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Lying, thinking

Last night

How to find my soul a home
Where water is not thirsty
And bread loaf is not stone

| came up with one thing
And | don’t believe I'm wrong
That nobody,

But nobody,

Can make it out here alone.

—Maya Angelou, excerpt from Alone
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Zusammenfassung

Digitale Kommunikation beruht in hohem Mafse auf der Verwendung ver-
schiedener Arten von Codes. Heutzutage wichtige Codes sind Rang-Metrik-
Codes und Unterraumcodes — die g-Analoga von bindren Codes und bindren
Codes mit konstantem Gewicht. All diese Codes konnen als Teilmengen
klassischer Assoziationsschemata betrachtet werden. Ein zentrales codie-
rungstheoretisches Problem besteht darin, obere Schranken fiir die Grofie von
Codes zu geben. Diese Arbeit untersucht Delsartes méachtiges lineares Opti-
mierungsproblem, dessen Optimum genau eine solche Schranke fiir Codes
in Assoziationsschemata ist. Die linearen Optimierungsprobleme fiir binére
Codes und bindre Codes mit konstantem Gewicht wurden seit den 1970er
Jahren ausgiebig untersucht, aber ihr Optimum ist noch unbekannt. Wir bes-
timmen auf einheitliche Weise das Optimum des linearen Optimierungsprob-
lems in verschiedenen gewohnlichen g-Analoga sowie in deren affinen Pen-
dants. Insbesondere werden Schranken und Konstruktionen fiir Codes in
Polarrdumen hergeleitet, wobei die Schranken in mehreren Féllen bis auf einen
konstanten Faktor optimal sind. Dariiber hinaus wird auf der Grundlage
dieser Resultate eine fast vollstandige Klassifizierung von Steiner-Systemen
in Polarrdumen gegeben, indem bewiesen wird, dass diese nur in wenigen

Spezialféllen existieren konnten.



Abstract

Digital communications relies heavily on the usage of different types of codes.
Prominent codes nowadays are rank-metric codes and subspace codes—the g-
analogs of binary codes and binary codes with constant weight. All these codes
can be viewed as subsets of classical association schemes. A central coding-
theoretic problem is to derive upper bounds for the size of codes. This thesis
investigates Delsarte’s powerful linear program whose optimum is precisely
such a bound for codes in association schemes. The linear programs for binary
codes and binary constant-weight codes have been extensively studied since
the 1970s, but their optimum is still unknown. We determine in a unified way
the optimum of the linear program in several ordinary g-analogs as well as in
their affine counterparts. In particular, bounds and constructions for codes
in polar spaces are established, where the bounds are sharp up to a constant
factor in many cases. Moreover, based on these results, an almost complete
classification of Steiner systems in polar spaces is provided by showing that

they could only exist in some corner cases.
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CHAPTER 1

Introduction

This thesis investigates codes and designs as subsets of association schemes
by using a linear programming method developed by Delsarte in the 1970s.

More specifically, we will focus on rank-metric codes and subspace codes,
which gained particular interest in recent years because of their applications
in network coding [MS12]—an area on which today’s digital communications
heavily relies on. Namely, nowadays, large amounts of data are stored or
transmitted via a network of intermediate nodes, for example, if one uses
video streaming, file distribution, peer-to-peer networking, or distributed
storage. In these networks, the data can be disrupted because of noise, for
example, by electromagnetic interference in cables when sending data over
wires. Codes ensure that the original data can be recovered from the data
exposed to noise if not too many errors occurred. In [KK08] and [SKKO08], it
was proposed to use matrices and finite-dimensional vector spaces over the
finite field I, for network coding and it turned out that they are very well
suited for the task of error-correction in network communications. Rank-metric
codes and subspace codes are the g-analogs of the classical codes—the binary
codes and the binary constant-weight codes. We will later see in this thesis that the
notion “g-analog” comes from the fact that combinatorics of sets can be seen
as the limiting case g — 1 of combinatorics of vector spaces over If;, where
vector spaces are replaced by sets and dimension by cardinality.

In general, one can think of a d-code Y as a finite subset in a metric space
such that d is the minimum distance that can occur between two distinct elements
of Y. Designs on the other hand are subsets of a given space that approximate
the whole space in a precise way. Design theory originated in the first half of
the 19th century, where the first example of a t-combinatorial design was given,
which is a collection Y of subsets, having the same cardinality, of a finite set V'
such that every t-subset of V lies in exactly A members of Y. For A = 1, one
obtains a special type of a combinatorial design called t-Steiner system. As an
example, a 2-Steiner system is given in Figure 1.1, where the set V consists of
all the seven depicted points and the lines are the members of the 2-Steiner
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FIGURE 1.1. A 2-Steiner system.

system.

From an algebraic-combinatorial viewpoint, codes and designs can be
seen as dual concepts and an immensely suitable framework to study them is
the rich theory of association schemes. As Delsarte and Levenshtein [DL98]
phrased it:

“In coding theory and related subjects, an association scheme [ . . .| should
mainly be viewed as a ‘structured space’ in which objects of interest (such
as codes, or designs) are living.”

More precisely, an association scheme with n classes consists of a finite set X to-
gether with n 4- 1 relations R, R, . .., R, on X x X such that the corresponding
adjacency matrices Dy, Dy, ..., D, span a commutative matrix algebra over
the complex numbers, called Bose-Mesner algebra, where Dy is the identity
matrix, the sum of all D; is the all-ones-matrix, and DZ-T liesin {Dy, D1, ..., Dy}
for all i. One can show that the Bose-Mesner algebra has a unique basis of
primitive idempotent matrices. The coefficients that occur in the change of
basis between them and the adjacency matrices are essential for the theory
of association schemes and are called P- and Q-numbers. In particular, the
P-numbers are the eigenvalues of the adjacency matrices, which are simulta-
neously diagonalizable and have exactly 7 + 1 maximal common eigenspaces
Vo, Vi, .., Vi

We will focus on classical association schemes, where the notion “classical”
stems from their connection to distance-regular graphs with classical parame-
ters [BCN89, § 6]. They are special in the sense that there exist orderings of the
adjacency matrices Dy, Dy, ..., D, and of the eigenspaces Vp, V3, ..., V, such
that the P- and Q-numbers are given as evaluations of orthogonal polynomials.
Because of these orderings, we can define a d-code as a subset Y of X such that

(YXY)NR; =@ foralli=1,2,...,d—1
and a t-design as a subset Y of X such that its characteristic vector ¢y satisfies

oy Vit 4+ Ve



Particularly, in a classical association scheme, the relations R; define a metric §
on X by
d(x,y) =i ifandonlyif (x,y) € R,

so that a d-code in such a classical association scheme is a d-code in the metric
space (X, 0).

The objective in coding theory is to construct d-codes with as many ele-
ments as possible since we aim for a high information rate during the transmit-
ting and storing process. This gives rise to one of the central coding-theoretic
problems.

Problem 1. What is the maximum cardinality of a d-code in a given metric space?

So, we would like to derive upper bounds on the cardinality of d-codes and
construct codes that reach these upper bounds. For designs on the other hand,
we want to give lower bounds on their cardinality since they are some kind of
approximation of their whole space leading to the following problem.

Problem 2. What is the minimum cardinality of a t-design in a classical association
scheme?

One is also interested in the existence of nontrivial designs, especially designs
that are extremal in some sense. For example, a t-Steiner system is a t-design in
an association scheme, called Johnson scheme, and is an optimal (n — f + 1)-code.
So, we also study the following problem.

Problem 3. Do nontrivial “extremal” t-designs in a classical association scheme
exist?

In this thesis, we will focus on Problem 1 and 3.

A landmark result in Delsarte’s PhD thesis [Del73] is the linear programming
method, which treats the problem of finding the maximum cardinality of a code
as an extremum problem for subsets in association schemes. The idea behind
the linear program is to first associate an inner distribution (Ao, A1,..., An)
with a d-code Y given by

A; = w foralli=0,1,...,n,
Y]
so that A; is basically the average number of pairs from Y x Y that lie in R;. It
can be readily verified that the inner distribution of a d-code Y satisfies

o Ag+A1+---+ A, =1Y|
[ ] A():l

e A; >0foralli=0,1,...,n
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e A, =0foralli=1,2,...,d—1

Recall that there exist some primitive idempotents Ey, E, . . ., E,; that constitute
a second basis for the Bose-Mesner algebra. Hence, the matrices Eo, Ey, . .., E,
are positive semidefinite implying that the characteristic vector ¢y of Y satisfies
gb%Ek(Py > 0forall k = 0,1,...,n. Itis readily verified that the condition
¢LErpy > 0 can be written as

Y Q(i)A; >0,
i=0

where Qy(7) are the Q-numbers that occur when writing E as a linear combi-
nation of the matrices D;. Combining all the aforementioned properties of the
inner distribution gives Delsarte’s linear program of the form

maximize Ag+ A1+ ---+ A,

subjectto Ag =1
A; >0 foralli=d,d+1,...,n
A;=0 foralli=1,2,...,d—1

n
Y Qu(i)A; >0 forallk=1,2,...,n
i=0

The optimum of this linear program gives an upper bound on the cardinality
of a d-code in the respective association scheme. The linear program can be
solved numerically for a given set of parameters (e.g., number of classes in the
association scheme, minimum distance of the code, etc.). However, we will
see that the linear program can be also used to obtain analytic bounds and
moreover, to characterize the cases, where equality holds.

The most important classical association schemes for classical coding and
design theory are the Hamming scheme and the Johnson scheme, where codes in
the first are the g-ary codes and in the latter the binary constant-weight codes.
More concretely, the Hamming scheme consists of the set X that contains all
n-tuples with entries from {1,2,...,q} and the relations R; consist of all pairs
from X x X that differ in exactly i positions. For the Johnson scheme, the
set X contains all n-subsets of a given v-set and the relations R; consist of
all pairs from X x X such that their intersection has exactly n — i elements.
This thesis will focus on the g-analogs of the Hamming and Johnson scheme
that are also classical association schemes. These g-analogs can be further
categorized into ordinary q-analogs and affine g-analogs. The first ones consist
of the g-Johnson scheme J,(n,m) and six polar space schemes: two Hermitians
2A,,_q and 2A,,, symplectic Cy,, hyperbolic Dy, parabolic B,, and elliptic °D,, ;.
For the polar space schemes, the set X contains all maximal totally isotropic
subspaces of a finite vector space equipped with a nondegenerate form and
the relations R; consist of all pairs from X x X such that the dimension of their

intersection is exactly n — i, where # is called the rank of the polar space and is



defined as the dimension of the maximal totally isotropic subspaces. For the
g-Johnson scheme J; (1, m), the set X contains all n-dimensional subspaces of
a given (m 4 n)-dimensional vector space over IF; and the relations R; consist
of all pairs from X x X such the dimension of their intersection is exactly
n — i. Moreover, it is well known that the maximal totally isotropic subspaces
of the hyperbolic polar space D, can be partitioned into two systems, called
Latin and Greek, such that each system also gives rise to a classical association
scheme denoted by 1D, and called bipartite half of D,. The affine g-analogs
are the bilinear forms scheme Bil,(n, m) consisting of all m x n matrices over
IF,, the alternating bilinear forms scheme Alt,(m) consisting of all alternating
m x m matrices over I, and the Hermitian forms scheme Her,(n) consisting of
all Hermitian n x n matrices over I .. The relations R; of the affine g-analogs
contain all pairs from X x X whose difference has rank i or in the case of
Alt,(m), it has rank 2i. All six polar space schemes and the association schemes
Jo(n,m), 3Dy, Bilg(n,m), Alt,(m), and Her,(n) have n classes, where n =
|m/2] in the case of Alty(m) and 1D,,. The codes in the ordinary g-analogs
are the subspace codes and in the affine g-analogs the rank-metric codes.
Throughout this thesis, we will see a remarkable resemblance between the

ordinary and affine g-analogs.

Known results

Even though at first sight, the idea behind Delsarte’s linear program might
seem simple, it is a strikingly effective method yielding “good” bounds for
different types of codes. For example, the best known asymptotic bound for the
cardinality of binary codes and of binary constant-weight codes was derived
by applying this linear program in [McE+77]. Moreover, the method was also
used to show that a d-code Y with 1 < d < n in the affine g-analog Bil, (1, m),
Her,(n), or Alt,;(m) satisfies

Y] < (o), (1.1)

where d is required to be odd in the case of Her, (1) and the parameters b and c
are defined by

q,9"") for Bily(n,m)
—q,—1) for Her,(n

(

(
(b,c) =

(

(

)
q*,1/q) for Alty(m) if m is even
7%,9) for Alt,(m) if m is odd,

see [Del78a], [Sch18], and [DG75]. Except for Alt,(m) with even m and odd g,

there exist constructions reaching the bound (1.1), which were developed in
the three aforementioned papers. So, Problem 1 is answered in Bil, (1, m), in
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Her,(n) for odd d, and in Alt, () except for even m and odd g. We will see in
Chapter 5 that there also exists a bound for even d in Her, (1) from [Sch18]
that looks slightly more complicated than (1.1). However, there are no known
constructions reaching the bound in Her,(n) if d is even. For the g-Johnson
scheme, a d-code Y with 1 < d < nin J;(n, m) satisfies

+
[nnid-tl]q

Y| < (1.2)

[n:z;rl]q
This bound was first proved in [WXS03] and a proof based on linear program-
ming was given in [Z]X11]. It was shown in [SKKO08] that the bound (1.2)
is sharp up to a constant factor by using known optimal rank-metric codes
(MRD codes) in Bily(n, m), answering Problem 1 for J,(n, m) asymptotically.
In the literature, the bound (1.2) is known under different names, for example,
Wang-Xing-Safavi-Naini bound, anticode bound, and packing bound. How-
ever, we will see in this thesis that the bounds (1.2) and (1.1) deserve the
name Singleton bound.! Delsarte’s linear programming method was also used
to derive a bound for codes consisting of symmetric matrices, which is sharp
in some cases ([Sch10], [Sch15], [Sch20]). There, the codes correspond to sub-
sets in the symmetric bilinear forms scheme, which is a nonclassical association
scheme.

Although Problem 1 concerning binary codes and binary constant-weight
codes has been studied for decades, a solution for these codes seems still out
of reach. In particular, their linear programs have been investigated exten-
sively and it is still unknown what their optima look like. This is different
for their g-analogs, for example, since the Singleton bound for codes in the
bilinear forms scheme was proved by using the linear program and there
exist constructions (MRD codes) reaching this bound [Del78a], the Singleton
bound is precisely the optimum of the linear program. Similarly for the other
rank-metric codes in the cases, where the bounds obtained in [ DG75], [Sch18],
and [Sch20] are sharp. In particular, the optima are known for Alt,(m) ex-
cept if m is even and q is odd and for Her,(n) if d is odd. To our knowledge,
nothing was known about the optimum of the linear program for codes in the
g-Johnson scheme.

Codes that are optimal in some sense are often some kind of a design,
for example, a d-code in ], (1, m) of size (1.2) is an (n — d + 1)-design. The
designs in the g-Johnson scheme have a combinatorial interpretation and
were introduced in the 1970s (see [Del78b], [Cam74]). They are a g-analog
version of a combinatorial design, namely, a t-design over I is a collection Y of

subspaces, having the same dimension, of a finite-dimensional vector space V

1We note that there already exists a different bound called Singleton bound for codes in
the g-Johnson scheme [KK08], which can be shown by using a puncturing argument similarly
to the proof of the Singleton bound for g-ary codes and rank-metric codes in Bil, (1, m).



over IF; such that every ¢-dimensional subspace of V lies in exactly A members
of Y. For A = 1, one obtains a t-Steiner system over Iy and a d-code Y is of
size (1.2) if and only if Y is an (n — d + 1)-Steiner system over IF,.

It was shown in [Tei87] that nontrivial t-combinatorial designs exist for
all t. In [FLV14], a similar result was proved for t-designs over IF;, namely that
they exist for all t and g if the size of the ambient vector space is large enough
and if the dimension of the members of the design is large enough compared
to t. Whereas it was shown in [Keel4] that nontrivial classical Steiner systems
are abundant (see also [Glo+16] for a different proof), it is quite sobering that
nontrivial Steiner systems over I; are so far only known to exist for one set of
parameters [Bra+16].

We will examine -Steiner systems in polar spaces, which are sets Y of max-
imal totally isotropic subspaces such that every t-dimensional totally isotropic
subspace of the polar space lies in exactly one element of Y. The special case
of t = 1 corresponds to the well-known spreads in polar spaces. Although
spreads have been heavily studied since the 1960s, their existence question is
still not fully resolved (see [HT16, § 7.4] for the current status). Fort =n —1,
it was known that (n — 1)-Steiner systems cannot exist in 2A,, ;, B,, and
C,, and in 2A2n and ZDHJrl if g = 2, see [Vanll, p. 160]. Moreover, it was
known that (n — 1)-Steiner systems in D, always exist—namely they are the
two systems Latin and Greek. Not much was known about the existence of
t-Steiner systems in polar spaces with 1 < t < n — 1. Only recently, it was
shown in [Cos+22] that #-Steiner systems cannot exist if (1,¢) = (4,2) and
(n,t) = (5,3).

New results

To state two main results of this thesis, we extend the definition of the parame-
ters b and c as follows

q,q"") for Bily(n,m) and J;(n,m)

(q,4"
(b,c) = (—g,—1) forHery(n)and ?4,, ,
(
(

q*,1/q) for Alty(m) and 1D, if m is even
7%,9) for Alt,(m) and 3Dy, if m is odd.

Our first main result contains the optima of the linear programs for several
ordinary and affine g-analogs.

Theorem 1.

(a) Let X be the set of n-spaces in J,(n, m) or maximal totally isotropic subspaces
in 2A2n—1 or %Dm, where n = |m /2] in the case of %Dm. Then the optimum
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of the linear program for d-codes with 1 < d < n in ]q(n,m), 2Aanl, and
%Dm is given by

d-2 14
gb* — 1
H qcbn-M (1'3)

where d is required to be odd in the case of 2A,, .

(b) The optimum of the linear program for d-codes with 1 < d < n in Bily(n, m),
Her,(n), and Alt,(m) is given by

(Cbn)nfdJrl,

where d is required to be odd in the case of Hery(n) and n = |m /2] in the case
of Alt,(m).

Observe that there is a nice resemblance between the optima for the ordi-

nary and affine g-analogs since we have

d+1 _ v’

Tl n—

(Cb ’ H qcanr/’

where |X| = (cb")" is the number of matrices in Bil,(n,m), Hers(n), and

Alt,(m). In the case of J,(n,m), we have |X| = [m:"]q and the optimum (1.3)
can thus be written as
[ m—+n ]

ﬂ*d*‘rl q

[H—Z-‘rl]q '

which is the known bound (1.2). Therefore, the optima in J,(n, m), Bil,(n, m),
Her,(n), and Alt,(m) are precisely the Singleton bounds (1.2) and (1.1).

We will moreover obtain the optimum of the linear program for d-codes in
Her,(n) and ZAz”f1 if d is even, in D,, if d is even, and in B,, and C,, if d is odd.

The proof of Theorem 1 given in Chapter 5 will rely on unified expres-
sions of the P- and Q-numbers of J,(n,m), 2A2n—1’ and %Dm as dual g-Hahn
polynomials and g-Hahn polynomials, respectively, as well as of the P- and
Q-numbers of Bil;(n, m), Her,(n), and Alt;(m) as affine g-Krawtchouk poly-
nomials.

The bound (1.3) for codes in 2A2n_1 and %Dm will be already derived in
Chapter 3. Based on this bound for 2A2n71 and %Dm, we will then obtain
bounds for codes in all the remaining polar spaces 2A2n, B,, C,, D,, and
’D nl:

bilinear, Hermitian, and symmetric bilinear forms scheme to construct codes

We will also use known constructions of codes in the alternating

in all polar spaces. Additionally, we will exploit these constructions to show
that our obtained bounds are sharp up to a constant factor in several cases and
thus, we will answer Problem 1 for codes in polar spaces from an asymptotic

viewpoint.



Exploiting our bounds for codes in polar spaces, we will classify nontrivial
t-Steiner systems in polar spaces by proving their nonexistence except for
some corner cases. This is remarkable since the classical Steiner systems are
ubiquitous, whereas basically nothing is known for Steiner systems over IF,.
More specifically, our second main result, which will be proved in Chapter 4,
is the following.

Theorem 2. Suppose that a polar space P of rank n contains a t-Steiner system with
1 <t < n. Then one of the following holds

(1) t=n—1and P = Dy;
(2) t:n—land”P:2A2nor2Dn+1forq23;

(3) t=2and P = 2A,, or ZDHJrl for odd n.

Outline

Chapter 2 will introduce the required preliminaries about association schemes
and linear programming. In particular, we will present the classical association
schemes in more detail in Section 2.3. Tabular overviews of the classical
association schemes can be found in Appendix A.

Every chapter will be preceded with an outline of its structure and a de-
tailed introduction to its contents, especially stating its main results in the
case of Chapter 4 and 5. Moreover, Chapter 3, 4, and 5 will be closed with a
discussion of open problems arising from the results of the respective chapters
or related to the topics considered therein. Finally, we will give a summary of
the new results of this thesis in Chapter 6.

A list of all the notation occurring in this thesis can be found on page 155.






CHAPTER 2

Association schemes

Beautiful things don’t ask for attention.
—From the movie The Secret Life of Walter Mitty

Association schemes are fundamental in algebraic combinatorics. They
give us an algebraic approach to study relations between elements of a finite
set. Namely, we can associate a commutative matrix algebra with these re-
lations if they satisfy some “nice” properties. By then using tools from, for
example, linear algebra, harmonic analysis, or optimization theory, we can
derive combinatorial properties of special subsets, called codes and designs,
of this finite set. The theory behind this, and which we will apply in this
thesis, goes back to Delsarte’s groundbreaking PhD thesis [Del73], where
he established a beautiful connection between coding and design theory by
unifying both areas in the framework of association schemes. In this setting,
codes and designs can be viewed as dual objects. For codes, one is interested
in finding large subsets in a metric space such that specified distances cannot
occur. Whereas for designs, one wants a small subset of the space such that
its characteristic vector cannot lie in some specified eigenspaces associated
with the commutative matrix algebra. Delsarte moreover developed a strong
method, based on linear programming, to obtain bounds for the size of codes
and designs and to characterize the extremal cases, when the bounds are tight.
This method will be heavily applied and investigated throughout this thesis.

We start this chapter by giving some background on association schemes
in Section 2.1. Afterwards, we will shortly look at some facts from the theory
of linear programming that are needed to introduce Delsarte’s linear program-
ming method in Section 2.2. The last part of this chapter, Section 2.3, deals
with the classical association schemes that we focus on in this thesis.

1
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21 Background on association schemes

In this section, we will give an overview of association schemes and present
the basic results that will be used throughout this thesis. For proofs and more
information, we refer to the books [BI84] and [Ban+21] and especially to
Delsarte’s thesis [Del73]. Gently introductions to association schemes can also
be found in [MS77, § 21] and [LW92].

211 Definition and examples

Association schemes. In the literature, various definitions of association
schemes exist. Here, we will use the following one. An association scheme
(X, (R;)) with n classes is a finite set X with at least two elements together with
n + 1 nonempty relations Ry, Ry, ..., R, such that

(A1) all n+ 1 relations R; partition X x X and Ry = {(x,x) | x € X};

(A2) for each relation R, its transpose RT = {(y,x) | (x,y) € R;} also occurs
in {Ro,Ry,...,Ry};

(A3) for every pair (x,y) € Ry, the number of z € X with (x,z) € R; and
(z,y) € R;is a constant pi?j depending only on i, j, and k, but not on the
particular choice of (x,y);

(A4) pfj = p;fl. for all i, j, k.

The numbers pé‘j are called intersection numbers. If R; = RiT holds for all i,
then the association scheme is called symmetric and (A4) holds automatically.
Let Ry denote the transposed relation R! of R;. Then we have p?, = p9.. We
write v; = pY, and call this number the valency of the relation R;. So, for every
x € X, we have

vi =y € X| (xy) € Ri}|.

The elements of X are called points and the set {Ro, Ry, ..., R, } of relations is
henceforth denoted by R.

In a symmetric association scheme, the condition (A3) can be visualized as
follows. Associate with each relation R; a color c;. Let G be the graph, where
the vertices are the points of X and between two vertices x,y € X, there is
an edge colored by c; if (x,y) lies in R;. Condition (A3) then implies that the
number of triangles depicted in Figure 2.1 depends only on the coloring of the
edges, but not on the chosen base edge between x and y.

In the following, we look at two examples of association schemes that
are the two most important ones for classical coding and design theory—the
Hamming scheme and the Johnson scheme. These two will be used as running
examples throughout this chapter.
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Ck

: ®

FiGURE 2.1. Interpretation of the condition (A3) of a symmetric association
scheme: exactly p vertices z form this type of triangle.

Example 2.1.1 (Hamming scheme). Let n and q be positive integers with q > 2
and let X = Q", where Q is a set with q elements. The Hamming distance dy (x, y)
between two points x,y € X is the number of positions in which x and y differ. More
specifically, the mapping dp: X x X — INg defined by

du(xy) ={i|0<i<n x; #yi}|
is a metric. The relation R; is given by all pairs of X x X whose Hamming distance
equals i. Then there are n + 1 relations Ro, Ry, . .., R, that together with X form a
symmetric association scheme with n classes, known as the Hamming scheme and
denoted by H(n, q). The valencies are given by
(n
0 = (g 1>1< ) (2.1)

i
foralli =0,1,...,n. Forexample, H(2,2) and H(3,2) are depicted in Figure 2.2
and 2.3, respectively.

FiGURE 2.2. Hamming scheme H(2,2) with the relations <, and R,.

Example 2.1.2 (Johnson scheme). Let m and n be positive integers with m > n.

Then the set X of all n-subsets of a given (m + n)-set together with
Ri={(vy) e XxX||xNy| =n—i} (2.2)

foralli=0,1,...,n forms a symmetric association scheme with n classes, known as
the Johnson scheme, and is denoted by J(n, m). Foralli =0,1,...,n, we have

- ()()

As an example, the Johnson scheme J(2,2) is depicted in Figure 2.4.

13
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Ficure 2.3. Hamming scheme H(3,2) with the relations 1, R», and Rs.

FIGURE 2.4. Johnson scheme [(2,2) with the relations | and R,.

There is a nice connection between the binary Hamming scheme and the
Johnson scheme.

Remark 2.1.3. The Johnson scheme J(n,m) can be embedded into the Ham-
ming scheme H(m + n,2) as follows. Identify an n-set x in J(n, m) with its
characteristic vector ¢y, defined by (¢x), = 1ifa € x and (¢x), = 0 otherwise,
which lies in {0, 1}"*". Then, for two n-sets x and y, it holds n — |x Ny| = 7 if
and only if di(¢x, ¢y) = 2i. Hence, this gives (x,y) € R; in J(n,m) if and only
if dig (¢, py) = 2.

The following proposition is often very useful to verify that a given finite
set X together with some relations forms an association scheme. It can only be
applied if the association scheme has a group as an underlying structure such
that this group G acts transitively on X; that is, for all x, y € X, there exists a
g € Gwithgx =y.

Proposition 2.1.4 ([Ban+21, Example 2.3]). Let G be a finite group and let X be a
finite set, where G acts transitively on X. Define an action of Gon X x X by g(x,y) =
(gx,gy) forall x,y € Xand g € G. Then Ry = {(x,x) | x € X} is an orbit.
If Ro, Ry, ..., Ry are all the orbits of X x X under G, then (X,{Ro,R1,...,Ry})
satisfies the conditions (A1)—(A3) of an association scheme.

We can use this proposition to show that the Hamming scheme and the
Johnson scheme are really association schemes.
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Example 2.1.5. Let (X, R ) be the Hamming scheme H(n, q). Its underlying group G
is the wreath product S50 S,,. More concretely, the group G is the semidirect product of
Sy X -+ x Sy (n copies of Sy) and S, with respect to ¢: S, — Aut(S; x --- X Sp),
where

() (01, 00) = (Or(1)r -+ 1 Or(n))-

Then G acts transitively on X via

((g,7),x) = (01(Xr (1)) - -+ On(Xr(m)))

forallo € Sy x --- xS, m €Sy, and x € X. The action of G extends to X x X
componentwise and the orbits of this group action are precisely the relations R; defined
in Example 2.1.1. Because R; = R! for all i, the pair (X,{Ro,R1,...,Ry}) isa
symmetric association scheme. It is an association scheme of type B, or C, since in
the binary case, the group G = Sy 1 Sy, is the hyperoctahedral group, which is a Weyl
group of a Chevalley group? of type By, or Cy, see [Sta84, p. 103].

Example 2.1.6. Let (X,R) be the Johnson scheme J(n,m). The symmetric
group Syyn acts transitively on X by permuting the elements of the (m + n)-set.
The action of Sy,4y extends to X x X componentwise and the orbits of this group
action are given by Ro, Ry, . .., Ry from (2.2). Because of R; = R! for all i, the pair
(X, {RO, Ry,..., Rn}) is a symmetric association scheme. It is an association scheme
of type Ayin—1 since the group Sy, is the Weyl group of a Chevalley group of type
Amin—1, see [Sta84, p. 101].

Strongly regular graphs. If a symmetric association scheme has only two
classes, then it is closely related to a strongly regqular graph. Let G = (V,E)
denote a graph with vertex set V and edge set E. If there is an edge between
two vertices x,y € V, then write x ~ y. A simple graph G = (V, E), which
is neither empty nor complete, is called a strongly reqular graph srg(v, k, 6, p)
if the graph G has v vertices, is k-regular (that is, every vertex has exactly k
neighbors), and if the following holds

0 ifxn~y,
{zeV]|x~zandy ~z}| = ey
p ifx Ay.

The next proposition shows that symmetric association schemes with two
classes are equivalent to strongly regular graphs.

Proposition 2.1.7.

(a) Let (X, {Ro, Ry, Ry}) be a symmetric association scheme with two classes. Then
the graph G = (X, Ry) is an stg(| X[, iy, piy, Ph).

2The definitions of Weyl and Chevalley groups are out of the scope of this thesis and they
are also not required in detail since the type is only used for a categorization of different
association schemes.

15
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(b) Let G be an srg(v,k,0,p). Define Ry = {(x,x) | x € X} and let Ry be the
edge set of G and let Ry be the edge set of the complement of G. Then the pair
(X, {Ro, Ry, Ry }) is a symmetric association scheme with two classes.

An example of a strongly regular graph can be constructed by using the
Hamming scheme H(2, q), for example, see Figure 2.5.

FIGURE 2.5. A strongly regular graph srg(9, 4,1,2) that arises from the Ham-
ming scheme H(2,3).

21.2 The Bose-Mesner algebra

We now introduce an algebra associated with an association scheme and use
tools from linear algebra to further study association schemes.

Given a relation R; of an association scheme (X, R) with n classes, let D;
be the adjacency matrix of the graph (X, R;), thatis, D; is an | X| x | X| matrix
with

1 if (xv,y) € Ry,

<D i ) Xy =
0 otherwise

for x,y € X. The conditions (Al)-(A3) are then equivalent to (A1")—(A3’)

with

(A1) Do+ D1+ ---+ D, = Jand Dy = I (where | and I are the all-ones-
matrix and identity matrix, respectively);

(A2") foreachi€ {0,1,...,n}, thereexistsani’ € {0,1,...,n} with DiT = Dy;

(A3’) foreachi,j e {0,1,...,n}, there exist nonnegative integers pﬁ-‘j such that
- k
Dl‘D]‘ = ];) Pz‘]'Dk-

Consider the C-vector space B spanned by the adjacency matrices
Dy, Dy, ..., D, of an association scheme (X, R). This vector space together
with the standard matrix multiplication is a commutative matrix algebra, called
the Bose-Mesner algebra. The following proposition shows that B has a second

basis with some special properties.
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Proposition 2.1.8 ([Ban+21, Lemma 2.18]). Let B be the Bose-Mesner algebra of
an association scheme (X, R) with n classes. Then the algebra I3 has a second basis
consisting of pairwise orthogonal, idempotent, Hermitian matrices Ey, E1, . . ., E,, that

satisfy

1
M]E {EO,El,...,En}.

In what follows, we set Ey = ‘17| J and write y; = rank(Ey), which are

Eo+Ei+---+E,=1 and

known as the multiplicities of the association scheme. We call the matrices
Eo, E1, ..., E, from Proposition 2.1.8 the primitive idempotents of the association
scheme.?

P-and Q-numbers. Since there are two different bases for the Bose-Mesner

algebra of an association scheme, we can use a change of basis to define complex
numbers P;(k) and Q(i) b

The numbers P;(k) and Qi (i) are called P-numbers and Q-numbers (or eigenval-
ues and dual eigenvalues) of the association scheme, respectively. The origin
of the second names comes from the fact that the P-numbers are indeed the
eigenvalues of the matrices D; because

D;E;, = ZP )E,Ey = Pi(k)Ex.

