system (2.12) has relative degree r = k on U = U; x RU=Y"_ Using (2.6)
and the functions a; defined in (2.13) we obtain with h'(z1) = H(z1), 21 € R", the
following candidate for the (local) diffeomorphism ®

h(z1)
H(xl)ZUQ
as(z1,x2) + H(z1)23 )
<§7) =®(z) = ar_1(x1, ... 7~x;_1) +H(z)z, |7 T cU CRY (2.15)
¢1(z) Ty

énfr‘m (-T)

where N := rn, and the functions gzgz U —- R, 7 =1,..., N — rm are such that
®'(x) € Gly(R) for an open set U; € R" and U = U; x RC~D" For the internal
state 7 we make the structural ansatz

Uil ¢1(x1)
n = 77:2 _ ¢2($:1):1:2 ERT("_T”), (2.16)
Ty ¢r($1)xr
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Chapter 2. Internal dynamics

where ¢; € CH(U;;R"™) and ¢; € C(U; RC—™)>7) j = 2 . r where we recall
N = rn. We observe, that the external state £

&1 h(zy)
&2 H(x1)xo

c=|&| = az(z1, x2) + H(z1)z3 (2.17)
ér ar—1(21,. .. ,xr‘fl) + H(x1)z,

and the internal state 1 in (2.16) have similar structure. Since ® in (2.6) is required
to be a diffeomorphism from U to ®(U), its Jacobian has to be invertible on U.
Plugging in the ansatz from (2.16) we obtain

[ H(z) 0 B
* H(xq) '
* * H(zy)
* * 0
O B R
52(5E1,$2) ¢2($1)
bs(w1, x3) 0 ¢3(z1)
: : g - 0
b (21, 2) 0 0 ¢p(21)]
where * is of the form -2-a;(zy,...,2;), 4,7 = 1,...,r appropriate, respectively, and

Ox;
bi(x1,x;) == 8%1(@-(:61) -z;). Upon an invertible permutation we observe that ®'(x)
given in (2.18) being invertible on U C R¥ is equivalent to

H(zy)

Vi:2,...,TVl’1€U12 |:(b/(.7})
1 1

} € GI,(R) and {f giﬂ € GL(R).  (2.19)

We aim to investigate the internal dynamics of (2.12) without explicit appearance of

the input u. To this end, we seek for functions ¢ (z), ..., @x—pm(z) such that p(-) = 0
in equation (2.2), that is

Vi=1,... . N—rmVeeU : (LGqBZ-) (x) = 0.
In view of (2.16) this means to find functions ¢y, ..., ¢, such that
¢i(e) 0 -0 0
* * 0
* * (br(-rl) B(‘Tl)

which is equivalent to
Vo, e Uy : ¢p(21)B(z1) = 0. (2.20)

We show the existence of functions satisfying (2.19) and (2.20) in the following
result.
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2.1. Representation of internal dynamics

Corollary 2.8. Consider a system (2.12) and let Assumption 2.5 be satisfied. Then,
for any 29 € Uy, U; C R™ open, there exist an open neighbourhood U C U; of 2 and
functions ¢; € CHUY;R*™), ¢; € C(UY;RM=m)xm) 5 = 2 r such that (2.19)
and (2.20) hold for all z; € U?.

Proof. The assertion is a direct consequence of Lemma 2.3. O

We highlight that Corollary 2.8 justifies the structural ansatz for the internal
state n proposed in (2.16).

Assumption. For the remainder of this chapter, let U; = U C R™ with U as in
Corollary 2.8.

We proceed determining the functions constituting the internal dynamics.
While ¢; can basically be chosen freely up to (2.19), we show that the func-
tions ¢;, 1 = 2,...,r, are determined by the system parameters up to an invertible
left transformation. To find all possible representations, let P; : Uy — R™™ and
Vi : Uy — R™(=m) he such that

H(z1)
¢z’($1)
which exist by (2.19). Then P;,V; have pointwise full column rank, by which the

pseudoinverse of V; is given by Vj(z1) = (Vi(x1) "Vi(z1))WVi(ay)T, 21 € Uy. We
obtain the following result.

Va, € Uy [Pi(x1), Vi(xq)] { } =1, 1=2,...,r (2.21)

Lemma 2.9. Use the notation and assumptions from Corollary 2.8. Then, the
functions ¢; : Uy — R 4 =2 r — 1, are determined by (2.19) up to an
invertible left transformation. All possible functions are given by

(bl(l’l) = ‘/Z(l’l)T ([n — B(x1>H($1)) s x| € Ul, (222)
for feasible choices of P;,V; satisfying (2.21).

Proof. By assumption there exist functions ¢;, i = 2,...,r — 1, such that (2.19)
for 1 € U;. Then, we have (2.21) for some corresponding P; and V;. We multi-
ply (2.21) from the left by V;(x;)" and subtract V;(x;)P;(x1)H (x1) from both sides.
This yields

¢i(x1) = Vi(x1)' (I — P(z1)H(z1)), 21 € Uy,

On the other hand,

s ey e =[50 ]

From this we deduce ¢;(x1)Vi(z1) = ILh—m, H(x1)Pi(x1) = I, and im Vj(z;) =
ker H(x1). Since the letter expressions are independent of ¢ we set P(x1) := P;(zy
and V(1) := Vj(z1) for alli = 2,...,7 — 1. We observe P(z1)H (x1)P(x;) = P(z).

Therefore, for all = 2,...,7 — 1 we have
¢i(@1) P(x1) = V(@) (I, — P(x1)H (1)) P(z1)
=V (z1)" (P(21) — P(x1)H(z1)P(21)) = 0.
Let f/(a:l) = V(21)R(21), 71 € Uy, for some R : Uy — Gl,_,, and consider (5,(:1:1) =
V(zy)T. A short calculation shows ¢;(z;) = R(z1) 1¢;(x) for all z; € U; and all

i=2,...,7— 1. So the functions ¢;(x), i = 2,...,7 — 1, are determined by (2.22)
up to an invertible left transformation. O
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Chapter 2. Internal dynamics

Remark 2.10. A feasible choice for P in (2.22)is P(x,) = H(x1) " (H(z1)H (z1) ")~ %
Then, ¢; simplifies to ¢;(z;) = V(x1)7, for all i = 2,...,r — 1, where im V (z;) =
ker H(x1), and ¢; is, up to an invertible left transformation, uniquely determined
by the system measurement function h.

While Lemma 2.9 leaves some freedom to choose the functions ¢;, 1 = 2,...,r—1, the

remaining function ¢, is uniquely determined up to an invertible left transformation.
Let P: Uy — R™™ and V : U; — R™ ™™ be such that (2.21) is satisfied for i = 7.
Similar to (2.22), we define

Gp(x1) := V(21)T (In — B(xl)F(xl)_lH(xl)) (2.23)

and we find the following result.

Lemma 2.11. We use the notation and assumptions from Corollary 2.8. Then, the
function ¢, : Uy — R™=™>" is yniquely determined by (2.19) and (2.20) up to an
invertible left transformation. All possible functions are given by (2.23) for feasible
choices of V satisfying (2.21).

Proof. Assume that (2.19) and (2.20) hold. Then, we have (2.21) for some cor-
responding P and V. We multiply (2.21) from the left by V(z;)" and subtract
V(z1)TP(z1)H(x;) from both sides, and obtain

¢r(x1) = V()" (I, = P(z1)H(z1)), @ €Uy
Invoking (2.20), we further obtain from (2.21) that
P(a1) = B(a1) (H(21)B(21)) " = B(a)T(a1) 7,

and hence P is uniquely determined by the output measurement h and the input
distribution B. Therefore, ¢, is given by (2.23). Furthermore, it follows from (2.21)
that

i[5 12

from which we may deduce ¢,.(x1)V(z1) = I,—, and in addition imV(z;) =
ker H(z1). Hence, the representation of ¢, in (2.23) only depends on the choice
of the basis of ker H(z;). Lastly, let V(x1) := V(x1)R(x), x; € U;, for some
R:U; — Gl,_,, and consider

o (x1) = V(21)' (I, — B(a)T (1) " H(xy)).
Then, a short calculation shows ér(xl) = R(x1) ' ¢.(21) for all z; € Uj. O

We highlight that im V;(z1) = ker H(x;) for all i = 2,...,r and therefore, invok-
ing Remark 2.10, it is possible to have all functions ¢; completely determined by
the output measurement function h, up to the choice of a basis of ker H(x1) and an
invertible left transformation.
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2.1. Representation of internal dynamics

Corollary 2.12. We use the notation and assumptions from Corollary 2.8. Let ¢;
be given by (2.22) for i =2,...,r — 1, and ¢, be given by (2.23). Then,

] [

and for P; : Uy — R™™ satisfying H(x1)Pi(x1) = I, and im V (x1) = ker H(z1),
x1 €Uy, forallw e W, i=2,...,r—1, respectively, we have

and for all v € W

{fim - [B(@)T (@)™ V(@)],

where I'(v) = H(v)B(v), v € Uy.
Proof. Clear. O

We continue to derive a representation of the internal dynamics in terms of the
system’s output and the internal variable. With (2.16) and (2.17) we define

(ii) - (21(&))) = (), (2.24)

which is continuously differentiable for all z; € U;. Moreover for any 29 € U; there
exists an open neighbourhood U} of x9 such that the Jacobian ¢'(Z;) is invertible
for all #; € UY. Therefore, ¥ defines a local diffeomorphism on each U, where U}
is an open neighbourhood of a z¢ € Uy, respectively. Hence, any Z; € U can be
expressed in terms of (&1,7;) € WP := 9(UY), namely

Br=9""(&,m),  (&,m) € WY

In order to have the coordinate transformation on the entire subset U; C R" we
make the following assumption.

Assumption 2.13. For U; C R” as in Corollary 2.8 and for the function 9 defined
in (2.24), there exist diffeomorphisms A; : 9(U;) — R™, Ay : Uy — R", and a contin-
uous, non-decreasing function ¢ : [0, 00) — (0, 00) with the property fooo ﬁdt = o0,
such that

Var € Ur : (|5 - (0'(x0)) 7 - Q5@ (0) | < 6(1 Az ()]

Then, invoking continuity of the output function h, Lemma 2.3 and equa-
tion (2.19), the result [19, Thm. 2.1] yields that ¢ defines a diffeomorphism on Uy
and we can express the system’s state x; by

ry = ’19_1 (51, 771) . (225)

For the remainder of this section let Assumption 2.13 be true.

If the output of a system (2.10) is linear, we may obtain the following simple repre-
sentation of 9.
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Chapter 2. Internal dynamics

Corollary 2.14. Assume there exists H € R™*" such that the output of a sys-
tem (2.10) is linear with h(zy) = Hxy, and Assumption 2.5 holds true on some sub-
set U; C R”™. Let V € R™ (=) he such that im V = ker H. Then, for ¥ : U; — R”
defined as in (2.24) we find that

and for all w; € W, we have

I Hwy) = {éﬂ] _1w1 =[HTHH")™ V(VTV)uw.

Proof. Clear. ]

For later use, we define the following functions as concatenations on W; := ¥(Uy),
where V' € C(Uy; R"™™) such that im V' (z;) = ker H(x1) for all x; € Uy, and P(x)
satisfies (2.21)

()= (¢h o)), By(-):=(Bod™)(),

()= ) (), Ho() = (Hod™)(),
Ve(+) = (V 019_1)(-), Cy(+) := (F 019_1)('),

()

where ¢ = 2,...,r. In order to represent the internal dynamics in terms of ¢ and 7,
we aim to express the state variables x; in terms of the external state ¢ and the
internal state n. With the aid of Lemma 2.4 and equations (2.16), (2.17) and (2.13)
we have for i =2,... r

(£) = (o) o) < (ko) [He),,

From this we obtain iteratively for ¢ = 2,...,7 — 1, where the matrix valued func-
tion P satisfies (2.21), via (2.25) and Corollary 2.12

=9 (&,m),
zi = Vo (E1,m) mi + Py (1,m) (& — aia (07" (E1,m) 2o,y 2im1)) (2.26)
x, = Vy (&,m)nr + By (&,m) Ty (517771)71 (fr —a,1 (07 (&,m) 2o, - .. 71'7"71)) :

Note that a; = a;(z1, ..., x;), and thus the representation of x; in (2.26) depends at
most on x1,...,x;_1, which are already known from the previous iterations. There-
fore, we may successively express the state variables x; in terms of £ and the internal
variable 7, by

Ty = 19_1(51,771),

. 2.27
IZ':gﬁ(fl,...,fi,nl,...,ni), ZZZ,...,T, ( )

for ¢; : R™ x R~ — R™ successively given by (2.26). With the derivations so
far, we obtain the following result.
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2.1. Representation of internal dynamics

Theorem 2.15. Given a point 2 € R" suppose Assumption 2.5 is true on an open
neighbourhood of z¢ and for the respective open set U; C R" as in Corollary 2.8 let
Assumption 2.13 be true as well. Then, the map ® : U = (U;,RC~Y") C RN — RV,
where N = rn, defined in (2.15) with functions 9, ¢;, i = 2,...,r given in (2.22),
(2.23) and (2.24), respectively, is a local coordinate transformation, which transforms
the state = of a system (2.12) into new variables (£, 7) defined in (2.16), (2.17), i.e

(g) = ®(z), and ®'(z) € Gly(R), x € U C RY,

where ® denotes the Jacobian of ®. Moreover, the inverse &1 is explicitly given
by

4 (51, 771)

_1<5777) _ 52(51,52:>7717772) ’

gT‘(élv"'agT?nla"wnT)

where ¢; := 97! from (2.25), and the functions ¢;, i = 2,...,r, from (2.27) are
defined via (2.26).

Proof. The theorem is a direct consequence of the derivations so far in this chapter.
m

With the results established above, we are in the position to derive equations for
the dynamics of the internal state n. To this end, for j = 1,...,r we introduce the

notation gj = (&,...,&), nj = (m,...,n;), and
G550, ) = 5 (Di(@0) ) |oymo-1 (1m0t 1)

Then, for i = 2,...,r — 1, using (2.12) and (2.27) the internal dynamics of a sys-
tem (2.10) are given by

m(t) = ¢\ (z1(t)) - 21 ()

= ¢ o (&(t),m)) - l2(&(1), (1)),

ni(t) = < ( &(t),m(t), G(&(1), 7‘(15))) Ly Q(t)>772(t))>€¢(§i(t)777i(7f))>
+ ¢io(&(t),m(t)) - €z+1(7¢+1(t)

= (o7 (&u(t),m (1), )

)smi(t)) -

In virtue of Remark 2.10 we may choose P(z;) = H(x;)!, whereby ¢;(x1) = V (21)T,
with im V'(z;) = ker H(z1). Then, invoking equations (2.26) we observe

Gi0(81,m) '€i+1<§i+la Niv1) = Va(&1, 771)T (Vﬂ(fh M) Nir1 + Py(&, 7}1)(5¢+1 - Cli))

= Mi+1-
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Chapter 2. Internal dynamics

With this, the internal dynamics of (2.12) simplify to

M (t) = ¢ (2o (t)) - &1 (t)

= 69 (&1(t),m(t) ), a2(t)), (2.28)
) _

; ) - b t
ﬁi(t - <¢i,19< 1(t)7771(t)7 %( Z(t ’ﬁZ(t )) 62(62( ) (t)),ﬂ <§z(t T ( )> + Nit1 t)
nr(t> = <¢f,119(€1(t)7771(t)7 r(ér(ﬂ?ﬁr(t))) 62(62 (t )7 r(ér t 77 ))>

+ éro(&(t),m()) - f(l9 Hé(t),m(1)), f2(52( ) 2(1)), - agr( r(1), r(t))>

Then, identifying & = =Y, the internal dynamics of (2.10) in (2.28) are completely
decoupled and are expressed in terms of the system’s output and its derivatives, so
the internal dynamics are represented in the form

0(t) = Unt),y(t), ...,y V(1))
and are, for instance, open for stability analysis.

Remark 2.16. If Assumption 2.13 cannot be satisfied (for examples see [19, Sec. 3])
there still exist state space transformations ®, however, each such transformation
is only local for a neighbourhood U of any z¢ € U;, where Assumption 2.5 is true
on Uy; i.e., for any 29 € U; there exists a neighbourhood UY such that

(f}) = ®(x) and ®'(z) € Gly(R), z €U, x Rr=Un € RV,

and the internal dynamics are given as in (2.28). This means, since in many appli-
cations the focus lies on a certain operation point of a system, if Assumption 2.5
is satisfied in a neighbourhood of such a point, the internal dynamics are given
by (2.28), regardless of Assumption 2.13 being satisfied.

Remark 2.17. For systems with certain properties, we may obtain further structure
for the internal dynamics (2.28).

(i) We recall the concept of a conservative vector field. A vector field L : U — R",
U C R" open, is called conservative, if there exists a scalar field [ : U — R
such that I'(x) = L(x)" forallz € U. For p,g € Nand i = 1,..., p we denote
with A; . the i*h row of a matrix A € RP*9. If there exist [; € C1(U; — R) such
that (Ii(z1))" = V(xl)i: for all zy € Uy, i = 1,...,n —m, where im V' (z;) =
ker H(x1), then, invoking Remark 2.10 and equations (2.26), it is possible to
choose ¢1 = (Mily, ..., Memln_m) " for some \; € R\{0},i=1,...,n—m, and
thus ¢} (x1) = AV (x;)" for A = diag(\1, ..., A\y_m). Therefore, the dynamics
of m in (2.28) reduce to

M(t) = Ana(t),

where the entries of A can be chosen at will. We will make use of this in
Section 2.2.

(i) If there exists H € R™" such that the output of system (2.10) is linear
with h(zy) = Hwxy, then V(zy) = V € R®™>" with imV = ker H and
thus it represents a conservative vector field. Invoking Remark 2.10 we may

choose ¢;(x1) = ¢ = VI, i =2,...,r — 1, by which 5 (cbz x;) = 0 for
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2.1. Representation of internal dynamics

all i = 2,...,7 —r. If further ¢, € R""™*" ig constant as well, we have
a%l(ﬁbr -x,) = 0. Therefore, the equations (2.28) of the internal dynamics of a
system (2.10) with linear output simplify to

0o A 0 - 0 0
0 0 L :
n(t) = |: ' o [n@O+| |
: o Lm 0
0 - o 0] O f

where we omit the arguments of the system’s function f.

Example 2.18. In order to demonstrate the decoupling of the internal dynam-
ics using the results from Secion 2.1, we revisit Example 2.2. For the structural
ansatz (2.16) we aim to find functions ¢1, ¢ satisfying (2.19) and (2.20). We start
with the computation of ¢y, ¢ satisfying (2.19), (2.20). For the sake of consistent
reading we set 71 := (71, 22)" and Ty := (23,74)". Then we calculate V : RxB — R?
such that im V' (#1) = ker 1/(Z1) and obtain V = [-35 1 ]". According to Lemma 2.3
we may choose ¢1(Z1) = Ey := [0,1] (1), and using Corollary 2.14 we obtain the
expression as in (2.25)

w=otam =y ) (5) = (070, (229)

Next, we algorithmically compute ¢5 according to Lemma 2.11, namely
Go(i1) = V(wo)" (I — M(z2) ' BT (2) 7' (341))
= Ve (B = M) | 10 [ 27))
= [+ Lcos(zs) 1],

where we chose V(1) = VR(#,) " with R(#,) = %ﬁ%m as a left transformation,
and V1 denotes a pseudoinverse of V. We stress that R : R x B — R is invertible
on R x B and we use it only for the sake of better legibility. Thence, we obtain an

expression as in (2.26)
Ty = M(%,) 'BL(%1) & + VR(Z1) 'n,. (2.30)

Note that, with the simple calculations above we established the local coordinate
transformation (£,7) = ®(x) and its inverse explicitly. Now, we substitute the
expressions from (2.29), (2.30) into the respective functions and obtain via (2.28)
the internal dynamics of system (2.8). For purposes of legibility we define the
functions

6(l+s)m 368 (3cos(m)+2) (20 — 3scos (m))
21 — 3s cos (m) *m? (1 + s) (9cos (m)* — 16)2
6572 B 72&5 (21 — 3scos (1))
20 =3scos(m)  14m2 (1 + 5) (9cos (m)? — 16)°

Ki(m,m2,&) =

Ko(m,m2,&2) =
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Chapter 2. Internal dynamics

Then, the internal dynamics of (2.8) are given by

m(t) = Ki(m(t), n2(t), 4(t)),

i) = "2 1) ), 350)) - Eeaon (0), (0. (1)

_ gKl(m(t),m(t)a §(t)) — 5m(1)

_Bmsinin®) pe ), me). ()

6
- (2 Ko(m(t),m2(t),9(t)) — Ki(nmi(t), na(t), ?J(t))>-

(2.31)

Pmsin(ny(t))
2

.(Eﬂ%ﬁn+%)Kﬂm®ﬂMﬂﬂ@)

We highlight that the computation of the internal dynamics is completely determined
by system parameters and the application of Lemmata 2.3 & 2.11 and Corollary 2.14,
and equations (2.22), (2.25) and (2.26). Once chosen ¢q, e.g. ¢1(x1) = Fzy as in
the proof of Lemma 2.3, the decoupling of the internal dynamics can be performed
by an algorithm. We highlight that contrary to equations (2.9a), (2.9b), no partial
differential equation has to be solved but - up to the expressions ¢45(x;) and ¢3*, for
which it is possible to use symbolic differentiation schemes - the internal dynamics
are given algebraically. o

Example 2.19. In order to illustrate the remaining dynamic of the robotic ma-
nipulator for fixed output y we consider equations (2.31) with a given signal y €
C!(R>¢;R) such that after a time 7 > 0 we have y(t) = 0 for all ¢ > 7 whereby
y(t) =0 for all ¢ > 7. For illustration purposes we choose

y(t) = sin(f5) — 1, te€l0,5)
0, t>5

by which y(t) = y(t) = 0 for t > 5. Note, that y € C!(R>¢;R). For the simulation we
choose 7;(0) = 72(0) = 0, and the parameters c = 1, d = 0.5, [ = 1 and mass m = 1.

0.3
0
0
0
—y(t) —m(¢) —a(t)
—y(t) —n2(t) —B(t)
-1 -0.3 -1
0 5 10 0 5 10 O 5 10
time t/s time ¢/s time ¢/s

(a) Signal y and its deriva- (b) Motion of the internal (¢) Motion of the recon-
tive . state n = (1, 12). structed state 1 = («, ).

Figure 2.2: Remaining dynamics of the internal state n = (y,72) and the system’s
state x1 = (a, B).

Figure 2.2 shows the motion of the internal state for a given “output signal” y
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(as y is the output of the system), and the remaining motion of the system’s state
after the output is zero. The state has been reconstructed via the formula from the
previous Example 2.18. Note that, although the output is zero after ¢ = 5, there is
still motion within the system, but this motion cannot be observed. The simulation
has been performed in MATLAB (solver: ode45). o

2.1.2 Multibody systems with constraints

In this section we derive a representation of the internal dynamics of multibody
systems, which arise in physical contexts and possibly contain kinematic loops and
potentially are subject to holonomic and non-holonomic constraints. Kinematic
loops arise in multibody systems if the beginning and the end of a kinematic chain
are located on the same body, where a kinematic chain is “a set of serially connected
rigid bodies.” [160] Holonomic constraints are relations between position variables,
which do not contain velocities; non-holonomic constraints are relations including
velocities and hence also may incorporate changes of the physical units. In what
follows, we interpret the constraints as auxiliary inputs and outputs by which the
systems under consideration have a vector relative degree. Due to this, the ansatz
to decouple the internal dynamics presented in the previous Section 2.1.1 is feasible
but needs to be adjusted at some instances.

Since we consider physically meaningful systems, we refer to the dynamics of
these systems as equations of motion. We investigate multibody systems, the equa-
tions of motion of which are of the following form

M(q(t))o(t) = f(a(t),v(t)) + J(a(t)" p(t) + G(a(t)) "A(t) + Bla(t)) ult),
0= J(a(®)v(t) +3(a(®)), (2.32)
0= g(q(t)),
y(t) = hlq(t)),

where ¢,v : I — R" are the generalized coordinates (in the case of no con-
straints), I C Ry an interval; M : R™ — R"™ " is the generalized mass matrix;
f:R"xR"™ — R™ are the generalized forces, typically including Coriolis, gyroscopic
or centrifugal, or applied forces; B : R®" — R™*™ is the distribution of the inputs wu,
which influence the system in affine form; and h : R" — R™ are (physical meaning-
ful) output measurements. The holonomic constraints are encoded by ¢ : R® — R*
and G : R* — R with ¢'(w) = G(w), w € R", the non-holonomic constraints are
encoded by 7 : R" — RP and J : R — RP*" which possibly incorporate a change
of the physical units. Accordingly, the functions p : Rsg — RP and A : Ryq — R’
are the Lagrange multipliers corresponding to the holonomic and non-holonomic
constraints.

In order to decouple the internal dynamics of system (2.32) we interpret the
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constraints as auxiliary inputs and outputs. We define

tae(t) = (1)) AD T u(®)T)
J(q(t))v(t) +7(q(?)) Yi(q(t),v(t))
Yaux (t) = g9(q(t)) =: Ya(qt)) |,
h(q(t)) Y3(q(t)

and set Y = (Y|, Y, V;))T € RPHH4™ For 2y = ¢ € R*, 29 = v € R" and
z:= (z],2y)" € R*™ we define

n n Xz
F :R>™ — R>™, T <M(m1)31f(9€)) ,

K . RQ'I’L - RZTLX(]H‘Z“'WL, €T — dlag (In7 M('rl)_l) |: O O O :|

J(z)" G(z1)T Blai)]”
Then, with the expressions above we may rewrite (2.32) equivalently as
#(t) = F(a(t) + K (1(0)) taus(£),
Yaux (t) = Y (2(1)),
which is of the form (1.7). Following Lemma 2.6 we obtain the following

Corollary 2.20. As before, we denote with (L4Z)(z) the Lie derivative of Z along
the vector field A at z. If there exists U = (U, Us) C R?" open such that (LxY))(z),
(L LpYs)(x) and (LxLrY3)(z) exist for all x € U, and if

(1)
(1)

(1)

then system (2.32) has vector relative degree r = (11,75, 73) € NV PHFm) on 7 with
ri=(1,...,1) e NP ry =(2,...,2) e N gy = (2,...,2) € N¥m™,

J
['(zy) := g M(z1)' [J(z1)" G(z1)" B(x1)] € Glyyrim, (2.33)

Proof. We calculate for x € U

(L) () = J@)M(z) ™ [Je)T Gl Bla)],

(LiY2)(z) = [G(z1) 0] K(x) =0,

(LiYs)(x) = [W(z1) 0] K(z)=0,

(LrY2)(z) = G(21)22,

(LpY3)(z) = ' (x1)xo, (2.34)
(LiLeYa)(a) = [ (Glan)rs) Glan)] K(2)

= Gz)M(x1)™" [J(21)T G(21)T B(w)],
(

=W (z)M(z1)"" [J(21)T G(z1)" Bla)].

Since
[y (1) (LxY1)(x) J(z1)
Dy(xy) | = |(LrLpYa)(x)| = |G(z1) | M(z1)"" [J(21)T G(z1)" B(x)]
Fg(Il) (LKLFY?,(I') h/(l‘l)
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2.1. Representation of internal dynamics

is invertible for z; € Uy by assumption, according to Definition 1.2 system (2.32) has

vector relative degree r = (11,79, 73) € N>XP+H+™) on U withry = (1,...,1) € N'*2,
ry=(2,...,2) € N> and r3 = (2,...,2) € N-™, O
The third component of the vector relative degree r3 = (2,...,2) € N'™™ reflects

the typical situation in mechanical systems that, following Newton’s law, measuring
a position, the applied forces appear on acceleration level.

Following the findings in Section 2.1.1 we make the following ansatz for the

internal state
0)- (52
72 ba(x1)2)

for some ¢1 : Uy — R and ¢ : U; — RO—Em=P)Xn where U; C R™ open, and
invoking (2.34), with the aid of (2.2) we have for x € R*"

J(x1)zo + j(21) _3%1 (J(z1)z2) + 5 (21)  J(21) ]
g(q}l) G(xl) 0
5 G([L’l)xg % (G(I’l)l'g) G(.Tl)
(ﬁ) =®o(z) = h(x) , D(x) = h'(x1) 0
h (1) g (W' (1)) W (1)
¢1(z1) ¢ (1) 0
Ga (1) 22 | o (da(@n)a2) P2 (1) ]

where we used ¢'(w) = G(w), w € R™. Therefore, analogously to the derivations

made in the previous section, we have that the Jacobian ®'(z) € R?"*?" is invertible
for x = (x1,$2) el = (Ul, UQ) Q RQn, Ul, U2 g Rn’ lf, and only lf,

G(z1)
Vo, €Uy : | W (21)| € Gl, and Gl
é(@1) P21

€ Gl,. (2.35)

Via Lemma 2.3 there exist an open set UY C Uy, a function ¢; € CH(UY; R* ™) and
a matrix valued function ¢, € C(UY; R"=¢=m=P)x) guch that (2.35) is true on UY
and moreover,

Vay € UY ¢ (Lida)(x) = do()M (1)~ [J(@1)T G(a1)T B(z1)] =0. (2.36)

Assumption. With some abuse of notation for the remainder of this section, for U}
just mentioned above we set Uy := U}.

Then, following the derivations made in Section 2.1.1 we have the following
result.

Corollary 2.21. Use the notation and assumptions from Corollary 2.20, in particu-
lar let (2.33) be true on U; defined just above. Then, for V : U; — REFM+P)IX1 with
imV (z,) = ker[J(21) ", G(21)", W' (21)"]" the function ¢y € C(Uy; RM—=m=P)xn) gat-
isfying (2.35) and (2.36) is, up to an invertible left transformation, uniquely given
by

bo(11) = V(1) (In—M(xl)‘l[J(xl)T,G(xl)T,B(xl)]F(xl)_l L%(()%D o e U
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Chapter 2. Internal dynamics

Furthermore, for all wy € Wy := [J(Uy)",G(Uy) ", W' (Uy) ", ¢2(Uy)T]" we have

-1

é(’un) Jw) "

hEZS = | M) | Gln) | D)™ V)

Pa(w1) Blw,

Proof. Clear. [
We observe that

Y, g(71)
Ys | = | h(zy) | = 9(x1) (2.37)
Ui b1 (1)

is continuously differentiable on U; and its Jacobian is invertible on U; by (2.35).
In order to have the coordinate transformation ¥ well defined on the entire subset
U; C R™ we make the following assumption.

Assumption 2.22. For U; C R" open as in Corollary 2.21 and ¥ defined in (2.37),
let Assumption 2.13 be true.

Then, invoking continuity of g, h, Lemma 2.3 and equation (2.35), [19, Thm. 2.1]
yields that ¥} defines a diffeomorphism on U, and the state z; conversely can be
represented in terms of the auxiliary output and the internal variable n; by

w1 =07 (Ya, Y, m). (2.38)
Accordingly, we seek to find a representation of x5 in respective terms. To this end,
we define
> |G(x1)
Y |:h,(x1) T2
and obtain
Y, J(z1) (1)
1
W () | 0
" P2(z1) 0

Therefore, with the aid of Corollary 2.21 we may express the state x5 in terms of
the auxiliary output and the internal variable 7, by

T

J(@) Y1 — j(z1)
vy = M(z1)") | Gl | Tlan)! ( J ) V() (2.39)
T
B(l’l
Next, we define the following functions as concatenations on Wy := 9(U;), where

V € C(Uy; R=t=m=p)xn) he as in Corollary 2.21:
$10() = (1 097)(), dou() = (¢i007!) (1), By(-) = (Bov™')(),

Hy(-) = (W o0 h) (), Gy(-):=(God™)(), Jo(-):=(Jod")(),
go(-) == (G097 1) (), Vo(-):= (Voo ')(), Ty(-):=(Cod™")().
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2.1. Representation of internal dynamics

With this, invoking (2.6) we may write xo = k(n, &) for an appropriate function & :
R2n=2m=2t=p » R2m+264p _y R™ Then, using the notation

g}ﬁ(Clv K(C)) = aixl(gb?(Il)x?)|x1=19’1(C1)7fE2=H(C2)

as in the previous section, and invoking the original constraints, namely Yi(t) =0,
Ya(t) =0, and Y (t) = (Ya(z1 ()", Ya(a1(¢)) )T = (0,9(t)")7, for t > 0, the internal
dynamics of a multibody system (2.32) are given by

m(t) = ¢1.9(0,y(t), m()) - (772(75)

| o lowomo) 1 [ =io (0 ®)
_ — - s 3T
+ My (0,y(t), m(t)) Gy (0w®m®) | To(0,y(t), m(?)) < B ) )
& .
By (O,ZJ(t)Jh(t)> oo

M2(t) = @3l ((0,y(t), m (1)), w(n(t), £(1))) - K(n(t), £(¢))

+ G2 (0, (8, (8) M (0, (), () ™" f (971 (0, 5(1), m(2)), 5 (n(t), £(2)) -

(2.40)

As before in Section 2.1.1, the internal dynamics in (2.40) are completely decoupled
and given in terms of the system’s parameters, its output and the internal variable,
where the decoupling process follows step by step an explicit scheme.

Examples. Decoupling the internal dynamics using the ansatz and procedure pre-
sented in Sections 2.1.1 & 2.1.2 was successfully applied in the following works.
In [23, Sec. 4.2] we performed decoupling of the internal dynamics for the robotic
manipulator arm as in Example 2.18; then, we chose the system parameters such
that this system was non-minimum phase and, after linearizing the internal dynam-
ics, we performed output reference tracking using the controller from [16]. In [18]
we investigated multi-input multi-output systems containing a kinematic loop and
being subject to holonomic and non-holonomic constraints. There, the techniques
to decouple the internal dynamics were applied in [18, Sec. 3]. The obtained rep-
resentation was then utilized to design a combined feedforward-feedback controller
to perform output reference tracking, where the controller involved the feedforward
control schemes from [158, 159] and the feedback controller from [16]. The latter
explicitly involves the internal dynamics, which we decoupled using the technique
from Section 2.1.2 and linearized it around the operation point. As a real world
application we simulated in [18, Sec. 6] output reference tracking of a non-minimum
phase robotic manipulator arm, which contained a kinematic loop and was subject
to holonomic constraints. o

Remark 2.23. The set of variables presented in Sections 2.1.1 & 2.1.2 to decouple
the internal dynamics (2.28) of (2.10) and (2.40) of (2.32), respectively, offers an
alternative to the Byrnes-Isidori form as in (2.2), whose computation often requires
a lot of effort, cf. Example 2.2.

