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Abstract

This thesis addresses the learning of preferences, particularly choices, within the machine learning framework. It
is positioned at the intersection of machine learning, behavioral economics, and psychology. Preference learning,
a growing subfield of machine learning, has many vital applications, such as information retrieval, recommender
systems, and, recently, aligning language models and agents with human preferences.

‘We consider the choice setting, where a decision maker is presented with a set of objects and expresses a choice by
selecting the subset of objects they prefer. Given observations of sets of objects and the chosen objects, the overall
goal is to learn the function that maps from sets of objects to subsets that can generalize to unseen sets of objects.
Many models make the simplifying assumption that decision makers evaluate the utility of each object independently.
However, this conflicts with experimental findings from psychology and behavioral economics, which indicate that
the context in which choices are made significantly influences the choices.

Therefore, we set out to study how to capture the influence of the surrounding objects on a choice. We propose to
generalize the notion of utility in two complementary ways. The first methodology explicitly aims to incorporate the
set-based context into the assessment of the utilities. We propose two decomposition approaches to make the learning
of such a generalized utility function feasible. The first approach, First Evaluate Then Aggregate (FETA), decomposes
the generalized utility into an aggregation of lower-order sub-utilities. The second approach, First Aggregate Then
Evaluate (FATE), first computes a representation of the set of objects and then evaluates the utility of each object
within the context of this representation. For both utility decompositions, new choices can be predicted by selecting
objects whose utility exceeds a certain threshold.

The second methodology resulted from the question of what would happen if we moved from a one-dimensional
to a multi-dimensional utility function. This extension naturally leads to a choice function for subset selections by
identifying objects on the Pareto-front of a given set, eliminating the need to specify or tune a threshold.

We analyze mathematical properties for each of the models we develop, such as expressive power and identifiability.
We further derive suitable differentiable loss functions and design appropriate neural network architectures. Next,
we extensively compare these neural networks against state-of-the-art approaches across a variety of datasets to
assess their effectiveness in different settings. Our results demonstrate that our approaches perform very favorably in
learning tasks with a high degree of context-dependence.






Zusammenfassung

Diese Dissertation behandelt das Lernen von Priferenzen, und dabei insbesondere von Auswahlen, im Rahmen des
maschinellen Lernens. Sie ist an der Schnittstelle von maschinellem Lernen, Verhaltensskonomie und Psychologie
angesiedelt. Priferenzlernen, ein wachsendes Teilgebiet des maschinellen Lernens, hat viele wichtige Anwendungen,
wie beispielsweise im Bereich der Information Retrieval, Empfehlungssysteme und jiingst bei der Ausrichtung von
Sprachmodellen und Agenten an menschlichen Priferenzen.

Wer betrachten das Auswahl-Setting, bei dem einer Person oder einer abstrakten Auswahlfunktion eine Menge von
Objekten prisentiert wird und eine Auswahl durch die Selektion einer Teilmenge dieser Objekte getroffen wird.
Ziel ist es, aus Beobachtungen von Objektmengen und den ausgewihlten Objekten eine Funktion zu lernen, die
von Objektmengen auf Teilmengen abbildet und auf bisher ungesehene Objektmengen verallgemeinern kann. Viele
Modelle treffen die vereinfachende Annahme, dass der Nutzen jedes Objekts unabhingig voneinander bewertet wird.
Dies steht jedoch im Widerspruch zu experimentellen Erkenntnissen aus der Psychologie und Verhaltensskonomie, die
darauf hinweisen, dass der Konfext, in dem Entscheidungen getroffen werden, die Auswahlen erheblich beeinflusst.

Daher haben wir untersucht, wie der Einfluss der umgebenden Objekte auf die Auswahl erfasst werden kann. Wir
schlagen vor, den Begriff des Nutzens auf zwei komplementire Weisen zu generalisieren. Die erste Methodik zielt
ausdriicklich darauf ab, den kontextbasierten Nutzen in die Bewertung der Nutzwerte einzubeziehen. Um das Lernen
einer solchen generalisierten Nutzenfunktion machbar zu machen, schlagen wir zwei Zerlegungsansitze vor. Der
erste Ansatz, FETA, zerlegt den generalisierten Nutzen in eine Aggregation von niedrigeren Teilnutzwerten. Der
zweite Ansatz, FATE, berechnet zunichst eine Reprisentation der Objektmenge und bewertet dann den Nutzen
jedes Objekts im Kontext dieser Reprisentation. In beiden Ansitzen kénnen neue Auswahlen getroffen werden,
indem Objekte ausgewihlt werden, deren Nutzen einen bestimmten Schwellenwert tiberschreitet.

Die zweite Methodik ergab sich aus der Frage, was passieren wiirde, wenn wir von einer eindimensionalen zu einer
mehrdimensionalen Nutzenfunktion tibergehen. Diese Erweiterung fiihrt natiirlicherweise zu einer Auswahlfunktion
fiir Teilmengen, indem Objekte auf der Pareto-Front einer gegebenen Menge identifiziert werden, wodurch die
Notwendigkeit entfillt, einen Schwellenwert festzulegen oder zu optimieren.

Fiir jedes der entwickelten Modelle analysieren wir zunichst theoretische Eigenschaften wie die Ausdrucksstirke und
die Identifizierbarkeit. AuBerdem leiten wir geeignete differenzierbare Verlustfunktionen her und entwerfen passende
neuronale Netzwerkarchitekturen. Wir vergleichen diese neuronalen Netzwerke umfangreich mit dem Stand der
Technik mittels einer Vielzahl von Datensitzen, um ihre Effektivitit in unterschiedlichen Settings zu bewerten.
Unsere Ergebnisse zeigen, dass unsere Ansitze bei Lernaufgaben mit einem hohen Grad an Kontextabhingigkeit sehr
gut abschneiden.
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Introduction

Imagine the following situation: Your trusty headphones recently broke, and
you are looking for a replacement. You are not familiar with the ins and
outs of headphones and what to look for and consult with a large language
model (LLM) for a set of useful criteria to compare headphones. The language
model generates two lists of criteria and asks you which of those you prefer.
You pick the first list, feeling it aligns better with your needs. You head
over to your favorite search engine and begin searching. A few results appear,
and one in particular catches your eye. You click on it. Upon visiting the
site, the headphones displayed do not quite meet your expectations, but an
advertisement for another pair of headphones grabs your attention. You click
on the ad and are directed to an online store. After a bit more browsing,
you decide not only to purchase the headphones but also a case that was
recommended at the checkout.

You might not realize that through these actions, you have generated a wealth
of preference data. These data are invaluable for training and improving ma-
chine learning models designed to tackle various tasks. When you indicated
your preference for one set of criteria over another while consulting the LLM,
you provided pairwise preference data, which can be used to better align future
models with user intentions. Furthermore, your interaction with the search
engine—specifically the click on your chosen link—is a piece of information for
refining the algorithms that power information retrieval. The advertisement
placement that caught your eye is the result of preference-based bandit algo-
rithms designed to maximize the likelihood of a click. Finally, the additional
product recommendation at the checkout is a direct application of recommender
systems. These systems are ubiquitous in modern e-commerce and help connect
customers with products they are likely to buy.

Aswe can see, learning from preference data is of central importance in the field
of machine learning, as it spans several relevant applications. What all of these
applications have in common is that we are observing preferences of individuals
in a certain context. Most of these preferences are implicit, as we observe
how users interact with a system and assume that certain actions indicate a
preference for some alternatives over others.

Now, certainly, researchers in machine learning have not invented the field of
preference modeling. The study of human preferences goes back to the 18th
century when researchers began considering the valuation of alternatives in the
context of gambling [Mon13; Ber38]. In the 19th century, Fechner [Fec60]
pioneered psychophysical research. In particular, the concept of “just noticeable
difference” played a crucial role in shaping the foundations of preference
models by integrating psychological insights into economic decision-making.
The next revolution happened in the 20th century, when Pareto [Par06], Von
Neumann and Morgenstern [VM47], and Luce [Luc59] developed robust
axiomatic foundations for theories of utility based on human preferences.
Random utility models (RUM:s) like the multinomial logit (MNL) model
were developed in in the first half of the 20th century and then established in

1.1 Research Questions and

Objectives . .. ........ 4
1.2 Contributions and Potential
Impact ............. 6
1.3 Thesis Outline and Reading
Order . ............. 9
1.4 Co-Author Contribution
Statement . . . ... ...... 11
1.5 Other Publications . . . . . . 11

Figure 1.1.: An illustration of a person who
is thinking about new headphones.



2 1. Introduction

context effects

compromise effect

preference learning

economic theory by McFadden [McF74]. These allowed practitioners to infer
utility functions from preference data, facilitating the explanation of behavior
and predicting future preferences.

However, in a number of empirical studies it was observed that in some situa-
tions, individuals deviated from what was deemed “rational” behavior [Co058;
Chi60; Kra67; BDM63; TE69; HPP82; HP83; RSS87; Sim89]. What do we
mean by rational here? In general, it is posited that a rational decision maker
acts according to a utility function. Alternatives are judged according to this
utility function, and the best one is chosen based on the principle of utility
maximization. The combined axioms underlying the aforementioned axiomatic
approaches imply the existence of a utility function. It was, therefore, common
to say that if decision makers act in a way that violates one or more axioms,
their behavior is “irrational”. Systematic experimentation revealed that the
preference context has a noticeable effect on the preferences.

Several distinct context effects were identified that reliably caused such deviations
in individuals. Asan example, consider a situation where a customer is choosing
between three different laptops, priced at 1000 €, 1500 € and 2000 €. We often
observe that in such a situation, the customer is more likely to choose the
middle option because it is seen as a compromise between the other two. This
is known as the compromise effect and is a well-documented context effect in the
literature [Sim89]. In Section 2.3, we will discuss several other context effects
that have been observed in the literature. These context effects demonstrate
that human choice behavior may not simply be represented by a straightforward
utility function that only judges each alternative individually. Rather, utilities
need to become context-dependent to account for such context effects.

Motivated by these observations, researchers devised utility models that could
account for some of the context effects (see Section 2.4). However, these
models are often limited in their expressive power and are not able to capture
all context effects. This includes context effects that are not yet known or are
difficult to model explicitly. In this thesis, we aim to develop models that can
capture a wide range of context effects and are able to adapt to new context
effects.

‘While the main focus of this thesis is on modeling human preferences with
arbitrary context effects, there is a good argument to be made that these mod-
els can also be applied to other settings where preferences are expressed. It
is fruitful to generalize this concept to the inference of abstract preference
functions. One example is to observe and learn from the preferences expressed
by a hard-to-compute optimization algorithm (in the typical sense of compu-
tational complexity). In such cases, the optimal selection is highly contextual,
and it is difficult to capture these context effects explicitly. We, therefore,
require models that can flexibly adapt to any context effects present in the
data. Generally speaking, we can treat this as a problem to infer an unknown
algorithm that can only be observed by its preferences. Modeling human
preferences is then simply a special case where each individual decides on the
preferred alternatives based on some underlying decision algorithm.

In the machine learning literature, the problem of learning from preferences is
often referred to as preference learning [FH10]. The goal of preference learning
is to infer a model that can predict the preferences of a decision maker based on
observed data. The subfield has already seen a surge in interest in recent years,



as it is a central component in many applications, such as information retrieval,
recommender systems, and online marketing [HS24]. However, the most
influential applications of preference learning are in the field of reinforcement
learning, where it was used to train the reward function of an agent with the
preferences of a human supervisor [Chr+17]. This method was later used to
align the large language model GPT-3 with human preferences, resulting in
InstructGPT, now known as ChatGPT [Ouy+22]. Learning from implicit
behavior will be increasingly important as we are confronted with larger and
more complex datasets without the ability to label all of them manually.

In the preference learning literature, numerous approaches in various learning
settings have been proposed to model preferences. Each with their own advan-
tages and tradeoffs [FH10; HS24]. Specific learning settings are distinguished
based on which features are available, the modality of preference feedback
(e. g., rankings, choices or ordinal scores), and the type of learning paradigm
(e.g., supervised, unsupervised, reinforcement learning, etc.). An explicit or
implicit assumption many approaches make is that each alternative can, in
some way, be assigned a utility, and the observed preferences result from a
preference process operating based on these utilities. As we will see later in
Chapter 4, this causes the majority of these approaches to be context-independent,
i.e., the other alternatives present in the context do not play a role in the utility
assessment. In typical web contexts, users are often confronted with several
options, making it plausible that context effects play a role and need to be
accounted for.

The main goal of this thesis is to address the aforementioned problems in the
context of supervised preference learning. We investigate whether it is possible
to efficiently learn general, context-dependent preference models. Specifically,
we will focus on settings where the preferences are expressed as choices. A
choice is a preference, where a decision maker is confronted with a set of
objects from which they select the most preferred object or subset of objects.

Learning from subset choices as a generalization of singleton choices is—in the
context of choice modeling as a whole—a recent endeavor [BKT18]. Subsets
allow us to cover more complex preferences, where the optimal decision is to
select a set of objects rather than a single one. Take, for instance, the choice of
a portfolio of investment opportunities. Depending on the specific investment
goals, a diversified set of investments might be preferable to a single one to
maximize a certain reward-to-risk ratio. Subset preferences may also indicate
indifference with respect to the order of objects, which can occur if the objects
have certain properties that can be traded off against each other. However,
modeling such preferences is not straightforward, as the number of possible
subsets grows exponentially with the number of objects. This is why one goal
of this thesis is to develop models that can efficiently predict subset choices.

In the following Section 1.1, we will first detail the research questions that
guided the research presented in this thesis and the specific objectives that were
derived. Then, we highlight the main contributions of this thesis in Section 1.2
and discuss the potential impact on the field of preference learning. Given that
the intended audience of this thesis encompasses experts in machine learning
and preference learning, as well as researchers from relevant fields utilizing
preference models, such as economics, psychology, marketing research, and
operations research, the thesis includes several foundational chapters. These

utility
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chapters are designed to provide a comprehensive background for our diverse
readership. Therefore, the thesis provides several preliminary chapters to
provide the necessary background to this diverse readership. We present
dependencies between chapters and the suggested sequence for reading the
thesis in Section 1.3. Finally, it is clear that good research is done in conjunction
with multiple co-authors, which is why in Section 1.4, it is specified which
parts of each chapter were contributed by co-authors.

1.1. Research Questions and Objectives

Given that the main goal of this thesis is to research efficient context-dependent
models for preferences, we derive the main research questions from this goal.
These guided the research that was performed over the course of the thesis.
For each research question, we also detail objectives. These are certain tasks or
experiments that need to be performed to answer the research question at hand.
In the main chapters of this thesis, we may further specify research questions
for each investigation. However, here, we only consider the overarching
themes.

Research Questions (RQs)

RQ1: Which approaches exist in preference learning, and of those, which have
a mechanism to account for context effects?

RQz: Whatare different efficient and novel mechanisms to capture the context
in a choice setting?

RQ3 What is the expressive power of these models, and which other inter-
esting theoretical properties can be shown?

RQ4: How can these models be inferred from data, and how do they compare
to existing models?

Elaboration and Objectives We will now explore each research question in
greater detail and present the planned objectives for the thesis. As with all
research endeavors, gaining a thorough understanding of the existing literature
is important. With RQ1, we therefore want to know which approaches exist
in the domain of preference modeling and learning. This should cover both the
historical context and state-of-the-art developments. It is especially important
to review the literature in different fields that employ preference modeling
since modern preference learning is a fast-growing research area. This lets
us properly contextualize new developments and establish bridges between
different fields. The scope of this literature analysis is to provide a thorough
overview of the main themes in each research area. However, a systematic
literature review, which would require the exhaustive analysis and aggregation
of the entire literature, is outside the scope of this thesis. Therefore, for RQ1,
the objectives are straightforward:

1. Perform a literature review of classic utility theory, important axiomatic
approaches, and choice models.

2. Perform a literature review of the problems and approaches tackled in
preference learning.
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As for RQ2, the aim is to develop novel ways in which context-dependent
choices can be modeled. In addition, we want to be able to learn from both
singleton and subset choices, which would make these approaches more gen-
erally applicable. Besides these primary goals, the models should also fulfill
secondary requirements. Firstly, the developed models should be computa-
tionally efficient so that they can be utilized in practice. Secondly, the models
should be designed with end-to-end training in mind. With this, they can be
used as part of the larger model, allowing, for instance, the use of different
input transformations (e.g., convolutions for image processing). The main
objectives are:

1. Formally define the framework of context-dependent choice.
2. Develop principled approaches capable of learning from context-dependent,
and both singleton and subset choices.

For each approach that we develop, we also want to know about its theoretic
properties (see RQ3). A property that is often analyzed in the context of
preferences is the expressive power of a model. We want to know which kind
of preferences it can represent, giving us insight into the flexibility/inductive
bias of the model. We may want to investigate different theoretical properties
depending on the specific models we develop. Therefore, we specify our
objectives suitably broadly to be able to adapt these on the fly. For RQ3 these
are:

1. For each developed approach, analyze the expressive power.
2. Analyze interesting properties of loss functions that are used to fit these
models to data.

Throughout this thesis, we will maintain a clear separation of the (abstract)
general models and their specific implementation. Here, the term “implementa-
tion” encompasses not only the implementation in a particular programming
language but also the instantiation of a model using a parametric model, such
as neural networks. This allows us to analyze the fundamental properties of
the general model without having to impose any additional properties that
are inherent to a given instantiation. Regarding RQ4, our aim is to find out
how each model can be inferred from a given dataset. We will propose a
suitable instantiation for each model in pursuit of this objective. Furthermore,
a critical aspect of this thesis involves conducting an experimental comparison
between these models and established models documented in the literature.
Such comparisons are crucial to identify advantages and trade-offs associated
with each approach. Joining all these requirements, we formulate the following
objectives for RQ4:

1. Instantiate the approaches developed for RQ2 using appropriate machine
learning models, loss functions, and inference methods.

2. Develop rigorous experimental protocols to ensure a comprehensive and
fair comparison. This includes selecting a diverse array of datasets (both
real-world and synthetic), baseline approaches, evaluation measures, and
auxiliary experiments.

3. Implement all proposed approaches and conduct empirical evaluations,
adhering to the highest standards of experimental design in machine
learning algorithm comparison.

4. Execute the planned experiments and engage in a detailed analysis and
discussion of the findings.

RQ2

RQ3

expressive power

RQ4
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generalized utility: Section 5.1

FETA: Section 5.3.1
FATE: Section 5.3.2

thresholding: Section 5.2.1

In conclusion, the primary goal of this research is to establish the concept of
context-dependent (subset) choice as a new branch within the broader field
of preference learning. We also want to bootstrap this branch with an array
of approaches accompanied by both theoretical and empirical results. In the
following section, we will detail the main contributions that have emerged
from this research. We will also touch on the potential impact this work
can have on the field of preference learning and preference modeling as a
whole. Additionally, we will touch on the broader implications of this work,
specifically its potential to influence and reshape the landscape of preference
learning and preference modeling.

1.2. Contributions and Potential Impact

In this section, we will now give an overview of the major contributions that
were achieved over the course of this thesis. To this end, we will also reference
the corresponding chapters and sections for easy access. For general advice on
the thesis outline and reading order, please refer to Section 1.3. Then, we will
analyze the broader potential impact of this thesis within the field of preference
learning, preference modeling, and applications.

1.2.1. Main Contributions

Novel Models for Context-Dependent Choice The main contribution of
this thesis is the development of three complementary approaches that can
model context-dependent choice. Each approach can, in some way, account
for context effects present in the data. Furthermore, each method can model
subset choices without the need to restrict the space of admissible choice sets or
to optimize likelihood over a space of choice sets with an exponential size.

We derive the first two approaches from a generalized utility framework. Central
to this framework is a generalized utility function, that maps from an object
and the entire task context (meaning all other objects available during the
choice) to a real-valued utility. To make learning such a function feasible,
we propose two decompositions of this generalized utility function, FETA
and FATE. The former decomposes the utility function into an average of
lower-order utility functions. In particular, the pairwise decomposition is
of interest since it balances computational overhead and expressive power.
Our FATE decomposition instead first computes a representation of the task
context. Then, each object is evaluated in the context of this representative.

In this generalized utility function framework, we propose to represent subset
choices by employing thresholding, a successful technique employed in multi-
label classification. This approach offers two key advantages: it can naturally
produce subsets of any size, and it does so with computational efficiency, as it
eliminates the need for optimization over subsets.

In Chapter 6, we introduce our third approach, which uses a methodology
orthogonal to FETA and FATE. Instead of modeling preferences using a
one-dimensional but contextual utility function, it represents each object in
a multi-dimensional utility space. Subset choices then emerge naturally as
the Pareto set in this space. We call functions that map objects into such a
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utility space Pareto-embeddings. Furthermore, we also introduce a pairwise
Pareto-embedding approach that is able to adapt the embedding based on the
task context, similar to pairwise FETA.

To summarize, the resulting three approaches and their inductive biases com-
plement each other. FETA is advantageous if the observed choices arise from
the valuation of the objects in smaller contexts, such as a human that com-
pares pairs of objects and then chooses the object that performs well in all
comparisons. FATE supposes that the complete set of available objects can
be condensed into an efficient representation such that it is enough to judge
the utility of an object in the context of this set representation. This can be
beneficial in situations where the choices express preferences relative to prop-
erties of the whole set, e. g., choosing a set of politicians that best reflects the
overall views of all politicians. Finally, with the Pareto-embedding approach,
we are able to learn a low-dimensional utility representation of the objects.
This is particularly well-suited for practical situations where objects are judged
based on several criteria that may be traded off against each other. For all three
approaches, we analyze mathematical properties and find that they achieve
excellent empirical results (more on this below).

Theoretical Results Concerning the New Models We analyze the ability of
the models to represent different choice functions. We find that the FATE
decomposition is able to represent any choice function. This flexibility of
FATE comes at the cost of identifiability, which we also prove.

For the pairwise FETA decomposition, we show that there exist choice func-
tions that cannot be represented. This indicates the existence of a certain
pairwise inductive bias. In addition, we show that the pairwise FETA decom-
position is identifiable up to the choice of the 0th order utility. We investigate
the inductive bias further by empirically comparing the performance of the
pairwise FETA decomposition to the more general FATE decomposition in
terms of data efficiency. We find that the pairwise FETA decomposition needs
less data to learn a particular choice function than the FATE decomposition.

‘We propose instantiations of the models using neural networks. To this end,
we define convex target losses that should be minimized and surrogate losses
that can be optimized using a gradient descent procedure.

For the Pareto-embeddings, we prove that not all choice functions can be
represented. As a follow-up question, we are interested in what kind of choice
functions can be represented and if there is a defining property of such choice
functions. We define the Pareto-property on the level of choice functions that
ensures the existence of a certain partial order relation. We then prove that
any choice function that has the Pareto-property can be represented by Pareto
embeddings. This means we have identified a class of choice functions that
arise naturally as a generalization of the maximum utility principle, and we
know how they can be represented.

Similarly to the other models, we propose an instantiation of the model and
a differentiable surrogate loss function. We prove that a surrogate loss of 0
guarantees that a Pareto-embedding has been identified. Furthermore, we
show that it suffices to minimize the loss on pairs of objects, which is a desirable
property for optimization in practice.

Pareto-embeddings

Theory FATE: Section 5.3.2.1

Theory FETA: Section 5.3.1.2

Pareto-property: Definition 6.2.4

7
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Evaluation FETA-Net/FATE-Net: Sec-
tion 5.5

Evaluation Pareto: Section 6.3

subset choices

context-dependence

Implementation and Evaluation of the New Models Our proposed models
can be instantiated using a wide variety of parametric models. We use neural
networks (called FETA-Net and FATE-Net) in conjunction with suitable
surrogate losses. This choice comes with several important advantages. Firstly,
the models can be trained in an end-to-end fashion for a variety of structured
inputs. Numeric input data as well as text, images, etc., can be utilized by
passing inputs through specialized neural network layers. Secondly, neural
networks are powerful nonlinear models that can represent arbitrarily complex
target functions. This is useful when we want to learn complicated context
effects or highly nonlinear mappings of the inputs to choices.

We then test our models in comprehensive empirical evaluations. Here, the
main goal is to evaluate the models and not the idiosyncrasies of specific neu-
ral network architectures. Therefore, we make sure to use neural network
architectures as straightforward as possible. The remaining choices of hyperpa-
rameters, such as number of units, layers, etc. are optimized in a data-driven
fashion.

‘We empirically test the generalized utility approaches extensively against a
suite of representative approaches from the literature. As datasets, we use
both real-world datasets and (semi-)synthetic datasets. We observe that both
our approaches are competitive with existing models on the former. On the
latter set of datasets, we see a considerable improvement in performance for
the context-dependent models, with our methods beating state-of-the-art
approaches.

Similarly, we test our Pareto-embedding approach against FETA-Net and
FATE-Net and a set of competitive baselines. The datasets here are a bench-
mark suite of hard test functions commonly employed in the field of multi-
objective optimization to test optimization algorithms. We observe that both
the Pareto-embedding and the pairwise Pareto-embedding approach outper-
form the competition on this suite. This demonstrates that more specialized
models with certain inductive biases, such as the family of Pareto-embedding
models, can significantly outperform more general models, such as FETA-Net
and FATE-Net, on certain problems in practice.

1.2.2. Potential Impact

In the field of preference learning, modeling of choices and specifically subset
choices is a recent development [BKT18]. Existing approaches for subset choice,
such as the one by Benson et al. [BKT18], lacked an efficient mechanism for
predicting subsets. Our approaches, however, bridge this gap and are able
to predict subsets within polynomial or even linear time. This is done while
still taking the interactions of the objects in the given task into account. This
advancement in computational efficiency sets the stage for wider adoption in
practical applications such as e-commerce or market research.

Similarly, the dimension of context-dependence has remained largely unexplored
in the field of preference learning until now. Existing models in the prevailing
literature on context effects are limited in their capability to model context
effects, thereby limiting their applicability. As we will see in Chapter 4, a
common assumption in the preference learning literature is the independent
evaluation of utilities for each object. In contrast, the context-dependent
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models introduced in this thesis are strictly more expressive and enable the
modeling of non-standard human choice behavior or more complex choice
functions.

1.3. Thesis Outline and Reading Order

‘While the main focus of this thesis is contributions to the field of preference
learning, the insights gained here extend beyond this subfield of machine
learning. As such, the thesis is written with a diverse readership in mind, and
additional preliminary chapters have been included to provide the necessary
context for understanding the main chapters.

The chapters and dependencies between them are outlined in Figure 1.2. Three
preliminary chapters are designed to provide context for readers of different
backgrounds.

Readers with a Background in Machine Learning For readers with a back-
ground in machine learning, we give an overview of seminal results concerning
utility theory in Chapter 2. This includes ordinal utility theory as introduced
by Pareto [Par06], cardinal utility theory made viable by Von Neumann and
Morgenstern [VM47] and Luce’s choice axioms [Luc59]. In the chapter, we
also highlight the shortcomings of these axiomatic approaches, leading to the
context effects that were identified in a series of experiments. Readers with
a background in machine learning may be unfamiliar with the literature on
classical preference modeling we give an overview in Section 2.4. This includes
both context-independent and context-dependent models.

Readers with a Background in Economics, Psychology and Related Fields
For this group of readers, we include a preliminary chapter about important
concepts from machine learning. We start with the underpinnings of generalization
and how models are validated to estimate their generalization performance. In
the experimental sections of this thesis, we employ extensive optimization of
hyperparameters to ensure a fair comparison between all evaluated approaches. In
Section 3.2, we therefore explain why this is a problem and how it can be solved
efficiently. Lastly, the models developed over the course of this thesis and
also many of the comparison approaches are instantiated using neural networks.
Since neural networks are a vast field, we give an overview of the necessary
background in Section 3.3. The focus being on how a suitable architecture and a
task-dependent loss can be combined to flexibly tackle a wide variety of learning
problems.

Readers Unfamiliar with Preference Learning Preference learning is a ma-
chine learning subfield focused on learning from preference data. Its many
applications—from implicit feedback models in e-commerce to state-of-the-
art direct preference optimization (DPO) [Raf+23] used to train the current
generation of LLMs—make it a highly relevant subfield in machine learning.
Chapter 4 begins by introducing the core learning problems and how they
differ with respect to the type of preference data considered and the target
function. Next, we define evaluation measures that are used to judge the

ordinal utility theory: Section 2.2.1.1
cardinal utility theory: Section 2.2.1.2
choice axioms: Section 2.2.2

context effects: Section 2.3

preference modeling: Section 2.4

concepts from machine learning: Chapter 3
generalization: Section 3.1

validation: Section 3.1.2

neural networks: Section 3.3

preference learning: Chapter 4
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Figure 1.2.: Overview of the thesis chapters and their dependencies. The main content is contained within the chapters marked with a diamond.
The blue and red circles indicate preliminary chapters recommended for readers unfamiliar with machine learning or preferences. Chapters marked
by a purple circle are recommended for all readers.

solution approaches: Section 4.3

generalized utility: Section 5.1

FETA: Section 5.3.1

FATE: Section 5.3.2

Pareto-embedding: Section 6.2

quality of different learners, focusing on those that are relevant to this thesis.
We also highlight the most important solution approaches in Section 4.3, and
how they broadly can be categorized.

Chapters Containing the Main Contributions In Chapter 5, we introduce
the notion of a generalized utility function and detail how it can be used to
model a variety of choice functions. As it is infeasible to learn this utility
function directly, we propose two methods on how it can be decomposed into
aggregations of tractable utility functions. The first decomposition, FETA,
evaluates the utility of each object in all subcontexts, and these sub-utilities
are then averaged to arrive at the overall utility of an object for a given choice
task. Our second decomposition, FATE, first produces a representation of
the task context, and then a utility of each object is computed in the context
of this representation. We propose suitable neural network instantiations of
these models in Section 5.4. The setup and results of the extensive empirical
evaluation of these models are presented in Section 5.5.

We develop a conceptually orthogonal approach in Chapter 6. This new
concept we call Pareto-embedding and define it in Section 6.2. The idea is to
map objects into a new space such that the Pareto-optimal sets of objects
correspond to the chosen subsets. In Section 6.2.1, we propose a procedure
for learning such embeddings from data, including a surrogate loss and neural
network architectures. We then analyze theoretical properties in Section 6.2.2.
We compare the Pareto-embedding approaches to other baseline models in a
thorough experimental evaluation. The experimental setup and the results are
described in Section 6.3.
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1.4. Co-Author Contribution Statement

Academic research thrives on collaboration, which is why I want to use this
section to acknowledge the contributions of my co-authors to our joint publica-
tions. I am profoundly grateful for the expertise and support of my co-authors,
who have been pivotal in achieving the comprehensive results presented in this
thesis. In the following, the specific contributions are listed per chapter.

Chapter 5: Utility-Based Preferences

» Pritha Gupta helped in the implementation of the experimental evalua-
tion and in the subsequent reporting thereof in paper drafts and in the
final publication.

» Dr. Bjoérn Haddenhorst collaborated with me on the theoretical results
of this chapter and contributed to the writing of the final publication.

» Prof. Eyke Hiillermeier contributed on a conceptual level and helped
revise paper drafts and the final publication.

Chapter 6: Subset Choices using Pareto-Embeddings

» Prof. Eyke Hiillermeier contributed on a conceptual level and helped
revise paper drafts.

1.5. Other Publications

Throughout my time as a PhD student, I collaborated on a number of publica-
tions that are not showcased as part of this thesis. These works, while tangential
to the core focus of my dissertation, significantly contributed to broadening
my research perspective and enhancing my understanding of the field. They
encompass a variety of topics that, although not directly related to the thesis,
are relevant to the broader discourse in machine learning. The insights gained
from these collaborations have informed my approach and methodology, pro-
viding a richer context to the research presented herein. Therefore, I include a
detailed list of these publications, along with brief summaries, in Appendix B
for interested readers seeking to explore other avenues of research I pursued
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Foundations of Preferences

Imagine the following situation: We are in a small town where almost everyone
knows everyone else. A hatmaker is situated right in the center of town and
sells extravagant hats. Our protagonist sees two particularly flamboyant hats in
the display window, a blue and a red one. They like flamboyant hats because it
allows them to show off. Since they slightly prefer the color red, they decide
to buy it.

What we have observed here is a preference. Our protagonist preferred the red-
colored hat over the blue-colored hat. In addition, they also liked flamboyant
hats in general, so we can assume that they implicitly prefer them over all
other basic hats. It would be useful if we could assign a number to each hat,
representing the utility it provides to our protagonist. In our case we know
that the utility of the red hat has to be greater than the utility of the blue hat.
In addition, we can posit that the utility of both hats is high overall since they
are preferred over most other hats. We do not however know how such a
mapping to utilities could be computed, which assumptions would need to
hold and whether such a mapping is unique.

Utility theory has developed over the last centuries to answer these and more
related questions. Several axiomatic approaches exist that impose different
sets of assumptions on the preferences which can then be used to prove that a
utility function that is consistent with the preferences does indeed exist. These
theories were developed and proved especially during the 20th century and
were instrumental in shaping modern economic analysis [Hea+92]. They
provided a rigorous mathematical foundation for understanding consumer
choice, market behavior, and the allocation of resources. Furthermore, these
developments helped bridge the gap between abstract economic theory and
real-world economic practices, enhancing the predictive power and practical
relevance of economic models.

Now, coming back to the situation from Figure 2.1. Assume instead that
there is another red hat in the shop’s display that looks very similar to the
existing one. Our protagonist, if their goal is to show off and to be the only
one wearing this particular hat, may now switch their preference to the blue
one instead. Even though they prefer red hats in general, the fact that it is no
longer unique changed their opinion. This is what is known in the literature
as a context effect. The addition of a third object to the choice context had an
effect on the preference of the original two objects. It should be clear that in
this situation, it is no longer possible to assign a global utility to each object
since that would imply the same ordering of the two hats, regardless of the
context. Even though this is a fictional situation, these context effects can also
be observed in practice and are at odds with the requirements imposed by the
formal axioms.

In this chapter, we want to shine a light on the history of utility theory and
its axiomatization, as well as the context effects that were observed. As the
main focus of the thesis lies on choice modeling in the context of machine
learning, we assume that the typical reader is not that familiar with the classical

2.1 Introduction to Notation . . 16
2.2 Classical Preference Axioms 19
2.3 Context Effects . . . ... .. 28
2.4 Preference Modeling . . . . . 32

Figure 2.1.: A person has to make a decision
between two hats.

[Hea+92]: Heap et al. (1992), The Theory of
Choice: A Critical Guide

context effect

Chapter overview
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reference set

1: We can easily recover the setting where
the decision maker is always confronted
with all objects by setting Q := {X'}.

decision tasks

decision task space

foundations of preferences and utility. In Section 2.2, we will therefore give
an overview of the typical axiomatic approaches and their consequences. We
will also see the shortcomings of these axioms and why they sometimes fail in
practice in Section 2.3, giving the reader an overview of the most common
context effects that were identified. Finally, in Section 2.4, we introduce how
utility theory is commonly applied in practice and present so-called random
utility models.

2.1. Introduction to Notation

Before we introduce the history of preferences and the axioms of utility theory,
it is important to introduce the notation that will be used throughout this and
subsequent chapters. This section is designed to be self-contained, serving as a
reference to revisit as needed.

The setting we will consider in this thesis is very general. As is apparent, we
want to be able to represent all these different settings formally. We will start
by restricting ourselves to one particular problem. For a given problem, we
will consider a reference set of objects or alternatives, which we will denote by X.
In our motivating example shown in Figure 2.1, ' could refer to all hats in
existence. Each of the objects are hats that have certain attributes, such as
color, extravagance, etc. As is typical, an machine learning, we will call these
attributes features. Thus, each object can be regarded as a vector x = (xy, ..., xp),
and we will let X be a subset of R Note that we use the term object here to
refer to the items that are being compared. In the literature, these are also
called alternatives or items. The person or process that is expressing a preference
over these objects is typically called the decision maker.

In some application contexts, the typical assumption is that each of the at-
tributes contributes monotonically to the overall value of the object. Since it is
neither necessary nor desirable, we will not make this assumption here. This
is particularly relevant in machine learning, where it is usually not a priori
known whether the impact of the features is monotonic.

While X', being a subset of RY, can be a set of infinite size, we will usually
assume, for simplicity, that X is finite. Certainly, a decision maker will not be
confronted with the full set ', each time they have to express a preference.
Rather, we will consider subsets Q C X to be decision tasks (task for short) for
which the decision maker has to provide their decision!. With decision we
mean the generic expression of a preference, which can, for example, be a
choice, a ranking or a utility value.

The non-empty set, containing all of these tasks, we denote by Q C 2%\ {0l
Consequently, if a family of subsets Q satisfies @ ¢ Q # @, then we call it a
decision task space . Depending on the specific preferences expressed by the
decision maker, we may choose to specialize these notions. For example, if the
observed preferences are choices, we will call Q the choice task space.

Intuitively, the task space defines the kind of situations the decision maker
is confronted with and impacts the difficulty of the decision problem. For
example, if the task space is the set of all objects I, it means one must always
express a preference over all objects. On the other hand, if the task space is the
set of all possible subsets of size 2, it means one only has to compare pairs of
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objects. In practice, the task space can be controlled by the system designer
to achieve a good trade-off between the expressiveness and complexity of a
decision.

Now that we have defined the objects we want to consider and subsets thereof,
we still need to specify the decisions the decision maker is able to express. If
the decision maker chooses one or more of the objects while discarding the
rest, we call this a choice. Abstractly speaking, a choice function (for Q)c: Q — €
maps choice tasks Q € Q to choices «(Q) € Q, such that ((Q) # @. In case that
[c(Q)| = 1, we will call ¢ a singleton choice function (see Figure 2.2a). To be able
to distinguish the general case, a choice function mapping to sets of arbitrary
length is called a subset choice function (see Figure 2.2b). The corresponding set
C:= oeo 29\ {@} of choices for any Q € Q is called the choice space.

A slightly different way to express preferences, as the name suggests, is to let
the decision maker order the objects in a given choice task Q. We will use the
notation x > x’ to denote that the object x is preferred over object x”. If the
decision maker is indifferent between two objects, we will write x ~ x”.

In many settings, we ate interested in finding a fotal order of all objects. These
orders are encoded using permutations 7 € 8, where M is the number of
objects in Q and & is the symmetric group of order M. Thus, (k) is the rank
of the k-th object, while the inverse 7~ 1(€) returns the index of the object that
is in the £-th position. To illustrate, if we have the ranking 7 = (2,1, 3), then
the first object is ranked second, the second object is ranked first, and the third
object is ranked third. With 7 1 =(2,1,3), we express that on rank one is the
second object, on rank two is the first object, and on rank three is the third
object.

For a given permutation 7 on a task Q, we therefore know that for all pairs
1<i<j<|Ql, we have the preference relation x,-1(;) > Xz-1(j)- It is common
to call rritself a ranking, since it returns the ranks for given objects indexes, while
71 is called an ordering because it can be used to order the objects according to
their preferences. Analogously to the choice setting, we can define a ranking
Sfunction p: Q — 8, which maps from (indexed) sets of objects to rankings, and
where § := UMe[lxl] S

An alternative way to represent rankings is using a set of pairwise preferences
Rc X2 Compared to a permutation 7, this is advantageous since it allows
one to specify partial orders as well. That is why we require that the relation
encoded by R is irreflexive, asymmetric and transitive. One such partial order is
depicted in Figure 2.2¢, where we can see that the decision maker was indifferent
between the blue and the purple object, while the remaining objects are in a
total order.

2.1. Introduction to Notation 17

Figure 2.2.: Common modes of expressing
preferences.

choice function

’

x>x"  (“xis preferred over x’”)

ranking
ordering

ranking function
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It is useful to extend p(- | Q) to € by setting
p(C| Q)= 0forallCe €\ 22 We will do
so for the remainder of this thesis.

Probabilistic preferences Until now, we only looked at choices and rankings
as constant, deterministic statements. That means if we give a decision maker
a set of objects, it will always choose the same subset or order them in the
same way. In practice, it is useful to assume that preferences are random, i.e.,
different outcomes can occur with varying probability. One motivation for
this is when modeling the behavior of a population of decision makers.

Consider the example shown in Figure 2.3, where 50 % of the given population
prefer chocolate, 30 % prefer vanilla and another 20 % prefer strawberry ice
cream. When randomly sampling a person from this population, they will tell
us their preference. While each person may have a deterministic preference,
our observation is now a random variable. Even in the case of a single decision
maker it can be worthwhile to model their preferences as a probability distri-
bution over possible outcomes. There are a few reasons why the preference
may appear random for an observer, such as unobserved external factors that
can cause preferences to change depending on the context. One such factor is
time: preferences may not remain constant and could evolve over extended
periods. Another example is the influence of location on preferences. For
instance, a person might favor more extravagant clothing in a fashion-forward
city like Milan but opt for more conservative attire in a traditional town. This
probabilistic model does not lose generality; the deterministic case is simply
a special case where the probability of one outcome is set to 100 %, with all
others at zero.

Formally, these probability distributions p(: | Q) will be defined for every task
Q € Q. In the case of choice, for a given task Q, we will have a probability
0 < p(C| Q) < 1 for each subset C C Q to be chosen. The usual singleton
choice setting can be obtained by additionally requiring that p(C | Q) = 0, if
|Cl # 1. For the probabilities to be valid, we require that ). cee p(C|1Q)=1for
all Q € Q. That means all of the probabilities for all possible choice sets of a
task Q have to sum up to 100 %.

As for the ranking setting, let p(rr | Q) be the probability that ranking x is
observed for a given task Q € Q. Similar to the choice setting, we require the

probabilities to obey Y, p(r| Q) = 1 for all Q € Q. If we are interested in

€S
[}
how frequently an object x is preferred over another object x’, we will also

denote the marginal probability of this preference by

P > %1 Q) = Z Pl | Q) < (]

€S|y

where [] is the Iversion bracket

1 if Pis true
A =

0 otherwise

that we will use throughout the thesis.

Equipped with the basic language for representing both deterministic and
probabilistic preferences, we can now dive deeper into the background ma-
terial and see what additional structure can be imposed on the preferences or
their probabilities. In the next section, we will first look at a brief history of
preference modeling, and then present important axioms for utility and choice
theory.
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Probability theory was developed over the course of the 16th and 17th centuries
by mathematicians such as Cardano, Fermat, Pascal, and Huygens [Huy57].
The calculation of an expected value, especially in the context of gambling,
was well understood [Hal90]. The definition of value was not under scrutiny
since it appeared to be clear in this context, with no room for subjectivity. It
was only in 1713 that this view was challenged by the St. Petersburg paradox
created by Nicolas Bernoulli in a correspondence with Montmort [Mon13].
The subject of the paradox is a one-player game where a fair coin is repeatedly
tossed. The game begins with a price of 2. If the coin shows tails, the price
is doubled, and the game continues. If it shows heads, the game ends with
the player winning the current bet. The question is how much a rational
player should be willing to pay to participate in this game. If we calculate the
expected value of this game, we get

(o] 1 o0
2= 1=
i=1 i=1

which would imply that, if given the opportunity, every rational person should
play this game and pay any price. Daniel Bernoulli [Ber38] argues that most
informed people would not pay more than 20 to play this game because the
utility of the player’s wealth is not linear. He proposes to use logarithmic utility
function, which results in larger and larger payouts diminishing in utility. It
turns out that when optimizing the expected utility instead of the expected
value, the optimal amount is indeed finite and does depend on the current
wealth of the player.

‘What this paradox demonstrates is that one needs to distinguish the raw value of
something from the utility it actually has. The utility of an object is a subjective
measure, which makes it difficult even to define. In the 19th century, formal
axiomatizations were developed to support theories of utility and choice. With
utility theory, the aim is to infer a utility function from observed behavior, such
that the behavior can be explained by the maximization of this utility function
and future behavior can be predicted. Choice theory is concerned specifically
with modeling preferences in the form of choices. In Section 2.2.1 we will
introduce ordinal theory as introduced by Pareto [Par06] in the year 1906,
and cardinal theory which was developed by Von Neumann and Morgenstern
[VM47] in 1947. In the context of choice, Luce [Luc59] published his well-
known axiomatization for choices in the year 1959, which we will discuss in
Section 2.2.2.

2.2.1. Axioms of Utility Theory

The main goal of utility theory is to explain the behavior exhibited by a decision
maker by positing that they are assigning a utility to each possible decision
outcome and select a decision based on what course of action maximizes their
utility [VM47; Deb54]. The goal is often, given observed behavior, to find
the underlying utility function.

Utility theory is used in many fields nowadays, most notably in economics.
Besides its fundamental role in economics, it is instrumental in social choice

St. Petersburg paradox
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theory [Arr51], decision theory, game theory [VM47] and artificial intelligence
[RN20]. However, it has been shown in psychological experiments that basic
utility theory is limited in explaining all of human behavior [All53; Sim57;
Ell61; KT79]. Allais [All53] found that participants in his experiments showed
inconsistent behavior when faced with choices involving uncertainty, leading
to the so-called Allais paradox. Ellsberg [Ell61] found similar inconsistencies
in his experiments, where participants were asked to make choices involving
unknown probabilities. Subsequently, theories such as prospect theory [KT79]
have been developed to provide a more accurate representation of human
behavior, particularly under conditions of uncertainty and risk. Over time,
many more violations of the axioms of utility theory have been identified,
which is why we will discuss these in more detail in Section 2.3.

The advent of artificial intelligence (AI) and machine learning has given rise
to a new class of agents, which leverage the concept of expected utility maxi-
mization (EUM) to solve a variety of problems [RN20]. Unlike their human
counterparts, these Al agents are engineered to exhibit fewer biases and idiosyn-
crasies. This is due to their ability to process information and make decisions
based on algorithms and data. However, it is important to note that these
agents are not immune to biases. In particular, Al agents can inherit and even
amplify biases present in their underlying training data [BHN23|.

Utility theory can broadly be divided into ordinal (see Section 2.2.1.1) and
cardinal utility theory (see Section 2.2.1.2). While the former focuses on certain
outcomes and only the order thereof, the latter admits the study of probabilistic
outcomes and considers objects on an interval scale. Although cardinal utility
may appear to be the more “powerful” of the aforementioned theories, it needs
to be mentioned that it requires much stronger assumptions. We will see a
similar theme emerge when we contrast these with the axioms of choice theory
in Section 2.2.2.

2.2.1.1. Ordinal Utility

In ordinal utility theory, the point of departure is that the preferences are
expressed on an ordinal scale. That means we can only make statements like
“I prefer chocolate ice cream over strawberry” or “I am indifferent between
mango ice cream and lemon ice cream”, but the magnitude of the preference
cannot be expressed. One would typically denote x is preferred over y by x = y
(with > indicating strict preference) and one is indifferent between x and y by
x ~ ¥. It stands to reason that this restriction loses a lot of information and one
would expect it to be too restrictive for an underlying theory of economics. To
the contrary, Pareto [Par06] demonstrated that a rich economic theory could
be developed using purely ordinal assumptions. It subsequently became the
prevalent theory in economics in the early 20th century [Mos18; LS65].

The theory is usually introduced in terms of a consumer, which expresses
preferences on so-called commodity bundles. These are represented by vectors
x = (xq, ..., x) of which each entry stands for the quantity of one commodity.
Since the general concepts of ordinal utility theory are more general, we can
drop the specific application and assume that a decision maker has to decide
between different objects x of which each vector component is an attribute to
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be maximized. We are then able to define a natural dominance relation on the
vector space.

We write that x > y if x; > y; for all i € [d] and x; > y; for at least one i € [d].
See Figure 2.4 for an example in two-dimensional space. Here, it obviously
holds that y;3 > x, but also y; > xand y, > x, since both have at least one
coordinate which is strictly larger than the same coordinate of x.

With that, we can define a preference relation on the set of objects as follows.

Definition 2.2.1 ([LS65]) A relation R on a set X' C R% is a preference relation
if the following axioms hold for any x,y,z € X :

(i) If xRy and yRz, then xRz. (Transitivity)
(ii) xRy or (inclusive) yRx. (Connectivity)
(iii) If x > y, then xRy and not yRx. (Nonsatiety)
(iv) If xRy and yRz, then there exists a € [0, 1] such that [ax+(1—a)z] ~ y.
(Continuity)

Here x ~ y denotes the case where xRy and yRx, indicating indifference. As
mentioned before, property (i) is enforcing the transitivity of preferences,
which prevents cycles. Property (ii) ensures that each object is in a relation
with every other object. As of now, there is no connection of the preference
relation with the dominance relation in the d-dimensional space, which is why
property (iii) establishes that x > y corresponds to a strict preference in R.
Finally, the continuity property (iv) is required to prove the existence of a
utility function.

With these assumptions, it is then possible to show that a utility function u
exists.