Moreover, the column spaces of the matrices Ey, Ey,...,E, are the maxi-
mal common eigenspaces of the matrices Dy, Dy,...,D,. We denote the
eigenspaces by Vj, that is, Vi = E;CX. We then have the orthogonal direct sum

CKX=VyLWvL---1V,

with respect to the complex inner product, where V; is spanned by the all-ones
vector.

Observe that the P- and Q-numbers are real if the association scheme is
symmetric.

For the Hamming scheme and the Johnson scheme, the P- and Q-numbers
are well known. For example, they were derived in [Del76a] by using semilat-
tices.

Example 2.1.9 ([Del76a, Theorem 11], [Ban+21, Theorem 2.86]). Consider
the Hamming scheme H(n, q). Then there exists a unique ordering of the primitive

3This notion comes from ring theory, where a nonzero idempotent element E in a ring R
means that E cannot be written as the sum of two nonzero orthogonal idempotents of R.
Indeed, if Ex = A + B for two orthogonal idempotents A and B of the Bose-Mesner algebra,
then E A = A follows and since A can be written as a linear combination of the matrices
Eg,E1,...,Eq,we have A = E or A =0.
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idempotents Eg, E1, . .., E, such that the P- and Q-numbers are given by
i , (K (n—k
P = ik = L0~ 0 (5) (52) (24)
j=0 ] 1=]
They can also be written as
d i i(n—j\ (n—k
P = @il = L0 g (1) ("),
= n—i j

which can be proved by using generating functions, see [MS77, § 5, Theorem 15].

Example 2.1.10 ([Del76a, Theorem 10], [Del78b]). Consider the Johnson
scheme J(n,m). Then there exists a unique ordering of the primitive idempotents
Eo, Ey, ..., E, such that the P-numbers are given by

- F GCETY e

and the Q-numbers are given by

wo-nf ()0 6 Q) e

where . = (") — (}7]) are the multiplicities.

Below we summarize some basic facts about the P- and Q-numbers. Writ-
ing

P()(O) P()(l) e Po(n)

Pl(O) Pl(l) s Pl(l’l)
P = . . .

Py(0) Py(1) -+ Pu(n)

and

Qo(0) Qo(1) -+ Qo(n)

0- Q1:(0) le(l) Qlf”) (27)

Qn(0) Qu(1) -+ Qu(n)

gives PQ = QP = |X|I, which in one case means

1 & . .
X gpi(k)gk(]) =6; foralli,j=0,1,...,n. (2.8)
The following proposition contains some special values of the P- and Q-

numbers.
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Proposition 2.1.11 ([Ban+21, Proposition 2.21]). Let P;(k) and Qi (i) be the
P- and Q-numbers of an association scheme (X, R) with n classes. Then, for all
i=0,1,...,n, we have

(a) Po(i) = Qo(i) =
(b) Pi(0) =v;
(c) Qi(0) = i

The P- and Q-numbers satisfy some orthogonality relations that will be of
importance in the next subsection.

Proposition 2.1.12 ([Ban+21, Theorem 2.22]). Let P;(k) and Qi (i) be the P- and
Q-numbers of an association scheme (X, R) with n classes. Then we have the two
orthogonality relations

|X| Z 1P (k = 6jv; foralli,j=0,1,...,n, (2.9)
1 N )
X ZviQk(z)QJ-(z) = Oy forallj,k=0,1,...,n. (2.10)
i=0

Moreover, the P- and Q-numbers are connected by

ukPi(k) = v;Qx(i) foralli,k =0,1,...,n. (2.11)

Krein numbers. We remark that the Bose-Mesner algebra of an associ-
ation scheme with the adjacency matrices Dy, Dy, ..., D, is also an algebra
with respect to the Hadamard (entrywise) product o, where the matrices
Dy, Dy, ..., D, form a basis consisting of pairwise orthogonal idempotent ele-
ments. Moreover, there exist complex numbers qé‘j, called Krein numbers, such
that

j ’X’ Zqz]Ek

foralli,j =0,1,...,n, where Ey, Ey, ..., E, are the primitive idempotents of
the association scheme. The Krein numbers satisfy similar properties as the
intersection numbers pf] However, no general combinatorial interpretation

for them is known. For more details, see [Ban+21, § 2].

21.3 P-and Q-polynomial association schemes

In this subsection, we will consider only symmetric association schemes since
their P- and Q-numbers are real numbers.

Metric association schemes. Let (X,R) be a symmetric association
scheme with n classes and intersection numbers pé‘j, where we assume an
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ordering of the relations Ry, Ry, . .., R,,. Then (X, R) is called metric if piﬁj #0
and

pii #0 = |i—jl <k<i+j forallijk
The motivation for this definition comes from the following proposition.

Proposition 2.1.13 ([Del73, § 5.2]). Let (X, R) be a symmetric association scheme
with intersection numbers pi‘] Define a mapping 6: X x X — WNo by §(x,y) =i
whenever (x,y) € R;. Then the following are equivalent:

(1) 6 is a metric.
(2) (X, R) is metric.

Example 2.1.14. The Hamming scheme H(n, q) is metric and the Hamming distance
dg (-, ) is the corresponding metric.

Example 2.1.15. The Johnson scheme ] (n, m) is metric: Use the embedding of ] (n, m)
into H(m + n, 2) from Remark 2.1.3 and identify each set x € X with its characteristic
vector ¢y in {0,1}"+". The metric 6 is then given by 5(x,y) = dp(¢Px, ¢y) /2.

P-polynomial association scheme. We will see that metric association
schemes have the useful property that the P-numbers are given by polynomi-
als. A symmetric association scheme is called P-polynomial with respect to the
ordering Ro, Ry, . .., R, if there exist polynomials f; € R[x] of degree i and dis-
tinct real numbers yo, y1, . . ., y, such that P;(k) = fi(yx) foralli,k =0,1,...,n.
The following proposition gives the connection between P-polynomial and

metric association schemes.

Proposition 2.1.16 ([Ban+21, Theorem 2.76], [Del73, Theorem 5.6]). Let
(X, R) be a symmetric association scheme with the adjacency matrices Dy, D1, . .., Dy
corresponding to the relations Ro, Ry, ..., Ry,. Then the following are equivalent:

(a) (X, R) is P-polynomial with respect to the ordering Ro, Ry, ..., Ry of the rela-
tions.

(b) (X, R) is metric with respect to the ordering Ro, Ry, ..., Ry.
(c) There exist polynomials h;(x) € R[x] of degree i such that D; = h;(D1).

Q-polynomial association scheme. A definition similar to P-polynomial
association scheme can be given in terms of the Q-numbers. A symmet-
ric association scheme is called Q-polynomial with respect to the ordering
Eo, Eq, ..., E, of the primitive idempotents if there exist polynomials g, € R[x]
of degree k and distinct real numbers z, z1, . . ., z, such that Qx(i) = gx(zx)
foralli,k=0,1,...,n.
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Similar to Proposition 2.1.16, we have the following.4

Proposition 2.1.17. Let (X, R) be a symmetric association scheme with primitive
idempotents Eg, E1, . .., E,. Then the following are equivalent:

(a) (X, R) is Q-polynomial with respect to the ordering Eg, Eq, ..., E,.

(b) There exist polynomials hy(x) € R[x] of degree k such that | X|Ex = hi(|X|Eq),
where the Hadamard product is used whenever a matrix is substituted into the
polynomial hy.

By (2.9), the polynomials f; associated with a P-polynomial association
scheme are orthogonal with respect to the inner product

(f.8) = ki(:)ﬂkf (vx)g(yx) for f,g € R[x]

and we have (f;, f;) = |X|v;;j. Similarly, by using (2.10), the polynomials g
associated with a Q-polynomial association scheme are orthogonal with re-
spect to the inner product

n

(f,8) =} vif(zi)g(zi) forf,g € R[x] (2.12)
i=0
and we have (gj,gx) = |X|prdj. Therefore, for some association schemes,

there is a connection to orthogonal polynomials.

Orthogonal polynomials. In what follows, and also in Section 2.3, we
will introduce different orthogonal polynomials associated with association
schemes. We note that there exist various definitions for the orthogonal poly-
nomials used in this thesis. For the sake of consistency, we will always use the
definitions given in [KLS10]. The polynomials will be expressed by hypergeo-
metric functions, which requires the definition of the Pochhammer symbol a'®)
given by

a9 =1 and 4 =a(a+1)---(a+i—1),

where 4 is a complex number and i is a positive integer.” The Pochhammer
symbol can be seen as a generalization of the factorial since i = 1(). It is also
related to the binomial coefficient by

(- Sa

4There exists a dual version of the term metric with respect to the Krein parameters,
called cometric, see [Del73, Theorem 5.16], for example.

5The Pochhammer symbol a() is commonly denoted by (a);. However, we will use the
latter notation as a a short version of the g-Pochhammer symbol (a; q); for a specific g in all
upcoming chapters.
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for all complex numbers 2 and all nonnegative integers i. The hypergeometric
function ,F; is now defined by the series

IS (k) k
ai, al, .., a z
F(hqu ) ; (v ..b ﬂ@ﬁ’ (2.14)

(al,...,ar)(k) :ag sy,

where

The parameters in (2.14) must be chosen such that the denominators in the
series are never zero. If one of the parameters 4; in the numerators is a non-
positive integer, then the hypergeometric function is a polynomial in z. This is
the case for all hypergeometric functions considered in this thesis.

We will now look at the polynomials associated with the Hamming scheme

and the Johnson scheme.

Example 2.1.18. For the Hamming scheme H(n,q), the P-numbers P;(k) and Q-
numbers Q;(k) can be written by using the Krawtchouk polynomial of degree i in x

with the parameters n, A given by

1
A) fori=0,1,...,n,

9
g—1)’

see [CS90, Equation 2.6], for example. Therefore, the Hamming scheme is P-

—i,—X

Ki(x; A,n) = 2R (

see [KLS10, § 9.11]. Namely, we have

—i,—k

Pi(k) = Qi(k) = viKi(k; (9 —1)/q,n) = vi2F (

polynomial with respect to the ordering Ro, Ry, . . ., Ry, and Q-polynomial with respect
to the ordering Eo, E1, . . ., E,, that is imposed by (2.4). We call these two orderings
the standard orderings. For the P-polynomial structure, we have yy = k for all
k=0,1,...,nand in the case of the Q-polynomial structure, we have z; = i for all
1i=0,1,...,n

Example 2.1.19. For the Johnson scheme ] (n, m), the P-numbers P;(k) can be written
by using a dual Hahn polynomial (also called Eberlein polynomial) with the
parameters n, C, D given by

,—x,x+C+D+1

E;(A(x);C,D,n) = 35 |
i(A(x) n) 32< Ctl—n

1) fori=0,1,...,n,

which is a polynomial of degree i in A(x) = x(x +C+ D + 1), see [KLS10, § 9.6].
The Q-numbers Qi (i) can be written by using a Hahn polynomial with the parame-
ters n, A, B given by

Hi(x;A,B,n) = 3B |
k ) 32( A+1,-n

1) fork=0,1,...,n,
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which is a polynomial of degree k in x, see [ KLS10, Section 9.5]. Then, from (2.5),

we obtain
1)

1),

see [Del76b, §5.2] and use (2.11). Therefore, the Johnson scheme is P-polynomial with
respect to the ordering Ro, Ry, . .., R, and Q-polynomial with respect to the ordering

—i,—kk—m-n—1
Pi(k):viEi(/\(k);_m_lr_”—l,ﬂ)=vi3F2( i,—kk—m—n

—m, —n
and

) . —i,—kk—m-n-—1
Qr(i) = mHy(i; —-m—1,—n—1,n) = ux 3k (

—m,—n

Eo, E1, ..., E,. Similarly to the Hamming scheme, we call these two orderings the
standard orderings. For the P-polynomial structure, we have yy = k(k—m —n—1)
forallk =0,1,...,n and in the case of the Q-polynomial structure, we have z; = i
foralli=0,1,...,n.

Different orderings. We will now shortly discuss the importance of the or-
derings required in the definition of P- and Q-polynomial association schemes.
We will later see in Section 3.2 why it is useful to study a symmetric association
scheme with respect to different orderings if they exist.

It is well known that a P-polynomial association scheme can have at most
two different orderings and moreover, it is known which orderings it could
have.

Proposition 2.1.20 ([BB80, Theorem 1 and 2]). A symmetric association scheme,
which is not the association scheme of an n-gon®, can only be P-polynomial with
respect to at most two orderings of its relations. Moreover, if (X,{Ro, R1,...,Ry})
is a P-polynomial association scheme with respect to some ordering Ro, Ry, ..., Ry,
then there are the following four possible patterns of a second P-polynomial ordering:

(I) Ro,R2, Ry, Rg,...,R5,R3,Rq

(II) Ro,Ry,R1,R;—1,R2, Ryy—2,R3,R;—3,. ..
(II) Ro,Ry,Ra, Ry—2,Ra,Ry—4,...,Ry—5,R5,Rn—3,R3,Ry—1,Rq
(IV) Ro,Ry-1,R2,Ry—3,R4,Ry—5,...,Rs5,Ry—4,R3,Ry—2, Ry, Ry

To determine whether a P-polynomial scheme has a second P-polynomial
structure or not, one can use its intersection numbers. For more details,
see [Ban+21,§ 6.1].

A similar theorem holds for the Q-polynomial structure.

6This association scheme consists of the point set X = {0,1,...,n — 1} together with the
relations Ro, Ry, ..., Ry, /5| given by (x,y) € R; ifand only if min{|x —y[,n — [x —y[} =i. It
is P-polynomial with respect to the orderings Ry, Ry, Ryy, Ry, . .. for all £ with ged(n, £) =1,
where the indices in the relations are taken modulo 7.
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Proposition 2.1.21 ([Suz98, Theorem 1], [MW14, Theorem 3]). A symmetric
association scheme, which is not the association scheme of an n-gon’, can only be
Q-polynomial with respect to at most two orderings of its primitive idempotents
Eo, E1, ..., E,. Moreover, if an association scheme is Q-polynomial with respect to
some ordering Eo, E1, . .., Ej of its primitive idempotents, then there are the following

four possible patterns of a second Q-polynomial ordering:
(I) Eo,Ez, E4,Eg, ..., Es,E3, Eq
(I) Eo,En E1,En—1,E, Ey—2,E3,En—3, ...
(IIl) Eo,En Eo Ey—2,Es,Ey—s,...,Ey5,E5,Ey3,E3,E—1, Eq
(IV) Eo,En-1,E2, Eyn—3,E4, Ens, ..., Es,Eq—4,E3, En—2, E1, Ey

To determine whether a Q-polynomial scheme has a second Q-polynomial
structure or not, one can use its Krein numbers. For more details, see [Ban+21,
§6.1].

We now look at different orderings for the Hamming scheme and the

Johnson scheme.

Example 2.1.22. It is known that the Hamming scheme H(n,q) with n > 3 has two
P- or Q-polynomial structures if and only if ¢ = 2 and n is even, see [ BI84, Remark
on p. 259]. Thus, assume that n > 4 is even. Then the binary Hamming scheme
H(n,2) is P-polynomial with respect to the second ordering

Ro,Rp-1,R2,Ry—3, R4, Ry—5, ..., R1, Ry
and Q-polynomial with respect to the second ordering
Eo,Eq-1,E2, En—3,E4,Ens,...,Eq, Ep.
If we use the second P-polynomial structure, then the P-numbers P} (k) are given by

Pi(k)  foreven i

Pl(k) = |
P,_i(k) foroddi,

where P;(k) are the P-numbers with respect to the standard ordering, see [CS86,
Equations (4.14) and (4.15)]. From (2.4), we obtain P/(n —k) = (—1)'P,(k),
which together with (2.11) and (2.1) gives

P/(K) = (~1)¥'Py (k).

Similarly, the Q-numbers Qi (i) with respect to the second Q-polynomial ordering are
given by
Qk(i) = (=1)"Qx(d),
7Let Eg, Ey, ..., Eq be a Q-polynomial ordering for the association scheme of an n-gon.

Then, for all k with ged(n, k) = 1, it is also Q-polynomial with respect to the ordering
Eo, Eg, Eok, E3k, - - ., where the indices are taken modulo #.
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where Qi (1) are the Q-numbers with respect to the standard ordering.

Example 2.1.23. It is known that the Johnson scheme J(n, m) with n > 3 has two
P-polynomial structures if and only if m = n+1 or (n,m) = (3,3). Moreover,
a second Q-polynomial structure for J(n,m) can only occur if (n,m) = (3,3),
see [ BI84, Remark on p. 259]. For m = n +1 > 4, the second P-polynomial ordering
for J(n,n + 1) is given by

RO/ Rn/ Rl/ Rl’l*l/ RZ/ RH—ZI e

The eigenvalues P! (k) with respect to this ordering are determined by

P/ (k) = P; /5 (k) for even i
P, (i—1)/2(k) foroddi,

where P;(k) are the eigenvalues with respect to the standard orderings, see [CS86,
Table 1].

Bipartite association schemes. Some P-polynomial association schemes
contain “subschemes” in the following way. A P-polynomial association
scheme (X, (R;)) with n classes, which is not an n-gon (see Footnote 6 on
p- 23), is called bipartite if

DiD]' = Z pf’]Dk
keQ)
with QO ={0,2,4,...,|[n/2|} holds foralli,j = 0,2,4,..., |n/2]. This gives

an equivalence relation

x ~yifand only if (x,y) € | J Ry,
ieQ)
which partitions X into exactly two equivalence classes X; and Xj, called bipar-
tite halves. Then the pair (X;, (Rai)o<i<|n/2]) is also a P-polynomial association
scheme, denoted by 1X. If (X, (R;)) is a bipartite association scheme with
n classes and P-numbers P;(k), then the P-numbers P/ (k) of X are given by
P!(k) = Py;(k), see [CS86, Theorem 4.1], for example. In Chapter 3 and 5, we
will heavily exploit a bipartite half of an association scheme associated with
the hyperbolic polar space, which will be introduced in Section 2.3.2. Here, as
an example, we will look at the bipartite half of the binary Hamming scheme.

Example 2.1.24. The binary Hamming scheme H(n,2) is bipartite, where the bi-
partite halves X; are given by the set of binary n-tuples with an even/odd number of
nonzero entries, see [ Ban+21, § 6.4 (iv)]. For example, see Figure 2.6. The relations
of H(n,2) are the orbits of X; x X; under the transitive group action of

G = {g € 5215, | g has an even number of sign changes}.
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The association scheme %H (n,2) is of type Dy, since G is a Weyl group of a Chevalley

:

fori,k =0,1,...,|n/2|, wherev; = () is the valency of the relation Ry; of H(n,2).
This can also be written as
1)

fori,k =0,1,...,|n/2], see [CS86, Equation (4.13)]. Thus, P} (k) can be expressed
by using a Hahn polynomial, namely we have

group of type Dy, see [Sta84, p. 104].
The P-numbers P} (k) of H(n,2) are given by

—2i,—k

—n

P (k) = vi2F (

—i,—k,k—n

_n —n+l
277 2

Pi(k) = vi3F (

(2.15)

PUK) = siE; <A(k);—n 1 ntl ”)
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with A(k) = k(k — n). By using (2.11) and the multiplicities uj, = (}) of sH(n,2),
we obtain the Q-numbers Qi (i) of 1H(n, 2) as follows

oy .. n+l n+lmn
1> _I’lka <l/ 7 ’ 2 /2)'

(2.16)

—i,—k,k—n

_n —n+l
2/ 2

Qr(i) = wsb <

Ficure 2.6. The bipartite halves of the Hamming scheme H(3,2) with the
relation R.

21.4 Codes and designs in association schemes

The objective of this thesis is to study special subsets of the set X of
a (P and Q)-polynomial association scheme—namely, codes and designs.
Whereas codes are dense packings in a metric space defined on X, designs
are “good” approximations of the whole set X. It will turn out that codes and
designs are dual to each other. In this subsection, we will introduce the basic
tools to study them and in Section 2.2, we will see how optimization theory

can be used to derive bounds for the size of codes.
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We start with the definitions of the inner distribution and codes.

Inner distribution and codes. Let (X,R) be an association scheme
with n classes. The inner distribution of a subset Y of X is the tuple A =
(Ao, Aq,...,Ay), where

(¥ x Y)NRy|

A =
l Y]

So, the entry A; is basically the average number of pairs from Y x Y thatliein R;.

The motivation for the inner distribution comes from its connection to codes. A
D-code is a subset Y of X such that A; = 0foralli € {1,2,...,n} \ D, where D
isasubsetof {1,...,n}. If the association scheme (X, R) is P-polynomial, then
a subset Y of X is a d-code if no pair (x,y) € Y x Y lies in one of the relations
R1,Ry,...,R;_1, that means, Y is a D-code with D = {d,d +1,...,n}. Note
that the inner distribution (A;) of a d-code satisfies

It turns out that this definition of D-codes coincides with various types of
codes introduced in coding theory, as can be seen in the next example.

Example 2.1.25. The d-codes in the Hamming scheme H(n,q) and in the Johnson
scheme J(n,m) are codes defined in coding theory. Namely, we have the following
(where we take the standard ordering of the relations in both association schemes).

(1) Ad-codein H(n,q) is a subset Y of Q" (where |Q| = q) such that
du(x,y) > d forall distinct x,y € Y.

These codes are the classical g-ary codes that have been heavily studied since
the 1940s and which have multiple applications in communication and storage
systems and are used in, e.g., deep-space communications, solid-state drives,
OR codes, Blu-ray discs.

(2) Ad-codein J(n,m) is a subset Y of n-subsets of an (m + n)-set such that
n—|xNy|>d foralldistinct x,y € Y.

Identify each n-subset x of the (m + n)-set by its characteristic vector ¢
in F5'*". Then each such vector has exactly n nonzero entries and a d-code Y
satisfies

Ay (P, ¢y) > 2d  for all distinct x,y € Y.
Such codes are called binary constant-weight codes, which are also used

in various digital communication systems, e.g., in barcodes or for frequency
hopping in telecommunications.
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Dual distribution. Let Qx(i) denote the Q-numbers of an association
scheme (X,R). The dual distribution of a subset Y of X is the tuple A’ =
(A, Al ..., A)) defined by

A=Y Qi(i)A;, (2.17)
=0

that is QA = A’, where Q is the Q-matrix from (2.7) containing the Q-
numbers Qy (7).

The inner and dual distributions have some useful properties summarized
in Table 2.1. All properties follow directly from the definitions and sometimes
by also using PQ = |X|I,, except for property (f) of the dual distribution,
which follows from the expression (e) of A; and the fact that the primitive
idempotents Ej are positive semidefinite. We emphasize property (f) of the
dual distribution since it is essential for several important proofs in the remain-
der of this thesis.

Proposition 2.1.26 ([Del73, Theorem 3.3]). All entries of the dual distribution of
a subset in an association scheme are nonnegative real numbers.

TaBLE 2.1. Properties of the inner and dual distributions of a subset Y
of X, where (X,R) is an association scheme with the adjacency matrices
Dy, Dy, ..., D, and primitive idempotents Ey, Ey, . . ., E,. Moreover, ¢y denotes
the characteristic vector of Y.

inner distribution A = (A;) dual distribution A" = (A;)
(a) g =1 Ay =]
n n ,
(b) Y A=Yl r A= [X]
i=0 k=0
(c) A= L pa A = QA
|X]
1 = ,
(d) Al = T Z Pl(k)Ak Ak = Z Qk(l)Az
‘X| k=0 i=0
(e) Ai = Py Dig A= XlgTEg
1 ‘Y| Y™~ Y k ‘Y| Y k¥Y
(f) A; >0 AL >0

We now look at a dual concept of a code.
Designs. Proposition 2.1.26 motivates the next definition. A subset Y of X
is called a T-design if Aj = 0 for all k € T, where T is a subset of {1,2,...,n}.
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FiGure 2.7. A 2-(2,3,1) orthogonal array (left) and a 2-(3,4,1) orthogonal
array (right).

If the association scheme is Q-polynomial with the ordered primitive idempo-
tents Eq, Ey, ..., E,, then a t-design is a subset of X whose dual distribution (A})
satisfies

Al=A,=---=A,=0.

Recall that we have CX =V, L V; L --- L V,, where V; is the column
space of Ey. Therefore, the characteristic vector ¢y of a subset Y of X is spanned
by the column vectors of the primitive idempotents. In the case of a t-design,
we can apply property (e) of A} from Table 2.1 to obtain Expy = 0 for all
k=1,2,...,t. Thus, the characteristic vector ¢y of a t-design Y satisfies

pyeVoLVign LV Lo LV,

So, the eigenspaces Vi, V5, ..., V; are forbidden, whereas for a d-code, the
relations Rq, Ry, ..., R _q are forbidden.

Applying a result by Roos [Ro082, Theorem 3.4], one can give a combinato-
rial interpretation of T-designs in an association scheme that is constructed by
using a group as in Proposition 2.1.4. For the Hamming and Johnson scheme,
we then obtain the following classification results.

Example 2.1.27. Designs in the Hamming scheme H(n, q) are related to orthogonal
arrays: Take X = Q" with |Q| = q > 2and 1 < t < n. Thenasubset Y of X is called
a t-(g,n, A) orthogonal array if every restriction of Y to any t positions contains
every t-tuple from Q' exactly A times. For example, a 2-(2,3,1) orthogonal array
and a 2-(3,4,1) orthogonal array can be found in Figure 2.7. We have the following
classification result for the Hamming scheme: a T-design with T = {1,2,...,t} for
t < n in the Hamming scheme H(n, q) is equivalent to a t-(q,n, A) orthogonal array
with A = |Y|/q', see [ Del73, Theorem 4.4] and [Roo82, Theorem 4.1.3].

Example 2.1.28. Designs in the Johnson scheme J(n, m) are related to the (classical)
combinatorial designs: Let X be the set of n-subsets of an (m + n)-set V and let
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1 <t < n. Then a subsetY of X is a t-(m + n,n, A) combinatorial design if every
t-subset of V lies in exactly A elements of Y. For example, a 2-(7,3,1) combinatorial
design (called Fano plane) was depicted in Figure 1.1. We have the following classifi-
cation result for the Johnson scheme: a T-design with T = {1,2,...,t}and t < nin
the Johnson scheme [ (n,m) is equivalent to a t-(m + n,n, A) combinatorial design

with A = |Y|(})/("™), see [Del73, Theorem 4.7] and [Roo82, Theorem 4.2.2].

In some cases, a t-design in a Q-polynomial association scheme can be
used to construct a new association scheme.

Proposition 2.1.29 ([Del73, Theorem 5.25]). Let (X, R) be a Q-polynomial as-
sociation scheme with n classes such that Qi (i) = gx(z;) forall i,k = 0,1,...,n.
Suppose Y is a t-design in (X, R) with |Y| > 2 and that there are exactly s + 1
nonzero entries in the inner distribution of Y such that t € {2s —2,2s —1,2s}. Then
the pair (Y, R|y) becomes a Q-polynomial association scheme with s classes, where
Ry contains all relations R from R such that RN (Y X Y) # @.

We close this section by looking at an example of Proposition 2.1.29.

Example 2.1.30. Let (X, R) be the binary Hamming scheme H(n,2) and let Y be
the set of elements in X with an even number of nonzero entries. Then'Y is an (n — 1)-
design in H(n,2). Since all Hamming distances in Y are even, we have s = |n/2|
and thus, t € {2s —1,2s}. From Proposition 2.1.29, we find that Y induces an
association scheme with |n /2| classes, which is the bipartite half 1H(n, 2) that we
already encountered in Example 2.1.24.

2.2 Linear programming

Besides establishing a connection between association schemes and coding
theory—by showing that some codes defined in coding theory are special
subsets in association schemes—Delsarte also introduced the powerful linear
programming method in [Del73], which treats the problem of finding the
maximum size of codes as an extremum problem for subsets in association
schemes. Finding upper bounds on the size of codes is one of the main objec-
tives in coding theory since large codes correspond to a high information rate
in the transmitting or storing process of data.

This section starts with a small overview on linear programming and after-

wards, we will introduce Delsarte’s pioneering linear programming method.

2.21 Basics from optimization theory

In this subsection, we briefly summarize the most basic facts from the theory
of linear programming. For further information, we refer to [Sch86], [ Van14],
and [GMO07].



2.2 Linear programming

Primal and dual LP. Let A € R"*%, b € R", and ¢ € R®. Then the primal
linear problem (primal LP) is the problem of finding x € R® that maximizes ¢’ x

under the constraints that x > 0 and Ax > —b. We write the primal LP as

follows
max clx
xeRS
s.t. x > 0 (2.18)
Ax > —b

The mapping x — cTx for x € R is called the objective function. If a vector
x € R® satisfies the constraints of an LP, then x is called a feasible solution of
that LP. The LP is bounded if for all feasible solutions x, the value ¢ x of the
objective function at x is bounded, otherwise the LP is unbounded. If the LP is
bounded, then a feasible solution x* is called optimal if cTx < ¢Tx* holds for all
feasible solutions x. We call the objective function value ¢ x* for an optimal
solution x* the LP optimum.

The dual linear problem (dual LP) is the problem of finding y € R" that
minimizes y’b under the constraints that y > 0 and y’ A < —c. Similarly to
the primal LP, we write

. Tb
s.t. y > 0 (2.19)
yTA < —CT

for the dual LP. Hence, the number of variables x; in the primal LP is equal to
the number of inequalities in yTA < —cT contained in the dual LP. Vice versa,
the number of inequalities in Ax > —b contained in the primal LP equals the
number of variables in the dual LP.

The terms objective function, feasible solution, (un)bounded, and optimal
are analogously defined for the dual LP.

Duality theory. There is a beautiful duality theory connecting the primal
and dual LP, see [ Van14, § 5], for example. Here, we will need the two following
duality theorems.

Theorem 2.2.1 (Weak duality theorem, [Sch86, Corollary 7.1g]). Every feasible
solution of the dual LP gives an upper bound on the LP optimum of the primal LP.
More specifically, for every feasible solutions x and y of the primal LP (2.18) and
dual LP (2.19), respectively, we have

Tx < yTb.

The weak duality theorem implies that the primal LP and dual LP are
bounded if both have a feasible solution.

The next theorem gives a connection between the optimal solutions of the
primal and dual LP.
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Theorem 2.2.2 (Strong duality theorem, [Sch86, § 7.9]). Let x and y be feasible
solutions of the primal LP (2.18) and dual LP (2.19), respectively. Then both solutions
x and y are optimal if and only if their objective function values coincide, that is,
cTx =yTh.

Another useful property is the complementary slackness, which follows di-
rectly from the weak and strong duality theorem.

Theorem 2.2.3 (Complementary slackness, [Sch86, § 7.9]). Let x and y be
feasible solutions of the primal and dual LP, respectively. Then x and y are optimal if
and only if yT (b + Ax) = 0and (cT +yT A)x = 0, which means

(1) if an entry y; of y is nonzero, then the i-th inequality in Ax > —b is satisfied
with equality;

(2) if the i-th inequality in Ax > —b is not satisfied with equality, then the corre-
sponding entry y; of y is zero;

(3) ifan entry x; of x is nonzero, then the i-th inequality in yT A < —cT is satisfied
with equality;

(4) if the i-th inequality in yT A < —cT is not satisfied with equality, then the
corresponding entry x; of x is zero.

One can apply LP solvers to compute the optimal solution (if it exists)
numerically. For example, one can use the package glpk in the software GNU
Octave [Eat+20], which uses so-called primal and dual simplex methods to
solve linear problem:s.

2.2.2 Delsarte’s linear programming method

This subsection is about the powerful linear programming method developed
by Delsarte in [Del73], which gives upper bounds for the size of codes in
symmetric association schemes. Thus, let (X, R) be a symmetric association
scheme with 7 classes and denote its Q-numbers by Q (i) and its multiplicities
by i in what follows.

LP for codes. Recall that the inner distribution (A;) and dual distribu-
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tion (A} ) of a D-code Y in X have the following properties (see Table 2.1):

n

Y Ai=Y|

i=0
Ag=1
A; >0 foralli=1,2,...,n
Aj=0 forallie {1,2,...,n}\ D

n
A=) Q(i)A; >0 forallk=0,1,...,n
i=0

Since we are interested in upper bounds for the size of a code Y, we want
to maximize the sum }_!' ; A;. This motivates the following two definitions.
The primal LP for D-codes in (X, R) is given by

TR
s.t. xo = 1
x; > 0 forallie D (2.20)
x; = 0 forallie {1,2,...,n}\D
S Qui)x; > 0 forallk=1,2,...,n
=0

Henceforth, the LP optimum of (2.20) is denoted by LP(D) and in the case of
a P-polynomial association scheme and D = {d,d +1,...,n}, itis denoted by
LP(d). (We will presently see that the LP optimum of (2.20) always exists.)
Dualizing (2.20) gives the dual LP for D-codes in (X, R) of the form

n
min Z kYk
yieR k:o‘u /
s.t. yo = 1

2.21
y¢ > 0 forallk=1,2,...,n ( )

Y Qr()yr < 0 foralli€ D,

where pi is the multiplicity.
We then have the following theorem.