(i) The advantage of the representation of the internal dynamics in (2.28), (2.40),
respectively, is, that it involves system parameters only. Lemma 2.11 (Corol-
lary 2.21) shows, that a suitable choice of V is given by imV = kerh/
(imV = ker(JT,GT, 1)), and solving (2.25) (or (2.38)) for z; only involves h
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Chapter 2. Internal dynamics

(or h and g), where the choice ¢;(x1) = Fx; as in the proof of Lemma 2.3
may simplify the computation further. We stress that, once ¢, is chosen, e.g.
¢1(z1) = Exy, the computation of the internal dynamics of a system (2.10)
or (2.32), respectively, can be carried out completely algorithmically without
the need to choose further functions.

(ii) Equations (2.26) and (2.38), (2.39) provide an explicit representation of the
diffeomorphism’s inverse, i.e., x = ®71(£, n), which can be computed algorith-
mically as well. Since the internal dynamics are given in terms of the system’s
output, the complete state x can be reconstructed from the output and the
solution of the internal dynamics. The situation is depicted in Figure 2.3.

| () = F(d(t), x(t) + Ga(t) u(t) | Y9,y
y(t) = h(z:(t))

Y,y

() =W (tn(t),y(t),§(t), ...y V(1))

z =71 )

Figure 2.3: Representation of the system’s state in terms of the internal vari-
able and the system’s output.

2.2 Stability analysis

In this section we utilize the representation of the internal dynamics from Section 2.1
to perform a stability analysis of the internal dynamics of a certain class of multibody
systems. We derive sufficient conditions on the system parameters such that the in-
ternal dynamics are bounded-input bounded-state stable. These conditions can be
verified in advance and hence explicit decoupling and stability analysis of the inter-
nal dynamics are not necessary. In particular, it is not necessary to derive (2.28).
We consider nonlinear multibody systems without kinematic loops, constant mass
matrix M € R™" constant input distribution B € R"*"™, and motivated from vari-
ous applications we assume the output measurement to be linear. The system class
under consideration is modelled via generalized coordinates ¢, v and the equations
of motion are of the form

q(t) = v(t), 9(0) = ¢° € R",
Mi(t) = flq(t),v(t)) + Bu(t), v(0)=1"¢€ R (2.41)
y(t) = Hq(t),

where H € R™*" is the linear measurement function and we assume the following
structure of f

f(z1,20) = =K (1) — D(22) — C(21, x2) 9, (2.42)

where K € C(R"; R") may be considered as a nonlinear restoring force, the function
D € C(R™R"™) for example mimics a nonlinear damping or friction and the term
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2.2. Stability analysis

C € C(R™ x R™";R™™) may take the role of a nonlinear distribution for a position
dependent damping or mimic a Coriolis force. As before, the input and output
dimensions coincide but we do not assume colocation, i.e., we allow for H # BT.
For the sake of notational consistency we introduce the state variables z; = ¢,
Ty =0, set v := (2] ,29)" € R?", and define the functions

Fla):= (M—lfﬁl,@))  Gi= (M(—JlB) '

With this we obtain the following equivalent representation of system (2.41)
&(t) = F(x(t)) + Gu(t),
y(t) = Ha(t),

where H € R™?" with H = [H,0]. We assume the high-gain matrix
I':= HM'B € Gl1,,(R)

to be regular, whereby Assumption (2.5) is satisfied on U; = R” substituting B with
M~ B. Therefore, via Lemma 2.6, system (2.41) has relative degree r = 2 on R?".
Since H, M, B are constant matrices we obtain with the aid of Lemma 2.11

¢o=V1(I, — M'BI'H) € Rmm)xn, (2.43)

where V' € R™ (™) is such that im V' = ker H. Hence, ¢, defines a conservative
vector field and thus, according to Remark 2.17, we may choose

P1(x1) = Ady - w1, (2.44)
for x; € R™ and some A € R\ {0}. Then, via (2.26) we obtain

-1
T = [;ZJ (gi) = MBI, 4+ X1V, (2.45)
-1
Lo = [H} (52) = M7 'BI Y+ V. (2.46)
05 Up)

Defining M := M~'BT'~! € R™™ and © := ¢y M~ € RP™)*" via equation (2.28)
we obtain the internal dynamics of system (2.41)

m(t) = Mp(t),

Ma(t) = O f (My(t) + A7V (t), My(t) + Vis(t)),
where we identified £ = y, & = v, and the arguments of f(z1,z5) with structure

as in (2.42) have been substituted via (2.45) and (2.46), respectively. We define the
vector field

P R2m) o R2 y R2m) (21, 29, V1, V2) >

(2.47)

Az (2.48)
(@ (—K(MU1 —+ )\71VZ1) — D(Muvz + Vzg) — C(Muv + >\’1Vz1, Moo + VZQ)(MUQ —+ VZQ))>
with which the internal dynamics of system (2.41) are given by

Henceforth let V' in (2.43) have orthonormal columns. In order to formulate condi-
tions on f in (2.41) such that the internal dynamics are bounded-input bounded-
output stable, we recall the following definition.
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Chapter 2. Internal dynamics

Definition 2.24. A function o : R™ — R is called radially unbounded, if a(z) — oo
for ||z|| = oo.

Next, we define the following set of functions
Skpc={(K,D,C) € CR";R")xC(R";R") xC(R™; R™") | (2.49) are satisfied } ,

where for 7 = 1,2 we assume, that there exist a positive constant z;" > 0 such that
for all z; € Z; := {z € R"™ | ||z|| > 2} and all v,w € R" the functions K, D
and C' satisfy the following, where Vi € C'(Z;R) is a radially unbounded function

Vi(z) = (OK(Vz))', (2.49a)

|IK(Vz) — K(Vz +w)| < g1(w), (2.49D)

2/ OK(Vz) > kl|z|?, (2.49c¢)

|D(Vz2) — D(Vzo 4+ w)|| < g2(w), (2.49d)

2, OD(Vz) > 6| 2%, (2.49¢)

ID(V2)|| < dfzl], (2.491)

(C(Vz,w) = C(Var + v, w))wl| < gs(v)as(w), (2.49g)
2 OC(Vzy, w)w > ||21]|%bs(w), (2.49h)

(C (v, Vz3) = Clv, Vzy + w)) (V2 + w)|| < ga(w)as(v)]| 2], (2.491)
2y OC (v, V22)V 2 > by(v) || 2|/ ||V 22||?, (2.49j)

1C (v, Vag)wl| < as(v)|ze[|w]; (2.49Kk)

for suitable functions a;,b;,9;, € C(R* — Rxg), ¢ = 1,...,4, j = 3,4, with
a;(z) < b;(z) for all z € R", and k,d,d > 0. A closer inspection yields that con-
ditions (2.49a) — (2.49k) mean that the acting forces are assumed to be basically
linear in a certain region, (far) away from the origin. Hence these are merely weak
assumptions.

In order to formulate the next result, we set 7 := ||©|| and for some p;, p2 > 0,
q > 0 we define the following constants

K = max ¢;(Mz), D := max gy(Mz),

#E€Byp, (0) 2€B),(0)
C: = max g:(Mz , C, ;= max Mz),
3 LeB ) 93( ) 4 2€B0) 9a( ) (2.50)
K 7_2 2
g1 =q(§ — %), €9 125—Q<d7+)\)a

b = q7([~(+ d[[M||p2), Ey:= T(f(—l— D),

which are all nonnegative by the feasible choices 0 < A < 2x/7% and 0 < ¢ <
20/(d? + 2)). Further, we define

vy = ATC3 > 0, g = 7'(04 +pp2) 2 0,

E; .
2| > max{;,%} } ,1=1,2.

We present an explicit Lyapunov function for the internal dynamics (2.47) of a
system (2.41) in the following result.

Zi = {Z € R*™™
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2.2. Stability analysis

Lemma 2.25. Consider a system (2.41) where f is structured as in (2.42) with
(K,D,C) € Yk pc. Fix some py,ps > 0 and for A > 0 in (2.44) fix 0 < A < 2k/72
and 0 < g < 26/(d* + 2)\). Then, for £ : R"™™ x R"™ — R defined by

1 _
L(n1,m2) = §||772||2 +qni me + Ve (A '), (2.51)

the Lie derivative along the vector field ¥ in (2.48) is nonincreasing for all y; €
B, (0), y2 € B,,(0) and all y; € Z; N Z;, i = 1,2, i.e.,

L' (1, m2) - W (m, 12,91, 92) < 0. (2.52)

Proof. Recall © = ¢,M~! € RO=™)*" and for 7 := ||©]| let 0 < A < 2x/72 and
0<q<20/(d*+2)). Fori =1,2let n; € Z; and y; € B,,(0). For the sake of better
legibility we set A := A~!. Then, we calculate the Lie derivative of £ from (2.51)
along the vector field ¥ from (2.48).

L'(n,m2) - W, n2, y1,y2) = KAV) "0 s + gAn, ne
+ 1, O( = K(My + AViy) — D(Mys + Vip))
— 15 OC(Myy + A\Vny, Mys + Vi) (Mysz + Vi)
+ gl ©( = K(Myy, + AVin) — D(Mys + Vi)
— qn{ OC(My; + AVn1, Mys + Vi) (Mysz + Vi)
= nzT@(K(/_\Vm) — K(My; + S\Vm))
+ g\l — ny ©D(Myz + Vi)
— 15 OC(My; + AVn1, Mys + Vi) (Mys + Vi)
— qn) OK (Myy + A\Vm) — qn) ©D(My; + Vi)
- thT@O(M?Jl + AV, Mys + V) (Mya + Vo).

(2.53)
For purpose of better legibility we set u := ||M]|. Note, that since V in (2.43) has
orthonormal columns we have ||Vz|| = ||z|| for z € R"™™. We estimate the addends

in (2.53) separately for n; € Z;, respectively.
Step one. We estimate 1] ©(K(AVim) — K(My; + AVi))

UQT@(K(S‘VTh) - K(Muy + 5\V7]1)) < 7l (AVm) = K(Myy + AVa) ||

(2.49D) .
< Tllnellgr(Muyr) < TK|ne]|.

Step two. We estimate —n, © D(Muys + Vy)

—U;@D(M?h + V) = U;@(D(VTD) — D(Myz + Vi) — D(VTD))

< 72| D(V2) — D(Mysz + Vip)|| — ns ©D(Vi)

(2.49d) T (2.49) 9
< Tlellg(Myz) =1, ©D (Vi) - < 7D|na|l — o[
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Chapter 2. Internal dynamics

Step three. We estimate —qn] O K (My; + A\Vn,)

—qn] OK (Myy + \Vi) < qrllm|l|KAVn) — K(My, + AV
— qn OK(AVny)

(2.49b) - _
< q7|mllgr(My1) — gny ©K(AVny)

(2.49¢)

< qrK|mll = geAlm*.

Step four. We estimate —qn, © D(Myy + Vi)

(2.49f)
—qn{ ©D(Mys + Vo) < qr|m|IDMys + V)| < qllm|ld|Mys + V|

< qrdppsllmll + grd|n|lIn.|

7-2 2 d2 2
< qrdups|mll + @ [Iml” + g lln21,

where we used 2ab < a® + b? for all a, b € R in the last line.
Step five. We estimate —qn] OC(Muy; + AV, Mys + Vig)(Mys + Vi)

—qn) OC(Myy + AVny, Mys + Vi) (Myz + Vi)
= qan@<C(5\Vm, My + Vi) — C(Myy + AV, My, + Vn2)> (Mys + Vo)
— g OC AV, Mys + Vi) (Mys + Vi)
< qrllm | (COVim, Mys + Vi) = C(Myy + Ay, Mys + Vi) ) (Myz + V)|

- qnf@C(XVm? My + Ving) (Mys + Vi)

(2.49g) )
< qrlmllgs(Myr)as(Mys + Vi) — qgnf OC(AVn, Mys + Viga) (Mys + Viga)

(2.49h) 5 q )
< qrCsllmllas(Myz + Vi) = Slimll” bs(Myz + Vire)
< qrCallmllas(Mya + Vo) = I [1* as(Mys + Vi)

= % (/\Tég - ||771||> lm1||as(Mys + Vo).
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Step siz. We estimate —n, OC (My; + AV, Mya + Vig)(Mys + Vi)
—1y OC (Myy + AV, Mys + Vi) (Mys + Vi)
= UQTG)(C(Myl + AV, Vi) — C(Mys + AV, My, + Vng)) (Mys + Vi)
— 13 OC(Myy + AV, Vi) (Myz + Vi)

< 7|[mell [C(M?Jl + AV, Vi) — C(Myy + AV, Mys + Vﬁz)} (Mya + V)|
- 772T@C(M3/1 + AV, V) (Mya + Vi)

(2.49i)

< 7[nell gs(Myz) as(Myr+AV i) |In2]lny OC(Myr+AVar, Vi) (Myz+ Vi)

(2‘49j) _ _
< 7lnel? ga(Mys) as(Mys + AVi) — by(Mys + AV |||V |

— 0y OC(Muyy + AV, Vi) My,
(2.49k)  _ _ ) ~ )
< 7Ciag(Myr + AV ||n2||” + Tpp2 as(Myr + AV [[n2|

— ba( My + V) ]
< (7(Ca+ npz) = el ) o2 aa(Mon + AV,

where we used ||[Vz|| = ||z|| for all z € R"™™ in the second last estimation. We
summarize the calculations above to estimate £'(n1,12) - Y(1n1, 72, Y1, y2) for n; € Z;
and y; € B,,(0),i=1,2

L' (m,m2) - U, n2, y1.y2) < gM|mell* + 7K ||nal| + 7D|ma || — 8limel|® + ¢m K |[m1 |

I*

K 72 ,  d? 9
— qxl\m + qrdpps||m|| + QEIImII + q5||772||

+ % (x\TC’g - ||771H> |71 |las(Mys + Vi)
T (7(54 + pp2) — ||772||) 72]|2 aa(Mys + AV).

Sorting these expressions and inserting the constants from (2.50) yields

L' (n1,m2) - W, m2,y1,y2) < — erllml® + Erllml| — e2llnoll? + Ealne||
q
- X(||771|| = 71)Imllas(Myz + Vi) (2.54)
— (Im2ll = 72) [Im2]? aa(Muyr + AVa),

where €1,e9 > 0 and E, F5 > 0 via the choice of ¢ and A, and 71,7 > 0. We
consider the function

W RXm 4 R (2.55)
(w1, wa) = —&1[Jwn || + Ey[Jwn]] — eaflwal” + Eslwall,
with e; > 0, E; > 0 for i = 1,2 as above. A short calculation yields that for w; € 7

we have W (wy,we) < 0, and —(||wy] — 1) < 0 and —(|lwe|| — 72) < 0. Compar-
ing (2.54) and (2.55) yields assertion (2.52) via

5,(7717772) : \I[(n177727y17y2) S W(nlﬂb) S 07

for all 7 € Z;N Z;, i = 1,2, and y, € B, (0), yo € B,,(0). This completes the
proof. ]
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Chapter 2. Internal dynamics

Seeking a formulation to verify stability of the internal dynamics of a sys-
tem (2.41) in advance, we formulate an abstract stability result in the spirit of [121,
Thm. 4]. Before we do so, we introduce the concept of bounded-input bounded-state
stability following the notion in [3].

Definition 2.26. A control system
i(t) = fa(),u(t)), =(0) =10 € R", (2.56)

where f € C(R™ x R™;R"), is called bounded-input bounded-state stable, if for all
u > 0 and all z° > 0 there exists T > 0 (depending on #, 7°), such that for all initial
conditions z° € R" with [|z°|| < z° and all inputs v € L>®(Rx¢; R™) with ||ull. <@
all solutions x : I C R>y — R" of (2.56), I an interval with 0 € I, satisfy

Viel: |z(t)] < 7.

Lemma 2.27. Consider a control system (2.56), and assume there exist u,c¢ > 0
and a radially unbounded function £ € C'(R™; Rs) such that for all u € B;(0) and
for all ¢ € {z € R | ||z]| > ¢} we have

L'(¢) - f(¢u) <0. (2.57)

Then, for all u € L>*(Rs¢; R™) with |Ju|l. < @ and all solutions ¢ : I C Rsy — R”
of (2.56) with ¢(0) = ¢" € R, I an interval with 0 € I, there exists € > 0 such that

vtel: [[Ct)] < max{||¢°],c} +e,
this means, the system is bounded-input bounded-state stable.

Proof. The following proof is inspired by the proof given in [121, Thm. 4], and some
ideas are adopted from the proof in [183, Lem. 5.7.8]. Let ¢ := max{||¢°||,c} and
A= max{L(¢) | ||¢|| = ¢}. Since L is radially unbounded there exists ¢ > 0
such that £(¢) > A for all ¢ € {ze€R" |||z]| >¢é+¢c}. Seeking a contradic-
tion, we suppose the existence of t; € [ such that ||[((t1)|| > ¢+ e. Let ¢y =
max {t € [0,t1) | [|C(t)]| =¢é+e}. Then, we have L({(t)) > A for all t € (to,11].
Since by (2.57) L is nonincreasing along solution trajectories of (2.56) for all u €
L®(R>0; R™) with ||u]|l < @ and ||| > ¢, we have A < L({(t1)) < L({(ty)) < A A
contradiction. Therefore, we conclude ||((t)|| < ¢+ ¢ forall t € . O

Now, we are in the position to formulate a result concerning the stability of the
internal dynamics (2.47) of a system (2.41) with f structured as in (2.42).

Theorem 2.28. The internal dynamics (2.47) of a system (2.41), where f is struc-
tured as in (2.42) are bounded-input bounded-state stable, if (K, D,C) € Xk pc.

Proof. The statement is a direct consequence of Lemmata 2.25 & 2.27. O

Remark 2.29. We emphasize, that conditions (2.49) on f can be verified in advance.
Hence, it is not necessary to decouple the internal dynamics, i.e., it is not necessary
to derive equations (2.28), or (2.47), respectively.
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2.2. Stability analysis

Example 2.30. We illustrate Theorem 2.28, i.e., we conclude stability of the in-
ternal dynamics of a given system (2.41) by verifying that the involved generalized
forces f are such that (K,D,C) € g pc. We consider the mass on a car sys-
tem presented in [158, Sec. 4.2], which is an extension of the classical mass on a
car system under consideration in [179, Sec. 4.1]. The system consists of two cars
with mass m; (in kg) and my (in kg), respectively. The two cars are coupled via a
spring-damper combination with characteristics K3 (in N/m) and D, (in Ns/m), re-
spectively. On the second car a ramp with constant angle 0 < o < 7/2 is mounted,
on which a third mass ms (in kg) is lying and is coupled to the second car via
a spring with characteristic K3 (in N/m), and a damping with characteristic D3
(in Ns/m). To the first car a force u; can be applied, and to the second car individ-
ually a force us can be applied. We measure the horizontal position of the first car
and the horizontal position of the mass mg on the ramp. The situation is depicted
in Figure 2.4. For convenience we assume the constant force on ms due to gravity,

ms
S3.
Dy ¥,
Kg ®

D, ol
Uy M = Mo y Us
—> 6 v ® ——>

. : . Ko . .

S1 i S 1t
no___ E Yo :

Figure 2.4: Extended mass on a car system. The original figure is taken from [158]
and edited for the purpose of the present work.

namely msgsin(«), where g is the gravitational constant, to be compensated via a
linear coordinate transformation, such that K3(0) = 0. Then, according to [158,
Sec. 4.2] with s := (s1,52,53)' € R? the equations of motion for that system are
given by

mi -+ Mo +Mm3 Mo +1M3 M3 COS(Oé) 51 (t)
ms + mg mse +mg  mgcos(a)| | Sa(t)
ms cos(«) mg cos(a) ms §3(t)

—M

0 10
— [ —Kalst) - Dots)) | + [0 1 (“1“)),
00

— K3(s(t)) — Ds(5(t)) us(t)
) oi) - o] (5
y\t) = yo(t) ) \s1(t) + sa(t) + cos(a)ss(t) ) | 1 1 cos(a) ] 8;2;(75)

-

=H
(2.58)
In this particular example we have n = 3 and m = 2, hence we are in the situation
of multi-input, multi-output. Note that the input and the output are not colocated,
i.e., H# BT. According to the equations given in [158] we assume Ky (s) = k-s and
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Chapter 2. Internal dynamics

Ds(s) = d - s, where k,d > 0. In order to include nonlinear terms, we assume that
K3 and D3 have the following characteristics, where o(-) denotes the sign function

a(q3)\/|asl, lgs| <1,

Kg : R3 — R, qtr—
sq3+30(q3), las| > 1,

and

o (vs)v3, v < 1,

D3 : RS — R, V=
2’03—0'(1)3) ’Ug’ > 1.

Note that K3, D3 € C(R? R). The schematic shapes of K3 and D3 are depicted in
Figure 2.5.

2 2
1p 8 1p .
= 00 1 3 9 1
< Q
—1F N —1r N
_2 L L L _2 1 L L
—2 -1 0 1 2 -2 -1 0 1 2
a3 Us

Figure 2.5: Schematic shape of K3 and D3, respectively. Solid lines on Z;, dashed
lineson R\ Z;, i =1,2.

We set @1 := (s1,82,83) ", 22 1= @1, K = (0,K3,K3)", and D := (0, D5, D3)",

whereby K,D € C(R*R?), respectively. Further, we define H := [H,0] and set
M := diag(I3, M). Then, system (2.58) reads

i(t) = J\:4‘1 (_K(m(ta)c)z(f)D(@(t))) M7 [g} (Z;g;) ’ (2.59)
y(t) = Ha(t),

and (2.59) is of the form (2.41). We set u := mgy + m3sin(a)? and calculate

1 -1 0
-1 mll mfﬁ}; cos(a)
M™ == “mn ~a |
0 _COS(CY) ma+ms
p pms
and
1 my —b
P=HM™B=|""" k| € GL([R), TI''=| an%a;
1 s«

Therefore, assumption 2.5 is satisfied on R?® (B substituted by M~!'B) and thus,
using Lemma 2.6, system (2.59) has relative degree r = 2 on RS, We calculate
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2.2. Stability analysis

V = (0, —cos(a),1)" by which im V' = ker H. Then, according to (2.23), ¢ is given
by
¢2=(0 0 1)(I3— M 'BI''H) = 5 [cos(a) cos(a) 1],

sin(a)?

and thus
O:=¢pM'=—L—_-100 0 1].

m3 sin(a)?

For the sets introduced in the definition of ¥ p ¢ we have Z; = {z € R| |z| > 1},

i = 1,2. Now, we validate conditions (2.49a)-(2.49f) step by step. First, consider
Vi : Z1 — R defined by

1

—_— 2 —_—
ms Sin(&)z (Zl |Z1|)7

VK:Zl—HR, 21 >

which is radially unbounded. Note that Z; = R\ [—1, 1] and hence Vi € C}(Z;R).
Then, for z; € Z; the derivative of Vi is given by

Vo) = — (221 — o(2))

ms sin(«a)?

0
= (0 —cos(a) kzy 22z — a(zl)) 0 =K(Vz)'0", 2 €7,
1

m3 sin(a)?

thus (2.49a) is satisfied. Furthermore,

0 w1
|IK(Vz) — K(Vz +w)| = —cos(a) kz; | — | —cos(a) kzy + wo = [Jw][,
221 — o(z) 221 —o0(z1) + ws

which proves (2.49b), and

1
OK(Vz)= 21— (22 —
210K (Vz) 21m3 sin(a)2< 21— o(21))
1 1
e — ) Yo - > -2 7
ms sin(a)2( a-lal)z ms sim(a)QZ17 < 21

which shows (2.49¢). Conditions (2.49d)—(2.49¢) for D follow analogously for z, €
Zy = Zy. For (2.49f) consider

0
ID(Vz9)|| = —cos(a) dzg
229 — 0(29)

<d|z|+ 2220 — 0(29)] < (d+2)|z2] + 1 < (d+ 3)|29],

for zo € Zy, which shows (2.49f). Therefore, via Theorem 2.28 we may deduce sta-
bility of the internal dynamics of the extended mass on a car system with equations
of motion given in (2.58). Note that we conclude stability of the internal dynam-
ics without having decoupled these explicitly, but just algorithmically calculate the
respective functions, in particular, the function ¢y, which is given in (2.23). o
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Chapter 2. Internal dynamics

Remark 2.31. The function f in (2.41) with structure as in (2.42) covers a lot
of physical meaningful mechanical systems, however, many other structures and
configurations are possible. In particular, when systems of higher order (2.10) are
under consideration. Although it is not reasonable to search for conditions similar
to (2.49) for arbitrary functions of systems (2.10), Lemma 2.25 in combination with

Remark 2.17 gives a good starting point, how potential Lyapunov functions may
look like.
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3 Output feedback control

In this chapter we focus on the long standing problem that most feedback control
laws require derivatives of the output to be available. To this end, we elaborate
on the so-called funnel pre-compensator, first proposed in [32], which turns out to
be an appropriate tool to produce a signal which approximates the original signal
and the derivatives of the pre-compensator’s signal are available. We show that a
conjunction of a minimum phase system of arbitrary relative degree with the funnel
pre-compensator results in a minimum phase system of the same relative degree,
whereby this overall conjunction is contained in the system class under considera-
tion in [21] and hence, amenable to funnel control. As a consequence, the usage of
the funnel pre-compensator enables output reference tracking without requiring to
know derivatives of the system’s output, that is, to perform output feedback control.

The funnel pre-compensator is a simple adaptive dynamical system of high-gain
type which receives signals from a certain class of signals specified later, and has
an output which approximates the input signal in the sense that the error between
the input signal and the pre-compensator’s output evolves within a prescribed per-
formance funnel. Moreover, the derivatives of the pre-compensator’s output are
known explicitly. Comparing the preprint [31] to the work [32], it is clear that
the funnel pre-compensator was inspired by the concept of high-gain observers,
mainly inspired by the adaptive high-gain observer proposed in [45]. For detailed
literature on high-gain observers we refer to [61, 108, 175, 187] and the survey [107]
as well as the references therein, respectively. Nevertheless, we explicitly highlight
two important properties of high-gain observers. First, high-gain observers can
be used to estimate the system’s state without the exact knowledge of the system
parameters but only some structural assumptions, as for instance the relative degree
of the system, are required. Second, high-gain observers are robust. However, in
most cases the value of the high-gain parameter has to be evaluated via offline
simulations. If it is chosen unnecessary large, the high-gain observer is very sensi-
tive to high-frequent measurement noise. To overcome this drawback, in [45] the
constant high-gain parameter has been replaced by a dynamical parameter function,
which is determined by a differential equation involving the observation error. This
adaption scheme produces a monotonically increasing parameter function as long
as the error is larger than a predefined value; once reached this value the function
stops increasing. However, the nondecreasing parameter function leads to high
sensitivity with respect to strongly increasing signals or perturbations. Although
convergence to a prescribed error is guaranteed the transient behaviour of the error
cannot be prescribed. In contrast, the funnel pre-compensator introduced in [32]
has an inherent different structure of the output, compared to high-gain observers;
namely, it does not approximate the derivatives of the input signal but produces
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a “synthetic output”, the derivatives of which are known exactly and this output
evolves within a prescribed performance funnel around the input signal, that is,
transient behaviour of the error can be prescribed. Although it is quite different,
the funnel pre-compensator resembles a high-gain observer and adopts some of its
benefits. Namely, the estimation of the signal requires only structural assumptions,
such as knowledge of the relative degree of the underlying system. Furthermore, it
is robust with respect to signal noise, cf. [32, Rem. 1]. An immensely important
aspect of the funnel pre-compensator’s simple adaption scheme, compared to, e.g.,
backstepping schemes, is the fact that no high powers of the gain function are
involved. Therefore, issues in numerical implementation are circumvented without
any estimations of the underlying model. For detailed discussion of this aspect in
the context of high-gain observers see, e.g., the works [6, 105].

There is plenty of properly working high-gain based feedback controllers guaran-
teing prescribed error performance. For funnel control schemes see, e.g., [91, 25], the
recent work [21] or the construction of a bang-bang funnel controller cf. [127]. For
prescribed performance controller see 9, 8]. However, all suffer from the problem
that the output signal’s derivatives (funnel control) or the full state (prescribed
performance controller) have to be available to the control scheme. For funnel
control, this means that if the output’s derivatives are not available from mea-
surement, the output measurement has to be differentiated, which is an ill-posed
problem as pointed out in [74, Sec. 1.4.4]. A widespread idea in the literature
to handle this topic is the so-called backstepping procedure, see for instance [114,
106]. This technique was studied in conjunction with an input filter, e.g., in the
works [92, 93]. However, the backstepping procedure typically involves high pow-
ers of a “large-valued” gain function, which causes numerical issues and leads to
impractical performances, see [74, Sec. 4.4.3]. Another approach to solve an arbi-
trary good transient and steady-state response problem for linear minimum phase
systems with arbitrary relative degree is presented in [143]. The proposed controller
involves an internal compensator scheme of LTI type, which allows to achieve an
arbitrarily small error within an arbitrarily short time, while only receiving the
system’s output and the reference signal. Although this control scheme has a num-
ber of advantageous features, such as noise tolerance and applicability to systems
with unknown relative degree to name but two (see also the survey [85]), it is an
adaptive scheme with a monotonically non-decreasing gain-function and involves a
(piecewise constant) switching function, where the switching times are determined
in a two phase scheme of rather high complexity. In the works [50, 56] approaches
to realize output tracking with prescribed error behaviour via output feedback only
are presented. In [50] single-input single-output systems of known arbitrary rela-
tive degree with bounded input bounded state stable internal dynamics are under
consideration. The control scheme involves higher derivatives of the output which
are approximated by a high-gain observer. With this, tracking via output feedback
can be realized. However, in this setting knowledge of the control coefficient is
required and hence the particular control scheme is, in contrast to standard funnel
control schemes, not model free. In [56] an extension of the prescribed performance
controller [8] is used to achieve output tracking with prescribed error performance
of unknown nonlinear multi-input multi-output systems with known vector relative
degree. A high-gain observer scheme is used to make the required derivatives avail-
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Chapter 3. Output feedback control

able. Since the control schemes in [50, 56] involve high-gain observers, both suffer
from the problem of proper initializing, i.e., the high-gain parameters are to be
predetermined appropriately. However, it is not clear how to choose these param-
eters appropriately in advance. In [130] an output feedback funnel control scheme
is developed, which achieves output tracking with prescribed transient behaviour
for a class of nonlinear single-input single-output systems, where the nonlinearity
is a function of time and the output variable only. In particular, the problem of
choosing parameters appropriately in advance is circumvented.

As mentioned above the derivatives of the pre-compensator’s output are known
explicitly, and hence the aforesaid gives rise to the idea that the funnel pre-
compensator scheme proposed in [32] can help resolving the long-standing problem
of adaptive feedback control with prescribed error performance of nonlinear sys-
tems with relative degree higher than one with unknown output derivatives. In
order to resolve this problem, we show that the application of a cascade of funnel
pre-compensators to a minimum phase system of arbitrary relative degree yields a
system of the same relative degree, which is minimum phase as well. In particular,
the derivatives of the pre-compensator’s output are known explicitly. Therefore,
output reference tracking with prescribed transient behaviour using well known
funnel control schemes for systems of arbitrary (possibly high) relative degree, as
for instance from [25] or the recent work [21], is possible without knowledge of the
system’s output derivatives. In particular, the tracking error between the original
system’s output and the desired reference trajectory evolves within a prescribed
performance funnel. For systems of relative degree two this was shown in [32] and
this result was used for funnel control in [30], but for arbitrary relative degree r € N
this remained an open problem which we solve in the present chapter.

3.1 The funnel pre-compensator

The funnel pre-compensator, first introduced in [32], is a dynamical input-output sys-
tem of high-gain type in the spirit of funnel control. For details concerning the idea
of funnel control we refer to Section 1.1, and the classical works [91, 87], the recent
works [25, 21], and the references therein, respectively. The funnel pre-compensator
receives signals u and w belonging to a certain set of signals P, introduced be-
low, and gives a signal z as an output, the derivative of which is explicitly given
by the pre-compensator’s equations; and z tracks the signal w with prescribed error.

Before we recall and investigate the funnel pre-compensator introduced in [32]
we highlight that, contrary to most approaches, the funnel pre-compensator does
not necessarily receive signals u and w which are input and output of a dynamical
system or a corresponding plant, but we consider signals u and w belonging to the
large set

iI' e CI(RZO;Rme) :
Pri=X (u,w) € Liy. (Rso; R™) x Wio® (Rs0; R™) Tw= € £2(Rso; R™),

(00 ) —u Lo R R

We emphasize that it is not assumed to know the matrix valued function I'. Only
knowledge of the signals © and w and the number » € N is assumed. It is self
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3.1. The funnel pre-compensator

evident that the signals v and w can be the input and output of a corresponding
plant. For example, for a suitable continuous function f, a bounded disturbance d
and an input distribution matrix B € Gl,,(R), let u € L>*(R>0;R™) be the input
and y € C"(R>o; R™) the output of a system

Yy (t) = £ (d(t),y(®),....y" (b)) + Bu(t).

Then, if y,9, ...,y Y are bounded we have (u,y) € P,. The signal set P,, however,
allows for a much larger class of dynamical systems, cf. [25] and the works [20, 91].