Theorem 2.2.2 (Theorem 1 by Luce and Suppes [LS65]) Let R be a preference
relation on XX C RY. Then there exists a utility function u: X — R such that
forany x,y € X:

u(x) > u(y) if and only if xRy

An immediate consequence is that u(x) = u(y) if, and only if x ~ y. One may
ask whether this utility function is, in fact, unique, and it can be shown that u
is unique up to increasing monotone transformations [LS65, Theorem 2].

This result still requires that X consists of d-dimensional vectors. Luce and
Suppes [LS65, Theorem 3] shows that a similar result can be obtained for
arbitrary infinite sets X’ with a preference relation. A necessary and sufficient
condition is that there exists a countable subset of X', which is order-dense and
there cannot be a pair of objects in the subset that are indifferent with respect
to the preference relation (either x > x” or x < x” has to hold). Additionally,
it is often advantageous that the resulting utility function is continuous. Here
Debreu [Deb54] showed that a continuous utility function exists if the order
topology resulting from the preference relation is separable (also see [LS65,
Section 2.2]).

We can see that with a relatively small set of assumptions, requiring only an
ordinal graduation of preferences, the existence of a utility function can be
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Figure 2.4.: Vectors admit a natural domi-
nance relation x < y.
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Figure 2.5.: Three objects on a utility scale.

arg max Z u(s) p(Outcome(x) = s | x)
xeX S

[Ben89]: Bentham (1789), An Introduction
to the Principles of Morals and Legislation

2: also called lotteries

guaranteed. In the next section, we will see what happens when we assume
that preferences are expressed on a cardinal scale.

2.2.1.2. Cardinal Utility

Contrasted with ordinal utility, where we assume that only the order of the
objects is important, cardinal utility posits that the magnitude of the differences
in utility is important as well. See, for example, the utility scale in Figure 2.5
where u(A) = 1, u(B) = 3 and w(C) = 9. In ordinal utility, we would only be
able to deduce that A < B < C. If we treat u as a cardinal utility function, then
we can state that the difference in utility between A and B is 2, which is much
smaller than the difference in utility between B and C, which is 6.

Cardinal utility theory goes back to Bernoulli 1738 [Ber38], who first stated
the expected utility hypothesis, i.e., that in order to decide in the presence of
uncertainty, one should weigh the utility of each outcome by the probability of
it occurring and then picking the object with the highest weighted average. Of
course, this presumes that an individual can accurately assign an absolute utility
value to every object. This led to the problem of measurability of utility, which
challenged economists and psychologists up until the 20th century [Mos18].
Bentham [Ben89] in his influential work, was certain that measuring utility
was possible. Researchers in the 19th century unsuccessfully tried to come up
with different ways to solve the measurability problem [Sti50]. In addition,
several researchers argued that utility scales are not interpersonally comparable
[Rob32; Arr51; Hau95], which made it difficult for utilitarians to reason about
collective utilities. This led to the rise of ordinal utility theory in the early 20th
century, spearheaded by the theory developed by Pareto [Par06]. While it
was very successful, uncertainty in the outcome of a choice was not modeled.
It was only in 1947, when Von Neumann and Morgenstern proposed their
axiomatization, that the existence of a cardinal utility function could be proven
[VM47]. Since the axioms were influential, we will now recall them here.

Von Neumann and Morgenstern distinguish between pure objects and mixtures?
of objects. Assume we have a set of objects X'. Then if we take two objects
x,y € X, then we can form a mixture of these by specifying that x happens
with probability @ and y occurs with probability 1 — . We will denote this
using the operation h(x, @, y) or xay for short. Mixtures of objects can be
nested arbitrarily, e.g., (xary)fz would be a valid way to specify a mixture of
three objects x, y,z € X.

We will also assume that there exists a relation R on these objects, where
xRy denotes that x is preferred over y or the decision maker is indifferent.
It is common to define additional notation to express indifference and strict
preference [LS65, p. 260]:

xIy if and only if xRy and yRx
xPy if and only if xRy and not yRx
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Definition 2.2.3 (Von Neumann and Morgenstern [See 3.6.1 in VM47;
LS65]) A triple A = (X, R, h) is a Von Neumann and Morgenstern system of
utility if for every x, y, z € X and every a, B € (0, 1) the following axioms hold:

(i) R is a weak ordering of X
(ii) xaye X
(iii) xay = y(1 —a)x
(iv) (xay)fy = xafy
(v) if xly, then xozlyaz
(vi) if xPy, then xPxay and xoyPy
(vii) if xPy and yPz, then there exist y, 8 € (0, 1) such that yPxyz and x5zPy.

A relation is said to be a weak order relation, if it satisfies transitivity, i.e., if
xRy and yRz, then xRz also has to hold and if it always holds that xRy or yRx.
Axiom (ii) ensures that X is closed under the mixture operation h. Thus, if
we know that two objects x and y are in X, then any mixture of them also has
to be in '3 Axioms (iii) and (iv) specify the basic properties of our mixture
operation, how the order of the mixture objects can be swapped, and how
nested mixtures can be flattened. Axiom (v) states that if one is indifferent
between two objects x and y, then one also has to be indifferent if a third
object z is mixed into both with equal proportion. In a similar vein, axiom (vi)
assumes that if x is strictly preferred to y, then x is always strictly preferred
over a mixture of both, while any mixture is always strictly preferred over y.
Finally, axiom (vii) is a continuity condition, assuming that if y is between x
and z with respect to strict preference, then you can find a mixture of x and z
which is strictly preferred to y and also a mixture to which y is preferred.

Equipped with these axioms, we are now able to state the main result of Von
Neumann and Morgenstern, the existence of a utility function u.

Theorem 2.2.4 (Von Neumann and Morgenstern [See A.2 in VM47]) Let
A = (X, R, h) be a Von Neumann and Morgenstern utility system. Then there
exists a function u : X — R such that for every x and y in X and a in (0, 1)

(i) xRy if and only if u(x) > u(y).
(i) u(xay) = ou(x) + (1 — a)u(y).

The function u is unique up to positive linear transformations.

Consequence (i) states that the utilities returned by the function u can be used
to order the objects based on preference. The second property (ii), on the other
hand, allows us to express the utility of any mixture as a mixture of utilities of
pure objects. The literature has explored several alternative axiomatizations,
either to simplify the axioms or to generalize the system of utility. A prominent
example of the former is the Herstein and Milnor system of utility [HM53],
which simplifies the existence proof of a utility function.

As we have seen, with careful assumptions on the preferences expressed on mix-
tures of objects, we are able to show the existence of a cardinal utility function.
With ordinal utility, it was only possible to arrive at a utility function which
is unique up to monotone transformations. That is why the absolute utility
values and differences thereof were meaningless. Intuitively speaking, what
distinguishes cardinal utility from ordinal utility is the ability to interpolate

3: If we assume that there exist at least two
objects x, y € X with xPy, then (ii) implies
that XX is infinite [LS65].
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4: These are studied under the name re-
vealed preferences.

between objects. This ensures that the magnitude of the utility function is
meaningful.

One could argue that the assumptions underpinning Von Neumann and Mor-
genstern’s utility system are quite technical and more of a normative nature,
and thus are removed from actual human behavior. At the same time, only the
outcomes of each object are assumed to be probabilistic, while the preferences
themselves are still assumed to be deterministic. That is the reason why in
1959 Luce proposed his axioms of choice [Luc59].

2.2.2. Axioms of Choice

Before we take a closer look at the axiomatization of choice, first note that
we are now moving from preferences, which are always defined on pairs of
objects, to choices on subsets of objects. For example, for a given set {a, b, c},
we could observe a person to choose a. It is possible to extract some preference
information from choices?, for example here we could state that a > b and
a > ¢, but the preference between b and c is not visible. Luce’s main point
of departure is the assumption that human choice itself should be treated as
a probabilistic process [Luc59]. So, we will consider the probability that a
particular object x will be chosen from a set Q. These probabilities are allowed
to be 0 or 1, so the special case of certain choices is covered as well. We will also
use the notation p (A | Q) to denote the probability that the chosen object is
part of the set A C Q. With this, we want to distinguish it from the probability
that subset A itself is chosen, which we do not need in this context.

First, recall the following probability axioms [Luc59]:

1. ForQcQ,0<p (QQ) <1

2. p,QlO)=1.

3. IfRSCQand RnS =, then p (RuS|Q) = p,(R| Q)+ p,(S|Q),

which implies
p,(S1Q =) px|Q
x€S

These axioms ensure that for each Q € Q the function p(- | Q) is a valid
probability distribution. What these do not do is impose a global structure
across all of these probability distributions. In the worst case, there could be
a completely different distribution for each set Q € Q. If two sets have many
objects in common, it is natural to assume that their choice behavior should
be similar. It is also natural to posit that the choice probabilities observed on
smaller sets should in some way carry over to larger (super)sets.

It is for this reason that Luce introduces the following choice axiom:
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Axiom 2.2.5 ([Axiom 1 in Luc59]) Let T be any finite subset of X such that,
Sfor every subset S C T, pg is defined. Then the following properties hold:

(i) If p(x|{x,y}) € {0,1} for all x, y € T, then for RCSC T
p,RIT)=p (RIS)p,(S|T)

(ii) If p(x | {x, ¥}) = 0 for some x, y € T, then for every S C T

p,(SIT) = p (SN} | TN {x])

The axiom has the effect of coupling the choice probability distributions, which
so far could have been completely independent. Property (ii) states that as soon
as an object x has probability 0 in a pairwise choice in the presence of object y,
then it can never be chosen in any superset of {x, y}. In other words, it takes a
local, pairwise probability and spreads it to supersets. Another consequence is
that the object x could safely be removed from these same supersets since the
choices will not be impacted. Property (i) imposes that a choice probability
distribution p,. defined on a set T can be decomposed into choice probability
distributions on its subsets RC S C T.

Consequences of Luce’s Choice Axiom The choice axiom implies a variety
of properties, which are important for several reasons. On the one hand, these
propetties are usually observable, meaning that they can be experimentally
verified, which may not be possible for a specific model directly. On the other
hand, we will see that most of the properties can be sorted by how strongly
they constrain the choice probabilities. This allows one to categorize models
based on where they can be inserted into this hierarchy. The following will be
an overview of the most important consequences of Luce’s choice axiom.

The first important property is independence of irrelevant alternatives (ILA):

Lemma 2.2.6 (Independence of irrelevant alternatives [Luc59]) If p(x |
{x,3}) ¢{0,1} forall x, y € T € Q, then Axiom 2.2.5 implies that for any S C T
such that x,y € S,

px[{xyh) _ plx[S)

pyl{xy)  pyl9)

This lemma has important consequences for the possible types of choice models.

Immediately, we can show that given any set Q € Q and an object x € Q, we can
determine its probability of being chosen using only the pairwise probabilities
[Luc59, Theorem 1]:

-1
oz [ Polixyd
1O (;Qp(xwx,y}o)

This certainly allows one to efficiently specify a choice model since it is only
necessary to specify the pairwise probabilities. It also allows one to easily test
whether observed choice data obeys Axiom 2.2.5 by comparing the choice
frequencies observed on pairs with those observed on larger sets of objects.

A slightly weaker property of a similar flavor is called regularity , which is a

independence of irrelevant alternatives

regularity condition
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attraction effect: Page 30

deterministic transitivity

Figure 2.6.: Hierarchy of transitivity defini-
tions. Each arrow denotes the direction of
implication. Adapted from [HHK20].

weak stochastic transitivity

strong stochastic transitivity

existence of a utility function

condition on choice probabilities which asserts that the choice probabilities
of items cannot increase if you add objects to an existing set. Formally, for
all x € A € Bwith A, B € Q it holds that p(x | A) > p(x| B). The condition
only weakly restricts the choice probabilities and early experimental data were
consistent with the property [BDM63]. It only became clear that the regularity
condition is not universally true for human choice data, when researchers
discovered the attraction effect.

A key property which is often considered in the context of preferences is
transitivity. The motivation is clear: a violation of transitivity would imply
that the preferences can exhibit cycles, which would make any further analysis
difficult. It is easy to see that the choice probabilities constrained by Axiom 2.2.5
have to be deterministically transitive, i.e., assume Axiom 2.2.5 holds for a set
Q=1{a,b,c} with p(a | {a,b}) = 1and p(b | {b,c}) = 1, thenalso p(a | {a,c}) = 1.
To prove this, we can make use of property (ii) of Axiom 2.2.5 in conjunction
with p(b | {a,b}) = p(c | {b,c}) = 0, which allows us to state p(a | {a,b,c}) =
pal{ac}) = plal{a b} =1.

v-relaxed

SST A-ST MST WST

‘When generalizing the transitivity to probabilistic preferences, it is important
to note that it is no longer a clear, unique concept. That is why, over the
years, a multitude of different definitions were proposed, which are usually
ordered with respect to their “’strength” by which they constrain the choice
probabilities (see Figure 2.6 for an overview).

The earliest definitions for stochastic transitivity were proposed by Davidson
and Marschak [DM58]. They propose weak stochastic transitivity (WST), which
simply assumes that if p(a | {a,b}) > % and p(b | {b,c}) > % then also p(a |
{a,c}) > % Strong stochastic transitivity (SST) further requires that p(a |
{a, ¢} > max(p(a | {a,b}), p(b | {b,c})). Luce [Luc59] shows that if Axiom 2.2.5
holds for a set of objects T, then the probabilities have to satisty SST. Moderate
stochastic transitivity (MST) is similar to SST, but uses the minimum instead of
the maximum. When interpolating between SST and MST, we obtain A-ST,
which has been proposed by Basu [Bas84] in the context of fuzzy preference
relations. We can also interpolate between SST and WST [Y]11], which we
refer to as v-relaxed stochastic transitivity here. Interestingly, it turns out that
it cannot be neatly placed within the existing implication chain.

Arguably, the most impactful consequence of Axiom 2.2.5 is the existence of a
utility function, which can be used to determine all of the probabilities.
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Theorem 2.2.7 (Theorem 3 by Luce [Luc59]) Let X be finite and p(x |
{x, ¥}) € (0,1) forall x, y € X'. Assume that Axiom 2.2.5 holds for all Q C X.
Then there exists a utility function u: X — Ry such that for every Q C X and
every x € Q:

u(x)

P(x|Q):m

This utility function is unique up to multiplication by a positive constant.

This is the basic form of many subsequent random utility models like for instance,
the multinomial logit, which we will discuss in more detail in Section 2.4. Fur-
thermore, since u(x) = k p(x | {x, y}) p(y | {x, y}) forany x, y € X and k € R,

one could estimate these utilities by only observing pairwise comparisons.

That the existence of a utility function follows from Axiom 2.2.5 is remark-
able, since earlier work in economics by Von Neumann and Morgenstern
[VM47] required restrictive axioms (see Section 2.2.1). It also does not re-
quire the assumption of a parametric model like Thurstone’s models [Thu27],
which presuppose that utilities follow a normal distribution. A caveat of The-
orem 2.2.7 is that it requires that all probabilities to be in (0, 1), i.e., it does not
handle the case where choices are deterministic. In practice, that would mean
that we can only find separate utility functions for subsets of X for which this
assumption holds. Luce ameliorates this problem by proving [Luc59, Theorem
4] that if all objects x, y € X are finitely connected, i.e., there exists a sequence
of imperfect pairwise comparisons between them, and if strong stochastic
transitivity holds, then there exists one utility function that can compute the
probabilities of all subsets which contain only imperfect probabilities.

While Luce’s choice axiom was a seminal step in the theoretical treatment
of choices and spawned a plethora of subsequent literature, cracks started to
appear in the theory when human experimental data appeared to disagree with
what the application of Axiom 2.2.5 predicted. In Section 2.3 we are going to
look at context effects which were identified, i.e., certain situations in which
choice probability ratios deviate across different subsets.

An alternative axiomatization Given that Luce’s choice axiom is so restrictive,
we may wonder what an alternative axiomatization of choice could look like
and what suitable requirements are for it to still be a sensible model of reality.
Masatlioglu and Nakajima [MNO07] propose the axiom of choice by elimination

(ACE), which allows for a much larger variety of possible choice behaviors:

Axiom 2.2.8 ([MNO7]) Let X be a finite set of objects and ¢ : 2% — 2% be
a choice function. For any Q € 2% there exists an object x € «(Q) such that if
x€Q CQthen xe Q).

In other words, this says that for any choice task, there needs to be at least one
element in the choice set that is chosen in all of the subsets of the choice task.
This is in contrast to Luce’s choice axiom, which would require this to be true
for all chosen objects.

5: The axiom is only defined for determin-
istic choices.



28 | 2. Foundations of Preferences

context effects

The authors argue that ACE is the minimum requirement for rational choice,
while still preventing choice cycles. An example of a choice function that exhibits
a choice cycle could be c({a, b, c}) = {a, b, c}, ({a,b}) = {a}, c({b,c}) = {b} and
o{a, c}) = {c}. Here, we are not able to find an element of {a, b, c} that is chosen
in all subsets. Therefore, ACE is violated.

2.3. Context Effects

The development of axiomatic approaches in modeling human preferences
and choices was a significant step forward. Theoretically, these approaches
should enable us to model all facets of human preferences, especially in decision-
making contexts. The natural question that arises is whether these models are
an accurate representation of human choice behavior. Any axiomatic system
depends on a set of assumptions, and it is these assumptions that must be tested
against real-world data to verify their validity.

Researchers have, therefore, conducted several experiments to examine the
behavior of individuals in decision-making contexts. Section 2.3.1 will present
an overview of these experiments, highlighting the specific properties of the
axioms that were found to be inconsistent with observed behavior. While
identifying these properties is useful to pinpoint the limitations of our current
models, it does not provide a comprehensive understanding of the underlying
psychological mechanisms that drive these deviations.

As a consequence, researchers have shifted their focus to identifying specific
situations in which the preferences of individuals can reliably be influenced
by the context of the preference. The mechanisms that were identified in this
way are called context effects. The investigation of these effects offers a more
nuanced understanding of how environmental and situational factors shape
human preferences. In section Section 2.3.2, we will explore these context
effects and present the most well-known ones.

2.3.1. Deviations from Axioms

Many of the experimental results in this regard came from the field of experi-
mental psychology, where researchers were interested in how humans estimate
the difference in various stimuli (e. g., weight, brightness, loudness, duration,
etc.).

Coombs [Co058] performed an experiment where subjects were repeatedly
shown sets of four gray color patches and asked to rank them based on how well
they represented their ideal image of “gray”. For the analysis, they tabulated
the pairwise frequencies that one patch was preferred over another. Analyzing
the data, they found that WST was satisfied, i.e., for any triple of patches A,
Band Cwith p(A > B) > 0.5 and p(B > C) > 0.5, it was also the case that
p(A > C) > 0.5. What they found, however, was that SST was violated for
some of the triples.

Chipman [Chi60] conducted experiments with army volunteers that were
asked to compare matchboxes. The matchsticks were split in half and then
the boxes were filled with varying proportions of heads and tails. In the main



experiment, the participants were asked to bet on either a matchbox with a
known proportion or a matchbox with an unknown proportion, but for which
a small sample was drawn. The results were tabulated and statistical tests were
used to check which properties of the axioms were violated. Chipman demon-
strated that the properties SST, linearity [Luc58] and ITA can be confidently
rejected.

In 1967, Krantz tested the simple scalability axiom using color triad tests [Kra67].

Subjects were shown three monochromatic lights x, y and z and given the task
to determine which color difference was smaller, that of x and z or y and z.
Based on the collected data they test Luce’s choice model and simply scalability
axiom in general. With the results, they are able to reject both confidently.

Tversky and Edward Russo [TE69] show that simple scalability, SST, substi-
tutability and IIA are equivalent. That means the above experiments often
tested for the same underlying property. Roughly speaking, what all these
properties have in common is that preferences observed in these experiments
are in some way dependent on other objects present in the preference context.
Recently, Benson et al. [BK'T16] devised a suite of statistical tests able to detect
deviations from IIA. Each test assumes as the null hypothesis that ITA holds,
and deviations can then be detected by defining different random variables on
the preference data.

To gain some insights into what specific contexts cause these deviations, we
will now take a look at context effects.

2.3.2. Identification of Context Effects

([ J [ ] [ J Core set

(a) Similarity Effect (b) Attraction Effect (c) Compromise Effect

In an effort to categorize, how humans are deviating from behavior expected by
following the axioms, a variety of context effects have been identified. Refer
to Figure 2.7 for an overview. The similarity effect occurs when there are
several similar items in a preference task. Then it happens that the probability
mass is distributed amongst them without impacting other dissimilar items.
In the attraction effect we see an increase in probability mass of an item, if
we introduce another item it dominates. Finally, the compromise effect arises
when we add an extreme item to a preference context, and the central item
becomes more favorable. We will now go over each effect in greater detail,
presenting the corresponding studies that were performed.

The Similarity Effect In an instructive example provided by Debreu [Deb60],
the use of Luce’s choice axiom results in a clear deviation from expected
choice probabilities. Consider a scenario where an individual is presented with
the option to choose between a recording of a composition by Debussy and
two recordings of the same Beethoven composition. Assuming the individual
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statistical testing for IIA violation

Figure 2.7.: An overview of the most com-
monly identified context effects in the liter-
ature.

>

Figure 2.8.: Similarity effect: In the blue re-
gion, the objects are very similar and, there-
fore, only share probability weight amongst
each other. Typical choice models would
predict that a new blue object should also
steal probability weight of green.
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6: Here, a wager refers to a vector assigning
rewards across four equally probable events.

attraction effect

>

Figure 2.9.: Attraction Effect: The addition
of an asymmetrically dominated object in
the red region causes the blue object to in-
crease its probability share.

global attraction effect

local substitution effect

does not prefer one recording over any other, the axiom would predict a
choice probability of 1/3 for each recording. However, this prediction is
counterintuitive. Intuitively, one would anticipate that the two Beethoven
recordings, being identical, would share their probability mass and sum up
to a probability equal to that of the single Debussy recording. As such, we
would expect the probability of the Debussy recording to be close to 1/2 and
the probability of each Beethoven recording to be close to 1/4.

The empirical verification of this hypothesis was conducted by Becker et al.
[BDM63]. In their study, 62 students were asked to select wagers from sets
comprising either two or three options.® In the three-option sets, one wager
was either an exact duplicate or a closely similar wager, albeit with permuted
vector entries. The findings corroborated the similarity effect, demonstrating
that similar items indeed tend to share their probability mass, as reflected in
the participants’ choices.

Tversky and Edward Russo [TE69] further investigate the similarity effect, by
letting 161 prisoners compare the size of rectangles or lenses. The goal was to
investigate whether a more similar shape allows the participants to assess the
size difference more accurately, which would affirm the similarity hypothesis.
The subsequent analysis revealed that choice probabilities were significantly
influenced by the similarity to the reference object, leading to the rejection of
the independence axiom.

The Attraction Effect was introduced by Huber et al. [HPP82] and Huber
and Puto [HP83], who noted that adding an asymmetrically dominated object
can cause the choice probability of the now dominating object to increase.
This, in turn, violates both the regularity condition and the similarity effect.
In Figure 2.9, we can see an example situation that depicts the attraction effect.
The blue object is asymmetrically dominating the red object, i.e., the green
object does not dominate the red object.

Huber et al. [HPP82] demonstrate the attraction effect empirically by letting
153 students choose from two or three objects within six product categories.
Each object was specified by two preference features. In the sets containing
three objects, one object is asymmetrically dominated by another object, called
the target. The study compared the choice probabilities between sets with and
without a decoy. The underlying hypothesis posited that the presence of a
decoy would increase the choice probability of the target. This was confirmed
in the subsequent experiments. The extent of the probability increase varied
depending on the decoy’s placement, with the largest average increase being
13 % (absolute difference).

Huber and Puto [HP83] extend their investigation to assess the impact of what
they term “slightly inferior” decoys. These decoys are not strictly dominated,
but they offer a bad trade-off of the preference features. After analyzing the
results, they observe two distinct effects: firstly, a global attraction effect, wherein
there is a redistribution of probability weight towards a new object; secondly, a
local substitution effect that happens after the global attraction effect. This latter
effect is characterized by the new object drawing probability weight primarily
from its nearest competitors in the preference space. Notably, the intensity of
this local attraction effect depends on the precise location of the new object
within the preference landscape.



Ratneshwar et al. [RSS87] argue that the attraction effect may be attributed
to an insufficient elaboration on the implications of the object features. They
hypothesize that a comprehensive understanding of the features, coupled with
familiarity with the product category, should prevent the attraction effect.
To validate this hypothesis, the authors performed four experiments with
participants. The findings revealed that while clear descriptions of features
substantially reduced the attraction effect, they failed to eradicate it entirely.
Contrary to expectations, familiarity with the product category did not signif-
icantly diminish the attraction effect.

Simonson [Sim89] posit that the attraction effect may partly stem from study
participants anticipating that their decisions are being evaluated by others.
They propose that a (near-)dominance relation serves as a compelling rationale
for justifying a decision. This hypothesis was examined through a series of
empirical studies. The results show that the attraction effect increases when
participants are informed that they will need to justify their choices. Con-
versely, in scenarios where participants were assured of the confidentiality of
their choices, the attraction effect persisted, albeit in a diminished capacity.
The authors conjecture that, in these instances, a dominance relation may
function as a decisional tiebreaker. Simonson [Sim89] note that the slightly
inferior decoys, as utilized in the previous studies by Huber and Puto [HP83],
tended to transform one of the objects into a perceived compromise option.
This observation led them to introduce the concept of the compromise effect.

The Compromise Effect The compromise effect, as proposed by Simonson
[Sim89], states that an object may gain probability weight if new object(s) are
added to the set of objects such that the original object becomes a compromise
option. The authors hypothesize that (1) an object will gain probability share if
it becomes a compromise option and (2) the anticipation of being judged should
strengthen the effect. These hypotheses are subsequently confirmed in three
studies with up to 372 students, i.e., compromise options were significantly
more likely to be selected by the participants, and even more so when they
were told that they were going to have to justify their choice at a later point.
In questionnaires after the experiments, the participants rated compromise
options less likely to be criticized, but not easier to justify.

Simonson and Tversky [ST92| then argue that there are two underlying prin-
ciples that can explain the attraction and the compromise effect, as well as
making new testable predictions. These two principles they call tradeoff contrast
and extremeness aversion. The former posits that an individual, when given a
choice between two non-dominated objects, will assess the tradeoffs of the
features. The presence of additional objects during the decision-making pro-
cess can influence this assessment, for instance, by presenting an option with
inferior tradeoffs, thereby rendering one of the original options more appealing.
Extremeness aversion, as the name suggests, is a general tendency to avoid
losses. In the context of preferences, this leads to a tendency to favor more
moderate, compromise objects over those perceived as being extreme. The
authors also propose an asymmetric version of extremeness aversion, which
they call polarization, where extremes are only avoided for certain features.
To illustrate this concept, they refer to the commonly observed quality-price
tradeoff in consumer behavior. Empirical evidence from their studies indicates
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Figure 2.10.: Compromise effect: A new ob-
ject (here green) is added to a core set (blue).
The central object becomes the compromise
option.
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other context effects

choice overload

framing

endowment effect

that participants often avoided low-quality/low-price objects. However, this
behavior was not observed for high-quality/high-price objects.

Other Context Effects Research in the domains of experimental psychology
and marketing has found various additional context effects observable in exper-
imental settings. Iyengar and Lepper [IL00] demonstrate that too many objects

available during a choice lead to decision paralysis and overall less satisfaction
(a phenomenon also known as choice overload). However, contrary to the com-
mon belief that context effects vanish in the presence of overload, the authors

do not find this effect in their experiments, and Hawkins et al. [Haw+12]

and Wedell et al. [WHV22] corroborate this finding in their experiments.
Hawkins et al. [Haw+12] demonstrate in their experiments that the number
of mistakes made by participants was independent of the number of objects
in the choice task. The exception to this rule was when the choice had to be
made in a very short time frame. Pettibone [Pet12] and Cataldo and Cohen
[CC19] corroborate this finding that context effects are less pronounced with
less deliberation time.

Furthermore, several studies have demonstrated that the external context
in which a choice is presented influences the resulting decision. Tversky
and Kahneman [TK81] find that the way information is presented has an
impact on the preferences observed, a concept called framing. In the realm
of medical policy, Johnson and Goldstein [JGO03] explore the influence of
default options on decision-making, revealing a significant increase in the
willingness of participants to become organ donors when this is presented as the
default choice. Similarly, Kahneman et al. [KKT90] show in experiments that
individuals ascribe a greater value to objects that are in their possession (called
the endowment effect). While these studies provide insights into the broader
spectrum of context effects, it is important to note that for the remainder of
the thesis, we assume that the complete preference context is expressed by the
preference task, i.e., the set of objects available.

Overall, we can see that the presence of context effects necessitates that mod-
els trained on preference data need to incorporate these, either explicitly or
implicitly. The inherent challenge of explicitly accounting for context effects
lies in the prerequisite of having a priori knowledge concerning which specific
context effects are present within the given dataset. The models presented
over the course of this thesis are able to implicitly take the object context into
account, thereby enabling the representation of previously unexplored context
effects. In addition, as we transition from modeling human choices to learn-
ing arbitrary choice functions, the choices are the result of an abstract choice
function rather than human decision making biases and heuristics. Conse-
quently, prespecifying the correct context effects becomes difficult and should
be learned in a data-driven way.

2.4. Preference Modeling

In Section 2.2, we examined various axiomatic systems that guarantee the
existence of a utility function. What remains to be addressed is a systematic
method through which one can deduce such a utility function from empirical



preference data. Consequently, this section is dedicated to an exploration of so-
called RUMs. These models specify a probability distribution over individual
utilities and can be inferred from observational data employing the method
of maximum likelihood estimation—bridging the gap between theory and
practice.

Early models of utility had their roots in binary outcome models. The first
models of that kind that operated on binary outcomes were so-called probit
models [Thu27]. These go back to work by Fechner [Fec60], but became
popular due to research conducted by Gaddum [Gad33] and Bliss [Bli34].
Probit models are able to model binary outcomes by estimating the outcome
probability based on the cumulative distribution function of the standard
normal distribution.”

In the year 1951, Berkson [Ber51] argued for the use of the logistic function
instead, causing a controversy at that time. The logistic function was derived
by Verhulst [Ver38] for the study of populations. Berkson also proposed the
term “logit” as an analogy for the widely used probit. The logistic curve is
however very similar to the cumulative distribution function of the normal
distribution, and the initial debate on which model should be preferred went
away with the advent of computers that helped with the calculation. In the
context of biological assays Gurland et al. [GLD60] needed an analysis method
that supports more than two outcomes and were the first to use what is now
called a2 multinomial logit model. Multinomial logit first by Gurland et al.
[GLD60] then later generalized by various authors [BW67; Boc69; REB71;
MCcF76; Sto69; The69; The70].

The initial adoption of the logit model in the domain of choice modeling
was pioneered by McFadden [McF74]. He developed a principled theoretic
framework for probabilistic choice, wherein the logit model emerged naturally,
a contribution for which he was subsequently awarded the Nobel Memorial
Prize in Economic Sciences in 2000 [McF01]. Models that follow this proba-
bilistic framework are nowadays known as RUMs. We will take a closer look
at these models in Section 2.4.1. An interesting extension of RUMs involves
assuming the existence of multiply utility functions, which we will detail in
Section 2.4.2.

2.4.1. Random Utility Models

The foundational derivation of RUMs by McFadden is encapsulated within his
seminal book chapter dedicated to this subject [McF74]. We will follow the
derivation outlined in the chapter here but adapt the language and notation to
be consistent with the remainder of the thesis. An important point to make is
that McFadden posits that each individual has a deterministic choice function.
The actual randomness arises because we sample an individual randomly from
a population. We then assume that there exists an underlying utility function
on the population level and individual deviations can simply be regarded as
random noise. The framework by McFadden allows one to also take attributes
of the individuals into account. Let S C R! be the set of individuals, where
each s € Sis represented by a vector of attributes.
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probit models

7: The term probit is a portmanteau of
“probability” and “unit”.

[McF74]: McFadden (1974), “Conditional
Logit Analysis of Qualitative Choice Be-
havior”
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multinomial probit model

conditional logit model

[Tra09]: Train (2009), Discrete Choice Meth-
ods with Simulation

nested logit (NL) model

Formally, the random utility function of an individual s can then be decom-

posed as follows:
U(s, x) = u(s, x) + &(s, x) (2.1)

Here u represents the deterministic, population-level utility component, while
¢ is the stochastic component that models the deviations observed for each
individual. It is assumed that each individual makes choices by choosing the
object x that maximizes U(s, x). It can be shown [McF74, Lemma 1] that
if we assume ¢ to be independent and identically distributed (i.i.d.) with a
Weibull distribution, then we obtain the following well-known expression of
the choice probability:

eu(s,x)

T o) (22)
x

px|sQ) =

This form is widely known as the MNL model. The same form can be de-
rived by positing three axioms: IIA, strictly positive probabilities and irrele-
vance of an alternative set. The latter axiom requires that the log-odds ratio
log(p,. / P,.,) can be represented by a simple difference:

log (;;xx') =u(s,x) —u(s,x’)

x'x

where p_, denotes the probability that x is chosen from the task containing
only xand x’. In case ¢is assumed to be distributed according to a multivariate
Gaussian distribution, we get the multinomial probit model [McF81].

As previously demonstrated, these axioms imply that the context effects intro-
duced in Section 2.3 cannot be modeled. McFadden therefore cautions the use
of the aforementioned model in situations where the axioms are not satisfied.
In particular, the objects available should be clearly distinct.

In case the utility function u(s, x) is a linear function with weight vector 6 and
we observe each choice of an individual just once, McFadden calls the resulting
model the conditional logit model. The parameters of this model can be derived
using maximum likelihood estimation.

2.4.1.1. Variants and Generalizations

The MNL model assumes that the noise ¢ is independently distributed. A
principled way to generalize the MNL model is to instead assume a multivariate
extreme value distribution for e. The resulting models are called generalized
extreme value (GEV) models [McF81; Tra09]. For an in-depth exploration of
GEV models, we direct the discerning reader to the comprehensive treatise by
Train [Tra09], which shall serve as the foundational reference throughout this
section.

One representative of this class of models is the nested logit (NL) model. Recall
that in Section 2.3, we introduced the similarity effect, where very similar objects
share a common probability weight, and adding a new similar object will not
steal probability weight from dissimilar objects. The default MNL model is
not able to account for this context effect since it will receive a proportional
share of probability weight from each other object (see (2.2)). In the nested



logit (NL) model, we partition all objects into so-called nests. We then posit
that ITA holds within nests but not between objects of different nests.

Let I(X') be a mapping of the set of objects to natural numbers for the purpose
of indexing. We assume that I[(X) = U,Ii | Bi. i-e., the objects are divided into
disjoint sets. For each individual s € Slet & = (e, ..., &) be a vector of
noise terms (also treated as unobserved utility deviations). Then a NL model
is defined to have the following cumulative distribution:

K Esi Ak
exp(— > (Z e_’“c) :
k=1 \i€B;

Each nest By, has a parameter Ay that indicates the independence of the objects
within the nest. That means A; = 1 specifies that there is no correlation at all
between the objects of By, and if this holds for all nests, the model simplifies to
the usual MNL. From that, we can calculate the choice probability of the NL
model as follows:

eU(s.%)/ X (ZjeB SHsx)/ X ) A1
3

px|sQ) =

K Akfl
k=1 ( jEBk eu sx} / k)

One interesting consequence is that the random utility of an object x; € By for
individual s decomposes additively:

U(s, x, B) = uBk(s) +u(s, x) + &(s, x) ,

where uBk(s) is a constant utility assigned to each nest.

NL models can be nested more than one layer deep [McF77; BL18] to account
for a hierarchical dependence structure. Benson et al. [BKT16] propose an
efficient algorithm that can learn the tree structure using hypothesis testing.
Their approach, however, requires the availability of pairwise comparisons in
the preference data. There are also variants where objects can belong to multiple
nests at the same time [Vov97; Bie98; BB99]. The generalized nested logit (GNL)
by Wen and Koppelman [WKO1] generalizes the latter models by allowing
each object to be fractionally allocated to each nest. To this end allocation
parameters oy, € [0, 1] for each object x; and each nest By, are introduced with
ZkK: | @ik for all i. For the complete choice probability p(x | s,Q) of an object x;,
we refer to the publication by Wen and Koppelman [WKO1]. It is, however
interesting to note that the probability decomposes as follows:

K
pxlsQ = plx]sQ B p(Be| Q).

k=1

where p(By | s, Q) is the probability that a nest By is chosen and p(x | s,Q, By)
denotes the probability that object x is chosen if we know that nest By was
chosen. In other words, it is a weighted average of the probability that an
object is being chosen within each nest.

A very general variant of the MNL model is the mixed logit (ML) model. As the
name suggests, it is defined as the mixture of several logit models. This mixture
can be discrete, with a set of parameters for each mixture model, or continuous
where suitable prior distributions are specified for the parameters of an infinite
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[AR15]: Ambrus et al. (2015), “Rationalis-
ing Choice with Multi-Self Models”

self

amount of mixture models. These mixtures can very flexibly represent a variety
of RUMs and McFadden [McFO01] show that indeed the mixed logit (ML)
models are universal, meaning that they are able to approximate any RUM.

While the aforementioned models can model some context effects, such as the
similarity effect, their capabilities are constrained by several notable limitations.
NL models require the explicit specification of nests, information that may not
be available in practice. Conversely, ML models necessitate the specification of
suitable priors for the weights of each feature. In addition, the interpretation
of the resulting mixed model is difficult. The main limitation, however, is that
it is assumed that the decision makers have an underlying utility function for
the objects, and individual deviations are modeled as independent or correlated
noise.

An alternative approach to arrive at a different utility-based framework is to
assume the existence of multiple utility functions. These are then suitably
aggregated to arrive at the overall utility of an object. This versatile framework
will be considered in the following section.

2.4.2. Multiple Utility Functions

As we have seen in the preceding section, RUMs exhibit inherent limitations
in modeling context effects. A major focus of this thesis is context-dependent
models, models which are able to capture a wide range of context effects. In this
section, we will explore a notable approach from the existing literature that
accomplishes this to some extent. It does so by aggregating multiple context-
independent utility functions into a possibly context-dependent utility. A very
general framework in this domain was proposed by Ambrus and Rozen [AR15],
which encompasses many multi-utility models previously suggested in the
literature. These utility functions are frequently interpreted through a psycho-
logical lens. For instance, Kalai et al. [KRS02] describe these as “rationales”,
utilized to express preferences. In the context of research on addiction, Bern-
heim and Rangel [BR04] discuss various “systems” that interact within one
individual. The now prevalent name of so-called “selves” was introduced by
Fudenberg and Levine [FL06] and then used in the framework proposed by
Ambrus and Rozen [AR15].

The multiple selves (or multi-self for short) framework introduced by Ambrus
and Rozen [AR15] unifies several (singleton) choice models where a choice
is made by aggregating multiple utilities produced by so-called selves. It is
assumed that there is a finite set of objects X' € X, where X is the class of
all conceivable sets of objects. Then one observes choice tasks Q € 2% and
corresponding choices ¢(Q), where c: 2% > X is called a collective choice
function. The framework also allows each self to have a certain type t € 7.
This generalization allows one to have aggregation functions that treat selves
differently based on their type. A self is therefore defined as a tuple (1),
consisting of a utility functionu : ' — Rand a typet € . The set of available
selves is denoted by S.

Finally, the aggregated (collective) utility is computed for a given object x € X'
in the context of the choice task Q, the set of objects I, the set of selves $ and
the set of types T

fr A x2¥ x25xXxT >R



In this general framework, the set 2 is an input because it would allow someone
to aggregate based on which objects are not present in a given context. For
most models in the literature, it is sufficient to drop the set of objects " and
the set of types 7 from the signature.

As an example, a well-known model covered by this framework is the loss
aversion model proposed by Tversky and Kahneman [TK91].

0= mu@)+ ¥ ) - r(ux)peo)

(wb)eS (ub)esS

where roughly speaking, an aggregated utility of an object is computed, and
then a loss-aversion term is added. The loss-aversion term is the difference
between the utility of the object and a reference utility r. A simple instantiation
of this model has been introduced by Orhun [Orh09], which let m be a linear
function, €(a) := aif a > 0 and €(a) := Aa otherwise. For the reference
function r, they choose a weighted average. To see how we are able to model
context-dependent utilities, consider Example 2.4.1.

The multi-self framework is, therefore, able to model context-dependent
utility and hence also choice functions. It is remarkable that the utility functions
employed by the selves are context-independent. Only by suitably aggregating
the utilities evaluated for a given choice task do we arrive at a collective utility
that is context-dependent. We shall revisit this concept in Chapter 6, where we
introduce the concept of Pareto-embeddings that also use context-independent
utility dimensions to achieve a context-dependent choice. The main difference
will be that these utility dimensions will not be aggregated, as is the case for
the multi-self framework.

2.4. Preference Modeling

loss aversion model
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Example 2.4.1 (Context-dependence of the loss aversion model) Let X =

{a, b, c} and assume that we evaluated their utility according to two utility
ag functions u; and u, as depicted in Figure 2.11.

The exact values are given in the following table:

s ‘ a b c ‘ Yab  Tabc

be w |1 7 6| 4 47

X ) u, [ 10 3 2| 65 5.0
U We now use a simple variant of the model by Orhun [Orh09] to compute
Figure 2.11.: Visualization of the points a, b the aggregated utilities .for thc.: objects. We let m = id (the 1dent1t-y
and calong axes u, and u,. function) and r be the arithmetic mean. The loss-aversion parameter A is

set to 5. We will only have one type ¢, and therefore, our complete set of
selves is S = {(uy, 1), (uy, )}
Therefore, we get

f(a,{a,b},8) =1+10+8(1 —4) +£(10 —6.5) = 145—1-3
=145-15=—05
f(b,{a,b},8) =7 +3+4(7—4)+2(3—-65)=13—1-35
=13—17.5=—45
f(a,{a,b,c},S) =1+10+8(1 —4.7) + 10— 5) = 16 — 1 - 3.7
=16—18.5=—25
f(b,{a,b,c},S) =7 +3+4(7—47)+£(3-5)=123—-1-2
=123-10=23

As we can see, the introduction of object ¢ caused the preference between
objects a and b to flip. On the set {a, b}, object a was preferred, while for
the set {a, b, c}, object b achieved the higher utility.
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Concepts from Machine Learning

While the majority of the literature on preference and choice modeling has
focused on normative and descriptive approaches, the availability of large-scale
preference data facilitated the application of more data-centric methods from
the field of machine learning. It is clear that the world of modern e-commerce
has a variety of settings where users express preference information. Think of
a search engine where a user inputs a search term, receives a list of relevant
results, and finally clicks on one or more of the links. The click can be treated
as implicit preference information in the form of a choice, while the complete
list of results is the set of alternatives. Another area where choices appear
frequently is implicit feedback in the context of recommendations. Streaming
services preselect a set of shows, movies, songs, and other content for the user,
who then chooses which to play. The objective is to identify and recommend
content with a high probability of being chosen by the user.

A big difference in philosophy between classical preference modeling and
machine learning is the choice of models. In classical preference modeling,
it is important that the models used are behaviorally plausible, i.e., it can be
used to explain observed choices, and that the necessary assumptions/axioms
are consistent with human behavior. In machine learning, however, the main
goal is to maximize predictive performance, which means we are looking
for a model that works well when applied to new data. These approaches
certainly are not mutually exclusive. A good classical preference model should
also be able to generalize to new data, while there are also some machine
learning models that explicitly incorporate a behaviorally plausible inductive
bias [ROS20].

We will now take a closer look at the main concepts of machine learning. As
before, we will have a space X, but this time called the instance space. Each
x € X is called an instance and could for example be an image, if the setting is
image classification or a textual document, in the setting of natural language
processing. Often, the instance space is assumed to be a d-dimensional real-
valued space, such that X' C R% and x = (x1, %9, ..., xg) for each x € X, but this
is not necessarily always the case.

Usually, we will also have a corresponding output space Y, which provides the
values or labels we actually care about. Take, for instance, image classification,
where an appropriate output space could be the set of all category labels in
the English language. Thus, if we are given a picture depicting a cat, we
would be able to assign to it the label “cat”. Depending on what we choose
for ¥, we usually end up with different machine learning settings. If ¥ is a
continuous space, we call the problem a regression problem, while if ¥ is a
discrete space, we call it a classification problem. Here an important special case
is binary classification, where ¥ = {—1, +1} or {0, 1}. Since the values of the
output space, in a sense, “tell” the learner what to predict, the setting overall
is called supervised learning.

Certainly, there are many other settings in machine learning, such as unsuper-
vised learning, where the learner does not have access to an explicit output
space and has to find patterns in the data on its own. Other settings include

instance space

output space
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Figure 3.1.: A simple regression problem in
one dimension.

homoscedastic noise

heteroscedastic noise

model space

1: This model space is often referred to as
the “hypothesis space”.

loss function

Figure 3.2.: The mean squared error penal-
izes the squared deviations of the observed
outputs and the model outputs.

reinforcement learning, where the learner interacts with an environment and
receives rewards for its actions, or semi-supervised learning, where only a small
portion of the data is labeled. This thesis is concerned with supervised learning,
which is why we will focus on this setting for the remainder of this chapter.

‘We will then assume that both spaces are related by a function f: X — 4.
This is the function we generally want to model using machine learning.
Consequently, it is also called the farget function. Since data in practice is
rarely noise-free, the usual assumption is that f(x) is corrupted by noise to
arrive at y € 4. As an example, one commonly describes the relation between
xand y using

Y=Ff(X)+e € ~ N(0,02),

where the random variable € is independent and identically distributed noise
following a normal distribution (see Figure 3.1 for an example). Since the
noise does not depend on the value of the input instances x € X, it is called
homoscedastic noise. Correspondingly, if we were to assume that the noise can
vary based on the current inputs, then we call it heteroscedastic noise. In general,
we will treat both the input instances x and the outputs yto be random variables
with the corresponding joint probability distribution P(x, y).

One could say the main goal of machine learning is finding the target function
f. However, this goal presents several challenges. Firstly, in most cases, the
class of functions to which fbelongs is unknown, making the search problem
ill-defined. Secondly, we do not yet have a notion of how “close” a guess for f
is to the ground truth target function. To address the former problem, we will
assume that there exists a model space /' containing models h: X — Y 1 Thus,
instead of considering the class of all possible functions, we restrict our search
to models h € A, which usually is some clearly defined class of functions.

As for the latter problem, we will define a function L: ¥ x ¥ — R called a
loss function, which measures the mismatch between an observed output yand
the prediction of a model y = h(x). Roughly speaking, our goal will be to
select a model for which the average loss on a given dataset is minimal. Simple
examples of loss functions include the 0/1 loss

Ly =[y#73]
which is applicable to classification problems, or the squared loss
L(y.9) =(y—9)*

which can be used in regression. As an example, consider the linear regression
problem in Figure 3.2. The shaded squares depict the deviations of the observed
points from the model line. The area of each of these squares is exactly the
squared loss.

So far, this loss function only measures the error for one pair (y, h(x)), but we
would like to quantify how well a given model h works in general. This is
why we consider the expected loss

R(6) = [ L) P



also called the risk. It is natural now to seek models which minimize the risk

h* € argmin R(h) .
heH
This is sensible, but in most cases, the joint distribution P(x, y) is not known.
Thus, we require one last step before we can apply machine learning in prac-
tice.

While we do not have access to the joint probability distribution, we will
assume that there is training data D = {(x;, yl)}l]il € (X x Y)N consisting of a
set of N instances (x;,y;). With that, we can approximate the risk using the
average loss

N
ReanpW) = 3 L0 ) (3.1)

obtained on the training instances D, called the empirical risk. The correspond-
ing empirical risk minimizer can be defined analogously to h* as

he ar};ger}n[in Remp(h) -
The process is in general known as empirical risk minimization (ERM). How-
ever, approximating the risk using finite data does not come without its own
problems. As an example, assume that we let ¥ = R and  be the set of all
polynomials. Then for any finite 2 we can find a polynomial h, which simply
interpolates all points x;.

See Figure 3.3 for an example of this phenomenon. Here, we have simulated
a dataset of 6 points in one dimension. The target function is shown in blue
dashed lines, and the 6 points had noise applied to their output values. We let
J be the set of all polynomials up to the degree 5 and compute the empirical
risk minimizer & (shown in purple). As is apparent, the risk minimizer achieves
a loss of 0 on the training examples, but is exhibiting large deviations from the
target functions as soon as we move away from the given points. Therefore,
the model & is not able to generalize well to points not part of the training set.
This phenomenon is called overfitting and demonstrates a key challenge in the
field of machine learning. In Section 3.1, we will take a closer look how this
problem can be detected and tackled.