Theorem 2.2.4 ([Del73, § 3.2, Theorem 3.8]). Let (X, R) be a symmetric associa-
tion scheme with n classes and Q-numbers Qi (i) and let D be a subset of {1,2,...,n}.
Then the linear program (2.20) has at least one feasible solution and is bounded. More-
over, if Y is a D-code in X, then its inner distribution is a feasible solution of (2.20)
and in particular, we have |Y| < LP(D).

Because of the Weak duality theorem 2.2.1 and Complementary slack-
ness 2.2.3, we obtain the following corollary.



34

Association schemes

Corollary 2.2.5 ([Del73, Lemma 3.5, § 3.3.2]). Let (X, R) be a symmetric associa-
tion scheme with n classes and Q-numbers Qy (i) and let D be a subset of {1,2,...,n}.

Then the linear program (2.21) has at least one feasible solution and is bounded. More—
over, if LP(D) is the LP optimum of (2.20), then the objective function value of every
feasible solution yj of (2.21) gives an upper bound on LP(D), that is,

LP(D) < ) px- (2.22)
k=0
Moreover, if Y is a D-code with dual distribution (A}) such that |Y| equals the right-
hand side of (2.22), then yx A, =0 forallk =1,2,...,n

We remark that one can also construct a linear program that minimizes a
function under some constraints, whose optimal solution gives lower bounds
on the size of designs, see [Del73, § 3.4].

Polynomial LP for codes. The next theorem plays a crucial part in this
thesis. It restates Corollary 2.2.5 for Q-polynomial association schemes by
using the orthogonal polynomials associated with the Q-polynomial structure.

Theorem 2.2.6 ([Del73, § 4.3]). Let (X, R) be a Q-polynomial association scheme
with n classes, where Qi (i) = gx(z;) for some g, € R[x| of degree k and some real
numbers z;. Let D be a subset of {1,2,...,n}. Suppose that F € R|[x] is a polynomial
of degree at most n whose coefficients Fy from the expansion

F:FOgO+F1g1+"'+ann

satisfy Fp = 1, F, > 0 forallk = 1,2,...,n,and F(z;) < 0 foralli € D. Then
(Fo, F1,...,F,) is a feasible solution of the dual LP (2.21) with objective function
value F(zo). In particular, we have LP(D) < F(zo).

The next remark shows how to compute the coefficients F; for a chosen

polynomial F.

Remark 2.2.7. Assume that (X, R) is Q-polynomial with Q-numbers given by
Qk(i) = gk(z;) as in Theorem 2.2.6. Let P;(k), v;, and iy be the P-numbers, the
valencies, and the multiplicities of (X, R), respectively. Then, for a polyno-
mial F with F = Fogo + F1g1 + - - - + F.gn, the coefficients F;, can be computed
by using the inner product (2.12) and (2.11), namely

~ (Fg&) <
Be=lqogn) ~ \Xluk Zv F) Q) ; ' (22)

We will see throughout this thesis that in the case of a (P and Q)-
polynomial association scheme, the polynomial

z) =c] [(z—z) for some real constant c
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often gives “good” bounds for d-codes in the sense that they are asymptotically
optimal. We call this polynomial F the Singleton polynomial. The following
example explains the origin of this name.

Example 2.2.8 ([Del73,§4.3.2]). Assume thatY is a d-code in H(n, q). Recall from
Example 2.1.18 that we have z; = i foralli = 0,1,...,n. We apply Theorem 2.2.6
with the Singleton polynomial

F(z) = 4" [ (z - j)-
j=d

We have y

F(z) = E() = g1 lmtin)

(421)

The P-numbers satisfy the identity

Lo n—i (n—k

. | Pi(k) =qg"/ < ) (2.24)
(" )rw = (]

forall j,k =0,1,...,n,see [Del76a, Theorem 9], for example. Applying this identity,
we can compute the coefficients Fi by using (2.23) and obtain

n—d+1 n ; n—k

q n-—i (d—l)
Fo=——5~ Pi(k) = .
" q"<d"1>§)<n—d+1> o

Therefore, the polynomial F satisfies all conditions in Theorem 2.2.6 and we deduce
LP(d) < F(z9) = g"4*1. (2.25)

This is the well-known Singleton bound from coding theory, see [MS77, Chap-
ter 17 § 4], for example.

We can moreover say something about the structure of a d-code Y that reaches the
bound. Namely, assume that Y has exactly "%+ elements. Denote the dual distri-
bution of Y by (A}). Then Corollary 2.2.5 implies F Al =0 forallk =1,2,...,n.
Since Fy # O ifand only ifk € {1,2,...,n —d + 1}, the code Y isan (n —d + 1)-
design. More specifically, it is an (n — d + 1)-(q,n,1) orthogonal array because of
Example 2.1.27.

We close this section by also applying Theorem 2.2.6 with the Singleton

polynomial to the Johnson scheme.

Example 2.2.9 ([Del73, § 4.3.2]). Assume that Y is a d-code in J(n,m). Recall

from Example 2.1.19 that we have z; = i foralli = 0,1,...,n. Similarly as in

Example 2.2.8, we apply Theorem 2.2.6 together with the Singleton polynomial
(m+n) n

F@) = s 1)

d—1 / i=d
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This gives '
(") k)
D)

F(z;) =

The P-numbers satisfy the identity

ié) <n ]_ i> bilk) = <Z:I;> <m +;__]] - k> (2.26)

forall j,k = 0,1,...,n, see [ Del76a, Theorem 9], for example. From (2.23), we

obtain ok
G

L il - -1 )
("5 )G
Hence, the polynomial F satisfies all conditions in Theorem 2.2.6 and we deduce
(m+n) ( nj+n )
LP(d) < F(z9) = — 1= = ~n=dtll (2.27)
"D G

Similarly as in Example 2.2.8, we can give a combinatorial interpretation of a
d-code Y reaching this bound. Assume that |Y| equals the right-hand side of (2.27)
and let (Ay) be the dual distribution of Y. Then Corollary 2.2.5 implies FA) = 0
forallk =1,2,...,n. Since F, # 0 ifand only ifk € {1,2,...,n —d + 1}, the
code Y is an (n — d + 1)-design in the Johnson scheme. More specifically, it is an
(n—d+1)-(m+ n,n,1) combinatorial design.

2.3 Classical association schemes

This section studies several g-analogs of the Hamming scheme and Johnson
scheme. These two schemes as well as all the schemes that will be introduced
in this section are classical association schemes. The notion “classical” stems
from their connection to distance-regular graphs with classical parameters
[BCNB89, Table 6.1]. Moreover, “classical” makes also sense in a broader context
since these association schemes are connected to finite classical groups (linear,
symplectic, unitary, and orthogonal groups on finite vector spaces), classical
forms (bilinear, alternating bilinear, Hermitian, and quadratic forms), and
classical orthogonal polynomials (in the sense of [AA85, § 4]: polynomials that
are special cases or limiting cases of the g-Racah polynomials or Askey-Wilson
polynomials).

The first two subsections deal with the ordinary g-analogs—namely, the
g-Johnson scheme and six polar space schemes. Afterwards, we will introduce
the affine g-analogs arising from bilinear forms, alternating bilinear forms, and
Hermitian forms.® We will end this section by giving a connection between
some ordinary g-analogs and affine g-analogs.

8We will neglect the classical association scheme arising from quadratic forms on an
m-dimensional vector space over I, since it was shown in [Ega85] that this scheme has the
same parameters, and consequently the same P- and Q-numbers, as the alternating bilinear
forms scheme on an (m 4 1)-dimensional vector space over If,.
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A summary of all the classical association schemes occurring in this thesis
can be found in Appendix A.

In what follows, we will frequently use the g-binomial coefficient defined by

[7’1:| _ k qnfjntl_l
klg =1 91

which is a polynomial in 4.

2.31 g-Johnson scheme

Let m and n be positive integers with m > n and let g be a prime power.

Choose X to be the set of all n-dimensional’ subspaces (n-spaces for short)
of an (m + n)-dimensional vector space over the finite field I,. We have
|X| = [m:”]q. The group GL,1,(g) acts transitively on X and this action
extends to X x X componentwise, where the orbits of the latter group action

are given by
Ri={(UW)eXxX|dim(UNW)=n-—i}

foralli =0,1,...,n. By Proposition 2.1.4, (X, (R;)) is an association scheme
with n classes, which is known as the g-Johnson scheme (also called Grassmann
scheme) and denoted by J,(n, m). It is an association scheme of type A, 4,1
since GLy,4x(q) is a Chevalley group of type A,1+,_1, see [Sta84, p. 110]. We
refer to [BI84, § 3.6], [BCN89, § 9.3], and [Ban+21, § 6.4] for more information
on this association scheme.
2[n] [m
= [i] L]

foralli =0,1,...,n. The P-numbers are given by [Del76a, Theorem 10]

The valencies are

Pi(k) = Z(_l)ifj [n _J} [n B k] [m +J N k] qkar(iEj) (2.28)
j=0 F=I1aL T 1g J q
and the Q-numbers are given by [Del78b, § 2]

-1

Qi(i) = ?/‘k]é(_l)jq(é) [k] q [m el k} q m B m q m qqi’} (2.29)

] ] J1q LI
where the multiplicities are y; = [mz”]q — [’Zfﬁq The g-Johnson scheme is

the g-analog of the Johnson scheme; namely by taking the limit g — 1, the P-
and Q-numbers as well as the valencies and multiplicities equal those of the
Johnson scheme (1, m), cf. (2.3), (2.5), and (2.6).

9We always use algebraic and not projective (geometric) dimension in this thesis.
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The P-number P;(k) from (2.28) is a polynomial of degree i in the variable
[k]g[m +n +1 — k];, where [n], is the g-number defined by
" —1
-1
Therefore, the g-Johnson scheme is P-polynomial with respect to the ordering

[n]; =

Ry, Ry, ..., R,. Moreover, the Q-number Qy(i) is a polynomial of degree k
in g~'. Thus, the g-Johnson scheme is also Q-polynomial with respect to the
ordering Ey, Ey, ..., E, of the primitive idempotents that is imposed by (2.29).

We can also write the P- and Q-numbers in a different form by using
the g-analogs of the Hahn and dual Hahn polynomials. This requires some
definitions. We define the g-Pochhammer symbol*° (a; q), by

n—1

(@q)o=1 (aq).=[](1-aq)

i=0
for a positive integer n and a real number a and the g-hypergeometric function ,¢s

by

ai,...,a o (a1;9)0 - (ar;9)0 (1+s—r)f (1+s—r)() _Z
r /2 = _1 2 :
(Ps(bl,...,bs 1 > g(buq)e---(bs;v/)z( ) 1 (4:9)e

Observe that the g-binomial coefficient and the g-Pochhammer symbol are

l

connected as follows

nl @Dk ok k()
[kL (4:9)x (DR (230)

This can be seen as the g-analog of (2.13). The dual g-Hahn polynomial'! with

5]”7) /

which is a polynomial of degree i in y(x) = g~ + CDg*"!, see [KLS10, § 14.7].
The g-Hahn polynomial'? with parameters 1, q, A, B is defined by
qfx, qfk, Aqu+1

. 79|,
Ag,q )

which is a polynomial of degree k in g%, see [KLS10, § 14.6]. Then the P- and

Q-numbers can be written as

Pi(k) = oiEi(u(k);q" 1, 7" 1 n;q)
k k—m—n—1

:vi3¢2<q ’q_,;q .
q 7.9

10This is the g-analog of the Pochhammer symbol in the sense that (4%;4), /(1 — g)" = a(")
forg — 1.

1This is indeed the g-analog of the dual Hahn polynomial since E;(u(x); %, 4P, n;q) =
E;(A(x);C,D,n) forqg — 1.

12we have Hy(q7*;94,48%,1;9) = Hi(x; A, B,n) for ¢ — 1, which justifies the name g-Hahn
polynomial.

parameters 7,4, C, D is defined by

Ei(u(x);C,D,n;q) = 3¢ (q o n

Hi(qg %A, B, n;q) = 3¢ <

0 q) (231)
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and

Qi) = weHe(q 597 L g " n;q)
—i —k k—m—n—1

:]’lk3¢2<q ’q_r’nq L
q .9

M) . (232)

see [Del76b, § 5.2] and [Del78b, § 2].

2.3.2 Polar space schemes

Finite classical polar spaces play an important role in finite geometry. In this
thesis, we will study codes and special designs in polar spaces. We start by
giving some basic facts from finite geometry. For further background, we refer
to [Cam92], [Tay92], [BCN89, § 9.4], [Ball5, § 4.2], and [HT16, § 5.1].

Different forms. Let V be a finite-dimensional vector space over I, and
let o be a field automorphism of IF,. A sesquilinear form on V is a mapping
f:V xV — IF; that is linear in its first argument and semilinear in its second
argument, that is,

f(avy +wy,v2) = af(v1,v2) + f(wy,02)
f(v1,800 +w) = a’f(v1,02) + f (01, w2)

for all v1,v2, w1, w2 € V and a € IFy. A sesquilinear form fon V is called
reflexive if f(v,w) = 0 implies f(w,v) = 0 for all v,w € V. A reflexive
sesquilinear form f is nondegenerate if f(v,w) = 0 for all w € V implies
v = 0, or equivalently if f(v,w) = 0 for all v € V impliesw = 0. If a
mapping f: V x V — I, is linear in both arguments, then f is a bilinear form.
A sesquilinear form f is Hermitian if ¢ is a nontrivial involution (i.e., 0% = 1)
andif f(v,w) = f(w,v)” forallv,w € F,;, which requires that q is a square and
o(a) = av7foralla € F,. A bilinear form f is symmetric if f(v,w) = f(w,?)
for all v, w € V and alternating if f(v,v) = 0 for all v € V. In the case of an
alternating form, the vector space V must have even dimension. A quadratic
form on V is a mapping Q: V — F, such that Q(av) = a*Q(v) forallv € V,
a € Fyand (v,w) — Q(v+w) — Q(v) — Q(w) is a bilinear form on V. A
quadratic form Q on V is nondegenerate if Q(v + w) = Q(w) forallw € V
implies v = 0.

An isometry is a bijective linear mapping ¢ between two finite-dimensional
vector spaces V; and V, equipped with reflexive sesquilinear forms f; and f,
respectively, such that ¢ transforms one form into the other, that is, f1(v, w) =
f2(@(v), ¢(w)) for all v, w € V4. The same definition holds if the vector spaces
are equipped with quadratic forms, where the condition for being an isometry
is replaced by f1(v) = fo(¢(v)) forall v € V5.

Polar spaces. We can now define polar spaces. A subspace U of V is called
totally isotropic with respect to a sesquilinear or quadratic form on V if the form
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vanishes completely on this subspace U, thatis, f(u,v) = 0forall u,v € U, or
in the case of a quadratic form, f(u) = 0 for all u € U. A finite classical polar
space with respect to a nondegenerate form f consists of all totally isotropic
subspaces of V. We will consider only finite classical polar spaces in this thesis
and therefore, we will refer to them as polar spaces.

The totally isotropic subspaces that are maximal with respect to inclusion
in a polar space are called generators. It turns out that all generators have the
same dimension, which is called the rank of the polar space. This comes from
the following theorem as can be seen in the corollary thereafter.

Theorem 2.3.1 ([Tay92, Theorem 7.4]). Let V be a finite-dimensional vector
space over I¥; equipped with a nondegenerate quadratic, symmetric, alternating, or
Hermitian form. Then every isometry between two subspaces of V extends to an
isometry of V.

Corollary 2.3.2 ([Tay92, p. 59]). Every two generators of a polar space have the
same dimension.

Proof. Assume that there are two generators U and W in a polar space defined
on a vector space V with dim(U) < dim(W). Then there exists a bijective
mapping from U to a subspace W’ of W, which is an isometry since both spaces
U and W are totally isotropic. By Theorem 2.3.1, this isometry extends to an
isometry ¢: V — V. Thus, U lies in the totally isotropic space ¢ ~!(W), which
is a contradiction to U being maximal. O

Since the form f on a vector space V associated with a polar space P is
nondegenerate, we can apply the dimension formula dim(U) + dim(U*) =
dim(V) for U € P, where

Ut ={ucVv|f(uo)=0forallvec U},

and U C U to obtain that the rank of P is at most 3 dim(V).

A polar space P has the parameter ¢ if every (n — 1)-space in P lies in
exactly p*™! + 1 generators.

Types of polar spaces. We will now look at the different types of polar
spaces of rank n. Let V(m, p) be an m-dimensional vector space over I,
where p is a prime power. It is well known that up to a change of the coordinate
system, the polar spaces can be described as follows.

e The Hermitian polar spaces 2A,, | and 2A,,. They consist of all totally
isotropic subspaces of V(2n,4?) and V(21 + 1, 4%), respectively, where
the form associated with V (m, g?) is Hermitian and given by

xy! 4+ xoyd + -+ Xy

The group of isometries of A, _, is the unitary group U, (4?).
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Ficure 2.8. Symplectic polar space C; of rank 2, where the points are the
1-spaces and the lines are the 2-spaces (generators).

e The symplectic polar space C,. It consists of all totally isotropic subspaces
of V(2n,q), where the form is alternating and given by

X1Y2 — Xoy1 + - - -+ Xon—1Y2n — XonY2n—1-

The group of isometries is the symplectic group Sp,,(q). For example,
the symplectic polar space C; of rank 2 is depicted in Figure 2.8.

o The hyperbolic polar space D,,. It consists of all totally isotropic subspaces
of V(2n,q), where the form is quadratic and given by

X1X2 + X3X4 + - -+ + Xop—1X2p-

The group of isometries is the orthogonal group O, (9). For example,
the hyperbolic polar space D, of rank 2 is depicted in Figure 2.9.

o The parabolic polar space B,,. It consists of all totally isotropic subspaces
of V(2n +1,q), where the form is quadratic and given by

X] 4 X2X3 + -+ Xon 2X00 1+ XonXon 1.
The group of isometries is the orthogonal group Oy;,+1(9).

e The elliptic polar space *D,, ;. It consists of all totally isotropic subspaces
of V(2n + 2,q), where the form is quadratic and given by

g(x1,x2) + x3x4 + - - - + X2y_1X2n + X2p41X2042

with an irreducible homogeneous polynomial g over IF; of degree two.

The group of isometries is the orthogonal group O, ,(9).

Table 2.2 contains a summary of all these six polar spaces together with
their parameter e.!> We remark that there are different notations for these

131n some literature (for example, [Van11]), one finds the parameters 1/2,3/2, 1,0, 1, 2
instead of —-1/2,1/2,0, -1, 0, 1.

1
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FiGure 2.9. Hyperbolic polar space D, of rank 2, where the points are the
1-spaces and the lines are the 2-spaces (generators).

TaBLE 2.2. List of all six finite classical polar spaces.

name form notation group dim(V) p e
Hermitian Hermitian 24, ;  Uz(¢?) 2n > —1/2
Hermitian Hermitian 2A,, Upi1(q?) 2n+1 ¢*> 1/2
symplectic alternating Cy Sp,, (q) 2n q 0
hyperbolic  quadratic D, 05, (q) 2n g -1

parabolic  quadratic B, O2+1(q) 2n+1 g 0
elliptic quadratic ~ ?D,.;  O3,,,(9) 2n+2 ¢ 1

six polar spaces.!* Here, we use the notation that comes from identifying the
corresponding projective groups of isometries with the Chevalley groups of
type 2Am, Cu, D, B, and 2Dn+1' see [Car89, Theorems 11.3.2, 14.5.1, 14.5.2].

There exist various embeddings of the polar spaces into each other.

Remark 2.3.3. Let P be a polar space consisting of the totally isotropic subspaces
of an m-dimensional vector space V over IF, equipped with a nondegener-
ate form f. By choosing a hyperplane H of V such that f restricted to this
hyperplane is still nondegenerate, we obtain the following embeddings by
intersecting the polar space with this hyperplane H:

(a) the Hermitian polar space %A, , into the Hermitian polar space 24, ;
(b) the hyperbolic polar space D, into the parabolic polar space B,;

(c) the parabolic polar space B, into the elliptic polar space 2D, ;;
(d) the Hermitian polar space 2A,, into the Hermitian polar ?A,, . ;;

(e) the parabolic polar space B, into the hyperbolic polar space D, 1;

(f) the elliptic polar space 2D, 1 into the parabolic polar space By, 1.

14The notation based on the embedding of the polar spaces 2A,,, C,, Dy, By, and ZDn+1
into a projective space is given by H(m, ¢%), W(2n —1,9), Q" (2n —1,4), Q(2n,q),and Q~ (2n +
1,9), respectively. The last three are sometimes also denoted by Q" (21, 9), Q(2n+1,4q), and
Q™ (2n+2,q) in the literature.
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For example in (a), (b), and (d), the corresponding hyperplane can be chosen
tobe H = {(x1,x2,...,%n) € V| x1 = 0}. Observe that in (a)—(c) the ranks
of the polar spaces stay the same, whereas in (d)—(f) they decrease by 1.

If g is even, then the symplectic polar space C, and the parabolic polar
space B, are isomorphic, see [ De 16, Corollary 7.129] for a proof.

Polar space schemes. We will now study the association schemes that
arise from polar spaces. Let P be a polar space of rank n and let G be the
corresponding group from Table 2.2. Then G acts transitively on the set X of
generators of P. The action of G extends to X x X componentwise and the
orbits of this group action are given by

Ri={(UW)eXxX|dimUNW)=n—i} (2.33)

fori=0,1,...,n, see [Sta80, Proposition 4.9]. Proposition 2.1.4 implies that
(X, (R;)) is an association scheme with # classes. For more information on the
polar space schemes, we refer to [BI84, § 3.6], [BCN89, § 9.4], and [Ban+21,
§6.4]. An example of an association scheme arising from a polar space is given
in Figure 2.10.

- .,

.\:/‘
FIGURE 2.10. Association scheme arising from the hyperbolic polar space D,
with the relations | and R».

It is well known that

n

IX|=TJa+p") (2.34)
i=1

see [BCN89, Lemma 9.4.1], for example. The P- and Q-numbers of (X, (R;))
are given by

o=l o] [ e

p (=0
and
-1 ) )
n n—i i '
Qk(i) = ‘uk|: } Z(_1)8|: ] [ :| pz(g,l,e,l), (2.36)
k » 120 k—7¢ » 14 P
where

o = plT)+ie m (2.37)
p
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and

(=L p)n
(2.38)
] p (=P Pk (=P )

are the valencies and the multiplicities, respectively, see [ Sta80, Equation (8.1) ],
[Sta81, Proposition 2.4].15:16
The P-number P;(k), given in (2.35), is a polynomial of degree i in p*,

) |n
Hik = pk(k ) I:k

and the Q-number Qy(i), given in (2.36), is a polynomial of degree k in p~".
These polynomials can be written by using g-Krawtchouk polynomials'”, which
are defined by

—x, q—i, _Aqi—H

Ki(g %A, n;q) = 3¢ (q 0. a7
q

q;q) fork=0,1,...,n,
see [KLS10, § 14.15]. Namely, we have

Pi(k) = viKe(p 5 p7 "2, n,; p)

-k ,,—i _ ,,—n—e—1+k
= Vi3 (P P Iin P;p) (2.39)
0,p
and
Qr(i) = mKe(p~5p7" 2,15 p)
-k ,,—i _ ,,—n—e—1+k
= Hi32 (p P Iin p; p) : (2.40)
0,p

The association scheme (X, (R;)) is thus P-polynomial with respect to
the ordering Ry, Ry, ..., R, and Q-polynomial with respect to the ordering
Eo, Ey, ..., E, of the primitive idempotents that is imposed by (2.33) and (2.39).
We call both orderings the standard orderings.

Note that the association schemes arising from B,, and C,, have the same
parameters (e.g., size of X, eigenvalues), however they are isomorphic only
when g is even, see [BCN89, § 9.4.A] or [Ban+21, § 6.4].

2Az”_1 and a second ordering. The association scheme 2A2n_1 is
Q-polynomial with respect to two different orderings: the standard order-
ing Eo, Eq,...,Epand Eo, Ey, E1, E—1,Ez, Eq—2, ... [CS86]. We continue to use
P;(k) and Q(i) to denote the P- and Q-numbers with respect to the standard

151t should be noted that p is assumed to be odd in [Stag80] and [Sta81]. However, all
parameters of the association scheme as well as P;(k) and Qi (i) are polynomials in p. Hence,
the expressions for P;(k) and Qy(7) hold for all p.

16A computation of the P-numbers can also be found in [Van11, Theorem 4.3.6] and [Eis99,
Theorem 3.8].

17The name comes from the fact that by taking the limit ¢ — 1, a g-Krawtchouk polynomial
becomes a Krawtchouk polynomial, more concretely, K;(g~%; A, n;q) = Ki(x; (A +1)"1,n)
for 4 — 1. Aresemblance can also be seen between (2.4) and (2.35).
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ordering and we write P/(k) and Q, (i) for the P- and Q-numbers with re-
spect to the second ordering. Then P;(k) is given in (2.39) and P! (k) is given
by [CS86]

Pi/(Zk):Pi(k) fOI‘i:O,,,,,nandk:(),l,'__’LgJ,
/ . n—1
P{(2k+1) = Pi(n—k) forl:0,...,nandk:0,1,,”,L _ J

By applying the quadratic transformation for hypergeometric functions
(see [KLS10, (1.13.28) ], for example)
7 qz)

A2 B2,C,D A2 B2, C2, D2
4¢3 79| = a3
(2.41)

ABl]l/z,—ABql/Z/ —CD AZBZq,_CD,—CDq

to P;(k) and P;(n — k) from (2.39), we obtain

Vi (g k () —2ntk-1
D) = b3 ( (—9) (L(q;':)« : <(—:>) L _q> )
where v; = g mqZ is the valency of R;. Using (2.11) gives
A\t (K () 2n+k-1
Qi (i) = i 392 ( = (’_(qﬂ, _'((_5))11 —4; —q) (2:43)
with
, Uk /2 for even k
Mk =
Hn—(k—1)/2 foroddk,

where ji denotes the multiplicities of 2A,, ; with respect to the standard
ordering of Eg, Ey, ..., E,. Observe that P/ (k) and Q, (i) can be expressed with
a dual g-Hahn polynomial and a g-Hahn polynomial, respectively. Namely,
we have

P (k) = v;E;(u(k); (—q) "', (—q) "', n; —q)
Qi) = mHe((=q) 5 (=q) ™" 1 (—=q) " m; —q).

Bipartite halves %Dn of D,. The hyperbolic polar space D, gives rise
to another association scheme, called the bipartite half of D,,, in the following
way. Let X be the set of generators of D, and define two generators in X to be
equivalent if the dimension of their intersection has the same parity as n. This
induces two equivalence classes, X; and X5, which are called Latin and Greek.
See Figure 2.11 for the bipartite halves of D,. Each pair (X;, (Ryj)o<j<|2]) is a
P- and Q-polynomial association scheme with [1/2 | classes [BCN89, § 9.4.C],
denoted by 1D,. The corresponding group that acts transitively on 3D, is
the special orthogonal group SO5, (¢), see [Sta80, p. 635] and [Tay92, Theo-
rem 11.61], which is a Chevalley group of type D,,. Therefore, the association
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N A O P

FiGure 2.11. The bipartite halves of the hyperbolic polar space D,.

scheme is of type D,,. In what follows, we put n = [m/2| and treat 1D,,. We
still denote by P;(k) and Qi (i) the P- and Q-numbers of D,, and by P/ (k) and
Q, (i) the P- and Q-numbers of D,,. From [CS86] we find that

Pz-l(k) = le'(k) for Z,k = 0, 1,. .. n.

Applying (2.41) to P,;(k) given in (2.39) implies

—2i —2k ,—2m-+2k
PL(K) = 031 32 (q L;f]mlq’fmﬂ

7% q2> , (2.44)

where vy; = q(22[) [Zﬂq is the valency of the relation Ry; of D,,. Using (2.11)
implies
—2i —2k —2m+2k
. 7 q ’
Qi(i) = px3¢2 (q - qqmﬂ q2;q2> , (2.45)

where iy is the multiplicity of D,,. Observe that similar to 2A, , with respect
to the second ordering, the numbers P/ (k) and Q) (i) can be expressed with a
dual g-Hahn polynomial and a g-Hahn polynomial, respectively. Namely, we

have
P/ (k) = vyiEi(u(k); ", 7" m; q?)
Qi(i) = wcHe(q 297" g " m; 7).

%Dn+1 and B,,/C,,. In the cases of B,, and C,;, one obtains a new association
scheme with the classes

Rp, RiURy, R3URy, ...,

see [IMU89]. Then the bipartite half 3D, is isomorphic to this new asso-
ciation scheme arising from B,;, which also implies that %DHH has the same
parameters as the new association scheme arising from C,, and they are isomor-
phic if g is even. The first part can be seen as follows. Recall that we can embed
B, into D, by intersecting the space D, with a nondegenerate hyper-
plane H. Since e = 1 for D, 1, every n-space of D,, ;1 lies in exactly two (n + 1)-
spaces—one from each bipartite half. Because of dim(H) = 2n + 1, every
n-space contained in H lies in a uniquely determined (n + 1)-space in 3D,,.1.
For two n-spaces Uy and Uy in H, we have dim(U; NUy) € {n —k,n —k —1}
if and only if dim(V; N V,) = n — k, where V; and V; are the corresponding
(n 4 1)-spaces containing U; or Uy, respectively. See also [BCN89, § 9.4.C].
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2.3.3 Affine schemes

It remains to introduce the affine schemes, which consist of the matrix groups of
type Apin—1, Dy, and 2An together with relations defined by the rank metric.
It will turn out later that the affine schemes are closely related to the g-Johnson
scheme (which is of type Ay,1,—1), the hyperbolic bipartite half 1D, and the
association scheme arising from the Hermitian polar space A, , and we will
see a remarkable resemblance between these schemes in Subsection 2.3.4 and
throughout Chapter 5.

Let m and n be integers with m > n > 1 and let X be the set of m x n
matrices over IF;. The group G = X x (GLy(q) x GL,(q)) acts transitively
on X via

GxX—X
((D,(M,N)),A) — MAN~! +D.

The action of G extends to X x X componentwise and the orbits of this group
action are given by

R; ={(A,B) € X x X | rank(A — B) =i}

fori =0,1,...,n. By Proposition 2.1.4, (X, (R;)) is an association scheme with
n classes, which is known as the bilinear forms scheme (or q-Hamming scheme)
since the matrices in Ij’*" are in 1-to-1-correspondence with the set of bilinear
forms on Iy’ x IFj. We denote this association scheme by Bily (1, m). Note
that | X| = g"". For more information, we refer to [Del78a], [BI84, § 3.6 (II) ],
[BCN89, §9.5.A], and [Ban+21, §6.4.1].

Ficure 2.12. Bilinear forms scheme Bily(2,2), where only the relation R; is
depicted to keep the graph more clearly represented.

An m x m matrix A = (a;;) over I, is called alternating if it is skew-
symmetric with zero main diagonal, that is, 2;;, = 0 and 4;; +a;; = 0 for
all 7, j. Every alternating matrix has even rank. Let X now be the set of alter-
nating m x m matrices. The group G = X x GL,,(q) acts transitively on X
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via
GxX—X
((D,M),A) — MAM™! + D.

The action of G extends to X x X componentwise and the orbits of this group
action are given by

R; = {(A,B) € X x X | rank(A — B) = 2i}

fori = 0,1,...,n. By Proposition 2.1.4, (X, (R;)) is an association scheme
with n = |m/2] classes. This scheme is known as the alternating bilinear forms
scheme since a matrix is alternating if and only if the corresponding bilinear
form is alternating. We denote this association scheme by Alt,(m). Note
that | X| = g(2). For more information, we refer to [DG75], [BI84, § 3.6 (II)],
[BCN89, §9.5.B], and [Ban+21, § 6.4.1].

An n X n matrix A over Iqu is called Hermitian if A* = A, where A* is
obtained from A by conjugation x — x7 of each entry x of A and transpo-
sition. Let X be the set of n x n Hermitian matrices over I . The group
G = X x GL,(g?) acts transitively on X via

GxX—X
((D,M),A) — MAM* + D.

The action of G extends to X x X componentwise and the orbits of this group
action are given by

R;i ={(A,B) € X x X | rank(A — B) =i}

fori = 0,1,...,n. By Proposition 2.1.4, (X, (R;)) is an association scheme
with 7 classes, which is known as the Hermitian forms scheme since a matrix is
Hermitian if and only if the corresponding form is Hermitian. We denote it by
Her,(n). For example, Her;(2) is depicted in Figure 2.13. Note that |X| = qv.
For more information, we refer to [Sch18], [BI84, § 3.6 (II)], [BCN89, § 9.5.C],
and [Ban+21,§6.4.1].

In what follows, we write

q,9"") for Bily(n,m)

(b,c) = (2.46)

(

(—gq,—1) for Her,(n)

(9%,1/q) for Alty(m) if m is even
(

7?,q)  for Alt,(m) if m is odd.