As mentioned above, the output z of the funnel pre-compensator approximates
the input signal w with prescribed accuracy. To precise this property, we denote the
error between the signals w and z with e := w — z. Then the error evolves within a
performance funnel

Fo:={(t.e) € Roo x R™ |p(t)[le]| <1},

the shape of which is prescribed by a funnel function ¢, which, for » € N, belongs
to the set

' (") are bounded
o , ‘ 0, P, ..., p!") are bounded,
r = {(p € C"(Rx0;R) @(s) > 0 for all s > 0,liminfs o ©(s) >0 } '

The boundary of a performance funnel is given by the reciprocal of the associated
funnel function, i.e., the boundary is given by 1/¢, see Figure 3.1b. The schematic
structure of the funnel pre-compensator is depicted in Figure 3.1a. We highlight

’lU(t) ‘|
l
Funnel (1), #(t) V- rooox
(u,w) € P, Pre- S -
Compensator —w(t) — z(t)
r -1/ (0
u(t) time t / s
(a) Schematic funnel pre-compensator. (b) Approximation error e = w — z

and funnel boundary 1/¢.

Figure 3.1: Schematic structure of an application of the funnel pre-compensator (3.1)
to signals (u,w) € P,, and its error. The figures are based on the respective figures
in [32].

two important properties of funnel functions ¢ € ®,., cf. [32, Sec. 2].

(i) Functions with ¢(0) = 0 are explicitly allowed. This means that the bound-
ary 1/¢ has a pole at ¢t = 0. This property is important in the context of funnel
based feedback control, where initial conditions of the form ¢(0)|le(0)] < 1
occur, which are satisfied trivially for ¢(0) = 0.

(ii) It is not required that the funnel functions increase monotonically, see Fig-
ure 3.1b. Although in most situations a monotonically decreasing funnel
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Chapter 3. Output feedback control

boundary is desirable, there may be situations where widening the funnel
boundary over some time interval is beneficial, e.g., if the signal w is changing
strongly or in the presence of (periodic) disturbances.

Now, after we established the pre-compensator’s general shape and functional-
ity, we recall its mathematical formulation as proposed in [32]. The funnel pre-
compensator

FP(a,p,T,¢) : (u,w) — (u, z)

is in general defined for signals (u,w) € P, and ¢ € ®, via the following system of
ordinary differential equations

21(t) = (a1 + pih(D)) (w(t) — 21(F)) + 2(t), 21(0) = 2 € R™,
2(t) = (a2 + p2h(t)) (w(t) — 21(t)) + 23(t), 2(0) = 25 € R™,

Zo1(t) = (ar—1 + prorh(1)) (w(t) — 21(t)) +
L) = (ar,  +p h@®)(wt) —21(t) +Tut), 2(0) =22 R™,

1
h(t) = 1= e(t)2[lw(t) — 21 (¢)]2

where I' € R™*™ igs the so-called high-gain matrix, which satisfies certain proper-
ties, see Definition 3.2. Further, the constants a := (ai,...,a.), p := (p1,-..,pr)
and the function ¢ are design parameters to be introduced and determined later in
Definition 3.2. The pre-compensator being of funnel type shows up in the last line
in (3.1), where the gain function A is introduced. If the error between the signals w
and z; is small, the gain is close or equal to one; if the error is near the funnel
boundary, i.e., if ¢||w — 21| is close to one, the gain growths rapidly and forces z
into the direction of w. The situation is illustrated in Figure 3.2.

—h@®)r

(a) Signal w and pre- (b) Error w — z; and funnel (c) Gain funtion h.
compensator state 2. boundary 1/¢.

Figure 3.2: Exemplary application of the funnel pre-compensator to a signal w, the
error w — z; and the shape of the gain function h determined by ¢ € ®, and w — z;.

The first result in [32] concerns feasibility of the funnel pre-compensator applied
to given signals, namely [32, Prop. 1] guarantees prescribed performance of the er-
ror between the signal w and the pre-compensator’s output z := z; as shown in
Figure 3.2b. Moreover, the derivative 2 is known explicitly. However, although z
approximates the input signal w arbitrarily good (as good as prescribed by the
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3.1. The funnel pre-compensator

chosen funnel function), the higher derivatives ), ...,w" ™" are not approximated.
Neither in the sense that the higher derivatives %, ..., 2("~1) approximate the higher
derivatives of w, nor that the states z;, 1 = 1,...,r, approximate the higher deriva-
tives of w in the sense of prescribed performance of the respective errors. Having
in mind that we are searching for a signal, the higher derivatives of which are
known, the previous observation motivates a successive application of the funnel
pre-compensator, resulting in a cascade of funnel pre-compensators as introduced
in [32, Sec. 2]. This means, to apply funnel pre-compensators in a row to the pre-
ceding system, which is already a funnel pre-compensator, i.e., for i,n € N we have
FP : P, = Pn,(u,2i—11) — (u,2;1). Note that applying pre-compensators in a
row requires an adaptation of notation. We introduce double indices to indicate
the states, i.e., z;; denotes the j™ state of the i*" pre-compensator, and the gain
function h; := 1/(1 — ©*||zi—11 — 2zi1]|?) is indexed respectively. Applying r — 1
pre-compensators in a row we obtain for ¢, € ®, the following structure

FP(a,p,I';p)o---0 FP(a,p,I', )0 FP(a,p,I', 1) : P = P, (3.2)

(u,w) — (u, z), '
where, except of the first, all pre-compensators in the cascade have the same funnel
function ¢ € @, and the same high-gain matrix I'. Further, as in the case of only
one pre-compensator, the parameters a,p > 0 (componentwise) are introduced and
discussed in Definition 3.2. The situation is depicted in Figure 3.3. For such a

a,p,F,g&l a7p7F7S0 a7p7F790
! ! ]
w(t 2171(15) 2271(t) 2772,1@) z(t
(u,w)EPTL'FP FP - — = FP )

u(t) u(t) u(t) u(t)

Figure 3.3: Cascade of r—1 funnel pre-compensators given in (3.2) applied to signals
(u,w) € P,. The figure is based on the respective figure in [32].

cascade of funnel pre-compensators (3.2) the result [32, Thm. 1] states that applied

to signals (u,w) € P,, the cascade yields a system with output z := z,_1; such
that the error e = w — z evolves within a prescribed performance funnel, and more-
over, all derivatives 2, ..., 2~ are known and given explicitly via the intermediate
states z;;,1=1,...,r=1,7=1,...,r.

Remark 3.1. Consider a cascade of r — 1 funnel pre-compensators (3.2). We dis-
cuss and present an explicit representation of higher derivatives of the funnel pre-
compensator’s output z = z,_1;. For ¢ > 2 we perform the following calculation
involving equations (3.1)

Zia(t) = 2i2(t) + (a1 + prhi(t))(2i-11(t) — 2:1(2)),
Zia(t) = 2zi3(t) + (a2 + pahi(t)) (2i-11(t) — 21 (1))

+ prhi(t)(zic1a(t) — 2i1()) + (a1 + prhi(t)) (Zicia(t) — i1 (1)),
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with the gain functions h; given in (3.1), the derivative of which are given by
$hi(t) = 20 (P (OGO 12611 (1) — 22 (D)2

ot (o) = 2 (t), B () — 2 (D))

This motivates to introduce, in reference to [32, Rem. 3], the following functions.
Let hy,p; € R and & € R™. Then, for k,1l € {1,...,r — 1} and i > 2, we define
recursively

ilg’l(hm ©0,&0) = (ar + pihe) o,

oL
o (ol €ll” + il 1)

Tkl .
Ly (hiey o, - - s piv1, 6o, - &ign) 1=

With this, defining v; := 2;,_1 ;1 —2;1 and invoking equations (3.1), we obtain for i > 2
and j < min{k,i}

() ((ak—j +pk—jhi(t))vi(t)> = L7 (hat), (t), ..., @D (t), vs(t), ..., v (1)),

For (u,w) € P,andi=2,...,r—1,j=0,...,7r — 1 we define

-1

.

L} (1) :

I
~
=
<
|
—
~/~
>
=
—~
~
S—
AS)
,_.
—~
~
S—
AS)

D 8), w(t) = 2(0), .., w () = 200(8))

I
= o

S.ow

L5(8) = >0 L7 (i), (), (0, ui0), o (1))

[e=]

s=

Then, invoking equations (3.1), (3.2) we have

() = 21400 + L (1) 5.3
20 (1) = 2+ L(0).
In particular, for the funnel pre-compensator’s output z := z,_;; we make the

following observation. The function L;_l depends on the first 7 — 1 deriva-
tives of z and on the same number of derivatives of z,_5;. Whilst the de-
pendence on the derivatives of z successively leads to a dependency of zU) on

. o i—1

Zr_11,---5%r—1,4+1, the recursive reapplication of (3.3) to z._21,... ,27{]_21) leads
to an explicit dependence of zU) on the intermediate pre-compensator states
Zp A0y ey 1l - -5 Br—ijls Zr—j.2y Zr—j—1,1. Figure 3.4 gives a clarifying picture

of the aforesaid. Observing that for j = r — 1 the derivative 2”1 depends on
Zy_j_11 = %01 = w it is clear that the “length” r — 1 of the cascade corresponds to

the number of required derivatives of 2 = 2z, ;. We exemplify formula (3.3) for 2(7)
for the case r =3 and j = 2. We set vp :=w — 217 and vy := 211 — 221 = 211 — 2.
Then for (u,w) € Ps we obtain

£(6) = 22,5(8) + (a2 + pha (1)1 (1)
+ (a1 + p1ha(t)) (Zl,z(t) + (a1 4+ prha(t))vo(t) — (22,2(2) + (a1 +p1h2(t))vl(t))>
+ 2p1ha(t) e (D) o1 (1)
+ 2912 (020001 (8), 21,2(0) + (a1 + paa () () = (22,2(8) + (@1 + prha(D)or (1)) ).
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Zr—1,1 Rr—2]1

Zr—21 Rr-3,1
Zr—1,2  |Fr—21 :

j —| Z —_ Z —
2V : S P Il R Frejril Erojul [ z
. : o s r—7,1 r—j—1,1
(i-1) N R G F o P ’
Zr—1,j41 |Rp— j—2 ) r—7,2
j S [ PR 2537371) Zr—j+1,3

Figure 3.4: Schematic dependence of the derivatives z) on the intermediate pre-
compensator states z; ;. The figure is based on the respective figure in [32].

At the first glance, the expression for Z looks lengthy and awkward to handle. How-
ever, we stress that with the aid of formula (3.3) the computation of the derivatives
of z can be performed completely algorithmically, involving symbolic differentiation
and matrix vector multiplication.

Next, we introduce the set of feasible design parameters for the funnel pre-
compensator.

Definition 3.2. We define the set
Y. {(a,p, 0,01, 0,0, 1) ER" XR" x &, x B, x R X R™™ x R™*™|(A 1)~ (A.4) hold},

where (A.1) — (A.4) denote the following properties.

(A.1) The numbers a; are such that a; > 0 for all i =1,... r, and

—a 1
A= | |l erR™
—Qy_1 1
—a, 0

is Hurwitz, i.e., 0(A) C C_. Furthermore, let P = [1]3} ii] > 0, with P; € R,
Py e RX0=1 p, ¢ RO-Dx(=1) he the solution of

ATP+PA+Q =0
for some symmetric @) € R™*" with () > 0; then p is defined as
P, — BP'P)

b
. = P_l O = 1
R : —P 'R )"

pr 0

(A.2) The funnel functions i, ¢ € ®, from (3.2) satisfy
dp>1Vt>0: o(t) = pei(t).

(A.3) The matrix I' from (3.2) is symmetric and definite (w.lo.g. we may as-
sume I' > 0) and moreover, for a given symmetric 0 < © € R™ ™ we
have

or' — (@f—l)T > 0.
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Chapter 3. Output feedback control

(A.4) For the matrix © € R™™ from (A.3), T from (3.2) and p from (A.2) the

matrix G := I,, — OT ! satisfies

. fp—1 p
Gl < .
<l mm{r—2’4p2<p+1>r2—1}

If conditions (A.1) — (A.4) hold we write (a,p, ¢, @1, p,©,T) € B.

Remark 3.3. We comment on the conditions (A.1) - (A.4).

(i)

(iv)

At the first glance, there are r parameters to be chosen appropriately satis-
fying (A.1). However, considering the polynomial (s 4 sq)", which has all its
roots in C_ for s > 0, it is clear, with

(s+s0) =5+ Z a;is"",

i=1
that
—Qaq 1
A= | ¢ | er™, os(4)cC,
—Qar_1 1
—a, 0
that is, the matrix A is Hurwitz. Moreover, the simple choice Q = I, is

always feasible; and the matrix P is completely determined by the choice of A
and ). With this, since py,...,p, are given by the Lyapunov matrix P, all
parameters required to satisfy (A.1) can be determined by choosing one real
number sq > 0.

Condition (A.2) means that the first funnel, which limits the error w — 231,
is somewhat wider than the others. As we will see later in Section 3.3 this is
relevant in the case of output tracking.

Property (A.3) in particular asks for regularity of the matrix product er1,
and (A.4) ensures that the matrix I is “not too different” from matrix ©.
We highlight that, although the matrix © is not assumed to be known,
(A.3) & (A.4) are feasible. In the special case if © is known, (A.3) & (A.4)
can be trivially satisfied via the choice I = ©.

If the funnel pre-compensator is applied to signals (u,w) € P,, then condi-

tions (A.3) & (A.4) are asked to be satisfied for © =T'.

Example 3.4. We illustrate an application of a cascade of funnel pre-compensators
to given signals (u, w) € P,.. Moreover, we qualitatively compare how the parameters
influence its performance. We choose the signals

w(t) =e 5" — 05, wu(t)=sin(t),

and, since (u, w) € C*(R>g;R) x C>*(Rx0; R), we choose to simulate the application
of a cascade consisting of two funnel pre-compensators (3.2), i.e., we consider the
case r = 3. Initially we choose a Hurwitz polynomial, i.e., a polynomial whose roots
have strict negative real part, to determine the matrix A € R¥*® from (A.1) via the
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3.1. The funnel pre-compensator

polynomial’s coefficients, cf. Remark 3.3. During various simulations with different
parameters it turned out that the parameters a; influence the pre-compensator’s
performance the most. So we compare three sets of these parameters. To this end,
we choose the Hurwitz polynomials

(a+1)* =0’ +3a” 4+ 3a + 1,
(B+3)* =B +98* + 275 + 27,
(v +5)% =4 + 159 + 757 + 125,

which determine corresponding matrices

310 —9 10 ~15 1 0
A=|-3 01|, B=|-2001|, Cc=|-75 0 1],
~10 0 —27 0 0 ~125 0 0

soa; =3,as=3,a3=1,b =9, by =27, bg =27, and ¢; = 15, ¢y = 75, c3 = 125.
Choosing @ := I3 the respective Lyapunov matrix P;, i € {A, B,C}, is given as

1 1 22 58 1 136
1l 2 _} 41 _222 B 2l7 5l I’)g 1
Pa=|—3 1 =3, Pp=|—5 5 —3|. Fe=|—5 5o 73|
1 _1 4 2 1 er _13%6 1 133
2 27 2 81 125 2 3125
and so
1 1 1

— 2 _ 1037 _ 1383

Pa = 3]s Pbv= 481 y  De= 391

1 787 3230

3 711 333

Next, we choose the funnel function ¢(t) = (e + 0.05)7%, and ¢1(t) = (t)/p
for p = 1.1. As initial values we set z; ;(0) = 0 for i = 1,2, j = 1,2,3 satisfying
the conditions in [32, Thm. 1]. We run the simulation over the time interval 0 — 10
seconds. The outcome is depicted in Figure 3.5. In Figure 3.5a the signal w and the

1r 1r
—w(t) \ —w(t) — za(t)
—z(t) \ —w(t) — zp(t)
—25(t) w(t) — zc(t)
. 20 (t) v e = 2)p(t)
R p_/
-1
0 5

time ¢t / s time t /s

(a) Signal w and the pre-compensator’s (b) Errors between the signal w and
output for different choices of parameters, the pre-compensator’s output for different
respectively. choices of parameters, respectively.

Figure 3.5: Illustration of functionality of the funnel pre-compensator applied to
given signals (u,w) € Ps.
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pre-compensator’s respective output z;, ¢ € {A, B,C}, is shown. We observe that
the “approximation quality” strongly depends on the parameters a; satisfying (A.1).
While in the first case the signals w and z,4 differ quite much, the second case shows
a much better approximation; and in the third case the signal w and the output z¢
are almost identical. In Figure 3.5b the respective error between the signal w and
the pre-compensator’s output z is depicted. Here the difference of approximation
quality mentioned before crystallises from the viewpoint of errors, which are quite
different. Although the signals z4, 2, zc approximate the signal w quite differently,
we emphasize that in all three cases the error evolves within the prescribed funnel
boundaries. This means all approximations are at least as good as a “predetermined
quality”. The simulations have been performed in MATLAB (solver: ode23tb, default
tolerances). o

3.2 Preservation of minimum phase

As discussed in Chapter 2, most high-gain feedback control schemes require the
internal dynamics to be stable, i.e., the application of such control laws is restricted
to minimum phase systems. Therefore, in order to utilize the funnel pre-compensator
to enable high-gain feedback control with unknown output derivatives, it is decisive
that the conjunction of a minimum phase system with a funnel pre-compensator
results in a minimum phase system. For this reason, in Section 3.2.2 we focus on
the question formulated in [32, Rem. 4], namely if the interconnection of a minimum
phase system with a cascade of funnel pre-compensators yields a minimum phase
system for relative degree larger than three. In fact, we aim to answer this question
for the case of relative degree larger than two, since a careful inspection reveals that
the proof of [32, Thm. 2], where this question seems to be answered for relative degree
two and three, is incomplete as regards the boundedness of the gain functions hy, hs
in the case 7 = 3 on the one hand and on the other hand, the property (T.3)
of the involved operator T. In this section we show that for arbitrary r € N the
interconnection of a cascade of r—1 funnel pre-compensators with a minimum phase
system with relative degree r yields a system of the same relative degree which is
minimum phase as well.

3.2.1 System class

We introduce the system class under consideration in this chapter. Recalling the
operator class 7,¢ from Definition 1.4, we introduce a system class £™", which is
the same class of systems under consideration in [32], i.e., multi-input multi-output
minimum phase systems, where the input and the output have common dimension.

Definition 3.5. If for m,p,q € N we have f € C(RPxR%R™), d € L2(Rx¢; RP), for
some 7 > 0 the operator T belongs to the class 7", and the matrix I' € R™*™ is
symmetric and definite (w.l.o.g. we assume I' > 0), then for R; € R™*™ i=1,...,r,
we say a system

Yy (t) = Z Ry D) + £ (dt), T(y, 0.,y V) (1) + Tult), (3.4)
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3.2. Preservation of minimum phase

with given initial trajectory y|_.o = y° € W' 1°°([—1,0];R™), belongs to the
class £™"; with the auxiliary tupel R := (Ry,...,R,) € R™™ x ... x R™*™ we
write

(d, f, T,T',R) € L™".

In Definition 3.5 of the system class £™" the number r € N is the relative degree
and 7 > 0 is the memory of the system. The function u : R>y — R™ is called input,
the function y : R>g — R™ output of system (3.4), respectively. From the viewpoint
of applications, the function f in (3.4) encodes internal and external forces such
as restoring forces, friction and Coriolis forces, to name but a few. Moreover, the
operator T allows to model systems with hysteresis effects, nonlinear delay elements
or systems with infinite dimensional linear internal dynamics, cf. Remark 1.5, for
detailed applications see, e.g., [28, 18, 17, 27]. In the context of systems (3.4),
condition (T.1) in Definition 1.4 resembles a minimum phase property or, more pre-
cisely, an input to state stability of the internal dynamics, where from the viewpoint
of the internal dynamics the system’s output and its derivatives act as inputs, cf.
Section 2.1.

In what follows, we investigate the conjunction of a minimum phase system with
a cascade of funnel pre-compensators. We aim to show that this conjunction results
in a minimum phase system. The assumption that the only information available
from the system is its output y motivates the following definition of a subclass
of 74, which then allows to introduce a subclass of the system class £™".

Definition 3.6. For r,m € N, n = rm and 1 < k < r we define the operator
class 7,3 :== { T € T | T satisfies (T*.1) } € 7 (equality if k = r), where

(Tk.1) for all ¢; > 0 there exists ¢y > 0 such that for all &,...,&, € C([—0,0); R™)

sup H(gl(t)T,...,gk(t)T)THSC1 = sup ||T(,. ... 6)0)] < .

te[—7,00) t€[0,00)

Condition (T*.1) means boundedness of T(&;, .. ., &,) whenever its first & < r in-
put arguments are bounded, which is, for & < r, a stronger version of condition (T.1)
in Definition 1.4. With this, we may introduce a subclass of £™", namely systems
of the form (3.4), where the operator satisfies (T*.1), i.e., T € 7). We set

Ly =4, f,T,I,R) € L™ |T € Tod} € L™ (equality if k = 7).

Remark 3.7. The somewhat arcane condition T € 71" reflects the intuition that
in order to have the conjunction of the system with the funnel pre-compensator
being a minimum phase system, we must be able to conclude from the available
information (only the output y) that the internal dynamics stay bounded. Note
that this, however, does not mean that the operator T does not act on the output’s
derivatives, see Example 3.17.

Remark 3.8. We highlight an important subclass of (3.4), namely linear systems
of the form

(3.5)
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Chapter 3. Output feedback control

where A € R™"™ is the system matrix , B € R™™ is the input distribution matrix,
and C' : R® — R™ the linear output measurement, i.e., C' € R™*" for m < n.
Furthermore, rk C' = rk B = m, whereby it is clear that the dimensions of the input
and the output coincide. We define the set of functions

n 00 m | Vi=0,...,7r—1:
'D(RzoﬂR ) = {d eL (RZOQR ) Czﬁljd c Wr—l—j,oo(R>0.Rn) }

We stress that W1 (Rso; R") C D(Rso; R™). If

Vke{0,...,r—2}:CA*B=0,T:=CA"'B € GL,(R), and d € D(Rs¢; R"),
(3.6)
then, following the derivations and calculations in [95, Thm. 3] and involving the
transformation U given by (2.4) in Section 2.1, with the operator

L : D(Rso; R™) — L®(Rso; R™),
Li(t)

. i—2
d(-)— | t— 1 L) =Y CcAdTEI®), i=1,. ..,
() LD (t) Z (t), i r

On—rm

the change of coordinates

&1 Yy
i =Ux+ L(d) = y(T'_l)
n n

transforms system (3.5) into Byrnes-Isidori form

5z( ) = 5¢+1( ), &(0) =& e R™,
ZR &(1) + 5n(t) + Tut) + d,(1), &(0) = € € R™, (3.7a)
0(t) = Q??( ) + P&(t) + dy(t), n(0) =n° € R"™,
where s = 1,...,r — 1, with output
y(t) =& (1) (3.7b)

The matrices Ry, ..., R, S, P,Q are given in (2.5), and
r—1

CAJd r=1-j) ) Rj+1lj+1(t)) € £OO(RZO — Rm),
7=0

4,(t) == N (d(t) — AU L(d)(1)) € L2 (Rsg — R,

(3.8)

and the high-gain matrix I is given in (3.6). As we have already seen in Chapter 2,
the last differential equation in (3.7a) describes the internal dynamics of system (3.5).
Associating the linear integral operator

Tiy() (t o /0 29 pys) ds)
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3.2. Preservation of minimum phase

with the internal dynamics given in (3.7a) we obtain for H(t) := €90, I,_y,|U®
and D(t) := e% ( )+ fo ~@sd, (s ds) the internal state

n(t) = D(t) + H(t) + J(y)(?).

Then, invoking (3.7) we find that the linear system (3.5) is equivalent to the func-
tional differential equation

y(t Z Ry V(1) + f(S(D(t) + H(t)), ST (y)(t)) + Tult) + d,(t),

where f(v,w) = v+ w for v,w € R™, and the operator J introduced above satisfies
conditions (T.2) and (T.3) in Definition 1.4 specifying the operator class. The
minimum phase property (condition (T.1)) for linear systems has various equivalent
conditions, which have been studied extensively, see for instance [48, 15, 188]. In the
present work, we restrict ourself mentioning the equivalence between system (3.5)
being minimum phase, ie., 0(Q) € C_, and having asymptotically stable zero
dynamics, cf. [95], where referring exemplarily to [93, 98] the latter means

YieC_ : rk{A_)\] B]

c ol =ntm (3.9)

We highlight that for o(Q) € C_ we have D € L*(R>o;R™). Therefore, if sys-
tem (3.5) has relative degree r € N as in (3.6) and satisfies (3.9), the class of linear
minimum phase systems is contained in the system class £7"". If the disturbance
does not affect the integrator chain but enters the system on the same level as the
input does, i.e.,

Vk=0,...,r—2: CA*d(-) =0,

which is an often used assumption, cf. [16, 14], then D(Rs¢;R") = L2(R>o; R").
In this case the coordinate transformation simplifies to (¢7,77)" = Uz and for the
disturbance (d;,d) )T = [(CA™)T, NT]"d.

Trn

Moreover, £7"" encompasses systems of the following form
(3.10)

where for rm < n € N the function f : Ryp x R™ x R*™™™ — R™ is locally
Lipschitz in (£,n7) € R™ x R""™ and piecewise continuous and bounded in ¢;
g R"7 o R™; R™ ™ is such that for & € L>(R>o; R™) the corresponding differ-
ential equation has a bounded solution; and I' € Gl,,,(R) is symmetric and definite.
Therefore, with constant input parameters, a subclass of the system class under con-
sideration in [50] is contained in £;” C L]*". Moreover, the class £]"" encompasses
the system class under consideration in [93]. In [47, Cor. 5.7] explicit criteria on
the parameters a, b of nonlinear systems of the form &(t) = a(z(t)) + b(x(t))u(t) are
given such that it can be transformed into a system (3.10).
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We conclude the introduction of the system class under consideration with the pre-
ceding remark and turn towards the conjunction of a minimum phase system with
a cascade of funnel pre-compensators and its preservation of minimum phase.

3.2.2 A cascade of funnel pre-compensators in conjunction
with a minimum phase system

In this section we present and prove the extension of [32, Thm. 2] for arbitrary
relative degree r € N, that is, the conjunction of a minimum phase system belonging
to the class £7"" with a cascade of r — 1 funnel pre-compensators results in a system
of the same relative degree which is minimum phase as well.

Theorem 3.9. Consider a system (3.4) with (d, f, T,I', R) € £]"" and given initial
data y° € W=H°([—7,0]; R™) (we emphasize T € T/", ¢ € N). Further, consider
the cascade of funnel pre-compensators defined by (3.2) with (a, p, ¢, o1, p,I,T) € &
as in Definition 3.2 (note that (A.3) & (A.4) are asked to hold for © =T"). Assume
the initial conditions

©1(0)|y(0) — Z?,l” <1, @(O)HZ?AJ - Z?,l” <l, i=2...,r—1, (3.11)

are satisfied. Then, for g = rm(r — 1) + r, there exist de L>(Rs; R"), a function
F € C(R" x R%;R™) and an operator T : C(Rso; R™) — £5° (R>o; RY) with

(d, F, T, T, Orp) € L7,

such that the conjunction of (3.2) and (3.4) with input v and output z := 2z, can
be equivalently written as

() = F(d(t), T(z, 2,..., 2" )(®)) + Tu(®), (3.12)

with respective initial conditions.

Sketch of proof. Before we prove Theorem 3.9 rigorously, we present a sketch of
the proof, such that the reader has a guidance leading through the partly technical
and quite long proof; the proof itself follows hereafter and is subdivided in four
main steps. In the Step one we recall the transformations given in [32, pp. 4759-
4760] which allow to analyse the error dynamics of two successive pre-compensators.
Step two is the main part of the proof consisting of preparatory work to show that
there exists an operator T € ﬂm’q such that the conjunction of a minimum phase
system (3.4) with a cascade of funnel pre-compensators (3.2) can be written as
in (3.12); the functions d and F are then given naturally. We define an operator T
mapping the pre-compensator’s output z and its derivatives to the state of an overall
auxiliary error system (3.14) and the respective gain functions. In order to show
that T satisfies condition (T.1) in Definition 1.4 we establish boundedness of the
solution of the auxiliary system (3.14) and the respective gain functions. Here, Step
two splits into two parts. First, using that T(y, ...,y ") is bounded whenever y is
bounded (by T € 71"), we may define an overall system of errors of two successive
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pre-compensators, namely sytem (3.18) for i =3,...,r — 1,

t)PTT Y@ (t) + By(t),
Pwy(t) + hi(t) Pio(t) + Ba(t),
wi(t) = Aw;(t) — hi(t)Pwiy(t) + hi—1 (t) Pwi_11(t) + Bi(t),

where the error-states w;; stem from the transformations in Step one, and the
compactly written states w;, w are defined at the beginning of Step two; By, Bs, B;
are bounded functions. For this overall error system (3.18) we find a Lyapunov
function, which in combination with Gronwall’s lemma allows us to deduce bound-
edness of the error states w;; for all 7+ = 1,...,7 — 1 and 7 = 1,...,r. In the
second part of Step two, which is the most technical part of the proof, we show
that the gain functions h; are bounded. This demands particular accuracy since
each of the functions h; may introduce a singularity. Due to the shape of the gain
functions, namely h(t) = (1 — @(t)?||z(¢)]|)"", boundedness is equivalent to the
existence of v > 0 such that ||z(¢)| < ¢(t)~' — v, which is commonly utilized in
standard funnel control proofs, cf. [25, pp. 350-351]. However, unlike the standard
funnel case, the auxiliary error dynamics involve the respective previous gain func-
tion, and the first equation involves the last gain function. To see this, we anticipate
the set of equations (3.26), which is for ¢ = 2,...,7 — 1 given by

S3llzr P = =ha ()2 (117 + (z1(2), he1 (8) Gy () + bi(2)),
Sl = =hi@) 207 4 (2i(t), hima (i1 (8) + bi(t)),

where z; are auxiliary states defined in Step two; by, b; are bounded functions. It
turns out that this loop structure demands some technical derivations and requires
accurate estimations of the involved expressions. Exploiting properties (A.1) — (A.4)
of the design parameters we can show by contradiction that there exist x; > 0 such
that ||z;(t)]] < @)™ —k; for all i = 2,....r — 1, and ||z(t)1]] < @1(t)"! — Ky,
respectively, which then implies boundedness of all gain functions h;. In Step three
we summarize the previously established results to deduce that the solution of the
auxiliary error system (3.14) is globally defined. In Step four we show that the
operator T belongs to the operator class 7™, T satisfying conditions (T.1) & (T.2)
in Definition 1.4 is immediate from the previous steps; so it remains to show that T
satisfies the technical condition (T.3). We do so by interpreting the arguments of
the operator as inputs for the error system (3.14) and show that the right-hand
side of (3.14) satisfies a Lipschitz estimation. Then, with the aid of Grénwall’s
lemma we deduce T € 7™ Finally, the functions d and F arise naturally in
equation (3.60). Together, we may conclude that a minimum phase system (3.4) with
(d, f,T,T,R) € £"", in conjunction with a cascade of funnel pre-compensators (3.2)
with (a,p, ¢, ¢1,p,T) € ¥ as in Definition 3.2, can be equivalently written as a
minimum phase system (3.12) belonging to £™".

Before we present the proof of Theorem 3.9, we establish the following statement
about the Kronecker product of two matrices, which will be used within the proof.
For two matrices L € R™™ and K = (kij)i=1. kj=1..n € R*™ the Kronecker
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product is defined by

k’llL s k/’lnL
K®L — GRlemn.
kianL -+ kp,L

With this we state the following result from linear algebra.
Lemma 3.10. Let A € R™*"™. Then,
(i) for the spectrum we have (A ® I,,) = 0(A),
(ii) if P = PT € R™" solves ATP + PA+ Q =0 for some Q = Q" € R™" then
ARL) (PRL)+(P®IL) (A® L)+ (Q®I,) =0.
Proof. Assertion (i) is a direct consequence of [82, Thm. 4.2.12]. Invoking the rules

of calculation for the Kronecker product, specifically (A ® I,) (P ® I,,) = AP ® I,,,
assertion (ii) is immediate. O

With the sketch above and Lemma 3.10 at hand, we may now present the proof
of Theorem 3.9.

Proof of Theorem 3.9. In the following we assume r > 3, since the case r = 2 was
already proven in [32, Thm. 2]. The proof is subdivided in four main steps.

Step one. We present the transformations performed in [32, p. 4758-4760] to study
the error dynamics of two successive funnel pre-compensators. We define the error
er; =y )~z for j =1,...,r — 1, and e, := y"~) —TT"'2,. Then, we
obtain

é11(t) = e12(t) — (a1 + p1ha(t))er (1),

é1,—2(t) = e1,—1(t) — (ar—2 + pr_2hi(t))e11(t),
e1r-1(t) = e1p(t) = (ar—1 + pr—1ha(t))er 1 (t) + (Ff_l — 1)z, (1),
é1,(t) = =TT " (a, + pyha(t))er(t)

+ ) Ry V@) + £(d(1), Ty, 4,y )(0)).
i=1
We set vy 1 1= €1 and v := Z::_ll v;1, and for 7 = 2,...,r we define the auxiliary
error vy ;= ey — S i_y Rr_jik10® Y. With this we obtain

?')1’1 (t) = /ULQ(t) — (Cll +p1h1(t))fl)1’1 (t) + Rr’l}(t),

U1 p—2(t) = v1,-1(t) — (ar—2 + pr_2ha(t))v11(t) + Rs0(2),
’[)1’7,_1(t) = Ul,r(t) — (CLT_l + pr—lhl(t))vl,l(t) + Rgf}(t) + (Ff_l — ]m)zl,r(t)a
1, () = =TT (a, + poha(t)) v (t) + Rid(t)

+ Z Ri(y"=9(t) — 09 D()) + £(d(t), T(y, ...,y )(1)).
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3.2. Preservation of minimum phase

Next, fori =2,...,r—1and j=1,...,7 we set v;; := z_1; — 2;;. Then,

0;1(t) = via(t) — (a1 + prhi(t))vii (t) + (a1 + prhi—1(t))vi—11(2),

Vip—1(t) = vip(t) = (@r—1 + pr—1hi())vi1 () + (ar—1 + pr_1hi—1(t))vi—11 (1),
Q'Jijr(t) = —<CL7« -+ prhl(t))'l}171(t) -+ (ar +prhi,1(t>>’l]i,1,1 (t)

We record the following observations. For z := z,_;; we have

=1 (3.13a)
=y(t) = (y(t) — 22,1(8)) — ... = (zr—21(1) — zr—11(2))
= z—11(t) = 2(¢),
the following relation for z; ,
21.(t) = zfrl 2 ( ) ( Ap_f—1 —|—pr_k_1h1(t))vlyl(t)>, (3.13b)
k=0
and for z; 4
211(t) = y(t) —v11(t) = 2(t) + 0(t) —via(t) = 2(t) + i’vm(t)- (3.13¢)
Then with (3.13) we have
ap(t) = 2070 + ol V() - y (%) (@1 + P ()0 ().