3.1. Generalization

‘We have seen that by approximating the risk with the empirical risk and
selecting the corresponding empirical risk minimizer x, we may overfit the
training data. The problem is a mismatch of the in-sample performance R, =
Remp and the out-of-sample performance R, = K. This raises several
questions. First, how the difference | R, — R;,| can be characterized, both
theoretically and practically. Second, if learning is at all possible, and if yes,
under which conditions.
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empirical risk
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Figure 3.3.: A polynomial of degree 5 (pur-
ple) fits all training examples perfectly.

overfitting
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VC inequality

growth function

VC dimension

3.1.1. Theoretical Considerations

There are a few general bounds one can prove for the difference between
in-sample risk and out-of-sample risk. For an i.i.d. set of data 2 and a fixed
model h € #, we can apply the Hoeftding inequality to arrive at the bound

P(|Roue — Rinl > €) < 2exp(—2€2|D)),

which states that as the size of our dataset 2 increases, the in-sample estimate of
the risk approaches the out-of-sample risk very quickly. This bound, however,
ignores the complete learning process used to select an appropriate model h.
Since a model arrived at using ERM and Ry, is minimized, it will probably
underestimate the true R ;.

In the case of binary classification, i.e., ¥ = {—1, +1}, an important result is the
Vapnik—Chervonenkis (VC) inequality:

Theorem 3.1.1 (VC inequality [VC71]) Let X be an instance space, Y =
{=1,+1} an output space and H a model space withh : X' — Y forh € H . Let
D be a dataset of size N and mg; : IN — IN be the growth function of F. Then
foralle > 0:

P( sup | Roue(h) — Rig ()] > e) < dmyp(2N) exp (—lezN)
heFH 8

The growth function mq,, roughly speaking, specifies the effective number of
distinct hypotheses that a hypothesis space 7 generates on a dataset 2. We will
not go into the exact details of its definition here and refer the interested reader
to the excellent overview by Abu-Mostafa et al. [AML12, Chapter 2]. It is
easy to see that the bound decays exponentially in the dataset size N. Therefore,
if there exists an N € N such that for all k > N we have that mg(k) < 2k,
we know that that the bound will eventually go to 0. For a given hypothesis
space J(, we call the largest N for which it holds that m4-(N) = 2N its V'C
dimension. If my(N) = 2N for all N € N, the VC dimension is infinite, and
the VC inequality can no longer guarantee that the in-sample risk converges
to the out-of-sample risk. The VC inequality can be reordered to arrive at a
direct bound of the out-of-sample risk.

Theorem 3.1.2 (VC generalization bound [AML12]) Let X be an instance
space, ¥ = {—1, +1} an output space and F a model space withh: X — Y for
h e H. Let D be a dataset of size N and ma : IN — N be the growth function
of H. Then for all § > 0:

A A 8 4 2N
Roua() < Ry () + || & 1og M)

From this very general result, we can deduce that learning is indeed possible,
if we consider hypothesis spaces with a finite VC dimension.

Another aspect we can gauge with these generalization bounds is the complexity
of a hypothesis space. In the case of binary classification, if the VC dimension
is higher, we need a higher number of training instances N to constrain the
out-of-sample performance R,.. The same is true in other settings as well.
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To visualize this, consider Figure 3.4, where we plot the learning curves for a
simple linear model and a more complex polynomial model (of degree 7). We
train each model on a training dataset of size Nand do so for all Nshown. Then,
the in-sample performance Ry, is calculated on the training data, while the
out-of-sample performance X, is computed on a separate holdout dataset.

Our loss function is the root-mean-square error \/ % Zf\il (fz(xi) _ M)z' We
can observe that the Ry, is always underestimating R, but both converge
to a common limit. The linear model needs fewer training instances than the
more complex polynomial model to get close to its limit. The polynomial
model, however, is ultimately able to achieve a lower R ,;. The limiting
performance is also called the bias with respect to the target function. A more
complicated model usually is more flexible and is able to adapt to more target

functions, hence a lower bias. The deviation of R, from the limit value is

out
called the variance, showing how much a hypothesis class is able to adapt to

small variations in the data, causing large errors.

In practice, we will not be able to compute the out-of-sample performance
R out and the generalization bounds are too loose to be useful. Therefore, we
need an alternative way to approximate R ;.

3.1.2. Validation

The idea of validation is remarkably simple: first split the dataset 2 into a
training set D,in (size N — M) and validation set D, (size M)?. Then, train
the model only on D,,,;,,, which we will call A~ to signify that it was trained
on a reduced set of data. We can then compute the validation risk

R =+ > L (x).3),

X €D val

which is an unbiased estimate of the out-of-sample risk R, since the data was
not used to train the model ™. Formally, this means that Ep_ [Ry,(h7)] =
Rout(h™). This estimate is also quite accurate. In the case of binary classifica-
tion, we can show that the following bound holds with high probability:

Rou(h™) < R () + 0 (ﬁ) .

3.1. Generalization | 45

Figure 3.4.: Learning curves for a linear and
a polynomial model of degree 7.

learning curves

bias

variance

2: Usually, we will split the dataset into
Dirain» Dval a0d D, since the validation
set is used for model selection or hyperparame-
ter optimization.
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K-fold cross-validation

leave-one-out cross-validation

leave-p-out cross-validation

Monte Carlo cross-validation

We have to take into account that the larger we make D, the fewer training
instances D,.,;, we have, resulting in a higher X,;. Thus, by increasing M,
we reduce the error of our estimate but increase the overall risk, making the
choice of the right M a trade-off. It is usual in practice to train a model on the
complete dataset D after performing the validation to estimate the risk. This
will result (on average) in a reduction of the out-of-sample risk and somewhat
counteracts the disadvantage of using a validation set.

3.1.2.1. Cross-Validation

A problem with validation so far is that if M is small, then the variance of our
estimate R, is high. One idea to reduce this variance is to repeat the split
of our dataset 2D several times using different sets for training and validation
and subsequently averaging the risk estimates for more stable results. There
are several ways to do this, the most common approach of which is called
K-fold cross-validation, where we partition the dataset into K := [N/M] sets
D @ pE) Let hy, hy, ..., hy be the corresponding models obtained
by training on the remaining data, i.e., k; is obtained by training on D) y
ey DDy DD | DK and validated on DD, The cross-validation risk
estimate is then computed as follows:

Ko

1
Rt == Y o L((x).3) -
va Kkgl |D(k)| (x,y)zezﬂw

Note how this estimate is no longer computed for only one hypothesis but for
a whole set of hypotheses. Since the validation sets are not overlapping, R, is
an unbiased estimator for the out-of-sample risk on datasets of size N — M. As
we are interested in estimating the out-of-sample risk for our given dataset D,
it is natural to choose a K that is as large as possible. If K = N, then the resulting
method is called leave-one-out cross-validation. Zhang and Yang [ZY15], based
on theoretical and empirical results, find that leave-one-out cross-validation
has the lowest bias and variance for stable modeling procedures. While this
provides us with a good estimate of R, it can be computationally intensive
to compute N hypotheses on larger datasets. In practice, one would select
K so that a good trade-off between estimation accuracy and computational
overhead is achieved.

The stability of cross-validation estimates can be further reduced by repeatedly
shuffling the data and repeating the same cross-validation method. In the
limit, this methodology will converge to leave-p-out cross-validation, where
we average the validation loss of all (2]) possible splits of the data. It is clear
that for even slightly larger p, the exhaustive evaluation of all splits becomes
infeasible. For example, computing the full leave-5-out cross-validation for
a dataset of 100 instances would require the evaluation of 75 287 520 splits.
Therefore, the idea of Monte Carlo cross-validation is to repeatedly sample a
random set of p instances (without replacement) to be used as a validation set.
The number of repetitions is usually fixed beforehand as well. The advantage
over K-fold cross-validation is that the size of the validation set and the number
of repetitions can be controlled independently. This is also why this method
was chosen as the main validation method in the experimental section of this
thesis.
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30 points

—— Degree 7

Figure 3.5.: Choosing the best polynomial degree for a given dataset based on leave-one-out cross-validation. The target function is shown as a

dashed gray line.

3.1.2.2. Uses of Validation

Other than simply having an estimate of the out-of-sample performance of a
model h, an important use of validation is to find the correct model class # for
the given dataset. This problem is called model selection. Another application
concerns the control of the complexity of hypotheses inside a model class.
Models typically have various parameters that impact complexity. In linear
regression, for instance, one typically penalizes the L,-norm of the model
coeflicients, a very important concept called regularization. A parameter is
introduced, which allows one to trade off between model fit to the training
data and a low norm of the parameters. In general, these parameters3 , which
influence the complexity of the model class, should not be optimized on the
training set Dp,;, by minimizing R;,. As we have seen before, a more complex
model class # can fit a given set of data more easily than a more simple,
constrained model class. Thus, minimizing hyperparameters on X;,, will result
in the choice of the most flexible model class, likely causing overfitting to
occur. The task to find good values for hyperparameters is called hyperparameter
optimization (HPO).

Since R, is an unbiased estimator for R, (albeit for a smaller dataset size),
it is natural to use it to solve model selection and HPO tasks. Of course, by
minimizing R, we again introduce a bias similar to what we did when doing
ERM, i.e., on average we underestimate the true R . Therefore, one should
be aware of the fact that optimizing over many different hypothesis classes and

parameters can again introduce the risk of overfitting.

As an example, consider polynomials of a certain degree d, and let H ; denote
the corresponding hypothesis class. In Figure 3.5, we sample random points
from a one-dimensional target function (shown as a dashed gray line) plus
independent Gaussian noise, varying the number of points available for training.
Then, we employ leave-one-out cross-validation to select the best degree d for
each of the three datasets. We can see that with increasing number of points,
the complexity of the chosen model class increases as well, moving from a
linear model for 5 points () to a polynomial model of degree 7 (#;) for 30
points. Note that due to variance, this order is not always monotone. Especially
with few data points, it can happen that they randomly arrange into specific
patterns favoring higher-order polynomials. The example in Figure 3.5 shows
one realization where none of these problematic cases happened, but one needs

model selection

regularization

3: Usually called hyperparameters to distin-
guish them from the model parameters.

hyperparameter optimization
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Figure 3.6.: Overview of the nested valida-
tion process.
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to be mindful when considering smaller datasets and additional regularization
may be beneficial.

As we can see, validation is an important part of the machine learning process,
and crucial to ensure that the model we use in the end generalizes to unseen
data. In Section 3.2, we will go into more detail on how we can optimize the
hyperparameters of a model. First, we will take a small detour to discuss nested
validation, which allows us to both employ validation to optimize parameters
and also get an unbiased estimate of R,,.

3.1.2.3. Nested Validation

As we have seen, we can use validation to select a suitable model class for the
data at hand or to optimize the hyperparameters of our model. In doing so, we
also biased the resulting X, since we used it for the optimization. We may

still want to have an unbiased estimate of R, for our final model to make an

out
informed decision on whether to use the model or not. Furthermore, we may
want to separate the HPO task from the model selection task, i.e., optimizing
the hyperparameters of each model separately and then use fresh validation
data to decide on the final model to use. The natural idea of nested validation is,
therefore, to partition the dataset 2 into the sets D, szﬁ ’ng vy Diest-
Here D, is called the fest sef to distinguish it from the validation sets, and is
used to compute the final unbiased estimate of R,. As before, D, is used
to train a model using ERM. The validation sets Z)EIB, ... can then be used for
HPO and model selection. In most cases, only one or two validation sets are

necessary.

The general process is shown in Figure 3.6. We start with the full dataset 2
and split it into Dy;,;, and Dy (orange cycle). This is often called the outer
validation split. Then, D,,;, is further subdivided into D
is called the inner validation split. With D . train
Alternatively, we can nest more validations (depicted by the three dots), if

train A0d Dy, in what

we can then train a model h

train
compute R ;. If the split is repeated, for example, when using K-fold cross-

required. In any case, h_ . is then used to produce predictions on D, to
validation, then we average the validation performances obtained on each split:
Real = % Zfi 1 73821. This estimate can then be used for HPO and /or model
selection. In that case, the blue cycle is repeated several times, once for each
hypothesis space for model selection or once for each iteration of the HPO.
The information gained by running the inner validation cycle is then used
when training the model A~ on D,,,;,,. That is, we use the best parameters 6*
we found during HPO and /or select the best hypothesis space ™ here. Then
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this model predicts on D, and we compute our unbiased estimate of the risk,
which we denote R, here. The orange cycle symbol signifies that this outer
validation fold can be repeated as well. Note that this entails performing the
complete HPO/model selection again on each split. Finally, we train a model
h on the complete dataset. Since we do not have a global estimate for 6* and /
or H*, we either need to pick randomly from one of the splits, or rerun the
optimization process on 2. The latter will, on average, result in a model with
lower R, but is computationally more costly.

This process can, in principle, be nested as deep as data is available. However, it
is clear that this will decrease the amount of training data available to actually
fita model. Recall that if we decrease the size of the dataset, we will, on average,
favor simpler models, which is why excessive nested validation is prone to
underfitting the available data. Another consideration is the computational
overhead grows exponentially in the number of splits. For example, if 10-fold
train» D E,vi)l’ ng and D tests
then this would require the evaluation of at least 10% = 1000 many splits. This

cross-validation is used for a split into 4 datasets 2

number grows further if HPO is employed in any of the folds since it needs to
train models several times until a good parameter configuration is found.

In practice, one has to decide how many splits to do at each level, how many
instances to split off and which validation method to employ. This decision is
informed by the desired running time, precision of error bars, quality of the
final model and more considerations.

3.2. Hyperparameter Optimization

Nowadays, in machine learning research, it is important to do hyperparameter
optimization (HPO) in a principled way, not only to eke out the last bit of
performance of a model, but more importantly, to facilitate a fair comparison
of models [Bis+23; Egg+21]. Bouthillier and Varoquaux [BV20] surveyed
the HPO methodology of 786 papers submitted to the NeurIPS2019 and
ICLR2020 conferences. They found that 93.7 % of those respondents who
do optimize the hyperparameters of their approaches use simple methods like
manual tuning (45.7 %), grid search (40.6 %) or random search (7.4 %). More
worryingly, 22.6 % of researchers did not optimize the hyperparameters of their
baselines at all, which casts doubt on the fairness of such experiments. Conse-
quently, we will go into a bit more detail here on how HPO and specifically
Bayesian optimization can be done in a principled way. The excellent book by
Garnett [Gar23] served as a reference throughout this section.

Given a parameter space © and a parametrizable hypothesis space ', we can
write the HPO problem as

argmin R, (hg) where hy € argmin R, (h) .
(=€) heJty

The important part here is the optimization over 8, which is why it makes sense
to reframe this problem as a more general function optimization problem:

0* € argmin f(6), (3.2)
0cO

[Gar23]: Garnett (2023), Bayesian Optimiza-
tion
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black box optimization

sequential decision problem

Bayesian optimization

acquisition function

where f: © — Ris a real-valued objective function that we want to minimize.
Think of it as a black box function, where the machine learning process and
computing the validation loss is hidden from us. We can only query points 6
and get the corresponding function value f(6).

In the field of function optimization, there are various methods to solve this
problem, usually with different trade-offs in terms of sample efficiency, com-
putational cost, and robustness. The correct method depends on the properties
of the function f. In our case, we first assume that no gradient or higher-order
derivative information is available. Often, hyperparameters of a machine learn-
ing model are discrete, e. g., the number of layers and units in a neural network,
which is why a gradient does not exist. However, even in the cases where
we restrict ourselves to real-valued parameters, the gradient is often costly
to evaluate, requiring the backpropagation of the validation loss through the
complete validation procedure [MDA15]. Secondly, we assume that fis costly
to evaluate, motivating the use of sample-efficient optimization methods, and
ruling out the exhaustive computation of high-dimensional parameter grids.
Finally, we do not restrict the objective function in any way to be “easy” to
optimize, e. g., we do not assume that fis convex, smooth, or even continuous.
This setting is usually called black box optimization since nothing is known about
fand we can only use it to query points and to get a corresponding value.

The problem is a sequential decision problem, where the optimizer has to repeat-
edly decide on a point to evaluate using f, updating its internal model of f
while doing so. Of course, the optimizer does not know the output of the
function fin advance, and therefore needs to account for this uncertainty. A
particularly successful approach is Bayesian optimization, which learns a sur-
rogate model of fable to express the uncertainty regarding possible function
values at previously unseen points. As we shall see, this allows it to employ
efficient search strategies to arrive at a global optimum quickly.

3.2.1. Bayesian Decision Theory

The hyperparameter optimizer starts with a dataset 2 of points that have
already been evaluated. Another input is the optimization space 6, usually
assumed to be a subset of R%. The main decision the optimizer has to make
is choosing a point 6 € O to evaluate. As is usual in decision theory, we will
define a utility function &: © — R which assigns a degree of usefulness to a
given point of the optimization space. We adapt this function based on the
data D we already have, which we denote by a(0; D). At time step ¢ € N, the
optimizer will then solve the following optimization problem

0, € argmax a(6; D;) (3.3)
0co

to determine the next point 6, to try. It then evaluates y; := f(6,). The tuple
(8, y;) is then appended to the dataset to get D, ; = D, u{(6,, y;)}. Since the
responsibility of function « is to help in the “acquisition” of useful points
during the optimization process, it is widely called an acquisition function. The
reader may notice that the optimization problem (3.3) is very similar to the
actual optimization problem (3.2). The difference is that we assume fto be
costly and /or time-consuming to evaluate. « is usually cheap to compute, and
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as long as the optimization problem (3.3) can be solved orders of magnitude
faster than evaluating f, this is beneficial.

Many acquisition functions in the literature can be constructed using Bayesian
decision theory, which is the application of Bayesian modeling to decision theory
in order to facilitate making decisions under uncertainty. The first question
we have to answer is, what do we even care about when performing HPO?
Usually, the optimization process is run for a fixed number of iterations T, after
which we end up with a point 6. The points 6y, ..., O and their results yi, ...,
yr are not important for the HPO task, since only the final recommendation is
used to parametrize our machine learning model. Formally, this is expressed
by what is called the simple regret

= min pip, (0) — f*, 3.4
T r(glelgupr() f (34)

where f* is the ground-truth minimum of fand pp, is the surrogate model
of the optimizer at time step T. This is opposed to settings where we want the
whole sequence y;, ¥s, ... to be as low as possible. This can be a useful measure
in applications where the intermediate rewards are important, such as in online
advertising, clinical trials, or reinforcement learning. More precisely, in these
settings, we want to minimize the cumulative regret

T T
Rr= Z(Yt‘f*)=ZYt_Tf*-
t=1 t=1

The goal then is to define an optimizer, which achieves a sublinear cumulative
regret, i.e., lim,_,,, Ry/T = 0.

In the following, we will go into more detail on what suitable surrogate models
are for Bayesian optimization. Finally, we will consider typical acquisition
functions used in practice in Section 3.2.3.

3.2.2. Surrogate Models

In order to use Bayesian optimization for HPO, we need a surrogate model. As
the term suggests, it will act as a proxy for the ground-truth function f. There
are a few properties a model should have to be a viable surrogate model. Most
importantly, it should be much less costly to evaluate than f. Otherwise, one
could work directly with f. Secondly, it has to be possible to compute some
measure of the predictive uncertainty, meaning that the model should be able to
express how certain it is about the true function value at a given point.

Consider, for example, the situation shown in Figure 3.7 where we evaluated
our (noise-free) target function fat two different points. It is clear that our
surrogate model is certain with respect to the predicted function value at
exactly those two points while being more uncertain everywhere else. A good
way to think about the surrogate model is to treat it as a model space H 4
which roughly contains all models consistent with the data. In Figure 3.7 we
see 10 randomly chosen models h € 7 . The shaded region depicts the 95 %
region of the surrogate model, and we can see that it covers its own uncertainty
nicely. This uncertainty is called epistemic uncertainty [Hor96; KD09; HW21],
because the underlying target function in this case is noise—free, and the only

simple regret

cumulative regret

epistemic uncertainty
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v

Figure 3.7.: A good surrogate model is able
to express its epistemic uncertainty. The
further we move away from data points,
the more the variance of consistent models
increases. The red curve shows a function
consistent with the data, but violating the
smoothness assumption.

Random forests

“randomness” is due to not knowing the precise model. If we observe more
and more data, i.e., |D| — oo, we expect this uncertainty to go to 0.

The ability to inter- and extrapolate well is, of course, dependent on the ability
of the surrogate model to model the smoothness and continuity of the target
function well. In Figure 3.7, we can also see the red curve that goes through
both points of the dataset. The difference is that it has a much lower smoothness
and is not well covered by the blue uncertainty region. Deciding on the correct
smoothness to use for the data at hand is again a model selection problem,
albeit on a meta-level.

There is a variety of different models which have been proposed as surrogate
models in the literature. Gaussian processes are a natural choice since they
are, by virtue of being a probabilistic model, able to express their epistemic
uncertainty [RWO06; Gar23]. In addition, they have other useful properties,
such as being able to model different kinds of smooth functions, and being
able to incorporate prior knowledge about the function by choosing a suitable
covariance function. They are also a non-parametric model, which means that
given enough data, they can model any function to an arbitrary precision. This
is why we will go into more of their details later on.

Bergstra et al. [Ber+11] propose to model p(6 | y) using a simple (Parzen)
density estimation approach. They define

0O ify<y*
n61y)= crsr
g) ify>y

where y* is a threshold on the function values observed so far, €(8) is the density
estimator for all points whose output is smaller than the threshold, and g(6)
of those larger than the threshold. The ratio €(6)/g(@) can then be used as an
acquisition function. The threshold y* is commonly set to a percentile (e.g.,
15 %) of the observed data [Ber+11; Tia+21]. There are a few drawbacks to
this approach. Since it depends on density estimation, it suffers from the curse
of dimensionality and numerical instability [Tia+21].

Random forests are a general model class proposed by Breiman [Bre01], which
are used for both regression and classification. A random forest is an ensemble
model consisting of multiple decision trees. In each node of a decision tree,
a variable is selected, and then the data at that subtree is split based on this
variable. At leaf nodes, the empirical mean of the output values is stored
for use in prediction purposes. As is, random forests are not able to express
their uncertainty at a point. Hutter et al. [Hut+14] introduce a modification
where the empirical variance is stored in the leaf nodes as well. Since a forest
consists of multiple decision trees, the means and standard deviations have to be
aggregated. This aggregation can be achieved by treating a prediction at a point
as a mixture of Gaussians, with each Gaussian corresponding to a particular
leaf node of the decision tree used for that point. One advantage of random
forests as surrogate models is that they can easily deal with dependencies in
the parameter space. For example, let §; € {1, 2} be the number of layers in a
neural network and 6,,6; € IN be the number of hidden units in the first and
the second layer. Then it is clear that 65 is only applicable if §; = 2. Even with
this modification, random forests are not able to extrapolate the uncertainty
well to regions with few data points [Gar23].
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The success of neural networks in other domains has sparked interest in using
them for Bayesian optimization as well. Especially in optimization problems
with a high number of parameters, the ability of neural networks to often
learn good feature representations is desirable. A major problem with this is
that neural networks do not have a direct mechanism to signal their epistemic
uncertainty [Hus+21]. Early work by MacKay [Mac92b; Mac92a] defined
Bayesian neural networks by imposing Gaussian prior distributions on the param-
eters of the network. In their PhD thesis, Neal [Nea96] describes a principled
way to define priors over network parameters, such that they produce useful
priors over functions as the number of hidden units of the neural network goes
to infinity. The difficulty lies in computing the posterior of the Bayesian neural
network, which is intractable. Approximating it requires costly Monte Carlo
methods [Spr+16], variational methods [Blu+15] or ensemble approximations
[GG16]. A disadvantage of using neural networks for Bayesian optimization is
that neural networks as a model class are typically “data hungry”. Often, in
Bayesian optimization, the goal is to converge quickly with as few iterations
as possible. It is, therefore, rarely the case that there is enough data to use a
Bayesian neural network.

In case there is a good amount of data available, neural networks are often able
to model high-dimensional data well. Instead of going for a Bayesian neural
network, it is possible to use neural networks only as feature extractors for a
Gaussian process [Cal+16; Wil+16].

3.2.2.1. Gaussian processes

The model class most often used as a surrogate model for Bayesian optimization
are Gaussian processes. It is a probability distribution over functions f: © — R,
and therefore naturally able to represent epistemic uncertainty. Formally, we
define the Gaussian process as follows:

p(f) = GP(f; 1K)

where yi: © — R is a mean function and K: © x © — R is a covariance function.
The latter is also often called kernel function. While it is intuitively clear what
the mean function is doing, it may be less clear what the covariance function
is accomplishing. Roughly speaking, the covariance function is a measure of
similarity. Consider, for instance, Figure 3.8, where we can see the behavior
of a typical covariance function. The covariance function K is maximal when
the points 6; and Gj are equal. If we increase the distance between them, the
covariance quickly decays to 0.

This is a very simplistic view, however, since the covariance function of a
Gaussian process (GP) encodes many important properties of the function space,
e. g., smoothness, continuity, differentiability, periodicity and stationarity, to
name a few. The choice of the correct covariance function is, therefore, the
most important step when using GPs. Nevertheless, when applied as a surrogate
model in a Bayesian optimization setup, one can typically use off-the-shelf
covariance functions like the Matérn covariance function [Mat60], as a safe
default choice.

A simple one-dimensional GP is shown in Figure 3.9. There are 5 observations
of our target function f, which we know to be noise-free. As a GP is a

Bayesian neural networks

[Nea96]: Neal (1996), Bayesian Learning for
Neural Networks

mean function
covariance function
kernel function

K

0 6.~

Figure 3.8.: A covariance function deter-
mines how “similar” nearby points are.
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Figure 3.9.: A GP fitted to 5 observations.
Top row: 50 functions sampled from the GP
posterior. Bottom row: Mean and 99.9 % pro-
cess of the GP.

[RW06]: Rasmussen et al. (2006), Gaussian
Processes for Machine Learning

probability distribution over functions, it is common to depict it by plotting
functions sampled from it (see the top row of Figure 3.9). Another common
method for visualizing GPs is to plot the mean process p15, and some quantile
of the standard deviation (see the bottom row of Figure 3.9). This is possible,
since for each single point 6 € 6, the marginal distribution of the GP is simply a
univariate Gaussian distribution NV (u(6), K(0,0)). We depict the mean process
 as the central blue line while we visualize the 99.9 % credible interval of the
resulting Gaussian in each point as the shaded blue region. We see that the
uncertainty predicted by the GP at the observed points is 0, as we expect. The
predicted uncertainty is then increasing smoothly the further we move away
from the observations.

In order to use GPs in a Bayesian optimization setting, we need to specify a
suitable prior GP, i.e., a prior mean function g and a prior covariance function
K. Since the mean function only has an effect on regions far away from
data points, and one wants to avoid biasing the model, one typically adopts a
constant mean function. The prior covariance function, as mentioned above,
is usually set to a Matérn covariance function, unless more prior knowledge
is available. Covariance functions can be combined in various ways, which
allows a practitioner to accurately represent their assumptions about possible
functions. Since this is usually not employed for Bayesian optimization, we
will not go into details here and refer the interested reader to the book by
Rasmussen and Williams [RW06].

Equipped with the prior GP p(f), we can use it to specify the posterior distri-
bution over functions p(f | D). Before doing so, it is common to express the
prior process on a set of arbitrary points © with corresponding observations ¢.
The resulting distribution we denote by p(¢ | ©). With that, the posterior
distribution is defined by:

p(f|z>>=jp<f|@,¢>p<¢|@>d¢.

Here p(¢ | D) < p(¢p | ©) p(y | ©,¢) is the posterior distribution of the
function values. The term p(y | ©, ¢) is a simple Gaussian likelihood. It is also
common to denote the posterior GP by GP(f; up, Kp) with

1 (0) = p(0) + K(6,0)K(6,0) (¢ — p), and
Kp(0,0") := K(0,0’) — K(0,0)K(0,0)7'K(0,0")

In practice, one avoids computing the matrix inverse for numerical reasons
and instead a Cholesky decomposition is employed. Furthermore, we did not
yet mention the hyperparameters of the prior covariance function, which need
to be inferred or marginalized out. We will not go into further detail here,
but in practice, one typically uses maximum a posteriori inference or “exact”
inference using Markov chain Monte Carlo (MCMC) methods [Gar23].

With that, we have a complete probabilistic model of the function space,
which we can use to make predictions and compute the uncertainty of these
predictions. What remains is to define a function that tells us which points are
most useful to evaluate to achieve our overall goal of minimizing the simple
regret in as few iterations as possible.
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3.2.3. Bayesian Optimization using Acquisition Functions

Being able to model the uncertainty of the performance with respect to the
hyperparameters is one important component of employing Bayesian optimiza-
tion. The next question is how new points should be selected in such a way
that one converges quickly, and robustly, to a global optimum. We will do so
by defining a special function which maps points in the space to real-valued
scores. Since the repeated optimization of this function is used to “acquire”
new points, it is called an acquisition function. Formally, it has the signature
a: © — R. With new information, the acquisition function should change as
well, which is why one usually incorporates the current dataset 2 as context
such that a(-; D) denotes an acquisition function adapted to data 2. One could
rightfully argue that the acquisition function should also take the optimiza-
tion budget into account, i.e., the number of iterations we plan to run our
hyperparameter optimization for. Doing so, one arrives at Bellman’s principle
of optimality [Bel55], which states that a decision in a certain situation should
be taken as if future decisions are taken optimally. In practice, implement-
ing the computation of optimal policies becomes intractable already for small
optimization budgets. This is the reason why one-step lookahead acquisition
functions have become the default in off-the-shelf optimization libraries.

In the following, we will go into more detail on how acquisition functions
are usually designed, and what popular implementations are. A principled and
widely used methodology is to derive acquisition functions based on decision
theory. Here, one specifies a utility function u(2), which roughly computes
the value of the information contained within the given dataset 2D to inform
some decision. In the case of optimization, this could, for example, be the
value of the estimated optimum if one were to terminate immediately. The
corresponding acquisition function is then computed as the one-step marginal
gain:

a(0; D) = E[u(D u{(6,y)}) | 6, D] —u(D)

Different utility functions result in qualitatively different acquisition func-
tions.

A particularly simple utility function is the point maximizing the expected
value of the surrogate model:

u(P) = max p(0)
0€O.,
where Oy, is the set of points observed so far.* In the case of noiseless observa-
tions, the one-step marginal gain simplifies to the following expression:

ag(6; D) = Jmax(y —max{y € Yp}, 0) p(y|6,D)dy

It is called the expected improvement acquisition function (see Figure 3.10 for a
visualization). The potential improvement a point can yield is influenced by
the expected performance at that point and also the uncertainty. That way, it
achieves a tradeoft between exploitation and exploration.

Another important family of acquisition functions is based on information-
theoretic concepts. Our goal in the end is to find the optimal point in parameter
space 0*. The location of this point is uncertain, which is why we can treat

acquisition function

one-step lookahead

decision theory

one-step marginal gain

4: Using the complete parameter space ©
here is a completely valid choice and yields
the knowledge gradient acquisition function.

expected improvement
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Figure 3.10.: Behavior of different acquisition functions. First row: Gaussian process after 7 observations. Second row: Expected improvement. Last

row: Min-value entropy search.

mutual information

max-value entropy search

[GBC16]: Goodfellow et al. (2016), Deep
Learning

0™ as a random variable whose density concentrates around the true optimum
with more and more observations. It is then natural to ask which points should
be sampled such that this uncertainty is reduced as quickly as possible. What
we are looking for is maximizing the mutual information I(y;0* | 6, D) of the
value yat our query point 6 with the location of the global optimum 6*. This
leads to an acquisition function also called predictive entropy search [HHG14].
The function is difficult to evaluate, which is why, in practice, approximate
solutions are used to compute the mutual information.

An alternative approach is to instead compute the mutual information I(y; y* |
0, D) of the value yat our query point Owith the value y* of the global optimum
0*. This results in the max-value entropy search acquisition function apgs.
Both expected improvement and max-value entropy search are compared in
Figure 3.10. The top row shows 7 observations of an unknown one-dimensional
function and a Gaussian process as a surrogate model for the optimization. As is
apparent, expected improvement favors points closer to existing observations,
since these points are more likely to yield an immediate improvement. Max-
value entropy search instead prefers points farther away from existing points
where it can reduce the uncertainty in the estimate of the optimum value y*
the most.

Due to its robustness and good performance, we will use max-value entropy
search as the acquisition function in our experiments. In the next section, we
will give an overview of the main model class that is used to instantiate the
models developed in this thesis, namely neural networks.

3.3. Neural Networks and Inductive Biases

The pervasive influence of neural networks in the field of machine learning

is well-documented [LBH15]. Their adaptability across various domains,
coupled with their robust performance and the comprehensive ecosystem of
supporting libraries, has established them as the preferred solution for address-
ing novel learning challenges [Pas+19]. We will make use of various neural
networks over the course of this thesis, which is why we will explain the

important notions here. The excellent book by Goodfellow et al. [GBC16]

will be used as a reference throughout this section.
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3.3.1. From Linear Models to Deep Learning

Neural networks as a model class are highly composite models. It is, therefore,
useful to first look at the simplest constituent, the linear model. As before,
assume that we have a supervised learning problem where XX is the instance
space and ¥ C R the corresponding output space. A linear model h(x) = w' x
is parametrized by a weight vector w, which is multiplied with an instance x
to produce an output. Augmenting the model by including a bias term b is
common and results in an affine model of the form h(x) = w'x + b. Although
linear models are very useful in many applications, the expressive power is
very limited.

A common way to allow linear models to learn nonlinear functions is to
transform the instances using a nonlinear function ¢(x) such that h(x) =
wT¢(x) + b. Historically, the function ¢ was constructed manually by domain
experts. It is natural to ask whether ¢ can instead be learned from data as
well. This is the approach taken by neural networks, where hidden layers are
introduced to act as feature extractors for subsequent layers. These hidden layers
can be, barring practical limitations, made arbitrarily wide or stacked arbitrarily
deep to allow representing highly nonlinear functions [HSW89; Lu+17].

A hidden layer itself consists of one or more hidden units, each being an affine
function to which an activation function g: R — R is applied. Using linear
algebra, we can represent a hidden layer succinctly by

h=gWTx+c).

That g is nonlinear is important because stacking arbitrary amounts of affine
functions is equivalent to a single affine transformation. Note that g itself does
not have parameters and is not (usually) adapted to the data at hand.

There are a plethora of activations a practitioner can use, each with their own
properties. The most commonly used activation function is the ReLU (see
Figure 3.11 for a visualization), defined by the simple function g(x) = max{x, 0}
[GBB11]. Although it appears that not much is gained by introducing a “kink”
into a linear function, it turns out that composing several ReLUs allows us to
model nonlinear functions. Consider the function shown in Figure 3.12. It is
the result of a small neural network consisting of 5 hidden units, each of which
uses the ReLU activation function. As we can see, the resulting function is
more complicated than its constituent parts.

Therefore, we can see how neural networks are able to model complex func-
tions by decomposing them into simpler parts. In the next section, we will
discuss how neural networks are usually trained, which may seem like a daunt-
ing task at first, given their compositional nature.

3.3.2. Training Neural Networks

Now that we have introduced neural networks, we may wonder how such a
model can be trained. For linear models, it is possible to derive the empirical
loss minimizer in a closed form. This is, in general, not possible for neural
networks. Additionally, the loss landscape of neural networks is nonconvex,
which makes them hard to optimize. It is for this reason, that stochastic gradient

hidden layers

hidden units

Figure 3.11.: The rectified linear activa-
tion function commonly used in neural net-
works.
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Figure 3.12.: A simple neural network con-
sisting of 5 hidden units using ReLU activa-
tion.

empirical loss minimizer: Page 43
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Figure 3.13.: Behavior of the partial deriva-
tive of the example for x = 1, y = 10 and
b=-5.

descent (SGD) is used to optimize the parameters of neural networks. Let
J: W — R be a function mapping from parameter vectors to loss values,
representing our objective to be minimized. The idea of gradient descent is
then to update weights iteratively using the update formula

W1 = w,— VI (wy),

where 71 is a constant called the learning rate. In order to evaluate VJ(w), we
need to compute the contribution of each weight to the final loss value. Since
neural networks are composite models, which can be several layers deep, it is
not immediately clear how we can compute the appropriate partial derivative
with respect to each weight. Thankfully, it is possible to propagate the loss value
using the chain rule of derivatives back through the network in a step-by-step
fashion.

‘We begin by stating the chain rule for the scalar case. Assume that x € R,
y = g(x) and z = f(g(x)), then the chain rule is

dz _dzdy
dx dydx’

As an illustrative example, suppose we have a simple model of the form y =
o(wx + b) with o(x) = log(1 + exp(x)) being the activation function, and the
squared error being the loss function. Thus, if our true observation is x, then
J(w) = (9 — y)* and our goal could be to calculate dgd—(ww) There are several
functions for which we need to use the chain rule. The complete chain will
look as follows:

dj(w) _dj(w)dydz

dw & dzdw (3:5)
with z = wx + b here. We can then determine all derivatives separately as
follows:

dg(w) . dy 1 dz
dy G- dz  1+exp(-2z) dw *

Inserting into (3.5), we get

dg(w) _ 2x(h—y)
dw  1+exp(-z)
_ 2x(o(wx +b)—y)

~ 1+exp(—wx—b) (36)

In Figure 3.13 we plot (3.6) for a given pair (x,y) = (1,10) and b fixed to
—5. We can see that the derivative is negative for w < 15 and positive for
w > 15. A gradient descent algorithm would, therefore, increase the weight w
in the former case, while decreasing it in the latter. Note how the magnitude
of the derivative decreases towards w = 0 and close to the optimum w =
15. The initial value of w dictates the speed of convergence towards the
optimum, which is one reason why initialization is an important topic in
deep learning [NBS22].

We have seen that we can calculate partial derivatives for each weight in a
model using the chain rule. Doing this computation directly can lead to the
repeated computation of many terms, which is very inefficient. Approaches
that solve this computation problem more efficiently are subsumed under
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the term automatic differentiation [Bay+18]. The widely used backpropagation
algorithm in deep learning is a special case of what is called reverse accumulation
[Gri12]. For most neural network architectures and loss functions encountered
in practice, backpropagation incurs a computation cost of O(n), where n is the
number of nodes in the computation graph of the neural network.

So far, we have talked about gradient descent and how to compute the gradient
in the first place. In practice, the datasets usually are too large that the complete
gradient can be computed efficiently. SGD solves this issue by randomly
sampling subsets of instances called minibatches in each iteration and computing
an estimate of the gradient by averaging the gradients on these subsets. Formally
we sample a batch {(x1), y1), ..., (™), (M)} C D and then compute the
gradient estimate

§= %vw f L (hy (D), y®) .
i=1

‘With that estimate, we can perform the parameter update as before: w,,; =
w; — 8. An important improvement of SGD, which accelerates the con-
vergence speed, was the introduction of momentum [RHW86], where past
gradients are incorporated as a velocity vector m into the gradient computation.
We introduce a new parameter « € [0, 1) and update this velocity vector as
follows

m =am;—ng

and change the update formula of SGD to w,,; = w; + m; ;. A variant is
Nesterov momentum [Nes83], where the velocity vector is first applied to the
weight vector w, then the gradient §is computed using the updated weight
vector and only then the velocity vector and the weight vectors are fully
updated. This change improves the convergence speed and stability of the
optimization process [Nes83].

A commonly used optimizer is called adaptive moment estimation (Adam),
which combines the ideas of several previously proposed approaches [KB15].
Similar to momentum, it tracks a moving average of the gradients m, (first-
moment estimate). In addition, it also tracks the squares of the gradient using
a moving average v; (second raw moment estimate). Since these estimates are
initialized to zero, they are biased during the initial iterations, which is why the
authors employ bias correction to arrive at niy; and v,. The full update formulas
are defined as follows:

my = pim+ (11— B1)g Ver1 = oy + (1= Bo)g*
. _ My . Vi
my = 1_/3{4.1 Viv1 = 1_/354.1
oy U .
Wir1 =W = mgyq .
Vir1 T €

Dividing the learning rate 1 by the square root of v, ; effectively implements
different learning rates for each parameter in w. A small constant e is added to
increase numerical stability.

automatic differentiation
backpropagation

momentum

Adam optimizer
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Table 3.1.: Common learning tasks and their task-dependent losses.

Learning task

Typical domain ~ Example activation ~Example loss

Regression
Binary classification

Multi-label classification

Multi-class classification

Ranking

R
[0,1]
[0,1]
Ak—l

Sk

s=r MSE: (s — y)?
5= ﬁp(r) binary cross-entropy: ylogs + (1 — y)log(1 —s)
§ = ﬁ}’(") binary cross-entropy: y;logs; + (1 — y;)log(1 —s;)
5 = Z:L(r’)() categorical cross-entropy: —logs,,
=1 exp r]
s; = exp(r;) Plackett-Luce loss: 22:11 log (Zf:,- exp(syflo))) —Sp-1()

3.3.3. Task-Dependent Losses

Neural networks are a flexible model class because they can be applied to a
variety of settings with minimal changes to the overall architecture. We will
make use of this property in this thesis as well, where we apply neural networks
in the realm of preference learning. The main methodology is to let the last
layer of the neural network output one or more real-valued scores r € R for
a given instance. An activation function then transforms these scores into a
range suitable for the task, e.g., in the case of binary classification, we could
output a value s in the range [0, 1]. Finally, a loss function L is defined, which
relates the transformed scores to the observed targets in the data.

In Table 3.1, common learning tasks and their corresponding domains are
listed. In the case of ranking, y represents a permutation with y~! being its
inverse, i.e., y_l(i) maps the index i of an object to the corresponding rank. As
is apparent, we can solve many different settings just by slightly varying the
activation function of the last layer and the loss function. What this simplified
view glosses over is that the instances x € ¥ can also change depending on the
setting.

As an example, consider the task of learning from rankings. If we are given
an instance vector x for which we have to predict a ranking of a set of labels,
then the setting is called label ranking [VG10]. If, instead the instance consists
of several objects, each represented by a feature vector, and the task is to
rank the objects, then this problem is called object ranking [KKA10]. While
this necessitates a change of the neural network architecture, the same task-
dependent losses on the outputs can be used. The only restriction is that in case
of labels, one assumes that the set of labels remains fixed, which allows one to
give each label a different weight in the loss function. This is useful in settings
where there is an imbalance of the different labels. If the instances instead are
a set of objects, potentially different for each instance, this weighting is not
possible.

Since this methodology is so flexible, it will underpin some of the approaches
developed in this thesis. Note that making a neural network compatible with
a task is often only the first step. Considerable time and resources are invested
into the development of new neural network architectures, which encode
suitable inductive biases [TC21; MFL20; Ker+22]. Before we go into more
detail with respect to common neural network architectures, we will take a
detour into what general regularization methods exist to limit the complexity
of neural networks.



3.3. Neural Networks and Inductive Biases | 61

e f(x)+e | f(x) — h(x)

Figure 3.14.: Effect of L, parameter norm regularization on the fit of an overparametrized (3 hidden layers with 50 units each) neural network.

3.3.4. Regularization of Neural Networks

Neural networks are a very flexible model class, and the number of parameters
quickly grows with the number of hidden layers and units. As we have seen in
Section 3.1, the complexity of the model should be appropriate for the amount
and information content of the data at hand. There exist several regularization
methods—some general, some only applicable to neural networks— which can
be utilized.

The most commonly used method is to add a penalty term for the complexity
of the model to the loss function. Recall that Ry, (h) denoted the empirical
risk of a model h € . We can then define the augmented risk as follows: empirical risk: Equation 3.1, Page 43

augmented risk

1 N
jeaug(h) = N ; L(yis h(xi)) + AQ(h) .

The function Q should be large when the complexity of the model 4 is high and
low in the opposite case. Minimizing the augmented loss will, therefore, favor
models with both a low empirical loss and a low complexity. The parameter
A € R controls the trade-off between these two and is usually optimized on a
validation set. validation: Section 3.1.2, Page 45

In the case of neural networks, penalties on the norm of the weights w are
the main method to penalize complexity. If the Euclidean norm is used, the
method is called L, regularization, with Q(w) = |w|3 being the penalty term L, regularization
used to augment the loss function. In Figure 3.14, we can see the effect L,
regularization has on the model complexity of a neural network. The network
used to generate the plots consists of 3 hidden layers with 50 units each. With
5251 parameters in total, the network is massively overparametrized for the
given task of learning a regression function for a dataset of 9 points. In case of
A = 0 (no regularization), the model happily interpolates all given points and the
out-of-sample performance would, therefore, be bad. Increasing A to 0.1, the
model no longer interpolates the points, and the model fit has improved slightly,
but it is still influenced too much by the noise of the points. Finally, with
A = 0.9, the resulting model is almost linear and almost matches the ground-
truth model, shown as a dashed gray line. We can see that L, regularization is
a powerful method to restrict the complexity of neural networks, even if the
number of parameters far exceeds the amount of data we have.

The Euclidean norm is not the only norm that can be used to penalize the
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5: This can only happen in situations, where
the optimal weight vector (without penalty)
contains zero entries.

dropout

dataset augmentation

magnitudes of the weights. If a sparse weight vector w is sought, L; regular-
ization is commonly applied. Sparsity can be useful if one wants to compress
the model or for the purposes of feature selection. Due to the shape of the L,
ball unimportant weights will receive weights close to zero, but usually not
exactly 0.> With L; regularization, the shape of the L; ball admits solutions to
the augmented loss with zero weights.

Another important regularization method, specific to neural networks, is called
dropout. During training, dropout will, with probability p, mask the output
of each hidden unit. This effectively samples a subnetwork of the neural
network, which is then used to make a prediction. Implicitly, we are defining
an ensemble of an exponential number of neural networks, but it is not necessary
to exhaustively calculate all of them, and the performance of the ensemble can
be approximated well by a few random samples. During inference time, it is
possible to forego masking and use the complete network instead. This only
requires scaling the outgoing weights of each hidden unit by the probability
P, and hence is known as the weight scaling inference rule [Hin+12]. Srivastava
et al. [Sri+14] compare dropout to L, regularization and a few additional
regularizers on the MNIST dataset and find that it leads to the smallest test
classification error.

In certain domains dataset augmentation can be a useful regularization method.
The idea is that small transformations to the instances will not change their
label but help to fill the instance space. Thus, one inflates the original dataset
by adding new instances where such transformations have been applied. A typ-
ical example of this is image classification, where applying rotations, flipping,
blurring, zooming, etc., should not change the overall image. One should only
select transformations that do not affect the labels. For example, if the task
is to classify bicycles by their color, then a transformation that converts an
image to grayscale or rotates the hue angle is not suitable. For the now well-
known AlexNet architecture, the authors used data augmentation techniques
to improve the classification error of their model and report a reduction of
1% [KSH12]. Taylor and Nitschke [TN18] compare a small set of common
transformations and find that cropping yields the highest increase in test accu-
racy of 13.82 %. Nowadays, off-the-shelf libraries implement a wide variety
of different augmentation methods [Bus+20], making it easy for researchers
and practitioners to include data augmentation in their pipeline.

The most impactful way to regularize neural networks is to encode inductive
biases directly into the network architecture itself. This is why we will now
explore key examples of neural network architectures designed for different
types of data.

3.3.5. Network Architectures & Inductive Biases

Classical, fully-connected feed-forward networks, as the name suggests, are
networks organized into several layers, each consisting of a certain number of
hidden units. The “fully-connected” refers to the property that the outputs of
all hidden units in layer i — 1 are connected to all units of layer i. Among the
units of one layer, there are no connections. In these kinds of networks, the only
hyperparameters are the number of layers to use and the number of hidden units
in each layer. Early work on the representative power of such networks resulted
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in the universal approximation theorem [HSW89; Cyb89], which states that if
you have at least one hidden layer with enough hidden units and a nonlinear
activation function, then any one-dimensional Borel-measurable function can
be approximated. The impact of these types of results is limited since they
will not inform us, whether it is possible to reach such solutions by standard
training methods and how many hidden units are necessary. Subsequent work
has shown that in the worst case, an exponential number of hidden units is
required to achieve universal approximation [Bar93).

‘While this gives fully-connected layers flexibility in allocating the weights of
each connection in order to fit the data well, it is wasteful to have connections
quadratic in the number of units. Specialized architectures for common tasks
have been developed, which are more economical with the number of weights.
In the following, we will go over the most common families of architectures
and take a look at their properties.