For all three affine schemes Bil, (1, m), Her,;(n), and Alt,(m), the valencies
and multiplicities are given by
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FiGURE 2.13. Hermitian forms scheme Her;(2), where the edges represent the
relation R, and R; is neglected for keeping it simple.

and the P- and Q-numbers are given by
i T _ '
Pi(k) = Qi(k) = Y (~1)" /() {” ]} [” . k} (cb"), (2.47)
j=0 n=tlyl ] s

see [Del78a], [DG75], and [Sch18]. Observe that P;(k) is a polynomial of de-
gree i in b=k, Therefore, these three schemes are P- and Q-polynomial with re-
spect to the ordering Ry, Ry, ..., R, of relations and the ordering Eo, E4, ..., E,
of the primitive idempotents imposed by (2.47). The corresponding polyno-
mials are related to affine g-Krawtchouk polynomials defined by

‘I?Q) ’

Pi(k) = Qi(k) = v;KM(g7%; 1o "1 n; b)

( bk b=7,0
= 03¢

975470

K (q7%;B,n;q) = 3<Pz( B, g~

see [KLS10, § 14.16]. Namely, we have

Cflbfn, b

b; b) . (2.48)

2.3.4 Connection between affine and ordinary g-analogs

The affine schemes Bil, (1, m), Her, (1), and Alt,(m) are related to the ordinary
g-analogs J;(n,m), 2A,, ;,and 1D,, in the following way. For a vector space V
over I, let P, (V') be the set of n-spaces of V. Define the mapping

v: TR — Py(F) ")

aol(2)iver) o)

It is well known [BCN89, § 9.5.E] that, after an appropriate choice of the form,
v(A)isin 2A,, , if and only if A is Hermitian, and v(A) is in D, if and only
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if A is alternating (as before, p = ¢* for A, , and p = g otherwise). The
mapping v satisfies

n —dim(v(A) Nv(B)) = rank(A — B)

forall A,B € ]FgX”, so in particular v is injective. We therefore obtain the

following embeddings:

Bil,(n,m) < J;(n,m)
Her,(n) < ?A,, 4 (2.50)
Alt;(m) < 1D,

The P- and Q-numbers of these six association schemes are also quite
connected. Recall that we defined the parameters b and c in (2.46), which we
used to express the P- and Q-numbers of the affine schemes in a unified way.
We can use these parameters b and c for the ordinary g-analogs as well to also

write their P- and Q-numbers in a unified way. We thus expand the definition
of b and c as follows

(q,9™") for Bily(n,m) and J,(n, m)
(—g,—1) for Hery(n) and ?A,, ,

(4%,1/q) for Alt,(m) and %Dm if m is even
(7%9) for Alt,(m) and 3Dy, if m is odd.

(b,c) = (2.51)

Observe that because of (2.31), (2.32), (2.44), (2.45), (2.42), and (2.43) the
P- and Q-numbers P/ (k) and Qj (i) of J,(n,m), 2A,, ; (with respect to the sec-
ond Q-polynomial ordering), and %Dm are given by dual g-Hahn polynomials
and g-Hahn polynomials as follows

—i -k —1.—13,—2n+k
Plk) = olag [ 0 0 A b; b (2.52)
b= c1p—n
and
‘ b—i’b—k, —1C—1b—2n+k
Qi<z>=yzs¢z( o o1 b;b>, (253)

where the corresponding valencies v} and multiplicities i} are stated in Ta-
ble 2.3.

Note that the parameters of the hypergeometric functions in (2.52)
and (2.53) are similar to those in (2.48).

We close this chapter by shortly looking at a nonclassical affine scheme that
is connected to the symplectic polar space C,,. Namely, the set of symmetric
n X n matrices over IF; gives rise to an association scheme, known as the
symmetric bilinear forms scheme Squ(n), where a relation is indexed by the
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TaBLE 2.3. Valencies and multiplicities occurring in (2.52) and (2.53), where
ui for 2A,, ; and 1D, is given in (2.38).

Jq(n,m) Ay %Dm

o 2[n] [v—n
i q iq i ]

, [m—l—n} B [m—i—n] 1k /2 for k even
. k=11, My_(x—1)/2 for k odd

rank of the difference of any matrix pair from the relation and also by the type
of this difference if the rank is even, see [Sch15], for example. This association
scheme is of type C,, [Sta84, p. 117] and it is neither P- nor Q-polynomial since
the P- and Q-numbers are not determined from evaluations of orthogonal
polynomials. However, they are given by a linear combination of evaluations
of affine g-Krawtchouk polynomials, see [Sch15] and [Sch20]. As above, after
an appropriate choice of the form, the space v(A) with A € Fj*" isin C, if
and only if A is symmetric and we additionally have the embedding

Squ(n) — Cp, (2.54)

see [BCN89, § 9.5.E].

We note that according to Stanton [Sta84, p. 118] a natural additive matrix
group of type B, or 2A,, does not seem to exist.

In Chapter 5, we will encounter more similarities between the eight associ-
ation schemes occurring in (2.50) and (2.54). Moreover, we will exploit these
embeddings to construct codes in the polar space schemes.
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CHAPTER 3

Codes in polar spaces

“Hope” is the thing with feathers -
That perches in the soul -
And sings the tune without the words -
And never stops - at all -
—Emily Dickinson

This chapter studies codes in polar spaces. We will derive upper bounds
for the size of codes in all polar spaces and show that most of these bounds
are sharp up to a constant factor by giving constructions of codes.

The results of this chapter can also be found in [SW22].

31 Introduction

Since the last century codes in the Hamming scheme and Johnson scheme
have been heavily exploited in different areas of digital communications. How-
ever, today’s communications are mostly done via a network of intermedi-
ate nodes. This requires new types of codes. It turned out that by using
combinatorics of vector spaces over a finite field, one can construct suitable
codes for network communications. One then studies rank-metric codes and
subspace codes [KK08], which are, for example, codes in the bilinear forms
scheme [Del78a], the alternating bilinear forms scheme [DG75], the Hermitian
forms scheme [Sch18], and the g-Johnson scheme. Here, we introduce another
type of subspace codes; namely, we define a d-code in a polar space P to be a
set of generators Y of P such that n —dim U NW > d for all distinct U, W € Y
(the mapping (U, W) — n — dim U N W agrees with the subspace metric, also
known as Grassmann metric, used by coding theorists). This chapter focuses
on one of the main coding-theoretic problems for codes in polar spaces:

What is the maximum cardinality of a d-code in a polar space of rank n?

This question will be answered for various polar spaces by showing that the
bounds are asymptotically sharp. Namely, our main result in this chapter,
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Theorem 3.2.1 and Corollary 3.2.4, is a bound on the size of a d-code in a
polar space, which is sharp up to a constant factor in many cases. The proof
of the bound relies on Delsarte’s linear programming method introduced in
Section 2.2. In Chapter 4, we will apply the bound obtained here to show the
nonexistence of Steiner systems in polar spaces in most cases.

We will start with the derivation of the bound in Section 3.2. Afterwards,
we will construct codes in all polar spaces in Section 3.3, and lastly, we will
give a list of open problems related to the topic at hand in Section 3.4.

3.2 Bounds

To derive bounds for d-codes in all polar spaces, we begin with bounds for
d-codes in the Hermitian polar space 2A,, ; and the bipartite half 1D, of the
hyperbolic polar space D,. We proceed in this way because by taking the
second Q-polynomial ordering for 24,, , and studying 1D, instead of D,,, we
can express the resulting Q-numbers Qi (i) by g-Hahn polynomials of degree k
in b, see Section 2.3.4. This allows us to treat 2A2n—1 and %Dn in a unified
way. We will then use the bounds in 2A2n71 and %Dn to establish bounds for
codes in the remaining polar spaces.

Recall the definition of b and ¢ from (2.51). We write (x); = (x;b); in what
follows.

It will turn out that the bound for 2A2n71 and %Dm has a similar form as
the Singleton bound'® for the g-Johnson scheme J,(n, m), which is given by'?

L L @
i< [n72+1]q a (qeb™)g—1 (3.1

for d-codes Y in J,(n,m), see [WXS03, Theorem 5.2], [Z]X11], and [EV1],
Theorem 1]. We will give a different proof of (3.1) in the following theorem—
which is the main result of this chapter—where we also derive a bound for
2A2n—1 and %Dm.

Theorem 3.2.1. Let X be the set of n-spaces in J,(n, m) or generators in *A,,
or 1Dy, where n = |m/2] in the case of 1Dy, and let Y be a d-code in X with

1 < d < n. Then we have
‘Y| < ‘X|(q)d—1
(qeb™) g4

where d is required to be odd in the case of 2A2n—l' For even d in 2A2n—1’ we have

7

n+d—2 _ _
g ]X](q)d_l (bnfd+2 _ 1) + qbq;722_11 (bn d+1 _ 1)
T (geb")a1 (pr—d+2 1) 4 gLl (predal 1)

pntd-1_1

Y

18Also known as the Wang-Xing-Safavi-Naini, anticode bound, or packing bound.
190bserve the resemblance between (3.1) and the Singleton bound (2.27) for the Johnson
scheme.
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Moreover, these bounds also hold for d-codes in association schemes with the same
P- and Q-numbers as J,(n,m), 2A2n—l’ or %Dm.

Before we can prove Theorem 3.2.1, we need the following identity for the
Q-numbers. In the case of J,(n,m), a different proof for this identity can be
found in [Del76a].

Lemma 3.2.2. Let X be the set of n-spaces in J,(n, m) or generators in 2A,, ; or
1D,, where we put n = |m/2] in the latter case. Let Q} (i) be as in (2.53). Then
we have

n iy —k (qcbn_k)n,- . n—i
phin f>[” ] Wb Insi o iy = x[ | ] 52

5 iy @iy SO, G2
foralli,j=0,1,...,n.

The proof of Lemma 3.2.2 requires some identities involving the
g-Pochhammer symbol. For a real number a and nonnegative integers n, k, we

have
(@% )k = (@;9)(—a;9)x (3.3)
(@;9) % = (@ 0%)k(aq; 4*)x (34)
(@ @) nrk = (a;9)n(aq"; )i (3.5)
(@;9)p—k = (a_gz;l%{(—a)_kq@_”k*k fora # 0. (3.6)

These identities can be found in [KLS10, § 1.8], for example. We will moreover
frequently use the well-known identity

HIRE i i ) 67

without specific reference in the upcoming proof.

Proof of Lemma 3.2.2. Let P/ (k) and Q; (i) be as in (2.52) and (2.53), respec-
tively, for J,(n, m), %Dm and 2A2n—1' We will show that?°

iio [n ]— i] b P! (k) = <)) {Z - ’]‘] qw. (3.8)

By multiplying (3.8) with Q, (¢), taking the sum over k, and using (2.8), we
obtain the identity in the lemma. It remains to prove (3.8). First, we rewrite

2In the case of J,(n, m), the identity (3.8) can be written as

Bl -e )

n—j n—j

Observe that this is the g-analog of (2.26).
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the valencies v/, given in Table 2.3, such that we have a similar form for P/ (k)
in both association schemes. For J;(n,m), we use (2.30) to obtain

2[n] [m - n] (7" 4q)i
v;i =q' [] [ ] = (—1)1qZ U*””[.] —
l q l q l q (q’ q)l
For 2A,, ;, we use (2.30) and (3.3) to obtain

U = 2|n ()i 20 )+2m(( )_n;_q)i(_(_q)_n;_q)i
= L’Lz — (=4 —q)i(q; —q)i
i [1] (=) )i
A H_q (@ -

For %Dm, we use (2.30) and (3.4) to obtain

r_
v; =

% [m] _ g (97" 4%)i(q ™" 19%)i.
2i], (7% 9%)i(q;9%)i
For even m = 2n, we have
ol = (—1)ig2n+20) ["] (@="4%)i
ilp  (@0%)

and for odd m = 2n + 1, we obtain
) —2n—1.
v = (_1)iq2in+2i+2(;) {ﬂ (q o 4 )1'
e (@)
Hence, in all cases, we can write

v} = (—q)'c ip(3)+ni [ﬂb(c—(lqb)jﬂ)l

To simplify notation, we set a = g~ 1c~'b~2". Now, from the expression (2.52)
for P/(k), we find

n—i|l _,
Z[ , }R‘(k)
i=0
= [n—1 n] (c7'b7"); b=, b7k, ab
b( )+n1|: :| g ’ ’ b:b
zzo[ ]b ily, (q) 32 b=, ¢ lpn

L _ Ganire €TD7M)i(b7) o (07F) o (ab®),
HW)[ | (et

From (2.30) we have

Al Iy A iR
and therefore
f [n]._l} bP{(k) = H Y (—1) b+ [”ZJL (b(i_)?(i(ﬁl;k)ﬁ)é S, (3.9)

i=0 11b >0
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where 0 1 |
— 7 — —lp—n).
S, — Y (—a)icipHitn—0) [" -] ] (07"
€ 1;)( Ve i—0 ], ()
By interchanging the order of summation and then applying (3.5), we obtain
n—{ . ) oy iy (Cilbfn)-
S, = it 1+€b(§1)+(1+€)(n—€) [n ] :| (€70 )it
” i;)( 7 ! b (@it
i z+€ AR+ (0 (n=0) [ﬂ —j — K] (™) (e~ o0,
= ! b (7)e(qb");

By using (2.30), this sum becomes

1p,—ny\ n—~{ ) (Hh—(n—j=0)\.(~—1p—n+L\,
Si=(— q)Z Zb() 52-*-714& Z(qcbZn—]—f)z(b )i(c™'b )i

@ = (0)i(qb");
—1p—n b—(n—j—é), c—1p—n+t )
= (- q)€ (- _e2ne (c Cr )¢ e < 0 b;quZH*]*K ‘

The hypergeometric function »¢; can be evaluated by using the g-Chu-

Vandermonde identity
b: Lbk — ( x! y ) k
x ()

( b=k x
291
y

(see [KLS10, (1.11.4)], for example), which implies that

) (gcb" ) n—j—e
S, — 1 /b() £2+n/( 4 noj=t
e={=9) ORI

Substitute into (3.9) to obtain

= n—i| _|n (ol pnt n—j (b_k)ﬂ(”bk)f(qun>n—j—£
Lo = [ B ] S, @10

From (3.5) we have

A (q)n—j
(qb")n—jr = D (3.11)

and from (3.6) we find that
(qeb™) - —j
(g1~ 1p=2n+14),

By substituting (3.11) and (3.12) into (3.10) and using (2.30), we have
n o[y
y [" , 1] Pl(k)
i—oL J b

. Z(—l)éb(ﬁ)—(n—j)éM[”—]] |
1b >0 ¢ 1, (07 (q)nj(g Le b 20T,

n
j
] (9cb")u; b (b_("_j))z(b_k)z(abk)gl
iy @aj & 06" e(g e b7 2m41H),

_[n] (qeb")n-; b=(n=i), p=k qpk -
= n , (q)n_] bfn,q—lcflbfzi’lJrla}j s .

(qeb™)n—j—¢ =

(—geb™) "y~ =i+, (3.12)

(7)o (ab"),(geb") -

B
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The hypergeometric function 3¢, on the right-hand side can be computed via

the g-Pfaff-Saalschiitz formula
b-b) _ (x'2)ily )

" b, %,y
2 2, xyz i (z)i(x 1y~ 1z);

(see [KLS10, (1.11.9)], for example). Note that gcb” = a~'b~". Therefore, we

obtain (5-8) .

nor, bR (acb" ),

31 oo = 7] B

i—oL 7 1p Jlp (Q)n—]’(b )n—j
Applying (2.30) to [;’]b =[" J']b and using (2.30) one more time leads to the
identity (3.8). O

We can now prove Theorem 3.2.1.

Proof of Theorem 3.2.1. Suppose that Y is a d-code in ]q(n, m), 2Aanl, or %Dm.
Let (Ao, A1,..., Ay) and (Aj, AY, ..., A}) be the inner and dual distribution
of Y, respectively, in terms of the orderings imposed by the P- and Q-numbers
given in (2.52) and (2.53). From (2.17) and Lemma 3.2.2, we obtain for all

j=0,1,...,nthat
qcb" k)n @<t o

ké:bk(n ) [ ] -

n j n—k " kn P
; ; [ﬂ—]] (qc(v/)n—)-]Qk(Z)

)

First, assume that d is odd in the case of 2A2n71‘ Since Ay =---=A,;_1=0
and [ " d+1] = 0fori > d, we find from (3.13) with j = n —d + 1 that

PRV b e S A

Since Ap = 1 and Aj, = |Y|, we obtain

nflbkd 1) |: ];] (qun_k)d—lA;(: [ n :| <’X’ (qu d— 1’Y‘>
(9)a-1 d—1}j, (9)a-1
(3.14)
Recall that A} > 0 for all k > 0. For 2A,, ,, the sign of (qcb" *);_1/(q)a-1
is (—1)(@-1(=k+1) and the sign of [Z:Iﬂb is (—1)@-D(n—k=d+1) ‘Gince d is odd,
both signs are thus positive. Hence, all summands on the left-hand side

of (3.14) are nonnegative implying

1X1(4)4s
Y < — 2
YIS Gebmas
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as required.
Now, consider %A, , for even d. Put

X = bk(d—1)+d—2( g (0)a [ } [n - 1}
(7)a-1(9)a—2 d— d—2 (3.15)
yp = bR+ (b ) o (b") 41 [ } [“—1} :
@a2(q)ar  [d—2],ld-1],
Use (3.13) withj=n —d+1and j = n —d + 2 to obtain
n—d—+2
Y. (v — ) Ax
k=0
— i—2(b")a— ([n—1 n n—l] [ n } bn+d_2_1>
= |xlb (9)a—2 ([d—Z]b[d—l]b+q[d—1 Jld=2], g2 -1 )"
(3.16)

Next, we show that the summands on the left-hand side are nonnegative. The
sign of [7/], is (—1)“"~% and the sign of (b™),/(q)¢is (—1)™*. Hence, we have
sign(x;) = (—1)F and sign(y;) = —1, which implies that the left-hand side

of (3.16) equals
n—d+2

Y (1) |l + lyal) A

k=0

From
ﬂ k1 (bn—k—d+2 _ 1)(bn—k+d—1 . 1)

Yk - (b”+d*2 _ 1)(bnfd+1 _ 1) /
we see that | x| < |yk| for all k > 1. Therefore, the left-hand side of (3.16) can

be bounded from below by (xg — yo) A{, which is also positive. Since Ay = |Y|,

we thus find from (3.16) that

n n n n+d—2 _
[ X[p2 q))d; <[d ;]b[ 1y +q[- 1] [ 2];,%)
2O )y (021 n n—1 10" )y (b)g 11 0 1 .
(vt ), [, — b s ) 170, )

Y| <

We can now deduce the second inequality of the theorem after elementary

manipulations. This completes the proof. O

In what follows, we use Theorem 3.2.1 to obtain bounds for d-codes in the
remaining polar spaces 2A2n, B,, C,, D,, and an +1- To do so, we write

o= ({foee) (235 o

1

where ¢(n,d) = 1 for odd d and

n+d—2
—q)" At — )‘f’q((q))ﬁ((—‘ﬂn*dﬂ —-1)

)n+d 2_1

e(n,d) = - ( -
((—g)r—d+2 — )‘f'qW((—Q)” 1)
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for even d. Moreover, we write

m—1 ; d=1 1 — g2i-1
) <11:11(1+‘1)>(le1 1—qm+21_2) for even m
plm,d) =q -

m—1 ; d—1 1 — qu—l
< i£11(1+q )) (1_11 1_qm+211> for odd m.

Observe that, using (2.34), the bounds in Theorem 3.2.1 for 2A2n—1 and %Dm
equal a(n,d) and B(m, d), respectively.
First, we make the following observation about d-codes in D, if 4 is even.

Proposition 3.2.3. Every d-code in D, with even d and 2 < d < n induces a %—code
in 1D, of the same size.

Proof. The strategy of this proof is depicted in Figure 3.1.

Let Y be a d-code in D,, with even d and 2 < d < n. Recall that the set of
generators is partitioned into two equivalence classes X; and X,, where two
generators lie in the same class if and only if the dimension of their intersection
has the same parity as n. For each y € Y, choose an (n — 1)-space contained
in y. Because Y is a d-code with d > 1, all these chosen (n — 1)-spaces are
distinct and moreover, the dimension of their intersection is at most n — d.
Since e = —1, each of these (n — 1)-spaces lies in exactly two generators—one
from X; and one from X;. Let Y be the set of all generators in X; corresponding

to the chosen (n — 1)-spaces. Then it holds
dim(xNy) <n—d+1

forall %, € Y. However, the case diim(X N ) = n — d 4 1 cannot occur since d
is even and dim (% N 7) must have the same parity as n. Hence, Y C X; is a

4-code in $D, with |Y| = Y|, as required. O
We now derive bounds for codes in all polar spaces.

Corollary 3.2.4. Let P be a polar space of rank n and let Y be a d-code in P with
1<d<mn Puté=1[d/2].

(a) If P = 2A2n—1’ then |Y| < a(n,d).

(b) If P =2A,,, then |Y| < a(n+1,d).

(¢c) If P =ByorCy, then |Y| < B(n+1,9).

(d) If P = Dy and d is odd, then |Y| < 2B(n,d).
(e) If P = Dy and d is even, then |Y| < B(n,?).

(A If P =2D, ., then |Y| < B(n+2,9).



3.2 Bounds

X] X
I I I i n-spaces
s s s (n — 1)-spaces
A/
AR EEEEEE] n-spaces

Ficure 3-1. Idea for the proof of Proposition 3.2.3—a d-code ¥ in X induces a
d-code Y in the equivalence class X; of X.

Proof. The bound in (a) follows directly from Theorem 3.2.1 by using (2.34).
A d-code in D, induces J-codes in each of the two bipartite halves of D,,
so it is at most twice as large as a J-code in %Dn. Theorem 3.2.1 then gives (d).
Proposition 3.2.3 immediately implies (e).
Recall from Section 2.3.2 (see p. 46) that in the cases of B, and C,, one
obtains a new association scheme with the classes

Ro,RiUR, R3URy,...

and this new association scheme has the same P- and Q-numbers as
%Dn_l,_] [IMUB89]. Therefore, the size of a d-code in B, or C, is at most the
upper bound for a 6-code in §D,,41 given in Theorem 3.2.1, which proves (c).

To establish the remaining cases (b) and (f), note that °D,, 41 and 2A,,

arise by intersecting B, 1 and 2A respectively, with a hyperplane (see

2n+17
Remark 2.3.3). Hence, an 41 can be embedded into B, ;1 and 2A2n can be

embedded into 2A2n +1- Note that B, and 2A2n 41 are of rank n + 1 and

) 2 : 2
each generator in °D, ; or “A,, becomes an n-space in B, ;1 or “A,, . ; under

2n+
these embeddings. In B, ;1 and 2A,, . ;, every n-space is contained in exactly
p**! 41 = g + 1 generators. For each embedded element of Y, we choose one
of these g + 1 generators giving a subset Y of B, 1 or 2Ay,41- Then Y is also a

d-code and (c) implies (f) and (a) implies (b). O

We close this section by giving the following more useful bounds on «(n, d)

and B(n,d).

Lemma 3.2.5. For 1 < d < n, we have

14 _n(n—d+1) dd d
a(n,d) < { 51 foro (3.17)
14 n(n—d+2

= ) for even d,
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and
5,(n=1)(n=2d42)/2 o1 oven n
B(n,d) < 21 f (3.18)
%q”(”*zd“)/z for odd n.
To prove Lemma 3.2.5, we use the identity
;:1§; fory > x> 1withy #1 (3.19)

and the following lemma.
Lemma 3.2.6. Let n > 1 and q > 2 be integers. Then we have
n 1 5 n 1 7 L 1
1+.><, <1+.>< and <1+._><2.
H< qz 2 g q21 5 g q21 1
(3.20)

Proof. We use 1+ x < exp(x) to obtain

()< (+5) e () < (3) = (5)

Applying (14 x)exp(x) < 3 for all x € [0, 3] leads to the first inequality.
Using a similar approach gives us

ﬁ 1+i < ex L < ex 1 <Z
Pl Plg=1)=%P\5) ~ 5

i=1

u 1 q 2
11+ ) <o (ly) =oe (3) <2

as required. O

and

We can now prove Lemma 3.2.5.

Proof of Lemma 3.2.5. For B(n,d) and even n, use (3.19) and (3.20) to obtain

n—1
B(n,d) < <]‘[ q <1 + ;)) gl b=
i=1

< §q(n—1)(n—2d+2)/2.

-2
The bound for B(n,d) and odd n can be obtained similarly. For a(n,d), we
write

n d—1 i 1\

(3.21)
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We have
e (@ +1)(g* ' -1)
fi_[l Z _1)1 11;[1 (qn+21 ( 1)n)( n+2i—l+( 1)11) fOI' Odd d
i= M_—W B d—1 de 2i 2i—1
qn+j 1+(1 n 1:[1 RS (( S:)EZ}H—Z] 111( 1) for even d.
(3.22)
Using (3.19) and (3.20), we obtain for each r > 1,
11 (@ + D" = 1) T @D -1
L@ = Con@ T+ (07 = 4 e+ )@ T - 1)

L —2nr
< 5q
Substitute into (3.22) to give
a1 g (_1)i Zg—n(@-1) for odd d
H I’Z+Z 1)1’1+l < 7 —n(d—2) qd7171 (323)
i=1 49 54 m for evend.

From (3.20) we have

ﬁ(l +q2i—1) — ﬁq?_i—l (

i=1 i=1

21_1> <2q". (3.24)

Substitute (3.23) and (3.24) into (3.21) to obtain

d—1 1 (325)

n.d) %q”(n*dﬂ) for odd d
a\n, <
%qn(n—dﬂ)qnﬂ;gﬁ( 1)(m+1)@Ne(n,d)  for even d.

For even d, we have

(_1)(n+1)(d—1)8(n,d)
T T (g (<)) = (<) = (<))

qd 1_1
n+d—2_ ,1)

(g7=442 = (=1)") + g S (7 + (= 1))
( n+d—2 ( 1)n)( n— d+l+(7l)n) "
q . (@ T=1) (g4 2=(=1)™) - (_1)
q( n+d 2_ ( ) )( n— d+1+( 1)71)
( n+d— 1+( ) )( n—d+2 _ ( 1);1)
qn+d—1 + (_1)n
qdfl -1 ’

+1

<

(3.26)

by using (3.19), so that (3.25) gives the required bound for a(n, d). O
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3.3 Constructions

We now discuss the sharpness of the bounds in Corollary 3.2.4 by giving
constructions of codes in polar spaces. For a vector space V, let P,(V)
be the set of n-spaces of V. Recall the definition of the injective mapping
v Fpt — Pn(]F%,”) from (2.49) in Section 2.3.4. We already stated that, after
an appropriate choice of the form, v(A) is in 2A,, , if and only if A is Hermi-
tian, v(A) is in Dy, if and only if A is alternating, and v(A) is in C, if and only
if A is symmetric (as before, p = g* for ?A,, , and p = g otherwise). Also
recall that the mapping v satisfies

n —dim(v(A) Nv(B)) = rank(A — B)

for all A,B € IF;*". Accordingly, to construct codes in polar spaces,
we can use different types of codes in Fy*". Such objects were studied
in [Sch18], [Sch10], [Sch15], and [DG75] for Hermitian, symmetric, and al-
ternating matrices, and are precisely the codes in affine schemes Her,(n),
Sym, (n), and Alt,(m). This implies the following corollary.

Corollary 3.3.1. The bound in Corollary 3.2.4 for a d-code in a polar space P of
rank n with 1 < d < n is sharp up to a constant factor if

(a) P= 2/12”71 and d is odd;

(b) P =C,anddisodd;

(¢c) P = By, disodd, and q is even;

(d) P = D,, except possibly when n is even and q is odd.

Observe that in the case of D, the constructed code actually lies in the

bipartite half %Dn since alternating matrices always have even rank.

Proof of Corollary 3.3.1. From [Sch18] and the injection v, we find that for
odd d, there exists a d-code Y in 2A,, , satisfying |Y| = ¢""=4+1). In view
of Lemma 3.2.5, this shows that the bound in Corollary 3.2.4 (a) for odd d is
sharp up to a constant factor. Likewise from [Sch10] and [Sch15] we find that,

for odd d, there exists a d-code Y in C, satisfying

v {q(n+1)(nd+1)/2 for even 1

ghn—d+2)/2 for odd n,

showing that the bound in Corollary 3.2.4 (c) for P = C, and odd d is sharp
up to a constant factor. Since B, and C,, are isomorphic for even g, the same is
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true when P = B, and g is even. From [DG75] we find that, for even d, there
exists a d-code Y in D,, satisfying

Y| = {q(”l)(”dﬁ)ﬂ for even n and even g

ghn—d+1)/2 for odd n.

Since a d-code is trivially also a (d — 1)-code, this shows that the bound in
Corollary 3.2.4 (d) and (e) is sharp up to a constant factor except possibly
when 7 is even and g is odd. ]

We note that in all other cases, one can obtain constructions of d-codes in a
similar fashion, showing that the remaining bounds in Corollary 3.2.4 are met
up to a small power of ¢".

3.4 Open problems

We close this chapter by looking at some open problems that directly arise
from our results or are related to codes in polar spaces.

Problem 3.4.1. Is there a combinatorial proof for the bounds from Corollary 3.2.4?

In the case of the g-Johnson scheme, we will see in Chapter 5 that Theorem 2.2.6
with the Singleton polynomial gives the Singleton bound (also known as
Wang-Xing-Safavi-Naini bound, anticode bound, or packing bound, see [WXS03,
Theorem 5.2] and [EV11, Theorem 1 and 2]), which can also be proved
combinatorially. Applying the same combinatorial proof for the polar spaces
gives the size of an (n — d + 1)-Steiner system in the polar space as an
upper bound for d-codes, see Proposition 5.1.2. However, we will see in
Chapter 4 that the bounds from Corollary 3.2.4 are smaller than the size of
Steiner systems in most cases. Since we gave only an algebraic proof for the
bounds in Corollary 3.2.4, it would be interesting to see whether they can
still be proved purely combinatorially. This problem is similar to Problem 5.4.5.

Problem 3.4.2. Improve the bounds in Corollary 3.2.4 that are not asymptotically
optimal, or construct new codes whose sizes reach these bounds up to constant factor.

Related to Problem 3.4.2 is the following.

Problem 3.4.3. Can some of the bounds in Corollary 3.2.4 be improved by using
semidefinite programming?

In 2005, Schrijver [Sch05] improved some of Delsarte’s linear programming
bounds for codes in the binary Hamming scheme H (1, 2) by using semidefi-
nite programming (SDP). Schrijver’s method gave new bounds for different
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types of codes as well (see [Val21] for a survey of this method). In the linear
programming (LP), one looks at constraints for pairs of codewords, whereas
in the SDP the constraints are for triples, quadruples, etc. of codewords. In the
case of the g-Johnson scheme, Schrijver’s SDP method did not give new upper
bounds for the size of codes so far, which was checked by Ihringer, see his
blog post [Ihr18] on this. It would be interesting to see whether SDP yields
better bounds than LP for codes in polar spaces.

Problem 3.4.4. Let P be a polar space of rank n. What is the maximum number of
elements in a subset Y of k-spaces in P with 1 < k < n such that k —dim(xNy) > d
for all distinct x,y € Y?

Such subsets Y can be seen as a generalization of our definition of a code in
a polar space. One possibility to tackle this problem could be to study the
nonclassical association scheme arising from the action of the corresponding
group from Table 2.2 on the k-spaces (with k < n) instead of the generators.
This was shown by Stanton [Sta80], who proved that the orbits under this
action are indexed by two parameters and who also computed the eigenvalues
of this scheme, as did Eisfeld [Eis99].

Problem 3.4.5. Do 1-perfect codes in B, and C, exist if n = 2" — 1 for some
integer m > 3?

An e-perfect code in a polar space P is a subset of generators such that for every
generator x in P, there is a unique generator from Y, whose intersection with x
has dimension at least n — e. The existence of e-perfect codes was solved in
most cases by using Lloyd’s theorem [Del73, Theorem 5.7]. More precisely,
it was proved by Chihara [Chi87] that nontrivial e-perfect codes do not exist
except possibly in B, or C, withe = 1 and n = 2" — 1 for some integer m
(where nontrivial means that the code is neither a singleton nor the full set of
generators). A 1-perfect code Y in C,, and B, is a 3-code with

Y= = () (),

i=1

where v; denotes the valency (2.37). The size of Y is precisely the value of the
respective bound in Corollary 3.2.4(c). For n = 3, a 1-perfect code in C3 or B3
is a so-called spread, whose existence question is affirmatively solved in C3 and
still not completely settled in B, for example. (See [HT16, § 7.4 and 7.5] for
an overview on the existence of spreads.) So far, nothing seems to be known
in the case of n = 2™ — 1 with m > 3.