We complete Step one by introducing a further transformation and consider the
dynamics of the resulting error variables. For j =1,...,rand 2 =2,...,r —1 we
define w; ; := v; ;. Further, for j =1,...,r — 1 we define with G := T —TT"!

-G S (%) - ((arfkfl + prfkflhl(t»vl,l(t))?

and w; , := vy,. With these definitions we investigate the dynamics of the auxiliary
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. ~ —1 . .
error variable w; ;. We set @ := > _, w;; and obtain for i =1

U'JLl(t) = U)Lg(t) — Ff‘l(al + plhl (t))(w1 1( ) Glb(t))
+ R, (w1, () + TTMa(1)),

w1,2(t) = w1,3(t) - Ff_l(CLQ + pahy (t))(wl 1( ) Gu?(t))
+ Rr_l(le(t) + Ff ’lIJ(t))

W pa(t) = wip1 () =TT (a0 + proahi (1)) (wi 1 () — G (t))
+ Rg(wy 1 (t) + TT (1)),
Wy -1 (t) = wy,(t) — T Ya,_1 + pro1ha (1)) (wy1(t) — Gu(t))
+ Ry(w1(t) + TT a(t)) — Gz V(t),
e (t) = =TT N a, + prha(t) (wia(t) — Gir(t)) + Ry(wia(t) + TT ()

+ Z RizD(t) + f(d(t), T(y. 9,...y"V)(1)),

1

hi(t) = 1 — @1 (t)2|Jwy 1 (t) — G(t)]|2

(3.14a)
fori =2

w2 1<t) (a1 —l—pth( ))wg,l (t) + (CLl +p1h1 (t))(le(t) — Gw(t)) + w2,2(t),

Wo,—1(t) = —(ar_1+pr—1ho(t))wa 1 (t)+(ar—1+pr—1h1(t))(wr

1(t) = G(t)) + wa,(t),
o, (t) = —(ar + prha(t))wa1(t) + (ar + prha(t)) (wi(t) — Gi(t)),
1
"0 = e O
(3.14b)
and for i =3,...,r — 1 we find

Wi1(t) = — (a1 + prhi(t)) w1 () + (a1 + prhica () wi—1,1(t) + wi2(t),

Wir—1(t) = —(ar—1 + pro1hi(£)w; 1 () + (ar—1 + pr—1hi—1(£))wi—1,1(t) + w; (1),
Wir(t) = —(ar  +pr hi(t)wir(t) + (ar  +pr hica()wim11(2),

1
1= o(t)?[Jwi (8)]]> (3.14c)

Step two. We aim to show the existence of T € 77" as claimed in (3.12). First,
we define an operator and prove that it satisfies condition (T.1) in Definition 1.4.
This step consists of two parts. In the first part we show w;; € £2([0,w); R™),
i=1,...,r—1and j = 1,...,7; in the second part we show h; € L>*(Rx¢,R),
i=1,...,r—1. For g =rm(r — 1) 4+ r let T : C([0,00);R"™) — £ (Rs0;R) be
the solution operator of (3.14) in the following sense: for &,...,&. € C([0,00); R™)
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3.2. Preservation of minimum phase

let w;; : [0,w) = R™, w € (0,00], be the unique maximal solution of (3.14), which
exists thanks to Proposition 1.9; with z = &;,2 = &,...,20"Y) = . and with
suitable initial values w; ;(0) according to the transformations. Then, we define for
tel0,w)

T(&r, ., &) () == (wia(t), ., wipe(t), wan(t), ... w1 (t), ha(t), .. hey (8) T

Note, that in (3.14a) the expressions y, 7, ...,y" " can be expressed in terms of (I
and z,%,..., 20D using y® = 20 4 wﬁ +TIT- % and equations (3.14). Defining
the set

OGO <1, i=2,...,
where ¢ := S7_, G, we have (t,w1(t),...,w,_1,(t) € D for all t € [0,w).

Furthermore, by Proposition 1.9 (iii) the closure of the graph of the solution
(wi1,...,we—1,) of (3.14) is not a compact subset of D.

D= { (t,Cia -5 Gro1r) € Ryg X Rrm(r=1) e1(t)[1¢1,1(2) — Gf(t)” <1, r_1 } )

We show w; j € L2([0,w);R™) for i =1,...,r —1and j=1,...,7. We compactly

write w; = (wzl,...,wZT)T e R fori =1,...,r — 1, and set w := w1 — G.

For corresponding matrices A, @, P satisfying (A.1), using the Kronecker matrix
product, we define

A= A®IL, eR™ ™ P.= P, e R"™"™ Q:=Q®I,cR™™ (3.15)
Then, using Lemma 3.10 we have for the spectra of A, P,Q that o(A) = o(A),
o(P) = o(P) and 0(Q) = 0(Q), and

ATP+PA+Q=0. (3.16)
Furthermore, for pi,...,p, from (A.1), setting P := (py,...,p,)" ® I,,, we have
P D ~ T rmxm
PP = [pl,,0,...,0] € R™™ (3.17)

where p := P, — P,P;'P,) > 0. Aiming to show the bounded input to bounded
output property (T.1), we assume that z, %, ..., 2"™Y are bounded on [0,w). As the
solution evolves in D, wy; — GW, way, ..., w,_1, are bounded on [0,w). Thus, y =
24wy +TT 40 is bounded and hence T (y,9,...,y"V) is bounded via T € T,
and therefore f (d, T (y, U, ,y(T*U)) is bounded on [0, w). Hence, invoking (3.15),
we may rewrite (3.14) as

Wy (t) = Awy(t) — hy (t)PTT a(t) + Bl( )
wi(t) = Aw;(t) — hi(t)Pw; 1 (t) + hi,l(t)Pwi,m(t) + Bi(t),

=A
=A

for i = 3,...,7 — 1 and suitable bounded functions By, By, B; € L>([0,w); R™).
Seeking a suitable Lyapunov function for the overall system (3.18) we define with P
from (3.15) the matrix

p = (IT ® (IT~ 1)~ ) P (Ir ® (Ff‘l)‘5>,
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Chapter 3. Output feedback control

which is possible since by (A.3) the matrix product Iif_l is regular. Moreover, P
is symmetric and we observe P, > 0. Thus, with PP = [pl,,,0,...,0]T € R™xm
via (3.17), we obtain

PP =[p(rTH710,...,0]" e R™*™, (3.19)

Since for all M € R™™ we have A(I, @ M) = (I, o M)A, AT(I, @ M) = (I,  M)AT
we obtain

~ A - . (3.20)
(L@ ) ) Q (L () ) = —q,
where Q; = Q] by (A.3), and Q; > 0 via (3.16) and (A.3). We define
P oo 0
0<P = 0o P N _ PT e Ier(r—l)><7"m(7‘—1)7 (321>
S 00
0 ... 0 P
and set w := (w{,...,w ;)T € R™=1 With the definitions above, we consider
the Lyapunov function candidate
V:R™x..- xR™ =R,
r—1
(Wi, ..., w—q) = (w, Pw) = (wy, Pywq) + Z(wi, Puwy),
i=2

and study its evolution along the solution trajectories of the respective differential
equations (3.18). We fix § € (0,w) and note that w; € L£>([0,0);R™) for all
i=1,...,7—1. Using (3.19) and (3.20) we obtain for t € [0, w)

4 (w(t), Pw(t)) = (wi(t), PLAw, (1)) + (PrAw (t),wi (1))
+ Z(wi(t), PAw;(t)) + (PAw;(t), wi(t))

r—1

+2(wi (1), PLBi(t)) + 2> (wilt), PBi(t))




3.2. Preservation of minimum phase

We estimate the addends separately. With the aid of (3.15) and (3.20) we have

(wi(t), PrAwy (1)) + (151121101() wi(t))

(3.23a)

> mln(Ql)le ”2 Z)‘mm )wi(t )HQa
=2

where 0 < )\mm(Ql), )\min(Q) denotes the smallest eigenvalue of Q1, Q, respectively.
Boundedness of the functions B;, i = 1,...,7 — 1, introduced in (3.18) gives

r—1

(wi(t), ABi(1) + Y _(wi(t), PBy(t))
=2 (3.23D)

r—1

< Pl Bullscllwr ()l + 121 Y I Billso i (2)-

i=2
Invoking (3.17) and the definition of h; we obtain

r—1

hi(t) (wiga (), PPuw;a (¢ ha(t) (wi(t), P Puw; i (t)

=2

hi(t) (wig11(t) — wia (), win (1)) = phe—a () wr—r (O[> (3.23¢)

[\

r—

<.
Il
)
)

r—

Il
h=f
=< -
(I
N N

IN

D . hi(t) (wigr,1 () — wi (t), wi(t)),

and with the aid of (A.2) we observe for i =2,...,r —2
hi(t)(wig1,1(t) — wi (1), wia(t))

= —hi(t)lwi 1 (D117 + ha(t) (wi 1 (), wigr1(£))
< —hi(t)lws 1 (]I + ha(8)Jwia () ][ wigr,1 ()]

) 1
< —hi()|Jwix ()]* + hi(t)HwiJ(t)Hw
1
= @l @] (Jusal - 1) o
1 1 '
= —sz,1<t)|| (1 T QO(t)sz’l(t)H)(l — cp(t)||w171(t)||) (sz,l(t)H - W)
= a0 I :
SN o) Jwirn (O] (1 = o) [[wir (D)) ()

1 1
L+ o(B)]Jwir ()] ¢(t)

1 1 1
< “wi,l(t)Hm < Hwi,l(t)Higgw < lwi(t )Hssgg o)

= [Jwia(t)]]
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Chapter 3. Output feedback control

We recall w = wy, 1 G and therefore, for ¢ € [0, w) we observe |lwq 1 (t)]| < p(t)™

and || (t)|| < Y20, o(t)~t = (r — 2)p(t)~". Hence, we obtain for ¢ € [0, w)

(wi,1(t), w(t)) +h1( Jwa,1 (1), w(t))
—h(t)(w(t), w(t)) — hi(E){Gw(t), w(t)) + hi(t) w2 (t), w(t))
< —hy(®)[|@(E)1* + ha (&) (IGN @] + [Jwa1 (1)) [|(E) |

ha(t)

[w (@)l (||w( )| - HGH(;&) )+ 1)

O @la) (nw(t)u = (o 1)

—t)) (3.23¢)

—hl( )

< 881211; o) (Jlwi1(t) — Guo(t)|)

(lwra @I + G @)1)

< sup
>0 ©1(5)

< sup

1 r—1
wp (||w1<t>|| +Hioly ||wz-<t>||> .

For better readability we define the constants
My = |[A|[| Brl o +z581>113901(8)_1,
= 12111Billoo +258up90(8)*1 + |G|l Sgg%(S)’l, i=2,...,r—1

2]\/[2 ]\/./2

MH

N._

)\mm( mln
Then, using 2ab < 2a® + %bz for a,b € R, we may estimate (3.22) with the aid
of (3.23) for t € [0,w)

$i{w(®), Pw()) < —Amin(@)[wr (D7 = Amin Zl\wz HZ+Z2M|\U}Z

:_)‘min(Ql)le H2 Amin Zsz ||2

————=lw1(®)[l\/ Amin( i ()1 Ain(@)
\/Amm(Q) Z 2 \/ Auin (@)

Amin(@) mm A
—— = [Jwy ()]|* ZH (DI + N

< —gw(t)TPw(t) + N,
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3.2. Preservation of minimum phase

where we set p = HT;ZR::;((%))’\A::E%B% > 0. Then, with the aid of Gronwall’s

lemma [72] we obtain

2N
(w(t), Pu(t)) < (w(6). Pu(@))e 10 + =%
from which we obtain, since Apax(P), Amin(P) > 0 by (3.21), the following estimation
for t € [0, w)

Amax(P) 2N
Ju (o) < 3 P
min(P) [t Amin (P)
Clearly, inequality (3.24) implies w € £ ([G,w);RT’“(T—l)). Therefore, recalling
w € L2 ([0,0); R™D) | we have w; € LX([0,w); R™) for alli =1,...,r — 1. In
particular, we obtain w € £>([0,w); R™). This completes part one of Step two.

|w(#)]|2e” 29 + (3.24)

In the second part we show h; € L2([0,w);R) for all i = 1,...,r — 1. For the sake
of consistency, we introduce tbe variables Ty =W and x; == w;y fori=2,...,r—1.
Observing —TT~! — G = —TT~! — (I —=TT") = —1,, and setting @y := >/, w; s,
we obtain via (3.14)

= U)Lg(t) — Ff‘_l(al —|—p1h1 (t)) (UJLl(t) — Glb(t)) —i—RT(le(t) + Ff‘lﬂ)(t))

(. S/
-~

=z1(t)
= G () = (1 + prhe s (O)wr 11 (1) + (@ + prha (D)1(1))
= w1 5(t) — Gia(t) + G(ay + prhe_1 () we_11(t) + Re(wy1(t) + TT ()
— T (a1 + prha(t))a1 (t) — Glax + prha(t))aa (t)
= wi2(t) — Gu(t) + (—Ff‘l — G) (a1 + prhi(t))z(
gt -6

I t
T t)

=TI
—f- G(a1 + plhr_l(t))wr_l,l(t) —I— Rr<w171<t) + Ff_lw(t»
= —(Cll +p1h1(t))x1(t) + G(a1 +p1hr_1(t>>wr_1,1<t)
+ Re(wi1 () + TTN0(t)) 4+ wio(t) — Gaa(2).
(3.25)
Since p; = 1, using (3.14) and (3.25) we have for t € [0,w) and i =2,...,r — 1

gl @I = =l @ll1 (O + her (8)(21(8), Gro—a (8)) + (21(2), ba(1)),
salle? = =hi@® |z + hima (0) (i), 21 (1)) + (i), bi(1),

for suitable functions b; € L>([0,w); R™), i =1,...,7r—1. We observe that in (3.26)
for all i = 2,...,7 — 1 the i*" equation depends on the preceding gain function h;_;,
respectively, and the first equation depends on the last gain function h,_;. There-
fore, we cannot apply standard funnel arguments to show boundedness of the gain
functions, cf. [91, p. 484-485], [84, p. 241-242] or [25, p. 350-351]. However, on closer
examination of the respective proofs in the aforementioned references and due to
the shape of the gain functions h; we may retain

(3.26)

hi € L2Rs0;R) <= Fuy >0VE>0: ()" = |lza(8)]| > 1,
hi € L2Rsp;R) <= J1; >0Vt >0 : o) —||z@)|]| > v, i=2,...,7— 1.
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Chapter 3. Output feedback control

Moreover, due to the loop structure in (3.26) it suffices to show boundedness of one
gain function, which implies boundedness of all remaining gain functions by means
of Lemma 1.11. In order to properly proceed with the proof, we provide some
preparatory definitions. Let ¢y := 1/¢y, ¢ 1= 1/, set Ay := inficou) ti(s) > 0
and A := infyeou) ¥(s) > 0. We fix § € (0,w). Since liminf, .o ¢(s) > 0 and ¢
is bounded, we have that $¢|(5 ) is bounded, and respective for <$4/1[( ). Thus,
there exists a Lipschitz bound L > 0 of 9|5« and respectively a Lipschitz bound
Ly > 0 of ¥1|g,0c). For p > 1 asin (A.2) we fix § >0 as

1 1
m <0< 5, (327)

and define

(A.4) (3.27)
Av:i=p— |G| (4p*(p+1)"*=1) > 0, A:=1-2§ > 0. (3.28)

With § in (3.27) and Ay, A given in (3.28) we choose the number x > 0 such that

0<K<mm{ 2 int ()~ o)),

1
11 p’ 2 se09)

i6{2r,r.l.jl,rv}—1} {seigfﬁ] (w(S) - Hxl(8>”)} }

and small enough such that for A;; A > 0 from (3.28)

(3.29)

X o— |G
0< I, Smin{4—1p—||”— sup [1b1(s)]] (3.30a)

K p s€l0,w)

AN T_
LG sup ¢ (s)p(p+ 172 — sup [|bi(s)]| ¢,
4pk s€[Bw) s€[0.w)

— sup ||ba(9)]l, (3.30b)

) 2/\2
min oA P sup ||bi(s)]] '
1€{3,...,r—1} K s€[0,w)

We emphasize that, since L1, L, Ay, A > 0 and p > [|G]|, the number £ > 0 is well
defined. Further, since p > 1 we choose § > 0 satisfying

<d<1 (3.31)

With 6 from (3.31), 6 > 0 from (3.27) and k > 0 given in (3.29) we define

K1 ‘= K,
51 ‘
/ﬁ?i.—ﬁli, Z—2,...,7“—2, <332>
0%
Kp_1 = K
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3.2. Preservation of minimum phase

From this we have k; ordered as K,_1 < Kp_3 < -+ < Ky < k1. We aim to show
Vte[0,w) @ i(t) — |lz1(D)] > k1 A () = ||w@®)|| > ki, i=2,...,r—1. (3.33)

Note that this is true on (0, 5] by definition of « in (3.29). We conclude the prepara-
tory definitions by setting

to :=inf {t € (B,w) [va(t) = Iz ()| < 51},
th=1inf {t € (B,w) [(t) — |z:(t)| <k}, i=2,...,r =1,

where the infimum of the empty set is infinity as usual. Seeking a contradiction we

suppose t§ < oo for some £ € {1,...,7 — 1}. Then either
(Fee{2,...,r—1}: tg<tyh) vV tg <ty (3.34a)
or
th= =1yt (3.34b)

If (3.34b) is true, we decrease 6 from (3.31) by which we decrease ,_; in (3.32) and
therefore t; < #;~'; hence, without loss of generality we may assume that (3.34a)
is true. We set t, := t§, i.e., to denotes the very first moment when t(t) — ||z¢(t)]
exceeds the threshold x,. As will become clear from the subsequent steps, we must
distinguish three cases, namely either / =1, or / =2, or 3 </ <r —1.

If ¢ = 1 there may occur two possible cases, namely either

P1(to) — |1 (to)ll < ¥ (to) — llzr—1(to)ll, (3.35a)
Y1(to) — |71 (to)ll > w(to) — l|zr—1(to) |- (3.35D)

First, we draw our attention to case (3.35a) and observe

Yi(to) — |21 (to)[l < ¥(to) — llzr—1(to)]|
= [lz1(to)l| = Y1(to) — ¥(to) + [|zr—1(to)]|
_ plto) — ¢i(to)

+ ||z—1(T0)||,
orlEetiy) 1]
and thus, invoking (A.2), we have
p(to) — ¢1(to) p—1
r1(to)|| 2 ———F— + ||Tr=1(0)|| = —— + ||Tr=1 (T
st 2 =B o)) = 225+ e

> (p = Dllzr(to)ll + lzr-1 (o)l = pllzr— (to)]-

Due to the definition of ¢y, there exists t; € (o, w) such that 1 (t1) — ||z1(t1)]| < &1,
and therefore, we have

Vi€ fto, ta] : [l (®)] > pller ()] (3.36)
Thus, for ¢ € [to, t1] we readily deduce the following relations
() = w1 (O] < 5,
At

(O] > $a(0) = 1 > 3, (3.37)
_ ! M
T T @ OF = 2w

ha(t)
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Chapter 3. Output feedback control

For t € [to,t;] we consider the first equation in (3.26)

L3l = =ha ()22 (117 + (z1(E), b1 () Gap_y (£) + b (1))
< —ha ()]l ()12 + heea ()21 OGN -1 O] + N2 () 1162 (8)]]

2 (= o+ ha @I s o,

—

We estimate the first term. By (A.2) and relation (3.36) we obtain for ¢ € [tg, ;]
hai()p = he A (DG = ha () e (2) (p = pp(t)* [l ()]
-Gl + ||G||901(t)2||5€1(t)||2>
1) (o= o0 e O

-Gl + IIGIle(t)202||ﬂfr—1(t)||2>

A (e (60~ G (1 = (02 (1))
= -6 2 2~ 1G]

Hence, using the estimation above and the relations from (3.37) we estimate the
first equation in (3.26) for t € [to, t1]

A [EAGIK
S3llz @) < —2—;1(/? —1G1) lp + |z ()] [162(2) ]
A op— |G
<[ -5 =0 4 sup ||by(s x1(t
< ( PP SE[OE})H 1)) Nz (@) ]
. A2, llC (3.30a)
Rl (il e T S N N TC R A P )
4K P s€[0,w)
From this we calculate
mo(Lglla ()]
|21 (t2) || — [J1 (o) | :/ Wdt
o ! (3.38a)
1
< / —Lydt = —Li(t1 — to) < ¢i(th) — ¥(to)
to
and therefore,
k1 = V1(to) — |lz1(to)l| < ¥i(th) — |lzo(tr)] < K1, (3.38b)

a contradiction. Next, we consider the case (3.35b) where by t, = t{ < t;~! we have

Kro1 < P(to) = [lzr—1(to)|| < ¥i(to) — [J21(to)l| = K-

This, together with the definition of o implies the existence of t; € (¢,,t; ') such
that

Ve ftota] : fra SPE) = 22D < 1(t) = [l (O] < 5ir, (3.39)
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3.2. Preservation of minimum phase

from which we obtain for ¢ € [to, t1]

(a2 1 ( 1 )
Ty < Kp_1 = — — PRy
s Ol < 00) = ot ) (o =
1
= ; (Qﬂl (t) — K1+ K1 — p/ﬁ?rfl) (3 40&)
_ (Ol +r = s
p
and therefore,
Vi€ [to, tr] = [[z1(0)]] = pllar—1 ()] = (k1 — prr—1) > 0. (3.40b)
Note that the last inequality holds due to
1 (8)] — ( ) ( )
pllTr—1(t)|| — (K1 — pKr—1 — pR1 — (K1 — PRr—1
pe1(t)

> A = (p+ D)k + prr1 > plry,

where we used kq < H in the last step. Furthermore, recalling h,_; and using the
definition of k; and /{T 1 we deduce for t € [tg, t1]

=1— p()*||zr—1 (t)

(L + @@ llzr 2 ONA = @)z ()]
= o)1+ ez (O (@) = [z @)
> @)1+ @Oz, (B)Drr = @) rr = ppr(t)rr,

and hence we obtain for ¢ € [to, t1] the following estimation

1 1 (A.2) 1
hy (1) = < - 3.41
O = T e OF < s s o4

Again, we consider the first equation in (3.26) for ¢ € [to,¢;] and obtain

S (O = ~ha @ O + (£1(2) b (VG A(8) + ba(0)
< —m(Oller (O + hems (O NG arr ()] + s ()10
"L O O + 1G] (o) ey LA = )
+ @l o)
= (= omlo) + 1614100

AP @)l O+ e O]

w2 (8)]1*

+G

Noting that by definition of k1, x,_1 we have k1 — pr,_1 = Kk (1 — STZ_;g) > 0, we
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Chapter 3. Output feedback control

estimate the first term in the above expression for t € [tg, 1]

ph1(t) =[G hr-1(t)

= b ()1 (t) (p — p () lzr 1 (D)]> = |G]l + |Gl 1 (8) ][22 (£)]1%)
(3.40b)

=" b (Ohe) (o= po(®P a0
61+ Gl ol )] = (1 = pr—2))
= ta(Otea() (9 = et )]
~ G+ a0 (2026l (0 = 1)+ o= 1))

D O ()0 = 1G] (1 = (&) |zr—1 (B)]]?)

+ B (B h—1 (B |Gller ()2 (= 20ller1 (1) (51 — priy—1) + (k1 — prir—1)?)
> b (&)1 (8) (p = [1GI) (1 = ()21 ()]]?)
Tt ()HG\le(V(—? 1
it

(a2) ,

Vh, 1 = ) + (o - pm_&)
(e () (0 — 1C1) (1 — ()21 (1))
) 2
1(

(O (8)|C o (1)? —Mw—pmw(m—pmf)
= () G (t) (= 2(k1 — prr—1) + @1(t) (k1 — prr—1)?)
> Iy () (p — |GI) — 2ha (g1 (DI|Gli1 (£) (1 — prir—1)

(o= IGII) + ha(0)h
(
= It (p IG1 = 201Gl 1 ()1 = prin1) )

(341 h(t) <p —a|l - le(t)\GHW(m - /mr_1)>
~ <p+ j1 - 21151

3.32 p4 2T|TC$|1| K

2 (o) <p+ Il - ppH)

G203 ) (o4 1G1 = 4lGlp2(p+1)72)

(3 28) hl( )A

Condensing the estimations above, we find for ¢ € [tg, t1]

337 \ A
phi(t) = ||Gllher (8) > () > 5

> 0. (3.42)

R
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3.2. Preservation of minimum phase

To sum up, with (3.37), (3.41) and (3.42), we obtain for t € [to, ;]

642) Ay ||z ()] G|(k1 — phr_
e i C e OB IO VPN

(341) AL\ aQ y
< SO + s a0l + @) O]
(332 _Aih o, 2G| 1

= 2pr [z (8" + o1(0) 5725 o1 ()] + |z @) o2 ()|

e AAWINMF+<%GHwp¢M$Mp+D“”+MMm0H%@W

SE[Bw)

“”( ()@+UH+SWHMﬂ0MNM
s€[Bw)

s€[0,w)

Then, similar to (3.38) we deduce a contradiction via Lemma 1.11. Therefore, in
both cases (3.35a) nd (3.35b) we have for ¢ € [5,w) that ¢;(t) — ||z1(2)| > k1.
Moreover, for t € [0, 5) we have 1y (t) — ||x1(t)|| > k1 by definition of k. Therefore,
hy € L°([0,w); R). Then, successively we obtain h; € £L(]0,w); R) for all remaining
ie{2,...,r—1%.

If £ = 2 we have, because to = t3 < t§ by (3.34a),
b Ok _m_talt) o)l

ito) = laa(t)] = e 2 35 < 2 < A3 .
Invoking the definition of ¢, = t2 there exists t; € (t,,t}) such that for ¢ € [to, t]
60~ 0] < ra < 2 < (o) - 120
¢¢wmwm@—ww~—me”ﬂw (3.43)
=0 < 9(0) + s < 22 = 0(0) + lea)] < faty] — L2,

So we readily conclude for ¢ € [tg, 1] the relations

»(t) = [lz2(B)] < 2,

A
22 ()| = (t) — 3 (3.44a)
1 1 A
ho(t) = > >
O = TP~ 260w~ 2
and analogously to (3.41) we find
h(f) = ! <1 (3.44D)
' L= 1(@)?[Je1@) 1P — @1(t)rr '
Furthermore, using (3.43) and estimation (3.44a), we have for ¢ € [to, 1]
21 (2)]] K
lz2(D)] = =5 > [lza(t)]| — (1) + —
p P (3.45)

K1 (332) K Ok (3.27)
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Chapter 3. Output feedback control

We observe that (3.45) implies ||z1(t)| < pllz2(t)]| for ¢ € [to,t1]. Considering
equation (3.26) for i = 2 and t € [to, t1] we obtain
szl = —ha(O)|lz2(O)° + (22(t), ha ()21 (£) + ba(1))
< —ha(O)l|lz2(0) |17 + ha (O) [l (0) |2 ()] + llz2 (D) 1 [2(8)]

(3.45) (3.46)
< —ha(0) |2 + ha®)pllz2 ) + [22OllIB:(0)]
= (= ha®) + pha(6) )2 ()2 + 22O (D)
Thanks to 0 < § < 1 in (3.27) and k > 0 given in (3.32) we have
‘ o 3.27
K1 — 2p% Ky (22 o 2;)22—;2 =r(1—90) ( > ) 0. (3.47)

Hence, using property (A.2) and the relations from (3.44) we obtain for t € [to, t1]

(3.44) 1 ' 9,
ho(t) — pha(t) > I R I e
20(t)k2  p1(t)ra 20(t) k1 ks
(3.32),(3.47) 2p2(1 — 5)5 (3§1a) 1— (5/)2)\ (3§7) p2)\
T 20(0)0R2 T 6k p

With this, using (3.44a) we estimate (3.46) for ¢ € [to, t1]

(3.44a) % (3.30b)
galle@? < (— 5 T sup o)l | llz2(®) = —Lilz2(t)]].

s€[0,w)

Then, similar to (3.38) a contradiction arises. Therefore, for ¢ € [5,w) we have
Y(t)—||x2(t)]] > k2. Moreover, for t € [0, 5) we have 1(t)—||z2(t)|| > k2 by definition
of k. Hence, hy € L2(][0,w);R). Then successively we obtain h; € L>([0,w); R) for
all remaining i € {1,...,7 — 1} \ {2}.

If 3 < £ <r— 1 we have, because t, = t§ < ;" by (3.34a),
U(to) = [lwe(to) | = ke < Ke—1 < P(to) — [[ae—1(to) |-
Then, by invoking the definition of ¢, = t§ there exists ¢; € (t,,t5 ") such that
Vi e to, ]+ () = ()] < re < rer <D(E) = [lzea (D] (3.48)
As before, we deduce for ¢ € [tg, 1]

U(t) — ||ze(t)|| < Ko,

A
fea(t)] = (1) — e = 2. (3.499)
1
he(t) = > :
O = T Ol = 200,
similar to (3.41) we obtain
1 1

he 1 (t) = < , (3.49D)

L= o(@)?[lzea (B> — p(t)rea
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3.2. Preservation of minimum phase

and, using (3.48) and (3.49a), we have for ¢ € [t, t1]
e = lleea @) = Nz = ¥ (8) + Ko
(3.32) 6772 (3.50)

2 (t) — ke = Y(t) + K1 = 2_p2( —0)r >0,

We observe that (3.50) implies ||xz¢(t)|] > [|ze—1(¢)|| for t € [to,t1]. Considering
equation (3.26) for i = £ and t € [to,t;] we obtain

disllze®* = —he(®)|ze(®) 1 + (2e(t), he-1(t)ze(t) + be(t))
< —he(@)l|ze@®)F + hea OllzeOllze-1 (O + [ @ 10O (3.51)

< (= el®) + hea () e O + 2O O]

—

Noting that
(3.32) 07 %k 3.28) 0F2A
Ke—1 — 2Ky 5 ) 2

5 k>0, (3.52)
p

and using (3.49) we estimate

(349) 1 1 . _9
he(t) — her(t) > - = 1T T
20(t)ke o(t)koe—1  20(t)Ke—1Ke
332,352 1 02Ak  4pt (3-27)§3-49a) ol-17 pQ_)\
o 20(t) 2p? §E2501R2 K

With this and using (3.49a) we estimate (3.51) for ¢ € [to, t1]

d1 2 0—1 pPN? (3.30b)
arzllze@®l” < | =27 A=+ sup 1e(s)I[ ) [lze@) ] < =Ll (®)]].
As before, a contradiction arises from analogous calculations as in (3.38). Hence,
for t € [B,w) we have 1(t) — ||z¢(t)|| > ke. Moreover, for ¢ € [0,3) we have
W¥(t) — ||xe(t)|| > ke by definition of k. Therefore, hy € L>([0,w); R). Then, succes-
sively we obtain h; € £>([0,w);R) for all remaining ¢ € {1,...,r — 1} \ {¢}. This
completes Step two.

Step three. We show w = co. Seeking a contradiction let w < oo. Then, since
hi and w; j fori=1,...,7—=1and j =1,...,r are bounded via Step two, it follows
that the graph of the solution of (3.14) is a compact subset of D, which contradicts
the findings in Step one. Thus, w = .

Step four. We show T € T;™7. First, we observe that by Step three the oper-
ator T is well defined, and satisfies condition (T.1) of Definition 1.4 by Step two.
Moreover, since T is defined via the solution of (3.14), property (T.2) follows from
uniqueness of the maximal solution. It remains to show that the operator T satisfies
property (T.3) in Definition 1.4. To this end, we consider the auxiliary error sys-
tem (3.14) and interpret z, Z,..., 21 as inputs for this system. We show that for
all = 1,...,r — 1 the respective right-hand side of (3.14) is Lipschitz continuous
with respect to the state and the variables which are interpreted as inputs. From
this we then conclude that the operator T satisfies (T.3) with “memory” ¢ = 0 in
the present context. Before we establish the estimations to conclude that T satis-
fies (T.3), we record the following observations concerning the gain functions h. For
a strictly positive v > 0 and ¢ € @, we define the set

For = {(5:m) € Roo X R™ |1 = (s)[ln] =7} (3.53)
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Chapter 3. Output feedback control

Further, for (s,n) € F,, we define the function h(s,n) := 1/(1 — ¢(s)?||n]|*). Then,
for (s,n) € F,~ we observe

o = el = ()l = ¥

which implies

1
V(S,ﬁ) € f‘P7’7 : h(sun) S ;7 (354>

so h(s,n) is uniformly bounded for (s,7n) € F, .. Using this, for (s,n), (s,7) € Fy
we obtain

N

. . n n
nh(s,n) — nh(s,n :H - -
k(s m) =ahis. DI = | =l ~ T=osp

< s mh(s, i)ln = ll + hls, (s, i) (s)? [l = alln)l

(354) 1 ) A
< —2||77 —nlnll* +nlln|* -
1 w(s)? ) ©(s)? 9
< =ln=nll+——Inll"lln—n —1In ‘
VQH ll 7 InlI*lln — 7] 2 7]l
1 ©(s)? R
¥I|n 77||+ " In1l (a1l =+ {1l —||?7||)
4
;Hn 7l
(3.55a)

where we used ¢(s)||n]] < 1, ¢(s)||7]] < 1, and the reversed triangular inequality in
the last estimation. Further, for (s,n), (s,7) € F,, we obtain

1 1
h S, - h S, )= B )
\h(s,m) — h(s,n)| 1—o(s)2|nl2 1= p(s)2]7]?