3.35.1. Convolutional Neural Networks

A common way to encode domain-specific properties into the neural network
architecture is to restrict the connections between hidden units to a suitable
subset. When dealing with image data, it is clear that whether something is a cat
should not depend on the absolute position in the image. Rather, the local pattern
is important for the recognition/classification. Convolutional neural networks
(CNNs), proposed by Lecun [Lec89], enforce this by the use of local pattern
detectors called kernels. The kernel is applied to the image by an operation
called convolution, the output of which is a feature map (see Figure 3.15 for an
illustration). The formula for the two-dimensional convolution operation is

defined as
M N
hij = Z Z Xivm,jn * Kmn »
m=1n=1
where x is the input image, K is the kernel of size M x N, and h is the resulting
feature map [GBC16]. Padding with zeros is often used to ensure that the
output has the same size as the input.

The convolution operation has the previously mentioned property that moving
a pattern to a different position on the image will move the output of the kernel
to a different position on the feature map without changing the output itself.
This property is called translation-equivariance [GBC16]. It is an important
property that allows the network to learn local patterns, which are invariant to
translations of the input, as is the case in image recognition tasks.

Note that the kernel weights are shared across the whole image, which consid-
erably reduces the number of parameters. This is in contrast to fully-connected
layers, where each hidden unit has its own set of weights. The number of
parameters in a convolutional layer is, therefore, proportional to the kernel size
and the number of kernels used. Similar to a fully-connected neural network,
we can stack multiple convolutional layers on top of each other to increase the
representational power of the network, using nonlinear activation functions
after each convolution operation.

universal approximation theorem

Feature map

Input matrix

Figure 3.15.: The convolution operation of
a neural network. A 2 x 2 kernel is moved
across a 2D input to produce a feature map.

[Lec89]: Lecun (1989), “Generalization and
Network Design Strategies”
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Figure 3.17.: The VGG-16 CNN architecture [SZ15]. Orange boxes depict convolutional layers, red boxes are max-pooling layers, and purple
boxes are fully-connected layers.

2x2

max-pooling

Figure 3.16.: The pooling operation aggre-
gates the outputs of neighboring units (here
2 x 2 max-pooling). Here, a stride of 2 is
used, which reduces the size of the output 3 2 3 8
by half.

In addition, it is useful to insert pooling layers between convolutional layers.
With pooling, the outputs of the kernels in each region are further aggregated
using, e.g., the max-operation [ZC88] (see Figure 3.16 for an illustration).
Formally, the M x N max-pooling operation is defined as

maxpool(x);; = me[%ﬁ[ N Xi-s+m—1,j-s+n—1 »
where s; and s; are step sizes in the i and j direction, respectively. These step
sizes are usually called strides and are used to reduce the size of the output. As
an example, if we use 2 x 2 max-pooling with a stride of 2, the size of the
output is halved, as is the case in Figure 3.16. This mechanism also allows one
to support input data of varying sizes by dynamically computing the required
striding to arrive at a fixed representation size.

Note that the convolution operation is equivariant, but not invariant to trans-
lations. The latter is a stronger property and requires that the output of the
function fdoes not change at all when g is applied to the input (see Defini-
tion 3.3.1 for the formal definition). With the pooling operation, the network
can learn to be invariant to small translations of the input. The bigger the
pooling region, the more invariant the network will be to translations.

For a more concrete example, that shows how convolutional layers and pooling
layers can be combined to form a useable neural network architecture, consider
the example architecture shown in Figure 3.17. It shows the CNN called
VGG-16 proposed by Simonyan and Zisserman [SZ15] for the task of image
classification. It achieved state-of-the-art results in 2015 and is a prototypical
example of how modern convolutional networks are structured. It employs
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5 convolutional blocks, 3 fully-connected layers and one sigmoid layer to
produce the final classification scores. Each convolutional block consists of 2
to 3 convolutional layers using 3 x 3 kernels. A 2 x 2 max-pooling layer with
a stride of 2 is used to halve the size of the output. The VGG architectures
were an innovation at their time since they used small 3 x 3 kernels, while
other architectures were using larger kernel sizes. This reduced the number of
parameters and thus enabled the authors to go for a deeper overall network.

More recently, new techniques like skip connections [He+16] have been
employed to further improve the performance of CNNs. Since these are
out of the scope of this thesis, we will not go into further detail here. The
main takeaway here is that designing the correct neural network architecture
requires one to consider which symmetries exist in the problem domain and
how these can be encoded. CNNs achieve translation-equivariance and some
-invariance through the use of convolution and pooling layers.

3.3.5.2. Recurrent Neural Networks

o 01 O Or41

) ([

(a) Recursive (b) Unrolled

The architectures considered for now are feedforward neural networks, i.e.,
the output of a layer never is fed into an earlier layer. With recurrent neural
networks (RNNGs), this restriction is lifted, and circles in the architecture
design are allowed. These networks are typically applied to sequential data,
e.g., natural language, since the length of each input is not predetermined and
the precise order of tokens is less important than the tokens themselves in the
surrounding context.

A typical RNN acting on a sequence is shown in Figure 3.18a. It reads an input
x, processes it to produce hidden state h and the hidden state is used to produce
output o. Note how the hidden state is used as an additional input during the
computation of the hidden state. This is the key feature of RNNs and allows
them to model sequences of arbitrary length. It is easier to understand the
computation of an RNN when it is unrolled, e.g., as shown in Figure 3.18b.
Here, the network at time step ¢ is applied to input x;, receives the hidden state
h;_1, and produces the output o;. The network itself is the same at each time
step since the weights are shared across all time steps. This idea that the same
neural network is applied several times during one forward pass is therefore
referred to as weight sharing, and we will see it again later when we will develop

Figure 3.18.: A recurrent neural network
receives a representation of the previous
state as additional input. Adapted from Fig-
ure 10.2 in [GBC16].

weight sharing
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Definition 3.3.1 A function f: X — Y
is called invariant with respect to operation
g X ->X,if

flg(x) = f(x) vxeX.

[Zah+17]: Zaheer et al. (2017), “Deep Sets”

neural network architectures operating on sets of objects.

In staying with the theme of inductive biases, RN Ns are designed to encode the
assumption that the input is sequential, and more importance is given to inputs
that are closer in time. As for the representational power, it can be shown that
RNN are able to approximate arbitrary Turing machines [CS21]. In practice,
however, RNNs have problems learning long-term dependencies between
input tokens. One reason is that the gradients propagated back through the
unrolled computation graph can explode or vanish the longer the sequence
[PMB13]. Another problem is that the influence of long-term dependencies
shrinks exponentially, and thus are dwarfed by short-term interactions. Sev-
eral methods have been proposed to solve these issues, the most successful
of which were gated RNN architectures like the long short-term memory
(LSTM) architecture proposed by Hochreiter and Schmidhuber [HS97]. It
uses two computation paths, one for long-term memories and one for short-
term memories. The network learns which information to keep and which to
discard by use of gates that control the flow of information. They avoid the
vanishing/exploding gradient problem by letting only linear operations update
the states, which prevents the multiplicative compounding of the weights.

3.3.5.3. Encoding Sets using Neural Networks

Later in the thesis, one of the main challenges will be to deal with sets of
objects as input. In a set, the order of the constituents does not matter, e.g.,
if we have an arbitrary set {a, b, c}, then any permutation 7 will result in the
same set: 7({a,b,c}) = {a,b,c}. When working with neural networks, the
input has to be provided as a feature vector, which is sensitive to permutations
of the input. As an example, consider the task of learning a real-valued set-
function f: 2R LR A simple input encoding would be to concatenate all
d-dimensional vectors into one big vector such that the input space of the
neural network becomes R™. In a typical fully-connected neural network,
each vector consisting of d features would be connected to different weights.
Thus, without further restrictions on the weights, changing the order of the
inputs will result in a different output. One could train the network using
randomly shuffled sets of objects to try to get the network to learn that the
order is not important. The learned function will, however, not be perfect,
and the network will need a factorial amount of data augmentations to learn it.
We will now look at restricted network architectures, which can encode this
property directly.

Charles et al. [Cha+17] propose the PointNet neural network architecture
for the problem of point cloud classification and segmentation. They pass
each point through a deep neural network and utilize a max-pooling layer to
achieve permutation-invariance (see Definition 3.3.1). Zaheer et al. [Zah+17]
tackle this problem by showing that any function f: 2% — Y, receiving a set
as the input, is permutation-invariant, if and only if it can be decomposed into
the following form:

fX)=p ( > ¢(x)) , (3.7)

x€X

where p and ¢ appropriately constructed functions. Using the argument that
neural networks are universal approximators, the authors then propose to
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replace p and ¢ by neural networks. The key insight here is that the network
corresponding to ¢ is operating on each input x € X independently, implicitly
being equivalent to a network defined on a vector of length nd, but using the
exact same weights for each vector of length d. The permutation-invariance
is ensured by summing the representations. Since the sum is a commutative
operation, the order of the inputs is not important.

The authors also propose a weight-sharing scheme useful for learning permutation-
equivariant functions (see Definition 3.3.2):

flx) = o(wllx—i- wy (llT) x) ,

where o is a nonlinearity, w;, w, € R are the parameters, 1 € R? is a column

vector of 1s and I € R¥4

is the identity matrix. The term Ix simply reproduces
the input and multiplies it by the weight A, while (11T) x sums the inputs
and multiplies the sums by y. The latter sum can be replaced by any other
commutative operation on the inputs, which is why the authors also propose a
variation that uses max-pooling instead. The scheme can also be used when
the inputs x are matrices (i. e., each object in the set is represented by a feature

vector).

Note that the permutation operation on n elements defines the symmetric
group S,. We can generalize the concepts of invariance and equivariance by
allowing arbitrary group operations g (see Definition 3.3.1 and Definition 3.3.2).
Ravanbakhsh et al. [RSP17] introduce two weight-sharing schemes (one dense
and one sparse), which guarantee the equivariance properties as defined by a
given group operation, while still being sensitive to other (desirable) group
operations. Zhou et al. [ZKF21] go one step further and apply meta-learning to
learn the appropriate equivariance scheme for a collection of learning tasks.

3.3.5.4. Graph Neural Networks

We can see that encoding sets using neural networks by enforcing certain sym-
metries is one way to view the problem. We get a complementary perspective
when looking at graph neural networks (GNNs). These are neural networks that
operate on graph data to solve a variety of tasks. Before we go into more detail,
it is interesting to note that many learning tasks can be represented as graph
learning problems. The task of learning from two-dimensional images can
be converted to a graph learning problem by letting each pixel be a node and
connecting each to all of its neighboring pixels via an edge. More relevant to
this thesis, a set can be represented by a complete graph of all of the objects in
the set.

The literature on learning from graph data is very heterogeneous with respect
to the tasks considered. One may wish to predict labels for the nodes of a given
graph, e.g., given a graph of user profiles of a social network, try to predict
the political affiliation for each user. As the reader may have guessed already,
it is possible to target edge attributes as well. One important application is link
prediction, where the goal is to predict how likely it is that two usets, or more
general entities, are connected [ZC18]. Finally, we may want to predict the
properties of the graph as a whole, with the goal of determining if a particular
molecule can achieve a desired effect [And03; Yan+22]. For instance, in drug

Definition 3.3.2 A function f: X —
X is called equivariant with respect to op-
eration g: X —> X, if

flg(x) = g(f(x)) vxeX.

symmetric group S,

[RSP17]: Ravanbakhsh et al. (2017), “Equi-
variance Through Parameter-Sharing”
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[Wu+21]: Wu et al. (2021), “A Com-
prehensive Survey on Graph Neural Net-
works”

development, we might predict if a new compound can effectively inhibit a
specific protein.

There are several types of GNNs considered in the literature. Wu et al.
[Wu+21] distinguish between four main categories of GNNis:

» Recurrent GNNs: Messages are exchanged between neighboring nodes
until the node features stabilize, and an equilibrium is reached.

» Convolutional GNNs: Node representations are formed by pooling
the features of each node and its neighbors, analogous to convolutional
operations (see Section 3.3.5.1).

» Graph autoencoders (unsupervised): An encoder embeds the graph into
a latent space, while a decoder is trained to reconstruct the original
graph from the latent representation. This is useful to learn a lower-
dimensional representation of the graph or to solve the task of graph
generation.

» Spatial-temporal GNNs: These are used to model dynamic graphs,
where the structure of the graph changes over time. For example, con-
sider the traffic flow in a city, where the nodes are intersections, and the
edges are roads. Spatial-temporal GNNs can incorporate both spatial in-
formation (e. g., the layout of the roads, intersections, etc.) and temporal
information (e. g., traffic flow over time, real-time incidents, etc.).

A general formal framework for GNNs was introduced by Xu et al. [Xu+19].
As is common in computer science, a graph is denoted by G = (V, E) with V
being the set of nodes and E the set of edges. We assume that each node v € V
is represented by a feature vector X, € R%. The majority of GNNs compute
a node representation h,, by repeatedly taking the (current) representation of
itself and its neighbors and aggregating these in a suitable fashion. The more
iterations are performed, the more information can spread across the graph.
Let hg,k) be the representation of node vafter k iterations. This representation
is computed as follows:

a = AGGREGATE® (h™ |u e V() (38)
hF = COMBINE® (hﬁ"*l), aS")) (3.9)

Here AGGREGATE is a learnable function aggregating the node representa-
tions of all neighbors. COMBINE receives the previous node representation
AV and the result of the aggregation aP to produce the node representa-
tion of iteration k. Depending on the architecture of these two functions, we
obtain different models known in the literature. A prototypical example is the
GraphSAGE architecture proposed by Hamilton et al. [HYL17], where the

aggregation is done using max-pooling:
a® = MAX {ReLU <W : h,‘]“l)) ] Vu € N(v)}.

Here, Wis a matrix of learnable weights. The astute reader may notice that
this closely resembles the architectures employed for encoding sets, with the
difference being that the sets considered here are the node neighborhoods in
the graph.

An important question concerns the representational power of GNNs. Since
the data we consider are graphs, we are interested in the effect of the “structure”
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of the graph on the prediction target. In graph theory, questions regarding
structure ultimately boil down to the question of graph isomorphism, i.e., a
graph G is isomorphic to a graph H, if there exists a bijection of the nodes such
that all edges are preserved (see the margin note for the exact definition).

Xu et al. [Xu+19] show that any GNN is at most as powerful as the Weisfeiler-
Leman (WL) graph isomorphism test. We will not go into its details here, but
roughly speaking, it works by repeatedly collecting node labels in a neighbor-
hood around a node and then mapping them to a new label with a suitable
hash function. In order for GNNs to reach the same discriminative power,
Xu et al. show that it is necessary to use injective functions for the operations
AGGREGATE and COMBINE. They propose the graph isomorphism net-
work (GIN), which does satisfy all necessary conditions. In addition, they
investigate popular architectures like GraphSAGE and GCN, and show that
these fail the injectivity criterion and are therefore not maximally expressive.
Despite this, Xu et al. [Xu+19] show that models with mean aggregations still
work well on node classification tasks because although they are not able to
distinguish exact graph structures, they are able to capture the distribution of
elements in a neighborhood.

3.3.5.5. Common Themes in Neural Architectures

In this section, we have seen how we can represent complex functions by
composing several simple, nonlinear functions into a (neural) network. By
restricting the connections, we are able to encode different inductive biases. In
particular, we have seen that invariance and /or equivariance with respect to
certain operations is a common thread underlying the design of many architec-
tures. CNNs employ convolutions and pooling to be equivariant with respect
to translations. Neural networks for encoding sets compute representations for
the constituents of a set and aggregate them using pooling. GNN s extend this
idea to graphs, where the neighborhoods around each node are treated as sets.
By repeatedly computing new node representations and pooling, signals can
propagate across the graph to solve complex tasks. These concepts will reappear
in the design of models suitable for learning choice and ranking functions over
the course of this thesis.

This section aimed to provide the reader with a high-level overview of common
neural network architectures. In practice, a given neural network architecture
has additional hyperparameters that control the network’s representational
power and must be set for good performance. These hyperparameters include,
for example, the number of layers and hidden units in each layer. More units
and layers generally increase the representational power but also make it more
prone to overfitting. For each problem, a good trade-off of width (number
of units) and depth (number of layers) must be found. While there are some
studies that investigate optimal scaling [TL19], these parameters are commonly
set using HPO techniques (see Section 3.2).

In this chapter, we covered the basics of machine learning, including how
to ensure that a model generalizes well to unseen data, how to optimize a
model’s hyperparameters and typical neural network architectures. As this
thesis concerns the subfield of preference learning, we will now turn our
attention to the problem of learning from preference data in the next chapter.

graph isomorphism

Definition 3.3.3 A graph G is isomorphic
to a graph H, if there exists a bijection
¢: V(G) > V(H) such that

(u.v) € E(G) & (p(w), p(v)) € E(H)






Preference Learning

In the preceding chapters, we introduced classical notions of utility theory and
choice modeling (see Chapter 2) and provided an overview of machine learning
concepts (Chapter 3). At the intersection of these domains lies Preference
learning, a sub-field of machine learning that bridges these two realms. Where
we have seen a focus on axiomatic approaches in the classical choice theory,
in preference learning (and in machine learning in general), we are much
more interested in inferring models from data and the subsequent predictive
performance of our models on unseen data.

Why is the study of preferences important in machine learning? There are
several compelling reasons why preference feedback is often preferred when
dealing with human feedback. On the one hand, it is much easier for humans to
order alternatives relatively than to assign an absolute score [Phe+15]. On the
other hand, in applications, we often only receive indirect feedback. Consider
a user who clicks on one of the entries a search engine returns. This can easily
be modeled by a preference for this entry over all of the others, but we do not
explicitly ask the user to assign scores to each entry.

Another example that motivates preference learning is settings where infor-
mation may be censored or partially observed. An illustrative setting involves
algorithms solving tasks where the runtime is the main target to be predicted.
Algorithms may run a very long time on certain input tasks, which is why a
timeout may be imposed. While we are not able to assign a precise runtime
to instances where a timeout happened, we can still record a preference by
recognizing that instances without timeouts are preferred over those where
a timeout occurred. Thus, here the preference is used as a way to “coarsen”
information, instead of recording human preferences.

Research into preference learning is driven by applications such as recom-
mender systems and information retrieval (IR), just to name a few. Certain
settings within this field have attracted more attention and study than others,
reflecting their importance and prevalence. However, this focus can sometimes
lead to confusion in terminology. Take, for instance, the setting of learning to
rank, which specifically refers to applying preference learning in the context of
IR. Given its widespread application in today’s web, the literature on this sub-
ject is vast, making it a focal point in the field. It might be tempting to equate
the entirety of preference learning with this single application. However, in
this chapter, we will see that preference learning extends far beyond learning
to rank, encompassing various problems that demand distinct solutions.

Fiirnkranz and Hiillermeier [FH10] provide a comprehensive overview of the
then-emerging field of preference learning. They differentiate between various
settings based on the specific level at which preferences are expressed. For
example, when we observe an instance paired with a corresponding ranking
of a set of global labels, it fits into the label ranking setting. Conversely, if we
observe a collection of objects—each characterized by a feature vector—along
with a ranking of these objects, we refer to this as the object ranking setting.
Thus, it becomes apparent that by modifying the inputs and targets, we can

4.1 Preference Learning Settings 72
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4.3 Solution Approaches . . .. 92

[FH10]: Fiirnkranz et al. (2010), Preference
Learning
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define a diverse array of settings within preference learning, each necessitating
a unique methodology.

As most of the thesis is about choice modeling of objects, we argue that this
setting should be positioned under the umbrella of preference learning as well.
This is because a choice represents a preference for one (or more) option(s)
over others. Indeed, a large body of classical research looked at what is called
“revealed preferences”, i.e., preferences that we infer by looking at choices.
This is why we, contrary to Fiirnkranz and Hiillermeier [FH10], will include
it in the general framework of preference learning in the following sections.

Consequently, we have structured this chapter to reflect this perspective. We
will begin with an overview of the various settings encountered in preference
learning in Section 4.1. As preference learning is a wide field, we will focus on
settings that are more relevant to this thesis. We will then introduce evaluation
metrics that are commonly used for the different settings in Section 4.2. Finally,
we explore general solution approaches that have been proposed in the literature
in Section 4.3. In this section, we will also investigate specific algorithms that
will be used later in the thesis.

4.1. Preference Learning Settings

Comparable to the broader field of machine learning, preference learning can
be classified into fundamental learning paradigms, including supervised, unsu-
pervised, online, and reinforcement learning [HS24]. Each of these paradigms
can be further differentiated into specific learning settings. Given that this
thesis primarily focuses on the supervised learning paradigm, this section will
predominantly address supervised learning settings within the context of pref-
erence learning. Nonetheless, a concise overview of other settings is provided
in Section 4.1.5.

We are going to use the nomenclature introduced by Fiirnkranz and Hiiller-
meier [FH10, pp. 1-17] and supplement it with our own. Similar to the
supervised learning setting, we will encounter instances, that are usually repre-
sented by a vector x in an instance space X.

In some settings, such as object ranking and object choice, we instead have
instances that are sets of objects. Then, each object is represented by a vector x,
and X instead is called the object space. The instance space Q in these settings is
then a subset of 2% and, for the rest of the thesis, will be called the task space.
Then, an element Q € Q is called a task or more specific to the setting a choice
task or ranking task.

In the usual classification setting, we observe instances and an assignment of
one or more relevant labels. Therefore, we also call a finite and discrete set of
values ¥ = {y1, ¥5, ..., Y} that can be ordered labels.

With these concepts, we can generate the common settings in preference
learning (see Table 4.1). In case we observe instances to which a ranking over
labels is assigned, we call this setting label ranking. It is a setting similar to
multi-label classification, but instead of a binary decision on whether a label is
relevant, we rank the labels. A representative example application could be
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Table 4.1.: Comparison of Different Preference Learning Settings

Setting Input Data Target/Output Data Performance Measures
Label Ranking Instance vector Preferences on labels Ranking/Correlation
Object Ranking  Set of object vectors  Preferences on objects Ranking/Correlation
Object Choice Set of object vectors  Choice of preferred object(s)  Binary

Instance Ranking  Instance vector Ordered class label

Retrieval-based

an online shop that wants to predict a ranking of their products that best fit a
given customer. We present the setting in detail in Section 4.1.1.

In label ranking, we typically do not observe feature information. When this
is the case, we treat it as the object ranking setting. Instead of one instance
vector, we assume that the instance is a set of object vectors, with the task of
ranking them by preference. Here an example application is the ranking of
products that have features (for example movies that have tags assigned to
varying degrees). We introduce this setting in Section 4.1.3. A related setting
is object choice, more commonly known as choice modeling. It arises when we
replace the ranking of objects by a choice, i.e., the input is a set of objects, and
the output is a subset of these. As example application consider a user typing
in a query into a search engine and then clicking on a subset of the results.
This subset could be treated as preferred over the non-chosen links. Even
though we already introduce the classical version of this setting in Chapter 2,
we will focus on the more recent works in the realm of preference learning in
Section 4.1.4.

Furthermore, we have instance ranking where, similar to multi-class classifica-
tion, we have an instance, and the target is a class label. In addition however,
we assume that all class labels are ordered. So far, this setting is exactly that
of ordinal classification. Howevet, in instance ranking, we are not interested
in learning a classifier that outputs a class label but a ranking function that
can order a given set of instances. As an example application, think of the
typical 5-star ratings you can find online. There we are often interested in a
fine-grained sorting of the items rather than assigning coarse ordinal classes.
We are going to look at this setting in more detail in Section 4.1.2.

Finally, to show the breadth of preference learning as a field and its importance
in contemporary machine learning, we will give a short overview of other
important learning settings within the field. This includes unsupervised settings
such as clustering of preference data. In online learning, the preference-based
bandit setting is important in practice because eliciting preferences from users
is usually less demanding than absolute numeric values. A related problem is
the guiding of reinforcement learning processes via preference feedback. An
important application of this is the alignment of LLMs, which is usually done
by reinforcement learning from human feedback (RLHF) [Zie+19; Ouy+22]
or more recently DPO [Raf+23].

4.1.1. Label Ranking

In label ranking, we have an instance space I, and we call the elements x €
of this space instances. In addition, there is a finite label space ¥ = {y,, ..., yai}-
These spaces are related by a ranking function f: X — S, that assigns to each
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Figure 4.1.: The label ranking setting. Each
training instance is assigned a set of pairwise
preferences.

reduction techniques

instance x a ranking 7, := f(x) such that 7; > 7y > - > 1. We will also
use the notation y; >, y; to denote that label y; is preferred over label y; in the
context of instance x with fand 7 being implicit.

The learner has access to a dataset D = {(x,,, S n)}fl\]: | Where 8, C Y2 is a set of
pairwise comparisons (see Figure 4.1 for an illustration). A pair (y;, y;) is in 8,
if y; > ;- Note that we do not assume these preferences are complete. The
goal is to learn a ranking function f : X — & that approximates the ground
truth ranking function f.

Label Ranking Algorithms In the context of label ranking, numerous methods
have been developed. A taxonomy of these methods is presented in Figure 4.2.
This taxonomy represents a curated selection from the literature, not an ex-
haustive list. It organizes the methods into four main categories, inspired
by existing surveys [VG10; Zho+14; Der21]. It is worth noting that some
methods may fit into more than one category.

Reduction techniques, as the name suggests, reduce the problem of solving the
label ranking problem to existing problems in machine learning. This is advan-
tageous since it allows us to reuse existing algorithms. A natural way to simplify
the problem is to decompose it on the level of labels or pairs of labels. The
former leads to labelwise and the latter to pairwise decomposition methods.

An early pairwise method was proposed by Har-Peled et al. [HRZ02], who
map the d-dimensional training instances into a (sparse) N x d-dimensional
space, in which they encode the pairwise relation of two labels. The resulting
transformed training instances can then be used to train any binary classifier.
Fiirnkranz and Hiillermeier [FHO3] instead propose to learn a quadratic num-
ber of classifiers, one for each ordered pair of labels. At prediction time, all
classifiers are queried, and labels are ranked based on the number of times
they were preferred over another label. There is, however, in general not a
unique mapping from pairwise preferences to complete ranking [Hiil+08], so
other methods have been investigated in the literature. Vogel and Clémencon
[VC20] consider a setting where only the top-ranked label is known for each
instance. They reduce the problem to a pairwise classification problem and
show that for sensible assumptions on the noise, the ground truth ranking can
be recovered with high probability.

In labelwise decompositions [CHH13; DMP15] the idea is to predict the rank
for each label using a separate classifier. Each of the classifiers is, therefore,
solving a multi-class classification problem. An optimal assignment problem
then has to be solved to predict the ranking for a new instance, which can be
done in time cubic of the number of labels. Destercke et al. [DMP15] extend
the labelwise decomposition to be able to predict partial orders.

Furthermore, there are additional reduction techniques that do not neatly
fit into the pairwise vs labelwise distinction. Dekel et al. [DSMO03] consider
a setting where each instance is associated with a preference graph instead
of a ranking. They propose a framework in which the preference graph is
decomposed using a decomposition procedure that produces a set of subgraphs.
Each subgraph induces a corresponding loss function. The authors then use
a boosting algorithm to solve the resulting learning problems. Gurrieri et al.
[GFS14] explore three more reduction techniques based on coding: nominal
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Figure 4.2.: Taxonomy of Label Ranking Algorithms.

coding, dummy coding, and classifier chains. These reductions are able to take
correlations between labels into account.

An important cluster of approaches are probabilistic techniques. A recurring
theme here is that a ranking model like the Mallows [Mal57] or PL [Pla75]
is used to handle ranking feedback directly. Cheng and Hiillermeier [CHO3|
propose an instance-based learning method based on the Mallows model. For a
given instance, they find the k-nearest neighbors in the training instances. Then,
they use maximum likelihood estimation (MLE) on the (partial) rankings of
this subset to find the parameters of the Mallows model, in particular, the
central ranking that can be used for prediction. Solving for these parameters can
be done brute-force [CHO8], which is computationally costly, or approximate
[CHO09; CHHO09] based on expectation-maximization.

Cheng et al. [CDH10] also introduce a similar instance-based learning al-
gorithm based on the PL model. MLE of the parameters is done using a
minorization and maximization algorithm. A ranking can be predicted by
simply sorting the learned parameters of the PL distribution. This prediction
is provably optimal for commonly used loss functions. In experiments, the
authors demonstrate that the instance-based learning using the Mallows model
performs slightly better with complete rankings, but the PL based learners pull
ahead as soon as rankings are incomplete. Aiguzhinov et al. [ASS10] adapt the
probabilistic naive Bayes classifier to the setting of label ranking by using the
Spearman correlation coefficient as a similarity measure. At prediction time, it
is necessary to iterate over all possible rankings to evaluate their probability,
which is computationally intensive.

Tree-based techniques adapt decision tree learning algorithms for use in a label
ranking setting. Cheng et al. [CHHO9] propose to construct decision trees
based on the usual recursive partitioning. As splitting criterion, they fit a
Mallows model and use within-leaf variances as a goodness-of-split measure.
Prediction is then straightforward since it suffices to propagate an instance to
a leaf node, where the central ranking of the Mallows model can be used as
a prediction. Rebelo de S4 et al. [Reb+15] introduce a label ranking varjant

probabilistic techniques

tree-based techniques
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[Wer22]: Werner (2022), “A Review on
Instance Ranking Problems in Statistical
Learning”

of the ranking tree algorithm that uses Spearman’s correlation coefficient to
calculate a weighted mean correlation for each subset in a split. They also
propose an entropy-based splitting criterion that uses ranking entropy as a
measure of uncertainty, which is to be minimized for a split.

Finally, we will introduce a few other techniques that did not neatly fit into the
previous categories. S4 et al. [S4+11] and Gurrieri et al. [Gur+12] apply rule
induction to label ranking. Rule learning approaches are particularly interest-
ing from an interpretability perspective since they produce human-readable
decision criteria that can be easily understood. To this end, the authors of the
former paper define similarity-based support and confidence functions that
can be used in the standard rule learning algorithm APRIORI. The similarity
is defined in terms of full rankings using Kendall’s 7 or Spearman’s correlation
coeflicient. Gurrieri et al. instead decompose the full rankings into pairs of
labels. They use a dominance-based rough set approach as a classifier that
produces classification rules for the pairs. A voting strategy is used to decide
on a ranking during prediction time. Ribeiro et al. [Rib+12] propose a simple
neural network approach where the output layer returns the scores for the K
classes. The authors investigate six loss functions empirically and find that a
position-dependent loss combined with an ordering-based loss performs best.
Finally, Korba et al. [KGd18] approach the label ranking problem from the
angle of structured prediction. They propose several embeddings that can be
used in a surrogate least squares framework. That means rankings are mapped
into an embedding space in which the Euclidean distance can be used as a loss
function.

A Variant of the Setting Multi-label ranking is a generalization of label ranking
[BFHO6; Der21], where the learner first has to predict the correct set of labels
for a given instance, and only then it is tasked to rank the labels. This is a
problem often encountered in practice, where not all labels are applicable to
every instance, or if one wants to separate relevance from preference. As an
example, consider movie recommendations where each movie is a label and
each user an instance. Every user has only seen a subset of the movies, which
is their label set, and then we can ask them to rank these movies by preference.
To tackle this problem, it is usually decomposed into the subtasks multi-label
classification and label ranking. There are, however, methods like calibrated
label ranking [BFHO6)] that solve both tasks simultaneously.

4.1.2. Instance Ranking

Werner [Wer22] recently composed a review article on the topic of instance
ranking, which we use as the main reference for this section. Recall that in
label ranking, there is an external set of labels that are ranked in the context
of an instance. Conversely, in object ranking, an instance consists of several
objects (represented by feature vectors) that need to be ranked. In the case of
object choice, we implicitly separate them into two classes: “chosen” and “not
chosen”. In instance ranking, we are interested in the ranking of the instances
themselves. There are several sub-settings within instance ranking that we can
distinguish based on the specific ranking task that is to be solved and the type of
label space ¥ that is observed. Different combinations of ranking task and label
space lead to different settings, which we will introduce in the following.
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Firstly, we have an external set ¥, analogous to the label ranking setting. Each
instance x € X is assigned an element y from the set ¥. This set ¥ can be
discrete or continuous, but it is important that the set ¥ is ordered. In case
Y is binary, i.e., ¥ = {—1, 1}, we call the resulting problem a bipartite instance
ranking problem. Likewise, in the general discrete case, if [J| = M, then we call
it a M-partite instance ranking problem. Lastly, we say the problem is continuous,
if ¥ is a continuous set.

Secondly, there are different ranking tasks that one could be interested in. In
the hard instance ranking setting, the goal is to rank all instances correctly. If
the goal is to find and rank only the top-M instances, we call this the localized
instance ranking setting. Lastly, in the weak instance ranking setting, the goal is
to detect the top-M instances without the need to rank them.

We assume that a dataset 2 = {(x,,, yn)}f:]: | is given. The goal is to learn a
ranking function f : 2% — 8, that for a given set of instances outputs a ranking
of these instances. It is important to note that we are not necessarily interested
in approximating the mapping X — Y; rather, our aim is to determine the
relative ordering of the instances accurately (within the accuracy constraints
imposed by the ranking task).

Before we continue, it is important to distinguish instance ranking from several
other similar settings. In classification/regression, we also assign a label/value y
to a given instance x. The main difference here is that we do not assume that
the set ¥ has a particular order. This brings us to the setting of ordinal regression,
where we indeed assume that the set ¥ is ordered. The defining difference
between ordinal regression and instance ranking is that in instance ranking, it
suffices to order a given set of instances, while in ordinal regression, we need
to predict a label for each instance, which often requires additional discretiza-
tion [Wer22]. Finally, instance ranking is also very similar to object ranking.
If we make the assumption that all objects can be ordered according to some
partial order, then this reduces to an M-partite instance ranking problem.

Instance Ranking Algorithms The literature on the instance ranking problem
is vast due to its wide applicability in IR and recommender systems. Figure 4.3
provides an overview of the techniques that have been utilized to tackle this
problem. The taxonomy groups the approaches based on the general modeling
approach that is used, in line with the categorization proposed by Werner
[Wer22].

The first major category is approaches using support vector machines (SVM:s).
The seminal paper on this topic was written by Joachims [Joa02], who proposes
the RankingSVM algorithm. They note that their optimization problem is
equivalent to that of a classification SVM where pairwise differences of instance
vectors are used as instances. Several improvements to RankingSVM have
been investigated in the literature [Cao+06; Qin+07; JJS11]. Of note is
the relational RankingSVM algorithm designed for relational ranking data
introduced by Qin et al. [Qin+08], which not only takes into account the
overall ranking of the instances but also their relation.

MPRank is a variant that tackles the continuous variant of the instance ranking
problem [CMRO7b]. The authors impose a penalty on the pairwise differences
of the scores such that they are close to the observed difference. In a follow-up

ordinal regression

SVM approaches
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Figure 4.3.: Taxonomy of Instance Ranking Algorithms.

boosting approaches

paper Cortes et al. [CMRO7a] introduce the variant SVRank that minimizes
an e-insensitive loss, which, however, increases the algorithmic complexity.
Independently, Pahikkala et al. [Pah+07] introduce the RankRLS algorithm
that is very similar to MPRank. Later, they modify the algorithm to be able to
handle pairwise preferences [Pah+09] and improve the training complexity
using a greedy algorithm [Pah+10]. Agarwal et al. [ADS10] apply different
variants of the RankingSVM to rank chemical structures. For the continuous
instance ranking setting, they also advocate including the magnitude of the
score difference in the loss and defining a corresponding loss function.

Rakotomamonjy [Rak04] and Ataman and Street [ASO5] propose a different
SVM formulation that maximizes the AUC of a scoring function. Brefeld
and Scheffer [BS05] observe that this problem formulation results in an AUC
smaller than that of a typical SVM and propose an alternative formulation

based on norms.

There is a notable subset of literature dedicated to the challenge of training
SVMs that incorporate feature selection. A range of methods has been put forth
to address this [Tia+11; Lai+13; Lap+14]. A common thread among these
approaches is the modification of the loss function to encourage sparsity.

Moving on to boosting approaches, Freund et al. [Fre+03] transferred the well-
known Adaboost algorithm to the setting of ranking (which they call Rank-
Boost). Instead of weighing instances individually as is usual in boosting, they
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weigh pairs of instances (see Figure 4.10 for a visualization). Therefore, pairs
of instances are weighted more strongly if it is important that the learners rank
them correctly. Rudin [Rud09] propose a variant of RankBoost that allows
one to put more emphasis on the top elements of a ranking. They do this by
employing convex objectives with a p-norm. The case where this becomes the
co-norm has been investigated by Rakotomamonjy [Rak12].

Zheng et al. [Zhe+07] address an IR setting wherein they consider both rele-
vance scores and pairwise preferences. Since relevance scores alone might not
adequately determine a good order of instances, integrating pairwise prefer-
ences can be beneficial. They introduce a loss function that integrates these
two factors and optimizes it with gradient boosting, naming their algorithm
QBRank.

In many applications such as IR, ties often arise, particularly when two docu-
ments receive identical relevance scores. To address this, Zhou et al. [Zho+08]

have extended both the Bradley-Terry and the Thurstone-Mosteller models
to accommodate ties. These modified models are subsequently used to define
specific loss functions, which are then optimized using gradient boosting.

Tsai et al. [Tsa+07] argue that the cross-entropy loss used by many algorithms,
such as RankNet, does have some undesirable properties. They instead advocate
using a fidelity loss instead, a distance measure used in quantum physics to
describe the difference between quantum states. They find that their algorithm
improves on algorithms such as RankBoost.

A noteworthy boosting method is presented by Zheng et al. [ZZS08]. Itera-
tively, they construct an additive model through the use of gradient boosted
regression trees. In each iteration, deviations between pairs, necessary for the
current model to rank every pair correctly, are computed. Following this,
a regression tree is trained to predict these deviations, with its output being
weighted and incorporated into the current model. To minimize the deviations
in each iteration, an isotonic regression optimization problem is employed,
hence the name IsoRank.

Werner [Wer19] argues that utilizing surrogate losses as a substitute for the hard
ranking loss! in the context of hard continuous instance ranking is suboptimal
due to the surrogates’ unbounded nature and the high computational costs
associated with gradient calculations. Instead, they introduce a “gradient-
free” gradient boosting method, termed SingBoost, designed to more directly
minimize the hard ranking loss. To mitigate overfitting, they incorporate
stability selection [MB10], a technique that employs subsampling to identify a
consistent set of variables. Importantly, this approach is applied at the predictor
level to ensure a reliable set of predictors for ranking.

Even though we have seen a few tree-based boosting techniques in the preced-
ing paragraphs, there are also dedicated that have been developed for instance
ranking. Clémencon and Vayatis [CV08b] consider the bipartite ranking prob-
lem and aim to directly approximate the optimal ROC curve. They come up
with a recursive approximation scheme, which can readily be represented by
a tree-structured decision rule. They call the resulting approach TreeRank.
The authors also developed subsequent theoretical and algorithmic advances
[CV09; CV10]. Since TreeRank is a decision tree, it is a natural question
to ask if it can directly be combined with bagging to arrive at an ensemble

1: With hard we are here referring to a loss
that penalizes the complete ranking, as op-
posed to a weak ranking loss, where the focus
lies on the top-K instances.

tree-type techniques
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2: Refer to Page 98 for a more detailed ex-
planation of RankNet.

algorithm. Clémencon et al. [CDV09; CDV13b] tackle exactly this question.
The main difficulty here is the aggregation of multiple rankings (also known
as the Kemeny problem). In their RankingForest algorithm [CDV13b], the
authors compute the median ranking to solve the aggregation problem.

The increase in popularity of neural networks can also be seen in the context of
instance ranking. In the seminal work by Burges et al. [Bur+05], the authors
propose the RankNet architecture. It employs an idea that goes back to work
by Tesauro [Tes88], featuring a neural network that outputs a real-valued
score. To use the network for ranking, one inputs two instances and considers
the difference in scores. The weights of the network are trained from pairs of
instances using the binary cross-entropy loss function.? In IR, one typically
puts more emphasis on the top positions of a ranking. RankNet treats each
position equally, which is not ideal. Cao et al. [Cao+07] therefore extend
RankNet to be able to optimize for the top-k positions. Since the network is
now trained from lists of instances, they call the network ListNet (see Page 103
for a detailed description).

While many methods primarily focus on context-independent utility functions,
which assign scores to each object irrespective of the query, Ai et al. [Ai+18]
introduced an approach capable of reranking search results based on the specific
query context. Initially, they generate a context-independent ranking for
instances within a given query. Subsequently, a RNN is employed to map
the top-k instances into a contextual representation. The instances are then
reranked using 2 model that considers both the context-independent score and
the derived context representation.

In the domain of product search, challenges arise due to sparse data and the
presence of long-tailed distributions, which hinder the effectiveness of con-
ventional retrieval models. Zhang et al. [ZWZ19] advocate to incorporate
the query and product graphs into the ranking algorithm. Within the query
graph, two queries are interconnected if they share a common product click.
Analogously, in the product graph, two products are connected if they are
sought by a mutual query. The researchers utilize graph embedding layers,
transforming both graphs into vector representations. In order to estimate the
relevance of a product to a specific query, the graph-based representations of
both the product and the query are appended to the feature vector.

Typical ranking algorithms do not directly optimize the target loss but instead
minimize a surrogate loss. This is done because target losses are often discrete
or nonconvex, which makes them hard to optimize. Song et al. [Son+16]
employ loss-augmented inference, which allows them to optimize the target
loss directly. They apply their approach to the average precision (AP) loss,
a very relevant loss function in IR. The researchers demonstrate empirically
that their approach outperforms surrogate loss methods as soon as label noise is
introduced.

Typical ranking algorithms often minimize a surrogate loss rather than directly
optimizing the desired target loss. This approach is prevalent because target
losses are frequently discrete or nonconvex, making them hard to optimize.
However, Song et al. [Son+16] utilize loss-augmented inference, enabling them
to optimize the target loss directly. They specifically apply their method to
the AP loss, a popular loss function in the realm of IR. Empirical results in-
dicate that their method surpasses surrogate loss techniques when label noise
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is present. Engilberge et al. [Eng+19] aim to make it possible to optimize
non-differentiable loss functions. They identify the non-differentiable sorting
operation as a common challenge in many ranking loss functions. To address
this, the authors suggest replacing the sorting operation with a learned, dif-
ferentiable sorting network that can serve as a surrogate in a variety of loss
functions.

Finally, the instance ranking problem has also been addressed using other tech-
niques that do not fit the previous categories. An early work on the instance
ranking problem was the one by Crammer and Singer [CS01], who adapted
the perceptron learning algorithm to instance ranking and called it PRank.
Zha et al. [Zha+06] identify the problem of query-dependent features varying
strongly across queries. To counteract this, they fit two models, one query-
independent scoring model and an additional query-dependent, monotone
function that transforms the scores returned by the scoring model.

Moon et al. [Moo+10] argue that while typical relative ranking methods are
able to capture the overall ranking accurately, they are not able to predict the
correct relevance scores. They developed the IntervalRank algorithm that uses
isotonic regression to get the correct overall relative ordering. The algorithm
further incorporates penalties to make the predicted scores align closely with
the ground-truth labels and to separate all labels distinctly. In a similar vein,
Sculley [Scul0] consider a regression setting with a long-tailed characteristic,
where there are few observations for rare events. They posit that in such
scenarios, leveraging relative ranking data is beneficial. Consequently, they
propose a hybrid loss function that combines regression and ranking, and their
empirical tests highlight its competitive performance in executing both tasks

concurrently.

4.1.3. Object Ranking

In object ranking, the instances are sets of objects, where an object itself is
represented by a feature vector x € X with x := (xy, ..., xd)T. Here X is usually
a subset of R? and called the object space or universal object set. Whereas in
label ranking, the target is a ranking of a set of labels, in object ranking, the
objects themselves are ranked. We call a set of objects to be ranked a task Q
with Q€ Q C 2% and Q= {x,..., xg}.

For each task Q of size K we also observe a corresponding order O such that
if (x;, x;) € O we have that x; > x;. We say an order is a total order if there is
a permutation 7 such that x;;y > x,5) > =+ > x;k). The learner observes
a dataset D = {(Q,, On)}nN: |» Where O, € X' is a task and O, is the previously
mentioned corresponding partial order. The goal is to learn a ranking function
f:2¥ 5 8 with 8 = UIIS:Z Sy being the union of all permutation groups of
a certain size k.

At this point, it makes sense to mention the setting that arises when label
ranking and object ranking are combined. In this new setting, the learner
receives an instance comprised of instance features and a set of objects with
object features. This can also be represented as a set of dyads, where each dyad
is a pair of an instance and an object. The learner is then tasked with ranking
the dyads. The setting is called dyad ranking and is a generalization of both
label and object ranking [SH18]. A prototypical example of dyad ranking is

other techniques

Task Ranking

Figure 4.4.: The object ranking setting.
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Task Choice

Figure 4.5.: The object choice setting.

choice task

Example 4.1.1 If a family of sets Q is
closed with respect to the subset oper-
ation C, then for all sets A C B€ Q it
holds that A € Q.

choice

the task of ranking movies for a given user, where the user is the instance and
the movies are the objects. As such, dyad ranking as a setting is closely related
to the field of recommender systems and collaborative filtering [Gol+92].

Object Ranking Algorithms Given the substantial parallels between object
ranking and instance ranking, and considering the field’s shift to learning-
to-rank as the main application, the term “object ranking” has witnessed a
reduced prevalence within the scientific literature. We therefore opt to go
into more detail with general learning-to-rank approaches in Section 4.3 since
they are relevant for the remainder of the thesis.

4.1.4. Object Choice

Where in the last section we looked at rankings of objects, here we consider the
setting where instead we observe choices. We use the term “object choice” here
to refer to this setting to be consistent with the nomenclature introduced in this
thesis. In the preference learning literature, no universal term is used to refer
to this setting. The term “discrete choice™ is often used, which connects to the
nomenclature introduced in classical preference modeling (see Section 2.4).

As before, we have instances that are sets of objects x € X with x := (xy, ..., xp).
The object space X we assume to be a subset of R%. We additionally let
Q ¢ 2% \ @ be the set of admissible sets of objects. A set of objects Q with
Q € Q we call a choice task. Note how we do not yet assume anything about
the structure of Q. In particular, no closure properties are assumed. In case
additional restrictions on Q are required later on in this thesis, we will mention
these at the appropriate places.

As for the choices, in the literature, it is typically assumed that a single object
is selected. Here, we do not make this assumption and allow choices to be
arbitrary subsets. A choice is therefore a subset C C Q with C # @. Note that
since no closure properties have been assumed, it does not necessarily hold that
C € Q. The typical restriction to singleton sets in the literature corresponds to
Il = 1.

Based on a dataset 2 = {(Q,,C,)})\;, we seek to find a functionc: Q — €
that generalizes well to unseen choices. Typical performance measures for this
setting are those used in the context of multi-label classification, such as the

F1 score (see Section 4.2.1).

Object Choice Algorithms As we focused on classical models for preference
modeling in Section 2.4, we will here present an overview of the approaches
that were developed in the field of preference learning specifically. As is
common with machine learning models, these are usually focused on predictive
performance as opposed to the existing normative, prescriptive, or descriptive
models. The most important distinction is whether the approaches are designed
to handle only singleton or also subset choices. This is because it substantially
changes the way the choices have to be modeled. For example, if one naively
were to model each possible subset as one possible outcome, then the space of
of possible outcomes becomes exponential in the number of objects, which
makes it unfeasible computationally.



We begin with the singleton choice approaches. Early work included models based
on restricted Boltzmann machines (RBMs) that were proposed by Osogami and
Otsuka [O0O14] and Otsuka and Osogami [OO16], where choices are modeled
using a generative model. RBMs are a flexible model class that can model a
diverse range of probability distributions. They are, however, difficult to train
reliably and efficiently, which limited their applicability in practice [Cho+15].
In the context of flight itineraries Mottini and Acuna-Agost [MA17] develop
a choice model that operates on sequences as input (as opposed to sets), such
that the predicted outputs are positions in the sequence.

Rosenfeld et al. [ROS20] adopt ideas from the multi-self literature and propose
an approach based on neural networks. The overall network architecture
decomposes as [ROS20]:

4
gfx| Qwr i) = Y w{ (ke u(fi(x) = r{ fi(*)}xe0)) (4.1)

i=1

where f consists of ¢ linear functions, and w, r are permutation-invariant
neural networks. The idea is that w maps each score set to a set-dependent
weight. Similarly, r maps each score set to a set-dependent reference value. The
function p is defined as follows

p(z; ) := tanh(z)(c[z < 0] + [z > 0]),

and implements a loss aversion function with ¢ > 1 controlling how strong the
effect is. Rosenfeld et al. [ROS20] prove that the model complexity can be
flexibly controlled by changing the number of linear functions ¢, and that this
has diminishing returns with respect to the approximation error. Similarly,
the authors show that the estimation etror for different aggregators scales well
with €, implying that the model can be learned efficiently. The decomposition
proposed by the authors subsumes many existing models as special cases, making
it an important baseline for our empirical evaluation.