CHAPTER 4

Steiner systems in polar spaces

Some things will drop out of the public eye
and will go away, but there will always be
science, engineering and technology. And
there will always, always be mathematics.

—Katherine Johnson

In this chapter, we will give an almost complete classification of Steiner
systems in polar spaces by showing that such objects can only exist in some
corner cases. This classification result will be proved by using the bounds for
codes in polar spaces that were obtained in Chapter 3.

The results of this chapter can also be found in [SW22].

41 Introduction

A t-Steiner system is a collection Y of n-subsets of a v-set V such that each
t-subset of V is contained in exactly one member of Y. The long-standing
existence question for ¢-Steiner systems has been settled recently: it was shown
in [Keel4] and [Glo+16] that, forall ¢t < n and all sufficiently large v, a t-Steiner
system exists, provided that some natural divisibility conditions are satisfied.
Observe that a t-Steiner system is a ¢-(v,1,1) combinatorial design and by
Example 2.1.28 and 2.2.9, a t-design and an optimal (n — ¢ + 1)-code in the
Johnson scheme [(n,v — n).

It is well known that combinatorics of sets can be regarded as the lim-
iting case ¢ — 1 of combinatorics of vector spaces over IF;. Indeed, fol-
lowing [Cam74] and [Del78b], a t-Steiner system over I, is a collection Y of
n-dimensional subspaces (n-spaces for short) of a v-space V over I; such that
each t-space of V is contained in exactly one member of Y. It is remarkable
that, in the nontrivial case 1 < t < n < v, Steiner systems over I, are only
known for a single set of parameters [Bra+16], namely for (¢,1n,v) = (2,3,13)
and g = 2. Similar to Steiner systems of sets, a t-Steiner system over I is
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a t-design over IF; and an optimal (1 — t 4 1)-code in the g-Johnson scheme
J;(n,v —n), as we will see in Chapter 5.

We may consider these objects as g-analogs of Steiner systems of type A,_1,
as V together with the action of GL,(q) is of this type. We study g-analogs of
Steiner systems in finite vector spaces of type 2A2n71’ 2A2n’ B,, C,, D,, and
’Dyy 1

in Section 2.3. Namely, a t-Steiner system in a polar space P is a collection Y of

(using the notation of [Car89]), which are the polar spaces introduced

generators in P such that each totally isotropic t-space of V is contained in
exactly one member of Y. These objects are sometimes called regular systems or
1-reqular systems in the literature. Examples of Steiner systems in polar spaces
are given in Figure 4.1 and 4.2.

e

Fi1GURE 4.1. Two 1-Steiner systems (spreads) in the hyperbolic polar space D,
from Figure 2.9.

FiGURE 4.2. A 1-Steiner system (spread) in the symplectic polar space C; from
Figure 2.8.

A 1-Steiner system in a polar space is known as a spread, whose exis-
tence question has been studied for decades (see [Seg65], [Dye77], [Tha81],
[Kan82b], [Kan82a], [Cal+97], for example), but is still not fully resolved
(see [HT16, § 7.4] for the current status). The only other known nontrivial
t-Steiner systems in polar spaces occur for t = n — 1 in the hyperbolic polar
space D, and equal one of the two bipartite halves D, of Dy, see p. 45.

We prove the following classification result.



4.2 Proof of the classification results

Theorem 4.1.1. Suppose that a polar space P of rank n contains a t-Steiner system
with 1 < t < n. Then one of the following holds

(1) t=n—1and P = D,;
(2) t:n—landp:2A2n0r2Dn+1forc/23;
(3) t=2and P = 2A,, or?D,_, for odd n.

It is unknown whether t-Steiner systems exist in the remaining possibilities

and we conjecture the following.

Conjecture 4.1.2. If a polar space P of rank n contains a t-Steiner system Y with
1 <t<n, thenP = D, and is a bipartite half of D,,.

The special cases (n,t) = (4,2) and (n,t) = (5,3) in Theorem 4.1.1 were
recently obtained in [Cos+22] and the results in the cases t = n — 1 are
essentially known (see Case (C1) in Section 4.2). All other cases appear to be
new.

An elementary counting argument shows that the size of a t-Steiner system
in a polar space necessarily equals the total number of totally isotropic ¢-spaces
divided by the number of t-spaces contained in a generator. Our proof of
Theorem 4.1.1 is based on the fact that a set Y of generators in a polar space is
a t-Steiner system if and only if Y has the correct size and dimU NW < ¢ for
all distinct U, W € Y. Therefore, the intersection of two distinct members of a

t-Steiner system can have dimension at most t — 1 and so a t-Steiner system is

an (n — t 4 1)-code and its size must satisfy the bounds derived in Chapter 3.

However, we will show that in most cases the bound is too small for a t-Steiner
system to exist, eventually leading to Theorem 4.1.1. Numerical evidence
suggests that in all cases remaining in Theorem 4.1.1, the LP optimum in
the corresponding association scheme equals the size of the putative Steiner
system. Hence, it seems that entirely new techniques are required to deal with
the remaining cases.

After giving a proof of Theorem 4.1.1 in Section 4.2, we will discuss some
open problems related to the topic of this chapter in Section 4.3.

4.2 Proof of the classification results
Here, we prove Theorem 4.1.1. The proof is split into the following cases:
(Cl) t=n—1land P = 21‘121,1,2Dn+1 forq=2o0rP = 2A2n_1,Bn,Cn}

(C2) P=D,withl<t<n-—1;

(C3) P=BjorC,witht =2andevennor2 <t<mn-—1;
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(C4) P = 2Dn+1 with t € {2,3} and odd nor3 < t < n—1, but
(n,t) £ {(7,4),(85)}

(C5) P=2A, ,withl<t<n-—1;

(C6) P = 2A,, witht = 2and evenn, or 2 < t < n —1 except for
(n,t) = (6,3);

(C7) t=2and P =B, orC, foroddn >30orP = an+1 forevenn > 3;

(C8) P=7?D,,, witht =3andevenn > 4;

(C9) P =2D, ., with (n,t) = (7,4) or (8,5), or P = 2A,, with (n,t) = (6,3).

The case (C1) is essentially known [Van11, p. 160] and a proof is sketched
below for completeness. The cases (C2)-(C6) will follow from Theorem 3.2.1
and Corollary 3.2.4. The cases (C7)—(C9) are some corner cases, which need
special treatment.

We begin with a sketch for a proof of (C1).

Proof of (C1). By taking the elements of an (1 — 1)-Steiner system in a polar
space of rank 7 that contain a fixed isotropic 1-space v and taking the quotient
by v, one obtains an (n — 2)-Steiner system in a polar space of the same type
but rank n — 1. This reduces the existence question to 2-Steiner systems in
rank 3 or 1-Steiner systems, namely spreads, in rank 2. There are no spreads
in B, for odd g, ZA 4forg=2,and 2A5 for all g [HT16, § 7.4] and there are no
2-Steiner systems in 2D, for ¢ = 2 [Pan98] and C; for all 4 [Tho96], [CP03].
Since B, and C,, are isomorphic if g is even, there are also no 2-Steiner systems
in B3 for even g. O

To prove (C2)-(C6), we note that the number of totally isotropic t-spaces
in a polar space of rank # is

[ } ﬁ (1+ p"ite) (4.1)

pi=
(see [BCN89, Lemma 9.4.1], for example). Since every generator contains
exactly [’;]p subspaces of dimension ¢, the size of a t-Steiner system is thus

given by
-1

[Ta+p"). (4.2)

i=0
Recall that a t-Steiner system is an (n — t + 1)-code. Henceforth, we thus
write d = n —t + 1. Let B denote the corresponding bound of a d-code in
Corollary 3.2.4. We denote the size of an (n — d + 1)-Steiner system by S, hence

1:[ (14 p"i+9) (4.3)
i=0
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and in particular
s> p%(nfd+l)(n+d+2€)‘ (4.4)

We set R = B/S and show that R < 1.

Proof of (C2). In this case, we assume that P = D, and 2 < d < n. Use
Corollary 3.2.4 (d) and (e), (4.4), and (3.18) to obtain

%q%(dfz)(d*”) for even n and even d
Sq%(d_l)(d_”_l) for even n and odd 4
R < . (4.5)
%qf(d*Z)(d*”*I) for odd n and even d
5q2(@-1@=1-2)  for odd 1 and odd d.

If n and d have the same parity, then (4.5) implies R < 1. If n and d have a

different parity, then (4.5) implies R < 1, except when (n,d) = (4,3). In the
latter case, Corollary 3.2.4 (d) and (4.3) give

R=_2_

1447

This completes the proof. O

< 1.

Proof of (C3). In this case, we assume that P = B, or C,and2 <d <n —1or
d = n — 1lis odd. Use Corollary 3.2.4 (c), (4.4), and (3.18) to obtain

%q%(d(d—l)—(”ﬂ)(d_z)) for even n and even d
R - %q%(d(‘”l)*(”“)(‘i*l)) for even n and odd d
%q%(d(dfl)*”(dﬂ)) for odd n and even d
%q%(d(dﬂ)—”(d—l)) for odd 1 and odd d.

It is the readily verified that R < 1, exceptif (i) d = 4and n = 6,7, or (ii)
d=3andn =6,7,or (iii) d = n —21is odd, or (iv) d = n — 1 is odd. For (i)
and (ii), Corollary 3.2.4 (c) and (4.3) imply that R equals (1+4%)/(1+4*) and
1/(1+ g*), respectively, giving R < 1in both cases. For (iii), Corollary 3.2.4 (c)
and (4.3) imply that

-1

= (i) (g

e ([0 (115255

NI=

i=1 i=1 g2
5 1
21441 <1
by using (3.19), (3.20), and n > 4. Similarly, for (iv), we deduce
5_ 1
R<-—"——=5<1
<21 +q"2 =

which completes the proof. O
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Proof of (C4). In this case, we assume that P = 2D, ; and2 < d < n—2
ord =n—2isoddord = n—1iseven, but (n,d) & {(7,4),(8,4)}. Use
Corollary 3.2.4 (f), (4.4), and (3.18) to obtain

%q%(d(ﬂl)*(”“)(d*z)) for even n and even d

573(d(d+1)=(n+1)(d=1))  for even n and odd d
R < 24

gq%(d(d+1)—("+2)(‘i_2)) for odd n and even d

gq%(d(d“)*(”*z)(d*l)) for odd n and odd d.

Then we have R < 1, except for (i) d = 3and n = 5,6, or (ii) d = 4 and
n=9,10, or (iii) d = 6 and n = 9,10. Corollary 3.2.4 (f) and (4.3) imply that,
in the respective cases, R equals

1+ (1+4)(1—4°) (1-¢°)(1+q°)
1_|_q4’ 1_q12 / 1—(114 ’

In all cases, we have R < 1, as required. ]

Proof of (C5). In this case, we assume that P = 2A2n—1 with 2 < d < n. Use
Corollary 3.2.4 (a), (4.4), and (3.17) to obtain

{ 14 4(@=1)(d=n-1) for odd d
R 5

Lgld=Dl=n=1+n  for even d.

Then we have R < 1, except for (n,d) = (5,4). In the latter case, we find from
Corollary 3.2.4 (a), (3.21), (4.3), and (3.26) that

8 i i
-1 2i—1 q+(=1)
CEm Ve
_ (@ =D +1)
@D -1
<2q 1 <1
as required. O

Proof of (C6). In this case, we assume that P = 24, with2 <d <n-—1
or d =n —1is odd, where the case (n,d) = (6,4) is excluded. Use Corol-
lary 3.2.4 (b), (4.4), and (3.17) to obtain

Eq(dfl)(dfan)Jerfl for odd d
> (4.6)

14 d(d—n—1)4+2n+2
54

for even d.

For odd 4, it follows R < 1, except when (1,d) = (4,3). In the latter case, we
find from Corollary 3.2.4 (b) and (4.3) that

4 _ 5 2 -3
R @ -D@+1) g +q°

(@ -1 +1) ~ £-1
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If d is even, then (4.6) implies R < 1, except when (n,d) = (8,6) (re-
call that we excluded (n,d) = (6,4)). In this case, we find from Corol-
lary 3.2.4 (b), (3.21), and (4.3) that

R= (Moo ) (T2 ) e

i=1 i=1

with
7 L gt - 1)
€(9,6) = ; q o
P+1+q0m(4t 1)
_ (%=1 (0% -9 +49+9°—q-1)
(° =1) (@7 +q'%—q-1)
(-1 1
< —.
(@ —=1) ¢
This gives
1 6 4 qz+( 1)1
ceg (o ee)( )
q g( 9" gq9+z+( 1)
1)@+ )@+ 1)
q (@ =1)(g°+1)(q°~1)
7
-39 +1
<q P <1,
by using (3.19), which completes the proof. O

Now, it remains to prove the corner cases (C7)-(C9). This is done by
showing that the dual distribution of the Steiner system has a negative entry,
which contradicts Proposition 2.1.26. In what follows, all inner and dual
distributions (in particular those in 24, ) are determined with respect to
the standard orderings imposed by (2.33) and (2.35). We require the following
result on the inner and dual distributions of ¢-Steiner systems.

Proposition 4.2.1. Let X be the set of generators in a polar space of rank n and
suppose that Y is a t-Steiner system in X with 1 <t < n. Let (A;) and (Ay,) be the
inner distribution and dual distribution of Y, respectively, in terms of the standard
orderings imposed by (2.33) and (2.35). Then we have

t—1 i ] n t—1
A, i = 2(_1)]—1;9( 2) |::| |:] H(l + pn—£+e) 1
j=i Hplllp IS

foralli=0,1,...,n—1land A} = A, =---=A;=0.

To prove Proposition 4.2.1, we use the following counterpart of Lemma 3.2.2
for the Q-numbers of the association scheme of polar spaces.
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Lemma 4.2.2. Let X be the set of generators in a polar space of rank n and let Qy (i)
be the corresponding Q-numbers given by (2.36). Then we have

n—j

1 n—i

AP (SRR L IORAE]

k=0 ] ] p
foralli,j=0,1,...,n

Proof. We will frequently use the identity (3.7) without specific reference in
this proof.
Let P;(k) and Qx (i) be as in (2.35) and (2.36), respectively. We will prove

gl pe

By multiplying (4.7) with Qk(¢), taking the sum over k, and using (2.8), we ob-

n—j

= pk(n*j) |:1/l - k:| H<1 + pﬁ k+e> (47)

p n=]lpica

tain the identity in the lemma. It remains to prove (4.7). Foralli,j = 0,1,...,n,
we have

noi n -1 n—i1 n—i n i ) .
e Z Z(_1>/|: :| |: . :| |: :| |: :| |: :| P6(471767])+( 5 )+l€’

]

n j -1 . )
£ Eel] T g e
i=0 /=0 klp Ld 1Ll k=2l li=£],

Interchanging the order of summation by putting m =i — ¢ gives us

(Rl RN B

(=0 J
To evaluate the inner sum, we use the g-Chu-Vandermonde identity
x+ X i) [X
[ Z}q =y v ”’)H in] : (4.9)
P i=0 p p

where x, y, z are integers, see [G]83, § 2, 2.6.3(c) ]. Applying the g-binomial
inversion formula

sy [] [ = o



4.2 Proof of the classification results

for nonnegative integers 7, k to (4.9), which can be deduced from the g-binomial
theorem

koo k-1
2 [ L H(l +zp') (4.11)

for example, reveals that

i(_l)ép(ﬁ) |:92:| |:x—€+y:| :px(yz+x)|: y :| )
p z p p

(=0 z—X
Putx =k,y =n —k —m,and z = j to obtain

o[kl [n—m—2¢ sn—k—m
R
ap ] p j—k 1,

Substitute into (4.8) to give

= [n—i ) (= k(n—m ][ _k_m:| {Tl—k] (5)+m(e+1)
20[ j } - LV i—k 1, JF

p m=0 "

<Z |:1’l —]:| (5)+m(e+1)—km ) pk(n—j) |:7’l_—II::| . (412)
— p / b

Applying the g-binomial theorem (4.11) to the sum on the right-hand side
of (4.12) leads to the identity (4.7). O

We can now prove Proposition 4.2.1.

Proof of Proposition 4.2.1. From (2.17) and Lemma 4.2.2, we find that, for
allj >0,

n—j n _ g
ZA’ (n=1) { k] [T +p" 5 = XY A [" . Z} . (413)
n=]lpi=1 i=0 I 1p
Since Yisan (n — t + 1)-code, we have Ag = land A; = --- = A,y = 0 and

therefore obtain, by setting j = ¢ in (4.13),

—k - {—k+e n
Y[ Tasp=pafy]
-1 p
From A{, = |Y|, we find that
t o k n—t ke n n—t Ote
ZAkP B H(Hp ) = X[ = YT+ p) |-
k=1 n—t],iq tp =1

From the expression (2.34) for | X| and the expression (4.2) for |Y|, we see that
the right-hand side is zero. Since A;c > 0 by Proposition 2.1.26, we conclude
Al = A} = ... = A} = 0. Moreover, (4.13) simplifies to

[, Hoerom=wa (7] < £ 5],)
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forallj =0,1,...,t — 1. Using (2.34) and the expression (4.2) for |Y| again,

][] (o)

p (=

we obtain

Applying the g-binomial inversion formula (4.10) gives the desired expression
for A,_;. O

We now prove (C7)—(C9). Henceforth, we denote by (A;) and (A4} ) the
inner and dual distribution, respectively, of a putative ¢t-Steiner system Y.

Proof of (C7). We now assume thatt =2 and P = B, or C, for odd n > 3 or
P = 2Dn .1 for even n > 3. We will show that A}, _; < 0 in the first case and

A, < 0in the second case. By (2.17) and (2.11), we have
Afc Pnfl(k) Pn(k)

— =1+ Anfl +
Kk Un—1 Un

An:

By Proposition 4.2.1, we have

_ n—1+e n
prr=g ]
q
and

n-re n— e n n— e
Ay = (" + 1) (" 1) - H gt -1
q

From (2.35) and (2.37), we find for B, and C,, that

Py_1(n—1) _|" ! il s |P 1
On1 1), \’ 1 1,

Py(n—1) 5.5
v =1 ’
n

and

and for ZDn e that

Pﬂ—l(n) — _q721’l+2 and
Un—-1 Un

P”(n) — qun‘

Here, we have crucially used the assumed parity of n. For B,, and C,, we then

obtain
Apa _, "=t 1 gl (@D )
Mn—1 (=gt g2 (q—-1)q"3 g2
For n > 3, we have
- qn -1 B 1 _ an—l o 2q2n—2 + qn—l —q +1
(=gt g2 (g —1)g>2
- an—l o 2qn+1 + qn—l —q + 1
(q—1)g*—2

=1 (g"+ 1" +1)

(g—1)g"3 g2




4.3 Open problems

and therefore A/, < 0if P = B, or C,, which completes the proof in the first

case. For ?D,, ;, we obtain
Ay o=t 1 (@ =g (g7 +g")
Jn (a=Dg" ¢ (9—1)g" q*"

For n > 2, we have

qn_l 1 q2n+1_2q2n+qn_q+1

1 _——_ — — — =
(g—1)g" g> (g —1)g>
q2n+1 __zqn+2 +_qn __q_+_1
< 2n
(g—1)q
_ (@ =D¢? _ (49" +q")
(q—1)q" 7> ’

and therefore A, < 0 in the case P = 2D This completes the proof. [

n+1*

Proof of (C8). We now assume P = 2D, fort = 3 and even n > 4. As in
(C7) we compute

A, 1(g—1)2(g+1)
20y 1

=—q(q+D)A-g"A-g"") +7" (1447,

from which it is readily verified that A;l_l < 0, as required. O

Proof of (C9). As in (C7) we compute the following. For P = ?Dg and t = 4,
we have

/
f = =2+ 1)@+ 1) (¢ +q9+1) <0,
6
for 2D9 and t = 5, we have
/
VJ = =20+ D)X —q+1) (" +1)* <0,
7

and for 2A,, and t = 3, we have

Al _
1755 =—q7(q+D)’(@ -9+ 1)@ -+ +1) <0,
In all cases, we obtain the required nonexistence of t-Steiner systems. O

This completes the proof of Theorem 4.1.1.

4.3 Open problems

We close this chapter by discussing some open problems that are related to
Steiner systems in polar spaces.
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Problem 4.3.1. Prove Conjecture 4.1.2.

This conjecture is true if there are no t-Steiner systems in 2A,, and 2D, 41 in
thecaset = n —1and g > 3, and in the case t = 2 and odd n. For the first
case, recall from the proof of (C1) in Section 4.2 that an (n — 1)-Steiner system
in a polar space of rank n induces a 2-Steiner system in a polar space of the
same type of rank 3, or a 1-Steiner system, hence a spread, in rank 2. Thus,
showing the nonexistence of spreads in 2A, and 2D, for g > 3 could prove
the conjecture. However, for 2D3 and all g > 2, there always exists a spread,
whereas nothing is known for ZA 4 wWith g > 3. Similarly, for the second case,
a 2-Steiner system in odd rank 7 induces a spread in even rank n — 1. The
existence question for spreads in a general rank in 2D, ; and 2A,,, is also not
completely settled yet, see [HT16, § 7.4 and 7.5]. The case ?A,, with g > 3 is
the most important open case concerning spreads in polar spaces since only
the special case 2A, with g = 2 has been solved so far.

Problem 4.3.1 is also related to the existence of strongly regular graphs
with specific parameters. Namely, a putative 2-Steiner system Y in rank 3
is a 2-design and a 2-code and, by Proposition 2.1.29, it induces a sym-
metric association scheme with two classes and hence a strongly regular graph.

Problem 4.3.2. Do nontrivial t-designs in polar spaces exist for all t > 27

A t-(v,n,A) design over Iy is a collection Y of n-subspaces of I§ such that
every t-subspace of I} lies in exactly A members of Y. These are precisely the
t-designs in the g-Johnson scheme. Using a probabilistic argument, it was
shown in [FLV14] that t-designs over IF; exist for all t and g if n > 12(f + 1)
and v is sufficiently large. The definition of a design over IF; can be extended
to polar spaces: a t-(v,n, A) design in a polar space P of rank n is a collection
of generators of P such that every t-space of P lies in exactly A members
of Y. Nontrivial designs in polar spaces were recently found by computer
constructions in [Lan20] and by Kiermaier, Schmidt, Wassermann, which was
announced in [Was]. See also [Cos+22] for more information on designs in
polar spaces. However, a general existence result for designs in polar spaces is
presently not known.

Problem 4.3.3. Let P be a polar space of rank n, and let k,t be integers with
1 <t <k < n. Do collections Y of k-spaces in ‘P exist such that every t-space in P
lies in exactly one member of Y?

Such collections Y can be seen as a generalization of a t-Steiner system in a
polar space. This problem is related to Problem 3.4.4



4.3 Open problems

Problem 4.3.4. Do nontrivial t-Steiner systems over Ity exist for all t > 2?2

Recall from Section 4.1 that so far, nontrivial t-Steiner systems over IF;, which
are designs in the g-Johnson scheme, are only known for a single set of parame-
ters. In the case of t-Steiner systems in the Johnson scheme, the existence ques-
tion was open for over 150 years and has been only settled recently in [Kee14]
and [Glo+16]. It would be interesting to see whether the methods from these
papers could be modified for the g-analog case. However, this is certainly a
very challenging problem and the methods applied in these two papers are
way out of scope of this thesis.
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CHAPTER 5

Optimal solution of
the linear program

| can see that, without being excited,
mathematics can look pointless and cold.
—Maryam Mirzakhani

This chapter focuses on Delsarte’s linear program for codes in various
classical association schemes. We will derive the LP optimum in the bilinear
forms scheme, Hermitian forms scheme, and alternating bilinear forms scheme
as well as in several ordinary g-analogs. This is done by using the duality
theory of linear programming.

51 Introduction

It is well known that Delsarte’s linear programming method, which was intro-
duced in Section 2.2, yields asymptotically optimal bounds in many association
schemes. In particular, the best known asymptotic bound for codes in the bi-
nary Hamming scheme H(#,2) and in the Johnson scheme J (1, m) arises from
Delsarte’s linear program (2.20), see [McE+77]. However, even though the
linear program for d-codes in H(n, q) and J(n, m) has been studied since the
1970s no explicit expression for the LP optimum is known so far except for the
special case that ¢ > max{d,n —d + 2} for H(n, q), see [Del73, § 4.3.2]. For
the bilinear forms scheme, Hermitian forms scheme, and alternating bilinear
forms scheme, Delsarte’s linear program was used to derive bounds that are
sharp in most cases implying that in these respective cases, the bounds are
precisely the LP optima, see [Del78a], [DG75], and [Sch18]. For the ordinary
g-analogs, nothing was known about the LP optimum so far. Here, we will
give an explicit expression for the LP optimum for codes in several classical as-
sociation schemes. We will see that these LP optima are sharp up to a constant

factor in most cases.
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82  Optimal solution of the linear program

The main result of this chapter is the following theorem. Recall the defini-
tion of the parameters b and ¢ from (2.51).

Theorem 5.1.1.

(a) Let X be the set of n-spaces in ]q(n, m) or generators in ZAZW1 or %Dm, where
n = |m/2| in the case of 3Dy,. Then the LP optimum for d-codes with
1<d<ninJ;(n,m), 2A2n—l’ and %Dm is given by

LP(d) = m (5.1)

where d is required to be odd in the case of 2A2n_1. Forevend with2 < d < mn,
the LP optimum for d-codes in 2A,, _, is given by

n+d—2__ _
Lp() - Xl@ay O D+ G 07 )
—(geb™) a1 (pndt2 — 1) + Uil (prd+l 1)

pn+d—1_

(5.2)

Moreover, both LP optima (5.1) and (5.2) also hold for association schemes
with the same P- and Q-numbers as J,(n, m), 2A2n_1, and %Dm.

(b) The LP optimum for d-codes with 1 < d < n in Bil;(n,m), Hery(n), and
Alt, (m) is given by

LP(d) = (cb™)"4+1, (5.3)

where d is required to be odd in the case of Hery(n) and n = |m/2] in the

case of Altq(m). For even d with 2 < d < n, the LP optimum for d-codes in
Her,(n) is given by

bn—d+2 _ 1) + bn(bn—d—H _ 1)
bnfd+2 _ bnfdJrl

LP(d) = (cb")"4+1 ( (5.4)
Observe that the LP optima in Theorem 5.1.1(a) are exactly the bounds we
obtained in Chapter 3. In particular, we want to emphasize that for J,(n, m),

the LP optimum is the well-known Singleton bound
]

n—d+1 q

[I’l72+l]q ’

LP(d) =

see p. 54 for more information on this bound. Moreover, it was known that (5.3)
and (5.4) are upper bounds for the size of d-codes in Bil, (1, m), Her,(n), and
Alt,(m). Namely, they are also the Singleton bounds, which were derived by
using Delsarte’s linear program in [Del78a], [DG75], and [Sch18]. Therefore,
it seems reasonable to use a similar approach for the six polar space schemes
to obtain some kind of a Singleton bound. This is done in Proposition 5.1.2,
where we derive an upper bound for d-codes in all six polar space schemes with



5.1 Introduction

respect to the standard ordering by using a Singleton polynomial together
with Theorem 2.2.6. Moreover, we also give a purely combinatorial proof
of Proposition 5.1.2. It will turn out that the bound therein is precisely the
number of elements in a Steiner system. Since we showed in Chapter 4 that
Steiner systems cannot exist in most cases, the bound of Proposition 5.1.2 is
weaker than the one in Corollary 3.2.4 in most cases, motivating our approach
to study 2A,, ; with respect to the second ordering and 1D,,.

Proposition 5.1.2. Let P be a polar space of rank n with parameter e and let Y be a
d-code in P with 1 < d < n. Then we have

n—d ]
Y[ < JTA+p").
i=0
Algebraic proof of Proposition 5.1.2. Let X be the set of generators in P, let P;(k)
be the P-numbers of the corresponding association scheme given in (2.35)

and consider the standard ordering of the Q-polynomial structure. We apply
Theorem 2.2.6 with the Singleton polynomial

F(z) = {dﬁlhj_ﬁdpf

where z; = p~/. Then we have F(z;) = Oforalli =d,d +1,...,n and we also

N n i —p*]': n—i
F(Zz) |:d_1:| HP P]—l n—d—l—lp

Z'—Z]'
p=1

obtain

=d
foralli =0,1,...,n. By using (2.23) and (4.7), we have

1

= |X|>:[n_d+1] (k):f'pk(d—n[d_ﬂ fhmpg oo,

Hence, itholds Fy > Oforallk =0, 1, ..., n. The polynomial F/Fj thus satisfies
all conditions of Theorem 2.2.6 giving the desired bound by using (2.34). [

Combinatorial proof of Proposition 5.1.2. Every element of the d-code Y contains
exactly [ +1]p totally isotropic subspaces of dimension n —d + 1. A given
(n —d 4+ 1)-space in P is contained in at most one element of Y since otherwise
there would exist distinct x,y € Y such that n — dim(x Ny) < d — 1, contra-
dicting to Y being a d-code. By (4.1), the number of (1 — d + 1)-spaces in P

is
n ﬁ(l + n—i—O—E)
n—d+1],559 P '

Therefore, we have

n—d

i) TH (1 579

¥l < =Tl
[n*dﬂ’l]p i=0

as stated. O
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Theorem 5.1.1 also gives the LP optimum in B, C,;, and D,, in the following
way. First, recall from Section 2.3.2 (see p. 46) that B, and C, induce new
association schemes with the classes

Ro,R1URy, R3URy,...,

which have the same P- and Q-numbers as %Dn—&-l- Therefore, without loss of
generality for odd d, we can study the linear program for 4/1-codes in 3D, 11
instead of the linear program for d-codes in B, and C,. Second for even d,
by Proposition 3.2.3, we can require without loss of generality that the inner
distribution (A, A1, ..., Ay) of a d-code in D,, satisfies A; = 0 for all odd i.
Thus, without loss of generality for even d, we can add this constraint to the
linear program (2.20) for d-codes in D, and can study the linear program
for 4-codes in 1D, instead. These observations imply the following corollary

from Theorem 5.1.1.

Corollary 5.1.3.

(a) Let X be the set of generators in B, or C,,. Assume that d is odd with1 < d < n.
Then the LP optimum for d-codes in C,, and By, is given by
S 21
| X| ZHl 1o for odd n
LP(d) = - (5.5)
=1 1_ qziq
| X| Em for even n.
(b) Let X be the set of generators in D,,. Assume that d is even with2 < d < n.
Then the LP optimum for d-codes in D,, is given by

d .
X -1 1— 2i—1
1X] ZH % forodd n

2 ‘:11—q
LP(d) = |X|; L
2 —q -
> i];[l T_ g2 for even n.

We pose the following conjecture that the bound from Corollary 3.2.4(d)
for D, is precisely the LP optimum if n is odd. This was checked with a
computer for many small values of g, n, and d.

Conjecture 5.1.4. Let X be the set of generators in D,,. Assume that n and d are odd
integers with 1 < d < n. Then the LP optimum for d-codes in D, is given by

% 1— qu—l
Le(d) = X [ ;-
=1t 4

Observe that the LP optima in Corollary 5.1.3 and in Conjecture 5.1.4 are
exactly the bounds we obtained in Chapter 3.
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We will see in the next remark that there is a nice similarity between the
LP optimum in the ordinary g-analogs and their affine counterparts.

Remark 5.1.5. The LP optimum (5.3) can also be written as

X

LP(d) = W,

where | X| is the number of matrices in the corresponding association scheme
Bil, (1, m), Hery(n), and Alt,(m) with

|X| = (cb™)". (5.6)
We can then write (5.1) and (5.3) as

d—2 14
gb" —1
7
Hqcanré <5 )

d—2 qbﬁ

- | |H qcbn-i-f’

respectively. If we neglect the ones in the fractions of the right-hand side
in (5.7), then both LP optima have the same form. This resemblance also
occurs in ?A,, ; and Her,(n) for even d by neglecting some ones in the long
fraction appearing in (5.2) in a similar way.

In [Sch10] and [Sch15], it was shown that a d-code Y in the association
scheme Sym, (n) of symmetric n X n matrices over IF; with odd d, which means
that rank(x — y) > d for all distinct x,y € Y, satisfies

v| < |X|g—md-1/2 for odd n
| 1X|g (mDE=1/2 for even n

with | X| = g"("*1)/2, Since these bounds are sharp and were proved by using
Delsarte’s linear programming method, they are precisely the LP optimum for
d-codes in Sym, (n) if d is odd. Observe that we again have a nice resemblance
to the LP optimum in C,, by neglecting the minus ones in the fractions occurring
in (5.5).