< h(san)h(3>ﬁ)@(5)2 - HﬁHQ

(3.54) 80(3)2 R
< (lmll + HnH)\IInH -

(3.55D)

<5 s (o)lln—il
—5 Sup @La)jin — i,
72 UERZO

where we used ¢(s)||n]] < 1, ¢(s)]|7|| < 1, and the reversed triangular inequality
in the last estimation. Respective estimates hold true for (s,n),(s,n) € Fy, -
With this preparatory observations at hand, we return to the task of establishing
estimations, which allow us to conclude that the operator T satisfies (T.3). To this
end, for ¢ > 0, some A, > 0 (with some abuse of notation A, J are not the same
as in Step two), and £ € C([0,t]; R™) we define the set

Clog =&,
2= el R™) | Vs € [t 4] IC(s) — ()] <6
Vs> i+ A C(s) = (1 A)

According to condition (T.3) we seek to show that there exists Cp > 0 such that
(EeZ = esssup,puya ITOE) —TEOE < Co sup [1¢(s)— E(s)]l. (3.56)

sEt,t+A]
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3.2. Preservation of minimum phase

First, we observe that for ( € Z we have

Vset,t+ Al [[C(s)l] = I<(s) = &) + £ < 0+ [[€]oe

Thus, ¢ = (z,...,207Y) : Ryg — R™ to be considered as input in (3.14) is
uniformly bounded on the interval [t,¢ + A]. Therefore, the results established in
Step two are valid and can be used for the subsequent reasoning. Inspecting the
definition of x in (3.29) and k;, i = 1,...,r—1, in (3.32), we see that these numbers

depend on (. We define

g1 := inf o) inf k1 >0,
! oc€R>q SOI( )CGZ !

g; = inf ¢(o)infr; >0, j=2,...,r—1,

oc€R>q ez
€:= min ¢g; >0.
ie{l,...,r—1}

Clearly, we have ¢ < k; for all i = 1,...,r — 1. Therefore, by (3.33) in Step two we
have forall i =2,...,r—1

Vset,t+ Al : (1 —@1(s)[Jwr1(s) — Guw(s)]| > e A 1—@(s)||wia(s)] > 5),

that is, for F,. defined in (3.53) we have (s,w;i(s) — Gw(s)) € F, . and
(s,wi1(s)) € Foeforalli=2,...,r—1landall s € [t,t+A]. Next, we consider (3.14)
separately for i = 1,7 =2and i = 3,...,7 — 1. Recalling P = (py,...,p,)" ® I, we
refine the compactly written dynamics (3.18) with ¢ = (¢1,...,¢) = (z,...,207Y)
and obtain

01 Rr — alff’*l
un (t) = - . wy (t) + R a: it w1 (t)
2 — Wpr—-1
00 ...0 R, —a,IT!
:?’1 :?],\42
R, R, —a,IT! 50
_ w
+ - : G | w(t)— PIT™! =
) I IO
1 — Wy
— M
0 0
+ 0 + 0 ,
_GCT<t> O
Xz RGO \ S0, Ty, g,y D))
—MaC(t)

where w = w;; — Gw. Explicitly indicating the dependence of the “input” (, let
W (-, () denote the solution of the overall differential equation (3.14), and w;(-, {) de-
notes the respective solution of the subsystems in (3.14a) — (3.14c) fori = 1,...,r—1,
respectively. Further, let w(-, (), w(-,() be the corresponding expressions to w, w.
By the observations above, w(-,(),w(+,{) are uniformly bounded on the interval
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Chapter 3. Output feedback control

[t,t + A], in particular, (s,@(s,()), (s,w(s,()) € Fye for s € [t,t + Al. We set
pj = ||M;|| for j =1,2,3 and ¢o := || My]|. With this, invoking (3.55a) we may infer
the existence of C; > 0 such that for s € [¢t,¢ + A] and (,{ € Z we have

~

s (5, €) = tin (5, Ol < g Jwn (s, Q) = wnls, Ol + przllwn (s, ¢) = wia (s, )l
)

+ pall(s, €)= (5, )| + el (5) — (5
- w0 s
e ”‘1 PGP0 OF 1= pr(ela(s, O

(3.55a) ~

27 i llwn(,€) — wn(s, Ol + allwn a5, ) — wia (5, 6)]
T palliv(s, ©) — (s, ) + eollc(s) — E(s)l

4||PTT-! .
L AP s, ) — (s, 0]

< W (s,Q) = W(s, Ol + collC(s) = <)l

so, compactly written, for s € [t,t + A] we have

i (5, ¢) = i (s, Ol < CLl[W(s,¢) = W(s, Ol + coll(s) = C()]], (3.57a)

where in particular, the term f(d(t), T(y,...,y" V() does not occur since it is not
affected by different “inputs” (, (. Next, for i = 2 we consider (3.14b), and obtain
in accordance with (3.18)

o (s) = Aws(s) — ha(s)Pwai(s) + (A+ Phy(s)) w(s)

where A = A® I, and A := (ai,...,a,)" ® I,. Then, invoking the findings from
above and (3.55a), we may infer the existence of Cy > 0 such that for s € [t,t + 4]
we have

lira(s, ¢) —tira(s, )| < [|A[[lwa(s, ¢) — wa(s, C)l|

4| P ;
+ M”wzl(s, ¢) — wa,1(s, Q)|

+ (1414 S1P1) (s, €) = (s, O
< Gl W (5.0~ W(s. Ol

(3.57D)

Accordingly, for t = 3,...,7 — 1 in (3.14¢) we have
w;(s) = Aw;(s) — hi(s)Pw;1(s) + (A+ Phi_1(s)) wi—1,1(s).

Then, invoking the previously established inequalities, we infer the existence of
C; > 0 such that for s € [t,t + Al and i = 3,...,7 — 1 we have

s (s, ¢) = abs(s, Q) < CillW (s, ) = W (s, ). (3.57c)

We set C' := 23— C; + 1. With this, invoking estimations (3.57a) — (3.57c), we
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3.2. Preservation of minimum phase

calculate

LW (5,¢) = W(s, Q> < 2 W (s, HZNM (s,

(3.57) 2
3§2§yww@o—wwow

+2[[W (s, ) = W(s, Ollcoll¢(s) = ()l

< QZ@HW(s, ) — W(s, Q)

+2|W(s,0) = W(s.Qllco sup i) = {(o)l]

o€[t,t+A]
r—1
<2 CGi|W(s, Q) = W(s, QI
=1
(5.0~ WO+ (@ s o) @)

o€[tt+A]

< CIW(s.) =~ W(s O+ (co_sup_[co) ~ @)

o€t t+A]

We note that for ¢,¢ € Z we have W(0,¢) = W(0,¢). Thus, for s € [t,t + A] we
obtain upon integration

W@@—W@@Wg[awmo—W@mma
9 [t+A
+(c0_sw <) =) [ e

oE[t,t+A]

1
We set Cp := VA e29%¢y. Then for s € [t,t + A] Gronwall’s lemma yields
IW(s,0) =W(s, QI < Co sup [[¢(0) = (o) (3.58)

o€[tt+A]
where the right-hand side is independent of s. Next, we invoke the previous obser-
vation that (s,w;:(s,()) € F, for ( € Z and s € [t,t + A]. We consider the gain
functions h;, where we denote h;(+,¢) := 1/(1 — o(-)*||w1:(-, O)|]?), i =2,...,r — 1.
Then, for s € [t,t + A] and using (3.55b), we have

A 2 o
hi(s,Q) = hals, Q)| < 5 sup e(0)|lwia(s, ¢) — wils, Q)|
2 - ~
< ;USE%I;@O(G)HW(S,C) = W(s, Ol (3.59a)
(3.58) 9 R
< 5 sw p(0)Co sup (o) = (o)l
0€R>g o€[tt+A]

Using @1 = ¢/p and (s,0(s,()) € Fy,c, for ha(-,¢) := 1/(1 = @1 (-)?[|@ (-, O)|?) we
have for s € [t,t + A]

[ha(s,Q) = I (5,Q)] < % sup (0)Co  sup [|¢(e) = (o). (3.59b)

9 JEREO O’E[t,t+A]
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Note that the right-hand side of (3.59) is independent of s. Together, estima-

tions (3.58) and (3.59) imply (3.56), and so the operator T satisfies (T.3) in
Definition 1.4. Therefore, we may conclude T € Trmq

Lastly, we observe that the higher derivatives of z can be calculated via successive
application of the cascade’s equations (3.2) and result in

-1

W) =z i+ > (D (@i + prshe 1 () w,11(1)),
0

<.

B
Il

where w,_11 = 2,_21 — 2r—11. Then, with z,_1,1; := Tu the results above allow us
to write the conjunction of (3.2) and (3.4) with input v and output z = z,_; as

(%) k <(ar—k + pr—khr—1<t)>w7"_1a1<t>> +Tu(t)

1M1

(3.60)

k=0

( 5 h z<H>)(t)) + Tu(t),
R™

where F' € C(R" x RY; '), cZ(tZ (0(1), o), ..., V()T € L2®Rsp;R") and
T e Ty 7. Therefore, (d, F', T, T, 0ppmxm) € L™, which completes the proof. O

As a direct consequence of the pre-compensator’s design, namely to be of funnel
type, we have the following result.

Corollary 3.11. We use the notation and assumptions from Theorem 3.9. Then, for
any u € L2 (Rso; R™) and any solution of (3.2), (3.4) with initial conditions (3.11)
we have

Je>0Vt>0: |jyt) — 2(B)] < (p+7 — 2)p(t) ™ — e (3.61)

Proof. The prescribed transient behaviour (3.61) follows directly from an iterative
application of [32, Prop. 1]. O

Remark 3.12. A careful inspection of the proof of Theorem 3.9 reveals that con-
ditions (A.2) — (A.4) on the design parameters are sufficient but we cannot claim
necessity. Condition (A.4) on the norm of the matrix G = I,,, — I'T~! can be inter-
preted as a “small gain condition” as conjectured in [32, Rem. 4]. Roughly speaking
it means “choose the matrix I' close enough to the matrix I, Examining the proof
shows that this condition plays a crucial role in the estimations (3.23¢) and (3.42),
however, it allows for various reformulations and small changes which still are suf-
ficient to prove the theorem. Especially, the condition |G| < p/(4p*(p+1)""2 — 1)
has many varieties - we cannot claim having found the weakest. If I' is known, the
simple choice ' = T is feasible and the proof simplifies significantly. Moreover, in
this case (A.3) & (A.4) are satisfied at once. However, in general the matrix I is not
(or only partially) known and hence verification of conditions (A.3) & (A.4) causes
problems. In such general cases methods for parameter identification can be useful.
For linear systems of type (3.5) there is plenty of literature on system identification,
see for instance [168, 36], and the recent work [194] where under the assumptions
of controllability and persistently exciting inputs system identification is performed;
in [203] the estimated parameters result from a least square problem. Note that
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3.2. Preservation of minimum phase

although the system identification in [194, 203] is developed for time-discrete lin-
ear systems the results can be applied to time-continuous linear systems to some
extend, see e.g. [36, Sec. 1]. In [64] parameter identification for nonlinear systems
is studied, where under an identifiability condition and with the aid of a high-gain
observer system parameters are identified. In [63] an extended high-gain observer
is introduced to identify the state and the unknown parameters dynamically; and
in the recent (rather technical) work [104] parameter identification via an adaption
scheme for nonlinear systems is proposed and an error bound between the nominal
and the estimated parameter is given. However, the approaches [64, 63, 104] involve
the system equations and hence the parameter identification is not model free. Nev-
ertheless, if a model is available an extension of [104, Prop. 2.1] to matrix valued
parameters may yield error bounds such that the stronger version of (A.4)

< e . Jp—1 P
I Y|Ir-r| <
JEIE =T < min {225

can ensured to be satisfied.

Remark 3.13. If the first £ < r — 1 derivatives of the output signal y are known,
the funnel pre-compensator can be applied to ™. Then, the condition T € 77"
in Theorem 3.9 becomes the relaxed condition T € 77, with 7™ as in Defini-
tion 3.6. Moreover, the error bound tightens and we have

VE> 0 flyt) — @Ol < (p+r—2-k)et)" —e.

Remark 3.14. Although the funnel pre-compensator introduced in [32] may take
signals y and v with different dimensions, the system class £™" under consideration
is restricted to systems where the input and output have the same dimension. This
comes into play when applying control schemes to the conjunction of a minimum
phase system with a cascade of funnel pre-compensators, see Section 3.3. However,
a careful inspection of the proof of Theorem 3.9 yields that an extension of Theo-
rem 3.9 to systems with different input (u : R>g — R™) and output (y : R>g — R?)
dimensions is possible, if m > p. In the case m < p (fewer inputs than out-
puts) with rkI' = rkI' = m one would require the matrix product I'T'T € RP*?
(fT denotes a pseudoinverse of f) to be strictly positive definite. However, since
rk(I'TT) < min{m, p} < p only positive semi-definiteness can be demanded, which
is not sufficient. If m > p (more inputs than outputs) the proof of Theorem 3.9 can
be adapted such that the statement is still true in the following two cases:

(i) Known m — p entries of the input are set to zero, w.l.o.g. the last m — p.
Therefore, I'u = T)(uy,...,u,)", where I') = F; € RP*P and definiteness is

required. Then conditions (A.3) & (A.4) have to be satisfied for T, and T'.

(ii) The system itself ignores known m — p entries of the input (w.l.o.g. the
last m — p), ie., T' = [[},,0], where ', = T') € RP? and definiteness is
required. Then, Tu = T')(uy,...,u,)" and conditions (A.3) & (A.4) have to
be satisfied for I', and a symmetric 0 < fp € RP*P,

In both cases the respective transformations in Step one of the proof are feasible
and the proof of Theorem 3.9 can be done with corresponding matrices I', and I,.
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Chapter 3. Output feedback control

3.3 An application of the funnel pre-compensator:
output feedback control

In this section we discuss the combination of the funnel pre-compensator with feed-
back control schemes. Theorem 3.9 yields that the conjunction of a minimum phase
system (3.4) with a cascade of funnel pre-compensators (3.2) is again a minimum
phase system and hence amenable to funnel control; for detailed results on funnel
control for systems with higher relative degree see the works [93, 25] and the recent
work [21]. We show that the combination of the funnel pre-compensator with a fun-
nel control scheme achieves output tracking with prescribed transient behaviour of
the tracking error via output feedback only. This resolves the long-standing problem
that for the application of a funnel controller to a system with higher relative degree
the derivatives of the system’s output are required to be known. In Figure 3.6 the
idea is depicted, how the funnel pre-compensator enters the tracking problem.

Cascade of ¢
System funnel .
pre-compensators

u

Funnel € =(— Y X Yiet
Controller

4

Figure 3.6: Utilizing the funnel pre-compensator for output feedback tracking.
The derivatives required by the controller are given via the Ij)re—compensator’s
1

output ¢ = (z,...,20"V). Here, we set Yier := (Yret, - - - 7y£gf_ ).

We recall the funnel control scheme from [21]. For e := z — y,of € R™ define the
instantaneous available error vector e(t) := (e@(¢)T,..., e V(#)T)T € R™, that
is, the error vector between the signal z and the reference signal vy, and their deriva-
tives, respectively. Next, the control parameters are chosen. The funnel function ¢
belongs to the set

Dpe = {¢ € ACie(Rs0; R) ‘ Vs>0: ¢(s) >0, liminf, ,, ¢(s) > 0, }

Je>0: |¢(s)| < c(14 ¢(s)) for a. a. s >0

Let N € C(Rso;R) be a surjection, a € C'([0,1);[1,00)) be a bijection, and for
B:={weR™||w| <1} define the map v : B — R™, w — a(||w||*)w. With this,
the maps py : Dy, — B are defined recursively for k =1, ... r as follows

D1:=DB, pr : Dy — B, 1 — n,
(.- om_y) " € Dy, }

D = T;-"a TTEka
k {(771 ) nk+7<pk—1(771T,-~->77kT_1)T) €B
pe D= B, () omg) =+ (oema (o) )

Then the funnel control scheme from [21, Sec. 1.4, Eq. (9)] is given by

u(t) = (N oa)(Ju®)|*) w(t), w(t) = pr(p(t) e(t)). (3.62)
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3.3. An application of the funnel pre-compensator: output feedback control

Remark 3.15. Before we establish the next result, namely the application of the
feedback law (3.62) to the conjunction of a minimum phase system with a cascade of
funnel pre-compensators to achieve output reference tracking, we comment on this
particular application.

(i)

(i)

We recall the findings from [21] concerning the high-gain property. Namely, a
system

i(t) = F(d(t), T(z)(t)) + Ou(t), (3.63)

where F' € C(R*xR%R"), T € 7% and © € R™*" has the high-gain property
from Definition 1.10 if, and only if, the matrix © is strictly sign definite, i.e., for
allv € R™\ {0} we have (v, Ov) # 0. Along the lines of [21, Sec. 2.1.3] this can
be seen as follows. For v, € (0, 1) define theset V :={v € R" |v, < |jv| < 1}.
First, assume that (3.63) has the high-gain property. Seeking a contradiction,
suppose that there exists v # 0 such that (v,0v) = 0. Then, there exists
v € V such that (9,00) = 0. Choose the compact sets K = {0} C R* and
Q) = {0} C RY9. Then, for all s € R we have

X(s) = E}I‘éi‘r/l((—sv, Ov)) < —s(v,00) = 0.
This, however, contradicts the high-gain property. The remaining impli-
cation can be seen as follows. Assume that the matrix © is sign defi-
nite. Then, there exists 6 € {—1,1} such that 0O is positive definite.
This implies that the smallest eigenvalue A~ of the symmetric matrix
3(© + ©T) is strict positive. So it follows that for all v € V we have
(v,(© + 60T)v) > A"v2. Choosing compact sets K C R*, Q C RY we may
define C':=min{ (v,k +q) | (k,q) € K x Q,v € V' }. With this we calculate

veV

o
VseR:x(s)—C > Irél‘l/l ((—sv, Ov)) = min (—;(v, (©+ @T)v>> .
Then, for a real sequence (s,) with ds, < 0 for all n € N and és,, - —o0
for n — oo it directly follows

vINT

VneN :x(s,) >C—ds, 5

by which x(s,) — oo as n — N. Therefore, since without loss of generality we
assumed I',T" > 0, the system class £™" under consideration in the present
chapter has the high-gain property. Hence, it is meaningful to apply the
control scheme (3.62) proposed in [21] to the conjunction of a £ system
with a cascade of funnel pre-compensators (3.2).

Since by assumption we have I' > 0, and by (A.3) we have [ >0, according
to [21, Rem. 1.8.(b)] the surjection N : Ry — R in control scheme (3.62) can
be chosen as N(s) = —s. Moreover, similar to the gain functions h; in (3.1)
we may choose «a(s) = 1/(1 — s) by which the control scheme (3.62) is given
by

el
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Chapter 3. Output feedback control

Now, if the reference trajectory satisfies
Yret € W (Rx0; R™),
we have the following result.

Corollary 3.16. Consider a system (3.4) with (d, f, T,T,R) € L£{"" and initial
trajectory y° € W=b°([—7,0];R™) in conjunction with a cascade of funnel pre-
compensators (3.2) with (a,p,¢,¢1,p,I,I') € . Furthermore, assume that the
initial conditions (3.11) in Theorem 3.9 are satisfied. Moreover, let ¢ € ®Ppc and
assume that for the pre-compensator’s output z := z,_;; the funnel control initial
value constraint

»(0)e(0) € D,,
is satisfied, where e := z — 9t and e := (e, é,...,e"™ V). Then, for any refer-
ence Yo € W (R50; R™), the funnel controller (3.62), with z = z,_1; from (3.2),
applied to system (3.4) yields an initial value problem, which has a solution, and ev-

ery solution can be extended to a maximal solution (y,¢) : [-7,w) — R™ x R™("—1),
where w € (0,00], and ¢ = (2/;,...,21,)" € R™""Y" and the maximal solution

has the properties
(i) the solution is global, i.e., w = oo,

(ii) the input w, the compensator states (, the pre-compensator gain func-
tions hq,...,h,_1, and the original system’s output and its derivatives
v, 7, ...,y are bounded, that is, for all 4+ = 1,...,7 — 1 we have u €
LPRs0;R™), ¢ € L2(Rsg; R™—DF ) hi € L®(Rs0;R), y € W (Rx; R™),

(iii) the errors evolve in their respective performance funnels, that is

Je1 >0 VE>0:|ly®t) — 21| < o1 () — e,
Vi= 2, coor—1 ElEi >0 Vt>0: ||Zi_171(t) — 2’171(15)” < (,O(t)_l — &;,
38 >0 Vt>0:|2(t) — gt (V)| < 0(t)' = B.

In particular, with ¢ := Z:;ll g;, the tracking error y—1u.f evolves within a prescribed

funnel, i.e.,

VE>0: |lyt) — et < (p+7 —2)0(t) " +0(t) " — (e + ).

Proof. Theorem 3.9 yields that a system (3.4) with (d, f,T,I', R) € £}"" in conjunc-
tion with a cascade of funnel pre-compensators (3.2) with (a,p, ,¢1,p, T, Nex
results in a minimum phase system with (d F T, T, 0pmsxm) € L™". Furthermore,
the respective aspects of assertions (ii) & (111), namely concerning (, h;, are true.
Therefore, invoking Remark 3.15, the conjunction belongs to the system class under
consideration in [21]. Then [21, Thm. 1.9] is applicable and yields the remaining
aspects of assertions (i) — (iii). Furthermore, the transient behaviour of the tracking
error Yy — Yrer 1s a direct consequence of (iii). O

The remainder of this chapter consists of some numerical simulations to illustrate
the results developed for the funnel pre-compensator.

97



3.3. An application of the funnel pre-compensator: output feedback control

Example 3.17. We apply the funnel control scheme (3.64) to the conjunction of
a cascade of funnel pre-compensators (3.2) with a minimum phase system (3.4) to
achieve output tracking with prescribed transient behaviour of the tracking error
via output feedback only, i.e., we illustrate an application of Corollary 3.16. We
emphasize that the funnel pre-compensator receives only the measurement of the
output signal y. Then, the applied controller (3.64) takes the pre-compensator’s
output z and its derivatives which are known explicitly, cf. Figure 3.6. Since the
application of the funnel pre-compensator to the standard illustrative example mass
on a car system from [179] was already discussed in detail in [32, Sec. 5.1], and
the application of the controller (3.62) to this particular example was elaborated
in [21, Sec. 3.1], we consider the following artificial, in particular, nonlinear multi-
input multi-output ODE of relative degree r = 3 with m = 2 and initial conditions
Ym0 =0 € R? for some 7 > 0,

Y@ () = Ruy(t) + Rog(t) + Rsij(t) + f (d(t), T(y, 9, §)(t)) + Tu(t), (3.65)
where
B = [_01 8]’ By = {(1) _01]’ s = [(1) —11} = [0?2 022] =I'>0,

and for d = (dy,dy) ", & = (&1, &2) ", 1=1,2,3

T: C([_ ) RG) - EIOC(RZO;R3)7
£11(1)% + efr1®~le2a ()l
(€1(),&(),&() = [t— 51 2(t)? — sin(&22(t)) :
Jo €€ (1)1 tanh([|€(8)]12) ds
f:R?*xR® — R?,

3
(dy,da, 1, Caym) (ig;;_%tn )

whereby the internal dynamics are bounded- 1nput bounded-state stable and the
associated operator T belongs to the class 7'6 The disturbance is chosen as
d: Rsg — R2, ¢ — (0.2sin(5¢) + 0.2 cos(7¢), 0.25sin(9¢) + 0.2 cos(3¢))T by which
d € EW(RZO;RQ) and hence (d, f,T,T') € £3°. For the funnel pre-compensator
we choose the Hurwitz polynomial (s + s¢)® with sp = 4 and Q = I3 to determine
matrices A and P satisfying (A.1) and obtain the respective parameters a; = 12,
ay = 48, a3 = 64 and p; = 1, py = 1563/548, p3 = 1589/365. We choose the
pre-compensator’s funnel function ¢(t) = (2¢72 4+ 0.2)"!, and for I' = 2 - I,
with p = 1.1 conditions (A.3) & (A.4) are satisfied. We stress that T' and T
are quite different; while I' distributes both input signals (uy,us) to both out-
put directions (y1,¥2), r only allocates the input signal u; to output direction y;,
i = 1,2. Next, we choose the controller’s funnel function ¢rc(t) = (10e™ +0.3)7!
Then, with 2, ;(0) = 0, i = 1,2, j = 1,2, 3, the assumptions on the initial values
from Corollary 3.16 are satisfied. Further, we choose the reference trajectory as
Yret © Rsg — R2, ¢ = (e=#9° sin(t))T. We simulate the output tracking over a
time interval 0 — 10 seconds. In order to illustrate the funnel pre-compensator’s
contribution we compare the two cases, first, if the derivatives of the output of
system (3.65) are available to the controller and second, if not. The outcomes of
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the simulations are depicted in Figure 3.7, where the subscript FC (ypc) denotes
the case when the derivatives of the system are available, i.e., the funnel pre-
compensator is not necessary and hence not present; and the subscript FPC (yppc)
indicates the situation when the system’s output is approximated by the pre-
compensator and the derivatives of the latter are handed over to the controller.

3r A 7r

_,_.-»',"/—ch,1(t) — et 1 (1) | —upc(t)
‘,.-'}// ——yrpC,1(t) — Yrer,1 (1) —uppc,1(?)
-3 : : 7 : :
0 5 10 0 5 10

0 \/'\ ,,,,,,,,,,,,,,,

A—yrc2(t) — Yrer2(t) —upc;2(t)
S
7 l—yrpc2(t) — Yref,2 ——UFPC,2
| yrpc2(t) = Yrer2(t) urpc2(t)
3 ‘ ‘ . 6 ‘ ‘
0 5 10 0 5 10
time ¢t / s time ¢t / s
(a) Tracking error y — yref. The dashed (b) Input signals u generated by the funnel
line — — — represents the funnel boundary control scheme (3.64).
given by (p+r —2)/¢ + 1/¢rc, the dot-
ted line - - - represents the funnel boundary

given by 1/¢pc.

Figure 3.7: Output reference tracking of the nonlinear multi-input multi-output
minimum phase system (3.65) via output feedback.

Figure 3.7a shows the tracking error between the system’s output y; and the ref-
erence trajectory yper; in both cases, for ¢ = 1,2. Note that in the case when the
derivatives of the system’s output are available the error evolves within the fun-
nel boundaries defined by 1/¢rc as it can be expected from the results in [21,
Thm. 1.9]. We emphasize that in the second case (the derivatives of the sys-
tem’s output are not available), although the error leaves the funnel 1/¢pc, the
tracking error can be guaranteed to evolve within the wider boundaries given by
(p+r—=2)/p+1/¢rc = (p+1)/¢+1/¢rc, where r = 3 and p = 1.1 in this partic-
ular example. Figure 3.7b shows the control input w;, i = 1,2, generated by (3.64).
Both signals show oscillations which arise from the influence of the disturbance d,
i.e., the controller compensates the disturbance’s effect to the system. Analogously
to the approximation performance discussed in the previous Example 3.4, the track-
ing performance (and so the input signal u) strongly depends on the choice of the
pre-compensator’s parameters, i.e., on the choice of A (for fixed Q) = I,,,) and can be
improved with larger values of s5. The simulations have been performed in MATLAB
(solver: odelbs, rel. tol: 1075 abs. tol: 107°). o
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Remark 3.18. Recalling Remark 3.8, we highlight that Corollary 3.16 achieves
output tracking with prescribed transient behaviour of the tracking error via out-
put feedback only for the large class of linear minimum phase systems. Note that
this result applies to single-input, single-output systems as well as to multi-input,
multi-output systems. The controller proposed in [56] achieves output tracking
with prescribed performance of the error via output feedback for minimum phase
multi-input, multi-output systems of arbitrary relative degree as well. In particular,
this controller as well as the control scheme (3.62) is applicable to linear minimum
phase systems. However, as it involves a high-gain observer structure, the controller
from [56] suffers from the problem of proper initializing, i.e., some parameters have
to be chosen large enough in advance, however, it is not clear how large. Contrary,
conditions (A.1) — (A.4) explicitly determine the set ¥ of feasible design parameters
of the funnel pre-compensator. This resolves a long-standing problem in the field of
high-gain based output feedback control with prescribed transient behaviour.

Remark 3.19. We comment on three aspects of the application of Corollary 3.16.

(i) According to [21, Sec. 1.4], in particular [21, Rem. 1.7 (c)], tracking of a
given reference is also possible if the number of the available derivatives of the
reference signal is smaller than the relative degree. This means the following.
Let 7 be the number of derivatives of the reference signal y..; available to the
feedback controller. Then the control scheme (3.62) achieves output tracking
with prescribed performance of the tracking error in the case 7 < r. This
means for instance, target tracking of a given “smooth” trajectory is possible,
where the derivatives of the reference are unknown, as are the derivatives of
the system’s output. This situation is illustrated in Example 3.20.

(ii) In the case 7 = r exact asymptotic tracking can be achieved, see [21,
Rem. 1.7 (f)]. In the present context this means lim; . (2(t) — yret(t)) = O.
However, lim;_,o(y(t) — 2(t)) = 0 cannot be guaranteed since ¢ € ®,. More-
over, anticipating the results presented in Section 4.2, exact output reference
tracking in finite time 7" > 0 is possible as well, however, suffering from the
same limitations, namely, while z(T") — y,ef(T) = 0 can be achieved, the error
between the system’s output y and the reference y.of cannot be guaranteed to
be zero.

(iii) An application of the funnel pre-compensator to linear non-minimum phase
system under consideration in [16] allows output feedback tracking for a cer-
tain class of linear non-minimum phase systems with the controller scheme
proposed in [16, Sec. 3]. However, in combination with the funnel pre-
compensator the bound of the tracking error discussed in [16, Sec. 4] is
not valid any more. For deeper insights regarding output tracking of linear
non-minimum phase systems see the article [16].

Example 3.20. We illustrate Remark 3.19 (i). To this end, we revisit Example 3.17
and assume that the reference signal is only available without information of its
derivatives, i.e., we perform output reference tracking, where the derivatives of the
output of the system are as unavailable as the derivatives of the reference signal.
We choose the same parameters as in Example 3.17 and simulate tracking over the
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time interval 0 — 10 seconds.

3p

0 S —
o yrea(t) = Yeera (t) |
7 l—yrpea(t) — Yrer ()
-3 3 L |
0 5 10
37 \

0 , —
A yrc2(t) = Yret2(t) =30/ —upc2(t)
/ _yFPC,2(t) — Yref,2 (t) ——UFPC,2 (t)
-3 " ‘ 60 ‘ \
0 5 10 0 5 10
time t /s time t /s

(a) Tracking error y — ypr. The dashed (b) Input signals u generated by the funnel
line — — — represents the funnel boundary  control scheme (3.64).

given by (p+ 1 —2)/¢ + 1/¢rc, the dot-

ted line - - - represents the funnel boundary

given by 1 / gbpc.

Figure 3.8: Output reference tracking of system (3.65) via output feedback, where
the derivatives of the reference signal are unknown.

Figure 3.8a shows the tracking error. The subscript FC refers to the situation
where the system’s output derivatives are available; the subscript FPC refers to
the situation where the system’s output derivatives are not available and the funnel
pre-compensator is applied. Note that the error yppc — yrer crosses the dotted funnel
boundary line; however, as expectable from Corollary 3.16, the error strictly evolves
within the wider funnel boundary (p+1)/¢ + 1/¢pc. Figure 3.8b shows the control
input. Compared to the control input in Example 3.17, the control effort here is
much higher. This observation supports the conjecture formulated in [21, Sec. 1.1]
that the more information about the reference signal is available to the controller,
the better is the control performance. The simulations have been performed in
MATLAB (solver: odelbs, rel. tol: 1076, abs. tol: 1079). o

The observations in the previous example regarding the control input in the
situation where the derivatives of the reference signal are not available lead to the
following reasoning. If only the reference signal y,. is available, and its derivatives
are not, an application of the funnel pre-compensator to the reference signal produces
a signal, the derivatives of which are available. This may improve the controller’s
performance. We will illustrate this thought in the next Example 3.21.

Example 3.21. We revisit Example 3.20 and perform output reference tracking in
the case when the derivatives of the reference are unavailable, as are the derivatives

101
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of the system’s output. Then we apply a cascade of funnel pre-compensators to
the reference signal to obtain a signal, the derivatives of which are available. We
compare this with the situation in Example 3.20 where the derivatives of the ref-
erence are not available and the system’s output is approximated by a cascade of
funnel pre-compensators. For the pre-compensator applied to the system’s output
and for the control, we choose the same parameters as in Example 3.20 and the same
funnel function ¢rpc e = . For the pre-compensator applied to the reference sig-
nal, we take the same parameters a,p and choose the funnel function Yrpc et =
(2e7" + 0.05)"!. We simulate tracking over the time interval 0 — 10 seconds.

3 101
0
|
107 —u (1)
— 1y (t)
-20 ‘ ‘
0 5 10
40

(¢
‘ ‘ 40 ‘ ‘

0 5 10 0 5 10

time ¢ / s time ¢t / s

(a) Tracking error y — yres. The dashed  (b) Controls generated by (3.64). In-
line — — — represents the funnel boundary puts uq, ug are the same as in Example 3.20
given by (p + 1)/¢rpcsig + 1/QFPC ret + (red signals in Fig. 3.8b); inputs @y, Uy are
1/¢rc, the dotted line --- represents those, where a funnel pre-compensator is

the funnel boundary given by (p + applied to the reference.
1)/erpcsis + 1/ drc.