We move on to subset choice approaches. For the setting without object features,
Benson et al. [BKT18] define a probabilistic choice model for subset choices.
They define it as a mixture of MNL models of a fixed choice set size. Each
object is assumed to have a certain value, and higher-order correction terms
are applied where necessary. They show, however, that it is VP-hard to find
the optimal set of correction terms.

Due to the lack of other work on subset choice, we propose a general way to
turn existing ranking models into singleton and subset choice models using
thresholding [PH20; Pfa+22]. Please refer to Chapter 5 and specifically Sec-
tion 5.2.1 for a description of this method. We will use this method to adapt a
variety of models, including our own, to this learning task.

4.1.5. Other Important Settings

As mentioned before, preference learning encompasses many more settings
than the supervised learning settings we introduced in the preceding sections.
Interest in preference learning has increased substantially in recent years due
to its application in the training of LLMs [Ouy+22; Raf+23]. This is why
we will take a broader look at important application areas in this section to
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[HS24]: Hiillermeier et al. (2024), “Prefer-
ence Learning and Multiple Criteria Deci-
sion Aiding: Differences, Commonalities,
and Synergies—Part II”

online preference learning

exploration-exploitation tradeoff

dueling bandits problem

preference-based optimization

preference-based reinforcement learning

[Wir+17]: Wirth et al. (2017), “A Survey
of Preference-Based Reinforcement Learn-
ing Methods”

showcase the breadth of the field. The recent survey by Hiillermeier and
Stowinski [HS24] provides an excellent overview of the field and was used as
the main reference here.

Online Preference Learning One important area we want to highlight here
is online preference learning, where online machine learning is combined with
preference-based feedback. In online learning, the data arrives incrementally,
and the learner has to make predictions at each step. The multi-armed bandit
setting is a specific online learning setting where a learner is repeatedly con-
fronted with the choice of so-called bandit arms. If one arm is pulled, the
learner receives a (potentially stochastic) reward. Roughly speaking, the goal
is to maximize the cumulative reward, which makes it necessary to explore
different arms to find the best arm quickly but also to pull the best arm found
so far often enough. This is the so-called exploration-exploitation tradeoff. In
many settings, we do not directly observe rewards when pulling an arm, but
we can compare two arms and observe a preference. Typical examples include
sports tournaments, where teams play each other with the goal of quickly
determining an overall winner, and scenarios involving human feedback where
absolute ratings for options are difficult to express, but relative preferences
are easier to provide. Yue and Joachims [Y]J09] formalize this setting as the
dueling bandits problem and propose a gradient-based method to solve it. The
authors show that the algorithm can readily be applied to a web search setting,
demonstrating its relevance. Haddenhorst et al. [HBH21] generalize the setting
by letting the learner select more than two arms. Then, the winner of these
arms is observed as preference, or singleton choice in our terminology. They
call it the multi-dueling bandits problem.

A related problem is preference-based optimization, which shares similarities with
HPO (see Section 3.2) in its goal of finding the global optimum of a target
function. However, the key distinction lies in the evaluation method. In
preference-based optimization, we cannot directly query the output value of a
single point. Instead, we select two points and receive a preference between
them. This approach can be viewed as a continuous version of the dueling
bandits setting, highlighting the close relationship between these optimization
techniques. To make learning feasible, one usually assumes a certain kind
of smoothness of the target function. Gonzilez et al. [Gon+17] introduce
this setting and propose a Thompson sampling-based approach using GPs as
surrogate models.

Another setting in online preference learning is preference-based reinforcement
learning. In classical reinforcement learning, a learner interacts with an envi-
ronment and sometimes receives a reward. A central problem in reinforcement
learning is that it is not clear how to define a reward function in a way that
accurately captures what the learner is supposed to do, cannot be gamed by the
learner, and is given often enough to facilitate reward attribution [Wir+17].
In preference-based reinforcement learning, instead of specifying a reward
function, we express preferences on the level of actions, states, trajectories,
or even policies [Bus+14; Wir+17; Kau+23]. The advantage being that the
learner can use the preference feedback as implicit feedback about what should
be rewarded. Some approaches, such as the one by Christiano et al. [Chr+17],
try to infer an explicit reward model from the preference feedback. Christiano
et al. show human annotators pairs of segments of a full trajectory produced by
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a policy and ask them for their preference. Using a Bradley-Terry-Luce (BTL)
model, they fit a reward model that is then used in a classical reinforcement
learning loop to train the next policy.

Ouyang et al. [Ouy+22] use preference-based reinforcement learning to align a
LLM, that was pretrained on a large body of text and finetuned using supervised
examples, to be more useful for human instructions. For a given query, the
researchers let the model output four different outputs. These outputs are then
ranked by humans for quality and adherence to the prompt. This preference
data is collected and used to train a reward model. The reward model is
then used as a proxy in proximal policy optimization to produce a language
model adept at following prompts. Rafailov et al. [Raf+23] note that training

the reward model as an intermediate step is unnecessary and propose DPO.

Using the preference data, they optimize the model directly to produce more
preferred outputs.

Unsupervised Preference Learning Until now, we only looked at settings
where some kind of supervision is available. Whether it is direct supervised

learning or indirect supervision, such as in the case of reinforcement learning.

In unsupervised preference learning, we are given preference data, which is
the object of study itself, meaning we want to find patterns in the preferences
that give us additional insight.

A typical task in unsupervised learning is clustering. The objective of clustering
is to partition a dataset into subsets where objects inside a cluster are similar,
and objects of different clusters are dissimilar. In the context of preference data,
models such as Mallows’ model [Mal57] can be used to infer the representative
ranking for a given dataset. Busse et al. [BOBO07] propose to find several clusters
using a mixture model. Using an expectation-maximization algorithm, they
are able to approximate the parameters of this model efficiently. Bayesian
mixture models have been introduced by Vitelli et al. [Vit+18] for the Mallows
model. As a probabilistic model for rankings, the PL model can also be used in
a clustering context. Caron et al. [CTM14] use the PL model in a Bayesian
nonparametric regime, where an infinite number of mixture components is
assumed. Mollica and Tardella [MT17] then provide an efficient inference
algorithm for finite PL mixtures.

Another unsupervised learning task is pattern mining, where one aims to find
statistically significant, “interesting” patterns in a dataset. There are different
measures for what constitutes an interesting pattern, which depends on the
kind of data that is present. Henzgen and Hiillermeier [HH19] are the first to
transfer this problem to preference data. They propose an algorithm for mining
rank data, which can identify frequent subrankings. Given label ranking data,
Sé et al. [S4+18] aim to do exceptional preferences mining. Their goal is to find
subgroups of instances that have preferences deviating from the norm. They
propose several quality measures that measure how much the preference matrix
of a subgroup deviates from the global preference matrix.

Unsupervised Preference Learning

clustering

pattern mining
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singleton and subset choice: Section 2.1

categorical 0/1-loss

categorical accuracy

4.2. Evaluation Measures

In the realm of preference learning, there is a wide variety of evaluation mea-
sures and loss functions. These strongly depend on the specific setting one
is solving and, therefore, the format of the given data. For a given setting,
the 0/1-loss is typically recognized as the canonical loss function, primarily
because minimizing it theoretically yields perfect prediction accuracy. Never-
theless, it is rarely used in practice. This stems from its inherent optimization
difficulties and its inability to reflect model confidence, making it less effective
for differentiating the performance of different models. Frequently, there are
additional considerations that are important in the choice of a target measure.
For example, when addressing the issue of significant imbalances between the
number of chosen and unchosen objects, it is advisable to consider metrics such
as the F-measure or the A-mean because they mitigate the bias towards the
majority outcome. In ranking, one must decide on the relative importance
of each rank. Is it essential to treat each position with equal weight or to
ensure the highest accuracy for the top-K elements? For the former approach,
Kendall’s 7is often the measure of choice. In contrast, for scenarios prioritizing
the top positions, IR metrics such as normalized discounted cumulative gain
(NDCG) or expected reciprocal rank (ERR) are typically more suitable.

The primary focus of this thesis is addressing choice problems. Accordingly,
we will comprehensively examine the measures prevalent in and useful for
choice-related research. To provide context for the methodologies introduced
in Section 4.3, an overview of the principal evaluation measures for ranking
will also be included, albeit in a more succinct manner.

4.2.1. Choice Measures

In the choice setting, we consider two settings in this thesis: singleton and
subset choice. Recall that with Q € Q, we denote a choice task, which is a
subset of the set of all objects . A choice is then expressed as a subset C C Q. In
the following, we simplify notation by omitting Q from the function signature
of the loss but assume that it is passed implicitly. Depending on the field,
application, or convention, the following measures can be defined such that the
measure should be maximized or minimized. For example, one can maximize
the 0/1-accuracy or equivalently minimize the 0/1-loss.

Canonical 0/1-Loss We will begin with the more straightforward singleton
choice setting, where |(] = 1. The canonical categorical 0/1-loss, is then defined
as

Ly (GC) = [C= T, 4.2)

where C is the ground-truth singleton set and C’ the prediction we want to
score. It is easy to see that any false prediction will result in a loss of exactly 1,
while predicting the correct object yields a loss of 0, hence the name. Inverting
this loss with the formula 1 — L, /1(C’ (’) leads to what is termed categorical
accuracy, then we get what is called the categorical accuracy.

In applications where choices are noisy or ambiguous, meaning many top
items have a similar quality, or when the number of options is large, or the



choice problem is hard to learn, using fop-k accuracy can be beneficial. Top-k
accuracy is defined as the fraction of times the ground-truth chosen object is
found within the top k positions according to the predicted scores [Cho+17;
BL18].

One important baseline when evaluating different learners is always the per-
formance of a random guesser to gauge whether the learner is actually learning
something. An immediate drawback of the categorical 0/1-loss is that the
choice task becomes harder with increasing size of the task Q. If a learner guesses
uniformly at random, they will achieve an 0/1-loss of 1 — ﬁ Therefore, the
performance of a random guesser is not constant, which makes assessing the
performance of a learner more difficult, especially when averaging across a
variety of task sizes. This is what the normalized (categorical) 0/1-loss is trying
to solve. It is defined as

1L (€ C)

1(CC) = — . (4.3)

) o—1

norm 0/

It has been known as “correction for guessing” for a long time [DE73]. The
nominator can be regarded as the expected number of objects the learner
chooses incorrectly from a set of size |Q|. The denominator specifies the actual
number of incorrect objects in the singleton choice setting. Normalization
results in a loss where 0 denotes a perfect learner, 1 indicates performance
equivalent to random guessing, and values greater than 1 suggest learners that
are outperformed by random guessing. Similar to the 0/1-loss, we can define
the normalized accuracy as 1 — Ly 0/1(C.C).

It is possible to use definition (4.2) for the subset choice setting as well. In
other words, a prediction C’ would only be considered correct if the entire set
equals the ground truth set C. We will call this the subset 0/1-oss.

As mentioned in the introduction of Section 4.2, there are a few issues with the
0/1-loss and the subset 0/1-loss. The more general problem is that the losses
are not continuous, hence not differentiable, are constant almost everywhere,
and non-convex. Therefore, they are difficult to minimize directly.

As for the subset 0/1-loss, it is clear that it becomes exceedingly less useful
the larger Q and C become since any error by the learner results in a loss of
1. An alternative would therefore be to evaluate the object-wise 0/1-loss
\in erQ[[x € (J[x € C’]. It is also referred to as the Hamming loss in the
context of multi-label classification [Wae+14]. This loss, commonly referred
to as the Hamming loss in the context of multi-label classification [Wae+14],
addresses the aforementioned issue by scoring each object in Q independently.

However, the Hamming loss is not without its limitations. A critical shortcom-
ing is its equal weighting of false positives and false negatives. This characteristic
can lead to skewed evaluation in scenarios with a strong imbalance between
positive and negative instances. For instance, consider a subset choice problem
where choice sets with more than one object (|C] > 1) only emerge when the
decision-making process is indifferent or uncertain. In such cases, singleton
sets are frequent, and the dataset has a significant disparity between the number
of negative and positive instances.

4.2. Evaluation Measures

normalized (categorical) 0/1-loss

normalized accuracy

subset 0/1-loss

object-wise 0/1-loss/Hamming loss
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Figure 4.6.: Precision is the proportion of
correctly chosen objects among those chosen
by the model.

Figure 4.7.: Recall is the proportion of ob-
jects correctly chosen by the learner among
all relevant objects.

F,-measure

F;-loss

instance-averaging

macro-averaging

micro-averaging

The F;-Measure Consequently, measures commonly used in multi-label clas-
sification in the presence of strong imbalance, are more suitable in the subset
choice setting as well. One particularly popular measure is the F;-measure, the
harmonic mean of the precision and recall. These constituents are defined as

I enyed

Precision(C,C’) = 1 Recall(C,C) =

ICnC|
Ia

(4.4)

and depicted in Figure 4.6 and Figure 4.7. The precision represents the pro-
portion of objects that were correctly chosen by the learner among all chosen
by the learner. A low precision is an indicator for a learner that chooses too
many objects for a given task Q. Solely maximizing the precision of a model is
not ideal since it favors models that are very conservative, potentially missing
many of the true chosen objects. Conversely, recall is the fraction of objects
the learner chooses correctly among all relevant objects. A learner with a low
recall is one that chooses too few of the true chosen objects. Similarly to before,
it is not useful to optimize recall directly since a learner that always chooses all
objects in Q will have maximum recall.

In essence, we want a choice model that achieves a good performance in both
of these measures. Such a measure is the F;-measure

2 precision(C,C’) - recall(C,C") _ 2|Cn (|
precision(C,C’) + recall(C,C") ~ |Cl+|C/|

F(CC) = (4.5)
The harmonic mean is dominated by small values, and therefore, both precision
and recall need to be high such that the F;-measure is high as well. Note
that a very similar measure is the Jaccard index, which is represented by the

expression
ICnC|
IcCuC]

Jaccard(C,C") =

The Jaccard index is especially popular in the field of computer vision, where it
is utilized, among other applications, as a measure for the similarity of bounding
boxes or regions [Eve+06]. Both measures are monotonically related, but this
no longer holds when summed across a dataset, with the Jaccard index being
harder to optimize [Wae+14]. We get the corresponding F, -loss by inverting:

Lp(C.C)=1-F(CC) (4.6)
Similar to the 0/1-loss, this loss assumes values in [0, 1].

When moving from one instance to a complete dataset, the computation of the
F;-measure/loss is not uniquely defined in multi-label classification [Koy+15].
This is because the confusion matrix can be computed at different levels of
averaging. If we calculate the F;-measure/loss for each instance individually,
as shown in (4.5), we are employing a method known as instance-averaging:

N
Line(h D) = 1 3" L, (G, QD) (47)
i=1

Alternatively, we could first compute the average confusion matrix for each
label, compute the corresponding F;-measure, and finally average across all
labels. This is called macro-averaging. Lastly, we could compute the average
confusion matrix across both labels and instances and use that to evaluate a
global F;-measure. This is referred to as micro-averaging.



Each of these different methods has their own benefits and tradeoffs. With
macro-averaging we place equal importance on each label, which can be
advantageous, if the model should also perform well for rare labels. Instance-
averaging places equal weight on each instance instead, which is particularly
useful in situations where the number of labels varies. Finally, micro-averaging
can be useful when the dataset is imbalanced. However, not all of these apply
to the problem of object choice. In this setting, we do not have a fixed vector
of labels; instead, each instance is comprised of a set of objects only identified by
their feature vector. The set of objects X could even be uncountably large since
it is a subset of R%. Therefore, macro-averaging is not possible in the context
of object choice unless there are many reoccurring objects across instances. For
this thesis, we therefore use instance-averaging.

The A-Mean However, the downside to the F;-measure/loss is that it depends
on the prevalence of chosen objects and is therefore biased [Pow11]. This can
be problematic since one cannot easily see whether the output of a learner
is random guessing just by looking at the F;-measure/loss. This raises the
question of whether there exist measures that are unbiased with respect to the
prevalence. For the rating of medical tests Youden [You50] proposed the J
statistic, which is now attributed to his name as “Youden’s J statistic”’. When
applied to the multi-class or multi-label setting, this measure is known as the
Informedness [Pow11]. It is defined as recall + specificity — 1 or in terms of
choices: o

_CnlC  ICnC|

Informedness(C,C’) := q + d -1 (4.8)

Here C denotes the complement of the choice set C with respect to the task
Q,i.e., C:= O\ C. The measure assumes values in the domain [—1, 1] and is
unbiased with respect to the prevalence [Pow11]. A value of 0 indicates that a
learner is randomly guessing.

In the field of multi-class/label classification, the measure is more widely
known as the A-mean (or AM for short) [Men+13], which is the informedness
linearly rescaled to [0, 1].3 In other words, it is defined as the arithmetic mean
of recall and specificity (hence the name):

AM(C.C) = 1

<|CnC’ |ICnC|
2

1
+ —— = —(Informedness(C,C’) + 1) (4.9)
C] I ) 2
After the rescaling, a value of 0.5 again represents random guessing. For datasets
with a balanced number of chosen and not chosen objects, the measure is simply
the usual accuracy.

Area under the ROC Curve The ROC curve is a popular tool to compare the
performance of binary classifiers, visualizing the trade-off between the true
positive rate (TPR) and false positive rate (FPR) [Faw06; McC89]. To this end,
we utilize the predicted scores of a classifier, which are real values indicating
the likelihood of each instance belonging to the positive class. By varying the
threshold at which these scores are deemed to indicate a positive classification,
we can generate a series of TPR and FPR pairs, each corresponding to a different
threshold value. Plotting these pairs produces the ROC curve (see Figure 4.8),

4.2. Evaluation Measures 89

Informedness

A-mean

3: This measure is also known as balanced
accuracy [Bro+10].
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Figure 4.8.: The performance of a model de-
picted using a receiver operating character-
istic (ROC) curve. The shading represents

the area under the curve.
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HPO: Section 3.2

providing a visual representation of classifier performance across all possible

thresholds.

Computing the area under the ROC curve (AUC) is a way to condense the
complete curve into a single number in [0, 1]. A perfect classifier would be
located at the point (0, 1) where the FPR is 0 % and the TPR is 100 %, and its
AUC is 1. If a model guesses randomly, its curve will be the diagonal, and the
resulting AUC is 0.5.

‘When moving to the choice setting, similar to the F;-measure/loss, we have
to account for the fact again that there are multiple objects in each task for
which we need to make a binary decision. Since the set of objects in our setting
is variable from task to task, a straightforward instance-based averaging is
sensible. For a given task, we would, therefore, calculate the AUC for each
instance separately, and then average the AUCs:

N
AUC,(u, D) = %] Y AUC(G,u(Q)) (4.10)
i=1

where u is the utility (or scoring) function of the model. We will adopt this
averaging method for the AUC results presented later in this thesis.

The aforementioned measures are useful in comparing the performance of
different learners across a variety of datasets. In addition, they can be used as the
target measure used during HPO. However, since they are not differentiable,
they cannot be used in a gradient-based optimization algorithm to fit a choice
model. In the upcoming chapters we will see different approaches on how
to work around this problem. That is, we employ surrogate losses based on a
probabilistic model in Chapter 5 and a hinge surrogate loss based on constraints
in Chapter 6.

4.2.2. Ranking Measures

As this thesis focuses on learning from choice data, we will not present the
ranking measures in detail here. It is, however, useful to give an overview of
the most popular measures here since it will help contextualize the solution
approaches in Section 4.3. Recall that in learning to rank, the ranking infor-
mation may be given in different ways depending on the specific setting. One
possibility is that we observe a complete order or permutation of the objects,
which corresponds to the object ranking setting. Or we could observe objects
with (ordered) relevance degrees assigned to them, as is common in instance
ranking or ordinal regression. This specifies a partial order and is particularly
common in IR. It is possible to convert a complete ranking into relevance
degrees, which is necessary to compute some measures like the NDCG, as
we will see in the following. However, the converse direction is not uniquely
possible, and measures are required to handle ties.

The ranking measures can be roughly grouped into two main categories based
on how they weigh different positions in the ranking. Measures that are
agnostic to the positions are rank correlation measures such as Kendall’s 7 [Ken38]
or Spearman’s p [Spe04]. In IR, models usually need to identify the most
relevant documents first. Therefore, one weighs the top positions much more
highly than the rest. Popular measures in this direction are, for instance, the



NDCG, the mean average precision (MAP), and the mean reciprocal rank
(MRR).

Position-Agnostic Ranking Measures Similar to the choice setting, we can also
define a 0/1-loss that is 0 if and only if the complete predicted ranking matches
the observed ranking. As there are M! many permutations, this becomes
exceedingly difficult for even moderate ranking sizes. A more fine-grained
way to compare rankings is rank correlation measures, such as Kendall’s 7 [Ken38]
and Spearman’s p [Spe04]. Kendall’s 7 counts the number of concordant and
discordant pairs of objects. A pair of object x;, x; is considered concordant, if
mwand 7 agree on their order. Otherwise, it is discordant. As a measure for
correlation, it assumes values between —1 and 1, with the latter indicating a
perfect match of both rankings and 0 no correlation. If Kendall’s 7 is negated
and scaled to [0, 1] it is known as the ranking 0/1-loss or simply ranking loss:

Lper) = gy 3 [0 —H O -7 G) <0 (411
<i<j<

In practice, we often observe incomplete rankings due to the way data is
collected (e. g., implicit feedback on top-K lists); therefore, it becomes necessary
to be able to account for ties. Both for Kendall’s 7 and Spearman’s p there are
modifications that are able to handle ties.*

Top-Focused Ranking Measures As for ranking measures that are geared
towards IR in that they weigh the top positions much more heavily, there
are a variety of different methods. A general way to weigh the top positions
more is only to compute a measure for the top-K objects. An example of this
is the precision at K, which is the fraction of relevant objects that were among
the K highest rated objects returned by the learner [MRSO08]. This measure,
however, ignores the order of the K best objects, which is why the MAP was
introduced.> For a given task, it takes the ranking predicted by the learner and
iteratively computes the precision of the top-i objects, starting with i = 1 up
to i = M. Then, it averages only those precision values achieved for relevant
objects (which yields the AP). Finally, these values are averaged across the
complete dataset to arrive at the MAP.

A very similar measure to MAP is the normalized discounted cumulative gain
(NDCG) [JK00; JK02; Wan+13]. Roughly speaking, the cumulative gain
sums up the relevance scores of the top-K objects predicted by the learner.
The discounted cumulative gain reduces the impact of low-relevance objects by
downweighing later positions in the predicted ranking 7 and can be written
as X
DCGg = Z g(yn'*l(i))d(i) >

i=1
where y,-1(; is the relevance degree of the object the learner placed on position
i and d is a monotone discount function and g is a monotonically increasing
function. The typical discount function used in practice is d(x) = l%z(ﬁ'
For g, both g(x) = xand g(x) = 2* — 1 are used in practice, where the latter
gives even more emphasis towards highly relevant objects. Finally, the NDCG
normalizes the discounted cumulative gain to assume values in [0, 1].
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rank correlation measures

ranking 0/1-loss

4: For 7 refer to [Ken38; Ken45; Stu53;
Cal+10; MB13; MB14; DFF23] and for p
consider [AT15].

top-focused ranking measures

5: Note, that this measure is not the average
of the simple precision, a frequent source of
confusion.

normalized discounted cumulative gain
(NDCG)
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reciprocal rank

mean reciprocal rank

expected reciprocal rank (ERR)

[Liu11]: Liu (2011), Learning to Rank for
Information Retrieval

Lastly, measures based on the reciprocal rank have been proposed [KV05; GS19].
We assume that we have a binarization of relevance, i.e., we have relevant and
irrelevant objects. For each task Q;, one records the rank r; of the first relevant
object in the predicted ranking. The mean reciprocal rank is then simply the
average across all instances [KV05]:

MRR :=

zl=
M=

Il
—_

1
4 ;l (4.12)
where h is the ranking function produced by the learner, which gives rise to
the ranks r. Chapelle et al. [Cha+09] introduce the expected reciprocal rank
(ERR), which changes (4.12) to be a weighted average. Each reciprocal rank is
weighted by the (estimated) probability that a user stops at that particular rank.
This probability is proportional to the relevance degree of each object and the
relevance degrees of the objects that came before it on the predicted ranking.
In case the relevance degrees are binary, ERR coincides with MRR.

4.3. Solution Approaches

While the distinction of the different preference settings in Section 4.1 is
precise, there are some aspects that suggest that a different perspective may
be worthwhile. Even though settings may differ, solution strategies might
share similarities or be directly transferable. For example, we can convert an
object ranking instance that consists of K objects that are ranked to an instance
ranking problem, where each instance is assigned K different relevance scores.
As another example, consider a choice problem instance where we observed
that one object was chosen. This is a setting we often observe in practice since
click data on search engines or e-commerce stores can be considered choice
data and is routinely used to train ranking algorithms. By decomposing the
choice into pairwise comparisons, where the chosen object is preferred over all
unchosen objects, we obtain an object ranking problem. Therefore, it may be
more useful to establish a universal nomenclature that applies to a variety of
settings and more accurately characterizes the data used to train and what kind
of model is learned.

Liu [Liul1] does so in their influential book. They argue that there are three
fundamental approaches that can be distinguished: The pointwise, the pairwise
and the listwise approach. In the pointwise approach, one learns a model that
maps from a feature vector in U to a relevance degree in 4. A pairwise approach
learns a function that takes in two instances or objects and predicts the relative
order. And finally, a listwise approach aims to infer a function that predicts a
complete order of the instances/objects in question.

This distinction may appear sensible, but in practical applications, it can be
less clear. This boils down to nuances in the definitions of what constitutes a
pointwise, pairwise, or listwise approach. For example, we often see approaches
in the literature where the data used to train a model is of a pairwise or listwise
nature, but the model we actually train is pointwise. Consider RankNet, which
utilizes pairwise training data and a pairwise loss function to train a pointwise
latent utility model. This becomes problematic when the ground-truth func-
tion is inherently pairwise or listwise and cannot be accurately represented by



a pointwise function. Therefore, we argue that approaches should not only
be categorized based on their input data and training method but also based on
the representational power of the model they infer.

In the following section, we follow the standard delineation of these three
categories, but will discuss it in more detail when a particular approach could
also fit into a different category and explain the reasoning. We will focus on
highly representative approaches and those used later during the experiments.

In Section 4.3.1, we begin by introducing pointwise approaches to which the
typical classification and regression approaches belong, but also ordinal regres-
sion. Next, in Section 4.3.2, we move our attention to pairwise algorithms.
We will introduce fundamental concepts and examine Rankboost, RankSVM,
SortNet, and RankNet in more detail. Lastly, we explore listwise approaches
in Section 4.3.3. Here, loss functions are particularly important, and we give
an overview of their use. With ListNet, we introduce one particular approach
in more detail. The remainder of this section follows the structure outlined in
Liu [Liul1], but it provides a more detailed description of the methods utilized
later in this thesis.

4.3.1. Pointwise Approaches

Pointwise approaches are very straightforward approaches to solve learning
to rank problems. Whether an approach is classified as pointwise is usually
decided based on the type of input data and the final prediction function that
is produced. The most common data we encounter are instances (for example,
documents in IR) that are assigned a relevance degree. The latter is typically
given on an ordinal scale. Hence, formally we observe tuples (x;, y;) with
x€ X,y €Yand|Y| = M. We assume that the relevance degrees are ordered,
i.e., there exists a permutation 7 such that y,1) > ) > =+ > Yyap-

Comment

With that, we could cover many preference learning settings simply by
transforming the input data into a flattened representation using relevance
degrees. To list a few examples: Assume we observe pairwise comparisons
of instances, i. e., of the form x; > x;. Then, we can convert them using two
relevance degrees: (x;, 1), (x;, ). As for rankings of a certain maximal size,
they can be mapped to an equal number of relevance degrees. It should be
apparent that these transformations are very crude. In the pairwise example,
by transforming it into a pointwise representation, we essentially claim that
x; is universally relevant and x; is universally irrelevant, even though we
only have the very local information that x; is more relevant in the presence

oij.

Pointwise approaches can roughly be categorized into regression, classification,
and ordinal regression approaches. We will begin with the regression approaches,
where the idea is to treat the relevance degrees as numeric values or to en-
code them (e. g., using a one-hot encoding) and then use standard regression
approaches to solve the resulting regression problem. Fuhr [Fuh89] is one of
the first to study regression-based approaches for ranking. They look at both
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6: We will later discuss context-dependency,
a characteristic of such functions.

regression approaches
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7: This is also called the missing-at-random
assumption.

classification approaches

8: Note that here we are not referring to a
pairwise preference learning approach. In-
stead of pairs of objects, this method decom-
poses the relevance degrees into pairs.

one-hot encoded and numeric regression targets. In their approach, the rele-
vance degrees can also be assigned different costs that can be incorporated when
computing the regression targets. In general, as a loss function, we can use any
loss function typically used in regression, like the square loss L(y, ) = (y — 32
(see Page 42). In the context of ordinal regression, Herbrich [Her99] introduce
how the problem can efficiently be solved using a support vector machine. The
key insight is to assume that the hyperplanes that separate the relevance degrees
are parallel. This allows for a very eflicient optimization algorithm because
only the thresholds between the relevance degrees need to be learned. Cossock
and Zhang [CZ06] investigate how well a regression-based approach based on
a square loss would fare when evaluated based on the discounted cumulative
gain (DCG). They show that the square loss is an upper bound for the DCG,
i.e., asymptotically a regression-based learner is consistent for the NDCG.

Another way to define regression targets called expected rank regression, has been
proposed by Kamishima et al. [KKAO5]. This method is particularly useful
in case rankings are of varying sizes, which is often the case in practice. The
rank r(x, ) specifies the position of object x in a ranking . Say we observe the
ranking 7 = (3, 1, 2), then the rank of object x5 is 1. With the mild assumption
that we selected the observed set of objects uniformly at random’, the expected
rank can be estimated using the formula [KKAO05]:

r(x, m)

E[r(x, 7*) | 7] O+ 1

where Q is the task for which we observed ranking 7 and 7* is the assumed
ranking of all possible objects.

The next category of pointwise approaches is classiﬁcation approaches. Here, one
either reduces the preference learning problem to a binary problem, which
simplifies the problem considerably, or one uses techniques from multi-class
classification. The former methodology is more widely known as binary de-
composition. The simplest binary decomposition separates objects into the two
classes “relevant” and “not relevant”. Several works have used this methodol-
ogy over the years [CGD92; Gey94; Nal04].

With binary decompositions, we are, however, not limited to using only one
learner. One idea is to split the original preference learning problem into
several binary classification problems. Assume we have M many relevance
classes ordered in increasing order of the relevance degree. The approach by
Frank and Hall [FHO1] will then train M — 1 learners. The first one predicts
the probability that the true relevance class is above y, i.e., Ay > y; | x)
and analogously for y,, y3, .... With that, it is straightforward to compute the
probability of one specific relevance class y,, using one pair of learners:

P(Ym) = P(y > ymfl) ' (1 - P(y > Ym)) (4-13)

for m € [2, M—1]. For m = 1 or M it suffices to query one learner. Since the
difference in Equation 4.13 can become negative in practice, it may be useful
to apply an additional max(-, 0) to keep the probability positive.

In multi-class classification an influential decomposition method, learning by

8

pairwise comparisons®, was proposed by Fiirnkranz [Fiir02]. A binary classifier

is learned for each pair of labels (3}, y;) with 1 <i < j < M. Then, for a new



instance x, we evaluate the output of all learners and aggregate the outputs.
The label with the highest aggregated score is predicted. This approach can
straightforwardly also be applied to the problem of preference learning, as
Fiirnkranz et al. [FHV09] point out.

Generally, multi-class classification lends itself well for use in preference learn-
ing. Li et al. [LBWO07] use multi-class classification to learn a probabilistic
model for each relevance label y,,. These probabilities are then used to compute
a weighted mean of monotonically transformed relevance degrees. Veloso
et al. [Vel+08] employ a very similar weighted mean where they compute
probabilities using normalized scores. The scores are obtained by aggregating
association rules, i.e., the average confidence of the association rules predicting
a certain relevance class is used as the score of that class.

Finally, an important category of pointwise approaches is ordinal regression
approaches. These explicitly exploit the fact that a natural ordering of the
relevance degrees exists. The idea is to learn thresholds 8, < 6, < --- < 0),_; that
in conjunction with a scoring function u: X' — R are able to assign instances
to relevance degrees. A seminal approach in this space called “PRanking” (or
perceptron-based ranking) was proposed by Crammer and Singer [CSO01]. The
algorithm adapts a weight vector @ of a linear model (i.e., 8" x) and the vector
of thresholds 0 using a perceptron learning algorithm. Shashua and Levin
[SLO2] try to improve generalization by introducing large-margin principles.
To this end, they specify two different strategies. The “fixed margin” strategy
maximizes the margin of the closest relevance degrees, while the “sum of
margins” strategy maximizes the overall sum of the M — 1 margins. Rennie
and Srebro [RS05] generalizes this approach by permitting varied margin loss
functions and by also allowing one to penalize margins between relevance
classes that are not neighboring.

In summary, pointwise approaches offer both merits and limitations. One key
advantage is their simplicity; existing machine learning algorithms can easily be
applied to transformations of the preference learning problem. This adaptabil-
ity and the ability to process each instance independently make these algorithms
highly scalable. However, these methods also have inherent drawbacks. Specif-
ically, they overlook the relative ordering of data, thereby sacrificing a poten-
tially valuable source of information. While the absolute score of an instance
may not be crucial in practice, maintaining the correct order—particularly
among the top-K instances—can be of significant importance. Moreover, in
common IR scenarios where the number of results per query is very large,
pointwise approaches may produce loss functions that are disproportionately
influenced by an abundant number of irrelevant results. Consequently, we
will move on to approaches that more directly solve the ranking problem,
beginning with the category of pairwise approaches.

4.3.2. Pairwise Approaches

As the name suggests, the pairwise approach to preference learning considers
pairs of instances or objects and their relative order. We assume that the data
consists of ordered pairs (x;, xj) € X2, which express that x; > x;. The goal is
to learn a hypothesis i : X% — {1, 1} that can accurately predict the order
between two instances. From this, we can already glean the first problem: if
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Axioms of utility theory: Section 2.2.1

transitivity: Page 26

we care about a ranking of the instances, how does & help us? If we have a
collection of predicted pairwise preferences, we cannot always find a (unique)
ranking that satisfies all. A simple example is a preferential cycle, i.e., if we
treat each pairwise preference as an edge in a graph, then there could be a cycle
in the graph. A ranking is a strict order of the instances that can only exist if
the preference graph is cycle-free.

We will see two main strategies to tackle this problem. The more widely
used strategy is latent-utility, where a function u: X — R is inferred from
the pairwise comparisons. With this it is straightforward to compute a total
order of all instances, simply by passing all instances into the utility function
and sorting the resulting utilities. We will explore the various approaches of
this strategy in Section 4.3.2.1. The other main strategy is to learn an actual
pairwise order relation that receives two instances as input and outputs the
order between them. In a second step, this pairwise relation is used to come
up with an overall ranking, and we will describe the methodologies employed
there and their tradeoffs in Section 4.3.2.2.

4.3.2.1. Latent-Utility Approaches

The main objective of latent-utility approaches for pairwise ranking is to
decompose the final hypothesis h as follows: h(x;, x;) = Aulxy), u(xj)) where
u: X — Ris an (unobserved) utility function and f: R? — {-1,1}isa
decision function. Often the decision function fis defined in terms of the
utility difference u(x;) — u(x;). Consequently, we have

h(x;, x;) = flu(x) — u(xj)) . (4.14)

From this, we can already see how pairwise approaches using latent utility
are essentially pointwise approaches in disguise. Why is that? Assume we
have trained a latent-utility model u using pairwise comparisons. We could in
principle pass in all instances x, ..., x) to obtain utilities u;, ..., un. With those
we can construct a dataset 2’ = {(x;, “i)}ie[ N)- We, therefore, transformed the
original dataset into a pointwise form. To be more precise, this could now be
treated as a continuous instance ranking problem (see Section 4.1.2) or simply
a regression problem.

This observation should not be interpreted as a critique of the approach; there
are indeed contexts where it is fully justified. A discerning reader may recall
a similar issue discussed earlier in Chapter 2. In that chapter, the focus was
on identifying the necessary assumptions about preferences required for the
existence of a utility function. In our current context, to put it simply, we
can impose certain assumptions on the ground truth pairwise relation h. Un-
der specific assumptions, a unique mapping to utilities is guaranteed to exist
(typically up to some invariances).

Several sets of assumptions can assure the existence of an underlying utility
function. Interestingly, most of these assumptions can be shown to be equiv-
alent to some form of transitivity. Therefore, if the ground truth pairwise
relation is transitive (according to an appropriate definition), a latent-utility
approach is well-motivated.
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RankSVM As SVM:s were and still are a popular model class, they were also
applied to the preference learning problem. Joachims [Joa02] are the first to
use it in a ranking context, while Herbrich et al. [HGOO00] look at a similar
approach in the context of ordinal regression two years prior. Both methods
utilize a linear latent utility framework, expressed as u(x) = ' x. Yet, by
employing the kernel trick, we are also able to learn nonlinear functions.

For the RankSVM, each instance (with the index i) of a dataset is broken into
pairs of objects {xj(-’), x,(cl)} and the corresponding pairwise preference is denoted 2 |

by yy])c € {—1,1}. Assuming we observe complete rankings for each instance (as

—— Hinge loss
——  0/1-loss

is the case in object ranking), the optimization problem of the SVM can be

formalized as: \

N |
minimize %"0”2 +1 Z Z ik 2 -1 1 2

=1k J’fll)fl 3//’,)( - (ulx;) — ulx)
subject to @7 (x§i) - xg)) 21-§;, if ygi,)( =1,

Figure 4.9.: Comparison of hinge loss and
0/1-loss as a function of the score difference

éfi,j,k >0,vi=1,....,N yﬁl])c - (u(x,) - ulxy).

‘With the minimization, we try to make both the parameters @ and the slack
variables & as small as possible. The former for regularization purposes and
the latter to minimize the hinge loss (depicted in Figure 4.9) when used with ~ hinge loss
the inequality constraints. It is a convex upper bound of the 0/1-loss and,
therefore, easier to optimize. The parameter A controls the tradeoff between
both terms and is usually tuned on a hold-out set. As is typical for SVMs, the
loss exhibits a margin effect, meaning that it penalizes misclassifications in a
way that encourages the decision boundary to be as far as possible from any
data point while still correctly classifying the training data. By maximizing
this margin, we obtain the clearest separation between classes, and hence, the
model has good generalization properties. The optimization problem above is
specified for the setting where we have full rankings, but can straightforwardly
be applied to partial rankings as well.

RankBoost RankBoost, as the name suggests, is a boosting algorithm designed
for ranking proposed by Freund et al. [Fre+03]. It is an adaptation of AdaBoost
(adaptive boosting), a well-known classification algorithm by the same authors
[FS97]. The idea is to iteratively construct a weighted ensemble of weak
rankers, each being trained on a reweighted dataset.

Algorithm 1 Learning algorithm for RankBoost [Fre+03].

Require: training data 2 = {(x;, x;) | if ; > x;}
Ensure: Initialize distribution D; on X2.

fort=1toTdo
Train weak ranker f, : X' — R based on distribution D,.

1:
2
3: Choose ¢; based on an appropriate formula.
4 for (x;,x;) € D do

5

Update Dy, ;(x;j, x;) = %[Dt(xj, x;) CXP(Oft(ft(xj) - fi(x)))
6: return f() = 3, & f()

The algorithm is shown in Algorithm 1. As usual, it receives a dataset consisting
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Figure 4.10.: Matrix representation of Rank-
Boost weights D, for instance pairs (x;, x;).
Circle size indicates weight magnitude.

Figure 4.11.: Example instantiation of the
RankNet architecture. The input objects of
the network are green, the utility network
u(-) is shown in blue, and the nonlinearity f
is depicted in red.

of pairs of instances (x;, x;). It maintains a probability distribution D, over all
pairs (see Figure 4.10). It is initialized using a uniform distribution over all
observed pairs, i.e., we set the probability to 0 for all remaining pairs. In each
iteration t a weak ranker f; is trained using the distribution D; over pairs as
weights, i.e., the weak ranker should focus on getting pairs that have a high
weight correctly. Each weak ranker is assigned a weight ¢; that is used in the
final weighted average. Freund et al. [Fre+03] detail several methods on how
to compute ¢, which we will not show here. Then, in each iteration, the
next distribution Dj, ; is computed using an exponential weighting approach.
The algorithm will, therefore, quickly focus on pairs that are hard to rank
correctly.

RankNet Using pairwise comparisons to train a neural network is an approach
that has been proposed as early as 1988 by Tesauro [Tes88]. It was later popu-
larized in the year 2005 by Burges et al. [Bur+05] under the name RankNet.

The basic idea is to instantiate Equation 4.14 with u being a neural network
and fbeing a nonlinearity like the sigmoid (mapping to [0, 1])

1

51gm01d(x) = ﬁp(—x)’

the tanh function (mapping to [—1,1]) or even a real-valued output. The
advantage of using the sigmoid nonlinearity is that the output of the network
can be interpreted as the probability that object x; is preferred to object x;, i.e.,
h(x;, x;) = P(x; > x;). An example instantiation of the RankNet architecture

input
objects

is shown in Figure 4.11. Two objects x; and x;, each represented by a feature
vector, are separately passed into the network u(:). The number of hidden
layers and units inside u(-) are hyperparameters subject to optimization. The
output of the network (a real-valued scalar) is then fed into f. However,
negative weight sharing is employed, i.e., if we have

h(x;, x;) = f(6ru(x;) + gzu(xj))

then 0, = —0, is enforced. Therefore, we have h(x;, xj) = f(91 (u(x) — u(xj))).
And since the weight 6; can just be encoded in the previous layer, the expression



simplifies to h(x;, x;) = f(u(xi) - u(xj)) which is exactly Equation 4.14.

This yields a straightforward reduction to a classification problem and if we
let f be the sigmoid, the usual classification loss functions like the binary
cross-entropy loss (in case the nonlinearity is the sigmoid) can be used:

Leg(p: p) = —plog p — (1 - p)log(1 - p) (4.15)

where p is the ground-truth probability that a given object is ranked before
another given object, and p is the probability predicted by the model f. The
cross-entropy loss function is shown in Figure 4.12. As is apparent, it smoothly
approaches infinity the closer the prediction is to the wrong outcome. The
parameters of the neural network can then be trained using the classic back-
propagation algorithm [RHW86]. The weight update can be factorized, which
allows for a significant speedup in practice [Bur10].

Other algorithms The main advantage of the pairwise latent-utility approaches
is that they allow one to learn a pointwise model (i.e., the utility function)
from pairwise examples. This is well-motivated in case the underlying pairwise
preferences are transitive, which guarantees the existence of a utility function.
Predicting a ranking is also straightforward since it suffices to sort the predicted
utilities for a given list of objects. As we have seen in Section 2.3, there are
situations where preferences are intransitive, often because the preference
context influences the preferences observed. In those, it becomes necessary
to learn a “true” pairwise function that cannot be reduced to a function of
utilities (4.14).

4.3.2.2. True Pairwise Approaches

Recall that the goal with pairwise approaches was to model the function
h: X? — {~1,1} from pairwise preference observations. Instead of decom-
posing this function, we will attempt to learn it directly or to learn a pairwise
scoring function u: X2 — [—1,1]. Unlike latent-utility approaches, which
straightforwardly compute an overall ranking, pairwise scoring functions re-
quire an additional step. This step involves aggregating the predicted pairwise
preferences into a consensus ranking. There are various methods to achieve
this aggregation, each with its own set of tradeoffs.

CmpNN & SortNet Rigutini et al. [Rig+11] propose a pairwise neural net-
work architecture called CmpNN, that is able to learn a certain pairwise
preference relation. Such a pairwise preference relation is then used to produce
a ranking by using it as a comparator in a sorting algorithm. To solve the
problem of learning to rank, the authors employ active learning to produce a
CmpNN model that performs well in terms of a global ranking measure (as
opposed to only the pairwise performance).

The use of a pairwise relation in conjunction with a sorting algorithm is com-
monly done in the rank aggregation literature [ACNO08]. In Example 4.3.1,
we can see how a sorting algorithm can produce a ranked list of objects using a
nontransitive comparator.
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Figure 4.12.: The cross-entropy loss func-
tion Leg(p, §)-

backpropagation: Section 3.3.2
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permutation-equivariance: Definition 3.3.2

SortNet algorithm

Example 4.3.1 (Sorting with a nontransitive comparator) Let us consider
a sorting problem with four objects {A, B,C, D}. We have a comparator
> that produces the following nontransitive preferences: A > B, B > C,
C>A,A>D,B> D,C > D. These are nontransitive since A, B, and C
form a cycle.

We now run merge sort on the input list [D, C, B, A]. The algorithm will
divide it into the lists [D], [C], [B], [A] and attempt to merge the first two
and the last two. Since C > Dand A > B, we get the lists [C, D] and [A, B].
Now, we merge these lists and compare C and A. The comparator yields
C > A and we put C as the first element of the final list. Then A follows
due to A > D, and then B due to B > D and finally D. Therefore, the
resulting list is [C, A, B, D]. Another initial order of the objects could have
resulted in another final list. However, object D would always be ranked
last.

As the CmpNN architecture used to learn the comparator is central to the
approach and will also be used later in Section 5.4.1, we are going to explain it
in detail here. The network is learning a function h : X2 — R?. For a given
pair of objects x; and x;, the authors propose to use the target vector (1,0) in
case x; > X; and (0, 1) otherwise. They call the first element of this vector N, ,
the evidence for the first object being preferred, and analogously the second
element N.. Then, a simple loss function like the mean squared error (MSE)
can be used to train the network.

Until now, the two outputs are not coupled, but we would expect some kind
of permutation-equivariance. That means it should hold that h(x;, x;) = h(x;, x;).
The authors achieve this by employing weight sharing. Let N be the shared
pairwise neural network architecture with one output neuron. Then we
pass in a given pair of objects x; and x; to obtain N, (x;, x;) := N(x;, x;) and
N, (%, x;) := N(xj, x;). Now it is clear that we have N, (x;, x;) = N(x;, x;) =
N (x;j, x;). It can then be shown that the network is reflexive (both outputs are
exactly equal if we pass the same object in twice) and that > and < implemented
by the network are equivalent. However, the architecture does not prescribe
propetties such as transitivity.

With this comparator network, we are able to learn a pairwise ranking model.
Since it can also represent nontransitive relations, it is not possible to use it
directly for ranking. That is where the authors introduce the SortNet algorithm.
The goal is to optimize a global ranking criterion by adaptively changing the
training set available to the CmpNN training process. Initially, a CmpNN
with random weights is created and used as a comparator to sort the elements
of the complete training and validation set. All pairs that the model ordered
incorrectly are added to the adaptive training and validation sets. In each
iteration, the algorithm also evaluates a ranking criterion on the complete
ranking produced on the validation set. If the current CmpNN model achieves
a better global ranking score, it is saved and returned after the algorithm
terminates. In each subsequent iteration, the CmpNN model is trained on
the current adaptive training and validation sets, and the procedure terminates
when these sets do not change anymore or if 2 maximum iteration is reached.
The authors remark that one could also use the outputs of the CmpNN model
as a score to compute an overall score for each object, which is similar to the
idea we investigate in Section 5.3.1.



Other Pairwise Approaches One notable pairwise approach in document re-
trieval is called duoBERT and was proposed by Nogueira et al. [Nog+19]. In
document retrieval, it is nowadays common to employ multi-stage retrieval,
i.e., one starts with a fast pointwise model to filter out irrelevant documents to
end up with a manageable number of documents to be ranked by more expres-
sive models. In the mentioned paper, the authors go through 3 stages. In the
first stage, a very fast model called BM25 [Rob+95] does the aforementioned
preselection. Then, a more expressive pointwise model called monoBERT fur-
ther reduces the amount of documents. Finally, the pairwise duoBERT model
takes in the query and two documents and produces a pairwise probability.
These are then aggregated using an aggregation function to determine a single
score for each document, which is then used to rerank the list of documents.
The researchers compare different aggregation functions (i. e., the sum of scores,
the sum of binary scores, the minimum, and the maximum) and find that the
sums perform best overall.

As we can see, the literature contains fewer true pairwise approaches than
latent-utility ones. A big reason is that latent-utility approaches are easier to
work with and produce a total order out of the box. A major consideration
for pairwise approaches was to increase their focus on the top elements or, in
general, to make them more aware of the complete global ranking they have to
address. This raises the question of whether it is possible to tackle the ranking
task directly, i.e., instead of single objects or pairs of objects, to look at the
complete list of objects instead. This is what we will look at in the upcoming
section.