Since it was known that (5.3) and (5.4) are upper bounds for the size of
d-codes in Bil, (1, m), Her,(n), and Alt;(m) that were derived by using Del-
sarte’s linear program in [Del78a], [DG75], and [Sch18] and moreover, sharp
constructions were given in the aforementioned papers except for Alt,(m) if
m is even and g is odd and for Her,(n) if d is even, the LP optimum (5.3) was
basically known, except in the latter cases. Here, we derive the LP optimum
for Bily(n,m), Her,y(n), and Alt;(m) without using the known constructions.
In particular, we obtain as a new result the LP optimum in the case of Alt,(m)
with even m and odd g and in the case of Her, (1) with even d. We note that
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for the latter case, it was conjectured in [Sch18] that (5.4) is precisely the LP
optimum.

We already saw in Section 3.3 that the LP optimum (5.1) is reached up
to a constant factor for 2A2n—1 and %Dm except possibly when m is even and
qis odd in the case of $D,,. It is well known that the Singleton bound—and
thus the LP optimum—for J,(n,m) is also reached up to a constant factor,
see [SKKO08, § IV.A.]. Moreover, a d-code Y in J,(n,m) is of size (5.1) if and
only if Y'is an (n — d 4 1)-Steiner system over If,.

Proof strategy for Theorem 5.1.1. The proof of Theorem 5.1.1 is split
into two parts. First, in Section 5.2, we will give a feasible solution of the
dual LP (2.21) whose objective function value coincides with (5.1), (5.2), (5.3),
or (5.4). Second, in Section 5.3, we will compute the inner distribution of a
d-code whose size is precisely the stated LP optimum in Theorem 5.1.1 and
show that the inner distribution is a feasible solution of the primal LP (2.20).
The Strong duality theorem 2.2.2 then proves Theorem 5.1.1.

At the end of this chapter, we will discuss some related open problems in
Section 5.4.

We close this section by stating some preliminaries that are needed for the
proof of Theorem 5.1.1.

Identities for the P- and Q-numbers. Crucial for the proofs in Section 5.2
and 5.3 are the following identities for the P-numbers in the studied classical

association schemes.

e Recall from (3.8) that the P-numbers (2.52) of J;(n,m), 2A,, ;, and 3 D,,
satisfy

no [” J_ Z} bPi/(k) - [Z iﬂ bw(b‘:)j):j 58)

1

forallj,k=0,1,...,n, where n = |m/2] in the case of %Dm.

e The P-numbers (2.47) of Bil,(n,m), Her,(n), and Alt;(m) satisfy

n 4 _ .
Y [” . Z] Pi(k) = [” k.] (cb™y" (5.9)
i—oL J b n=7lp

forall jk =0,1,...,n, where n = |m/2] in the case of Alt,(m). This
follows by using the P-numbers (2.47) and the g-binomial inversion

formula of the form

i(—l)k’j b2 H b m = (5.10)

j=i



5.2 Feasible solution of the dual LP

The identities (5.8) and (5.9) can be also written as

L n—z} , [n—k} noj-l L qeb k1
Py =" i —
l;)[ J b ®) n=]lv ! qb* —1

- J1b =0

n _ _ n—j—1 n+l
[ - 174 T
i=0 ] b =71 /=0 qb

We have a similar resemblance between these identities as for the correspond-
ing LP optima: by neglecting the ones in the fractions of the first identity, the
terms on the right-hand side of both identities become the same.

Finally, for the sake of convenience, we rewrite the inequality (3.19) as

-1

<

fory > x > 1. (5.11)

>

=
—
R

5.2 Feasible solution of the dual LP

In this section, we will apply Theorem 2.2.6 together with a suitable Sin-
gleton polynomial or variations of it to construct a feasible solution of the
dual LP (2.21) for the ordinary g-analogs J,(n,m), 2AZn_l, and %Dm as well
as for the affine g-analogs Bil, (1, m), Her,;(n), and Alt,;(m). We start with
the latter three. Recall from (2.47) that Bil,(n, m), Her,(n), and Alt;(m) are
Q-polynomial with z; = b~".

Proposition 5.2.1. There exists a feasible solution of the dual LP (2.21) for d-codes in
Bil, (n, m), Hery(n), and Alt,(m) with objective function value (5.3) for1 < d < n,
where d is required to be odd in the case of Her,(n) and n = [m/2] in the case

of Alt,(m).

Proof. Let P;(k) be given in (2.47). Take the Singleton polynomial

n\n— n = 2 Zj
F(z) = (cb") dH[d—lLl—gb]bf—i
]:

with z; = b=J. Then we have F(z;) = O foralli = d,d +1,...,n. Moreover, we

obtain
N — n\n—d+1 n L jb_i —b7J _ n\n—d+1 n—i
F(zi) = (eb") [d—lhgb o1 ) n—d+1],
foralli =0,1,...,n. Together with (2.23), (5.6), and (5.9), we have

_(Cbn)n d+1 n n—i ' B n—k
b= (cbm)r 2 n—d+1], bitk) = d—1|,

Observe that in the case of Her, (1), the sign of [g:lﬂb is (—1)@-Dn—k+d-1) — 1
since d is odd. We thus obtain F, > 0 forall k = 0,1,...,n. Therefore, the
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polynomial F/F satisfies all conditions of Theorem 2.2.6 with

F(ZO) _ n\n—d-+1
FO - (Cb ) ’

which implies the stated result. O

We now look at Her, (1) with even d and proceed similarly as in Propo-
sition 5.2.1, but we take a linear combination of two Singleton polynomials
instead of just one Singleton polynomial.

Proposition 5.2.2. Let n and d be integers with 2 < d < n and even d. Then there
exists a feasible solution of the dual LP (2.21) for d-codes in Her,(n) with objective
function value (5.4).

Proof. Take
n

F&) = [, me - 31 P

with

— n(n—d+1) n - jZ_Zj

— (_1\n+1,n(n—d+2) n - jZ —Z
pata = o | TT S

where z; = b~/. We then have F(z;) = Oforalli = d,d +1,...,n and also

obtain

N\ — n(n—d+1) n—i
nBl(Zl) q |:7’l—d+].:|b

N — (_ 1\ n(n—d+2) n—i
pala) = (-1 i M

foralli =0,1,...,n. This gives

N — n(n—d+1) n—1 n—i
R =035 L0k,

_\n n(n—d+2) n—1 n—i
+(=1)" [d—l]b{n—d—kzh

foralli =0,1,...,n. From (2.23), (5.6), and (5.9), we find

r= o ([ B - oL o))
n—k

The sign of [Z:;]b[dfl sl 2

and [; 7], [37o], is (—1)"*1and (—1)", respectively,

N A e e

ly
which gives

K= (-1)F
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For even k, we immediately have F > 0. For k = 1, we obtain F; = 0 and for
all odd k > 3, we have

o1, 53],
3, G,

Hence, we obtain Fy > O forallk =0, 1,...,n. Therefore, the polynomial F/Fy

qnfd+1 -1

Y

qn—k—d+2 +1 > 1.

(_q)nfd+1 -1
- ’ (—q) ka2 1

satisfies all conditions of Theorem 2.2.6 with

Fzo) 7Y (3L, + 0T, L))

B (1 (3, = 1530, L))

After some elementary manipulations, this gives the stated objective function

value and thus proves the proposition. O

We will now look at the ordinary g-analogs J, (1, m), 2A2n—1’ and %Dm
and again use Theorem 2.2.6 with a Singleton polynomial. Similarly to
Herq(n), we will distinguish between even and odd d in the case of 2A2n71'
Recall from (2.53) that the association schemes ]q(n, m), 2A2n_1, and %Dm are
Q-polynomial with z; = b=/, where we take the second ordering for 2A,, .

Proposition 5.2.3. Let X be the set of n-spaces in ],(n, m) or generators in *A,,
or %Dm, where n = |m /2] in the case of %Dm. Then there exists a feasible solution of
the dual LP (2.21) for d-codes in ],(n,m), 2A,, _,, and D, with objective function
value (5.1) for 1 < d < n, where d is required to be odd in the case of 2A2n71‘

Proof. Let P!(k) be given in (2.52). Take the Singleton polynomial

_ n n ].z—zj
k@) [d—l]bgb b — 1

with z; = b™/. This gives F(z;) = 0foralli =d,d+1,...,nand
n nobT b n—i
-
foralli =0,1,...,n. From (2.23) and (3.8), we find that

1 & n—i 1 1 [n—k] (geb" )44
F = — Pl(k) = —pk 1)[ ]
P I ECEE T A R o

For J;(n,m) (since m > k) and %Dm, we see that

(EICbnfk)dfl

@Waa ="

and thus, we have F, > Oforallk =0,1,...,n. For 2A2n—1’ the sign of

(qet" a1 _ (=" —g)an
(7)a—1 (4 —q)a—
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is (—1)(n=k+1)(d=1) and [Z:’ﬂb has the sign (—1)@-D(=k=d+1) Gince d is odd
for 2A2n_1, we also obtain F; > 0 for all k = 0,1,...,n. Therefore, the polyno-
mial F/ F, satisfies all conditions of Theorem 2.2.6 with

F(zo) _ [X|(9)a-

Fy (qeb™)a—1

This concludes the proof. O

It remains to look at 2A o1 With even d, where we take a linear combination
of two Singleton polynomials like in the proof of Proposition 5.2.2 for Her, (1)
with even d.

Proposition 5.2.4. Let X be the set of generators in 2A,, | and let d be an even
integer with 2 < d < n. Then there exists a feasible solution of the dual LP (2.21) for
d-codes in 2A,, | with objective function value (5.2).

Proof. Take
n—1 n—1

F&) =[] B =[50 pee

with

Z—Z]'

ﬁd@::LilhxlwW—ﬁ

B (b”*d_z—l)[ n } no iz
ﬁz<z)_b7(qbd*2—l) i bj_l;[1b 1

where z; = b~/. We then obtain F(z;) = 0foralli = d,d +1,...,n. Moreover,

we have

&@Oz[nf;in

B (bn+d72 _ 1) n—i
Ba(zi) = b(qbd—2_1)[n—d+2L

foralli =0,1,...,n. Therefore, we find
_ g ntd—2 _ _ i
F(zi):{n 1] [ n—i ] _b(b - 1){11 1] [ n—i }
foralli =0,1,...,n. Using (2.23) and (3.8) gives

o= [ pka-1) (0" g [ﬂ - 1} [ﬂ - k}
|X| (9)a—1 [d—2],[d-1],

_ prd-2) 41 ("2 —1) (")

(qvi2-1) (q)d—zdi2 [Z : ﬂ b {Z : I;] b) '
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Since the sign of [};], and (b™),/(q), is (—1){0m=0 and (—1)™¢, respectively,

we obtain
1 @Y n—1] [n—k
L= -1 k bk(d 1)1|: :| |: :|
¢ |X’<( ) (@a-1 d=2],ld 1],

(qbi=2—1)  (qa—2 |d—1],[d—2

We have F; > 0 for all even k. Assume that k is odd. This gives

_|_

/)

o prtd=2_1) (pn—k+1y, -1 —k
pk(d—2)+1 ((qbd?z_l)) ( (q)df)zd 2] [k,

1y (bR n—k
pra-) L aa pn ) e,

b—k+1(bn+d—2 _ 1)(bn—d+1 o 1)
- ’ (pnkHd—1 1) (pnk—d+2 — 1) ‘ :

For k = 1, this becomes 1 and for k > 3, it can be bounded from below by

g ("2 1)(g" 0 —1) > 1
(qn—k-i-d—l _ 1)(qn—k—d+2 + 1) =

Hence, we also have F; > 0 for all odd k. Thus, the polynomial F/F, satisfies
all conditions of Theorem 2.2.6 with

_ prtd—2_1 _
F(ZO) _ [Z—;]b[dil]b —b (qbdfz—l)) [Zlf}]b[diz]b

Fo
prY L op— n prtd=2_1) (pn+1), 5 rip— n
X <( Qre NN E e [d—ﬂb[d‘z]b)

After some elementary manipulations, this gives the stated objective function
value and thus proves the proposition. O

5.3 Feasible solution of the primal LP

The goal of this section is to show the existence of a feasible solution of the
primal LP (2.20) whose objective function value equals the stated LP optimum
in Theorem 5.1.1 for the affine g-analogs Bil, (1, m), Her,(n), Alt;(m), and for
the ordinary g-analogs J; (1, m), 2A,, 1, 3Dm. The strategy is to first compute
the inner and dual distribution of a code whose size equals the respective
stated LP optimum in Theorem 5.1.1. Afterwards, we will show that these
distributions are nonnegative and therefore, the inner distribution (A;) is a
feasible solution of the primal LP (2.20) such that its objective function value—
the sum of the entries A;—is precisely the stated LP optimum in Theorem 5.1.1.

This is done in Section 5.3.1 and 5.3.2 for the affine and ordinary g-analogs,
respectively, where d is required to be odd for Her,(n) and 2A,, ;. The case
d even in the latter two association schemes is treated separately in Section 5.3.3
and 5.3.4.
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5.31 Affine g-analogs

In this subsection, we will prove the existence of a feasible solution of the
primal LP (2.20) for Bily(n,m), Her,(n), and Alt,(m), where d is required
to be odd in the case of Her,(n). In all these three cases, the inner distribu-
tion of a code whose size equals (5.3) was computed in [Del78a], [DG75],
and [Sch18]. Moreover, it was shown therein that a d-code of size (5.3) is an
(n —d +1)-design. Here, we use these results to determine the corresponding
dual distributions and show that both distributions are nonnegative implying
that the inner distribution is a feasible solution of the primal LP (2.20). It
actually sulffices to look at Alt,(m) with even m and odd g since for all the
other cases, there are known constructions of codes in Bil, (1, m), Her,(n),
and Alt,;(m) whose sizes equal the respective stated LP optimum (5.3), see
[Del78a], [DG75], and [Sch18]. Nevertheless, we will give a proof for the
nonnegativity of the inner and dual distributions without using the known
constructions. The case of Her, (1) with even d is handled in Section 5.3.3.

The main result of this subsection is the following proposition.

Proposition 5.3.1. There exists a feasible solution of the primal LP (2.20) for d-codes
with 1 < d < n in Bily(n,m), Hery(n), and Alt;(m) with objective function
value (5.3), where d is required to be odd in the case of Hery(n) and n = |m /2] in
the case of Alt,(m).

Observe that Proposition 5.3.1 and 5.2.1 together with the Strong duality
theorem 2.2.2 imply the first part of Theorem 5.1.1(b).

To prove Proposition 5.3.1, we first derive the dual distribution of a code
of size (5.3) by using the inner distribution that was computed in [Del78a],
[DG75], and [Sch18].

Proposition 5.3.2. Let Y be a d-code with 1 < d < n in Bil;(n,m), Her,(n),
or Alt,(m) of size (5.3), where d is required to be odd in the case of Her,(n) and
n = |m/2] in the case of Alt,(m). Then the inner distribution (A;) of Y satisfies

pes= Fer ] ] om0

oralli=0,1,...,n— 1, and the dual distribution (A}) of Y satisfies
k

A;z (cb™)"™ d+1 Z ] zb Hb EL((Cbn)d_l_j —1)

foralli=0,1,...,n— 1. In particular, Y is an (n — d + 1)-design.

Proof. Let (A;) and (A}) be the inner and dual distribution of Y, respectively.
Then (A;) was determined in [Del78a, Theorem 5.6], [DG75, Theorem 4],
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and [Sch18, Theorem 3] and moreover, it was shown that Yisan (n —d +1)-

design. It remains to compute (A;). By using (2.17), Qx(i) = Pi(i), and (5.9),
we obtain

£ - Eagl e
k=0 L = J1s i=0 k=0 L~ ]1p
:(cb”yi[”,_l] A
i—oL J b
forallj=0,1,...,n. Wehave A} = Ay =--- = A;_1 =0and
Ap=Ay=-=A 4,=0.

Because of Ag = 1, A = |Y|, and ["].—i]b = 0ifi >dandj > n—d+2, we

obtain
j _ .
v [ A= ] ey e
k=n—d+2 Lt = 11p 1y
forallj=n—d+2,...,n. Interchanging the order of summation gives
ALY d+1 d—1-j
v (1] 4= @mran ] (amr -y
k=j I Jip

forallj =0,1,...,d — 2. Applying the g-binomial inversion formula (4.10)

implies the desired expression of A/ . O

We need the following lemma to show that both distributions (A;) and
(A}) are nonnegative.

Lemma 5.3.3. Let q be an integer with g > 2 and b = —q.

(a) For all nonnegative integers n,i,j withn —i > j 4 2, we have

1A

> 72n+4j+2i+2. (512)
{]4—2 ’

(b) Let n and i be nonnegative integers. If n — i > 1, then we have

{” N l] < gL, (5.13)
1 b
If n —i > 2, then we have
n_i < 1q2n 2i— 2 (5 14)
2 b - 3 )
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Proof. (a) We have
I () V[ () )
(=) =) ((=q)" 771 =1)
(@2 +1) (¢ - 1)
(g =) (g L)

This gives

> g 24242

as stated.

(b) Forn —i > 1, by using (5.11), we have

",

For n —i > 2, by again using (5.11), we obtain

PYAE

o \n—i _ n—i .
g+1 g+1

(" =1)(g" " +1)
(a+1)(g*-1)

as wanted.

We can now prove Proposition 5.3.1.

Proof of Proposition 5.3.1. Let1 < d < n. Ford = 1, the set of all matrices in the
respective affine scheme is a 1-code and thus, there exists a feasible solution of
the primal LP with the required objective function value.

Assume now thatd > 2. Let (A;) and (A} ) be given in Proposition 5.3.2.
We will show that all entries of (A;) and (A}) are nonnegative, which implies
that (A;) is a feasible solution of the primal LP (2.20). First, we rewrite A,,_;
by applying (3.7) and interchanging the order of summation and obtain

! b

A= " ni%fiQ_])be) ”'fi ((cb"yr=+1-i~i _ 1)
b =0 ]

foralli=0,1,...,n—d.

We start with Bil, (1, m) and Alt,;(m). Observe that it suffices to show that
the inner distribution is nonnegative because by taking n — d + 2 instead of d,
the dual distribution becomes a positive multiple of the inner distribution. For
n = d, we immediately have A, > 0. Assume now that 2 < d < n. Write

aij = b [” ; Z} ((cb™yr—a+1=i=i 1)
b
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foralli=0,1,...,n—dand j=0,1,...,n—d —i. Takei € {0,1,...,n —d}.

Forallj=0,1,...,n—d —i—1, we have

aij b [”]_—i]b((cbn)nfdJrlfjfi —1)

oL 1y i i
@ij+1 b(fﬁ)[jﬂ]b((cb yn—d—j—i _ 1)
_ e =1 ((ebt)m )
IR V(I e

From (5.11) we find
aij+1
for all i,j > 0 except for Alt;(m) with even m and (7,j) = (0,0), where we

have
a0y (qz _ 1)(q(2n—1)(n—d+l) _ 1) - qz -1

g, o (an _ 1)(q(2n71)(n7d) _ 1) = q

> 1.

This completes the proof for Bil, (1, m) and Alt,(m).
Now, consider Her, (1) with odd d > 3. Write

oy = (09 [§] "7 qaryrio

1

withm € {n—d+1,d—1}foralli=0,1,...,m—1andj=0,1,... m—i—1.

The sign of a; ; is (—1)(£)+ij+j since (—1)("*1™ = 1. Therefore, we have a;5; > 0
ifj > Oiseven,and a;5j11 > 0ifj+i =1 (mod 2). Thus, in what follows, we
look at a;5; = [a;z;| and a; )41 = |a;2j41] in the respective cases. For n = d, we
immediately have A, > 0. Henceforth, assume that 3 < d < n. We will show
that

ajo > |aio| forallodd i > 1
a;o > |a;1| + |a;o| foralleveni > 0,

1,0 = | z,1| | 1,2‘ = (5.15)
a;2j > |ai2j42| foralli > 0 and all even j > 2

ipj41 > |aipjqs| foralli,j > O0withi+j=1 (mod 2).

Observe that the nonnegativity of the inner and dual distribution follows by
showing that (a; ;) satisfies (5.15).

Takei € {0,1,...,m —1}. Forallj =0,1,...,m —i — 3, by using (5.12),
we have

Nm—i n\m—ij—i ..
|ai,j+2| b(’?) [;?_Izi]b((cbn)m—j—i—z _ 1) - 1+ qfn(mf]fz—z)

Sincen > 4and 3 < m — j —i < m, we obtain

|41 < 47 9jt2it1 -1
‘ai/j+2’ 50
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for all 7, j. It remains to show that

\ﬂz‘,o’
laiq| + |aia] —

if i is even. Let i be an even number with 0 < i < m — 2. We have

|aio| _ |(cb™)m=1 —1|
laia| + laiz| —|[") ] ((cbmym=i=1 —1)| +q|[";"] ,((cbmym=i=2 —1)|
qn(m i) -1

> - - - - ’
= qnflfl (qn(m—z—l) + 1) + %q2n72171(qn(m—1—2) + 1)
by using (5.13) and (5.14). This becomes

|ai,0| > 1 —q- n(m—i)
|a1,1| + |a1,2| - q*l*l(l _|_ q—n(m—z—l)) + §q72171(1 _|_ q—”(m—i—z)) .

For n > 4, we obtain
|aip|
|ai1| + [ai2]
ifi <m —4,and if i = m — 2 (where 4,, cannot occur), we have

>1

’ﬂz‘,o’
a1 |

> 1.

This completes the proof. ]

5.3.2 Ordinary g-analogs

The goal of this subsection is to prove the following proposition.

Proposition 5.3.4. Let X be the set of n-spaces in ];(n, m) or generators in 2A, ,or
3Dy, wheren = |m /2] in the case of £ Dy,. Then there exists a feasible solution of the
primal LP (2.20) for d-codes in ]q(n, m), 2A2n—1’ and %Dm with objective function
value (5.1) for 1 < d < n, where d is required to be odd in the case of 2Aanl.

Observe that Proposition 5.3.4 and 5.2.3 together with the Strong duality
theorem 2.2.2 imply the first part of Theorem 5.1.1(a).

To prove Proposition 5.3.4, we start with the derivation of the inner distri-
bution of a code whose size equals the stated LP optimum (5.1).

Proposition 5.3.5. Assume that Y is a d-code with 1 < d < n in J;(n,m),
2A2n_1, or %Dm of size (5.1), where d is required to be odd in the case of 2A2n_1 and
n = |m/2] in the case of 1 Dyy. Then Y is an (n — d + 1)-design, where the ordering
of the dual distribution is imposed by (2.53)—in particular, the second ordering is
taken for A, . Moreover, the inner distribution (A;) of Y satisfies

e N NN R

foralli=0,1,...,n—1.
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Before we prove this proposition, we rephrase the design property obtained
therein in the case of A, with respect to the standard ordering. Namely,
if Y is a d-code in 2A2n_1 for odd d whose size equals (5.1), then its dual
distribution with respect to the standard ordering satisfies

Al= Al ., =0 foralli=1,2,..., 1451

if n —d +1is even, and

A= A =0 4]y =0 foralli=12,..., %

ifn —d+1isodd.

Proof of Proposition 5.3.5. Let X be the set of n-spaces in ], (1, m) or generators
in 2A2n—1 or %Dm. Then we have

_ IXI(9)a—
Y| = b)) (5.17)

Let (A;) and (A}) denote the inner and dual distribution of Y, respectively, in
terms of the orderings imposed by (2.52) and (2.53). Recall the formulae (3.13)
and (3.14) from the proof of Theorem 3.2.1, namely we have

j ] _ pr=ky . n oz
Y b [” _k] MA;( — x|} 4 [” _ l] (5.18)
k=0 n=7lp (5/)71—] i20 I b

forallj =0,1,...,n and in particular,

n—d+1 n—k n
k(d—1) | —k| (qeb"%)a-1 ,, _| " B (qeb™) a1
kzzl b |:d_1]b (9)a—1 A [d_lh <|X| (9)a—1 |Y‘> ’
(5.19)

where all coefficients of A; on the left-hand side of (5.19) are nonnegative.
Observe that the bracket on the right-hand side of (5.19) equals zero because
of (5.17). Therefore, we have A] = A; = --- = A,
that Yis an (n — d 4 1)-design.

By using A = |Y| and (5.17), we then find from (5.18) that the inner
distribution is determined by the equations

H (9eb™)n—i(q)a _ [?L+ f [”,_i]bAi

jlo(aeb™)a1(q)n—;  Lj =g

1 = 0, which means

forallj =0,1,...,n —d. This can be rewritten as

Efl -l (e o

forallj =0,1,...,n —d. Applying the g-binomial inversion formula (4.10)

gives the desired expression of the inner distribution. O
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The derivation of the dual distribution requires the following lemma. To
simplify the notation, we seta = g~ 1c~1p72".

Lemma 5.3.6. Let C and Q be the n x n matrices defined by Q = (Q;.(7))x,; and
C = (cji)j, with Qi(i) as in (2.53) and c;; = [”]._i]bfor alli,j,k=0,1,...,n. Then
C is invertible and the product QC~! is given by

(b~%);(ab®); (gb"*)z
(b=)j(q =101 =")j(c~ b1 )y

forallk,j=0,1,...,n with y;, given in Table 2.3.

(QC V)i = wpat+ @ (—b)

(5.21)

To prove Lemma 5.3.6, we need an extension of the g-Pochhammer symbol
for negative subscripts as follows

k .
(@q) x=]]0—ag )"
i=1
fork=1,2,3,... ifa # q,qz,...,qk.

Proof of Lemma 5.3.6. The inverse of C is given by

(C Yy = (~1)H " ">[ J } (522)
b

n—1i
foralli,j =0,1,...,n since the g-binomial inversion formula (5.10) implies
n n — l:| i+j—n ]
( 1)z+] nb( ) [ :| — ‘Sk,'-
i;) [ ko |y n—=1jy !

Letk,j € {0,1,...,n}. By substituting (5.22) and (2.53), we have

=§@@mﬂw

1 bii bik ﬂbk z+] n i
i (T ) o 1]
g”"m <b‘”,c‘1b_” ) (-1 n—il,

Use the definition of the g-hypergeometric function and (2.30) to obtain

N ()0 )e(ab)e  ivmn e[
@ =1 T im0 L,

i0>0 n—i

—k a k
Zuz’cg(b(_i)g)(i(_lbb_)ﬁ) (—1)pG*s,, (5.23)

where . ‘ ‘
Sy = Y (—1)Himp(h - MH { : ] .
i;()( ) b, \n—1f,

Interchanging the order of summation gives

_ -l ]z]’+1£ i
S PRk
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To compute this sum, we use the -Chu-Vandermonde identity
[x + y] _ Z pi(y—z-+i) m [ y } (5.24)
z |y, = il,lz—1],

(see [G]83,§2,2.6.3(c) ], for example). Applying the g-inversion formula (5.10)
to (5.24) reveals that

i(_l)kb(’;) |:x:| |:x_k+y:| :bx(yz+x)[ Yy :| )
klp z b b

k=0 zZ—X

Putx =i,y =n—i,and z = n — { to obtain

e b L2 -,

which, by again applying the g-binomial inversion formula (5.10), gives

J i =i [n—1] [] Cayn—j
(_1)]_lb(jz )+l€|: :| |::| = (_1)]b(2)|: ] .
i;() Co L], n—=],
Therefore, we have

— (_ ]()nﬁ ]
=

Substitute into (5.23) to obtain

SN v (b~")e(ab"), O m-ne[n—j
(QC 1)krj - ]/lk(_l)]b( )g;o (b—n)g(c—lb—n>€(_1)£b( )= (n=1) |:7’l _ £:|b

Interchanging the order of summation gives

_ ﬁ+](ab )e+j O —(n—j-1ye M —]
Qct b] nj —1)"b'2 J .
( M Z ")eyj(cibm )/+]( ) b

By (2.30), this becomes

(QC‘l)k,j = ‘M;(bjz bE.

nj i (b%) i (abk) gy (=),
= (07 i(c7) 04 (D)y

Applying (3.5) gives

o bfk) abk n b k+]) ( bk+])
C—l C— /b]2—n] ( ] Lyt
(Q )k,] Mk (b—n)j(c—lb ]; c 1p— n+] (b)g
o (b7F);(abb); b=(k=1), abk+i
_ i ng ( ] ] ’ .
N N G e T A WS R L

Using the g-Chu-Vandermonde identity of the form

bii/x (xily)i i
bp| = * Vi
Z(Pl ( y ) (y)l X

929
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(see [KLS10, Eq. (1.11.5) ], for example) implies

k—jpk—nj (b~);(abb)j(a e b )
(b=m)j(c™1b7) (e 1o )y

(QC Mk, = ma

From (3.5) we have (¢'b~""),_j = (c7'b™")/(c"'b™"); and from (3.6) we
find
—1,-1p—n—k .
-1.—13—-n—k _ (@b )k -1, —13—n—k\—j1, (L) —kj+j
(ﬂ c b )k—j'— (acb”+1)j (——a c b ) ]b(ﬁ ]T,
Substituting these and using a = g 'c~1b=2" give the required value of
(QC ). O

We are now in position to derive the dual distribution.

Proposition 5.3.7. Let Y be a d-code with 1 < d < nin J,(n,m), 2A2n71, or %Dm
of size (5.1), where d is required to be odd in the case of 2A,, | and n = |m/2)|
in the case of 3Dy Let (A}) be the dual distribution of Y in terms of the ordering
imposed by (2.53)—in particular, the second ordering is taken for 2A,, . Then we
have

Al = di—k(—l)ib("f”')ﬂ [” - k] 1— (g0 & j
n—k = (qu2k+1)j j . (qun+k+7>d—k—j—1

(5.25)
forallk =0,1,...,n—1, where

—1b—n+1)n—k (qbk)n*k(abnik>nfk

! _
‘—'ank( 1 (C_lb_n>n—k<q_1bl_n)n—k

with y!,_, given in Table 2.3.

Proof. Similarly to the derivation of the inner distribution, we solve a system
of linear equations. Because of (5.18) and Ag =1, A; =--- = A;.1 =0, we

v 174 0 e (1] cEal )

forallj=0,1,...,n. Since [”;i]b =0ifi >dandj > n—d+ 1, we see that

have

bnfk
Z pFO=) [ k] e i e x [ } (5.26)
n—j (q)n—] b
forallj =n—d—+1,...,n. Recall from Proposition5.3.5 that Yisan (n —d +1)-
design. Therefore, we have A] = A} = --- = Al +1 = 0. Because of

Ajy = |Y|, we obtain

j n—k n )
k) [ — K] (40" i, (geb")uj(9)aa
L ]{n—]}b ) ‘X'Hb<l <qcbn>d_1<q>nj>

(5.27)
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forallj = n—d+2,...,n. In the case of the inner distribution, we simply
applied the g-binomial inversion formula to solve the system (5.20). Here, we
need a slightly different approach. Recall that the Q-numbers are determined
by (3.2). Define the n x n matrices Q = (Q}(i) )k, B = (bjx);x, and C = (cji)},

by
by = b0~ 1){ _k] (chk)”_f, i = {”‘_i]
n=jly  (@)n ! ol
foralli,j,k =0,1,...,n. Then we can write (3.2) as BQ = |X|C, which implies
that the inverse of B is determined by B~ = DlTIQC ~1. Multiplication of (5.27)
with B~! gives

f_ oy ~1y " _(qun)nfj(q)d—l
A= Ly 0 G

forallk =n —d+2,...,n. Substituting (5.21) and using (2.30) imply

/ Sk (gb" P & w1 (079)j(abh);
R i MLl oF

y <1___(qun)n—j<Q)d—t> -

(geb™)a—1(q)n—

Using (2.30) and interchanging the order of summation give
. (gb" )k k_”ii_z(_bn+1c)kfjb(k£j)+kj (ab")r; [k]
o) = (g0 ") Ll

 (qeb")n—k1j(9)a-1
- (1 (qu”)d1(Q)nk+j>'

Apply (3.6) and a = g~ ¢~ 162" to obtain

—2- (i (qb%); [n—k (qeb™)ivj(q)a—1
kT Z; (qcb2k+1>j[ j }b (1 (qeb™)a- (q)k+1>

with ¢ as stated in the proposition. The desired expression of A/, now
follows by using (3.5). O

It remains to show that both distributions (A;) and (A}) are nonnegative.

This requires the following lemma.

Lemma 5.3.8. Let n and q be integers with n > 1 and q > 2. Then we have
L 1 1
I <1 — > - (5.28)
i=1 q 4
Proof. Usel—x >4 *forall x € [0, }] to obtain
L 1 L 1 L i P |
IT@_i>ZH<“‘JZTH1“24E” =3
i1 q i=1 2 i=1 4
as stated. O
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We start with the nonnegativity of the inner distribution.

Proposition 5.3.9. For 1 < d < n, all entries of the inner distribution (A;) given
in (5.16) are nonnegative.

Proof. Let (A;) be given in (5.16). By using (3.5) and (3.7), and interchanging
the order of summation, we have

n—d—i y _ pr+d—1 .
A=Y (—1)ipd [1:]17[71 ‘ 1L ((qc Jni-j-d1 1)

=0 J (@b 1) n—izj-ar

foralli=0,1,...,n —d. Set

a;; = (_1)]'19@) [”] [” - 1} ((QCb”:il—l)n_i—j—dH B 1)
iyl 7 1o\ (@0 Du—icjeata
foralli=0,1,...,n—dandj=0,1,...,n —d —i.