Figure 3.9: Output reference tracking of system (3.65) via output feedback, where
the reference signal is approximated by a cascade of funnel pre-compensators.

Figure 3.9 shows the results of the simulation. Expressions with a hat, i.e., terms of
the form Z, refer to the situation when the funnel pre-compensator is applied to the
reference signal. Figure 3.9a shows the tracking error, which is comparable in both
situations. In Figure 3.9b the input signal is depicted. It can be seen that using the
approximation of the reference signal and the approximation’s derivatives reduces
the control effort significantly. The simulations have been performed in MATLAB
(solver: odelbs, rel. tol: 107% abs. tol: 107°). o

We conclude this section by an illustration of the stability of the conjunction
of a LT system with a cascade of funnel pre-compensators. We consider a simple
integrator system of third order and simulate tracking of a chaotic reference.
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Example 3.22. In order to demonstrate the funnel pre-compensator’s capability, we
simulate tracking of a trajectory generated by the Lorenz equations for parameters
which cause chaotic behaviour, i.e., the reference trajectory Yrer = (Yref,1; Yref,2; Yret,3)
is given by the solution of

yref,l(t) = a(yref,2(t) - yref,1<t))7 yref,l(o) - yl(‘)ef,l € R?
Z/ref,Q(t) - yref,l(t> (ﬁ - yref,2<t>> - yref,2(t)7 yref,2(0> = y?efg S Ra
yref,?)(t) - yref,l(t)yref,Q (t) - ’Yyref,S(t)a yref73(0) = yl(r)ef,?) € R’

where a = 10, § = 28,y = 8/3 as initially introduced in [135]. We consider the third
order integrator system

y () = u(t),

with 4@ (0) = yr(é)f (0), i = 0,1,2, and initialize the funnel pre-compensator likewise.
For the pre-compensator we choose the funnel function p(t) = (e + 0.01)7%,
so for p = 1.1 the function ¢; is given according to (A.2). As in the previous
examples, we choose a polynomial (s + sg)” to generate the parameters a;,p;
satisfying (A.1). In this case we choose sy = 15 and @) = I3 and obtain
a; = 45,as = 675,a3 = 3375, and correspondingly p; = 1, po = 9586/927,
p3 = 6053/104. For the funnel controller (3.64) we choose ¢(t) = (e + 0.1)7".

05
50

25+

crm==(p+r—2)p(t) " + () -
! —n (t) - yref,l(t)
— (t) — Yref,2 (t)

y3(t) B yref,?)(t)

0 1 _0.5 Il
-20 20 0 10 20

0 20-20 0 time ¢ / S

(a) Chaotic Lorenz attractor and the sys- (b) Tracking error.
tem’s output chasing the chaos.

Figure 3.10: Output reference tracking via output feedback. The reference is gen-
erated by the Lorenz equations.

This example highlights two important aspects. First, the funnel control scheme
proposed in [21] achieves output reference tracking with guaranteed error bounds
for quite challenging references; and second, the funnel pre-compensator’s output ap-
proximates the system’s output sufficiently good such that the tracking of a chaotic
reference is possible without the availability of the system’s output derivatives. The
simulations have been performed in MATLAB (solver: odelbs, rel. tol: 107'2  abs.
tol: 10712). o
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4 Funnel control

The results presented in Chapters 2 & 3 are related to, but not strictly restricted
to funnel control. The findings there are practical tools to address certain aspects
of well known problems in high-gain feedback control, but neither novel tracking
objectives were under consideration nor new control schemes were developed. In
the present chapter, we present two recent results, each addressing new aspects of
funnel control. The first result is related to system properties, namely reliability of
the output measurement. The second result deals with a specific control objective,
namely exact tracking. First, in Section 4.1 we investigate the situation of output
reference tracking when the output measurement is subject to losses, i.e., within
some time intervals no information from the system is available. Second, in Sec-
tion 4.2 we focus on the long standing open problem of exact tracking in finite time
via feedback control. We develop a novel funnel control law, which forces the output
of a system to have exact specified values at a predefined finite time while before
that time the tracking error evolves within prescribed bounds.

4.1 Tracking under output measurement losses

In this section we consider output tracking for linear minimum phase systems with
arbitrary relative degree, which may be subject to possible output measurement
losses. The study of such situations is of high practical importance, since in the
presence of output measurement losses the performance of closed-loop control strate-
gies can deteriorate significantly and even lead to instability. Measurement losses
can occur whenever signals are transmitted analogously over large distances or via
digital communication networks and may hence be prone to signal losses or package
dropouts. In this section we present a control strategy for linear systems, which
guarantees that the tracking error evolves within prescribed error bounds whenever
the output signal is available. Moreover, involving a time-varying error bound, after
output measurement losses the controller is able to recapture the error within this
error bound by appropriately shifting it.

A typical framework to study systems which may be subject to output mea-
surement losses is the concept of networked control systems, see for instance the
works [68, 197, 52, 150]. Within the framework of networked control systems, so-
called event-triggered controllers have been developed to achieve global asymptotic
stability, for linear systems see [124, 38, 128], and for nonlinear systems we refer
to [196, 57]. Further, so-called H,, control approaches were studied in [67, 185], and
in [163, 132] model predictive control strategies were exploited to deal with output
measurement losses. To the best of the author’s knowledge, output tracking control
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4.1. 'Tracking under output measurement losses

with prescribed performance of the error, where the output is subject to measure-
ment losses, has not been considered yet. In this section, we present a novel funnel
control law to achieve this. This particular control strategy relies on an intrinsic
“availability function”, which, as a binary value, encodes whether the output mea-
surement is available or not. As a consequence, no a priori information about the
time instants where the measurement is lost or recaptured is necessary. Involving
the availability function, the basic idea for the controller is the following. Whenever
the signal is available, we apply a classical funnel controller [21] such as already
used in Section 3.3; whenever the output signal is lost, we set the input to zero and
restart the controller when the output measurement signal is available again.

4.1.1 System class, control objective, feedback law

We consider linear systems of the form

#(t) = Ax(t) + Bu(t) + d(t), z(0) =2 € R",

y(t) = Ca(t), (4.1

with matrices A € R™*" and B,CT € R"™™. Note that the dimensions of the input u
and the output y coincide. Further, d € £L°(R>(; R") is a bounded disturbance. In
virtue of Definition 1.2 we assume that system (4.1) has strict relative degree r € N,
and we define I' := CA" !B € Gl,(R). Then, as pointed out in Remark 3.8, a
straightforward generalization of [95, Thm. 3| yields that there exist R; € R™*™,
i=1,...,r, S,PT € R™*(=m) and @ € RM"m*("=rm) guch that system (4.1) is
equivalent to

(1) = Z Ry D (t) + Sn(t) + Tu(t) + d.(t), (4.2)

n(t) = Qn(t) + Py(t) + d,(t),
with initial conditions

(5(0), ...,y D0) = @0,...,4° ) eR™, n(0)=7n" € R*™,

where d, and d,, are given via the transformation presented in Remark 3.8. With
this, we introduce the system class under consideration in the present section.

Definition 4.1. For m,r € N a system (4.2) belongs to the system class ¥,, ,, if

(i) the high-gain matrix I' = CA"'B € GL,(R) is sign definite, w.l.o.g. we
assume [+ 1T > 0,

(i) the system is minimum phase, i.e., 0(Q) C C_,
(iii) the disturbance (d,,d,) : R>g — R™ x R"™" is bounded.
Then, we write (A, B,C) € ¥,,,.

Note that the system class in Definition 4.1 is a subclass of £™" defined in
Section 3.2.1 and coincides with the class of linear systems discussed in Remark 3.8.
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Chapter 4. Funnel control

Remark 4.2. We emphasize that the restriction to linear systems is a consequence
of the assumption of no a priori knowledge of the time instances where the measure-
ment is lost. To see this, consider the nonlinear control system y(t) = y(t)? + u(t)
with y(0) = 3°. Now, assume y(t;) > for some t; > 0 and the signal is lost at t = ¢y,
and the input is set to zero. Then, the solution for ¢ > ¢; is

_ y(t1)
1—y(t)(t —t1)

which has a finite escape time, i.e., for ¢ — (1 + ¢ y(¢1))/y(t1) the solution blows
up. In particular, the interval [ty, %ﬁgtl)
on the time instance ¢; and on the state y(t1). So no assumption on the maximal
allowable duration of measurement losses is possible in advance. Contrary, a linear
system (4.2) with (A, B,C) € X,,, does not have a finite escape time, and so
for u = 0 the solution is bounded on any compact interval.

y(t)

) where the solution is bounded depends

In order to introduce the assumptions on the system parameters and the maximal
allowable duration of signal absence properly, we state the following result, the proof
of which is straightforward, cf. [69].

Lemma 4.3. Let L € RP*? with ¢(L) C C_. Then there exists 0 < K = K such
that KL + L"K + I, = 0 and moreover,

V>0 (|| < /TRIK] e e

For the matrix @ from (4.2) we define, in virtue of Lemma 4.3, the following
constants

1
2|51
where the matrix K is such that KQ + Q'K + I,_,,, = 0. If n —rm = 0, i.e.,

if system (4.2) has trivial internal dynamics, we set M := 0 and p := 1. Utilizing
Lemma 4.3 we record for later use that, for t >ty > 0, we have

M= KK, = (4.3)

: M M
/ Je@e]jds < 2L (1 — emnt-t)y < 2 (4.4n)
to lu lu
t t
/ 12610 ds < M / =0 ds < M(t — t,). (4.4b)
to to

Further, thanks to the well known variation of constants formula, cf. [195, § 2], we
record that the second equation in (4.2) has the solution

0t = 2 nttn) & [ IPY(s) + dy () ds (15)

to

Thus, for any signals y € C(Rs; R™) and d,, € £L®(Rso; R" ") with ||d, | =: d,
we may estimate

t
In(&)]| < Me# = in(te)|| + MIP| 1ylio.all + dn)/ e M) ds. (4.6)
to

Next, we propose assumptions relating the maximal duration of measurement losses
and minimal time of measurement availability. As mentioned above, we do not
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4.1. 'Tracking under output measurement losses

assume the measurement losses to happen in previously known intervals, but we
only assume that it is possible to determine, at every time instant ¢, whether the
measurement of y(¢) is available or not. If the availability is uncertain, then it should
be rendered “signal unavailable”. This also encompasses the situation that, after
a disconnection, the availability of the measurement is only determined with some
delay. Based on the aforesaid we define the following “availability function”

a: RZO — {0, 1},
R {1, measurement of y(t) available, (4.7)

0, measurement of y(¢) not available.

In order to introduce the assumptions on the maximal duration of measurement
losses and the minimal time of measurement availability involving the function (4.7),
we make the following feasibility assumption.

Assumption 1. The availability function (4.7) is left-continuous and has only
finitely many jumps in each compact interval. Then, we define the strictly increasing
sequences (t;,), (t), with ¢t <t} <t <tf,, such that

{t>0a(t)=1} = |t tr),
keN (4.8)
{t>0]a(t) =0} = |J ;. 1),

keN

that is, on the interval (¢, ,] the signal is available, and on the interval (¢ ,¢;]
the signal is not available.

We note that it is possible that both sequences contain only finitely many points.
In this situation we have either a(t) = 1 for ¢t > t§, or a(t) = 0 for t > t, for
some N € N. With the definitions above we are in the position to introduce the
assumptions relating the maximal duration of measurement losses and the minimal
time of measurement availability.

Assumption 2. For ST, P € Rmxm @ ¢ Re=rm)x(n=rm) and R, € R™™,
i=1,...,r, from (4.2), let p:= || P||, s := ||S] and B := 1+ % + > I1Rs||, with
M, 1 given in (4.3). Further, let ¢, A, be the constants introduced below in (4.9).
The signal is lost for at most A > 0, i.e., for t; as in (4.8) we have [t, — /| < A
for all k£ € N, such that for some x > 2 and some 6 > s we have that A satisfies

spMA%eP™ <1, (A1)

2 ﬁA<iN(’f—1)
pM*=Ae _AT—Z,%Q ) (Ag)

Assumption 3. The signal is available for at least § > 0, i.e., for ¢ as in (4.8) we
have [t —t 4] > ¢ for all k € N, such that for A, 3, k, 6 from Assumption 2 and
M, p from (4.3) we have that § satisfies

e > 25 M (Ape’® +2(1 + spMA*e™?)) (61)

2
o > k(3 +92SM ) (6,)
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Chapter 4. Funnel control

Remark 4.4. For systems with trivial internal dynamics, i.e., if the second equation
in (4.2) is not present, Assumptions 2 & 3 can be formulated much weaker. To be
precise, in the case of trivial internal dynamics we have p = 0, s = 0 and M = 0 with
which the inequalities (A;), (Ay) and (d1), (02) are always satisfied (for 6 = 3k).
This means, that arbitrary large durations A > 0 of signal losses, and arbitrary
small intervals of length § > 0 where the signal is available, are possible, so that
t, —tf] < Aand [t — ;| > 0 for all k € N. Here the only implicit assumption
is boundedness of the sequence (|t, — t|)x, k € N.

We develop a control scheme which achieves output tracking of a given reference
trajectory for systems where the output measurement is subject to outages. The
control objective is that the tracking error evolves within prescribed bounds in the
following sense. For a system (4.2) with (A4, B,C) € ¥,,, and a given reference
signal yer € WP (Rx; R™) the output y tracks the reference in the sense that,
whenever the measurement of y is available to the controller, the error e := y — .
evolves within a prescribed performance funnel

Fo = {(t,e) € Roo X R™ [@(t)]e]| <1},
where ¢ belongs to the following set of monotonically increasing functions

Vig >t >0:0<¢(ty) < ota), }

d = {¢601(R20;R) ‘ Fd>0Vt>0: |o(t)| < d(1+ o(t))

The performance funnel’s boundary is given by the reciprocal of the funnel func-
tion ¢, see Figure 4.2. We emphasize that the function ¢ may be unbounded. In
this case, and if no measurement losses occur for ¢t > T for some T > 0, asymptotic
tracking may be achieved, i.e., lim;_,o e(t) = 0, cf. Remark 3.19. Next, we intro-
duce the controller’s design parameters n* € R and ¢y € ®, the control law itself is
introduced hereinafter in equation (4.13). In Figure 4.1 the five steps towards the
choice of the design parameters are depicted.

Step 1
Choose ¢q € (0,1) and define A, := A,(a(¢?)) by (4.9b)

|

Step 2
Choose n* according to (17) — (1)

l

Step 3
Choose ¢y € @ satisfying (¢)

l

Step 4
Calculate ¢; via (4.11) and define C' by (4.12)

l

Step 5
Refine ¢y € ® such that ¢ satisfies (¢1) and ()

Figure 4.1: Flowchart for the choice of the controller’s design parameters.
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4.1. 'Tracking under output measurement losses

As depicted in the flowchart 4.1, we choose the design parameters n* and ¢, via
the following five steps.

Step 1 Choose ¢ € (0,1) and define the bijection

1
a:[0,1) = [1,00), s+ Tt (4.9a)
— 8
Further, for k£ > 0 define the function
k
A R = R, sr—>Zsj, (4.9b)
=0
and set A, := A,(a(q¢?)).

Step 2 For the disturbances in (4.2) we set d, = |dv]lo and dy, = ||dy|lco-
For A,d,p,s,,k,0 from Assumptions 2 & 3, and for M, pu from (4.3),
setting Trof := (Yref, Yrefs - - - ,yfgf_l)), we choose

n" € {v € Ry |v satisfies (n}) — (15) },
where
< P *
n > p”yrefHooeMé’ (771)
72> (e[l ooe?”, (n3)
e < N%retlloo(1 + e—ﬁA)€u5 "
n Z A ) (773)
. M.
0z (44 S0, ) e ()
* 7 sM - BA 7 *
n* > 2k | ApM ||5L'refHoo+Adr+A7d7] e’ + AMd, |, (n%)
and set F := §AeP2n* > 0.
Step 3 Let ¢y € ® such that
2kpM> q
min ‘*= ——— - < ¢o(0) < =1 {0, max;
o, = 17 ©0(0) AE Y (61)

which is possible by (A,).

Step 4 In this step we introduce some constants which are necessary to exploit the
estimations given in [21, Cor. 1.10]. Let &f(2) = z/(1 + 2) which obviously
yields a'(sa(s)) = s, and define a(s) = 2sa/(s) + a(s) = (1 +s)/(1 — s)2.
Further, invoking properties of ¢y € ®, namely that |¢g(t)] < d(14¢o(t)) for
all £ > 0, we set pg := d(l%zggo)), and observe ess sup;»q(|¢o(t)|/wo(t)) < po.
Note that for slowly increasing funnel functions ¢g € ® we might have
ess sup;so(|@o(t)|/¢o(t)) < po and so the constant g is possibly chosen

too large. However, we use this possibly larger po to ensure that it only
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Chapter 4. Funnel control

depends on the initialization ¢((0). Then, in virtue of [21, Eq. (12)], for
k=1,...,r —1 we recursively define the constants ¢y = 0 and

e1 := o(0)e(0),

= max{[|ef]|?, & (1 + po), *}/* < 1,

pe =1+ po(1+ cpral(ciy)) +alciog) (et + crralciy)),  (411)
e = @0(0)e"1(0) + a(llef_ [I*)ef_,

= maX{H62||27 dT(:U'k)ﬂ q2}1/2 <1,

C

=

C

=

where e®(0) = y@(0) — y}(0) for i = 0,...,r — 1, and we set

ref

e} = po(0)e" D (0) + al|e)_y [*)el_y,

T 412
C = Z ¢+ i) + (14 ea(cl ). e
i=1

Step 5 We refine the function ¢q € ® satisfying (¢;) such that for an intermediate
p € (0,9) the estimation

Cet® Cerd

©olp ZmaX{—*,—*} P2

(v i (%)

is satisfied.

Remark 4.5. We comment on the constants and design parameters introduced in
the five-steps process above.

(i) The purpose of the constant ¢ € (0,1) chosen in Step I is to determine
the minimal initial width of the performance funnel, described by the upper
bound @ max given by (¢;) in Step 3. Then, condition (¢9) in Step 5 ensures
that the width of the funnel, and so the tracking error, is not too large before
the signal possibly vanishes the next time.

(ii) The parameter n* chosen in Step 2, as we will see later, describes the invariant
set in which the internal dynamics evolve when no measurement is available
and hence no control is applied.

(iii) The purpose of the constants defined in Step 4 is to make use of [21, Cor. 1.10],
which we will recapitulate in Lemma 4.10.

With the constants introduced above at hand, we introduce the feedback law.
The idea for the controller design is to choose a funnel function ¢, € ®, which is
reset whenever no output measurement is available, i.e., when a(t) = 0. Then, as
soon as the output measurement is available again, i.e., when we have a(t*) = 1
for some t* > 0, the funnel controller is restarted with ¢(t) = @o(t — t*) so that
©(t*) > 0 and the performance funnel is sufficiently large at t* to ensure applicability
of the funnel controller result [21, Thm. 1.9]. With this, and recalling the bijection
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4.1. 'Tracking under output measurement losses

a(s) =1/(1—s) from (4.9a), we introduce the following control law for systems (4.2)
under possible output measurement losses:

=0 fel0)  at)=0
0= {mt —r(0), alt) = 1,

(4.13)

Remark 4.6. We comment on some aspects of the presented control law.

(i) In Definition 4.1 of the system class we assumed '+ T'" > 0. If T+ T7 < 0
the control would read u(t) = a(t)a(||e.(t)||*)e,(t).

(ii) If the output measurement is always available, i.e., a(t) = 1 for all t > 0, then
the controller (4.13) coincides with that proposed in [21] and the existence of
a global solution of the closed-loop system follows from the results presented
there.

(iii) Since it is not known a priori when output measurement losses occur, the fun-
nel function ¢ cannot be globally defined in advance. Therefore, ¢ is defined
online as part of the control law (4.13); it is equal to a shifted version of the
funnel function ¢y whenever measurements are available, and constantly g (0)
otherwise.

(iv) Contrary to standard funnel control laws, the loss of the system’s output signal
possibly introduces a discontinuity in the control signal.

A typical choice for a funnel function is @o(t) = (ae™® + ¢)~! with a,b,c > 0,
which is depicted in Figure 4.2.

¥(0)
5 =
90(0) + + + + + + + +
t ot ty t3 ty oty ty ty
t t

(a) Shape of a funnel function ¢ for a typ- (b) Corresponding funnel boundary func-
ical g € P. tion ¢ = 1/¢.

Figure 4.2: Schematic shape of a typical funnel function and corresponding bound-
ary, respectively with shifts.
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Chapter 4. Funnel control

4.1.2 Tracking under output measurement losses via funnel
control

In this section we show that the application of the funnel controller (4.13) to a
system (4.2) under possible output measurement losses leads to a closed-loop initial
value problem which has a global solution in the sense of Definition 1.7.

Theorem 4.7. Consider a system (4.2) with (A, B,C) € X,,, and initial values
(¥0,...,9% ) € R™ and n° € R"™™. Let gt € W (Rs0;R™), a(-) be the
availability function given in (4.7) satisfying Assumption 1. Choose design the
parameter n* satisfying (n7) — (%), and let ¢y € ® such that (¢1), (¢2) are valid. If
the initial conditions

Vi=1,...,r: [le(0)] <1, (4.14a)
[ (4.14D)

are satisfied, then the application of the control scheme (4.13) to a system (4.2)
yields an initial value problem which has a solution, every solution can be extended
to a maximal solution and every maximal solution (y,7) : [0,w) — R™ x R*™™™ has
the following properties:

(i) the solution is global, i.e., w = oo,
(ii) the tracking error e = y — ¢ evolves within the funnel boundaries, i.e.,

VE>0: pt)|e)] <1,

(iii) the control signal is globally bounded, i.e., u € L>®(Rso;R™), and for the
output signal we have y € W™ (Rso; R™).

Sketch of proof. Since the proof of Theorem 4.7 is quite technical in some
respects, we briefly outline the main ideas here; the proof itself follows after es-
tablishing some technical results. The proof consists of four steps. In Step one
we establish the existence of a local solution of the closed-loop initial value prob-
lem (4.2), (4.13), (4.14). In Step two we show that the tracking error evolves within
the prescribed funnel boundary. Since the system’s output strongly depends on the
internal dynamics, it is essential to find an invariant set of the internal dynamics
such that, after the reappearance of the output signal, the funnel controller can
be applied with a shifted funnel, where the funnel has to be sufficiently wide. We
utilize the constraints on the maximal duration of signal losses and minimal time
of signal availability, and the result [21, Cor. 1.10] to derive respective estimations.
In Step three we show global boundedness of the input signal; similar to standard
funnel control proofs, we show this by contradiction. Lastly, in Step four we use
the findings from Step one to conclude that the solution of the closed-loop system
is globally defined.

Before we present the proof of Theorem 4.7, we provide some technical results
to be used. First, we derive an explicit exponential bound for the solution of (4.2)
whenever no measurement is available.
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Lemma 4.8. Consider a linear system (4.2) with (A, B,C) € ¥,,,. Then, for M, u
from (4.3), B given in Assumption 2, s = ||S|| and d, = ||d\]los dy = ||dy]lse, We
have that for all solutions (y,n) € C"1([0,w); R™) x C([0,w); R"™™), w € (0, 00],
of (4.2) with u|() = 0for 0 <ty <t <w and with x = (y",g",...,(y""")"T
that for all t € [to, 1)

! (e ~  sM - B
lelaalle < (el + [ (sMlle e+ d, + 2L, ) ar) e,
to
Proof. Let x = (z],...,2)". Then, we have that
(1)
(t) = |

xr‘(t)

for almost all ¢ € [tg, 1], and upon integration we obtain

lz@)] < IIx(to)||+/ (Hw ||+Z||RIIII% )+ slln(r )||+||dr(7)||) dr

For t € [to,w) we define w(t) := ||7|j,4[/co. Then, utilizing (4.4a) and (4.5) we have

w(t) < [lx(to) | + sup / ’

O'G[to,t] to

- spM
> |rRiuuxi|[to,ﬂnoo+(uer\ + 2 ) lento,ﬂuoo] dr

< Jlato)| + / 1+<ZHRH SpM)

=ﬁ
t R M -
+ / (sMHn(to)He_“(T_tO) +d, + %d,,) dr.
to

Then, an application of Gronwall’s lemma yields the assertion. O

. sM -
w(T) + SHeQ(T’tO)n(tO)H +d, + Tdn

w(r)dr

The second technical lemma provides an estimate involving the function A, de-
fined in (4.9b).

Lemma 4.9. For £ = 0,...,7, r € N, let A be given as in (4.9b). Further, let
a:]0,1) — [1,00) be a bijection, ¢ € (0,1) and A, E > 0 with

A< m. (4.15)
Let &, ..., &y € R™ with
Vhke{0,.. . r—1}: |&] < E. (4.16)
and define (y := 0 and (1 € R" for k=0,...,7—1 by
Cer1 = A&k + a([|Gel1?) G- (4.17)

Then,
Yk e (L. r}e llGl < AEA(a(e) < q.
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Proof. First observe that for s > 0 we have
VEkeN: Ay(s) < Ap(s) + " = Ay (s),
and furthermore, for A;, := A, (a(¢?)) we have that

(4.15)

AEA, < AEA (o(q”)) < q.
We show that .
VEe{l,....r}: |Gl S AEAg_ (4.18)

by induction over k. For k£ = 1 we have

(4.17) (4.16)
G < A&l £ AE.

Let (4.18) be true for some k € {1,...,r — 1}. Then, using monotonicity of the
bijection «, we obtain

(4.17) )
[Chall < All&kll + all[GellI™) Ikl

(4.16),(4.18)

< AE+a((AEA)?)ABA;,,
< )\E(l + oz(q2)/~1k_1)
= AE(1+ a(q’) A1 (a(q))) = AEAL(a(q?)),
where we have used that 1+ sAy_1(s) = Ag(s). This proves (4.18). O

As the third statement, to improve readability of the proof of Theorem 4.7, we
recapitulate a special case of [21, Cor. 1.10], adapted to the present context, which
will be given without a proof. For details we refer to [21, p. 166 & pp. 190-191].

Lemma 4.10. /21, Cor. 1.10] Assume all hypotheses of Theorem 4.7 are satisfied.
Then, for every maximal solution (y,n) of (4.2), (4.13) the tracking error e = y — yyef
satisfies for the constants ¢; defined in (4.11)

Vk=0,...,r=2Yt e [0,t7) : o) ]|e®®)| < o1 + e,
where 7 is as in (4.8) and the bijection « is given in (4.9a).

With the sketch and the three lemmata presented above at hand, we give a proof
of Theorem 4.7.

Proof of Theorem /4.7. The proof consists of four steps.

Step one. We establish the existence of a solution of the initial value closed-loop
system (4.2), (4.13). Following Step 1 in the proof of [21, Thm. 1.9], we introduce
the set B={w € R™ |||w| <1} and for a(s) = 1/(1 — s) the map

v:B—=R" w a(||wH2)w.

Further, we define the sets D, and maps o, : Dy — B, k = 1,...,r recursively as
follows:

Dy =8B, 01: Dy = B, (i — (i,

._ km | 2= (Clye v G1) € Dy,
Dk -—{(<17~--7Ck)€ Ck‘i"Y(Jk—l(Z))EB }7

O - Dk — B, (Cl, . 7Ck> —> Ck: —I—’}/(O'k_l(cl, . 7Ck—1))'
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With this, and @t := (yLe, U0g, - - ( (Tfl))T)T, we define the set

ref» re

D= {(t,€) € Roo x R™ [p(t)[|€ — et (1)]| € Dy }

and 0 : D — B, (t,£) — 0.(p(t)(§ — zet(t))). Note that since the availability
function a(-) is left-continuous, the set D is relatively open. With the definitions so
far, v in (4.13) can be written as

u(t) = —a(t) - a(llo(t, 2())|*) - o (t, z(t)).

To proceed, we formally define the function
F:DxR"™™ — R",
&2

(t, €1, Eun) ¢
> et Ri&i +Sn —a(®)a(|lo(t,)1*)a(t, §) + d(t)
QU + Pgl + dn<t)

With this we obtain, setting z := (y",%",..., (¥ )" T, an initial value problem

D))
(560) = F @aternto),

2(0) = (40, -, yr_1), n(0) =7",

which is equivalent to (4.2), (4.13). Note that F is continuous in (&,...,&.,n)
and locally essentially bounded and, in particular, measurable in the variable ¢
regardless of the possible discontinuities introduced by the availability function af(-).
Therefore, since we have (0,2(0)) € D, Proposition 1.9 yields the existence of a
maximal solution (z,7n) : [0,w) — R"™ of (4.19), where w € (0,00]. Moreover, the
closure of the graph of the solution of (4.19) is not a compact subset of D x R"~""™,

Step two. In this step we establish (ii) on [0,w). To this end, let (¢;.), () be
sequences as defined in (4.8). It is also possible that both sequences contain only
finitely many points, then either a(t) = 1 for t > t}, or a(t) = 0 for t >t for
some N € N. The following arguments apply, mutatis mutandis, in both cases.
To proceed, let e := x — x,r. Since we consider a subclass of the system class
under consideration in [21], and since by (4.14a) we have ¢(0)e(0) € D,., the feasi-
bility result [21, Thm. 1.9] restricted to the interval [0, ;] is applicable and ensures
assertion (ii) for ¢ € [0,¢;] C [0,w). The inclusion [0,t;] C [0, w) since without mea-
surement losses, [21, Thm. 1.9] yields w = oo. In order to reapply [21, Thm. 1.9] at
t = t, we establish that the initial conditions (4.14) are satisfied for ¢t = ¢]. First,
we show (4.14a) at t{. We define the function 1 := 1/py. Then by (4.5) and (4.6),
the initial condition (4.14b) and using (n]) we have

o (44a) . M R
()< Me = (0(0) + Pl + )

(ny

)
< 2Me Hon* +

(4.19)

Y (4.20)
P 0(0).
U

Invoking the constants defined in (4.11) via the result [21, Cor. 1.10] we have that
Vi=0,...,r =2Vt [0,t]) : ||e®D@)]| <(t)(cipr + ci(c?)), (4.21)
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and moreover, since ||e.(t)|| < 1 for ¢ € [0,¢]), we have

le" DOl < v+ erralely)).

Thus, for C' defined in (4.12) we have ||e(t)|| < C¥(t), and since 1 is monotonically
decreasing by properties of @, for some p < § <t asin (¢3) we have in particular

le(t)]l < Cu(ty) < Cip(p). (4.22)

With this estimation at hand, invoking Lemma 4.8 we obtain

f . sM . .
27 1 lloo < (ch(tl)ll +/ (sMHn(tl)He“(”l )+ d, + —dn> d5> Al —4)
t

L Iz
4b) A M. B
< <He(t1‘)|| + || @ret || oo + (sMnn(t;)H +d, + %dn) A) A7)

(4.22) oA SM ~ A
< CP(p)e™ + [[retl|ooe™ +  sMl[n(ty )| + dv + —d, | Ae®,

(4.23)
23
and therefore, for the error e(t) at t = t] we have

e < llzee (DI + (I < serlloo + 1] 1o
(4.23) A M -
[rerlloo (14 €7) + Caop)e™ + (SM ()| + v + Tdn) Aef

(77*)1(77*)7(¢2)
L AePPyre ™ 4 AePBy e 4 AePPpte ™ 4 sMAPA|n(t])]|

(4.20) A SpM?

< Apte?BT (34 2sM?) + AePt———(0)

(@) | x BA—u5 2 par =1 .
< An'e “(3+23M)+3Ae —

(d2) 0 -1

§2 AeﬁA—n*nLSAeBAHH n*

s<0
2 < 0Ny = E.
(4.24)
In particular, estimation (4.24) yields

Vi=0,...,r—1: ||| < E.
Invoking (¢1), an application of Lemma 4.9 (applied with A = ¢(t]") = ¢(0)) yields

le(tD)| <g<e <l i=1,....,r—1,

le-(ED)] < g, (4.25)

whereby ¢(t]") e(t{) € D,. Moreover, since by construction we have - ,+) = 0, as-
sertion (ii) is true for t € [t7,¢]) C [0, w) by the previous estimations (4.24) & (4.25).
The inclusion of the interval via standard theory of linear differential equations. Fur-
thermore, invoking equations (4.20) & (4.22) and using Lemma 4.8, we obtain with
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4.1. 'Tracking under output measurement losses

similar estimates as above

PCRONCELD ~ )
@) < MlnG0)I + ApMlyly; 11l + AMd,

(4.23) - .
< Mn(ty)|| + AMd,
+ ApM (CP(p) + [|2rerl o) €72

M
+pM <5]\4||77(251 )| + d, + STd ) AZePA

. M . .
= ApM (||xref||oo + Ad, + As—dn) PB4 AMd,
w

+ M|nt))|l (1 + spMAQe’BA) + ApMCeﬂAw(p)

(13):(¢2)
< Ayt 4 Mln(e)| (14 spM A%
(4.20) p*
< 727—+ApM77*65A’“6
K

(4.26)

M
+ (14 spMA?e™?) <2Me“5n* + %w@)

(A1) p*

< ;7— + (ApMeﬁA +2M (1+ spMA2eP2) ) =0 2P 0(0)

(51) (61) 77 k=1, .

S gty T
Therefore, the initial conditions (4.14) are satisfied at ¢t = t{ and [21, Thm. 1.9]
is applicable for ¢ > ¢. Moreover, invoking (4.25), the estimates (4.20), (4.24)
and (4.26) are valid for t = t, and t = tJ, respectively, since ||n(t])|| < n* and

[t],t3] C [0,w) via the same arguments as above. Therefore, we obtain the following
chain of inductive implications

k—k+1 (4.14)
. funnel control applicable

In(t )l <

for t € [t} t;1) C [0,w)
(4.26) ¢1), (¢2)
o(tiy)eltin) € D; 1t )| satisfies (4.20)
(¢1) /24
Vi=1,...,r: (425 He<k+1 | <FE

le:(ti DIl < g < 1

This means, the funnel control can be reapplied at ¢ = ¢ for all k¥ € N with
[t} tei1) € [0,w). This yields assertion (ii) on [0,w).