4.3.3. Listwise Approaches

This section will follow the categorization introduced by Liu [Liul1]. Since
most of the approaches proposed in the literature are latent-utility approaches,
we will only have a small section about true listwise approaches at the end of
this section.

4.3.3.1. Direct Optimization Approaches

Directly optimizing the target evaluation measure is not straightforward since
most evaluation measures are neither differentiable nor smooth. This makes
them hard to optimize using standard optimization algorithms. There are
several ways to address this problem. A popular methodology is to approximate
or bound the target measure and then use standard optimization approaches to
optimize the approximate measures. The second solution is to use optimization
algorithms that can handle non-differentiable and discontinuous functions.

Approximating the Target Measure SoftRank by Taylor et al. [Tay+08] treats
the scores of each object as Gaussian probability distributions, which lets them
define a probabilistic distribution of the ranks and subsequently a probabilistic
version of the NDCG. The expectation of this soft NDCG can then be opti-
mized using standard gradient descent. This methodology was later expanded
by learning more of the parameters [GS08] or to be able to optimize other
ranking metrics [YR10]. Zoeter et al. [Zoe+08] generalize this idea using a
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Bounding the Target Measure

non-smooth optimization

decision-theoretic framework. They define an expected utility, where the
utility is a typical non-differentiable target measure, and the expectation is
taken with respect to the probability distribution over scores.

Qin et al. [QLL10] and Chapelle and Wu [CW10] realize that the main
problem with the non-differentiable target measures is that changing the
scores of the objects slightly, does not result in a change of the target measure.
Therefore, they propose smoothed versions of popular target measures. Their
approaches differ in how the smooth version of the target measure is defined. In
both cases, the smoothing requires the specification of a smoothing parameter
that impacts the difficulty of the resulting optimization problem and also how
well the smoothed measures approximate the true target measure.

Bounding the Target Measure Yue et al. [Yue+07] introduce an SVM variant
that is able to optimize the average precision (and in later works also NDCG
and MRR) directly. Since the resulting optimization problem still requires
an exponential number of constraints, the authors propose to minimize the
maximum violation instead, which can be done efficiently. Xu et al. [Xu+08]
derive the specific expression that is upper bounded by the aforementioned
SVM formulation. In addition, they propose PermuRank, which incrementally
updates two sets of permutations, those perfect ones that the model judges
lowest and imperfect ones that it judges highest. In addition, a hinge-loss is
used to upper-bound the expression they derived earlier.

Non-Smooth Optimization The algorithm AdaRank, proposed by Xu and Li
[XLO07], applies the AdaBoost idea to the problem of learning to rank. The
core idea is to take any target measure that operates on the scale [-1,1] and
use it directly in the computation of the ensemble and instance weights. Since
the algorithm does not require gradients or a smooth target measure in general,
it is able to optimize an exponential version of the target measure directly
and efficiently. The authors prove a lower bound for the target measure the
algorithm achieves that depends on the measure achieved by the ensemble and
the weak rankers in each iteration.

Metaheuristics are popular approaches applied to difficult-to-optimize func-
tions. It is, therefore, no surprise that they were also used to optimize ranking
target measures. To this end Yeh et al. [Yeh+07] create RankGP, a genetic
programming method that evolves a (linear) ranking function based on prim-
itive operations and constants. The target measure then acts as the fitness
function for the genetic programming algorithm, and since it is a black-box
optimization algorithm, any such measure can be used. The downside, as with
any metaheuristic, is the considerable computational cost. This is because many
generations of ranking functions have to be constructed and evaluated.

4.3.3.2. Probabilistic Approaches

Instead of approximately optimizing the target measure, another possibility is
not optimizing for the target measure at all and instead fitting a probability
distribution over rankings. Often times this results in quite a good performance
in terms of the target measure.



ListNet A seminal work in this regard is the ListNet approach by Cao et al.
[Cao+07]. Since we will use this approach as a baseline in the following
chapters, we explain it in more detail here. The authors propose to use the
following probability distribution on rankings

M Pung)
P,(m):= _—
g Y Hun)

which is exactly the well-known PL distribution [Pla75; Luc59]. The function
¢: R — R, (usually an exponential function) is increasing and ensures that the
result is a proper probability distribution. It is useful since it allows the model
to output real-valued utilities. Instead of directly using the PL distribution as
the likelihood for observed rankings, the authors aim to compute two distinct
probability distributions: one resulting from the predicted scores and another
from the observed ranking or relevance scores. Subsequently, the cross-entropy
between these distributions can be utilized as a loss function.

Since the number of permutations is M!, Cao et al. [Cao+07] contend that such
a computation could be intractable and suggest to use the top-1 probability

. ()
P, u(l) = ]51571

Z j=1 ¢(u])

instead. With hg being the neural network parametrized by weight vector 6,
the resulting cross-entropy loss for an instance i € [N] is

M,
L(yi, ho(x)) = = Y, P, (1) 10g (Phy() ()
J=1

and can easily be optimized using gradient descent.

The neural network architecture is the same as that used in RankNet. The
only difference is that RankNet is trained by pairwise comparisons and ListNet
by rankings (a distinction that extends to the corresponding loss functions).
Complexity-wise, RankNet runs in time quadratic in the maximum number
of objects in a ranking, while ListNet only needs linear time.

One might contend that ListNet does not entirely represent a listwise approach,
given its emphasis solely on the probability of the highest-ranked object. Nev-
ertheless, ListNet does incorporate the entire set of objects and is trained on
complete rankings. The focus on the highest-ranked object can be seen as
advantageous, particularly since the accurate ordering of the top items is often
more critical in practical applications. To this end, the authors note an empiri-
cal correlation between a decrease in top-1 cross-entropy loss and an increase
in the target metric NDCG, a trend not observed in RankNet, which relies on
pairwise loss.

Other Probabilistic Approaches Xia et al. [Xia+08] propose to use the negative
log PL likelihood directly as a loss, instead of the cross-entropy loss. They show
that this loss is the only one that is consistent (converges to the true distribution
with infinite data) and sound (worse rankings always increase the loss, and
better rankings decrease it). In addition, it can be optimized efficiently, with
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ListMLE

StructRank

9: Note: “StructRank” here differs from
the virtual screening algorithm of the same
name, which is used in drug discovery to
rank chemical compounds based on SVMs.

BoltzRank

10: This utility function parallels the pair-
wise FETA strategy, which will be elabo-
rated in Section 5.3.1. In this chapter, we
will also elucidate its pros and cons.

its complexity being linear in the maximum number of objects in each ranking.
They use the PL likelihood in a learning algorithm and call it ListMLE.

Generalizing RankNet, ListNet and ListMLE, Huang and Frey [HF08] apply
the framework of cumulative distribution networks (CDNGs) to the problem
of ranking. It decomposes any partial order expressed on objects into pairwise
preferences. Each pairwise preference is then a node in a CDN, which itself is
an undirected graph. Such a CDN is constructed for each observed ranking.
For the case where there are relevance labels are available for each object,
Huang and Frey [HF08] propose a corresponding model called StructRank.?
Kernel regression is used to model the utility function for each node. As
RankNet, ListNet, and ListMLE can be represented using a specific CDN, and
the framework can deal with both partial and full rankings, it is more general
than the previously introduced methods.

A similar idea to CDN is the method BoltzRank proposed by Volkovs and
Zemel [VZ09]. They apply the Boltzmann distribution to rankings, specifying
a utility function consisting of an individual potential and a sum of pairwise
potentials.!® Precise calculation of this distribution is computationally demand-
ing, leading to the researchers evaluating three approximation strategies. The
strength of BoltzRank lies in generating a probability distribution over rankings,
from which the expected target measure can be calculated. This expectation
is differentiable, making it amenable to optimization using gradient-based
methods. Consequently, BoltzRank can optimize various target measures,
provided these measures have sufficient variance to generate a meaningful
training signal.
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Three Approaches to Modeling
Context-Dependent Preferences






Utility-Based Preferences

In Chapter 2, we examined the classical axiomatic approach to modeling
preferences, which begins by identifying the essential properties that real-
world preferences should exhibit. The goal is to define a set of reasonable
axioms that guarantee a unique assignment of utilities. Recall, for instance, the
utility system proposed by Von Neumann and Morgenstern [VM47], where
we assume the existence of a (deterministic) weak order relation on a set of
alternatives. This order is closed under arbitrary mixtures of the alternatives.
Additional axioms ensure that the mixture operation is well-behaved. Under
these conditions, we can show that a unique assignment of utilities (up to
positive linear transformations) exists for each alternative. The assigned utilities
maintain the same weak order relation, and the utility of a mixture can be
calculated using the convex combination of individual utilities.

Instead of pairwise relation, Luce [Luc59] defines axioms on the level of
probabilistic choices!. If all choice probabilities are nonzero, then axiom (i)
states that choice probabilities on supersets can be decomposed multiplicatively
into choice probabilities on its subsets. While this restriction sounds innocuous,
as we have seen in Section 2.2.2, it has major consequences. The most important
consequence was the independence of irrelevant alternatives (IIA) property,
where for any two alternatives, the ratio of their choice probabilities is constant
across all sets containing them. It can also be shown that the axiom implies
strong stochastic transitivity (SST).

There are several issues with this methodology. Firstly, the axioms may be
violated in practice. As discussed in Section 2.3, studies with human subjects
have identified various context effects where observed choice probabilities
diverge from those predicted by classical choice models. For example, the
“attraction effect” is a context effect where the presence of a third, less attractive
object can influence the choice between two other objects. In classical utility
models, the addition of an irrelevant alternative should not affect the preference
between the original options. However, in reality, people often change their
preferences due to the introduction of this decoy, violating the IIA property.

Another source of violations may arise from the application area itself. Classical
utility theory primarily focuses on human or rational decision makers, which
is logical given its development within the fields of psychology and economics.
In computer science, machine learning, and other algorithm- or data-driven
fields, we often encounter problems that can be framed as preference problems.
These include, among others, combinatorial optimization problems [Sch02],
where the goal is to find an optimal solution fulfilling certain constraints, or
structure prediction problems [Liu+23], where the goal is to rank structures
based on costly to evaluate criteria.

Consider, for example, the well-known knapsack problem from combinatorial
optimization shown in Figure 5.1, where a metaphorical burglar is confronted
with a set of items [n] they could take into their backpack. Each item i € [n]
has a certain value v; and a weight w;, and the burglar wants to maximize the
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Figure 5.1.: A burglar is confronted with
a choice between different items to steal.
Their goal is to maximize the total value of
stolen goods while obeying the capacity of
their knapsack.

sum of the values of the items they chose:

C* = arg max Z v
C<ln]  ieC

The problem is that the backpack has a limited capacity W, and therefore, any

(Zw)éW-

ieC

solution C has to obey

While the decision version of the knapsack problem is V' P-complete, there is

no known polynomial-time algorithm, which can check if a given solution
is optimal. At the same time, it is known that many problem instances en-
countered in practice can be solved efficiently [MT90; Pis05]. Pisinger [Pis05]

compare the performance of several knapsack solvers on a set of benchmark
instances and find that the best algorithms are able to solve all instances with
a low running time. This prompted the authors to look for more difficult

instances. There are many related problems to the knapsack problem, such
as the bin-packing problem, the change-making problem, or the subset sum
problem. We could frame this problem as a preference learning problem by
considering sets of objects with their values and weights as features and the cor-
responding optimal solution as the choice sets. The goal here would be to learn
a general model that can solve the knapsack problem for unseen combinations

of objects.

It is immediately clear that for this problem, no constant assignment of utilities
to items can exist such that the choices based on these utilities are always
optimal. As an example, assume we have three objects x, y and z with values
(2,3,2) and weights (0.5, 2, 1.5) and let the allowed capacity be 2. Let ¢* be
the choice function that selects an optimal subset of the objects to solve the
knapsack problem. Then it is easy to see that ¢*({x, y}) = {y}, since y hasa
higher value of 3. But adding z to the set changes the choice set completely, as
we have ¢*({x, y, z}) = {x, z}. The objects x and z can use the allowed capacity
more efficiently and achieve a combined value of 4. If we were to try to
define a utility function u: X' — R, which assigns a constant value to each
individual object, we would run into trouble. From the first choice, we know
that u(y) > u(x), since y was chosen. As for the second choice, we know that y
was not chosen, while x was included in the choice set. Therefore, u(y) < u(x)
which contradicts the first choice. Note that we have not yet specified how to
construct a choice set from utilities. This is not necessary since we can see that



any meaningful construction will run into this contradiction.

As we have seen, when framing the knapsack problem as a choice problem, it
is impossible to find a global assignment of utilities to objects such that optimal
choice sets can be computed. Let us now take a look at typical assumptions on
the level of choices and see if they hold for our running example. In Chapter 2
we introduced the relatively weak regularity condition which states that the
probability of objects in a set is not allowed to increase if the size of the set is
increased. The above example violates this condition, since object x starts with
0 % probability in the set {x, y} and adding z increases the probability to 100 %.
‘What about transitivity? Here, we can construct a counterexample with three
objects as follows: Let the values of x, y and z be (2, 4, 3) and their weights be
(2,2,3). The knapsack is allowed to hold a total weight of 4. We then have
F({x yp) = {x v} *({y, 2}) = {y} and ¢*({x, z}) = {z}. For transitivity to hold,
it would have been necessary for x to be in ¢*({x, z}); thus, it does not hold.

We can see from the aforementioned example that there are choice functions
that do not obey the classical choice and utility axioms. Now, the astute
reader may ask if such choice functions are even common or realistic enough
to warrant a move away from the classical axioms. If most of the preference
data encountered in practice (approximately) satisfies the axioms, it would
not be necessary to accommodate the few scenarios where richer preference
models are required. Here, we argue for a shift in perspective. It is clear
from experiments with human subjects (see Section 2.3) that context-based
violations of the axioms are common. While there exist extensions of classical
models (see Section 2.4.2), which are able to take some context effects into
account, it would be desirable to have models that can adapt to the data at
hand. This way, it is not necessary to know which specific context effects need
to be modeled or if there even exists a specific model, which can model the
choice function (e. g., in the case of the knapsack problem).

We will take on this perspective for the remainder of the thesis. We will
introduce what we call a generalized utility function, which will not only depend
on an object to assign a utility but also the complete object context, i.e., the
complete set of objects present when the preference is expressed. With this
change, we gain a substantial increase in representational power since we
could, in principle, assign different utilities for each set of objects. Certainly,
this increase in flexibility comes with its own problems. Assuming that we
only have a finite number N of objects in total, we would need to learn an
exponential number of parameters.? In addition, the preferences for each
object set are independent, thus we cannot generalize at all to unseen object
sets.

We will, therefore, propose two complementary methodologies on how to
represent such a generalized utility function. The first, called First Evaluate
Then Aggregate (FETA) we introduce in Section 5.3.1, decomposes the gener-
alized utility function into a sum of simpler utility functions, each of which
captures the utility contribution of a certain subset. Similar to concepts like
the Taylor series, we can omit contributions of larger subsets to make the
computation more tractable. Our second approach (called First Aggregate
Then Evaluate (FATE)) is described in Section 5.3.2. It first maps the complete
set of objects to a representative vector. Then, each individual object is passed
into a utility function, which receives both the object representation and the set

regularity condition: Page 25

transitivity: Page 26
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3: The typical scales are [Kir08]:

» Nominal (categorical, without or-
der)

» Ordinal (rank order)

» Interval (allows comparisons of
lengths, additive)

» Ratio (allows ratios)

generalized utility function

context-independent

context-dependent

universal logit model

Figure 5.2.: Example how a generalized util-
ity function can map the same objects to dif-
ferent utilities, based on the context.

representation as input. In Chapter 6, we will introduce an approach that gen-
eralizes utility differently, by moving to multi-dimensional utility functions.
For this chapter, generalized utility will refer only to context-dependent utility
functions that are scalar. We will now introduce the concept of generalized
utility formally and explain how it can be used to model a variety of preference
modalities.

5.1. Generalized Utility

We can now introduce what we mean by utility in general. Regarding the
necessary notation for this chapter, refer back to Section 2.1 in the prelim-
inaries. The goal is to assign a real value to each object so that they can be
compared based on this value. In measurement theory, different types of scales
are distinguished?, all resulting from different assumptions specified for the
measurement process at hand. In this work, we consider utilities as fundamental
elements from which preferences are derived through either deterministic or
stochastic processes. A classical utility function can be expressed as a mapping
X — R, where each x € X is mapped to one constant value. As we remarked
earlier, this is not flexible enough in the case of more contextual preferences.
We, therefore, extend this function to also include the object context as ad-
ditional input. A generalized utility function (for a preference structure Q) is
defined as

u: {(x,Q) : x€eQel >R, (x0)  u(x0), (5.1)

We call a utility function context-independent in case u(x, Q) = u(x, ) holds
for any O, € Q with x € O n ’ and context-dependent otherwise. It is easy
to see that this is a generalization since we can let u(x) := u(x, Q) for some
arbitrary Q € Q with x € Q for a given context-independent utility function.
McFadden et al. [MTT77] were the first authors who proposed to augment
the utility computation of an object by the features of the other objects. They
called this the universal logit model.

Uy Uy Uz Uy U U
— 0T T T —>
u(, {x1, xz, x3}) u(, {x,, x5, x4})
X1 X X3 Xy

In Figure 5.2, we see how a generalized utility function can map two over-
lapping sets of objects to entirely different utility values. The relative utility
of x, and x; is different in the two contexts, meaning u(xy, {x;, x5, x3}) <
u(xs, {1, X9, x33) but uxy, {x5, 3, %43) > ulxs, {xy, x3,x4}). As we can see
from this example, with generalized utility, there is no longer a clearly defined
value assigned to each object. Instead, utility can only be defined in the context
of a preference task Q. This flexibility comes with an obvious downside. There
is no coupling between different tasks, which means that without further
assumptions, we are not able to generalize to unseen tasks. As for seen tasks,
the learning problem comes down to learning independent utility functions,
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one for each preference task. The main strategy of the approaches introduced
later on will be to decompose the general utility function into simpler parts
such that generalization to unseen tasks is possible.

5.2. Generating Preferences from Utilities

In our model, the (context-dependent) utilities are the atomic building blocks

from which the observed preferences are derived. For a given preference

task Q € Q the utility function u(-, Q) assigns utilities to each object x € Q.

In the next step, these utilities can be used by a preference process to generate  preference process
preferences (see Figure 5.3 for an overview of the complete process). This

process can be deterministic or probabilistic, and we will begin introducing

the former next.

5.2.1. Deterministic Preferences

In the case where our preferences are choices, a simple deterministic choice
process is the singleton choice singleton choice

Ciingleton (1, Q) := arg rgax u(x, Q). (5.2)
xe

Here, we require that the utility function does not produce ties (i.e., x
u(x, Q) is injective). Otherwise, the singleton choice function would return a
subset instead of a single object. In the following comment box, we discuss
the importance of injectivity in the wider context of social choice theory.

Comment

While injectivity seems like a minor technicality here, it can have major
consequences in certain settings. Consider social choice theory, where the
goal is to aggregate the preferences of several individuals into a collective
decision. It is assumed that each individual has their own utility function
mapping from X to R. A social choice rule is then employed to choose one
of the elements x € X, such that a certain notion of collective utility is
maximized. If such a social choice rule always selects exactly one element,
it is called resolute.

The Gibbard-Satterthwaite theorem [Gib73; Sat75] assumes a resolute
choice rule and shows that either one of these properties holds: (1) one of
the individuals is a dictator (2) there can only be two outcomes (|o(X)| = 2)
or (3) individuals may misrepresent their utilities to improve their outcome.
As we can see, resoluteness is a rather strong restriction on the types of ad-
missible social choice rules, and it is also central in several other impossibility
results [KH90; OS21].

One way to model subset choices (and indeed the approach we will employ in
this thesis) is to define a threshold ¢ € R such that

Cstubset(u’ Q) = {x €0: u(x’ Q) > t} (5.3)

is a subset choice function. Although it is a simple mechanism, we will use it subset choice
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Figure 5.3.. Overview of the data-
generating process: First, a task Q is
sampled (with probability p(Q)) from
X. The objects in Q are assigned latent
utility degrees and the choice set is finally
constructed on the basis of these scores.
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to convert utilities to choice sets in the approaches we develop in this chapter.
It is also used extensively in related settings like multi-label classification
[Koy+15] or multi-criteria sorting [AIM21]. Another possibility is to realize
that singleton choice is a special case of the more general top-k choice. While
this allows us to drop the threshold t as a parameter, the disadvantage is that
the size of the subsets is then fixed to k, whereas thresholded subset choice can
express all possible choice set sizes. Top-k choice is conceptually related to
ranking, a connection that we will discuss in more detail in the next section.

5.2.2. Probabilistic Preferences

‘While deterministic preferences are useful to study representability or other
related theoretical properties (see Section 2.2), they are less useful when con-
sidering real-world data. There are several ways in which real-world data can
be probabilistic in nature. First, a decision maker could be uncertain when
utilities are close in value, and if we were to query them at different points
in time, we would get a different answer. Secondly, we could observe the
preferences of multiple decision makers such that the stochasticity in their
preferences can be regarded as deviations from the population utilities. Lastly,
the preferences could be stochastic by design. An example could be that we
model game-theoretic problems as a choice problem, with the objects being the
rows of the payoff matrix. Typically, we consider the (not necessarily unique)
Nash equilibrium to be the optimal solution for a given zero-sum game. In
many cases, the Nash equilibrium is not deterministic but a stochastic strategy
that randomizes between several strategies. In opponent modeling, we could
then use the observed choices to infer the strategy of the opponent [NZ22].

Inference from probabilistic preferences necessitates the specification of a prob-
ability distribution p(: | Q), Q € Q defined on €, which depends on the utilities.
An advantage of probabilistic models is that they allow us to use their likeli-
hoods to infer the parameters of the model. While several mappings can relate
utilities to probabilities, we will focus on a few canonical ones, which we will
describe here and then use in subsequent sections.

Singleton Choice The setting of singleton choice is the most well-studied one in
the literature and dates back to work done by Thurstone [Thu27]. A straight-
forward way to define probabilities is to assume that choices are made based on
a multinomial distribution. To compute the probabilities for this distribution,
we first apply an exponential transformation to the utilities, ensuring that they
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are positive. Then the probabilities are simply defined to be the proportion of
each transformed utility of the total sum of transformed utilities. The resulting
model is called the multinomial logit (MNL) model [Ber44; GLD60; Cox66;
Man66; The69]. Formally, we have the following definition

exp (u(x, Q)

BTNk G4

pMNL(x| Q) = Z

Additionally, we require that the probability of all non-singleton choice sets
is 0, i.e., p(C| Q) = 0 for any C € 29 of size > 2. The defining property of
multinomial logit (MNL) models, is that for any x, y € Q we have that their
log odds ratio satisfies:

x]Q) Y D

p x weoexPu(x".Q exp (u(x, Q))

log N T0) = %8 01— =% ety )
5 e P’ Q)

=u(xQ) - u(3.Q).

That means we can reason about the relative probability ratio of pairs of objects
by simply looking at their utility difference without having to compute the
complete probability vector. Relatedly, if we restrict the choice tasks Q to
pairs of objects (|Q| = 2 for all Q € Q), we obtain the Bradley-Terry-Luce
model [BT52], which is an important special case when studying contests with
pairwise comparisons.

Subset Choice Moving on to subset choices, the first aspect to notice is that
the number of possible subsets is exponential in the number of objects. We,
therefore, want to avoid models that have to operate on that set explicitly.
One example of such a model is the one proposed by Benson et al. [BKT18].
If we assume that objects are independently chosen based on their utilities for
a given task Q, we arrive at a very simple model:

exp([x € CJu(x, Q)
1+exp(u(x Q) ’

nClQ=ywO]] (5.5)
x<Q

where C € 29 is a non-empty choice set and Q € Q the given choice task.
y(u, Q) is a normalization constant that ensures that the sum over all possible
choice sets C € 29 is exactly 1. The choice of each object is determined
independently. Therefore, if u is a context-independent utility function, the
choice probabilities p(C | Q) are context-independent as well. As we can see,
the following ratio

p(C| O _ H exp([x € Clu(x)) _ H exp([x € Clu(x))
/10 ~ L epre Tt ~ L apre cutm)

is completely independent of Q. This way of handling subset choice is similar
to how multi-label classification is usually tackled [ZZ06; Nam+14]. The
difference between these settings is that in multi-label classification, the set of
labels remains constant across instances, and we do not have label features.

multinomial logit (MNL)

subset choices

A ZCGZQ\{G} el =1
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5: g(n) = {z7(1),...,#7'(k)} € Q holds
with probability 1 for any ranking 7

Figure 5.4.: Conceptual visualization of
our two decomposition methods. For each
method, we show a task consisting of 4 ob-
jects. Highlighted in blue is the computation
of the utility for node x;

Choices based on Rankings While we will not pursue it further in this thesis,
we still want to mention an interesting choice model based on rankings. Instead
of directly going from utilities u(-, Q) to choices, we assume that we first sample
aranking 7ron Q first. Then a choice process g : 7 — g(r) € 29 selects elements
based on the ranking. In general, we can express the overall choice probability
as

pCIQ)= Y, plm) plg(m) =O) , (5.6)

summing over all possible rankings 7 over Q. While this introduces additional
complexity—we now have to model two probabilistic processes—it is of some
interest since probability distributions on rankings have been investigated
extensively in the literature. Ranking distributions can roughly be categorized
into distance-based ranking models [FV86] and multistage ranking models
[FV88]. The Mallows model [Mal57] is the most well-known representative of
the former category. It is characterized by a central ranking, a distance function,
and a dispersion parameter. As for multistage models, the prototypical example
is the Plackett-Luce model [Pla75], where the probability of a ranking arises
from repeated choices from an urn.

An important special case of the choice process g is top-k choice, where the first k
objects are chosen deterministically. > The advantage is that it is conceptually
simple. However, the drawback is that k is fixed across choice tasks, which
may only be applicable for some settings (e. g., information retrieval). We can,
of course, generalize this approach by assuming that the size k is not fixed but
random. In this context, Fahandar et al. [FHC17] introduce a very general
model that does not restrict choices to top-k sets.

To summarize, we have introduced the two-stage process of assigning utilities
to objects and then generating preferences based on these utilities. We have
seen different models that can be used to generate preferences from utilities,
both deterministic and probabilistic. What remains is the need to find suitable
decompositions for the generalized utility function such that generalization
and inference are possible. This will be the focus of the next sections.

5.3. Decomposing Generalized Utility

X 1 < x2 X1 X9
0
O
A \ g H
X4 % X4 X3
(a) FETA (b) FATE

In this section, we introduce and examine two approaches for decomposing
the generalized utility function (5.1). In the previous section, we mentioned
that directly modeling the generalized utility function requires one to model
an exponential number of utility functions, one for each preference task. Ad-
ditionally, since there is no coupling between these utility functions, we are
unable to generalize to new preference tasks.
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In Figure 5.4, we show a conceptual visualization of both decomposition
methods applied to a task comprised of four objects: Q = {x;, x5, x3, x4}
The first approach, which we will introduce in Section 5.3.1 and which is
illustrated in Figure 5.4a, decomposes the generalized utility function into a
sum of lower-order sub-utility functions (here pairwise). For a given object
x; € Q, we first compute sub-utilities (shown in blue) and then aggregate them
to form the overall utility of x;. We refer to this approach as First Evaluate
Then Aggregate (FETA).

The second approach, shown in Figure 5.4b, uses a representation function that
maps the entire preference task Q to a vector, depicted in purple. Utilities for
each object are then computed by evaluating the utility in the presence of this
context vector (here shown in blue for x;). Since the order is reversed here,
i.e., we first aggregate all objects and only then compute utilities, we call this
method First Aggregate Then Evaluate (FATE), with more details provided
in Section 5.3.2.

In the following, we will introduce and explain both decompositions. In
addition, we will show some interesting theoretical properties of both of
these decompositions. More precisely, for FETA, we analyze the second-
order case and show that it is identifiable up to the choice of the context-
independent utility term. We will also show that the second-order FETA
model is ultimately limited in expressiveness (i.e., there exist some choice
functions, which it cannot represent). As for FATE, we prove that the model
is flexible enough to represent any choice function. This flexibility, however,
comes at the expense of identifiability, which is no longer satisfied for this
model.

5.3.1. First Evaluate Then Aggregate (FETA)

As we have previously sketched, our goal will be to decompose the generalized
utility function (5.1) into a sum of sub-utilities, evaluated on contexts of
varying sizes. We will denote the context size by k. As an example, a context
size of 2 would mean that the sub-utility of an object x is evaluated in the
presence of 2 other objects. Formally, we will define sub-utility functions uy,
..., ug of the formuy : X' — Rand

w: Dp— R, Dp={(xA):xeXand AC X \{x} with|A| =k}

where 1 < k < K < |Q. To illustrate, assume we have X' = {x, y,z},
then uy(x) = 1 would express that the latent utility of object x is 1. With
u,(x,{y, z}) = —0.1 we could express that the utility of x is decreased by 0.1, if
objects y and z are present. Now we can represent (5.1) as an aggregation

K
(x5 Q) = uy(9) + 3 T(x. 0), (57)
k=1

with T (x, Q) being the average over all sub-utilities ui(x, Q") for subsets  of
O\ {x} consisting of k distinct elements:

1
UG(x,Q) = —5——50 > w(xQ).
- oo 01k

sub-utility functions
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It should be pointed out that the subsets ( are not restricted to be valid
preference tasks (i.e., @’ € Q). The sum is always taken with respect to all k-
sized subsets O’ of O\ {x} and should be considered a sum over all contributions
to the utility the other objects have. Thus we can think of ui(x, Q’) as a measure
to which extent an object x is preferred if evaluated in the context of objects
(. Then u(x, Q) is an indicator of how much x is on average valued when in
the context of k distinct elements from Q\ {x}. Finally, we call u defined in
(5.7) the FETA utility function with sub-utility functions u,, ..., ug and denote it
by uppT -

Recall that the main incentive of the decomposition is to make the compu-
tation of the generalized utility function (5.1) feasible. Replacing it with an
exponential number of sub-utility functions, it may appear that we have not
gained anything. The main motivation behind the above decomposition, how-
ever, is that we gain control over the order K + 1, up to which dependencies
and interaction effects can occur. To gain insight into the concept of “order”
in this context, examine the first-order model, which is represented by K = 0.
This model simplifies to uy(x) and, therefore, only accounts for the inherent
utility of each object. In contrast, a second-order model, represented by K = 1,
introduces pairwise terms. As a result, it can more closely approximate the
generalized utility model because it considers the immediate relationships be-
tween objects in addition to their inherent utility. With control over the order
of FETA, we are able to find the right level of flexibility for the preference
data at hand. In Section 5.3.1.1, we will further investigate the properties of
the second-order FETA model.

5.3.1.1. Pairwise Approximation of FETA

Following our earlier discussion, we know that the general FETA-decomposition
(5.7) is overly flexible and computationally infeasible due to the exponential
number of sub-utilities. Therefore, our goal is to restrict the order of the
model to make it more tractable and to find a suitable inductive bias for typical
preference data. It is reasonable to assume that most dependencies between
objects are captured by lower-order interactions, with diminishing returns as
the order of FETA increases.

For this reason, we study the special case K = 1, which can be seen as a
second-order approximation to the more general FETA model (5.7) and the
generalized utility function (5.1). Consequently, for a FETA model ug;f; ;\)
we need the sub-utility functions uy: X' — Rand u; : D; — R and the
FETA utility function then simplifies to

1

u(x, Q) = uy(x) + @7_1 Zye o}

u; (% {y}). (5.8)
The value uy(x) can be seen as a kind of inherent, context-independent utility
of x, whereas the scores u; (x, {y}), y € O\{x}, serve as “corrections” of this util-
ity in the context of the task Q. To see how this simple pairwise decomposition
can achieve a context-dependent utility function, consider Example 5.3.1. As
previously mentioned, the context-dependent random utility model (CDM)
proposed by Seshadri et al. [SPU19] is a similar approximation, but instead
of averaging the task context, the authors sum up all utilities and impose
sum-to-zero constraints to guarantee identifiability.
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Example 5.3.1 (FETA: Context-dependence) As a simple illustration,
suppose U to consist of 4 elements a, b, ¢, d € RY, let Q = 2% \ {@} and u
be the FETA utility function with sub-utility functions u, u; defined as
follows:

uO(') ‘ ul('aa) ul(')b) ul(',C) ul('9d)

a | —038 = 1.2 0.8 0.0
b | —0.7 0.0 — 1.2 1.4
c | —0.7 0.6 0.0 — 0.2
d| —08 1.0 0.0 0.8 =

Then, the utilities for the tasks {a, b, ¢} and {a, b, d} are given as

‘ u(,{a, b, c}) ‘ u(,{a,b,d})

a 0.2 —0.2
b —0.1 0.0
c —0.4 —

d - —0.3

For the task {a, b, ¢} the item a has a higher utility score than b, whereas b
is preferred over a for the task {a, b, d}, i.e., the preference between a and
b changes depending on whether the third item in the task set is ¢ or d.

‘We will now move on to analyzing interesting properties of the pairwise FETA
model ug&fl il\)' More precisely, we are going to look at the identifiability of

the sub-utility functions and the expressivity of the approximation.

5.3.1.2. Theoretical Properties of the pairwise FETA model

An important property of statistical models is identifiability [WP97]. It refers  identifiability
to the ability to determine the parameters of a statistical model from data

uniquely. If identifiability is violated, it can lead to a number of problems,

(ug,uy)

such as unreliable parameter estimates. As for the FETA model UppTA > WE

will now see that it is identifiable up to the choice of u,.

Proposition 5.3.2 Suppose |X| > 4 and Q to be such that for any distinct
x, v,z € X there is some Q € O with{x,y} CQ? z. Letuy,dy: X — R and

uy,d; : Dy — R be arbitrary. Then, we have 11%’%?\) = U%’FA) if and only if

Vx e ¥y € XN {1y (e (3) = g {9) — tig () + g ().

Proof. The converse implication <« is cleat, since

Uy (0, {y}) + tg (%) = uy (2 {y}) + ue(x)

holds for all pairs of distinct pairs x, y € X. In order to prove the remaining

. .. (ugouy) _ (Up4y)
implication =, suppose that upg7 A" = Uppgra’

Claim 5.3.2.1 For any distinct x,y,z € X we have

g (3 {y8) — g (x, {2}) =ty (e {y}) — g ( {23).
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Proof. Forarbitrary Q,Q' € X' with |Q = |0, {x, ¥} CO? zand{x, 2} CQ' 3 y

we have

1
upa (e Q) — gty (e Q) = (5 (G )~ wi e {2,
Since this holds for arbitrary (ug, u;) (and thus also for (4, d;)), Claim 5.3.2.1
follows. O

Now, let x; € X be fixed for the moment and define b: X — R via

bx) = y(x) — uy(x), if x = x,

uy (o {xpp) — dy (e {x}), if x = x;.

According to Claim 5.3.2.1 we have for any distinct x, y € X'\ {x,} the identity

Uy (6 {yD) = vy (e {yh) — (g (6 x03) — 1y (3 {x}) = g (36, {y}) — b(0).

Moreover, the definition of b assures that 4; (x, {x;}) = uy(x, {xy}) — b(x) holds
for any x # x, i.e., b already fulfills

vx e X\ {xp}: vy e U\ {x}: dy(x{y}) = u;(x{y}) — b(x). (5.9)

For x € X'\ {xy} we may choose a query set Q € '\ {x,} and then (5.9) assures
us

Up(x) — ug(x)
= {8 (x, 0) — w2 (x, 0)
1 ~
T e DD~ G Ge 1)
1

= 0T Dyep g 106 D) —n (e )

1
T lo-1 Zye@{x} b)

= b(x).
Since 1y(xy) = ug(x) + b(x;) holds by definition of b, we thus have shown
Vx € X : b(x) =1dy(x) — uy(x). (5.10)
With regard to (5.9) it remains to show
vy € X\ {xo}: dy (. {¥}) = u1(xp, ) — b(xp). (5.11)

For this, note that the same argumentation as before with x; replaced by some
arbitrary x; € X \ {x;} shows us that b also fulfills (5.9) with x; replaced by
x1. In particular, (5.11) holds. Combining (5.9), (5.10) and (5.11) completes
the proof. O

Intuitively, we proved that if we know that two models output the same
e (ug,uy) _ . (dy.u;) .
utilities upgrA” = Uppra > then we can find a constant b(x) for each object
x € X that specifies the differences for uy, 4y and uy, ;. For example, if we

are given u, and we want d(x) to be 5 higher, we need to decrease 4;(x,-)
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by the same amount (when compared to u;(x,-)). Finally, we can restate
Proposition 5.3.2 in terms of injectivity as follows:

Corollary 5.3.3 Suppose X and Q are as in Proposition 5.3.2 and let ug : X —

R be fixed. Then, the mapping u; ug};’fl 1}\) is injective.

Expressiveness of pairwise FETA Another interesting theoretical question
concerns the expressiveness of the FETA decomposition. We will take a closer
look at choice functions of the form ¢: Q — € now. The space of all possible
choice functions is vast, and this raises the question, if our FETA model is
able to express them all. As we introduced in (5.2) and (5.3), we are able to
create a choice function by selecting certain objects based on their utilities. For
example, let ¢ be an arbitrary choice function, then we may want to know if
there exists a choice function &(-) := C! (u;%%lA, -) which produces the same

subset

choices as ¢, i.e., Q) = ¢(Q) for all tasks Q € Q.

Given that the pairwise FETA model (5.8) does not incorporate higher-order
interactions between objects as compared to the general FETA model (5.7). We
would, therefore, hypothesize that its expressiveness is limited. The following
result shows that the decomposition into pairwise utilities is a restriction on
the number of choice functions we can represent. More specifically, we can
construct a counterexample with 7 objects.

Proposition 5.3.4 If |X| > 7, not every singleton choice function on X can
be expressed via the second-order FETA model. More precisely: For distinct
a,b,c,x,y,x",y’ € X there do not exist sub-utility functions uy: X — R,
u; : D; > Randt € R such that the choice function c: Q — € defined either
via o) = Cyngleron(Upga> ) or via o(-) = CL o (upbly ) fulfills

of{a,b.c.xp) ={a}, {abcyh={a},  {a b xy})=1{b}
(5.12)

o{a.b,c,x'}) ={b}, ({a.b,c,y’})={b}, c({a.b,x".y’})=1{a}
(5.13)

Proof. We prove the statement indirectly. To this end, fix distinct a, b, c,
x, ¥, x’, ¥ € X and assume there were some uy,u; and ¢t € R such that ¢
defined either via o) = Cyngleron(Uppra,-) OF via o) = Clp o (upkly,)
fulfills both (5.12) and (5.13). With the convenient abbreviations u,. := uy(r)
and u, s == uy(r,{s}), the following constraints for (5.8) immediately follow

from (5.12):
1 1
Uy + 3 (tgp + Uge + Ugx) > Up + 3 (Upg + Upe+ Upy)

Ug + % (ua’b +Uge+ ua,y) > up + % ( bat Upct ub,}’) >

up+ % (b + tpc + upy) > o+ % (Mab + o+ tay).

expressiveness
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Summing up the first two inequalities and then applying the third one yields

1
2u, + 3 (Z”a,b +2UgetUg T+ ua,y)

1 1
> up + 3 (ub,a T Upxt ub,y) +up+ 3 (ub,a + zub)c)

1 1
>t g (b + o + tay) + 1y + 3 (e + 25),

from which we obtain via subtracting common terms
1 1
Uy + 3 (ugp + 2uqe) > up + 3 (upg + 2up). (5.14)

Exactly the same argumentation (with the roles of @ and b interchanged and x
resp. y replaced by x” resp. y’) lets us infer from (5.13)

1 1
ub + g (ub,a + zub’c) > ua + 5 (ua’b * zua’C) ’

which contradicts (5.14). This completes the proof. O

It is important to note here that limited expressivity has several potential ad-
vantages. High expressivity, or the capacity of the underlying hypothesis space,
can lead to overfitting and, therefore, poor generalization. However, even
more importantly, a higher-order model can misrepresent the way humans
express preferences. Humans rely on absolute evaluations and pairwise com-
parisons rather than considering complex, higher-order interactions [Tru22].
As the number of objects, |Q], increases, expecting individuals to account for
these interactions imposes a significant cognitive load. We also know from
experiments that context effects are less pronounced with less deliberation
time [Pet12; CC19]. Thus, a model that aligns with simpler, more intuitive
human decision-making processes may be more effective and realistic.

Overall, we expect FETA to work well for all choice functions that (approx-
imately) decompose into a pairwise relation between objects. If we want to
increase the expressiveness of the model, we can increase the order K + 1 of
the model but incur an increased computational burden due to the exponential
growth of the number of contexts we have to evaluate. Naturally, this leads to
the question of whether it is possible to incorporate more of the set-based con-
text without ultimately increasing computational complexity. This question
motivated our other decomposition called FATE.

5.3.1.3. Related Models

In the context of market share modeling, Batsell and Polking [BP85] propose
a decomposition of the market share of products across subsets. Their idea is

o . [P
Pey = 1Og(pQ(y)>

to use log-odds ratios

as their main building blocks and show that they can be decomposed into the

,B,%, = Z ag, .
QCO\{xy}

sum



5.3. Decomposing Generalized Utility | 123

As an example, let Q = {x,y,z}, then /3’,%, = a,(?y + 0:,{;,}. Here ag?y can be

interpreted as the base log-odds ratio between x and y, while a,{fv} measures
how the log-odds ratio is adjusted, if z is present. Batsell and Polking further
show that there exists a set of equivalent parameters of the form sg, such that

the probabilities can be expressed as

Hycoexp (39 )

Lyeollgcpexp (Sy ) |

pQ(X) =

We can see that these terms sy are conceptually similar to our sub-utilities

u(x,Q’), with the main difference being that they are equally weighted to
produce the final probability while we do the aforementioned averaging for
each context size.

Seshadri et al. [SPU19] then build on this general model to define their CDM.
Similar to the model we will analyze in Section 5.3.1.1, it is a pairwise approx-
imation to the general utility model. Both Batsell and Polking [BP85] and
Seshadri et al. [SPU19] assume various sum-to-zero constraints to make the
model identifiable. These are no longer an option when we assume X to be
infinite or if we want to generalize to previously unseen objects.

5.3.2. First Aggregate Then Evaluate (FATE)

Recall that our overall goal is still to find suitable decompositions of the gener-
alized utility function (5.1). Decomposing the function into an aggregation
of sub-utility functions has been a fruitful endeavor, but we have seen that
with increasing order, the computation quickly becomes infeasible. Ideally, we
would have a utility function, which we only have to evaluate once for each
object x in a given preference task Q, while still taking the task context into
account®. As the title of this section suggests, the goal will be to first aggregate
the task context, as given by Q, into a context vector (of constant size). The
context vector can be thought of as a representation of the essential features of
the complete input set Q. Then, each object x € Q is evaluated in the presence
of the context feature to arrive at the final utility.

The first ingredient we need is an embedding function ¢, which maps from
the object space X to an m-dimensional embedding space Z C R. The primary
objective of this function is to ensure that the context vector will be of constant
size m, regardless of the set size |Q|. To achieve this, we define the context
vector to be the average of all embedding vectors, i.e., z == @ D 160 H(y).
There are a few observations we can make here. Since the arithmetic mean
is a commutative operation, the resulting context vector will always be the
same, no matter the order in which we do the computation. This property,
called permutation-invariance, will be important later on when we instantiate the
model using neural networks, which are not able to deal with set-valued input
directly. The final ingredient to the FATE-model is a context-dependent
sub-utility function v’ : X x Z — R. With this, we decompose the utility as

(e L
u(xQ)=u (x, 0 ZyerzS(y)) , (5.15)

and call this the FATE utility function with sub-utility function v’ and transforma-

6: Since first-order FETA fulfills the for-
mer but does not take into account the task
context.

FATE utility function
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expressiveness of pairwise FETA: Page 121

tion ¢ and denote it by ug; AQSTE.

Consider Example 5.3.5 for an example which demonstrates that FATE is a
context-dependent model. As before, we want to now take a look at related
models that were proposed in the literature.

Example 5.3.5 (FATE: Context-dependence) Similar to Example 5.3.1,
suppose X is comprised of four elements a, b, c,d € RY, let 2 := R and
¢: X > Zand v’ : 2 — Rbesuch that

] ¢0) w2 w(.3)

a 1 0.5 =0.1
b 2 —0.1 0.5
c 3 —0.2 —0.2
d 6 -0.3 -0.3

and w'(;, z) be arbitrary for any z € R\ {2,3}. For Q; :={a,b,c}and Q, =
{a, b, d} the quantity @11‘ ZyE 0 #(y)is2ifi = 1and 3ifi = 2. Consequently,
we have u(a,Q;) = uv'(a,2) = 0.5 > —0.1 = u/(b,2) = u(h,Q;) and at the
same time u(a, Q,) = u'(a,3) < v'(h,3) = u(b,Qy), i.e., the preference
between a and b changes depending on whether the third item in the set is
cord.

5.3.2.1. Theoretical Properties of FATE

For the pairwise FETA model, we analyzed expressiveness and showed that it
cannot represent all possible choice functions (we were able to find a counterex-
ample with 7 objects). Our FATE model appears to be limited in expressiveness
as well: The objects of a given task Q are mapped into some vector space, and
the average of these vectors acts as the context. Thus, we may expect this
to be a bottleneck which prevents the model from being able to express all
choice functions as well. However, it turns out that since we are free in our
choices of ¢ and u’, we are indeed able to do so, and it even suffices to use a
one-dimensional function ¢ : X' — R. The proof of the upcoming result is
similar to the proof of Theorem 2 by Zaheer et al. [Zah+17].

Proposition 5.3.6 Suppose X to be countable and O C{Q C X : |Q] < oo}.
There exists a parametrization ¢ : X — R with the following property:

(i) For any singleton choice function c on Q, there is a utility function ul : X x

R — R such that Csingleton(u;i{ﬁm, Q) = «(Q) holds for any Q € Q.
(ii) For any subset choice function c on Q there exists a utility functionu} : X%
R — R with C}/% (%0 Q) = Q) forany Q € 0.

subset

Proof. Since X is countable, there exists an injective function §: X' — N. For
x € X define

$(x) = In (psy)) »

wherein p; € IN denotes the i-th prime number for any i € N. Before proving
(i) and (ii), we show that the mapping

1
P: Q- R, QH@ZKQQS(JC)
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is injective. For this, let O, Q" € Q with &(Q) = &(Q’). Then,

01 _ (g P50
Q" In (erQ Pa(x))

= logb(a)

holds for the integers a := erQ’ Ps(x) and b = erQ P5(x)» 1€ ad = pl<l,
As a and b are both products of distinct primes, the uniqueness of the prime
factorization lets us infer a = b and thus also Q = Q'.

We proceed with proving (i) and (ii) simultaneously. For this, suppose any
choice function c on Q to be fixed. Since @ from above is injective, there exists
amapping ¥: R — Q such that lI/(‘la zer ¢(x)) = Q holds for any Q € Q.
Note, that ¥ lp(0) 1s the inverse function of @. Thus, the claim follows with
the choice

ul(x, z) = [x € ¥(2))].

O

As we can see, with arbitrary functions ¢ and u’, we can fully express any
choice function since we are able to encode the full choice task Q without
loss of information. Clearly, this expressiveness, while desirable in general,
comes at a cost. With a very simple counterexample we can show that ug&%
without further assumptions is not identifiable: Suppose u’: X' x 2 — Ris
of the form u’(x, z) := f(x) + |z|, for some function f: X — R, where ||,
denotes the standard euclidean norm in R D 2. For arbitrary ¢ : X — 2, we

obtain with ¢, := —¢; that
uikTE (6 Q) — i (6 0)

_| _1
- ” PIRLIC I R PIRGIC

_ =0
2 2
foranyQe O,xe QC X, i.e, ugﬁ;‘g = ugk,}lg holds.

Now, in practice, we are certainly not using arbitrary functions ¢ and v’ in
FATE. These will be instantiated using functions of which the parameters can
be inferred from given data like linear models or neural networks (see Sec-
tion 5.4). This, in conjunction with stochasticity resulting from the inference
process (e.g., stochastic gradient descent), results in an effective restriction
on the expressiveness of the model. Therefore, it is reasonable to expect that
one can achieve a good out-of-sample performance, even with such a flexible
model.