We begin with J;(n,m) and %Dm. Observe that A,, > 0if n = d. Assume
now that n > d. We will show that the sequence (|a;j|); is decreasing for all
i=0,1,...,n—d, which implies A,_; > 0. Takei € {0,1,...,n —d}. Forall
j=01,...,n—d—i—1,wehave

(j) n—i (’7Cbn+d71)n—i—j—d+l _
|ai,j| B b2 j ]b ( (@b V)i jan 1
@il Oy (@D i

. bt [f+1]b( (qbdil)n—i—j—d 1)

(geb®—i=i-1-1) (qgeb" 1), ;i 4 -1
ot =1 \@TTED @ i

(b'—-1 —1) (qeb™ 1) ijoa
< (qb =) —izj—a 1)

Since (qcb?* =1 —1)/(gb" 7171 — 1) > 1, we can apply (5.11) to obtain

‘ﬂi,j| _ (bjﬂ _ 1)(qcb2n—i—j—1 _ 1)
> b — — .
12411 (b= = 1) (gb"=7 = 1)

Then again from (5.11) we find

|a; | s 1 1
’ Pl (11— — ) >ch(1-=)>1
@l = € 1) =\ 7)) =
foralli,j > 0, as required.

Now, consider ZAZW1 with odd d > 3. Write

i 4 bn+d i
ﬂ; i = (_1)]b(£) |:n:| |:n . l:| and 81']' = ( d) ] d+1,
! tyl 7 s T (=) usicjan

so that a;; = aglj(ei’]- —1). Observe that the signs of ’lg,j and ¢;; are

(—1)@)””]')(”*1') and (—1)" 1+ respectively, which implies

sign(a;) = (~1) &7,
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For all i > 0, we have 4;5; > 0 for all even j > 0 and a;5j11 > O for all j
with j +i =1 (mod 2). Hence in what follows, we look at a;,; = [a; ;| and
a;2j+1 = |aizj+1] in the respective cases. If n = d, then we immediately obtain
Ay > 0. Assume now that n > d. We will show that g;; satisfies (5.15).
Observe that this will prove the nonnegativity of the inner distribution.

Takei € {0,1,...,n—d}. Forallj =0,1,...,n —d —i— 2, use (5.12) to
obtain

/

af g

[n;i]h‘

',

_ 4 > —2n+2j+2i+1. 5.29
|ﬂ/' . | (]+2) — q ( )
i,j+2 qt2

Forallj=0,1,...,n —d —i, we have

il
n—j—i qn+d+€ _ (_1)n+d+€

leij| =

iy qd+ﬁ _ (_1)6
n—j—i—d qn+d+e 1
> < -
— - qurf +1

> q(n—Z)(n—j—i—d-i-l) > 4

because of i +j < n —dand 3 < d < n. Since ¢;; and ¢; ;> have the same sign,
we thus either have
’81’/]‘—1‘ - ‘Si,]" +1 |€i,j_1‘ - Si,]'—l

leijr2 — 1 leijal +1 leijo2— 1] €iju2—1
Because of |g;j| > |e; 12|, we find in both cases that
=1 o leyl 1 (@ = (@ - (-
ez —11 ~ Zleggial | 20T (ST = ()
from which we obtain

leij — 1] > l(qznﬂ;i +)(¢*" T =) > 1 5
[eijia—1] = 2 (g —1) (g1 +1) =27

by using (5.11). Combining this with (5.29) gives

|ai/j| > 1q2j+21' >0
|aij2| — 2 -

for all (i,) # (0,0).
It remains to prove that

’ﬂi,o| >1
|aia| + |ai2]

for all even i. Let i be an even number in {0,1,...,n —d — 1}. Using (5.13)
and (5.14) gives

1
ol _ (e10- 1) _-3)
aial +laial |0, e =1 +q |1, (i2—1) — D
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with . , 1
D = g"—i-1 ( €i1 + > 4 g2l <512 . > ‘
1 €0| €ip 31 €0 €ip
We have
€i1 bn—z’ -1 qn—i +1
81‘,0 b2n—z 1| — q2n—z -1
and
R i V(e VY UL R Y

g0 (b —1)(p i1 1) (g7 —1)

We thus obtain

1
| <1+qni> 1 ,<1+ :
D<q_l_1 2i—1
1—

=)

1 AN v
+ =g 1
anfi

1

&io

- 1 3
(1 - qz“)
o 1 2n—-2i—1 _ n—i—1

From2n—i>7,n—1i>3,and i > 0, we see that

(1 + ! > (1 + 71 )
—ic1 g n quzifl ) 29 <1

q 1 3 1 =381 O
1- anfi 1- quzfi

Since n — i > 3, we also have

1q2n72i71 . qnfifl > 1.
3
This gives
1
D<1——
€i0
and thus,
|ai,0| > 1
|ai| + |aiz|
foralli <n —d —2, and in particular,
|a;ol 1
1]

fori = n —d — 1 since a;, does not exist in this case. This completes the
proof. O

Using a similar approach as in the preceding proof, we will now show that
the dual distribution is also nonnegative.

Proposition 5.3.10. For 1 < d < n, all entries of the dual distribution (A} ) given
in (5.25) are nonnegative.



5.3 Feasible solution of the primal LP

Proof. Let (A}) be given in (5.25). Write

bmzqan@U(WWVfﬂ G_(wwwkjl>
b

(qcb2k+1)]. j qun+k+])d—k—j—1

forallk=0,1,...,d—2andj=0,1,...,d -2 —k.

We start with ]q(n, m) and %Dm. Observe that for all k, the factor c; in
Aj is nonnegative. We will show that the sequence (|by |); is decreasing for
allk =0,1,...,d — 2 implying A/ , > 0. Takek € {0,1,...,d —2}. For all
j=0,1,...,d =3 —k, we have

n—k—j (qbk) n—k (qbk+j)d7k7,71
p("2") i 1 17 Jakj1
|bk,j| B (qcb2k+1)j[ j ]b (Geb"™ 7)1
brjal b("*";’”)(‘?bim[ d _ @ e
(qcbZk“ /+1 j+1ly qcb”*kﬂ“)d k—j—2

, , 1 — @ik
_ kil (qet® I+ — 1) (b — 1) (el F g %1
= (qbkﬂ' — 1)(bn7k7j _ 1) <1 B (qcb11+k+j—1)(qbk+j)d7k7j71) .

(qv*=1)(qeb™ 7)g k—j 1

Since (qcb" %+ — 1) /(gb**/ — 1) > 1, we obtain

gl kg (B2 — (B — 1)
gl = (T = )T =)

(5.30)

By using (5.11), we have

| by |

> cbFti > 1
’bk]+1|

for all k, j > 0 except for %Dm with even m and k = j = 0, in which case (5.30)
gives

lbool o 7" 2(q+ (> 1) _

|b01| (> —1) T o9

as required.
Now, consider 2%12”71 with odd d > 3. The sign of ¢ is (—1)(n5k). For
0<k+j<d—-2and3 <d < n, we obtain

d—k— qk+]+€+2 N kit
|(5k]| < H n+k+]+€ - q(n— ) (k+j+1—d) (5.31)
and therefore,
1 1
S g < 5 (5.32)

Hence, the entry by ; has the sign (-1 )G )+ki+i Thus, we have bioj = |brojl if
jisevenand by = |bypjy1|if k+j =1 (mod 2) for all k, j. Similarly to the
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inner distribution, we will show that (by ;) satisfies (5.15). Observe that this
will prove the nonnegativity of (A;). Set

wreiy (qbY); (g6 )ak—j1

;o n—k B
bk’j_b( 2 (b2k+2)j[ j L and 5k'j_(b”+k+7+1)dfk—jf1'

so that b, = cx(—1) b,’(’].(l — 0;). Take k € {0,1,...,d —2}. For all
j=0,1,...,d —4 —k, we have

"5

(9b%); n—k
",

bl R
/ . - n—k—j—2 bky —k
|bkr]+2‘ q( ) (;ZkJrg])ﬁz [7+2]b‘

(b2k+j+2 _ 1)(b2k+j+3 _ 1)[n]fk]h‘

(b = 1) (g1 = 1)1

2(n—k—j)—3

=49

Using (5.12) and (5.11) gives

gl o kg s (T2 = 1) (@ 4 1)

: e s —2n4j+2k42 q2k+2j.
|by (gt +1)(gt+2 - 1)

g2l
From (5.32) we see that § <1 — O < 2, which gives

11— 0kl

L VAN
11— O ¢

1
3
forallj,/=0,1,...,d —2 — k. Hence, we find

‘bk'j’ > 1q2k+2]' >1
b2l — 3

for all (k,j) # (0,0), as required.
It remains to show that

|brol >1
b1 | + |br2]

for all even k. Let k be an even number in {0,1,...,d — 3}. We have

L
bi| + bk 2|
’m";k)(l — bko)
\bﬁ”)% "9, (1— 6k1) ‘ + ‘b("?*)% 54, (1= 6e2)|
which becomes
lbiol |1 — o
il + bzl L 9, 11— G|+ e e 15 11— bl
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Applying (5.13) and (5.14) gives

Dol (7" + 1)1 — deo
1Bl + 1l ™ |1 — 5| + JgF (H_qklﬁ) 1= 0,
3|1 — Sk
= 1 I :
1= 01l +3 (14 1) 11— kol

From (5.31) and k < d — 3, we find

60| < gD <

where the latter follows from k < d — 5 since otherwise j = 2 cannot occur.

This implies
3(1-1
. \bk,ofb > (1-3) 1
beal +1beal ~ 14141 (14 1)
fork <d-—>5and
o]
|1

for k = d — 3 since by, does not exist in this case. This completes the proof. []

We can now prove the existence of a feasible solution of the primal LP with
the required objective function value.

Proof of Proposition 5.3.4. Ford = 1, take Y = X and thus, there exists a feasible

solution of the primal LP (2.20) with the required objective function value.

For d > 1, combine Proposition 5.3.9 and 5.3.10. O

5.3.3 The Hermitian matrices and even d

The following proposition is the main result of this subsection.

Proposition 5.3.11. There exists a feasible solution of the primal LP (2.20) for
d-codes in Her, (n) with objective function value (5.4) for all even d with2 < d < n.

Observe that Proposition 5.3.11 and 5.2.2 together with the Strong duality
theorem 2.2.2 imply the second part of Theorem 5.1.1(b).

As in the previous sections, we will compute the inner and dual distribution
of a d-code with even d whose size equals (5.4). Afterwards, we will show
that these distributions are nonnegative implying the existence of a feasible
solution of the primal LP.

We start with the computation of the inner distribution.
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Proposition 5.3.12. Let n and d be integers with 2 < d < n and even d. Assume
that Y is a d-code in Hery(n) of size (5.4). Let (A;) and (A}) be the inner and dual
distribution of Y, respectively. Then we have
=L ] [
=i pll1p
1Y b1 Y| Hipn(n—d+1—j
X ((—an]- - \ (& 1) o T (=" Tt 2
foralli=0,1,...,n — 1. Moreover, we have A’, = = A 4o = 0and
" —1 _
A,l — m ((_1)n+1qn(rz a+1) _ |Y’) ) (5.33)

Proof. By using (2.47), (2.17) and (5.9), we obtain forall j = 0,1,...,n

Zj; [n k} Ap = (=1)p" ;Ai [n]_l . (5.34)

k=0 LI* —J

o n—k| [n—1 nd _[n—k] [n—1
a1, ld-2], ™ KT la-2),ld-1],

Using (5.34) withj=n—-d+1and j =n —d + 2 gives

Put

n—d+2

(D)"Y (e — i) Ap

Rt RN R AR

It was shown in [Sch18, Proof of Theorem 2] that the coefficients of A; on the
left-hand side are nonnegative. Since Y is of size (5.4), we have

n—d+2

Z (xk — yk)A]/( =0.

k=1

Because of x; = y; and x; # yi forallk =2,3,...,n — d 4 2, we obtain
AlzzAé:"':A;—dH:O-

From (5.34) we thus find

[ 572 = o ([ +E ],

forallj =0,1,...,n —d. Applying the g-binomial inversion formula (4.10)

= ] (1) S [ S ))

(5.35)

gives
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foralli =0,1,...,n — d. It remains to compute A]. Setj =n —d + 1in (5.34)
to obtain

1 / n+1 n(n—d+1) n
P N A PR )

This gives

b1 o
Ai _ m ((_1)n+1q (n—d+1) _ ‘Y|> ]

By substituting this into (5.35) and doing some elementary manipulations, we

=S ] ([ (o)

n—1 " —1 \Y’ : VI
_ v s j n+jpn(n—d+1—j)
L—wa4ﬂ—1<(>bw+(1) ’ )>

foralli =0,1,...,n —d. After some elementary manipulations, the desired

have

expression of the inner distribution follows. O]
We now derive the dual distribution.

Proposition 5.3.13. Let n and d be integers with 2 < d < n and even d. Assume
that Y is a d-code in Her,(n) of size (5.4). Then the dual distribution (A}) of Y
satisfies

b" —1 n n(n—
Al = pi—d+i 1 ((—1) Hq (=) !Y\)

and forallk =0,1,...,n—2,

d—k-3 ' . n—k
k=, (=" pd)+(ni- )LJ [ - ] (1—0),
]—O b ] b
where
. . n—j—k _ _1\nn(n—d+1)
ik Yk (TR 1) (Y + (1) )
uy (=1) pr(n—j—k) (=1) (br=d+1 —1) pr(n—j—k)

forallj=0,1,...,d —k—3.

Proof. Let (A;) and (Aj}) denote the inner and dual distribution of Y, respec-
tively. Recall from Proposition 5.3.12 that A}, A, ..., Al ., were already
determined with A} = =A +» = 0. Since Y is a d-code, we also have

Ay =--- = A;_1 = 0. Combine this with (5.34) to obtain

kr§+3 [Z:I]{] bA,'( B [?]h((—l)fb”f —h- [1]1:11L 1
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forallj =n —d+3,...,n. Changing the index j and interchanging the order
of summation give

y [k] Al = H ((—1)”*117”(”*1) - m) - [" , 1] Al
k= L1b Jp ] b
forallj =0,1,...,d — 3. By applying the g-binomial inversion formula (4.10),

we have

R N

j=k

forallk =0,1,...,d — 3. Using (5.33) and doing some manipulations give

= Y (1 mb Hb

j=k J

i (i bl —1 _
> <(_1)n ]bn(n i) _ |Y| o m ((_1)n+1qn(n a+1) _ |Y‘)> )

Interchanging the order of summation implies the stated expression of the
dual distribution. O

To show that the inner and dual distribution given in Proposition 5.3.12
and 5.3.13, respectively, are nonnegative, we write

v(n,d) = (=b")"""*16(n, d)

with
(bn7d+2 _ 1) T bn(bn*d+1 _ 1)

5(11, d) - pn—a+2 _ pn—d+1 ’

where d is assumed to be even. Observe that (5.4) equals y(n,d). We first
need some bounds on 7y (n,d).

Lemma 5.3.14. Let n and d be integers, where 2 < d < n and d is even. Then we
have

%qn(n—d—&-Z)—l < y(nd) < Eqn(n—d—i-Z)' (5.36)

—_

Proof. For odd n, we have

ear)) P2+ 1" (" 1)

r)’(n/ d) = qn qn—d+2 + qn—d—H ’ <537)
and for even n,
n—d+2 n(n—d+1
(n-d1) —0" AL (" H L) (538)

r)’(n/ d) = qn qn—d+2 + qn—d—H
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Hence, we obtain
2n—d—+1 + qﬂ _ qu—d-‘rz + 1

qn7d+1 (q + 1)
2n—d—+1 +qn

’)/(Tl,d) < n(n—d+1) q

n(n—d+1) 4
g HW

IN

q
E
3
This gives

1 1 1
L on(n—d+2 L n(n—d+2
')/(n/d) < 3‘7 ) <1+ qnd+1> S 2q )

From (5.37) and (5.38), we see that

(n—d+1) q2n7d+1 _ qn 4 qnfdJrZ +1

,d) > q"
r(nd) >4 g —1(g + 1)
We have
1
q2n7d+1 _ qn + qn7d+2 +1 - q2n7d+1 _ qn _ qn—l (1 — W) S lqn—l
gt (g + 1) = grdti(g 4 1) <1 T %> -3
Thus, we obtain
1
d) > = n(n—d+2)—1

v(n,d) = 24 ,

which completes the proof. O

To prove the nonnegativity of the inner distribution (A;) given in Propo-
sition 5.3.12, we rewrite it by doing some elementary manipulations and
interchanging the order of summation and obtain

n—d—i
Anfi = E aij (539)
=0
with a;; = a;/j(l —¢;;), where
dy = (a0 7] [y (5.40)
vl T 1o

and

o pniF) piti 1 qn(n—d-H)
L (1)t _q\n
o = OV e (l T
foralli=0,1,...,n—dandj=0,1,...,n —d —i.
We start by deriving boundson 1 —¢; ;.

Lemma 5.3.15. Let n and d be integers, where 2 < d < n and d is even. For
0<i+j<n-—d, wehave

(29 for nand i+ j odd
32 ]o

125

1—8,‘]‘> 128
=) 186 F g
22 forodd n and even i + |

% for even nand odd i + |

for nand i + j even

m
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and

2 for nand i+ jodd

2 fornandi+ jeven
T—eg <

1 for odd n and even i + j

2051

o2 Jfor even nand odd i+ j.

Moreover, for odd n > 3, we have

253
1-— > .
00 = 256
Proof. We have to look at four different cases depending on the parity of n
and i +j.
Assume thatn > 3 and i + j are odd, hence 1 <i+j <n —d. We have
qn(j+i) qj+i +1 qn(n7d+1)
1—¢;=1- 1——+c—. 41
Eij Y] T gt — 1 Y] (541)
By using the lower bound from (5.36), we obtain
3 29

l—gjj=>1- gr(n—d—j=i+2)-1 = 32"

Moreover, applying the lower bound from (5.36) to (5.41) gives

—d
41
qnfd+1_1 — <2

1—g;<1+ P R

1+

where the last inequality holds since n —d > 1.
Assume thatn > 4 and i + j are even, thus 0 < i+j < n —d. We have

n(j+i) i1 n(n—d-+1)
=11 q -
1—¢;=1 \Y]'+q"d+1+1(1+ % ). (5.42)

Because of the lower bound from (5.36), we obtain

3 S 125
qn(nfdfjfiwLZ)fl = 128"

1—81',]'21—

Applying the lower bound from (5.36) to (5.42) gives

gti—1 3 27
qﬂ*d‘i’l +1 L+ qnfl < E

Assume that n > 3isodd and i +jiseven, thus0 <i+j <n—-d—1
Then we have

o _qn(j+i)_ qj+i_1 _qn(nfdJrl)
e T\ )

1_5i,j§1+
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The bounds from (5.36) imply

3 gti—1

1—¢;>1- gini—d=j=i+2)=1  gn-dil _ 1’

Applying (3.19) and i +j < n —d — 1 gives

3 1 186
1 —&ij >1- q3n71 - (TZ 2 256
Moreover, we obtain
1 3 253
oo =1=17 21~ a1 = 256

Because of the lower bound from (5.36), we also have

1 —81‘,]‘ < 1.

Assume thatn > 4isevenand i+ jisodd, hencel <i+j<n—-d—-1

Then we have

g"ith) g1 gt (n—d+1)
1—¢i=1 — 1 .
A (T U 1Y

Using the lower bound from (5.36) gives

j+i
g1 <1+q3>

qn—d—H +1 n—1
1 1 3
1 () ()
>3t
~ 64
We also obtain
3 2051
l—gj<1+ a2 1 <1+ 71 = 2048

This finishes the proof. O
We can now prove the nonnegativity of the inner distribution.

Proposition 5.3.16. For 2 < d < n, all entries of the inner distribution (A;) given
in Proposition 5.3.12 are nonnegative.

Proof. Let (A;) be given in (5.39).
First, assume that n = d. Then 7 is even and we only have to show that
A, > 0. We have
Ay=Y|-1> %q%*l > 0.

So, we henceforth assume that 2 < d < n. Since 1 — ;>0 for all 7,j by
Lemma 5.3.15, the sign of a; j is (—1)@**/. Hence, foralli = 0,1,...,n —d,
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we have sign(a;»;) = 1if j > 01is even and sign(a;zj11) = 1if j+i = 1
(mod 2). In all other cases, we have sign(a;;) = —1. We will show that g, ;
satisfies (5.15). Observe that this will prove the nonnegativity of the inner
distribution.

Takei € {0,1,...,n—d}. Forallj=0,1,...,n —d —i—2,by using (5.12),
we obtain

!, q(é)—n(j—&-i)“nfz’] | o
: IAN —— J f) > q2]+21+1' (543)
Tijaal g |

Assume that n > 4. By using Lemma 5.3.15, we deduce

)
é—i for nand i + j odd
1—¢ - 12 fornandi+ jeven
1—=¢iji2 = | 186 for odd 1 and even i + |
\ so% forevenn and odd i +

foralli,j with 0 < i+ j < n —d. We thus obtain

|ai, _ |a§,]‘ (1—ei5) > 22t 1 -,
|@ijial  lajol(1 = €ij12)

foralli,jwithi+j > 0.
It remains to show that
|aip|
|aia| + laia| —
for allevenn > 3 and i > 0. Thus, let i > 0 be even. Then, by using (5.13)
and (5.14), we have
laiol 1—eig
laial +laial g "7, 11— ei0) + 92|75, (1 — £52)

> 1—¢ip ‘ .

T - egn) + 307 E (1 —g0n)
Together with Lemma 5.3.15, this gives

|ai]
|aia| + laia| —
foralln > 3 and all even i > 0 except for odd n > 3 and i = 0. In the latter
case, by using (5.13), (5.14), and Lemma 5.3.15, we obtain

|a0,0] _ 1—eo0p
o] + laoz|  q7"[[1],1(1 —01) + 2| [3],[(1 — €0.2)
> 1-— 80/0
— (g (I+q7)
0 (L —¢01) + Gy (1 — €02)
> 1.

This completes the proof. O
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It remains to show the nonnegativity of the dual distribution.

Proposition 5.3.17. For 2 < d < n, all entries of the dual distribution (A} ) given
in Proposition 5.3.13 are nonnegative.

Proof. Let (A}) be given in Proposition 5.3.13.
First, we have

b" -1 n n(n—
Ay = T ((—1) g a) - |Y|>

_ qn — (_1)71 1 \n n(n—d+1)
= ity oy (Y1 (g

From Lemma 5.3.14, we find A] > 0. In particular, this proves the proposition
for d = 2. Henceforth, we assume 4 < d < n. We write

d—k=3

nk— Z bk]

with by = by (1 — ), where Jy,; as in Proposition 5.3.13 and
b}/{ ) ( )n kb( 1 (n—j—k) [ :| [ﬂ - k:|
! kol 7 1o

forallk=0,1,...,d—3andj=0,1,...,d —k - 3.
First, we look at J ;. For 0 < k+j < d — 3, applying the upper bound
from (5.36) gives

Yl @ DY+ g Y)

|5k1|—q n(n—j—k) n]k(n —d+1 _ 1)
q n(n—d+2) N ( n—j— k+l)( (n—d+2) +q n(n— d+1))
2‘] n(n—j—k) q" n(n—j— k)<qn d+1 _ 1)

Using k + j < d — 3 and doing some elementary manipulations imply

1 1 1\ /1 1 89
| < )2 2) < 2D
ksl < 5 <qd‘3 * q”) (2 * q”) = 256

for all n > 4. This gives

1 — [0y

—_— > — 5.44
1+ |5k,g| — 345 ( )

forallk,j,¢ > Owithk+j < d—-3and k+ ¢ < d — 3. In particular, we
have 1 — &;; > 0 and hence, the sign of by ; is (—1)@+5+i . Thus, for all
k=0,1,...,d — 3, we have sign(by ;) = 1if j is even and sign(by2j11) = 1 if
j+k=1 (mod 2). In the other cases, we have sign(by ;) = —1.

We will now show that by ; has the same properties as a; j in (5.15). Observe
that this will prove the nonnegativity of the dual distribution.
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n2
We have b,’(,]. = Lal/c,' for a;(,]. as in (5.40). Because of (5.43), we conclude

[Y["k,j
| b - a il (1= 16k > 167 siiokia

= > >1
Drjal a0l (14 [0k 42]) — 345

for all k, j > 0 with (k, j) # (0,0).
It remains to show that

|breo 51
b1 | + |br2]

for all even k > 0. Let k > 0 be even. From (5.44), (5.13), and (5.14), we have

bl 167 1
|be1| + |bra| — 345 (qannIk]b‘ _|_q172n|[n£k]b|)
167 1

> — .
=345 (g k14 %q—Zk—l)

This gives
|brol 51
bi1| + [brz

for all k > 2. Similarly to the estimation of |c5k,]' |, we obtain

Py (S 2+ ) < 108
0,0 = 2gn(d-2) gn(d=3) " gn(d-2) 2 g") ~ 4096

for all n,d with 4 < d < n. Hence, we have

ool 1 -3,
’b0,1| + |bo/2| - (q—l + %5]_1) (1 + %) =z
This completes the proof. .

Combining Proposition 5.3.16 and 5.3.17 proves Proposition 5.3.11.

5.3.4 The Hermitian polar space >4, , and even d

The goal of this subsection is to prove the following proposition.

Proposition 5.3.18. Let X be the set of generators in 2A,,, | and let d be an even
integer with 2 < d < n. Then there exists a feasible solution of the primal LP (2.20)
for d-codes in 2A,, , with objective function value (5.2).

Observe that Proposition 5.3.18 and 5.2.4 together with the Strong duality
theorem 2.2.2 imply the second part of Theorem 5.1.1(a).

We will use the same approach as for odd d and compute the inner and
dual distribution of a d-code in 2A2n_1 of size (5.2). However, the expressions
for the inner and dual distribution are slightly more complicated if d is even.



5.3 Feasible solution of the primal LP

This comes from the fact that for even d, the first entry of the dual distribution
is nonzero whereas for odd d, we obtain an (n — d + 1)-design.

We start by computing the inner distribution. To do so, we write the LP
optimum (5.2) as

LP(d) = |magﬁml<n®

where d is assumed to be even and

n+d—2
(=)= = 1) + g (—g) =1 = 1)

e(n,d) = — . (5.45)
()2 = 1) + =2 (—g)m 1 = 1)
Thus, a code Y of size (5.2) satisfies
Y] = X G, 0) (5.46)

(bn+1)d

We can now derive the inner distribution.

Proposition 5.3.19. Let X be the set of generators in >A,, _, and let d be an even
integer with 2 < d < n. Assume that Y is a d-code in 2A,, | of size (5.2). Let
(A;) and (Ay,) be the inner and dual distribution of Y, respectively, in terms of the
orderings imposed by (2.52) and (2.53). Then we have

e 0 [ [7] @ Daj
Ap_i = X Z ] b [l]b[]lb (Q)n*j
' n+d—1 _ —
X (1 — (1 —e(n,d)"hypr—i—H1 (b(nb;;l _ 1>1()b(21?a]j _1)1)

B (qbdil )nfjfdJrl e(n, d)_1>

(bn+d)nfjfd+1

foralli=0,1,...,n— 1. Moreover, we have A, = =A_ gpp = O0and
Al = |X|p~*H! (@ (0" —1) (1—e(n,d)). (5.47)

(bn)dfl (bn—d—H _ 1)

Proof. Recall the formulae (3.13) and (3.16) from the proof of Theorem 3.2.1,
namely we have

bn—k+1 pi n s

Zbkn] [ k] MA%I!X!ZA{”. l] (5.48)
n—j (q)nfj i—0 b

forallj=0,1,...,nand

n—d+2

Y. (e —y)A

k=0

_ g2 (0")a—2 Tl—l] [ n ] {n—l] [ n } WZ_l)
= Xl (9)a—2 ([d—Zbd—1b+qd_1bd_zbqbd—z_l

(5.49)
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with x and yx as in (3.15), where all coefficients of A, on the left-hand side of
(5.49) are nonnegative. Using A = |Y| and doing some elementary manipu-

lations give
n—d+2

E (xk - yk)A;( =0.
k=1

Since x1 = y1 and xj # y; for all k > 2, we obtain

Aé:Aé::A;_d+2:0

We therefore find from (5.48) that
prt+l g ) - b, n—d
[".] O )y ]\YHb”][n, 1} O 41— 1 ["] + ZAMW
J1p (Q)nfj =115 (@)n- —j Iy = Il
forallj =0,1,...,n —d. Applying the g-binomial inversion formula (4.10)
gives

=g L],

1X]
bn—i—l n . o b n—i o
( [ i) e

foralli =0,1,...,n — d. It remains to compute A’. Setj =n —d +1in (5.48)
to obtain

PR el K et B PR

This implies

;a1 (@)a P n Ll)d_l
A= e o, OX‘ @ m).

Using (5.46) gives

A = |X[p~H1 é?)ddll (b,f?’;; 1_)1) (1 —e(n,d)).

By substituting this into (5.50) and doing some elementary manipulations, we

obtain
Y e [1] [ an @y
At = 13y LV T <0 mwﬂ
| X] d+1 ( -~HE"-1) (q)d 1>
Uinini } d))p" i+
+ |Y|( (TZ )) (bn a+1 _ 1)(b2n j— ) (bn)d 1
Using (5.46) and applying (3.5) give the desired expression of A,,_;. O

We can now compute the dual distribution.
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Proposition 5.3.20. Let X be the set of generators in 2A,, | and let d be an even
integer with 2 < d < n. Assume that Y is a d-code in 2Az”_1 of size (5.2). Let (A})
be the dual distribution of Y in terms of the second ordering imposed by (2.53). Then
we have

All _ |X|b—d+1 ((bqn))ddll (bygb;r_l 1_)1) (1 — E(Tl, d)),

and forallk =0,1,...,n—2,

dk3 (kY g
Nen n—k n
Al = 2 ' p@)—nj J[ ;

=0 (=07 ]b(l — Okj), (5.51)

where ¢y = y;_kb(ngk)*”(”*k)% with w),_, given in Table 2.3 and

"n—

(qb*)g—k—j—1

Oj = e(n,d)

(bn+k+j+1)d_k_],_l
: bRl — 1) (q0)a ko
1— ,d bk+]—d+l < / ] 52
forallj =0,1,...,d —k—3. Inparticular, we have Ay, = Ay = - - - = A;—d+2 =0.

Proof. First, observe that A}, A),..., Al +» Were already determined in
Proposition 5.3.19 with Ay = Ay = --- = A]_, , = 0. To obtain A]_,
fork =0,1,...d — 3, we proceed similarly as in the case of odd d and solve a
system of linear equations by using the inverse matrix from Lemma 5.3.6. As
in (5.26), we have

Xj: bk(n_j) |:1’l — k:| (b”*kJrl)n—j A;{ _ |X| |:1’l:|
k=0 b (q)n—]’ J1p

n—j

forallj=n—d+1,...,n. Use Ay = Ay = --- = A]_, , =0 to obtain

] ‘ _K (bn—k—H) .
k) [” ] (GRS Y
» b

k=n—d+3 n—j (9)n—j ¢
n n (bn+1)n_], =11 (s,
= . — . N T _ bn j . '
|X| |:]]b []:| b (q)n—j |Y| [7’1 _]]b (Q)n—j Al (5 53)

forallj =n—d+3,...,n. By using (5.46) and (5.47), the right-hand side
of (5.53) can be written as

1 (1 gy & (@i
] (100

b ) g 1(q)n—j

_ (1 _ S(n,d))b”_j_d+1 (bj — 1) (bn)n—j(Q)dfl ) '

(br=4+1 —1) (b")4-1(q)n—;
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By applying (3.5), we have

j . B pn—k+1 i
Y bk(nf)[” kL( )' LA

k=n_d+3 n—j (9)n—
n (qbn_j)d—n-i-]'—l
= |X||. 1—e(n,d .
X L] b ( (d) 0¥ T ) gpyj1

— (1 —¢(n,d))b* T+

(bl —1) <qbn_j)d—n+j—1>'

i VN e R

Similarly as in the case of odd d, we multiply the matrix QC~! from
Lemma 5.3.6, which gives

A;<:y;b—<2n+l)k+k2<qb"7k>k y TRy G T Gt m
(=b"")k jimiis (b=)j(=b="); Lily

(qbn_])d—n+j—1

X (1 —¢(n,d) CE

d—n+j—1

(11— n—j—d+1 -
(1—¢(n,d))b (pn—at1 — 1) (62T )d—ntj1

(b —1) (qbnj)dnﬂ‘l)

Apply (2.30) to obtain

Al =i kb%wk)(mkﬂ)% ik b@)ﬂ-w(b‘”‘l‘k%{n—k]
n— n— ] b

(_bin)n—k i3 (—b*n)].

(qbn_j)dfnjtjfl

X (1 —e&(n,d) Gy

d—n+j—1

— (1 —e(n,d))b"I 7441 (b 1) (qb”_j)d_"+j_1>.