Step three. We show y € W"*([0,w);R™) and v € L£®([0,w); R™). Invok-
ing (4.21) and (4.23), we obtain y € W™ 1°([0,w); R™). We aim to obtain a global
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.....

ther, let v > 0 be such that (v, (T+I'T)v) > v for all v € R™, which is possible
by assumption. Additionally, we define the constant

M A~
7 := max {17*, Mn*™ + ; <p¢(0) + PYmax + dn)} .

With this we observe [|n(t)|| < 7 forallt € [t} ¢, ] by asimilar estimate as in (4.20),
and that ||n(¢)|| <n* <17 by a similar estimate as in (4.26) for ¢ € [t; ,t;]. Finally,
recalling the function a(s) = (1 + s)/(1 — s)? defined in Step 4 of the parameter
selection process with ¢; from (4.11), we define the constant

r—1 ~
Ci—1 Ymax Cr—1 2Ymax + 57_] + dr
+Z|]RiH(ci+ — + )+1+1 7t : .

Let € € (0,1) be the unique point such that

C €
Yeo(0) 1 —e¥

and set

1/2
¢, :=max {||e’|* &,¢°} 2.

We show that ||e,(t)|| < ¢, for all t € [0,¢]) (or on any interval of existence, respec-
tively). We prove this by contradiction. To this end, suppose there exists ¢; € [0, )
such that ¢, < |le.(t1)|| < 1 and define

to :=max{t € [0,t1] ||le-(t)|| = ¢},

which is well-defined since ||e,.(0)]| < ¢,. Now, observe that, by the same calculations
as in the proof of [21, Cor. 1.10], we have for v,_1(t) := a(]|e,_1(¢)]|*)e,_1(¢) that

o (O < (1) (s + (1 )ern)
T
€Dl < 1+ T

b

for ¢ € [to, t1], where p,_1 is given by (4.11). Furthermore, since ||e,(t)|| > ¢, for all
t € [to,t1] we have a(|le,(t)]?) > 1/(1 — ¢?) and hence, invoking Lemma 4.10, we
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may calculate
e 17 = (), (B + oD + 5020,
< lleol (a0 (2 (s + 125 ) )
+¢uw@wuC@M+§;mmmW“wu+w+&>
- Sealler (I en(d), 00+ Tert)
<|wrwu(mw<ﬂw“1%wu+auﬁ4>(m~l+T§5§:))

Ci—1 Ymax Cr—1
R 1+ ——F #(t
EN\H e ) +1_ﬁ1>ueou
2Ymax + 577 + d 7@(0) 2
D o)) - 22 e, o))

r

@

< (€025 ) Il <o

by which ¢, < |le.(t1)] < |le-(to)|| = ¢, a contradiction. By (4.25) we have that
le-(t)] < ¢ < ¢ for all k € N with ;7 € [0,w). Therefore, the arguments above
can be reapplied on any interval [t ¢, ;) € [0,w) to obtain |le.(¢)]| < ¢, for all
t € [ty tyy,). Then, invoking ul, ,+) = 0, it follows from (4.13) that for the input
we have |[u(t)]| < ¢./(1 — c?) for all ¢ E [O,w), whereby u € L>([0,w); R™). As a
consequence, it follows from (4.2) that y™ € £>([0,w); R™).

Step four. Finally, we show that the solution is global. Suppose the opposite,
i.e., assume w < oo. Then, since ||n(t)|| < 7 and for all ¢ = 1,...,r we have for
the error variable |le;(t)|| < ¢; < 1 for t € [tf,t,,) by [21, Cor. 1.10] and Step
three, and extending the estimate (4.24) straightforwardly to ¢ € [t, ,t}) to obtain
le:@)|l < g < ¢ fort € [t ,t)) by (4.25), it follows that the closure of the graph
of the solution of (4.19) is a compact subset of D x R"™" which contradicts the
findings of Step one. This yields assertion (i) and consequently assertions (ii) & (iii)
follow. This completes the proof. n

Remark 4.11. We comment on some aspects of the proof of Theorem 4.7.

(i) The proof is constructive and we provide explicit bounds of the tracking er-
TOr € = Y — Yref, as well as for the control input u. We emphasize that these
bounds only depend on the system parameters, the initial values of the track-
ing error, the funnel function and the design parameters. Therefore, with
these values given, the maximal control effort can be calculated in advance.

(ii) The crucial obstacle in the feasibility proof of the feedback control law in
Theorem 4.7 is to show that the resulting control input in the closed-loop
system is globally bounded. To this end, we require appropriate assumptions
on the maximal duration of measurement losses and the minimal time of
measurement availability. The bounds for these durations essentially depend
on the internal dynamics of the system. If the internal dynamics are absent,

120



Chapter 4. Funnel control

no restrictions must be made. However, if they are present, a decisive task
is to find an invariant set for the internal dynamics and to choose the initial
width of the performance funnel large enough.

We collect the observations about systems with trivial internal dynamics made
in Remark 4.4 and Remark 4.11 (ii) to formulate the following result.

Corollary 4.12. Consider a system (4.2) with (A, B,C) € X,,, such that n = rm,
i.e., the system has trivial internal dynamics. Let this system have initial values
(¥, ..., y° 1) € R™. Let yret € WH™(Rs0; R™), and a(-) be the availability function
given by (4.7) satisfying Assumption 1. Let A > 0 be an arbitrary long duration
of possible signal losses, and § > 0 be an arbitrary short duration of guaranteed
signal availability. Choose the design parameter n* satisfying (n7) — (n%), where
p=M = s =0 in Assumptions 2 & 3. Further, let ¢y € ® such that (¢;), (¢2) are
valid. If the initial conditions

Vi=1,...,r : ||e;(0)] <1,

are satisfied, then the application of the control scheme (4.13) to a system (4.2)
yields an initial value problem which has a solution, every solution can be extended
to a maximal solution and every maximal solution y : [0, w) — R™ has the following
properties:

(i) the solution is global, i.e., w = oo,
(ii) the tracking error e = y — et evolves within the funnel boundaries, i.e.,

Vi>0: ot)e®)] <1,

(iii) the control signal is globally bounded, i.e., u € L®(R>;R™), and for the
output signal we have y € W™ (Rxo; R™).

Proof. Clear. [

We conclude this section with a numerical example.

Example 4.13. To illustrate Theorem 4.7, we numerically simulate an application
of the funnel control scheme (4.13) to a system (4.2). We consider a smaller version
of Example 2.30, namely the mass-on-car system introduced in [179], where on a
car with mass m; (in kg) a ramp is mounted on which a mass my (in kg), coupled
to the car by a spring-damper-component with spring constant & > 0 (in N/m) and
damping ¢ > 0 (in Ns/m), passively moves. A control force F' = u (in N) can be
applied to the car. The situation is depicted in Figure 4.3.
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4.1. 'Tracking under output measurement losses

Figure 4.3: Mass-on-car system. The figure is taken from [21], which itself is based

on the figure in [179].

We assume some bounded disturbance d € L>*(R>(;R) acting along the input di-
rection. Then, the equations of motion for the system read

ORI ;35(1%} (;gg) N (ks 0y s (t)) . (dff>> B (“Ef)) | (1972)
with the horizontal position of the second mass my as output
y(t) = 2(t) + cos(9)s(t). (4.27h)

To have this system in the form (4.1), we set

10 0 0 0O 0 1 0
o1 0 0 i 400 0 1 ™
M= 0 0 my+my mycos(V) €R™, A=M 0 -k 0 0 € R™,
0 0 mgcos(V) mo 0 0 0 —0o

and B := M~1[0,0,1,0]" € R¥! C := [1,cos(1),0,0] € R**. So, in this example
we have n = 4 and m = 1. Then, setting x1(t) := (2(t),s(t))", z2(t) := @1(t) and
x(t) = (z1(t) ", 22(t) ") T we obtain

#(t) = Ax(t) + Bu(t) + d(t),

y(t) = Cx(t),
where d(t) := —d(t)M~']0,0,1,0]T. For the simulation we choose the system pa-
rameters m; = 4, my = 1, k = 2, 0 = 1, ¥ = 7/4, and the initial values
2(0) = s(0) = 2(0) = 5(0) = 0. As a reference signal we choose .t : R5g — R,
t + cos(t), by which [|¥reflloc = [|(Yrets Uref)||cc = 1. As a disturbance we insert

d:Rsy — R, t — 0.1sin(11¢). For the above parameters a brief calculation yields
CB = 0and CAB = 1/9. Hence, system (4.27) has relative degree two with respect
to the output (4.27b), and so we have (A, B,C) € £; 5. We define

C

B::[B AB},C:: {C’A

} . V e R*? such that imV = kerC,

and N := VT(I, — B(CB)~'C) € R?**. Thus, following [95], via the transformations
given in (2.4) and (3.8), system (4.27) can equivalently be written in the form (4.2)
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with

8 —4V/2 1 0 1 1
R1:07 R2:§7S:T|:2 1:|7P:§7Q:|:_4 _2:|7P:2\/§|:0:|7

and, since C'd(t) = 0, the respective components (d,, d,,) of the disturbance are given
by the transformation formula (3.8) in Remark 3.8 as

(10) =[G4 o= 0

Next, we choose the controller’s design parameters. According to Assumptions 2 & 3
with ¢ = 0.95, k = 15, 0 = (1 + 0.01)||S||, # = 0.3305, M = 2.2477 we assume
A <24-107% and § > 15.7. Conditions (n7) — (nZ) are satisfied with n* = 146 527.
We choose the funnel function oy(t) = (ae™" + ¢)~1. According to (¢;) the funnel
function has to satisfy

©0,min = 6.3236 - ]_0_4 < QOO(O> < 6.3236 - 10_4 = $¥0,max;

and we choose ¢ = 0.08, @ = 1/@omin — ¢ and b = 1. Then, the constant from
(4.12) is given as C' = 21.4683, and condition (¢9) is satisfied with ¢(p) = 12, where
p = 0.990. We simulate output tracking over the interval 0 — 50 seconds. For
illustration purposes we consider two losses and reappearances of the output signal.
The results of the simulation are shown in Figure 4.4.

2, 1 | | 20 -

O 0
—u(t)
-2 -20 : - :
0 t, 25ty 50
time ¢t / s
(a) Error between the output y and the (b) Control input u.
reference signal y..f, and funnel bound-
ary 1/¢p.

Figure 4.4: Tracking error y — 9, funnel boundary 1/¢, and control input u.

Figure 4.4a shows the error e = y — y,of between the system’s output and the refer-
ence signal. As expected, the error evolves within the prescribed funnel boundaries
whenever the output signal is available, and remains bounded whenever the signal
is not available. In Figure 4.4b the control input is depicted. It can be seen that
on large time intervals, especially after ¢; and ¢, , the input signal is approximately
zero. Only when the performance funnel gets tighter again a large control action is
necessary, which induces some small peaks in the input when a small tracking error
is enforced. Moreover, the controller compensates the disturbances. The simulation
has been performed in MATLAB (solver: odelbs, default tolerances). o

123



4.2. Exact tracking in finite time

4.2 Exact tracking in finite time

In this section we focus on the long standing problem of exact tracking in finite time
via feedback control. Since rendezvous of spacecraft has been a hot topic from the
early sixties to the present, a brief motivation from the engineering point of view
seems adequate. The first successful automated docking manoeuvre was carried out
in 1967 between Cosmos 186 and Cosmos 188 in the context of the Soviet space
program. In the subsequent years more and more such docking manoeuvres became
relevant as for bringing crew members to a space station (successful in 1971 for
the first time), supplying a space station as well as for service missions for, e.g.,
the Hubble Space Telescope. In view of the recent space mission to Mars (rover
“Perseverance” and helicopter “Ingenuity”), due to the finite speed of information
travelling through space-time, the farer away from the earth spacecraft are, the more
and more feedback control schemes become relevant in launching, landing and dock-
ing manoeuvres. However, back to earth, in daily life contexts there is use of docking
manoeuvres as well, for instance, in automatic production processes, linking up two
parts of a train or charging of autonomous vehicles to name but a few possible fields
of application. Reviewing the current literature on feedback based output reference
tracking, one gets the impression that ezact tracking (see Section 1.1 (CO.1)) is an
old problem which has only recently been addressed, and exact tracking in finite
time represents a chapter that has hardly been written yet. Referring to the results
in [48], in [91] it is shown that the proposed funnel control scheme can achieve global
asymptotic stabilization for a class of linear MIMO systems of relative degree one. A
generalization to a class of nonlinear relative degree one MIMO systems is proposed
in [174]. In [154] an extended sliding mode controller is proposed which achieves
asymptotic tracking of linear SISO systems. This controller is extended to linear
MIMO systems in [153]. In [54] backstepping is combined with feedback lineariza-
tion techniques and higher order sliding modes to design a controller which achieves
exponential accurate tracking. In [157] a high-gain based sliding mode controller is
introduced, where the peaking related to the high-gain observer is obviated intro-
ducing a dwell-time activation scheme. This controller achieves asymptotic tracking
for a class of nonlinear SISO systems of arbitrary relative degree, where the reference
signal is generated by a reference model. At the price of a discontinuous control,
asymptotic tracking for nonlinear MIMO systems is achieved in [191, 192]. In [123]
a funnel control scheme is proposed, which achieves asymptotic tracking for a class
of nonlinear relative degree one MIMO systems. Using the proof techniques and the
idea of rewriting the error variable as in [123], this result was extended in the recent
work [21], where it is shown that the proposed funnel controller achieves asymp-
totic tracking of nonlinear MIMO systems with arbitrary relative degree whereas
the tracking error has prescribed transient behaviour. Now, we turn from asymp-
totic tracking towards exact tracking in finite time. In [7] sliding mode control
concepts and results from [35] are used to establish control schemes which achieve
finite time stabilization for linear (SISO & MIMO) systems. In [62] backstepping
and higher order sliding mode control are combined to construct a control scheme
which achieves exact output tracking in finite time for nonlinear MIMO systems in
nonlinear block controllable form. Similar to the prescribed performance controller
in [56] this controller suffers from the proper initialization problem, where it is not
clear how large to choose the involved parameters. The controller in [62], along
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with limiting conditions on the system class, presumes knowledge of the system’s
functions and explicitly involves inverses of some. In [201] a controller is introduced
which achieves exact tracking in finite time for a class of nonlinear SISO systems
satisfying a certain homogeneity assumption. This controller relies on estimating
techniques of the external disturbances, where the problem of proper initialization
is avoided by assuming explicit knowledge of the bounds of the disturbances and the
reference. The control scheme explicitly involves (parts of) the system’s right-hand
side and is of relatively high complexity. As far as we understand, in the control
schemes for exact tracking in finite time discussed above, the final time, this is the
time when the desired reference should be matched, cannot be prescribed; only the
existence of such a finite time is ensured. Contrary, in [100] a control scheme is
introduced which solves a predefined-time exact tracking problem for the class of
fully actuated mechanical (relative degree two) systems. The controller relies on
a backstepping procedure and consists of a predefined-time stabilization function
and involves the system’s equations explicitly. The controller introduced in [123]
achieves asymptotic tracking as well as convergence to zero of the tracking error in
finite time for a class of relative degree one MIMO systems.

Circumventing the drawbacks mentioned above, in the present section we introduce
a new funnel control scheme which achieves ezact tracking in predefined finite time.
Since the control scheme is of funnel type, it inherits the advantages of robustness
with respect to noise and being model free. Moreover, the tracking error evolves
within prescribed bounds.

4.2.1 System class, control objective, feedback law

We consider nonlinear systems of the following type

le)(t) fl (d(t)v T(yla yla s 7y§T1_1)7 Y2, ... 7y7(72m_1))(t>’ U,(t))
5 = ) ; . " (4.28)
OV W (N O Y R A [ORTO)

yjl[—U,O} :y;) Ecrj_l([_o-a O]v]R)a .] = ]-7"'7m7

where f; € C(RP x R? x R™;R) for j = 1,...,m, d € L2(R>¢;R?) is a bounded
disturbance, u : Ry — R™ is an input, the real number ¢ > 0 is the “memory” of
the system and the parameters r; € N are related to the concept of vector relative
degree. Referring to the system above, we introduce the system class N™" under
consideration in this section.

Definition 4.14. For m,p,q,71,...,7m € Nand 7 := (ry,...,7,) € N*X™ a gys-
tem (4.28) is said to belong to the system class N7, if the operator T satisfies
Definition 1.4, i.e., T € 74, the function

F(d,n,u) = (fild,n,u),..., fu(d,n,u))" € C(RP x R? x R™; R™)

satisfies the high-gain property from Definition 1.10, and the dimension of the in-
put u coincides with the number m of output channels.
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In this section we aim to find a control structure which achieves exact out-
put reference tracking in the following sense. For every system (4.28) belonging
to N™7 and any suitable reference trajectory yrer = (Y1 ref, - - - ,y,mef)T R — R™
with y;ref € W°([0,T);R), where j = 1,...,m and T > 0, the output approaches
the reference within the interval [0,T"), whereas for a given function ¢ introduced
next, the componentwise tracking error e; := y; — yjret, €volves within the perfor-
mance funnel defined by

P"_;:{(t,e)e[o,T)xR

Pj

1
oi(t)le] < ﬁ},

and the control achieves exact tracking in finite time. That is, we aim to achieve
the following control objective

Vi=1....mVte|0,T) :(tet) € Fz, (4.29a)
Vi=1...,m¥k=0,...r—1: lim|e )] =0, (4.29D)
t—T

where eg»k) denotes the k™ time derivative of e;.

Remark 4.15. The parametrization of the performance funnel ]-"g;‘_ by the number
of input/output channels m is due to the fact that each error variable e; ;. (introduced
below in (4.31)) has to evolve independently within its individual funnel boundary.
Since ||(e1,ryy- - -5 €mrn)|| <1 is required due to the construction of the control law,
the respective components have to be bounded by the root of the number of inputs.
The situation is geometrically illustrated in Figure 4.5.

L L R
L 1
\/5 N \\ \/5 ".b\\
™ AN ™ N
\B) \ £ \
\\ \\
€1 L 1 €1 L 1
V2 V2
(a) |e1| < % and |es| < % (b) [|(e1,e2)] < 1.

Figure 4.5: Geometric illustration of the fact that, if |e;| < 1/v/2 and
lea| < 1/4/2, then ||(e1,e2)|| < 1; the converse, however is not true.

The parametrization could also be shifted to the control function 3, however, this
would require an adaption of the formulation of the high-gain property. Thus, for
the sake of better legibility, we will use the parametrization of the performance
funnel Fg;.

In order to establish the control structure which achieves the control objec-
tive (4.29), we introduce the following funnel control parameters. Choose the final

time 7" > 0 and for j = 1,...,m choose ¢; > 0. Then, we define the funnel function
(t)_——l—1 te0,7T) (4.30a)
. .30a

€ T —t T
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where we highlight lim; .7 ¢;(t) = oo, further choose
N € C(R>¢; R) a surjection, (4.30b)
and for ¢; > 0 from (4.30a) choose
a; € C"71([0,1/m); [c;(r; + 1),00)) a bijection, (4.30¢)

and

B € C([0,1);]1,00)) a bijection. (4.30d)

We will comment on the functions N, o;; and 3 below in Remark 4.17.

Remark 4.16. Compared to the funnel control schemes proposed in the common
literature, see e.g. [91, 84, 25, 123, 21], the explicit choice of ¢; in (4.30a) seems to
be quite restrictive. For this reason, we give a brief comment on that.

(i) Anticipating the initial condition (4.34) in Theorem 4.20, the choice of the
funnel function ¢ in (4.30a) reflects the intuition that the shorter the final
time T is chosen, the better the initial guess has to be. Further, the tuning
parameter ¢; in (4.30a) link the funnel function to the respective gain func-
tion «; in (4.30c). If the final time T is short, large ¢; can ensure the initial
condition (4.34) to be satisfied. This in turn causes a larger lower bound of
the gain function o; which means that small tracking errors cause high input
values.

(ii) If, however, the initial error is completely unknown, a combination of well
known funnel control schemes and the proposed feedback law achieves the
control objective (4.29) as follows. For some 7 € (0,7T) apply for t € [0,7) a
standard funnel controller, for instance the control scheme from [21], to force
the tracking error to a certain value, such that with a suitable choice of ¢;
the initial conditions (4.34) are satisfied at ¢ = 7. Then apply the feedback
law (4.32) for t € [7,T). Note that this may introduce a discontinuity in the
control at the “switching” time t = 7.

(iii) A careful inspection of the proof of [21, Thm. 1.9] yields that an essential
property of the feasible funnel functions is a growth condition, namely

3d >0 : [p(t)] < d(1+ ¢(t)) for almost all ¢ > 0.

This condition prevents a “blow up” in finite time, i.e., the funnel function ¢ is
bounded on [0, 00). With this, however, exact tracking in finite time via funnel
control is impossible. Contrary, the funnel functions ¢; defined in (4.30a)
do not satisfy this growth condition. Therefore, in order to achieve exact
tracking in finite time via funnel control, we propose the modified feedback
law (4.31), (4.32).

(iv) Anticipating Theorem 4.20 and its proof, we note that it is possible to choose
the funnel functions ¢; from (4.30a) as

1 1

p;(t) = —

>0, j=1,...,r—1.
Cj(T—t)pj pj j r
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4.2. Exact tracking in finite time

Different choices of p are depicted in Figure 4.6.

vo) b v | v(0) |
0 T 0 R R
(a) p=0.5. (b) p=1. (c) p=2.

Figure 4.6: Shapes of the funnel boundary v = 1/ for different p > 0.

However, for the sake of readability of the proof, this additional option is not
taken into account in Theorem 4.20.

We introduce the control law which achieves the previously formulated control objec-

tive (4.29). Tothisend, for j =1,...,m,andi =0,...,r;—1 we set e( D= y]( 2 yj(’gef

and recursively define for k = 1,...,r; with o from (4 30c) and 7,0 = 0 the func-
tions
es(t) = i (D)ef (1) + g5t Z yE ), (4.31a)
a;k(t) == ajlejn(t)?), (4.31b)
Vi (t) ==y r(t)esr(t). (4.31c)

Then, setting e, := (€1, - - - €mur,) |, with the functions introduced in (4.30), (4.31)
we define the feedback law u : R>g — R™ as

u(t) := (N o B)([lex(t)[I*) en (). (4.32)

Remark 4.17. Anticipating the results of Theorem 4.20, we discuss purposes and
possible choices of the surjection N introduced in (4.30b), and illustrate this with
an example. Further, we briefly consider possible choices of the functions «; and 3
introduced in (4.30c), (4.30d).

(i) As pointed out in [21, Rem. 1.4 & 1.8, Sec. 2.2, the surjection N can be
interpreted as a “testing function”, best illustrated by a linear system. For
a linear system (4.1) the matrix o' = CA""' B is positive definite for a o €
{—1,+1}. Then o is the “control direction”. If the control direction is known,
the high-gain adaptive stabilizer (1.3) with w(t) = —ok(t)y(t) stabilizes the
system, and the gain k is bounded. If the control direction of a system is
not known, then the control input possibly steers the system into the wrong
direction. Morse conjectured in [148], that there does not exist an adaptive
controller, which smoothly stabilizes every linear SISO system (4.1), where
[' # 0. Nussbaum proved the falsity of this conjecture in [155], where he
showed that the incorporation of a “sign-testing” function solves the problem.
The incorporation of a continuous surjection in [21] generalizes the idea of
Nussbaum and allows for a larger class of “testing functions”. The idea is, if
the control direction is unknown and the control steers the system into the
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Chapter 4. Funnel control

(iii)

(iv)

wrong direction, the input becomes larger and larger as the controller aims to
satisfy the control objective. Then, since N : R>y — R defines a continuous
surjection, as the error grows it will change its sign at some point and the
control input is directed into the right direction.

As elaborated in [21, Rem. 1.4(c)], if a system has a “negative high-gain
property”, i.e., if for x given in Definition 1.10 we have sup,.,x(s) = oo,
then the surjection NV : R>g — R can be replaced by a continuous surjection
[0,00) — [0,00), e.g., the map s — s; in the case sup,., x(s) = oo it can be
replaced by a continuous surjection [0,00) — (—00, 0], e.g., the map s — —s.

If the control direction is unknown, suitable choices are, e.g., N : R5g — R,
s+ scos(s), or s — ssin(s).

We illustrate the purpose of the surjection N and its “testing” with the simple
example

where o € {—1,+1} is unknown, and so the control direction is unknown.
According to Remark 3.15 this system has the high-gain property. If, for a
reference g € W (R>0; R), the control from (4.32) with e := y — yef

u(t) = N (B((e(t)e(t)?)) e()e(t)

is applied, then two cases may occur. Either the control input steers the
system into the right direction, or the control steers the system into the wrong
direction. The latter case means that the tracking error e = y — 9. is pushed
towards the funnel boundary. This results in a larger value of B(||¢(t)e(t)||?).
In this case, the surjection changes its sign at some point and the control acts
into the right direction. This is illustrated in the following simulation, where
we choose ¢(t) = 5/(10 — t) and y.¢(t) = 0, the bijection f(s) = 1/(1 — s)
and as surjection we choose N : R>g — R, s +— sco0s(0.25s).
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4.2. Exact tracking in finite time

6 2
—u(t)
—u_(t)
3 L
11
0
-3 ‘ 0
0 5 10
time t /s time ¢ / s
(a) Tracking errors e4,e_ and funnel (b) Control inputs w4, u_.
boundary ¢ = 1/¢.
16 125 4 12
=W — ()
—N. () —N_(¢)
8 ;0 2 -1
0 ‘ -25 0 ‘ 0
0 5 10 0 5 10
time t / s time t / s

(c) Gain function S84 and corresponding (d) Gain function S_ and corre-
surjection V. sponding surjection N_.

Figure 4.7: Hlustration of the influence of the surjection N.

Figure 4.7 shows the influence of the surjection N, where the subscript in-
dicates the value of o € {—1,+1}, i.e., e, is the tracking error in the case
o = +1; further, we set 8, () := B((¢(t)es (t))?) and Ny (t) := N(B.(t)), and
respectively for ¢ = —1. In Figure 4.7a the tracking errors and the funnel
boundary are depicted. It can be seen, that for ¢ = +1 in the first seconds
the input causes a larger tracking error, which in turn causes a larger value
of B.(t). Then, the surjection changes its sign and the control directs into
the right direction. For ¢ = —1 the control points into the right direction.
Figure 4.7b shows the respective control signals uy. In Figures 4.7¢ & 4.7d
the aforesaid crystallizes from the perspective of the gain functions Sy and
the surjections V.

Regardless of the control direction, suitable choices for the bijections in (4.31b),
(4.30d) are, for instance,

cj(r; +1) 1

a;(s) = (1= smyes’ B(s) = =y

) Pj>/0>’f>0>

see also the funnel functions in Remark 4.16 (iv), and the pre-compensator’s
gain functions in Section 3.1.
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Chapter 4. Funnel control

Remark 4.18. We comment on the computation of the expressions recursively given
in (4.31). We define the set

Do:={CeR|[¢|<1/vVm},
and, for a; from (4.30c), the function I'; o : R>g X Dy — R by
Lio(t, ) = a;(¢) ¢

For j =1,...,mand k = 1,...,r; — 1 we recursively define the sets D, and the
functions I';;, : [0,T) x Dy — R by

Dy =Dy x -+ x Dy xR,
————
k—times

O (t, G,
Uin(t,Cry oy Gog) 1= —22 1 ;;1 Ck)
k

oL
n Z Lk 1(%2’ Gr) (soj(t) (c;G —T50(G)) + C¢+1>'
=1
(4.33)

Then with e;;, from (4.31a) and ~;; from (4.31c) we obtain

73(‘?13 (t) = Fj,q (t7 ej,k(t)’ BRI ej,kJrQ(t))’ 0< q= Ty — k?
which can be seen via a brief induction over ¢ using equations (4.31).

Remark 4.19. Comparing the control scheme (4.32) with the common literature,
we make the following two observations.

(i) Due to the recursive structure, implementation of the control scheme (4.32)
is not as simple as for the control scheme in [21, Eq. (9)]. However, with
the explicit recursion (4.33) given in Remark 4.18 calculation of the required
expressions can be done completely algorithmically.

(ii) Comparing the control scheme (4.32) with the control scheme in [25, Eq. (5)]
a certain similarity is recognizable. Both control schemes involve recursively
defined signals from which the input is constructed. In view of the findings in
the recent work [21] this similarity gives reason to hope that for the control
objective formulated in (4.29) a non-recursive control scheme can be found in
future research.

4.2.2 Exact tracking in finite time via funnel control

In this section we show that the application of the control scheme (4.32) to a sys-
tem (4.28) belonging to N™" yields an initial value problem that has a solution, the
input and output signals are bounded and in particular, we show that the introduced
control scheme achieves exact output tracking in finite time while the tracking error
evolves within prescribed bounds. As highlighted in earlier works, see, e.g., [84, 25,
21], some care is required when showing boundedness of the involved signals since
the bijections o; and 8 may introduce a singularity. Moreover, in the present con-
text expressions involving the unbounded funnel functions ¢; demand particularly
high attention.

131



4.2. Exact tracking in finite time

Theorem 4.20. For 7 := (ry,...,r,) € N> m e Nand j = 1,...,m consider
a system (4.28) belonging to N™, with initial data y; € C""~'([~0;,0];R). Let
T > 0 and y;.r € W™([0,T);R) be a reference trajectory. Assume that for the
control design parameters introduced in (4.30) and e;j defined in (4.31) the initial

conditions .

Vle,Mszl,,T] ‘6]’k<0>|<ﬁ (434)
are satisfied. Then, the application of the funnel control scheme (4.32) to a sys-
tem (4.28) yields an initial value problem which has a solution and every maximal

solution y : [—o,w) — R™ has the following properties
(i) w=T,
(ii) we L£2([0,7);R™), and for all j =1,...,m we have y; € W>(|—0,T);R),

(iii) the tracking error e(t) = y(t) — yref(t) evolves within predefined margins;
precisely, for e, := (€1, .-+, €my,) Wwe have

Vie(0.7) ¢ fle(t)] < 1.

and for the componentwise tracking error e;(t) = y;(t) — yjrer(t) we have

Vieie Lo m} |n> 1} Ve 0T) : len(d] = eile] < =,

(iv) the tracking of the reference and its derivatives is exact at t = T, that is,

Vi=1,...,mVk=0, . r—1: liml"@)=0.

t—=T

Sketch of proof. Since the proof of Theorem 4.20 goes beyond standard fun-
nel control techniques, we briefly outline the main steps. In Step one we es-
tablish the existence of a local solution of the closed-loop initial value prob-
lem (4.28), (4.32), (4.34). In Step two, we show by contradiction boundedness
of the auxiliary variables e;; introduced in (4.31). The next step is preparatory
work to show boundedness of the higher derivatives of the tracking error. To this
end, we show boundedness of the higher derivatives of the auxiliary error variables
via similar arguments as in Step two and using Lemma 1.11. Both of these steps
require particular attention, since the unbounded funnel functions ¢; are involved
with higher powers. In Step four we use the previously established estimations to
conclude boundedness of the local solution of the closed-loop system. In Step five
we show boundedness of the input signal u. This is done mainly by invoking the
high-gain property of the system’s right-hand side. From the findings established so
far, we conclude in Step siz that the solution is defined on the entire interval [0, 7).
The remaining two steps, namely to establish that the errors evolve within their
respective funnel boundaries and vanish for t — T', are straightforward.
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Chapter 4. Funnel control

Proof of Theorem 4.20. The proof is subdivided in eight steps.
Step one. We show existence of a solution of (4.28), (4.32). To this end, we aim to
reformulate (4.28), (4.32) as an initial value problem of the form

2(t) = F (t,x(t), T(z)(1)),
(0) = (47(0),5(0), -, ()™ "ym(0)) ,

where we set n 1= > 75, and

(4.35)

= <ylay1a s ’le_l),yQ’ s ’ygm_1)> '

Setting Dy := {v € R | |v] < 1/y/m} we choose some interval I C [0,T) with 0 € T
such that (e11,...,€10,€21,---,€my,) 1 I = R™ satisfy the relations in (4.31) and
such that for allt € I we have ey 1(t),. .., emyr,—1(t) € Dy, which is possible via initial
conditions (4.34). With the aid of (4.33) forallj=1...,mand k=1,...,r; —1
the higher derivatives of 7, are given by

V&) =T (toejnlt), . ejueq(t)), 0< g <1y —k, t el
Next, for j = 1...,m we define the functions

éj71 : [O,T) xR — R,
(t,&0) = () (§10 — Yiret ()

and the set )
Dj1:={(t,&0) €[0,T) xR |&1(t,&0) € Do} -

With this, again for j = 1..., m we recursively define for k = 2,...,r; the functions

éj,k : f)j’kfl X R — R,
k—1
k— ~ ~
(t, &0, - - - Ein—1) > ;1) (fj,kfl - yj(',refl)(t)) +0;(0) > Tikri(t, & 1),
=1

where for the sake of better legibility we omit the argumentsof é;,,¢=1,...,k—1.
Further, we define the sets

bj,k = { (t>€j,07 o 75]',19—1) S ﬁj,kz—l x R

éj,i(tvgj,m cee agj,k—l) € DO72’ = 1’ R k} :

Setting €, := (€141, -+, Emr, ) we observe ||é.(t)]| < 1 for t € I, and with aj, 3, N
given in (4.30) we define for ¢t € I

No() i= (N 0 8) (llén (b (1), 0 (8), 08" 20,9200, D () 2)
Then, the control u defined in (4.32) reads
u(t) = No(t) - & (t,n(t), -y (), (), .y (@), te T
Lastly, setting D, | = 15171 X oo X ﬁmﬂqm,l and for v € N

f(dn,w) = (fi(d,n ), .., fuld,n,u))" € C(R” x R” x R™;R™), (4.36)
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4.2. Exact tracking in finite time

we define the function

F:D, ; xR > R"

€11
(6100 61 -1,8205 s Emirm—1,1) = ¢ E 1 ;
7)1, No(1) - &)
where in &, = &.(t,&1.05 -5 &1 1,820 - - s Emryn—1) We omit the arguments for the

sake of better legibility. Together, the initial value problem (4.28), (4.32) is equiva-
lent to (4.35). In particular, we have (0,z(0)) € D,_, the function F is measurable
in the variable ¢, continuous in (&1, - . ., &morn—1,1) and locally essentially bounded.
Hence, invoking Remark 1.8, Proposition 1.9 yields the existence of a maximal solu-
tion z : [—o,w) — R™ of (4.35), 0 < w < T In particular, the graph of the solution
of (4.35) is not a compact subset of D,_;.