5.3.2.2. Related Models

FATE is related to recent advances in dealing with set-valued inputs in neural
networks [Zah+17; RSP17; Bat+18]. The methodology here is to construct a
neural network in such a way that it is permutation-equivariant with respect to
its inputs, i. e., if the input objects are permuted, the corresponding outputs are
permuted in the same way. This can be used to learn mappings from sets to
target scores directly. Rosenfeld et al. [ROS20] propose a method for learning
set-dependent aggregation functions with an inductive bias towards principles

identifiability of FATE

Section 3.3.5.3: encoding sets using neural
networks
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from behavioral choice theory. In contrast to more general models like Deep
Sets [Zah+17], which try to approximate set functions using a permutation-
invariant neural network, this approach aims to reduce the model’s ”violation
capacity,” or flexibility to change its choices when objects are removed from
the choice task.

The FATE approach, on the other hand, first condenses the task context Q
into a representative vector and only then scores each object. The resulting
model has an inductive bias that favors functions for which the object utility
depends on such a set-global reference object. This could be advantageous
for datasets where the set of objects as a whole can be summarized by suitable
global properties (e.g., choosing that element from a set, which is closest to
the centroid of all elements in the set), such that the task to score the objects
with this context becomes easy. FETA on the other hand, incorporates task-
information through local interactions.

5.3.3. Linear Sub-Utility Functions

As linear models are popular in statistics and machine learning, we are interested
in what happens if they are used in FATE and FETA.

FATE For FATE, the two functions we have to instantiate are the embedding
function ¢: X — 2 and the sub-utility function u’ : X' x 2 — R. Doing so
we have ¢(x) := Ax for some matrix A € R™" and v’(x,z) := ¢' x + d"z for
any (x,z) €X' x 2, c€ R? and d € R™. Inserting these into (5.15) we get
u;;’\qf[E(x, O =clx+d <i Z Ay) )
10 “ye0

Note how the second summand does not depend on x for a given Q € Q.
Therefore, we can infer that the term ¢! x is the only part of the utility function
having an influence on the relative order of the objects. Since the singleton
choice Csinglemn(u;:&(ém, Q) is only affected by c'x, it is independent of Q. So
we can only hope to have a context-dependent FATE model if at least one of
u’ and ¢ is nonlinear.

FETA We may be inclined to assume now that a linear version of FETA will
have the same problem, and the resulting choice model is context-independent.
However, we shall see that due to a small difference in how the averaging is
done in FETA, we do get a nonlinear, context-dependent utility model. To
this end, let uy and u; be linear sub-utility functions of a pairwise FETA model,
i.e., up(x) == b'x and uy(x,{y}) = c"x + d"y for any distinct pair of objects
x,y € X and weight vectors b, ¢,d € RY. Inserting into (5.8), we obtain

1

— pt t t
Q) =Bt T D (X 4Y)

1
=(b+o)x+ —o d'
b+t 157 D @Y

for any object x € Q and task Q € Q. This time, the sum in the second
summand depends on x (it is excluded from the sum), which is why it is no



5.4. Generalized Utility using Neural Networks

longer constant for a given Q. We can deduce that u can not be represented by
a linear function.

These considerations are important because they inform us about which func-
tions can be used to create context-dependent decompositions. So far, we have
proposed decompositions without addressing the question of how to propetly
select the sub-utility functions in practice. In the following section, we will
examine neural networks that can be utilized to implement the aforementioned
models and algorithms for estimating their parameters.

5.4. Generalized Utility using Neural Networks

The goal in this section will be to instantiate the sub-utility functions which
are part of the FETA and FATE models. To this end, we chose to use neural
networks as our model class because they have the ability to learn any function,
given enough data [HSW89]. This means that, in principle, we are able to
get arbitrarily close to the ground truth sub-utility functions. Additionally,
neural networks are a flexible model class, as their complexity can be controlled
through the choice of network architecture and regularization. This allows us
to use simple or complex models, depending on the needs of the problem at
hand. Another benefit of using neural networks is that they are easy to train
using gradient descent without the need to design a completely new training
algorithm. In the following, we will define two neural network architec-
tures called FETA-Net and FATE-Net, which implement the corresponding
decomposition approaches we introduced earlier.

Our design goals for both neural networks are twofold. First, they should be
end-to-end trainable using (stochastic) gradient descent, allowing for a more
efficient and automated training process and enabling them to be integrated
into larger network architectures. End-to-end trainability can help prevent
overfitting and lead to better performance, as the entire network is optimized
as a whole rather than relying on suboptimal pre-trained components. It also
allows for more flexibility, enabling the entire network to be fine-tuned for
new tasks rather than having to retrain pre-trained components. Consequently,
the outputs of the networks should be differentiable almost everywhere with
respect to the weights and the loss functions employed in conjunction with
a regularization term for the weights should also be differentiable almost
everywhere and convex with respect to the utilities. Second, the architectures
should be able to generalize beyond the task sizes encountered in the training
data, since, in practice, it is unreasonable to expect all choice tasks to be of
the same size. Third, the architectures should be able to generalize beyond
the task sizes encountered in the training data. This is because task sizes can
vary greatly in practice, and a neural network that can only perform well on a
specific task size may not be useful in real-world applications.
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Figure 5.5.: The FETA-Net architecture
implementing the FETA approach. Layers
with trainable weights are shown in orange,
while operations without trainable weights
are drawn in blue, and nonlinearities are de-
picted in green.

7: A sigmoid function smoothly maps the
real number line to the interval [0, 1].

8: Weight-sharing refers to the concept of
using the same set of weights in multiple
locations in a neural network.

5.4.1. FETA-Net Architecture

We will begin with FETA and will implement the pairwise version as defined
in (5.8) in Section 5.3.1.1. Recall that it was defined as follows:
u(x, Q) = uy(x) +

uy (6 {y)). (5.16)

1
10l —1 ZyGQ\{x}
The two sub-utility functions we need to implement and subsequently learn
are uy and u;. We are going to instantiate those using feedforward neural
networks. The resulting architecture we call FETA-Net, and it is depicted in

= 5 5 ) [QIx|Q| Q1
% lu_‘IJ) é) |:| --.-. |Q[x1
X
|:| [ times U I:I
°
Sum
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C -\ 8 & H
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1 R = (1) lQIx1

Query @ u-,@)
Figure 5.5. While the architecture can be applied to a variety of preference
learning tasks (e. g., ranking, singleton choice, and subset choice), the network
shown here is suitable for subset choice problems, which we can see from the
fact that the outputs are scaled using a sigmoid function.” For example, if
we exchange the sigmoid function for a softmax function—ensuring that the
utilities sum to 1—the architecture can be used for singleton choice instead.

The figure depicts a prototypical forward pass through the FETA-Net archi-
tecture and we will begin with a high-level view. From left to right, we begin
with a query preference task Q, which is passed into the networks uy and u;.
The resulting sub-utility scores will be used to construct the |Q| x |Q] matrix
R, where the diagonal is filled using the outputs of u, and all off-diagonal
elements result from u;. We compute the mean of the off-diagonal elements
along the second axis to obtain a |Q| x 1 vector, which is then added to the
diagonal to get the raw utility vector. Finally, an element-wise sigmoid func-
tion is applied to make the utility scores usable for the task of subset choice
modeling.

We will now take a closer look at the two main networks uy and u;. Beginning
with uy, we can see that it is a typical feedforward neural network using € hidden
layers, alternating linear layers, and nonlinear activation functions. Here, we
use the self-normalizing linear unit (SELU) as proposed by Klambauer et
al. [Kla+17], since it allows us to use deeper networks without having to
resort to batch normalization [IS15]. However, any of the contemporary
activation functions should work here. As for the pairwise utility function
u;, we also use a simple pairwise feedforward neural network but additionally
employ a weight-sharing scheme in order to make the evaluation more efficient.
More specifically, we use the CmpNN approach by Rigutini et al. [Rig+11],
which allows us to compute both u;(x, y) and u;(y, x) in a single forward
pass (see Page 99 for more details). To this end, we let the network output
two sub-utility scores uj and uy. Then, using weight-sharing® we ensure
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that uf (x, y) = uj (3, x) and uj (x, y) = uf (y,x) hold. With that, it suffices
to iterate over all combinations (with replacement) of objects once, and to
construct the matrix R as follows:

uf(x,x) ifi<j
nij=yur (%) ifi>j (5.17)

uy(x;) otherwise

Then, each row of this relation R is averaged, and the diagonal is added to
arrive at the final utility. Therefore we have u(x;, Q) = r;;

1 -
101 Lagjeiciol i
for each object x; € Q.

Algorithm 2 FETA-Net training algorithm

Require:
Dataset D = {(Q;, G}, with O, ¢ R?
Pairwise network u; : R? x R? — R?, parametrized by 6,
Diagonal network u : R? — R, parametrized by 6,
Batch size b € N, Number of epochs E € N
Step size schedule 7 = (1,17, ... ) withn; € Ryg Vie N
Loss function L : € xJ, RF — R

1: procedure Train-FETA-Net(D,uy,uy,b, E, n, L)

2 Initialize random weight vectors 6, 6;

3 for Epoch ep € [E] do

4 D « Shufle(D)

5: T « [% ]

6

7

8

9

Construct mini-batches By, ..., Bt
for Iterationt € [T] do

<0

: for all (Q,C) € B, do
10: for1<i<j<|Qldo
11: if i < jthen
12: rP (%, x;)

tmp tmp
13: hi< Ty s T
14: else
15: rii < ug(x;)
1 [¢]

16 u e (1 + 51 Tigjuicio r’?f),-:l
17: 8 <« &+ L(Cu)
18: Gy < 0 — ”Tg;trfvgoet
19: 91 «— 91 — UT%TIV@lft

Now that we have defined the neural network architecture, it is time to
estimate its parameters from data. A standard training algorithm for this
task is demonstrated in Algorithm 2. This algorithm uses stochastic gradient
descent to find the best set of parameters for our FETA-Net model. Since
we want to tackle a choice setting here, we will assume that there is a dataset
D ={(Q;, C}Y, consisting of choice tasks Q; and the corresponding choice sets
G; € 29\{@}. The weight vectors of the networks u, and u; will be represented
by 6, and 0;, respectively. To avoid problems with exploding or vanishing
gradients, it is important that we initialize the weight vectors appropriately
at the start of the training process [GB10; He+15]. Then for each epoch, the
algorithm shufHes the given dataset and constructs mini-batches By, ..., Br
with B; C D for all iterations i € [T]. In lines 10 to 15, the pairwise relation
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Figure 5.6.: The FATE-Net architecture
that implements the FATE approach. Here,
we show the score head for object x;. Layers
with trainable weights are shown in orange,
while operations without trainable weights
are drawn in blue, and nonlinearities are de-
picted in green.

is constructed as outlined above. The utilities u = (u;, ..., u|y) of the objects
within task Q are calculated in line 16 by summing the pairwise relation r; ;
across the columns of the matrix. The loss is computed in line 17 and added to
the cumulative loss of the batch. After the last batch has been processed, we
compute the gradients of the loss with respect to the weight vectors 6, and 6,
using backpropagation. The weight vectors are then updated in lines 18—19
using an iteration-dependent learning rate.

An important consideration in practice is the runtime complexity of a model,
since it dictates the sizes of datasets that we can realistically handle.

The training runtime complexity per epoch of FETA-Net, including the
computation required for backpropagation, is O (N qu). Here, Nis the number
of training instances, d is the number of features per object, and q is an upper
bound on the number of objects in each choice task, defined as max(gy)ep Q-
This means that the runtime complexity is linear in the number of instances
and features but quadratic in the number of objects in each choice task. For a
new task Q, the prediction time complexity is in @ (d |Q|2), therefore quadratic
in the number of objects as well.

5.4.2. FATE-Net Architecture

Ixd

Concat

[ times
Mean NPT U
k times o) Ho

Query @ Embedding U(z;, Q)

L]

With FATE, the goal is first to embed each object into a m-dimensional em-
bedding space. These embeddings are averaged to obtain a task representative
Ho- The utility is then computed by a function that receives the object x; and
the task representative yy. We will instantiate this approach using a neural
network architecture called FATE-Net.

The architecture is shown in Figure 5.6, depicting the flow from input query Q
to output utility u(x;, Q) for one object x; € Q. Recall that we need to learn the
embedding function ¢ and the utility function u’ of the FATE decomposition
(5.15). As before, the query task consists of n objects Q = {x;, ..., x,}. Each
object is independently passed through a deep, densely connected embedding
layer ¢. Note that weight sharing is employed, meaning the same embedding
is used for each object. We end up with |Q] embedding vectors of length
d’. These embeddings are averaged to arrive at the task representative p,.
Then the vector x;, of the object for which we want to compute the utility, is
concatenated with fi5 and both are passed into the network u’, which finally
outputs a utility u(x;, Q). Both networks ¢ and u’ are feedforward neural
networks with k and € hidden layers respectively. As already mentioned in
Section 5.4.1, we use SELU nonlinearities in the hidden layers here, but this
should not be seen as a prescription.
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Algorithm 3 FATE-Net training algorithm
Require:
Dataset D = {(Qi,Ci)}{il with Q; ¢ RY
Embedding network ¢ : R? — R, parametrized by Oy

Utility network u’ : RYx R — R, parametrized by 6,
Batch size b € N, Number of epochs E € N

Step size schedule 7 = (1,1, ...) with7; € Ryg Vi€ N
Loss function L : € x|J, RF — R

1: procedure Train-FATE-Net(D, $,u’,b,E,n, L)
2 Initialize random weight vectors 0¢, Oy
3 for Epoch ep € [E] do

4 D <« Shufle(D)

5: T « [%

6 Construct mini-batches By, ..., Bt
7 for Iterationt € [T] do

8 <0

9: for all (Q,C) € B, do
10: Ho < ﬁ ZXEQ (]S(x)
11: u«— (u(x ‘UQ))er
12: ¢« &+ L(Cu)
13: O, — Oy — UT%T V. b
14: 9¢ <« 9(]5 — UT%Ttrtv%ft

Moving on to the training algorithm (shown in Algorithm 3), similar to the
algorithm used to train FETA-Net, we again have a variant of stochastic
gradient descent here. We will refer to the weight vectors for our networks ¢
and u” as 64 and 6/, respectively. These weight vectors are initialized using
a suitable initialization scheme, analogously to the procedure described in
Section 5.4.1 (line 2). The shuffling of the dataset and mini-batch construction
continues as before. In lines 10 to 12, the representative y is computed for the
current mini-batch, the vector of utilities u is obtained and then the cumulative
loss is updated with the loss on the current mini-batch. Once all mini-batches
have been processed, the weight vectors 6, and 4 are adjusted by computing
the gradient of the cumulative loss with respect to both weight vectors and
modifying both with an appropriate step size (lines 13 and 14).

The runtime complexity per epoch of the FATE-Net architecture is worth
mentioning. Just looking at the training runtime complexity of FATE-Net, we
still get @ (Ndg*) with N being the number of preference tasks in total, d being
the number of features per object and g being an upper bound of the number
of objects per task. The reason is that during backpropagation, the utility of
each object depends on iy and thus on each other object in Q, resulting in a
quadratic complexity. During prediction time, however, it suffices to compute
Ho once per task. Therefore, for a new task, the complexity reduces to O(dq),
or time linear in the number of objects.
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9: Recall that for FATE we showed in
Section 5.3.3 that a linear variant will be
context-independent.

5.5. Empirical Evaluation

At this point, it makes sense to take stock and remind ourselves what we have
accomplished so far. We set off by arguing that context-independent utility
is too limited in modeling human and non-human preferences alike, which
motivated the use of the generalized utility function (5.1). Since learning this
function directly is not feasible, we proposed two decompositions (pairwise)
FETA (5.8) and FATE (5.15), which make it more amenable to learning.
Finally, we proposed two neural network architectures FETA-Net and FATE-
Net as instantiations of these models. What remains now is to evaluate the
efficacy of these models on actual preference data to ascertain if they are suitable
for learning context-dependent preference functions. In this section, we will
explore this question in more detail, focusing on the investigation of singleton
and subset choice functions.

We will focus the evaluation on answering the following research questions

(short RQ):

FF-RQ1: Are the decompositions FATE and FETA suitable for learning
context-dependent choice functions?

FF-RQz: How important is the complexity/expressiveness of the underlying
model class for the performance of the models on the datasets?

FF-RQ3: How important is the ability of the model to represent context-
dependent choice functions?

FF-RQ4: How well does our approach generalize to different task sizes? Can
we make accurate predictions on tasks of a particular size, even if that
size was not included in the training data?

FF-RQ5: What happens in the limit if we increase the amount of training
data?

To address FF-RQ1, we will train and evaluate FETA-Net and FATE-Net
on a range of datasets. These datasets will include synthetic and semi-synthetic
datasets where we can ensure that context-dependence is crucial in accurately
modeling the observed choices, as well as common real-world datasets. In
addition, we will compare both approaches to existing models to see how
competitive they are.

Research questions FF-RQ2 and FF-RQ3 deal with the expressiveness of our
models in a practical setting. To elaborate on FF-RQ2, we want to know
if deep neural networks (i.e., FATE-Net and FETA-Net) are really needed
or whether simpler (e.g., linear) models would suffice. We will attempt to
answer both questions by contrasting the performance of FETA-Net and
FATE-Net with specific baselines. For FETA, we will include a linear variant
in the experiments.9 In addition, to answer FF-RQ3, we will have a context-
independent neural network as a baseline, which will allow us to ascertain the
importance of the context for each dataset as well.

As for FF-RQ4, the methodology will be straightforward: We will train the
models on a fixed task size and then evaluate them on a range of sizes during
test time. If we notice a significant decrease in performance with only slight
alterations to the task size, it suggests that the model has become dependent
on the specific set size we provided. This is undesirable, as it indicates that the
model is not generalizing well to new sizes.



Finally, for FF-RQ5, we will pick out one of the context-dependent semi-
synthetic choice problems, such that we are able to generate an arbitrary
amount of training data. We will then generate a stream of fresh batches to
train our models with, simulating what happens if the dataset size approaches
infinity. From this, we will able to deduce if the models are able to represent
the underlying choice functions exactly, or if they approach a limit below
100 % accuracy.

We will start by discussing the experimental details in Section 5.5.1, including
the general setup, baseline models, loss functions, and datasets. In Section 5.5.2,
we will present the results of our experiments and use them to address the
research questions we posed.

5.5.1. Experimental Setup

We will start by introducing the general experimental methodology. It is
important that we compare the different models at close to their peak per-
formance, meaning we want to avoid drawing incorrect conclusions because
models were using subpar hyperparameters. Therefore, in all of the experi-
ments (if not explicitly mentioned otherwise), we will apply hyperparameter
optimization using nested validation with identical splits and number of itera-
tions for each model. To be more precise, we use Bayesian optimization with
Gaussian processes to optimize the hyperparameters. To accurately assess the
performance of our model on unseen data, we will implement an additional
outer cross-validation loop. Inside this loop, we will use the hyperparameters
that performed best on the inner validation set and apply them to the training
on the full training set. The model’s performance will then be evaluated on
the test set.

We conducted experiments on a compute cluster that included a mix of
NVIDIA GTX 1080 Tiand RTX 2080 Ti GPUs, averaging 15-20 of each, as
well as Intel Xeon E5-2670 processors. On average, a job comprising a single
outer split with complete hyperparameter optimization on the validation set
took 8 hours to complete. The training of FATE-Net and FETA-Net on
average (across datasets) required 11 hours.

A job comprising a single outer split complete hyperparameter optimization
on the validation set typically took 8 hours to complete. On average, training
FATE-Net and FETA-Net across datasets required 11 hours. The combined
total of all experiments was roughly 11400 GPU hours and 6000 CPU hours.
All experiments are implemented in Python, and the code and the dataset
generators are publicly available.!?

In the following, we motivate and present the set of baseline models we will
use in the experiments in Section 5.5.1.1. Then, it is important that we connect
the neural network architectures defined in Section 5.4 to the choice tasks at
hand via appropriate loss functions. We will introduce these loss functions in
Section 5.5.1.2. Specifically, we will distinguish between target losses, which
are the true losses we seek to minimize, and surrogate losses, which are, in
a loose sense of the word, approximations of the target losses that we can
optimize during training. The datasets we consider for the experiments are
introduced in Section 5.5.1.3.
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hyperparameter optimization: Section 3.2
nested validation: Section 3.1.2.3

Gaussian processes: Section 3.2.2.1

10: https://github.com/kiudee/cs-
ranking/tree/sda
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Random utility models (RUMs): Sec-
tion 2.4.1

5.5.1.1. Baseline Models

In order to answer research questions FF-RQ1, FF-RQ2 and FF-RQ3 in
particular, we want to use a variety of different baseline models to compare to.
This set should contain classical models like the MNL model and variations
thereof to see how well these perform on the different context-dependent
learning problems. Further, we also want to compare ourselves to neural
network baselines from the literature. Since these models differ in their level
of linearity and context-sensitivity, we can gain insight into which aspects the
datasets require and where our approaches perform particularly well or not so
well.

The first set of baselines we consider are the logit models, which belong to the
class of random utility models (RUM:s). The most well-known representative
of this class is the multinomial logit (MNL) model [McF74]. The linear
and context-independent nature of this model makes it an excellent choice
for establishing a baseline against which to compare other models. Many
improvements to the original model have been proposed in the literature,
with the aim of making it more flexible and /or better able to incorporate
contextual information. We choose to include the mixed logit (ML) [Tra09],
the nested logit (NL) [Wil77] and the generalized nested logit (GNL) [WKO01]
models here. The former allows for more flexibility in modeling heterogeneous
preferences in the data. The nested logit (NL) and the generalized nested logit
(GNL) models seek to learn the correlations between the objects in a given set,
which enables them to capture some context effects, particularly the similarity
effect [BL18; Tve72].

Support vector machines (SVM:s) have been used to model choice data since
Evgeniou et al. [EBZ05] proposed to apply them in conjoint analysis in 2005
[MMW15]. Their robustness to noise is useful when dealing with human
preference data. Cui and Curry [CCO05] demonstrated in experiments that
it outperforms the MNL model. We, therefore, choose to include it in our
experiments. Since it is trained by breaking the choices down into pairwise
comparisons, we call it PairwiseSVM.

We also include more recent neural network baselines in the experiments. The
first one is the RankNet model, which is a context-independent network that
is trained from pairwise comparisons [Tes88; Bur+05]. As a nonlinear yet still
context-independent model, it can serve as a good baseline from which we
can determine the maximum performance that can be achieved by context-
independent models. To round the field off, we implement the set-dependent
aggregation (SDA) approach, which was proposed by Rosenfeld et al. [ROS20]
(see Page 83). This state-of-the-art context-dependent neural network has
been specifically designed for use with human preference data.

It is important to note that most of the approaches mentioned earlier are de-
signed for use in a singleton choice setting. We therefore employ thresholding
of the utilities, as described in (5.3), to make all approaches compatible with the
subset choice setting. The threshold is tuned on a small (nested) validation set
for all these learners, which includes our own FETA-Net and FATE-Net.



5.5.1.2. Loss Functions

In Section 5.4, we introduced the neural network architectures FETA-Net and
FATE-Net, but did not yet go into which loss functions we will use to train
them. As loss functions provide the link between the raw outputs of a network
and the data of a particular setting, it is important to specify our learning target.
Our goal is to minimize a suitable target loss function L : € x € — R for the
given data. This loss function is the one we actually want to optimize, like the
F;-measure in our case. Often, these target losses cannot be optimized directly
using gradient descent because we require the loss function to be differentiable
almost everywhere. This is why we will instead minimize a differentiable
surrogate loss function. There are various ways to define such a function. One
way we will use is to take the (log-)likelihoods as defined in Section 5.2.2.
Another way is to define an upper bound on a target loss. We will discuss
both methodologies in the following. At the end of this section, we will take a
small detour to investigate the convexity of the surrogate losses, which is an
important consideration when trying to optimize them.

Target Loss Functions For the target loss functions or measures we refer the
reader to Section 4.2.1, where we introduced the functions we use throughout
the thesis. For this chapter, the main target loss we use for the singleton choice
experiments is the categorical 0/1-loss. For the subset choice experiments,
we will use the F;-loss since it can deal with the imbalance of relevant to
irrelevant objects that we observe in this setting. These losses are used to guide
the hyperparameter optimization (HPO) process.

Additionally, we compute supplementary measures for a comprehensive analy-
sis. In the singleton choice context, we report both top-3 and top-5 accuracies.
For subset choices, we include the subset 0/1-loss, informedness, and the area
under the ROC curve (AUC). All results are presented such that higher values
denote better performance, such as reporting categorical 0/1-accuracy instead
of loss.

Surrogate Losses In Section 5.2.2, we introduced various ways one can define
probabilistic models for different preference modeling settings. In doing so,
we also specified the corresponding likelihood functions. This suggests a very
natural approach to derive surrogate loss functions:

1. We use the negative log-likelihood of a probabilistic model as a loss
function to train a learner. This has several immediate advantages: First
of all, the resulting loss function is differentiable.!! Secondly, the final
model outputs probabilities on the choice space € and these are calibrated,
i.e., the loss functions are minimal at the true (conditional) probabilities.

2. Given a new task Q, we can let the learner output a probability distri-
bution on the choice space €. With that, we can produce a choice set
prediction that minimizes a desired target loss in expectation.

Recall that the target loss functions received the ground truth choice set and
the predicted choice set as input. For the surrogate loss functions defined here,
instead of the latter we will pass in the raw utilities predicted by the learner.
More formally, let u(:, Q) be the vector of utility scores u(x, Q), vx € Q, which
the learner predicts for a task Q € Q. Then for the singleton choice setting, we
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target loss function

surrogate loss function

Choice measures: Section 4.2.1

11: For the models we consider here.
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categorical cross-entropy loss

binary cross-entropy loss

u-t

Figure 5.7.: The hinge loss (green) for one
class. The 0/1-loss is shown in blue.

categorical hinge loss

can make the assumption that the choices are generated by a multinomial logit
model, i.e., p&NL(x | Q) = pMNL(x | Q). The utility function 4 is assumed to
be unknown. The probabilities can be computed using the likelihood (5.4). If
we take the log of the expression and negate the formula, we get the negative
log-likelihood, also called the categorical cross-entropy loss

Lep (i) u(, 0)) = ~log (pyn (x| O))
~log(Y)  ePEOLO)) - Q. (519

where C = x € € is the observed choice set. It is easy to see that this expression
is minimized when x = arg max u(y, Q).

Applying the same methodology in the subset choice setting, we start with the
assumption that our choice data is generated using the probability distribution
defined in (5.5) in Section 5.2, i.e., p*(C | Q) = p(C | Q). Computing the

negative log-likelihood, we get the well-known binary cross-entropy loss

Lgg(Cu(-, Q) = —log (pu(C | Q))
= D eolo8 (1 expu(r.Q)) - [ye Ju(Q). (5:19)

Another big class of surrogate loss functions are “hinge-variants” known from
SVMs. There a 0/1-loss is upper bounded in score-space by a convex, piecewise
linear function. We can see a visualization of the hinge loss max(1 — u - t) for
a one—class problem in Figure 5.7, where u is the score predicted for the class
and t € {—1, 1} is the class. On the horizontal axis, we show the product of u - .
Therefore, if the learner predicts a score that coincides with the correct sign,
then the result is a 0/1-loss (shown in blue) of 0. The hinge loss (green) upper
bounds the 0/1-loss. It is also apparent that it is non-zero in the interval [0, 1),
which leads to the “margin-effect” [BB0O].

We will apply this idea in the singleton choice setting, where the corresponding
hinge loss can be defined via

Len(fxu(, Q) = max(1+ maxyeo g u(3. Q) — u(x 0),0),  (5.20)

with x € Q € Q. It is inspired by the hinge loss used in multi-class classifica-
tion [DGI16; MD11] and more widely known under the name categorical hinge
loss. While the surrogate losses we derived from likelihoods have favorable
theoretical properties, the categorical hinge loss often works well in practice
and yields stable results across training runs.

To bring our discussion of surrogate loss functions to a close, we will outline
the specific loss functions we will use in our experiments. During the training
stage of FETA-Net and FATE-Net, we will use the binary cross-entropy loss
(5.19) for the subset choice and the categorical hinge loss for the singleton choice
setting. As is common in machine learning, L,-regularization will additionally
be employed to penalize the magnitude of the weights.

Convexity of the Surrogate Losses We have already mentioned convexity as
an important property of the hinge loss. In general, this is because optimizing a
convex optimization problem is guaranteed to yield a unique global optimum



[BVO04]. In addition, it also improves the convergence speed and stability
of the optimization process, and we do not incur the risk of getting stuck in
a bad local optimum. Therefore, we will now check if our surrogate losses
are convex with respect to the utility scores u(x, Q). As we shall see in the
following, all three surrogate losses are convex.

The categorical cross-entropy loss Lcg as defined in (5.18), can be written as

log (ZYEQ exp(u(y, Q) —u(x, Q))) ,

where the difference of utilities is a linear function and clearly convex. What
remains is the outer function, also known as LogSumExp. It is convex and
strictly increasing in each argument, and therefore, it follows that the categori-
cal cross-entropy (5.18) as a whole is convex as well.

For the binary cross-entropy Lgg (5.19) we first look at the inner real-valued
function log(1 + exp(x)), which is widely known as softplus [Dug+00]. It is
smooth with strictly positive first and second derivatives, and hence, convex
and non-decreasing. The difference softplus(x) — x is convex and strictly
decreasing as well, which is why we can conclude that the binary cross-entropy
(5.19) is convex.

The categorical hinge (5.20) consists of two max operations. The inner max is
a maximum of convex functions and, therefore, convex. Then we have the
outer maximum max(1 + x, 0), which is convex for the same reason, and the
overall composition (5.20) is consequently convex.

Recall that the pairwise FETA model (5.8) is a decomposition of the utility
u(x, Q) into sub-utility functions, which are aggregated. We may, therefore,
ask whether convexity still holds with respect to the sub-utility functions u,
and uy. It is easy to see that this is indeed the case since the aggregation in
FETA is a simple weighted sum. We could then go one step further and ask if
the complete learning problem of instantiations of FETA and FATE is convex,
meaning that we want to know whether the loss minimization problem with
respect to the parameters 6 of the learner is convex. This, however, is not the
case here since we use neural networks to instantiate our models, which are
known to be non-convex. While we lose the guarantee that our optimization
procedure will find a global optimum, this is not much of a problem in practice.
The loss landscape, while being non-convex, is often remarkably smooth and
well-behaved, as Li et al. [Li+18] demonstrate. They find that optimization
trajectories of stochastic gradient descent optimizers often traverse a very low-
dimensional space because the loss landscape of typical neural networks contains
regions that are almost convex. In addition, we are using hyperparameter
optimization to improve parameters related to the optimization procedure,
which helps to make the process even more stable. With all of this in mind, we
can expect our learning algorithms to find reasonable solutions in the upcoming
experiments.

5.5.1.3. Datasets

We will use a mix of synthetic, semi-synthetic, and real-world datasets for the
experiments. The (semi-)synthetic datasets allow us to evaluate the learners
on problems where we know that the choices are context-dependent. This

5.5. Empirical Evaluation

LSE(x) = log (2 exp(xj))

jelm]

softplus(x) == log(1 + exp(x))
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Table 5.1.: Overview of the choice datasets
used in the experiments. Bracket notation
is used to denote the range of values.

Problem Dataset # Train # Test # Features @]
Medoid 10000 100000 5 10
Hypervolume 10000 100000 2 10
MNIST-Mode 10000 100000 128 10
MNIST-Unique 10000 100000 128 10

Singleton Choice Tag Genome Dissimilar Movie 10000 100 000 1128 10
Tag Genome Similar Movie 10000 100 000 1128 10
LETOR-MQ2007-list [1353,1356]  [336,339] 46 [257, 1346]
LETOR-MQ2008-list [627,628]  [156,157] 46 [204,1831]
Expedia 78041 312229 17 [5,38]
Sushi 7000 3000 7 10
Pareto-front-2D 10000 100 000 2 30
Pareto-front-5D 10 000 100 000 5 30

Subset Choice MNIST-Mode 10000 100000 128 10
MNIST-Unique 10000 100000 128 10
LETOR-MQ2007 [1160,1172] [283,295] 46 [6,147]
LETOR-MQ2008 [442,459]  [105,122] 46 [5,121]
Expedia 79855 319489 17 [5,38]

gives us a good opportunity to check which learners are able to represent and
learn the underlying choice functions. The semi-synthetic datasets are used on
existing real-world datasets, but the choice process itself has been designed to
be context-dependent. Finally, we have a set of real-world preference learning
datasets that we adapt to our settings. We now introduce the learning problems
used for the empirical comparison as follows:

Synthetic datasets:

(a) The Medoid problem, where the task is to predict the medoid of a
set of points in a Euclidean space.

(b) The Pareto-front problem, in which the learner has to predict the
set of points, which are Pareto-optimal.

(c) The Hypervolume singleton choice problem, where the task is to
select the point of the Pareto-front which contributes the most to
the hypervolume.

Semi-synthetic datasets:

(d) Different choice problems defined on the well-known MNIST
dataset.

(e) Similarity/dissimilarity-based movie selection using the Movie-
Lens Tag Genome dataset [VSR12].

Real-world datasets:

(f) The LEarning TO Rank (LETOR) MQ2007 and MQ2008 datasets
[QL13] consisting of query-document pairs, with the goal of se-
lecting the relevant documents.

(g) The Expedia hotel dataset featuring search results and relevance
labels for each hotel with the goal to select booked/considered
hotels [Exp13].

(h) The Sushi dataset, where the task is to choose the most preferred
sushi from a set of 10 options provided to a user.

In Table 5.1 we group the datasets, including variants, by setting (some can only
be used for singleton or subset choice, respectively). We report the number
of training and testing instances, the number of features, and the task sizes for
each dataset. Brackets are used to specify a range of values.



The Medoid Problem Finding the most representative element for a set is
a task often encountered in practice. For example, when we apply k-means
clustering to a dataset we obtain a set of k centroids, which usually are not part
of the original set of elements. We may, therefore, be interested in selecting
a single element of each cluster as its representative. One application among
many is color quantization, where the goal is to reduce the number of distinct
colors of an image while preserving overall similarity to the original image.
The medoid of a set Q is the object x € Q that has the smallest cumulative
dissimilarity to all other objects within the same set. One advantage of the
medoid over the centroid is that it can be computed for any structured space for
which we can define a dissimilarity measure, e. g., graphs, images, etc. [VPBO03;
ZC05].

For our experiments, we will treat the medoid computation as a choice function
Crmedoid © Q — € defined as

.1
C : := arg min — x—19|,

with |-| being the usual euclidean norm. Note, how ¢, 4.;q computes the norm
for all pairs of objects. The resulting choice function is, therefore, context-
dependent and small changes to the objects contained within a choice task can
cause the choice set to change. This makes it a good choice problem to assess
the capabilities of our learners.

In particular, we can even try to predict how well FETA and FATE should be
able to learn the medoid problem. For FETA let uy(x) := 0 and u;(x, {y}) :=
—|lx — ¥l then we can rewrite cpcq0iq 25

1
Cmedoid(Q) = argmin .=—— ) [x—
‘medoi %0 |Q| 1 }%

Z uy (x, {y})

1
= arg max uy(x) + o1
x<Q A1
and it is easy to see that FETA can represent the medoid choice function

exactly.

We can try the same for FATE, but there does not appear to be an obvious
choice for ¢ and u’ that, when combined, can perfectly model the medoid
choice function. It is possible to approximate ¢ .q0iq using 2 := X, ¢ :==idy-
and u’(x, z) == —|x — z|. Inserting into (5.15), we get

af g (6. Q) = —lx - centroid(Q)l

with centroid(Q) = @ Zye oY being the centroid of Q. Instead of choosing the
object that minimizes the pairwise distance with respect to every other object,
we pick the object closest to the centroid. As these should often coincide, we
can expect this approximation to be close.

To have a reference value for the experiments, we can assume that choice tasks
Q are sampled from a uniform distribution von {A C [0, 1]9 : |A| =r}fora
fixed r € IN. With the above approximation, we can then achieve an accuracy
of at least

Poy (Cmedoid(Q) =argmin__ Q||x — centroid(Q) ||)

5.5. Empirical Evaluation

The centroid of a set Q is defined as:

lzl = Vz'z

centroid(Q) = 1 Z x
Qb
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in expectation. Doing a numerical computation, we can find that for r = 10
and d = 5, we get a probability of 89.56 %. For more technical details on how
we construct the medoid dataset, consult Appendix A.3.1.

Pareto-front dataset The Pareto-Front Problem The concept of Pareto-optimality is central to
multi-objective optimization and has a wide range of applications [Gei+07]. It
is only relevant in settings where there are multiple objectives that need to be
optimized because with only one objective, there exists a clear linear order by
which we can sort the objects. As soon as we have multiple objectives, there
can be situations where one object is better than another in one objective but
worse in another.

“| @ We formalize this by introducing a concept called dominance. We say x € X C

R? is dominated by y € R (short: y > x) if x; < y; holds for any 1 <i < dand

xj < y; for at least one 1 < j < d. For any set Q € Q we define the Pareto-set or
Pareto-front of Q as

Cpareto(Q) = {x € Q : xis not dominated by any element y € O\ {x}}.

° ° An exemplary Pareto-front in two dimensions is shown in Figure 5.8. The

Pareto-optimal points are depicted in blue, and the region they dominate is

»
»

Uy shaded in blue. As you may notice, ¢p,eto 1 2 valid choice function, and we

Figure 5.8.: A Pareto-front in two dimen- ~ want to know which approaches are able to learn it from choice data. It is
f;oglsu;rhe Pareto-optimal points are shown  clearly a context-dependent choice problem since only by looking at all other
' objects we are able to decide whether one particular object is dominated. In
addition, the size of the choice set is not constant across choice tasks Q € Q.

We will therefore only use it as a dataset for the subset choice setting.

As before, we may ask if we can predict how well our approaches should be
able to represent this problem. For pairwise FETA, we can set uy(x) := 0 and
uy(x,{y}) := —[y > x]. Inserting into (5.8) we get

c (=00, —1], i X € Cpareo(Q),
{0}, otherwise.

ua 0=~ ly> ]

In words, that means we count the number of times a given object x € Qis dom-
inated by any other object y € Q. It follows that every object which achieves a
utility of 0 is Pareto-optimal, and cp,reto(Q) = argmax 0 u%% A(x Q) holds
for all tasks Q € Q. We consequently expect FETA to be able to learn this

4 problem.
Uy

For the experiments, we generate 30 uniformly distributed points in R? and

e R>. We vary the dimensionality to see if there is a detectable difference in
performance. We use cp,eq, to compute the corresponding choice sets. See
Appendix A.3.2 for more technical details.

Hypervolume In multi-objective optimization, the goal is to find the best
® Pareto-front for a given optimization problem. There are a variety of ap-

——>  proaches that have been proposed for solving this task, but one particular class
0

o of algorithms is multi-objective evolutionary algorithms (MOEAs), where
Figure 5.9.: Visualizing the volume (shaded

in teal) of the set of three points maximizing
the hypervolume. points improves over time. One important goal is to cover the ground-truth

a Pareto-front is created and then iteratively evolved such that the set of



Pareto-front evenly, which is a property not enforced by simply optimizing
the objectives. Therefore, typical algorithms also try to optimize the diver-
sity of the objects [ZDT00; GFP22]. Quality indicators are measures that
try to take into account closeness to the Pareto-front, diversity, and overall
spread. One particularly important quality measure is the hypervolume [LY20;
GFP22], which is the volume of the union of the subspaces dominated by
each object in the Pareto-front. In Figure 5.9, we can see a visualization of
this concept. The volume spanned by the three points is shaded in teal. The
hypervolume is important because it is the only known quality measure, that
is strictly Pareto-compliant, i.e., if one Pareto-front strictly dominates another,
then the quality measure of the former will also be strictly larger than the
latter. Unfortunately, Bringmann and Friedrich [BF10, Theorem 1] show that
it is #P-hard to calculate the hypervolume, which motivated us to use it as a
challenging choice problem.

To create a corresponding choice problem, we will look at hypervolume contribu-
tions. Let us begin by formally introducing the hypervolume. The hypervolume
Atypvol(Q) of a subset Q C R? describes the volume of the union of the sub-
spaces dominated by each individual point x = (xy, ..., x;) in the Pareto set of
Q and can formally be defined as

Araypvol (@)= 4 <UxecPar IS o e [O’xd])

= 2(U o031 %[0,

where A denotes the Lebesgue measure of R%. With that, we can define the hy-
pervolume contribution AHypVol(Q) —AHYPVOI(Q\{x}) of an object x to the overall
hypervolume. In other words, we want to know how much the hypervolume
is reduced if x is removed from the Pareto-front. We define the problem of
learning the corresponding hypervolume choice function CHypvol : Q = €,
which picks that object x € Q with the smallest contribution to the overall
hypervolume, i.e.,

CHypVol(Q) = arg néax AHypVol(Q) - AHypVol(Q N )
x€

= arg min Agypvo(Q N\ {}) -
x€Q

For the experiments, we generate sets of 10 objects uniformly at random in R?
and compute the corresponding singleton choice.

MNIST Number Problems For the set of problems, we are going to define
tasks using handwritten digits. We will define choice functions on the level of
digits, but the learners will only observe a feature vector based on the underlying
handwritten digit. To be more precise, we will use the well-known MNIST
dataset, which consists of 70 000 grayscale images, each with dimensions of
28x28. Since we do not want to make this task a computer vision problem, we
ensure a fair comparison between all approaches by first training a convolutional
neural network (CNN) using a subset of 10 000 instances and then applying it
to the remaining 60 000 images to extract feature vectors (see Appendix A.3.3
for technical details). Then we sample sets of 10 images and make choices
according to the following selection methods:
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strictly Pareto-compliant

hypervolume contribution

Figure 5.10.: An exemplary task of the Mod-
ified National Institute of Standards and
Technology (MNIST) Mode dataset.
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|
c(0) N 0

Figure 5.11.: An exemplary task of the
MNIST Unique dataset.

MovieLens Tag Genome dataset

LETOR dataset

Mode: For the Mode dataset, we choose the digits that occur most often in
the choice task Q. For example, given a multiset of digits {0, 0, 1, 2,4, 5,
5, 5,6, 6}, we choose all instances with a value equal to the mode value
5. For the singleton choice task, we only output one of the digits by
utilizing a tiebreaker. We pick the digit whose representation has the
least angle to a predefined vector.

Unique: Here, we choose all numbers that occur only once in the set of
sampled label values. For example, given a multiset of numbers {1, 1, 1,
2,3,3,4,4,5, 5}, we choose the number {2}. For the singleton choice
problem, we ensure that exactly one of the digits is unique.

Both of these problems are impossible to solve without using the task context,
because the digit itself is not indicative of whether the object is chosen or
not. Only when considering the complete set the learners are able to ascertain
which digits appear most often/only once.

MovieLens Tag Genome Recommender systems are an important part of
today’s economy, allowing companies to personalize the user experience and,
therefore, increase customer loyalty. The MovieLens dataset is a collection
of movie ratings collected by the MovieLens movie recommendation service
[HK15]. The dataset is widely used in recommender systems research.

The MovieLens Tag Genome dataset (2014) consists of a large collection of
movies and tag relevance scores [VSR12]. The authors base the tag relevance
scores on community-curated tags, reviews, comments, blogs and ratings on the
MovieLens website and were computed using a supervised learning algorithm
that predicts tag relevance based on the sparse tagging data. Each movie’s tag
genome is a vector of real-valued relevance scores in [0, 1].

We use this semantically rich vector space in the experiments to define similarity-
based choice problems. For a given set of movies, we ask the learners to pick
the movie that is most similar/dissimilar to the other movies. For the former
problem, we compute the medoid with respect to the pairwise similarity of
the movies in tag genome space. As for the latter problem, we pick the movie
that maximizes the pairwise similarity scores. We use the similarity measure
proposed by Vig et al. [VSR11], which is a weighted cosine similarity. Since
the choices we compute this way are always singleton sets, we only use this
dataset for singleton choice.

LETOR Moving on to the category of real-world datasets, we have the
LETOR dataset, which is a collection of benchmark datasets for various
learning-to-rank problems [QL13]. It is based on the GOV2 web page collec-
tion which is a crawl of . gov sites in 2004 comprised of 25 205 179 documents
with a total size of 426 GiB. The organizers of the Text REtrieval Conference
(TREC) 2007 and 2008 used this corpus in conjunction with search queries
obtained from a search engine to host the Million Query (1MQ) track [TRE07;
TREO08]. Only those queries that resulted in a click event on a document in the
corpus were used in the 1MQ track and of those a subset of 10 000 was chosen.
The goal of the participants was to submit up to 1000 documents for each of
the 10 000. Then, during the judging phase, the submissions were assessed on
a subset of 1700 and 782 queries (for TREC 2007 and 2008, respectively) by
human judges. The relevance of each document was judged on an ordinal



scale from highly to not relevant. Finally, for the LETOR 4.0 dataset, Qin and
Liu [QL13] use the TREC 2007 and 2008 query sets and additionally extract
useful features from the documents to level the playing field. Then, they define
various learning-to-rank tasks (i.e., supervised, semi-supervised, and listwise
ranking as well as rank aggregation) and provide 5-fold cross-validation splits.
Each query-document pair is, therefore, defined by a vector of 46 features.

For our experiments, we use the supervised version of the dataset, where each
query-document pair is assigned an ordinal relevance score to construct a subset
choice dataset. For a given query, we pick all documents that were labeled
as relevant or highly relevant (i.e., they have a score of 1 or 2) as the choice
set. As for singleton choice, we can utilize the listwise ranking dataset and let
the singleton choice set be the document that achieves the highest score for a
given query. For additional technical details, consult Appendix A 4.1.

Expedia Expedia is an online travel company that allows users to search for
and book flights, hotels, etc. As a contest, the company uploaded a dataset to
the Kaggle website, where researchers were able to patticipate for two months.
The groups participating were also invited to submit a paper describing their
approach at the International Conference on Data Mining (ICDM) 2013
[Exp13].12

The dataset is comprised of 665 574 searches on the Expedia website divided
into train (399 344 searches) and test set (266 230 searches). Each search result
consists of 5 to 38 hotels, each of which is represented by a vector of 45 features.
The target is a relevance score ranging from 0 to 2, where 0 indicates that the
hotel was not clicked on, 1 that it was clicked on and 2 that the hotel was

booked.

Since only ever one hotel is booked per search, we can easily define single-
ton choice sets for this dataset. For the subset choice task, we use all hotels
with a relevance score of at least 1 as the subset choice set. Please refer to
Appendix A.4.2 for additional technical details.

SUSHI The SUSHI dataset is a dataset that was collected to facilitate compar-
isons of preference learning methods by Kamishima and Fujiki [KF03; KF03].
They aggregated names of sushi dishes from 25 sushi restaurants found online
and selected the 100 most frequent ones. These sushi dishes were split into sev-
eral sets of 10 sushis (see Appendix A.4.3 for details on the particular sets used),
which were then provided to participants of an online survey to rank and score.
The result was a data set of 1025 responses with order information for multiple
sets of sushis. The size of the dataset was later increased to 5000 [Kam16]. Each
sushi is represented by a set of 7 features (e. g., style of sushi, major & minor
group, heaviness/oiliness etc.). The authors also recorded some features of the
users responding to the survey, which we will not need in our experiments.

In the experiments, we will pool the responses for both object sets used in
the survey to get a dataset of 10 000 instances. For each instance comprised
of 10 objects, we let the choice set be the sushi that was preferred by the user.
Therefore, the dataset is only used for singleton choice. Further technical
details are located in Appendix A.4.3.
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12: Note that there are two similar looking
Expedia datasets on Kaggle. We are not re-
ferring to the more recent one from 2016
here [Exp16].

SUSHI dataset
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Figure 5.12.: Categorical accuracies and standard deviations (vertical bars) of the singleton choice models on different singleton choice tasks

(measured across 5 outer cross-validation folds).

categorical accuracy: Page 86

5.5.2. Results and Discussion

We will now move on to the results of the experiments. In Section 5.5.2.1 and
Section 5.5.2.2, we compare the approaches on singleton and subset choice prob-
lems. Then in Section 5.5.2.3, we evaluate how well the different approaches
are able to generalize to task sizes that they were not trained on. In these
sections, we will focus on reporting the raw results while we relate the results
to our original research questions in Section 5.5.2.4. Note that for reasons of
conciseness, we only report the results for the target losses. The comprehensive
results, where we report all evaluation metrics, are shown in Tables A.7 to A.9
of Appendix A.5. Finally, it is always important to highlight the limitations of
an empirical evaluation, which we will do in Section 5.5.2.5.

5.5.2.1. Singleton Choice

The main experimental results for the singleton choice models are shown in
Figure 5.12. The target loss for the singleton choice experiments is the categorical
accuracy. In the figure, each bar depicts the mean categorical accuracy across
all outer validation splits. The small, vertical, black bar shows the estimated
standard deviation of the accuracies on these splits.