OIS VG e

Changing the order of summation and doing some elementary manipulations
give the stated expression of A/ _,. O

Proving the nonnegativity of both distributions requires the following
bounds on ¢(n,d).

Lemma 5.3.21. Let n and d be integers, where 2 < d < n and d is even. Then we

have
n+d—1
_qqd—1_+11 for even n
e(n,d) > (5.54)
%q"l*z(q”*d+1 —1) foroddn
and
_ 7
P for even n
e(n,d) < w1 _q (5.55)
qqd_l—]_ fOT’ odd n.
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Proof. Since d is even, we find from (5.45) that

n+d—2 (_1)11

_qn—d+2+(_1)n+(_1)nqq qdfl_,l (qn—d+l+(_1)n)

n+d—2_(_1)n .
(=)= 42 = 1 (1) e (s (741 + (<))

(1) e(n,d) =

In (3.26), it was shown that

qn+d—1 + (_1)11
qdfl -1 4

(—=1)"e(n,d) <

which implies the stated lower and upper bound for even n and odd #, respec-
tively. Assume that 7 is even. Then we have

n+d—

qn d+2+1+q%(qn*d+l+1)

n+d 2_1

(—=1)"e(n,d) = :
NS T

qn d+2_1+

Using (5.11) gives

n+d—2
q -1 n—1

qd_l—l ZEI

and we also have
qn+d—2 -1 1
e
q + q
We thus obtain

_qn—d+2 +1 +q2n—d+1 +qn

n+1
(_1) i S(Tl, d) = qnfdJrZ + qﬂ7d+l

2n—d+1

q
qn—d+2 + qn—d-i-l
qn
q+1

>

as stated. For odd n, we have

n+d— 2+1

qn d+2_|_1+q‘1d1 . (qnfdJrl_l)

n+d 241

(—=1)"e(n,d) = :
qn —d+2 +1+4+ q T (qn—d—H _ 1)

Because of
qn+d—2 _|_ 1 3 qn+d—2 _|_ 1
miog 21 and g sl
we obtain
—d+2 n( n—d+1
11 "+ 149" (q —-1)
(=1)"eln,d) 2 g+ 14 g(grtt = 1)
Observe that it holds

n 1 _
qd+2+1>(q+q + gt gt
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since —¢" + "' 4+ ¢*~! < 0. This can be used to show, by elementary manip-

ulations, that

qn—d+2 +1+ qn(qn—d—i-l - 1)
14 n— n— n—
>§qd Z(q d+1_1) (q d+2+1+q(q d+l_1>>’
which implies

14
5‘7 (

as required. O

(—1)"+18(n,d) > n—d+1 _ 1)

q

7

To prove the nonnegativity of the inner distribution given in Proposi-
tion 5.3.19, we rewrite it as

|Y’ n—d—i
Anfi = T Z ai,j (556)
X &

with a;; = a; (1 - ¢;;), where
‘ ; n+1 o
al; = (~=1)p H [” N ’} W i
: iyl 7 1o @njmi
and
(bn+d—1 _ 1)(bj+i _ 1)
(bn—d—H _ 1>(b2n—j—i _ 1)
(qbd_l)n—j—i—d—H
(bn+d)nfjfifd+1

foralli=0,1,...,n—dandj=0,1,...,n —d —i.
We first give lower and upper bounds on ¢; ;.

€ij = (1 _ E(Tl, d)71>bnfjfifd+1

+ e(n,d)~?

Lemma 5.3.22. Let n and d be integers with even d such that2 < d < nand n > 4.
For all integers i,j with 0 < i+ j < n — d, we have

3 fornand i+ jodd
1—gj> %1 for nand i +J'evenl |
y5¢ for odd n and even i + |
1% for even n and odd i + j
and
(2 fornandi+jodd
1—gj < 2L fornandi+ jeven
1 forodd nand eveni+j
320 for even nand odd i + .
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Moreover, we have

1—¢90> 25
00~ 256
for odd n.
Proof. From (5.54) and (5.55), we find
q+1 g
——— <eg(nd)"' < T for even n (5.57)
and
qdfl -1 1 q*d+2
e <e(n,d)™ <2 e for odd n. (5.58)

Note that the sign of (g6~ 1),,_;_i_ai1/(0"),_j_iapq is (—1)(HD=7=iH1),

Moreover, we have

(qbd_l)n—j—i—d+1
(6" ) it

n—j—i—d qbd71+€ 1

n+d+0 _
75 b 1

H—j—i—d qd-‘rg + 1

IN

n+d+0 _
=0 1 1

S q*(n*Z)(n*]'*i*dﬂ’l) (559)

foralli,jwith0 <i+j<n-—d.

We have to look at four different cases depending on the parity of n and i + ;.

Assume that n > 5 and i + j are odd. We have

. nt+d—1 _ 1)( j+i +1)
1—¢: = _ -1\ n—j—i—d+1 (q q 7
(qbd_l)n—j—i—d-i-l -1
— e(n,d)"". (5.60
(") jimar (m,d)™". (5:60)

Use that the second summand is nonnegative and

(gb" ) jmizd -0
(bn+d) . -
n—j—i—d+1

together with the upper bound from (5.58) to obtain

-1 —d+2
1_5ij>1_(q )n]zd—i-l 2q
' (0" )y jmicai (g4 = 1)
d—1
> 1 _ (qb )Vl—j—i—d"rl zq_n_;’_Z'

(6" ) jimds1
Because of (5.59), we have

2

l—g>1- (=D n—ji-d+2)
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Sincen >5and i+ j < n —d, we deduce

31
1-— €ij > 372

From (5.60) we also obtain

nejicasr (@ =)@+ 1)

1—g; <14+ (1—e(nd) g ("1 — 1) (g2 T 1)

Using the lower bound from (5.58) gives
(9" =)@ +1)
(g = 1) (g7 4 1)

qn—d-i-l -1

1-— € <1+ I]n_j_i

<1+

Becauseofi+j <n—dandn —d > 1, we have

n—d
q +1 <9

Ve <I+ =%

as required.
Assume now that 7 and j + i are even. We have
(qn-i-d—l + 1)(qj+i _ 1)
(g + 1) (g7 = 1)
(g0 ) e jizan

— e(n,d)~L. (561
(anrd)n—j—i—d-i-l( ) (>61)

The second summand is nonnegative, whereas ¢(1,d) ! and

1-— gij = 1+ (1 — 8(11, d)fl)qnfjfif‘prl

(qbd_l)n—j—i—d—i-l
(0" )it

are negative. Therefore, we obtain

(qbd_l)n—j—i—d—l—l

(6" ) jimds1

Using (5.59) and the lower bound from (5.57) gives

le(n, d) 7.

1—81"]'21—'

qg+1 S 61
qn+(n72)(n7jfifd+1) = 64’

1—Si,]‘>1—

where the last inequality follows from j +i < n —d and n > 4. From (5.61)
we also obtain

(qn+d—1 + 1)(qj+i _ 1)
(qn7d+1 + 1)(q2nfjfi _ 1) )

T—g;<1+(1- e(n,d) " 1)g" i1

Using the lower bound from (5.57) gives

(0" +q+1)(g" 1+ 1) (g7 = 1)
(qn—d+l + 1)(q2n—j—i _ 1)

1— Si,j <1 + q,]‘,i,d+1
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By (3.19) and (5.11), we have

q"+q+1

1—81,]<1+m

Sincei+j < n—dandn > 4, we obtain

1 51

1 1
1—81/]<1+§+q7+ﬁ§3f2

Assume that n > 5is odd and i + j is even, which impliesi +j <n —d — 1.

We have

= iy rejeieant (@ =1 1)
1-— S1,] =1- (1 — 8(7’11 d) )q ] (qnftﬁ*l _ 1)(q2n—j—i _ 1)
(gb" ) jizd 1
- e(n,d)”". (5.62
(b)) i (n,d) (5.62)

Since (qbdfl)n,]-,i,dﬂ/(b”*d)n,]-,i,dﬂ > 0, we use the bounds from (5.58)
to obtain

(" = 1) (¢ 1)
<qn—d+1 _ 1)(q2n—j—i _ 1)

s g2 (") iman
(=1 =1) (b"*),_jigy1

1-— & >1-— qn—j—i

(5.63)

From (3.19) we find

q' —1 —nji
qznf];z‘ — < q n+j+t
gti—1 < q—n+j+i+d—1
qn—d-i-l -1 - ’
which implies
1_ei>1— 1 _ g2 (gb" D jian
L] qn—j—i—d-H <qn—d+1 _ 1) (bn+d)n—j—i—d+1 ’
Using (5.59) gives
1 2

T—g;>1- gr—i—i—d+ - q(n=2)(n—j—i-d+2)"

Becauseof n > 5and j+i <n —d —1, we have

1—e >1-2_ 1 _ 11
K 4 28 256

In particular, from (5.63) we find similarly

1 255
1- 1—— =22
€00 =17 % ~ 256
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By applying 1 — ¢(n,d)~! > 0 and
(qbd_l)n—j—i—d+1
(bn+d)n—j—i—d+1

to (5.62), we obtain 1 —¢;; < 1.
Assume now that n is even and i + j is odd, which implies n —d > 2 and
i+j > 1. We have

e(n,d)"1 >0

(qn+d*1 + 1)(q]+l + 1)
(qnfaurl + 1)(q2n+j+i + 1)
. (qbd_l)n—j—i—d+l

(0" ) it
Since e(n,d)~! < 0and (qbd_l)n_]-_z-_dﬂ/(b”*d)n_]-_z-_dﬂ > 0, the third sum-
mand is nonnegative. Together with the lower bound from (5.57) we obtain

1—¢g;=1—(1—e(nd) g/

e(n,d)"L. (5.64)

Ciican @ D@ D) (P )
(qnfdJrl + 1) (q2n+j+i + 1) '

1—¢;>1—9q

By (5.11) we have
qﬂ-‘rd—]. + 1 2d—2

qn—d-i-l +1 < q 4
which gives us
qg"+q+1
1 - 81‘,]' > 1 - W
1 1 1

- grtiti—d - grititi—d-1 - grtjti—d’
Becauseof n —d > 2,n > 4,and i +j > 1, we deduce

109

1 —81',]' > @.

The second summand in (5.64) is nonpositive since ¢(n,d) ! < 0. Together
with the lower bound from (5.57), we obtain

(g+1) (" Vp_jmicam
gt () ian

Using (5.59) andi+j<n—d—1aswellasn > 4 gives

1—81‘,]‘<1+

g1 25
q3n—4 — 2567

1 e <1+ (ﬂltl)q—(n—z)(n—j—i—dﬂ) <1+

which completes the proof. O

We now show that the inner distribution is nonnegative.

Proposition 5.3.23. For 2 < d < n, all entries of the inner distribution (A;) given
in Proposition 5.3.19 are nonnegative.



5.3 Feasible solution of the primal LP

Proof. Let (A;) be given in (5.56).
First, assume that d = n. Then n is even and we only have to show that
Ay, > 0. By using (5.46), we have

N AT I

A =X @) (1 @y, >
@ @ 0y
O 2@ ™ T o), () (P

=—(q"+1e(n,n) —1.

From (5.54) we obtain

@+ o,

An > g+1

Assume now that 2 < d < n. Since 1 —¢;; > 0 for all i, j by Lemma 5.3.22
and the sign of (b"1),_;_i/(q)u—j—i is (—1)" V=1~ the sign of a;; is
(—1)(£)+ij+j. Hence foralli = 0,1,...,n — d, we have sign(a; ;) = 1if j > 0
is even and sign(a;pj+1) = 1if j+i =1 (mod 2). In all other cases, we have
sign(a;;) = —1. Similarly as in the case of odd d, we will show that (a; )
satisfies (5.15). Observe that this will prove the nonnegativity of the inner
distribution.

Takei € {0,1,...,n—d}. Forallj=0,1,...,n —d —i — 2, by using (5.12),
we obtain
[ (6" )i

j ]b (q)n—j—i

al. — g n—ip (") i i2
el g |0, s

> g2+ (B =) (B 1)
. o T T D (g = )]

j
’“2,]‘ q(z)

Applying (5.11) gives

/ 7‘7.7 7.7‘
i, > 2j42i-2n+1 (4> ™ 1) (g )
|40l (gt 1) (gn T = 1)

Assume that n > 4. By using Lemma 5.3.22, we deduce

2j+2i

>q

3 fornandi+jodd

y 6L ]
1—¢; 1p formandi+jeven
L—eéij 1B forodd nand eveni+j
218

55 forevennand oddi+j
foralli,jwithO0 <i+j<n—d—2 Foralli,jwithl <i4j<n—-d—2 we
thus obtain

|ai,j| _ ’ag,j (1 - ‘Si,j) 2i+2j

|aijia| |4 15| (1 — €142) 1—¢ij2

1-— 81',]'

>1,
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128  Optimal solution of the linear program

as wanted. In the case of n > 4, it remains to show that

|ﬂz‘,0|
|ai1] + |aip| ~

for all eveni > 0. Thus, let i > 0 be even. We have

‘ U= ‘ (1—¢ip)

|al',0‘ — (q)nfi
. . n—i pn+1 i n—i pn+1 ni :
@i + lasa| | ]b% (1—e1) +4[" ]b% (1—¢;,)
It holds that
’(bwrl)n—i—l _ (qn—i + (_1)n) ‘(anrl)n_i'
(@)n—i1 (> =1) (7)n—i
and
‘ ") uia| (@A (D)@ = (=D)) (b”“)n_i‘
(@)n-i-2 (g = 1) (g1 +1) (9)n—i
Combining this with
[n — 1} B gt — (=1)"
1], g+1
] |- =
2 ]y (g+1)(g>—1)
gives
laio] 1—¢p
. . - ( 2n72i_1) ( 2;1721'_1)( 2n72i72_1) :
|a1'1| T |a1'2’ (q_,_ql)(qm(l - 51’,1) + (q+131(;/2_1)(anj_l)(q2nﬂ>1+1) (1 - 51’,2)

Because of (3.19) and i > 0, we obtain

a0l o 1 —eip
. . - —i —2i
’al,l‘ + ‘ﬂz,Z‘ (L?Tl)(l - 81',1) + m(l - 81"2)
1-— 8,‘/0

> .
3(1—ein) + 15(1 —€;2)

Using the lower and upper bounds on 1 — ¢; ; from Lemma 5.3.22 gives

|aip] o1
|ai1| + |aiz|

for all n > 4 and even i > 0, as required.

It remains to look at n = 3 and d = 2. Because of the sign of a;, we
immediately have A, = %aw > 0. For the entry A3, we only need to show

laool/|aos| > 1. We have

=gq+12>3.




5.3 Feasible solution of the primal LP

We also require bounds on 1 — g9 and 1 — gg;. Use the upper bound
from (5.58) to obtain

2
—eon=1- 1 iql;(rq&r 5 e(3,2)"!
1 2(4*+1)
@ +DE@E+D(-1)
31
> eV

Applying the lower bound from (5.58) gives

_ oy (P =D@+1) (P +1) _
P =1 0B O (e (O
g—1\ (*+1)(g+1)

§1+<1_q4—1> @+ 1)
(- 1)
(-1(g°+1)

=1+

<2

In summary, we conclude

laoe|  laoel (1—enp)

= > 1.
laoa| gl (1—eo1)

This completes the proof. ]
It remains to show that the dual distribution is nonnegative.

Proposition 5.3.24. For 2 < d < n, all entries of the dual distribution (A,’() given
in Proposition 5.3.20 are nonnegative.

Proof. Let (A} ) be given in Proposition 5.3.20. We first show that A} > 0 for
2 <d < n. Thesignof (9)s-1/(b")4_1is (—1)" and from (5.47), we thus find

(9)a—1
(b")a-1

From Lemma 5.3.21, we see that ¢(n,d) > 1 for odd n and ¢(n,d) < 0 for
even 7. Thus, we have (—1)" — (—1)"e(n,d) > 0 implying A] > 0, as required.

WD) 1y - (—1)e(n,d)).

A/ — X —d+1
1= 1Xlq (g =4+ 4 (—=1)n)

Observe that we can now consider d > 4 since for d = 2, we only need to show
Al >0.
Set by = by ;(1 — ) with 6 as in (5.52) and

, —n—1-k ,
b = b O ke [n = k]
b

(_bin)nfkfj ]
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130  Optimal solution of the linear program

forallk=0,1,...,d—-3andj=0,1,...,d —k — 3, so that
d—k—3

!
An—k = Ck Z bk,]'
j=0

as in (5.51). Since the sign of (qb%),_/(—b"), j is (=1)("2 )Tk e
obtain ¢, > 0. Hence, we need to show that Z;té‘*s bk,]- > 0. Observe that
this will follow from proving that (by ;) satisfies (5.15). The proof is split into
some intermediate results, starting with bounds for |4y |

Claim 1. Forall ¢ > 2 and n > 8, we have

0.0032 if0<k+j<d-—4,
|0kj| <
005 ifk+j=d—3.

Forall g > 4 and n > 4, we have

0014 fO<k+j<d—4,
|0kj| <
0.095 ifk+j=d—3.

Proof of Claim 1. For 0 < k+j < d — 3, we have

(qkarj)dfkfjfl
bk

[0k| < le(n,d)] ,
( d—k—j—1

. n=k=i 1) | ( B gk
ktjd+1 (q + 9 d—k—j-1
+ (1 + |e(n,d)|)g (g1 = 1) | (b k)

d—k—j—1

Using |e(n,d)| < (¢""9 1 +1)/(g?"' — 1) from Lemma 5.3.21 gives

gV ) ak—ja
(bn+k+j+1)

(qn+d71 + 1)
(g1 -1)

0kj| <

d—k—j—1

ke ("D (T4 1)
(T = D) (g 1)

(qbk+j)d—k—j—1

. . (b.65
(b" ) gk ja (565)

+4q

For m € {n,n + 1}, by using (3.20) and (5.28), we find

d—k—j=2 _ktj+1+4 ‘
< qm+k+j+€+11 < 10g (DD,
q J—

(g6 )g—k—j1
(6™ ) g k—ja

(=0

This gives us

n(d—k—j—1) gt 41

|0k < 10g~ 11

(n-1)(d—k—j-1) @'+ D (" T +1)

k+j—
o G T




5.3 Feasible solution of the primal LP

which becomes

1 +q—ﬂ—d+1
1— qfd+1

1 10g~ (1= D(d—k=j-2)+1 (1+g~")(1 + g~"++)
I (1 — q—d+1)(1 _ q—n-l-d—l)'

|§k,]'| < 10[/]711(12'7](7]'72)

Foralln > 8,9 >2,and 0 < k+j < d — 4, we obtain ‘(Sk,j‘ < 0.0032. For all
n>4,q9>4and0 < k+j < d — 4, we obtain \5;(,]-\ < 0.014. In the case of
k+j=d— 3, we find from (5.65) that

o 4T s (D@D 4
0kl < 7 +q —di1 a3 )
qrta=2—1 (qnatt = 1)(g"+43 = 1)(q" -2 +1)
< THTT () (g (4 g )
— 1— q—n—d+2 (1 _ q—n+d—1)(1 _ q—n—d+3)

Forall n > 8 and q > 2, we obtain |(5k,]-| < 0.05,and foralln > 4 and g > 4,
we obtain |dy ;| < 0.095. This completes the proof of Claim 1.

Claim 2. Forallqg>2,n>4,k=0,1,...,d -3,andj=0,1,...,d —k =3,
we have . '
‘bk/j‘ S 2+2k+1 1—g 22
el =T T
Proof of Claim 2. Using the definition of the g-Pochhammer symbol, we see

that

|b,’<].] b(é)—ﬂj["]—,k]b(l b3 (1 p 2
Byl oD (14 b2 (14 b |

Applying (5.12) gives

/ _ i o S o R

’bk,j’ > 2/+2k+1 (1+g4* ] N(1—g* '] %) >q2j+2k+1 1—g % ] §

Byl = =g F T2 +gF7T) = g
as wanted.

Claim 3. For all ¢ > 2 and n > 8, we have |by |/ |bx1| > 2 for all k > 1. For
all ¢ > 4 and n > 4, we have |byo|/|bx1| > 2 for all k > 0.
Proof of Claim 3. By using the definition of the g-Pochhammer symbol, we have
biol _ | 16772 (1-92%2)(q+1)

A R e (L M I R CE R [T U

Forqg > 2,n > 8,and k > 1, we have

Dol (1—g%(g+1) 128
! > —n -2 n—1 Z
eyl — g (1 +q72)(g" 1 +1) — 43
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132 Optimal solution of the linear program

Forg > 4,n > 4, and k > 0, we obtain

Biol o (1-q7%)(g+1) _ 960
! — 4—n -2 n = Hr7
el — g (T+q72)(g" +1) — 257

Together with Claim 1, this proves Claim 3.

Claim 4. The sign of by j is (—1)(£)+kj+jfor all j,k > 0ifqg>2and n > 8, or if
qg>4andn > 4.
Proof of Claim 4. This follows from Claim 1, which gives 1 — O = 0,and from

O ) S0
(=b™")n—k—j

We now combine the results from the previous claims to show that by ;
satisfies (5.15). Assume thatq > 2and n > 8, or thatq > 4and n > 4.

Because of Claim 4, we then have

bioj  |brajl

= forallk > 0Oand evenj > 0
|bkgjal  [br2js2]

and

b bi;
k2j+1 ‘ k,2]+1‘ for all k,j > Owithk-l-j =1 (mod 2).

beojsal  [brojss]

We can thus look at |by j|/ b j;»|. Claim 1 and 2 imply

by bl (1— |6,
| k,]| > ‘/k,]‘ ( | k,]|) >0
|bk,j+2’ |bk,]'+2‘ (1+ |5k,j+2‘)

forallk,j > 0ifqg >4,n > 4,orforallk,j > Owithk+j#0ifg>2,n>8,
which also gives

|brol 51
|br1 |+ [ 2

in the respective cases by using Claim 3.
It remains to look atg > 2,n > 8, and k = j = 0, that is

oo
|bo1| + |bo2|

Using the definition of the g-Pochhammer symbol, we see that
|boo| B 1400

(=g “op (g1 “2) 1
boal + [boa| 4 8_3723 177, ] (1= 801) + 12 % 5], (1= 602)
1 - 50,0

-2
g ey [[] (1= 000) + 2 (2L [ 3], (1 — do.2)

>




5.4 Open problems

By applying

(" -D(" ' +1)

< qg"+1
(g+1)(g*>-1) ’

~g+1

i, HAE

|bo,o] 1— o,

jil (1+ —n) (1+ —2)(1+ —n+l)

we find

By using g > 2 and Claim 1, this becomes

Poal > =1 21,
boi| + [bo2| = EZ(1+ |0a]) + A5 (1 + [622])

as wanted.

For the remaining cases withg € {2,3},n € {4,5,6,7},andd € {4,...,n},
the dual distribution is nonnegative as well, which was checked with a com-
puter. This concludes the proof. ]

Combining Proposition 5.3.23 and 5.3.24 proves Proposition 5.3.18.

5.4 Open problems

We close this chapter by giving a list of open problems related to the LP
optimum in classical association schemes.

Problem 5.4.1. Prove Conjecture 5.1.4 concerning the LP optimum in D,, for odd d
and odd n.

Problem 5.4.2. Determine the LP optimum for d-codes in a polar space P of rank n if
(a) P = By or C, and d is even
(b) P =D,y
(c) P =2A,,

Numerical computations of the LP optimum for small values of g, n, and d
suggest that the LP optimum is strictly smaller than the bound of Corol-
lary 3.2.4 in the cases (a)—(c).

Problem 5.4.3. Determine the LP optimum for d-codes in the symmetric bilinear

forms scheme Squ(n) if q is odd and n and d are even or if q is even and d is even.

This problem goes back to a conjecture given in [Sch15, p. 647]. A d-code Y in
Sym, (n) is a set of symmetric n x n matrices over I, such that rank(x —y) > d
for all distinct x,y € Y. In [Sch15], the case g odd was studied and sharp
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bounds were proved for d-codes with odd d, which were obtained by using
linear programming and are thus exactly the LP optimum. Moreover, it was
conjectured in [Sch15] that the LP optimum for even 1 and even d is given by

(1) (n—ds2)2 LHq "1 '

q g+1

For odd # and even d, a bound was also determined in [Sch15], but it is
unknown so far what the LP optimum might look like. In [Sch10], the case q
even was treated and sharp bounds were obtained for odd d by using linear
programming as well. Thus, the LP optimum is also known for odd 4 and
even ¢. But the LP optimum for even d and even g is unknown.

Problem 5.4.4. Determine the LP optimum in the Hamming scheme H(n,q) and
the Johnson scheme [(n,m).

It was stated in [Del73, p. 55] that the LP optimum in H(n,q) is precisely
the Singleton bound (2.25) if ¢ > max{d,n —d + 2}. Otherwise, it is still
unknown what the LP optimum in H(n, q) looks like. The case g = 2 for the
Hamming scheme is the most important and challenging problem concerning
the LP optimum in classical association schemes. Here, one also looks at
the asymptotic behavior of the maximal number A(n,d) of elements in a
d-code in H(n,2), whenn — coand 0 < d/n < 1. A comparison of this
asymptotic behavior for various bounds in the binary Hamming scheme is
given in Figure 5.1, where the Gilbert-Varshamov bound (GV bound) is a
lower bound and the others are all upper bounds. In Figure 5.1, we used
a weaker version of the McEliece-Rodemich-Rumsey-Welch bound (MRRW
bound), which equals its stronger version for § > 0.273 and we note that for
6 < 0.273, the Elias bound is not as good as the stronger version of the MRRW
bound [McE+77], see also [MS77, § 17] or [Lin99, § 5] for an overview of the
bounds occurring in Figure 5.1. It is known that the asymptotic version of
the LP optimum strictly exceeds the GV bound and is at least as large as the
arithmetic mean of the weaker MRRW bound and the GV bound, see the gray
area in Figure 5.1. It was conjectured in [Sam01] that this arithmetic mean
of the weaker MRRW bound and the GV bound is precisely the LP optimum.
However, it was pointed out in [BJ01] that this conjecture might be false and
that the stronger MRRW bound might be the asymptotic LP optimum.

Similarly, for the Johnson scheme, there exists a GV bound and an MRRW
bound for binary constant-weight codes and the asymptotic version of the LP
optimum is as large as the arithmetic mean of the MRRW bound and the GV
bound [Sam01].
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5.4 Open problems

Plotkin bound (1960)

Hamming bound (1950)

GV bound

(1952) MRRW bound (1977)

arithmetic mean of
MRRW and GV bound

0
0

0.1 0.2 0.3 0.4 0.5

FIGURE 5.1. A comparison of the asymptotic bounds for codes in the binary
Hamming scheme, where a(6) = limsupn~'log, A(n, [6n]) for0 < 6 < 1/2.

Problem 5.4.
and Alty(m)?

n—oo

5. Is there a combinatorial proof for the Singleton bound for Her,(n)

In the case of Bil, (1, m), there exists a combinatorial proof for the Singleton

bound (1.1).
and Alt,(m)

Presently, it is unknown whether the Singleton bound for Her, (1)
can be proved purely combinatorially. This problem is similar

to Problem 3.4.1.
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CHAPTER 6

Summary

The most notable results of this thesis are briefly summarized below in a

simplified version. (See Table A.1 for the notation of the association schemes.)

Open problems related to the investigated topics can be found in Section 3.4,

4.3, and 5.4, which pose future research directions.

(R1)

(R2)

(R3)

(R4)

(R5)

In Theorem 3.2.1 on p. 54, a bound for codes in J;(n,m), 2A,, 1, and
%Dm was derived in a unified way, where in the case of ]q(n, m), it is the
well-known bound from [WXS03], showing that there exists a bound
of a similar form for 2A,, ; and 1D, as for J;(n,m). The proof of Theo-
rem 3.2.1 relies on the fact that the P- and Q-numbers of J,;(n, m), 2A2n71’
and %D, can be written in a similar way as dual g-Hahn polynomials
and g-Hahn polynomials, where we used the second ordering of the
primitive idempotents in the case of ?A4,, ;.

In Corollary 3.2.4 on p. 60, we applied the bounds for codes in 2A,,, ,
and 1D, from (R1) to derive bounds for codes in all the remaining polar
spaces By, Cy, Dy, ?A,,, and 2D, ;.

2n’

In Section 3.3, we constructed codes in all polar spaces by “lifting” known
codes in the alternating bilinear, Hermitian, and symmetric bilinear
forms schemes. Moreover, we proved that the constructed codes reach
the respective bound obtained in (R1) and (R2) up to a constant factor
for 2A2n71 with odd d; C, with odd d; B,, with odd d and even g; and D,
except possibly for even n and odd g; whereas in the remaining cases for
all polar spaces, the bounds are met up to a small power of g".

In Proposition 4.2.1, we computed the inner distribution of Steiner sys-
tems in polar spaces.

In Theorem 4.1.1 on p. 68, we provided an almost complete classification
of nontrivial Steiner systems in polar spaces; namely for 1 < t < n, if
a t-Steiner system in a polar space of rank n exists, then we are in D,

137



138

Summary

(R6)

with t = n — 1 (and in this case, it is one of the bipartite halves %Dn) or
possibly in 2A,, or 2Dn+1 witht =n—1and g > 3, orin 2A,, or ZDnJrl
with odd n and ¢ > 2. We moreover posed Conjecture 4.1.2 on p. 69
stating that f-Steiner systems with 1 < t < n can only exist in D,, for

t=n-—1.

Theorem 5.1.1 on p. 82 contains the optimum of the linear program for
codes in ]q(n, m), %Dm, and ZAZW1 as well as for their affine counterparts
Bil,(n,m), Alt;(m), and Her,(n). In the last three cases, the optimum
was basically known except for Alt,(m) with even m and odd q and for
Her,(n) with even d. We gave a proof for all parameters. It is remarkable
that the optimum in J,(n, m), %Dm, and ZAZW1 has a similar form as the
optimum in their affine counterpart. Moreover, we derived the optimum
for d-codes in D,, if d is even and in B, and C,, if d is odd. The optimum
for J,(n,m) is precisely the bound from [WXS03] and the optima for
%Dm, 2Aanl, Dy, B,, and C, are precisely the bounds obtained in (R1)
and (R2). Additionally, we posed Conjecture 5.1.4 stating the optimum
in D,, if d and n are odd.



APPENDIX A

List of classical association
schemes

This chapter contains a tabular overview of the studied classical association
schemes.
TasLE A.1. Summary of the studied classical association schemes divided into

three categories: (a) basic, (b) ordinary g-analog, and (c) affine g-analog,
together with their type and group.

association scheme type group
Johnson scheme J(n, m) Amin_1 Siin
(a) Hamming scheme H(1,q) B, or C, Sg X S,
bipartite half H(n,2) of H(n,2) D, St % s,
g-Johnson scheme J, (1, m) Apin GLy+n(q)
parabolic polar space scheme B, SO2,41(q)
symplectic polar space scheme Cu Sp,,(9)
(b) elliptic polar space scheme D1 SO;, 1»(q)
Hermitian polar space schemes 2A,, SUu(9°)
hyperbolic polar space scheme D, 05 (q)
bipartite half D,, of D, D, SO, (g)

bilinear forms scheme Bil,(n,m)  Ayin—1 X % (GLu(q) x GL4(q))
(c) Hermitian forms scheme Her,(n) 2A,, X x GL,(4?)

alternating bilinear

forms scheme Alt, () Dy X 3 GL(q)

139



TasLe A.2. Classical association schemes and their orthogonal polynomials f;(z) of degree i evaluated at vy such that P;(k) = v; f;(yx).

association
polynomial fi(yk) v;
scheme

—i,—k q n

H(n,q) Krawtchouk 2F (g—1)
—n qg—1 i

—i,—kk—m—-—n—1
J(n,m) dual Hahn 36 ( ! men 1) <n) <m>
—m,—n i i
1 —i,—k,k—n n
>H(n,2) dual Hahn 3b ( i —nit 1 o
2/ 2

B ,C ,D , 7k, ,1‘,_ —n—e—1+k ; ]
A g-Krawtchouk 3¢2 pF P p;p p(§1)+ze n
2 2 2 —n i

Dn+1’ AZn—l’ AZn O,p p
—i ,—k k—m—n—1
7 7 2|n m
Jq(n,m) dual g-Hahn 32 (D/ 71 L q;q) qlz [z] [z]
q q

oL

Sawiayds uolleidosse 1elisse)d Jo 1siq



2 -2k ,—2m+2k .
7 4 ! m
3D dual g-Hahn ) 1 ?m iﬁ ) 79 q @) [21}
q .9 1
24 Vi (g k(g -2ntk—1 ‘
2n-1 dual g-Hahn 3¢, S ) —q;—q q" [n}
(2nd ordering) (=), —(=q)" o
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TasLE A 4. Classical association schemes and their orthogonal polynomials gx(z) of degree k evaluated at z; such that Qx (i) = uxgx(zi)-
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