Step two. For j =1,...,m we show for the functions e, introduced in (4.31a)
that for all k = 1,...,7; — 1 there exists €;; € (0,1/y/m) such that |e; ()] < &,
for all £ € [0,w). We observe that for ¢t € [0,w) and k =1,...,r; we have

k 1—2 k—1
Z% (1) = gt V@),

With this, and using ¢;(t) = ¢;p,(t)?, we calculate for k =1,...,r; — 1

k—

éin(t) = @i V(1) + (el () + @it Z B8 4 gt 2%1

=1

= B s )Xo 0) + (6= 0 Zvﬁ-ﬁ”ﬂ)

k—1 k—1
k—1—1 k—i
+ 00D AT + gt Z%( )t
=1 i=

= (¢ = (1)) (D)esp(t )+€jk+1(t)

i, () = 121 (B)esn, (£) + 25 (D)7 (8) + 258 Z i
(4.37)
Further, using the definitions of «;; and ; %, we record for later use
: d
Vie(t) = G (r(t)e;n(t)) (4.38)

= 2a5(e;k()?) € () €54 (1) + i (t)ésu(2).
We observe e = €;1(Yj, - - - ,yj(-kfl)). Therefore, since €;(t) € Dy for t € [0,w) due
to the initial conditions (4.34), we have

Vi=1,...mVk=1,...,r;Vte[0,w) : |ejx(t)] <

31

For j =1,...,m we set

A 1
Ein = lejx(0)]* < p— and \j := El[%fT) ©;(s) > 0.
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Let €; be the unique point in (0, L) such that o;(g;)e; = (14 ¢;A;)/A; and define
ej = max{e;, &} < =. We show that

Vi=1,....mVk=1,...,r; =1Vt €[0,w) : ejr(t)’ <ejs (4.39)
Seeking a contradiction, we suppose (4.39) is false for at least one 7 € {1,...,m}
and at least one £ € {1,...,7;— 1}. Then e;4(t1)* > £, for some t; € (0,w) and we

define
to :=max {t € [0,t1) |ee(t)* =i}

With this we have
Vi€ [to.t] & < ene < ene(t)?,

which gives, invoking monotonicity of the bijection «;, the following relation
Vte [to,tl] . OZ;(E[) S Oég(egj(t)z) = 0457g(t).

Hence,

1+ C[/\g
Y
Using a;, > ¢; via (4.30c), and the relations in (4.37), we calculate for ¢ € [t, 1]

Sdeae(t)? = eca(t) (0 — are)@aDeselt) + eren(t))

)
_QDL(t)(O‘LE( ) — ci)ei(t ) + ebf( Jeier(t)
pilt)(cie(t) — eiene(t)’ +
(o) — ci)ers(t)* + 1
< —)\[Oégvg( Yeio(t)? + e +1<0,

Vit e [to,tl] : Oé@g(lf)Q@g(t)z > Oég(&?g)&?g =

which implies the contradiction
v < €ir(t1)? < eio(to)® = cis.

Therefore, (4.39) is true. This implies boundedness of o, (bounded by «(g;x))
and boundedness of 7;; (bounded by a(e;jx),/€jx) for all j = 1,...,m and all
kE=1,...,r;— 1.

Step three. In this step we derive some preparatory estimations to conclude
boundedness of the solution z of (4.35) in the next step. Since the functions e;
defined in (4.31a) involve higher derivatives of the functions 7;, we aim to show
boundedness of the latter. In order to do so, recalling the definition of v;; we
establish boundedness of higher derivatives of o, on [0,w), which in turn involve
higher derivatives of e; ;. For this reason, we show boundedness of higher the deriva-

tives of e;; on [0,w); more precisely, we show boundedness of e! k ) on [0,w) for
k=1,. r;—1, where j = 1,...,m as before. Recalling the deﬁmtlon of the funnel

functlons @; in (4.30a) we have the relation go(q)(t) = cqlp;(t)™*! for ¢ € N. Using
the generalized Leibniz rule, we obtain via (4. 37) forj=1,....m, k=1,...,r,—1
and 1 < ¢ <r; — k the formula

() = ((¢; — )i (B)e;n() ™ + el (1)

(q - 1)! 1
= > gl s () Wi (el (1) + e (1)
qi+ge+gz=q—1 17T

(g—1)! 1
= Z ql‘qgl (Cj — aj’k(t))(ql)C?QQOj(t>q2+1€§?k)(t) + equ+1) (t)
q1+g2+q3=q—1
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which gives the derivatives recursively. To have an example, we calculate the ex-
pression above for ¢ = 2 < r; — k, where we use the expressions from (4.37)

Eix(t) = (= 205(e;n () )eju(t)ésr (1)) 0 (t)ejn(t)
+ (¢; — ok (t))cjpjesn(t)
e = )i (6 = asn)esOess(®) + espnn (1)
+ (¢ — ajnta()p(t)ejrr(t) + ejpra(t).
The recursion (4.40) successively leads to the following observations. Since the
numbers ¢, go, g3 satisfy the relation ¢; + ¢2 + g3 = ¢ — 1 we have
q2+1 (qs)

(i) for ¢s = 0 the express10n ©]
and at most the ¢ power of 90], the other terms involve (at most) derivatives

involves at most the ¢— 1% derivative of e; ,

and powers of the form cpq2+1 qu 1=a2) g6, q<r;—k,

(ii) (q,z involves efk_ +11) which itself involves e

pression e% involves the term e; i,

qu— f% and so forth; therefore the ex-

iii) the highest derivative of the bijection «;; appearing in el ig a( ), which
g J Js g 7,k
itself involves at most the ¢ — 1% derivative of e .

These observations together with the fact that
VgeN: plejr € L2([0,w);R) = <p;1flej,;C € L7([0,w); R) (4.41)

yield that boundedness of el k on [0,w), ¢ < r; —k, can be established by showing

boundedness of gpj _kej,k forj=1,...,mandallk=1,...,r; —1. In order to show
this, we initially establish the following: for all £ =1,...,r; — 1 we have
ng_k_lej,kﬂ € L2([0,w);R) = gagj_kej,k € L2([0,w); R). (4.42)

This can be seen as follows. We assume w;j_k_lej,kﬂ € L2([0,w); R) and define the
non-negative finite constant M;xi1 1= supyc(o, [;(s) " 'ej41(s)| < oo. Then,
invoking (4.30a), (4.30c) and (4.37), for ¢t € [0,w) we calculate
. 2 . ok
i3 (27 er(t)” = () kejk(t)%'(t) e ()
+ p;(t )ik ejn(t)ei(ry — k)g; ()" ejn(t)
= (67 e 8)s (07 (e —sa(®) s (Beslt) +ejpn (1))
+ i (6)7 Fesr(t)e;(ry — k)i (6 et
2
< i) (eslry + 1) = 50y =k + D) (907 eslt))
+ () M | ()7 e (t)]
= —p(t) (Cjk 03 (8)7 e ()] — Mj,k+1) |05 (8)7 ek (t))]

—k+1

(4.43)
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which is non-positive for |¢;(t)7 %e; 1. (t)| >

boundedness of gogjfkﬂej’k_l on [0,w) as clalmed in (4.42). Then, invoking (4.39),
a successive application of (4.42) implies

Vi=1,....mVk=1,...,r;—1: gpgrkem € L([0,w); R). (4.44)

In particular, p,e;, € L2([0,w);R) forall j =1,...,mand all k =1,...,r; — 1.

Then, boundedness of ¢, , follows, which in turn implies boundedness of ¢ 5, and 7, &
on [0,w). Now, via (4.40), (4.41) and (4.42) boundedness of eé?,z successively follows

for all ¢ < r; — k, from which we may deduce boundedness of Ozf,z and 7](?,3 for
q < rj — k. Therefore, for j =1,... ,m,allk=1,...,r; —1 and ¢ < r; — k there

exists

9= sup 7%(s) < oo,

s€l0,w)
Step four. We show boundedness of the solution = of (4.35) on [0,w). Recalling
the definition of e;; we see that for j = 1,...,m and all k = 1,...,r; we have via

the previous steps

Vte[0,w): e V()] <

(4.45)

We recall

()7 = (), 51 ),y V@) pa(), Lyl (1)
= (e1(t) + Yrwet (), €1(t) + Yrwer () - -, €™ V@) + Ymrer (1))

where by assumption y; s € W>°([0,T); R). Therefore, we have z € £L>(]0,w); R").

Step five. We recall e, = (€141, €my,) " ¢ [0,w) — R™ and show boundedness
of B,(t) := B(|le.(t)||*) for ¢ € [0,w). Invoking the previous steps, in particular
boundedness of = on [0,w), and the properties of the operator class 7,7 we deduce
the existence of a compact K, C R? such that T(z)(t) € K, for ¢t € [0,w). Further-
more, since d € L¥(R>o;RP) there exists a compact K, C RP such that d(t) € K,
for t € [0,w). Since the function f defined in (4.36) satisfies the high-gain property,
there exists v, € (0, 1) such that for the compact set V := {v € R™ |v, < |jv]| <1}
the continuous function

X:R—=R,
s — min{ (v, f(d,n, —sv)) [(6,n,v) € K x Ky x V'}

is unbounded from above. We show boundedness of 3, by contradiction. Since
N : Rs¢g — R is surjective, the set {k > py | N(k) = p1 } is non-empty for every
po € R>p and every p; € R. Following the proof in [21, pp. 188-190], we choose a
real sequence (s;) such that the corresponding sequence (x(s;)) is positive, strictly
increasing and in particular unbounded. We initialize a sequence (k;) by choosing
k1 > B(v2)+6,(0) such that N(k;) = s1, and hereinafter define the strictly increasing
sequence (k;) by
Rip1 :=1inf{ kK > K; | N(K) = $i41 },
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4.2. Exact tracking in finite time

which obviously yields that lim; o, x(N(k;)) = lim; o x(8;) = 00. Now, since we
assumed [, to be unbounded and we have ;11 > k1 > (,(0) for all i« € N, we may
define the sequence

lnf{tE[ )’ﬁr(>—ﬁli+1},i€N0,

which lies within (0,w). Note that (7;) is strictly increasing. Inserting the relations
from above, we have N(B.(7;)) = N(kir1) = sip1 for each i € Ny. We define a
second sequence in (0, w) by

oi=sup{t € [r1, 7] [Xx(N(B:(1)) = x(si)}, i € N.

With this, since the sequence (x(s;)) is strictly increasing, we obtain for all ¢ € N

X(N(Br(0i))) = x(s1) < x(si41) = X(N(B:(7:))),

and therefore,
VieN: g, < Ti, (446&)

as well as
Vie NVt e (oi,7] : X(N(Br(03))) = x(5:) < X(N(B:(1)))- (4.46b)
As an auxiliary intermediate result, we show by contradiction
Vie NVt e [o,1] @ e(t) e V.
To this end, we first show
Vie NVte o] @ B(t) > ki,

by contradiction as well. Suppose that (.(t) < k; for some t € [o;,7;]. Then,
by B.(7;) = kiy1 > K; and by continuity of 3, there exists ¢ € (oy,7;) such that
B.(t) = k;. Hence, we find x(N(8,(t))) = x(N(x:)) = x(s;), which contradicts the
definition of ¢;. Therefore, 5,(t) > k; for all ¢ € [o;, 7;]. Now, suppose e,(t) ¢ V.
Since for all ¢ € [0,w) we have ||e.(t)|| < 1, this means to suppose ||e,(t)|| < v, for
some [o;, 7;]. This, together with (,.(t) > k;, leads to the contradiction

VieN: B(vl) < < ki < Bi(t) = B(lle(t)]17) < Bl).
Hence, we deduce
Vie NVte o, @ e(t) e V.

Since d(t) € K, and T(z)(t) € K, for t € [0,w) we obtain, using (4.46), for all i € N
and ¢ € [0, 7] the following estimation

(er(t), £(d(t), T()(), U(t))> er(t),

~(e®). £, (@) (1), ~N (B (0) (~er (1))
i (o 62N | 0, )
x

f(d
N(B.(t)))
< —x(54).

(4.47)
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Chapter 4. Funnel control

Since for j =1,...,m we have y;ef € W’"J C>O([O T);R) we may deﬁne the bounded
1_rj %

----- Vi <oo

of the funnel functions p; we may deﬁne 0 < minjeg,..my infseo, 1) gpj(s) =:¢c,. We

set ®(t) = diag(pi(t),...,pm(t)) and thus by (430&) we have $®(t) = CP(t)?,
where C' = diag(cy, . .., ¢y). Then, with the aid of (4.37) and (4.47), we obtain for
all i € N and t € [0y, 74]

S3ller @I = (er(t). CO)er(£)) + (er(t), D) (F(dle), Tla) (), u(t)) — () )
+Z<6]T p;(t Z_:%rj é)t)

< . ) t < . + » + _Tj [ >
~ min }goj() je{I{un Cj + Cret ZZ

7777 =1 i=¢

Therefore, still seeking a contradiction, we may choose J € N large enough such
that for ¢ € [0, 75] we have

m 7’]-—1
min (t < min c + Crof + —T'J i >
je{1,..,m} #i(t) je(l, .., J f ;;
m 'I’j—l
< e (o) = (i bt 30 D07T)) <0
Jeids
7j=1 i=1

which yields |le,(77)||> < |le-(o5)]|?, which in turn gives for t € [0, 7/]

Br(rs) = Blller(m)II?) < Blller(a)I*) = Br(os).

This, however, contradicts the definition of 7, by which we have f,.(t) < §,.(7;) for
all t € [0, 7). Therefore, the assumption of an unbounded (3, cannot be true. As a
direct consequence thereof, we may infer the existence of ¢, € (0, 1) such that

Ve 0,w) : |le.(t)]? < e,

Step sixz. We show w = T. Via the previous steps we have for all j =1,... ' m
and k=1,...,r;

VEED.w) ¢ Jesslt)] << i= fmax{ern, e} <

31

and
Vtel0,w) : |le ()] < e,

by which the set

j=1,....omi=1,...r;,—1, }

25 = g e ey m,"m GRH *
{(CLI ‘ 7 ) |Cj,i’ <enGri= (CLTl?""C”lﬂ’m)’ HCTH < én

is a compact subset of D,_;. Assume w < T. Then,

A ~

Vte|0,w) : z(t) € D C D,_;.
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4.2. Exact tracking in finite time

So, by compactness of D the closure of the graph of the solution  of (4.35) on [0,w)
is a compact subset of D,_; which contradicts the findings of Step one. Thus, w =T.
Step seven. We show assertions (ii) & (iii). Assertion (ii) follows immediately
from Step four and Step siz, and assertion (iii) is a direct consequence of Step two
and Step siz.
Step eight. We show that the tracking error e = y — y,f and its derivatives tend
to zero as t — T', that is, we show

\V/j:L...,m\V/k‘:l,...,’r’ji}111%|6(k1()|:0. (4.48)
—

We note that the estimation in (4.45) is too rough to show (4.48). For j =1,...,m
recalling the definition (4.31c) of v, = a;xej, and exemplary its derivative (4.38),

we see that by Step three not only v,y @) is bounded on 0,w) for ¢ < r; —k —1

but with the aid of (4.44) even the product ¢, ’y;’qk) is bounded on [0,w), i.e., for all

€=1...,7;—1 there exists 4], := sup e ., goj(s)'yj(.?z)(s) <oofor0<¢g<r;—(—1.

Invoking Step two and Step five we may improve estimation (4.45) for j =1,...,m
and k= 1,...,r; for t € [0,w) as follows

k—1
_ |€] 1 (k—1—1)
eV 0] < 722 eilys )
J Sﬁj( 90 ( Z J Js

\/ €k T Z 11

w;(t)
From this, since w = T by Step siz, and lim; 7 ¢;(t) = oo we obtain (4.48) for
all k =1,...,r; with j = 1,...,m, which shows assertion (iv) of the theorem and
completes the proof. O

Remark 4.21. Assertion (i) in Theorem 4.20, namely [0,7") being the maximal
solution interval, naturally raises the question of a global solution in time.

(i) If the system’s equations (4.28) are available and y,f is defined on R, the ap-
plication of a suitable feedforward control scheme may achieve y(t) —yyef(t) = 0
forallt >T.

(ii) If equations (4.28) are available and the reference yyer is defined on R>g, then
Y(t) — Yrer(t) = 0 for all time ¢ > T can be achieved by asking the reference
to satisfy (4.28) for ¢ > T, with no control input, i.e., v = 0, and “initial

L 99 . . j—l 'r'j—l
conditions” y;er(T) = yj(T), Yjwes(T) = 9;(T), . .. ,y]( E )(T) = y](. )(T), for
jg=1....m

(iii) If the system’s equations are not available, the application of a “standard”
funnel control scheme, for instance as in [21], for ¢ > T achieves that the
error y(t) — yrer (t) evolves within an arbitrary small neighbourhood of zero for
allt > T.

Remark 4.22. We highlight the following aspect of Theorem 4.20 which is of inter-
est from a practical point of view. For any given arbitrary small € > 0 there exists a
time T, < T' such that each of the first r; — 1 derivatives of the error €; = y; — Y ref
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Chapter 4. Funnel control

is smaller than ¢ for all t € [T.,T), ie, forall k =0,...,r; —1,j=1,...,m, we
have
Ve>03T. <TVte L, T) : |e(t)| <e.

This property is relevant, for instance, if during a docking manoeuvre the demanded
accuracy at t = T changes. In this situation, a standard funnel control scheme would
not be able to guarantee that the error is within an arbitrary small neighbourhood
of zero at t = T, since the funnel function is chosen in advance, and so the change
of demanded accuracy cannot be taken into account.

Remark 4.23. We record the following interconnection of the results found in this
chapter with results in [123] and [21].

(i) If a system (4.28) has strict relative degree r =11 = ... =1, € N, ie., it is of

the form
y () = f(d(t), T(y,...,y" ")), u(t))
Yliro = y° € CH([=7, 0 R™),

then the system class is the same as in [21]. In this case, the error variables
e;r are collected in respective vectors ey, the initial condition simplifies to the
well known condition |lex(0)|| < 1 for all k =1,...,r, and it suffices to choose
one bijection « : [0,1) — [¢(r 4 1), 00), which also can replace f.

(ii) In the case of strict relative degree one, the control scheme (4.32) coincides
with the controller proposed in [123].

(iii) Combining the findings in the proof of Theorem 4.20 with the result found
in [21, Thm. 1.9], it is clear that the controller from [21] can be straightfor-
wardly extended to the case of vector relative degree.

Example 4.24. We simulate an application of the control scheme (4.32) to a sys-
tem (4.28) with strict relative degree r = r; = --- = r,, and (d, f,T) € N™".
As indicated in the preliminary text, docking of spaceship is a red-hot application
of the findings of the present section. Therefore, we look at such a situation as
an example. Consider a passive target space station, e.g., the international space
station ISS, in a circular orbit around the earth and an active spacecraft chasing
the first. For simulation purposes, we assume the passive space station to be on
a constant altitude r, with constant angular velocity w = +/pu/(re + rs)2, where
p =~ 3.986 - 101 m? /s? is the standard gravitational parameter and r, = 6378137 m
the radius of the earth. To analyse the motion of the spacecraft, we use Hill’s
local-vertical-local-horizontal coordinate frame introduced in [81], see Figure 4.8.

J
Spacecraft

e e e —
—_—

———

Circular orbit

Figure 4.8: Hill’s local-vertical-local-horizontal coordinate frame.
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4.2. Exact tracking in finite time

Within this frame we use the commonly used Clohessy-Wiltshire model for satel-
lite rendezvous proposed in [51]. A detailed and comprehensive application of this
model in the context of spaceship rendezvous can be found in [110]. Let r(t) de-
note the altitude of the chasing spacecraft at time t. In virtue of Hill’s coordinate
frame let z := r — r, be the component of relative distance along the radial di-
rection, y be the downtrack component along satellite’s circular orbit, and z be
the distance component along the satellite’s angular momentum. Then, setting
C=((1,0,6)" = (2,9,2)" we obtain the Clohessy-Wiltshire equations

Ci(t) = 3w’ Ci(t) + 2wCa(t) + ua(t),
Ga(t) = —2w(y (t) + 1y (1),
(1) = —wG(t) + u(t).

With
3w + 2w
fREXR =R (€v) — —2win
—w?Es

and u = (u1,ug,u3)" := (ugz,uy,u,)", with B = I3 € R3*® the equations of motion
above with output ¢ can compactly be written as

C(t) = f(C(8),<(1) + Bu(t), ¢(0)=¢ €R? ((0)=¢ € R,

which is a system of relative degree two and belongs to the system class N32. For
simulation purposes we choose r, = 415000 m (approximately the altitude of the
ISS), which yields w = 0.00113s™! corresponding to an orbital period of approx-
imately 93 minutes. Since we aim to simulate a docking manoeuvre, we choose
the reference trajectory Cef : t — (0,0,0)" in Hill’s coordinate frame, which in
particular yields ¢(T) = (0,0,0)", i.e., docking at t = T. We take the initial
conditions as in [110] 2(0) = —y(0) = 1000m, and additionally z(0) = 250 m;
and £(0) = —0.1ms™ !, §(0) = 1.69ms™! and 2(0) = —0.05ms™'. As docking time
we choose 1" = 600s, which is docking within ten minutes. For the funnel param-
eters we choose, N : s — —scos(107%s) and «a : s + (r + 1)e/(1 — s), where
with ¢ = 1 the initial conditions (4.34) are satisfied. In accordance with 4.30a we
choose p(t) = 1/(T — t) as funnel function. Note that, since lim, ,7 ¢(t) = oo sim-
ulation is possible only for [0, ¢,,.x] With t,.c = T — eps for a predefined eps > 0.
Since p(t)|le(t)|| < 1 for all ¢ € [0,T") we choose eps such that a certain upper bound
of the spatial error at final simulation time t,,,, is guaranteed, i.e.,
1

lle(tmax)|| < ) = (T — tmax) < eps = tmax > T — eps/c.

For the simulation we choose eps = 107! m which means a spatial accuracy of
Angstrom (range of size of atoms). This seems to be a unnecessary high accuracy
since in real applications the required rendezvous distance is about centimetres, then
magnetic docking structures become active; however, if these fail unexpectedly, the
feedback control is still capable to perform a docking manoeuvre. The results of
the simulation are shown in the figures below. Figure 4.9a shows the element-wise
error between the reference and the respective coordinates. It can be seen that the
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Chapter 4. Funnel control

docking manoeuvre is successful within the predefined finite time 7" and the errors
evolve within the prescribed funnel boundary.

1500 ~~

Pt 2(t) — zper(t
-1500 =~ ‘ ‘
0 300 600
time ¢t /s
(a) Element-wise tracking errors. The

dashed line represents the funnel bound-
ary 1/¢p.

12

—&(t) — Tyt (t)
_y(t) o yref(t)
| 2(t) — Zret ()
0 300
time ¢ / s

-12 ‘
600

(b) Error of velocities.

Figure 4.9: Tracking error, funnel boundary and errors of the velocities.

Figure 4.9b shows the respective errors of the velocities. Note that for t — T, the
error of velocities are zero, i.e., the passive space station and the active spaceship
have the same velocity at ¢ = T', which is desirable performing a docking manoeuvre.

Figure 4.10 shows the control input during the docking manoeuvre.

0.4

d

0.06 1

O

— gy (t) -0.06 | —u,(t)
—uy(t) —uy(t)
u, (1) u, (1)
-0.4 ‘ ‘ -0.12 ‘ ‘
0 300 600 599.999999999 600

time t / s

(a) Control input.

time ¢t /s

(b) Detailed control input in the very last

moments.

Figure 4.10: Control input.

In Figure 4.10b the control input in the very last moments before docking is depicted.
Note that in the last moments before docking, the funnel boundary is close to
zero. Therefore, even small deviations from the reference and its derivative cause
(relatively) high input values. The simulation has been performed in MATLAB
(solver: ode23tb, RelTol = 1071%, AbsTol= 10710). o

We conclude this section with a second example to illustrate Theorem 4.20. To
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4.2. Exact tracking in finite time

this end, we consider an academic nonlinear system which has a vector relative de-
gree. Moreover, the distribution of the control input is unlike the previous example,
and we make use of the possibility to choose different funnel boundaries for the
output channels, as discussed in Remark 4.16 (iv).

Example 4.25. We illustrate Theorem 4.20 by a simulation of an academic example.
Consider the nonlinear system

y (1) = —y1(t) — n(t)® + ug(t) — 0.5us(t),

—5tanh(yz(t)?) — 0.3uy (t) + ua(t) 4+ 0.1us(t),

1y (8), y2(t), ws(8) "I + 0.8ua (£) + ua(t),
—n(t) +y.(t ) ;

which obviously has vector relative degree 7 = (1,2,3) and belongs to the system
class N*". Note that for demonstration purposes, unlike the standard case, the con-
trol distribution is chosen so that the dynamics of each output channel are affected
by more than only one input channel. As reference signal we choose the smooth

trajectory .
(5

Yoot : Rxg — R?, cos(t)
sin(t)

(

)(t

)(t
(

n(t

~— —

As final time we choose T' = 10's, and with the parameters ¢; = 0.1,¢o = 0.5,¢3 = 0.3
and p; = 0.5, po = 1.5, p3 = 1 we choose the control functions for 7 =1,2,3

i) = - uls) = L) (o) = 12 N(r) = —reos (10707),

cj l1—0

1—sm ’

where t € [0,T), s € [0,m), 0 € [0,1) and 7 € R,.

In virtue of Remark 4.22 we choose eps = 107?. Determined by the final time
T = 10s we, simulate tracking on the interval 0 — 10 seconds, where the very last
moments cannot be simulated as already discussed in Example 4.24. The results of
the simulation are shown in Figures 4.11 & 4.12. Figure 4.11 shows the tracking
error (componentwise) and the respective funnel boundary. Note that the funnel
boundaries 1/p;, i = 1,2,3, have different shapes due to the variation of p; as
discussed in Remark 4.16 (iv). Figure 4.12 shows the control inputs generated by
the control scheme 4.32 to achieve exact tracking. As discussed in Example 4.24, in
the very last moments the errors are close to the funnel boundary and hence, even
the smallest dynamic causes a reacting control. The simulation has been performed
in MATLAB (solver: odelbs, RelTol= 10"", AbsTol= 1077). o
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Figure 4.11: Tracking errors with fun-
nel boundaries.

257
0
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(a) Control input u;.
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(c) Control input us.

Figure 4.12: Control inputs.
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5 Conclusion and outlook

In the present thesis, three main contributions to output reference tracking of non-
linear multibody systems via feedback control are presented. We summarize the
main results and give a brief outlook on related future research topics.

Internal dynamics In Chapter 2 we introduced a structurally novel ansatz for
the representation of the internal dynamics of nonlinear multibody systems in terms
of the output and the internal variable. In the first part of that chapter we used this
ansatz to derive an explicit representation of a coordinate transformation, which
allows to decouple the internal dynamics completely algorithmically without the
need to compute the Byrnes-Isidori form. In particular, in contrast to the Byrnes-
Isidori form, the novel representation does not include solutions of partial differential
equations but only algebraic relations and symbolic differentiation. The decoupled
internal dynamics are then, for instance, open to stability analysis. Moreover, since
the internal dynamics are given in terms of the system’s output and the internal
variable, the system’s state can be represented explicitly via these respective terms,
i.e., beside the explicit representation of the coordinate transformation, its inverse is
given as well. In the second part of Chapter 2 we performed a stability analysis of a
subclass of multibody systems with structured right-hand side. We derived explicit
conditions on the system parameters, which allow to determine the stability of the
internal dynamics in advance without the need to decouple these. Both results, the
decoupling procedure and the stability conditions, were demonstrated via illustra-
tive examples. Future research will be, to extend the presented results to systems
with vector relative degree. Another aim is, to find a structurally similar ansatz of
representing the internal dynamics such that the straightforward algorithmic decou-
pling can be extended to more general systems, e.g., systems which are not affine
linear in the control term.

Funnel pre-compensator In Chapter 3 we showed that the conjunction of the
funnel pre-compensator, introduced in [32], with a minimum phase system of arbi-
trary relative degree results in a minimum phase system of the same relative degree.
This resolves the open question raised in [32] where the aforesaid was proven for
the special case of relative degree two. Using the fact that the derivatives of the
pre-compensator’s output are known explicitly we showed that output reference
tracking with prescribed transient behaviour using funnel based feedback control
schemes is possible with output feedback only. This was illustrated by a numerical
simulation of an academic example. Robustness of the conjunction was illustrated
by a second example, where a chaotic reference was tracked. In particular, output
tracking with unknown output derivatives is possible for the class of linear minimum
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phase systems (3.5); and moreover, for a class of linear non-minimum phase systems
(single-input, single output systems as well as multi-input, multi-output systems).
Since the investigations in the recent works [23] and [18] show applicability of ex-
isting control techniques to nonlinear non-minimum phase systems we are confident
that an integration of the funnel pre-compensator into this particular context will
also be fruitful. Future research will be focused on systems which are not linear
affine in the control term, where we conjecture that a different proof technique is
necessary, as a comparison of [25] and [21] suggests.

Funnel control In Chapter 4 we presented two new results in funnel control.
First, we considered output reference tracking for linear minimum phase systems,
where the output is subject to possible measurement losses. We proposed a feed-
back law, which achieves tracking of a reference signal with prescribed accuracy, i.e.,
whenever the output signal is available, the tracking error evolves within prescribed
bounds. We derived explicit bounds on both intervals, the minimal required avail-
ability of the output signal, and the maximal allowable duration of losses. These
bounds are quite conservative and it will be topic of future research to obtain relaxed
conditions on both intervals. For systems with trivial internal dynamics, there are
no restrictions on the duration of availability and absence of the output measure-
ment, except for finiteness of the interval of absence. An application of the proposed
controller was illustrated by a numerical simulation of the mass on car system first
considered in [179]. Additional research is needed to further develop the presented
idea of shifting the funnel function in the presence of signal losses to obtain more
relaxed conditions for the allowable durations of signal losses. Moreover, the exten-
sion of the presented idea to nonlinear systems is an open problem. Regarding this,
from Remark 4.2 it is clear that some kind of Lipschitz condition will be required
for the system to prevent a blow up during the absence of the output measurement.
In the second part of Chapter 4, we studied the long-standing problem of exact
tracking in finite time via feedback control. We developed a novel funnel control law
for a class of nonlinear systems with arbitrary vector relative degree. We showed
that the proposed controller achieves that the output tracks a given reference signal
and has its exact values at a predefined finite time. Moreover, until this final time,
the tracking error evolves within prescribed bounds. This was illustrated by two
numerical simulations. First, for the case of strict relative degree docking of a space
shuttle to a satellite was simulated. Second, the case of vector relative degree was
simulated for an academic example. Topics for future research in funnel control will
be, e.g., the consideration of time-discrete systems and systems with output delay
(the controller receives delayed signals), to name but two urgent problems.
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List of symbols

RZO

la,b], [a,b), (a,b)

C
C_

Cy

n!

CF(I;R™)

set of non-negative integers

set of real numbers
:= [0, 00), set of non-negative real numbers

a closed, half open, and open interval for a,b € R with a < b

set of complex numbers

:={z¢€C | Re(z) <0}, set of complex numbers with negative
real part

= {z€C|Re(z) >0}, set of complex numbers with non-
negative real part

=n-(n—1)-(n—2)---2-1, factorial of the integer n € N
inner product in R”

= \/m , Euclidean norm of x € R"

group of invertible matrices A € R"*"

<= (x, Az) > 0 the matrix A € Gl1,(R) is positive definite
:={ A€ C|det(A—A) =0}, spectrum of a matrix A € R"*"
={y e R" |y = Az, x € R"}, image of a matrix A € R™*"
={z €R"| Az =0 € R™}, kernel of a matrix A € R™*"

= dim(im A), rank of a matrix A € R™*"

'= max|,|=1 ||Az||, spectral norm of a matrix A € R™*"

diagonal matrix A = (a; ;) j=1
and a;; =0if 1 # j

n With entries a; ; = a; it i = 7,

-----

Moore—Penrose pseudoinverse of the matrix A € R™*", defined
by AT := (ATA)'AT if tkA = n, or AT ;== AT(AAT)Lif
tkA=m

set of k-times continuously differentiable functions f : I — R",
Co(I;R™) = C(I;R™), I C R an interval
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List of symbols

ACloc(Rzo; R)
£1

loc

(I;R™)
L5 (I;R™)

£(I;RY)

| £l
Wheo([: R")

fla

set of locally absolute continuous functions f : R>o — R

set of locally Lebesgue integrable functions f : I — R", i.e.,
S5 11f(®)]] dt < oo for all compact J C I, I € R an interval

set of locally essentially bounded functions f: I — R", I CR
an interval

Lebesgue space of measurable and essentially bounded func-
tions f: I — R™ I C R an interval

= esssup,e; || f(8)||, norm of f € £L°(1;R"™), I C R an interval

Sobolev space of k-times weakly differentiable functions f :
I — R", such that f,..., f® € £°(I;R"), I C R an interval

restriction of the function f : I — R" to J C I, I,J C R
intervals

almost all
logical conjunction “and” of two statements: a A b is true if,
and only if, a is true and b is true

logical conjunction “or” of two statements: a Vb is false if, and
only if, both a and b are false
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