We can observe that both FETA-Net and FATE-Net outperform most other
baselines in tasks where the choice function depends on context-specific in-
formation, such as the Hypervolume, Medoid, and MNIST datasets. This
demonstrates that these models effectively utilize the context and learn the
underlying choice functions better. In contrast, the context-sensitive SDA
network, while expected to achieve comparable results, only improves on the
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baselines on the Medoid and MNIST datasets. On the Hypervolume dataset,
however, it performs at the same level as the remaining baselines.

To gauge the importance of nonlinearity and context-sensitivity for solving
these tasks, it is interesting to take a closer look at the performance of the
baselines FETA-Linear and RankNet. On most datasets, these perform on par
with the other baselines, indicating that a combination of context-sensitivity
and nonlinearity is required to solve the tasks well. One notable exception is
the Medoid dataset, where they both outperform the other baselines by a large
margin. For RankNet, this is sensible because, for this task, it is possible to
learn that the typical medoid is located closer to the center of the object space.
In addition, there appears to be a context-dependent but linear component
that can be represented by FETA-Linear.

Looking at the MNIST-Unique dataset specifically, we can see that FET A-Net
and FATE-Net are able to achieve a mean categorical accuracy of over 90 %
with SDA being close with over 80 %. The underlying choice function has an
extreme version of the similarity effect [HP83]. Recall that the similarity effect
pertains to cases where the introduction of a highly similar object redirects
probability weight primarily from the existing similar object instead of being
proportionally divided among all objects based on preference. Here, we are
choosing the digit that occurs only once; hence, any duplicated digit results
in a choice probability of 0 for all of them. The GNL and mixed logit (ML)
models can account for the similarity effect, resulting in a substantially better
performance compared to the other baselines.

Examining the results of the MNIST-Unique problem raise the question of
whether the high accuracies achieved by FETA-Net, FATE-Net and SDA are
their limit performance, or if they are able to achieve comparable performance
given a large enough dataset. To investigate this, we generate a fully synthetic
version of this dataset, where we represent each digit i € {0,...,9} by the
corresponding standard unit vector e;, i.e., a vector where the i-th position is
1 and the remaining positions are 0. We do this to condense the task down
to only the context-dependent choice. Then, we calibrate each network to
have roughly the same number of parameters (2870 for FATE-Net, 2849 for
FETA-Net and 2850 for SDA). The remaining hyperparameters were set to
the same values for all three learners. For the experiment, we let the learners
train on a stream of batches, each consisting of 1024 instances with sets of 10
objects.

The result of the experiment is shown in Figure 5.13. On the x-axis, we show
the epoch number, where each epoch corresponds to one training pass on one

5.5. Empirical Evaluation 145

Figure 5.13.: Result of the infinite data ex-
periment for FATE-Net, FETA-Net and
SDA on the synthetic unique problem. The
left plot displays the neural networks cali-
brated to have comparable numbers of pa-
rameters. The right plot shows a repetition
of the experiment, with FATE-Net granted
a higher epoch and parameter budget.

similarity effect: Page 29

Infinite data experiment (FF-RQ5)
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real-world datasets

batch of training instances. On the y-axis, we have the categorical accuracy
achieved on a holdout set of instances. We can see that both FETA-Net and
SDA reach the 100 % accuracy level. FATE-Net is only able to get to slightly
above 60 %, but the accuracy appears to be trending upwards. That is why we
decided to run the experiment again where FATE-Net is allowed a higher
epoch and parameter budget. The result of this run is shown on the right side
of Figure 5.13. Now with an increased budget of 5985 parameters, FATE-Net
reaches the 100 % accuracy level within 400 epochs. To sum up, we can see that
all three architectures are indeed able to learn this choice function perfectly.
We can, however, see a difference in parameter- and data-efficiency between
the models. The SDA architecture quickly reaches accuracies above 60 %,
but is eventually overtaken in epoch 55 by FETA-Net which is then able to
reach 100 % first. This could indicate that the inductive bias of FETA-Net is
very suitable for this particular problem. Since FATE-Net needs many more
parameters and epochs to converge, we can infer that the decomposition is not
particularly well-suited for the dataset. Despite this, it is able to eventually
learn the choice function, because it belongs to a very flexible model class.

Finally, we will examine the real-world datasets Sushi, Movielens Tag Genome,
LETOR, and Expedia. We find that the difference between the performance of
the baseline approaches and our FETA-Net and FATE-Net is less pronounced.
This is certainly to be expected since preferences expressed in real-world
data tend to be much less context-dependent than in synthetic data. On
the Movielens Tag Genome dataset with most dissimilar movie selection
and LETOR MQ2008 both approaches outperform the other baselines. On
LETOR MQ2007, only FETA-Net achieves higher accuracy, while FATE-
Net is on par with the baseline approaches. On the remaining datasets, our
context-sensitive approaches achieve competitive results but do not outperform
context-independent learners like RankNet by a significant margin. This
indicates that the preferences expressed on these datasets are close to being
context-independent.

Surprisingly, SDA achieved the lowest accuracy on LETOR and Expedia.
We suspect that this is due to the models having been trained on fixed choice
task sizes in our experiments but evaluated on choice tasks of varying sizes
during testing. As SDA learns a set-dependent aggregation function, it may
not generalize well to the larger choice tasks present in real-world datasets.

5.5.2.2. Subset Choice

We continue with the results of the experiments where the choices are ex-
pressed as subsets of the choice task. Here, we use the F;-measure (4.5) as
the target measure since we want the models to find as many of the chosen
objects as possible while also penalizing them for indiscriminately enlarging the
predicted subsets. The results are shown in Figure 5.14. To see if the models
have learned anything, we also display the performance of the baseline, which
always predicts positive (i.e., all objects are chosen).

Looking at the results, we can see that the general observations we have made
for the singleton choice results still hold true here. Our approaches FETA-Net
and FATE-Net, as well as the context-sensitive baseline SDA, surpass the
remaining baselines on datasets that are highly dependent on context. Namely
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Figure 5.14.: Average F,-measure and standard deviation (vertical bars) of the subset-choice models on the different choice tasks (measured across 5
outer cross-validation folds).

the 2D version of the Pareto-front dataset and both MINIST datasets. Our
approaches work well on the real-world datasets (LETOR and Expedia), but
the performance difference to the other baselines is less pronounced, as we
have seen before.

There are, however, a few interesting observations we can make. The per-
formance of the FETA-Linear baseline, depicted in green, is close to that of
FETA-Net and FATE-Net on the real-world datasets. This indicates that
linear, context-sensitive models are effective in these scenarios. However,
on the MNIST problems, the FETA-Linear baseline is unable to surpass the
baseline that always predicts positives, implying that a nonlinear component is
crucial for solving these choice tasks. This holds true for the other linear and /
or context-independent baselines as well. The inability of RankNet to outper-
form the simple baseline underscores the fact that the choice function can only
be accurately approximated by a nonlinear, context-dependent model.

An interesting observation can be made regarding the Pareto problem: the
context-sensitive models FETA-Net, FATE-Net, and SDA surpass all baseline
models on the 2D version of the dataset. However, on the 5D version, the
performance of all approaches converges to a similar level. This suggests that
as the dimensions of the dataset increase, the task of selecting the Pareto-front
becomes increasingly less reliant on context and more reliant on the distance of
a point from the center, as this information becomes increasingly informative.
Furthermore, the high F;-measure of the AllPositive baseline is indicative of
the fact that there are more points on the Pareto-front overall.

Overall, our results show that FETA-Net and FATE-Net significantly outper-
form context-independent baselines on tasks that depend heavily on context.
They also compare favorably with the state-of-the-art approach SDA. This
improvement is due to the models’ sensitivity to the context and their ability
to model nonlinear relationships between inputs and outputs. However, on
real-world datasets, the improvement is not as pronounced, which suggests
that either the context-dependence is weaker or that the models have yet to
capture it fully. The former is more plausible due to the relatively large lists
of objects given to the human evaluators. Research has shown that context
effects become less pronounced as the task size grows [Haw+12].
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FF-RQ4

5.5.2.3. Generalization Across Task Sizes

For the last round of experiments, we want to address FFE-RQ4. The goal
is to evaluate the ability of the learners to generalize task sizes they did not
encounter during training. This is an important aspect since the complexity of
computing choices is typically lower during prediction time. A straightforward
methodology to handle datasets with larger task sizes could, therefore, be to
train on task sizes of a manageable size and use the learned model to predict
choices for larger tasks during deployment. Here we will focus on the results
on the datasets Medoid and Hypervolume to showcase the key insights we
observe across all datasets. Each model is trained on instances consisting of 10
objects and subsequently tested on instances with 3 to 29 objects. It is important
to keep in mind that when dealing with singleton choice, comparing accuracy
across varying task sizes can be misleading. However, we can resolve this issue
by using the normalized accuracy metric, which is explained in more detail in
Section 4.2.1. By using this metric, we can ensure that random guessing will
always achieve a score of 0.

The results for the two datasets are shown in Figure 5.15. Overall, the models
demonstrate robust generalization capabilities, extending their performance
to task sizes beyond their training regime. However, the exact generalization
behavior varies by dataset. In the Medoid dataset, models such as FETA-Net,
FETA-Linear, and RankNet show improved performance with increasing task
size. This is expected because a context-independent model, which assigns
the maximum score to objects in the center, can more effectively solve the
problem as more points fill the space.

Conversely, on the Hypervolume dataset, the normalized accuracy declines as
the number of objects in the choice task increases. This suggests that choosing
the point with the highest contribution to the hypervolume becomes harder
with an increasing number of objects. We can also see a notable difference in
generalization behavior between FETA-Net, FATE-Net and FETA-Linear,
and the remaining baselines. The latter achieve their highest performance on
sets of three objects, despite being trained on sets of 10, and it monotonically
drops with increasing number of objects. Our three approaches exhibit a more
gradual decrease in accuracy. Remarkably, FETA-Net and FETA-Linear
assume the maximum accuracy in the range of 7 to 10 objects. This indicates



that FET A-learners adapted more strongly to the specific task size encountered
during training, even though the choice problem is inherently easier with
fewer objects.

5.5.2.4. Discussion

At the beginning of Section 5.5, we specified the five guiding research ques-
tions (FF-RQ1 to FF-RQ5) for the empirical evaluation. We will now relate
the results obtained in the previous sections to the research questions. With
FF-RQ1 we wanted to know whether our proposed models FETA and FATE,
and in particular FETA-Net and FATE-Net are suitable to represent and learn
context-dependent choice functions. In the experiments, across both the single-
ton and the subset choice setting, FETA-Net and FATE-Net consistently out-
perform the context-independent baselines on the clearly context-dependent
tasks. Therefore, we can definitively answer FF-RQ1 with “yes”.

FF-RQ2 and FF-RQ3 asked how the performance of the models on the tasks
was related to the overall expressiveness and the ability to model context-
dependent choice functions. We introduced the FETA-Linear baseline to
tease these factors apart and closely monitored the context-independent but
very flexible RankNet. Although there are datasets, like Medoid, where FETA-
Linear and RankNet on their own already achieve a better performance than
the other baselines, we find that in most cases, they perform on par with the
other baselines, and only the context-dependent, nonlinear baselines are able to
achieve a high accuracy or F;-measure on the context-dependent tasks. On the
real-world datasets, RankNet is often competitive with our models, suggesting
that the task context plays a smaller role in these datasets. At the same time,
we find that the linear baselines often achieve a performance close to that of
RankNet on these tasks, indicating that a linear, context-independent model
is sufficient to model the underlying choice function. Overall, we can say that
it depends on the specific task, whether nonlinearity or context-dependence is
more important. On the context-dependent datasets, it is clearly important to
have a combination of both.

Next, we wanted to know how well the models and, specifically, our ap-
proaches generalize to task sizes that they were not trained on (FF-RQ4). Here,
we again observe that the performance depends on the choice problem (some
get easier with increasing task size, some harder). For the former problems,
our approaches do not suddenly become worse with an increasing number of
objects in the task. From this, we can deduce that the learned representation is
not overly adapted to the training task size. For problems that get harder with
a larger set size (e. g., Hypervolume), the performance degrades only gradually
as compared to the baselines, which is another hint that they can be used to
predict on larger task sizes. In practice, one should always check what kind of
regime the dataset belongs to.

Finally, we wanted to know if the context-sensitive, nonlinear learners (i.e.,
FETA-Net, FATE-Net and SDA) are flexible enough to represent the context-
dependent exactly (FF-RQ5). Since we observe very high accuracies for some
of the choice datasets, it is not clear whether this is the limiting performance
of the learners or whether this is simply due to a limited amount of data.
We picked the Unique dataset and gave the learners enough new data until
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they reached convergence. As all three approaches were able to reach 100 %
of out-of-sample performance, we can deduce that they belong to a flexible
enough model class such that this particular choice function can be represented
exactly. We were able to see differences in data efficiency, however, as FATE-
Net needed a much higher parameter- and data-budget to reach the same
performance level.

In conclusion, the empirical evaluation has shown that our proposed models,
FETA-Net and FATE-Net, are effective in representing and learning context-
dependent choice functions. The models also exhibit good generalization
and representational flexibility, although the specific performance depends on
the context-dependence of the dataset. We do, however, see that the models
petform at worst on par with the context-independent baselines, demonstrating
that we do not lose performance by incorporating the task context.

5.5.2.5. Limitations

Our research has provided useful insights into the performance of our two
approaches FETA-Net and FATE-Net for modeling human and algorithmic
decision-making. As with any research, it is essential to acknowledge the
limitations of our study to guide future work.

Firstly, while our experiments utilized synthetic, semi-synthetic, and real-
world datasets, the real-world datasets featured large task sizes. This, as we
know from Section 2.3.2, can lead to less context-dependent choices. In
addition, for LETOR (and the underlying 1MQ dataset), participants rated
relevance in absolute terms, leading to even fewer context-dependent choices.
Future research could benefit from collecting real-world datasets with smaller
task sizes, where objects are presented in an easily comparable form. This
might encourage more contextual choices and improve the comparison of
context-sensitive models.

Secondly, all approaches were trained on fixed task sizes. Although the models
demonstrated good generalization to various task sizes in our generalization
experiments (see Section 5.5.2.3), exploring training on varying task sizes could
potentially lead to more size-independent representations. This direction of
research could lead to improvements in model robustness and applicability
across different task sizes.

Lastly, no clear pattern has emerged indicating which particular type of dataset
each of our approaches works best on. The infinite data experiment demon-
strated that both models can represent the underlying choice function given
enough data. The FETA-Net model did, however, converge faster than FATE-
Net, which may indicate that it is more data-efhicient. More research is needed
to understand how the models perform on different types of datasets and how
they can be improved to better capture the nuances of decision-making in
various contexts. It may be valuable to explore how the models can be adapted
or improved to perform better in specific contexts and to investigate which
factors affect their performance on different datasets.
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5.6. Conclusion and Future Work

In this chapter, we argued that classical utility models are limited in modeling
contextual preferences. Since context effects are common in human choice
behavior and essential in algorithmic choice problems, it is important to have
models of choice that can accommodate these effects. Although the literature
has documented a few specific context effects, along with solutions to model
them, our goal is for our approaches to be flexible enough to handle any
context effects (even those currently unknown) present in a given dataset.
We therefore introduced the generalized utility function (5.1), where the set
of objects is explicitly taken as an additional input. This allows it to model
any context-dependent choice function, but this ability comes at a price: it is
infeasible to estimate it directly without further assumptions. That is why we
proposed two decompositions, FETA and FATE, that aim to approximate the
generalized utility function and enable it to be learned.

FETA decomposes (5.1) as a sum of sub-utilities (5.7), where each sub-utility
computes an average of a certain set size k. We further propose the pairwise
FETA model, where we limit the aggregation to at most pairwise interactions.
The FATE decomposition (5.15) first computes a representative vector for
the input set by mapping each object into an embedding space and taking the
mean of the resulting vectors. Then a utility is computed for each object by
using the representative vector as context. We conduct a theoretical analysis
of the representational capacities of the two models, revealing that FATE is
able to approximate any choice function, whereas the representational power
of pairwise FETA is limited. Thus, both approaches are complementary and
have differing inductive biases. We propose two neural network architectures,
FETA-Net and FATE-Net, that are able to learn both decompositions and
conduct experiments on a variety of datasets to gauge their practical perfor-
mance. We see that although the representational power is different between
both models, both are competitive on the set of datasets we evaluated outper-
form the other baselines on the context-dependent datasets. These results are
promising, suggesting that our proposed neural network architectures have
the potential for practical applications in various domains.

From here, we can identify several promising directions for future work. These
can be grouped into three broad topics. The first topic is the expansion of
the empirical evaluation to gain an improved understanding of the existing
approaches and their particular properties. One possible course of action is
to test the efficacy of context-dependent methods on progressively harder
algorithmic choice problems, with the aim of identifying their strengths and
weaknesses. In addition, it may be worthwhile to investigate datasets from
real-world contexts where the likelihood and strength of context effects are
greater.

Secondly, one may focus on the development of model improvements. Especially
when evaluating harder choice problems, it may be necessary to increase the
representational power of the models. FATE is already able to approximate
any choice function given enough data. For FETA, it could be fruitful to in-
vestigate incorporating higher-order interactions. A sampling-based approach
could work well while keeping the computational overhead in check. In
the same vein, the network architectures could be improved to handle larger
datasets, allowing them to be more useful in webscale information retrieval.

generalized utility function: Page 112

FETA: Page 117
Pairwise FETA: Page 118

FATE: Page 123

expansion of the empirical evaluation

development of model improvements
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applications and integrations

The ability to interpret a model is crucial in practical applications. Hence, many
practitioners continue to utilize linear models, which are more straightforward
and easier to comprehend [LL17]. This is why investigating methods to make
our approaches more interpretable is another important area to focus on. With
interpretability, we not only mean the typical feature-based explanation of
the prediction [Alt+10; LL17]. In fact, with context-dependent models, it
can be interesting to investigate the role of the set-valued context in a partic-
ular choice and to identify which objects had the greatest influence on that
choice.

Finally, the third topic is the exploration of interesting applications of context-
dependent choice and possible integrations within other frameworks. The ability
to approximate hard choice problems could be useful in settings like multi-
objective optimization [Hao+22] and reinforcement learning [DLP23; BT24],
where the learned choice function could be used as a policy to more efficiently
guide an overlying search algorithm. If used as part of a gradient-based policy, it
could even be useful to backpropagate the reward signal through the complete
choice architecture. Another application area could be online learning and
specifically the bandit setting. For instance, in the preselection bandit setting,
the goal is to collect a suitable subset of bandit arms for the user [BH20]. The
user then selects (possibly stochastically) one of the presented options, and
the learner incurs a regret. Here, it could be interesting to see what happens
if the underlying choice model is context-dependent and does not fit any of
the classical preference models. Causal inference has been on the rise recently
[Yao+21] since it allows one to estimate the true effect certain inputs have on
an observed output. Identifying causal context effects in choice data could be
a promising direction.

As we bring this chapter to a close, we have opened the door towards mod-
eling choices that are dependent on the set-based context, using two natural
decompositions of the generalized utility function. This raises the intriguing
question of whether we can achieve context-dependent choices without the
need to approximate generalized utility explicitly. Our exploration of this
topic will continue in the next chapter, where we will examine the use of
Pareto-embeddings for choice modeling.
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Subset Choices using
Pareto-Embeddings

In Chapter 5 we introduced a framework for modeling preferences and in
particular choices using generalized utilities. The goal in a given context,
established by the given set of objects, was to map each object to a utility
dependent on that context. With the utilities of the objects, we were then
able to produce choices by picking the object with the maximal utility (to
get the singleton choice) or the set of objects exceeding a utility threshold
(in the subset choice setting). While the former is quite a natural operation,
thresholding of the utilities has no inherent meaning and requires the threshold
to be tuned for optimal performance. This is certainly undesirable and we
may want to have a natural operation similar to how picking the object with
the maximal utility is used in singleton choice. One potential solution is to
choose the top-k objects according to their utilities. However, this method has
a significant limitation: the size of the chosen subset is fixed, making it only
applicable in very specific settings.

In this regard, it may be fruitful to look at how humans typically make decisions.

Consider a scenario in which you are faced with a decision between several
options, each of which can be characterized by attributes that have to be
minimized or maximized. Would you first look at all attributes, condense
them down into one value and then see which of the options is still viable by
applying a threshold? What would even be a useful threshold in this case? A
much more intuitive methodology would be to directly compare the options
based on their attributes. Maybe one of the options is better in every attribute
than another. In this case we may simply remove the latter option. Continuing
with this procedure, we may pick the set of options remaining as our chosen
subset. This is quite a natural choice, since for the remaining options it is not
possible to identify a clear winner. That means it for any pair of options it is
the case that one object is better along one axis, while it is worse on another.

This informal strategy is the motivation for the approach developed in this
chapter. However, before we can develop it into a general methodology, we
must tackle the following challenge. Specifically, the attributes we have at our
disposal for a given option do not always exhibit monotonic behavior with
respect to their utility. In other words, increasing or decreasing the value of an
attribute may not necessarily lead to a corresponding increase or decrease in its
utility. Often it is the case that only combinations of multiple attributes will
result in the most preferred options. As an example consider a setting where
one has to decide between different works of art (see Figure 6.1). One artwork
could be represented by a matrix containing the raw pixel values in RGB. It is
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Figure 6.1.: A preference expressed on a
pair of images. What are the underlying at-
tributes by which this preference was made?
Artworks by Steve Johnson.


https://wolfejohnson.com/
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Figure 6.2.: Visualization of a Pareto-
embedding learned on the two parabola
(TP) problem. We evaluate an evenly
spaced grid in the 2D object space (left) and
pass it as a choice task to the trained 2D em-~
bedding function. The resulting embedding
is shown on the right side. The Pareto-front
predicted by the model is shown in blue.

1: We will later just call these attributes util-
ity dimensions, which captures the essence
of what they are used for.

2: An object is Pareto-optimal in a given set,
if there is no other object that dominates it.
An object dominates another, if it is equal or
better in every criterion and strictly better
in at least one.

Pareto-embeddings

Object space Embedding space

clear that simply increasing or decreasing certain pixel values will not mean
that an artwork is preferred, unless one has a faible for monochrome art. In
other words, only very specific combinations of pixels will result in an image
even recognizable by humans. Identifying attributes that describe why certain
images would be preferred over others would require a deep understanding of
the semantic meaning of images. This property is of course not only limited to
images, which were only used as an instructive example here.

It is clear that constructing such a mapping from objects to monotone at-
tributes! is desirable. However, unless the choice settings are extremely simple,
it is not feasible to manually create such a mapping, which the image exam-
ple should make clear. Thankfully, with embedding methods/representation
learning we may have a way to learn this mapping from data [GBC16]. The
high-level process will look as follows: (1) We specify a differentiable model
that takes an object as input and outputs a low-dimensional representation
of the object. This will be our embedding model. (2) A differentiable loss
function ensures that the features of the this embedding are monotone, as
explained earlier. To be more precise, it will ensure that the chosen subsets
are Pareto-optimal? in this embedding space. (3) To predict the chosen subset
for a given task Q, we compute the embeddings for each object and select the
set of Pareto-optimal objects. Due to how we embed the objects in such a
way that Pareto-optimality holds for our chosen subsets, we call these Pareto-
embeddings.

As an example of what such a mapping could look like, consider Figure 6.2.
On the left side, we depict a grid of points in the two-dimensional object
space. The target function consists of two parabola. Then we train an em-
bedding model that transforms the original dimensions in such a way that
the embedding dimensions obey a certain set of constraints. As we can see,
the points highlighted in blue form the Pareto-front in the embedding space.
These correspond to the points close to the two parabola in the object space.
The remaining points of the grid are “wrapped around” and placed below the
Pareto-front. The farther away points are from the two parabola in the object
space, the closer they are to the origin in the embedding space.

In this chapter we will address the following questions: How can we learn
such an embedding and what kind of constraints/loss functions are necessary?
Which theoretical properties do the embeddings have? And finally, what
neural network architectures are suitable to learn the embedding and how do



they perform on some actual datasets when compared to other approaches. To
this end, we will start by consolidating the necessary notation in Section 6.1.
We then introduce our Pareto-embedding approach in Section 6.2, explain
how to learn it from data, analyze theoretical properties and propose two neural
architectures. The empirical evaluation we describe and perform in Section 6.3
and then we end with a conclusion and outlook in Section 6.4.

6.1. Modeling Choice

The preceding chapters have already established the overall notation (see Sec-
tion 2.1 for an overview). We will, therefore, focus on quickly summarizing
the necessary notation for this chapter here to make it self-contained.

Assuming a reference set of objects X' C R?, we consider subsets Q={x, ...,
X, C X as our choice tasks, where m is arbitrary yet finite. The preference
indicated on the choice task is represented by the choice set C C Q. In Chapter 5,
we imposed a structure Q C 2% on the choice tasks. For this chapter, however,
we assume for simplicity that Q = 2% i.e., all subsets of objects are valid
choice tasks, which simplifies some of the proofs later on. A convenient way
to represent a choice set is by using a binary vector ¢ € {0, 1}™, where ¢; = 1 if

x;€Cand g =0ifx; ¢ C, foreveryi e [m] :={1,...,m}.

Particularly important for this chapter will be the definition of a Pareto-set and
the notion of dominance [Par06; Koo51]. We say that one vector x dominates
another vector y, if y; > x; for all i € [d] and if there exists i € [d] such that
¥ > x;. We also denote this by the relation x > y. The Pareto-set for a set of
vectors Z C R? is then formally defined as

Par(Z) :={xe Z|3y: y> x} (6.1)
={xeZ|dy: vie[d]: yy>xand3ield]: y>x} (6.2)

We refer to every vector z belonging to the set Par(Z) as Pareto-optimal.

A function ¢ : 2% — 2% is called a choice function if Q) C Q for all tasks Q C X
and [o(Q)| > 1, meaning choice sets are subsets of the choice task and cannot
be empty. We are tackling the learning problem, where we are given a set of
training instances D = {(Q;, Ci)}?: |» and we want to learn the choice function
that best models the choice process. More specifically, we aim to find a choice
function ¢ that minimizes the risk, expressed as

R = j L(C.cQ))dPQ.C). (6.3)
2X x2%X

where L: 2% x 2% — R represents an appropriate loss function that com-
pares predicted and ground-truth choice sets. Pis a (unknown) probability
distribution that represents the underlying process generating the data.

6.2. Pareto-Embeddings

Now, we can formally define what we mean by Pareto-embeddings. As we
illustrate in Figure 6.3, we need a function ¢ : X' — Z that maps objects from
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Figure 6.3.: A Pareto-embedding ¢(-) maps
a given set of objects Q into a higher-
dimensional utility space 2. The Pareto-
optimal points in this space (here depicted

in blue) we define to be the choice set C.

Pareto-set

o
A

Figure 6.4.: A situation with two criteria

and A<B~C.

h

®
A

Figure 6.5.: A situation with two criteria

and A < B< Cwhere B~ Dand C ~ D.

their original feature space X to an embedding space 2 C R?". Suppose we
have a choice task Q = {xy, ..., x,,} C U, then the corresponding embedding
is defined as Z = @(Q) := {p(x}), ..., o(x,,)} = {2y, ..., z,}. More importantly,
this mapping should be defined in such a way that for each choice task Q the
corresponding choice set C C Q forms the Pareto-set in the embedding space.
Formally, this means that Par(¢(Q)) = ¢(C). A visual representation of the
idea is shown in Figure 6.3.

For the following, recall that we use the symbol > to denote the dominance
relation between two objects. In case we have two objects x, y € X and the
dominance relation only holds in the embedding space, we will denote this as

X>p Y-

A perceptive reader might wonder if this new representation offers any ad-
vantages over the one-dimensional utility approaches we have seen before.
Does this approach allow us to capture a broader range of preferences? We
will illustrate the difference using an example. Refer to the situation shown
in Figure 6.4. It shows three objects A, B and C within a two-dimensional
utility space. We can see that A is dominated by both B and C, while there
is no clear preference order between B and C. We are able to define a one-
dimensional utility function for this situation. We simply set u(A) < u(B) and
u(B) = u(C).

Now look at the altered situation in Figure 6.5. Here we have four objects
A, B, Cand D. It is clear that A < B < Cholds. Object D is better than B and
C in the second utility dimension but worse in the first. We can, therefore,
state that B ~ D and C ~ D. In this situation, we cannot state a consistent
utility function. It is clear that u(A) < u(B) < u(C) always has to hold, but
we are not able to specify a utility for D. The Pareto-embedding is capable
of modeling any of these situations since it can model any partial order. It is,
therefore, possible to model richer preference structures with more layers of
indifference.

6.2.1. Learning a Pareto-Embedding from Data

In the introductory sections, we motivated Pareto-embeddings as a natural
way to model subset choices. In practice, this is only useful if we can induce
such a model from observed choices. Since the Par operation is fixed, we only
need to learn the Pareto-embedding ¢ to have a full subset choice model. Our
goal in learning the Pareto-embedding ¢ is to predict choices that are as close
as possible to the original choices, for some definition of closeness as discussed
in Section 4.2.1. Generally, for a given dataset D, the goal is to minimize the



expected loss (6.3) or an empirical version thereof. For ease of notation, we will
assume that the loss function L receives the objects in the embedded form as its
first input, instead of the predicted subset Par,(Q,). With this, the empirical
risk minimizer is defined as:

1 N
* = argmin —~ Y L(¢(Q,),C,). 6.4
0" = arg min N 2 L@@, G) (6.4)

n=1

We therefore have to specify two components: (i) a parametric model for ¢
and (ii) a suitable loss function L, which, when minimized, produces a correct
Pareto-embedding.

We will begin with the latter component. Before we define the loss function
itself, it is useful to formalize which properties need to hold for a valid Pareto-
embedding.

Definition 6.2.1 A function ¢ is a Pareto-embedding (of dimensionality d’) for
a choice function c if, and only if for all Q € 2% we have that:

(i) Forall x € Q), y € Q, y # x there exists a dimension i € [d’] such that
@(x); > o(y);.

(ii) For all x € Q\ c(Q) there exists y € Q such that for all i € [d’] it holds
that p(y); > ¢(x); and the inequality is strict for at least one such i.

In other words, property (i) expresses that all chosen objects need to be Pareto-
optimal, while (ii) states that all non-chosen objects have to be dominated
by at least one object within the embedding space. This definition subsumes
singleton choice if we set d’ to 1. Property (i) would then state that the utility of
the chosen object x € ¢(Q) is strictly greater than the utility of all other objects,
and property (ii) would be equivalent to (i) in this special case. Therefore, the
order resulting from the one-dimensional utilities is a strict linear order.

While we could work with these properties directly—using them as constraints
in an optimization program—our goal will be to learn an end-to-end trainable
model. That entails that an almost everywhere differentiable loss is computed,
and we determine the gradient of this loss with respect to the model parameters.
The gradient can then be used in a gradient descent setting to optimize the
model parameters.

Consequently, we are looking for a (almost everywhere) differentiable loss
function that encodes properties (i) and (ii). Methodologically, we will first
treat the properties as sums of certain 0/1-losses. In the next step, we define
a convex upper bound for these 0/1-losses. Let C denote the chosen subset
of a choice task Q and let ¢ € {0, 1}9! be a vector representing the subset C.3
Let z; == ¢(x;) = (zj1,-,2j4) be the embedding vector of x;, Z := ¢(Q) be
the corresponding |Q| x |d’| matrix for the choice task Q and 2 C R? be the
embedding space. We will now introduce the loss functions Lpg and Lpopm
that are designed to enforce the properties (i) and (i) (when minimized).

Beginning with (i), we want to guarantee that all chosen objects are mapped
into our embedding space in such a way that no other object dominates them.
Therefore, if we look at the difference in the coordinates of a chosen object with
the coordinates of any other object, then we want to avoid that the differences
are all greater or equal to 0, i.e., min; < <4 2k — 2jx > 0, with one difference
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3: ¢ = 1iff. x; € Cand ¢; = 0 otherwise.
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€

Figure 6.6.: Visualization of the effect of the
loss terms Lpg in 2 space. The blue point
was chosen. Points depicted with a red arrow
are penalized.

being strictly greater than 0, i.e., max;j<g- 2 — 2j > 0. We can express this
for a given task Q and Z := ¢(Q) as the following sum:

¢i- ||| min zx—zix)>0 max zjp—zix) >0
j I[( , “ik j,k) = ]] [[( , “ik ],k) ]]
1<i%j<|Z] 1<k<d 1<k<d

where the indicator functions encode (i) negatively using min and max. We can
not use this expression directly since the resulting gradient lacks the requisite
directional information for gradient descent. It is non-convex, and it allows
for embeddings where all chosen points are mapped to a singular point.

To solve this issue, we will apply a hinge loss on the first indicator function,
obviating the need for the second one:

Lyo(Z c) = Z max(o, ¢j- min (1+z; — j,k)) (6.5)
1<i#j<|Z] 1sksd

The effect of this loss is shown in Figure 6.6. The blue point represents the
embedding of the chosen object. The shaded blue region marks the points
dominated by the chosen object, and points in the white quadrant in the upper
right corner would dominate the chosen object. By adding 1 to the difference
of the coordinates, we shift the blue region to the dotted blue line. The red
points are all those in Q for which their term in the sum is non-zero. These
points are penalized linearly based on their distance to the dotted blue line.
Evidently, it is no longer a valid solution to map all chosen objects to a single
point since the difference in any dimension needs to be at least 1 to reach a loss
of 0. This effect is analogous to the margin effect observed for SVMs when used
in conjunction with the hinge loss.

We will apply the same methodology to (ii). In this case, we need to penalize
a non-chosen point if it is not dominated by another point. The corresponding
sum using 0/1-losses can be formalized as

12|
2 - aymin([( s, 7u-20) > 0])

This loss is only evaluated for the non-chosen objects and is 0 otherwise. The in-
ner indicator function tests whether there exists a dimension in the embedding
space for which the current non-chosen object is strictly better than another
object (and hence not dominated by it). By minimizing this expression, we
return 0 only if there exists at least one object that dominates the non-chosen
object. Otherwise, we return 1 and penalize it.

‘When translating this into a suitable surrogate loss, it becomes apparent that
the inner maximization provides a rather weak signal for optimization. This
is because it imposes an equal penalty on a point that barely is surpassed by
the non-chosen object in only one dimension and a point that is completely
dominated across all dimensions. To address this issue, we will replace the
inner maximization with a sum that penalizes points for each dimension the
non-chosen object is better in. Then, we apply the same hinge loss approach as
before, penalizing linearly based on the distance to the boundary and including



a margin of 1. We then end up with the loss

12

Lpom(Z o) = Y .(1-¢) f}g?(
i=1

d’

max (0,1 + z;; — zj’k)> (6.6)
k=1

The effect of this loss on a non-chosen object is depicted in Figure 6.7, where
we show a set of points in the embedding space.

The red dot in the center represents the non-chosen object under consideration,
which in the current situation is not dominated. In order for it to be dominated,
a point would need to be moved into the region shaded in red. Due to the
margin, we additionally require that the region marked with the dotted line
needs to be reached. The point shown in blue is the one closest to dominating
the red point and penalized based on its distance towards the dotted line (shown
using the dashed blue arrow).

Combining the loss functions Lpgy and Lpop; we are almost ready to specify
an overall loss function. Already, we can guarantee that an embedding ¢ that
achieves a loss of 0 across all choice tasks Q on both loss functions is a valid
Pareto-embedding (see Section 6.2.2 for the proof).

The loss function we have defined so far is invariant to shifting and scaling.
Formally, that means that for all Z € Z: Par(Z) = Par(Z + a) with a € R
(invariance to shifting) and Par(Z) = Par(Z- a) with a > 0 (invariance to
scaling). The implication of this is that a model learned with this loss function
is not identifiable, which could cause issues during the optimization process.
This can be solved using an L, ; norm, i.e., 251 |15, as a penalty for the
embedded points that encourages points to be as close to 0 as possible. Therefore
a shift or scale operation, which takes a set of objects away from 0 is penalized.
Other norms could be used as well if they are shift- and scale-invariant. The
margin of the hinge losses has the added benefit of preventing the points from
collapsing to 0.

Combining all terms using a convex combination, we end up with

12

K(Z ) = alpo(Z.€) + fLpom(Z ) +v ), Izl (6.7)
i=1

where a, f,y > 0 are positive, real-valued coeflicients that have to be set.
Typically, these would be treated as hyperparameters and optimized alongside
all other hyperparameters in a validation loop.

Note, how Lpg and Lpop use the max(0, x) function to accomplish a one-
sided penalization. To also have some loss signal when x < 0, it can be
worthwhile to utilize a softplus function log(1 + €¥) instead. It is differentiable
and has a nonzero gradient everywhere, which makes it much more stable in
gradient-based optimization. In the experimental section (Section 6.3), we
are going to evaluate both variants of the loss to see if there is a significant
difference in performance.

On Structure-Preserving Losses With the loss (6.7), we are now able to learn
Pareto-embeddings ¢. However, no restrictions are placed on the function ¢.
We could, for example, instantiate it using an arbitrary nonlinear function that
maps points into an embeddings space in such a way that the observed choices
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Figure 6.7.: Visualization of the effect of the
loss terms Loy in Z space. The red point
was not chosen. The point depicted with a
blue arrow is penalized.

softplus
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optional requirements

can be represented, but local and global structures in the original object space
are not preserved. Why this might be a useful consideration, we can see by
the popularity of factor analysis in psychology, economics and other disciplines
[Chi06; Mul09]. In factor analysis, the goal is to identify latent factors that ex-
plain a certain number of observed variables. Since the number of latent factors
is usually assumed to be smaller than the number of observed variables, factor
analysis belongs to the category of dimensionality reduction approaches. How
the observed variables influence each latent factor is an important consideration
for the interpretability. Consider, for example, a healthcare study examining
daily exercise, vegetable intake, alcohol consumption, and smoking habits for
a population of patients. Using factor analysis, we may end up with a factor
having positive weights for daily exercise and vegetable intake, and negative
weights for alcohol consumption and smoking habits. We may interpret this
factor to represent whether a patient is adhering to a “healthy lifestyle”.

In our setting, we observe sets of objects, each characterized by observable
variables. The difference is that we are not primarily interested in correlations
between variables but in the relation of the variables to the observed choices.
For the final embeddings, we may still want to require that local and global
structures are preserved. A straightforward approach to accomplish this is to
add a multidimensional scaling term [Mea92]:

,\1/2
Lnps(Z D) = (Z (d; — Iz — z]l) ) , (63)
Lj

where D = (d; j)1<; j<|q is the pairwise distance matrix that results from evalu-
ating an appropriate metric on pairs of objects in Q. The loss can be added to
the overall loss function (6.7) with an additional weight. In the experiments
later in this chapter, we run experiments with and without Lyips(Z, D) to
ascertain the impact it has on overall performance.

Of course, having defined a loss function is just one part of being able to learn
Pareto-embeddings from data. The next step is defining a parametric model
for the function ¢ that we can use in conjunction with our surrogate loss. Here,
we chose neural networks as a flexible and differentiable model class. In the
following section, we will introduce two neural network architectures and
elaborate on the specific requirements that guided their design.

6.2.1.1. Neural Network Architectures

Before we go into detail on which specific architecture we chose and why, it
makes sense to take a step back and recall what our objective is. The goal is to
learn a Pareto-embedding of the form ¢ : X — 2 such that for a given choice
task Q we can predict choices by evaluating Par(¢(Q)). Here, the extension of
¢ from one object to the complete set of objects was done implicitly. More gen-
erally, it can be useful tolet ¢ = | J, X k U, 2k such that context-dependence
can be captured as well. Concretely, the sought model maps each object x € Q
to a d’-dimensional vector of utilities.

While the signature of the model is a mandatory requirement, there are a few op-
tional requirements that we choose to impose on a model for Pareto-embeddings.
First of all, it should be (almost everywhere) differentiable, allowing the model



to be trained using our surrogate loss function in an end-to-end manner. Sec-
ondly, the mapping from objects to utilities should be able to be nonlinear.
For some straightforward situations, a linear model may suffice. For example,
this would be the case when the utility function is merely a weighted sum of
monotone criteria. However, in real-world choice problems, the relationship
between objects and utilities is often far from linear. Recall the earlier example
of a choice problem where the objects are images. In such a setting, it is unlikely
that a linear function, which merely considers pixel values, could capture and
express complex semantic preferences. Lastly, it is common in decision theory
to work with positive utilities, which is why we require that 2 C ]R‘ilo.

Keeping the requirements in mind, we propose two neural network archi-
tectures. One context-independent architecture and one context-dependent.
Neural networks as a model class fit the requirements well since they are dif-
ferentiable (almost everywhere), can learn arbitrary nonlinear mappings, and
the output dimensionality can easily be set to fit our embedding setting.

QIx d’

> MLP —» Linear
4

195-032.48d

OQO?O

Context-Independent Architecture The architecture is shown in Figure 6.8.
Each object x; € Q1is passed through a fully-connected multi-layer perceptron
(MLP) (shown in blue) with d input units. The number of hidden units and
layers are treated as hyperparameters that should be optimized for the data at
hand using validation. Next, the output of the MLP is processed by a final linear
layer with d” units to produce the raw embedding, and a softplus nonlinearity
is applied to make the output positive. As a result of these transformations,
a Q| x d’ matrix is produced. From this matrix, we can compute the set of
Pareto-optimal points using standard algorithms [DZ04]. The worst-case
complexity of this operation is O(|Q|? - d”), which you can achieve by iterating
over all pairs of points and checking for dominance. However, Dai and Zhang
[DZ04] present an algorithm that, in expectation, runs in time linear in the
number of points. With the Pareto-set of this matrix, we have the predicted
choice set. Additional technical details are discussed in Section 6.3.1.

Pairwise Pareto-embeddings As we have seen in Chapter 5, context-sensitive
approaches such as FETA and FATE are able to leverage the object context,
which refers to all objects present in a given choice. The presence and properties
of these objects can affect the final choice. This allows these approaches to
capture various context effects present in the data.

In the context of Pareto-embeddings, which are context-independent as de-
fined so far, context-sensitivity is interesting for several reasons. First of all,
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Figure 6.8.: Architecture of the general em-
bedding approach [PH20]. A multi-layer
perceptron and a final linear layer map
each object into the embedding space, while
the softplus ensures positive utilities. The
Pareto-set of the points will be used to ob-
tain a choice set C.

Context-independent architecture
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Figure 6.9.: Neural network architecture for
the pairwise Pareto-embedding. The pair-
wise embedding function g(-,-) is evaluated
on all pairs of objects of the choice task Q.
The |Q| embeddings are averaged for each
object to arrive at the final representation of
the object.

we may want to discern the difference in performance between a context-
independent mapping and one that takes the object context into considera-
tion. Secondly, we can make a comparative analysis of Pareto-embeddings
(both context-dependent and -independent) and other context-sensitive ap-
proaches such as FETA and FATE. This comparison enables us to determine
which datasets exhibit context-dependence, those that can be effectively rep-
resented by Pareto-embeddings, and those that display both characteristics.
Furthermore, it offers the potential for improving the choice accuracy of the
embedding approach.

That is why we want to explore a context-sensitive Pareto-embedding method
here. We could use any of the mechanisms introduced in Chapter 5 to make the
embedding context-sensitive. Inspired by the simplicity of pairwise FETA (see
Section 5.3.1), we opt to implement a straightforward pairwise decomposition
approach. The embedding function ¢ is then decomposed as follows:

1
V== 15 > 8x ), (6.9)
¥eQ
where g: X' x X — R? is a function that maps a point x € X into the
embedding space in the context of another object y € X'. The representations

are then aggregated using the arithmetic mean.
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The corresponding neural network architecture is shown in Figure 6.9. It was
purposefully designed to be similar to the context-independent architecture.
The main difference is that for a given set of objects we first generate all pairs,
which are then each concatenated and passed through network g. As before,
network g has a final linear layer with d’ output units, which are transformed
using a softplus nonlinearity to ensure the output is positive. We end up with
|0|? embedding vectors, which are averaged for each object, according to (6.9),
to arrive at the final embeddings. The Pareto-set and, hence, the prediction
can then be computed.

Computational Complexity The main scaling dimension for our setting is
the number of objects. The computational complexity of the pairwise Pareto-
embedding architecture is higher compared to the context-independent one
due to its reliance on evaluating every possible pair of objects. Therefore, at
training and test time, the pairwise method has a runtime that scales quadrat-
ically in the number of objects. In contrast, the context-independent archi-
tecture scales linearly in the number of objects in runtime. In this case, the
dominating factor is the algorithm that computes the set of Pareto-optimal
points. This algorithm has a time complexity of O(mlogm) for up to 3 em-
bedding dimensions or (d’m?) in general, where m represents the number of



objects [KLP75]. However, there exist algorithms that can compute the set of
Pareto-optimal points in expected linear time [BCL93; DZ04].

After establishing a surrogate loss function intended for generating valid Pareto-
embeddings, along with corresponding neural network architectures trainable
with this loss function, the logical next question is: can we provide a theoretical
proof that the loss function is, in fact, suitable? In the following section, we
will consider the theoretical properties of Pareto-embeddings and answer this
question affirmatively.

6.2.2. Theoretical Properties of Pareto-Embeddings

A question that is central in the analysis of choice models is whether a given
choice model is able to represent a given set of choice functions or even all
possible choice functions. A parametric choice model & : 2% — 2% can
represent a ground truth choice function ¢, if there exists a parameter 6 such
that, for all choice tasks Q € 2% it holds that &(Q) = ¢(Q). In the case of
Pareto-embeddings, the choice function is induced by the embedding function
@, s0 0 := ¢. The set of Pareto choice functions is a subset of the set of all
possible choice functions. Therefore, it is natural to ask which set of choice
functions can be represented by Pareto choice functions and how this set can
be characterized.

As a first step, we will ask the simple question of whether Pareto-embeddings
are powerful enough to represent all choice functions. This, as it turns out, is
not the case:

Proposition 6.2.2 Let X be a set of objects with |X| > 3. There exists a choice
function ¢ : 2% — 2% which cannot be represented by a Pareto-embedding.

Proof. We will construct such a choice function as follows: Let x, y € Xt be
two objects for which c({x, y}) = {x} holds and for which a set Q D {x, y} exists
with y € «(Q).

For a valid Pareto-embedding ¢ : X' — Z with 2 C RY, the first choice would
require that x >, y holds, i.e., for all k € [d’] we have that p(x); > @(y) and
@(%0); > () for at least one such k. In order for y to be in o(Q), it needs to
hold that for all objects z € Q that z %, y. Since we know that x € Q and
x >, ¥, it is not possible for any function ¢ to produce that choice. O

As we can see, there are simple choice functions that cannot be explained using
a Pareto-embedding. The next step will be to find a characterization of the set
of choice functions representable by Pareto-embeddings. This we will do as
follows: First, we will define an order relation on the set of objects X using
any choice function c. Then, we will define certain properties for this order
relation and show that a choice function that obeys these properties can be
represented by Pareto-embeddings.

Defining an order relation on the level of choices can be done in several ways
and has been a field of study in choice modeling for a long time [Sam38]. In
this context, one also speaks of revealed preferences because the choices reveal
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Pareto-property

asymmetry

strict partial order

the “true” preferences of the decision maker. Preference relations are defined
in several levels of strictness, but here, we only need a very weak notion:

Definition 6.2.3 Let c: 2% — 2% be a choice function. We will say that
x € X is preferred to y € X by ¢ (denoted x > y), if and only if

30e 2% withyeQx¢Q,y€dQ),y ¢ (Qu{x}) and x € (Qu {x}).

In other words, we say that an object x is preferred to y if adding x to at least
one subset causes y to be no longer chosen in the resulting larger set. Note
that this preference is purely descriptive in that it does not constrain the choice
function in any way. Therefore, it is possible that x >, y and y > x hold
simultaneously or that neither hold at all.

Many properties or axioms have been defined on the level of revealed prefer-
ences that limit the expressivity of the underlying choice function, but at the
same time, make the choices more plausible from a rationality perspective (see
Section 2.2 for a thorough discussion). Here, we are seeking the characteristic
property of exactly those choice functions representable by Pareto-embeddings.
We will call this property the Pareto-property and define it as follows:

Definition 6.2.4 A choice function c: 2% — 2% satisfies the Pareto-property,
if and only if:
(i) Vx,y € X: If x > y, then vQ € 2% with Q 2 {x, y}: y ¢ (Q), and

(ii) > is transitive.

Property (i) ensures that the relation > is asymmetric and with (ii) we prevent
any kind of preferential cycles. The astute reader may notice that the Pareto-
property makes > a strict partial order, which we will use to prove the main
theorem.

Comment

Note, that asymmetry of >, does not imply property (i). This is easy to
see with an example: Let ¢ be a choice function and XX := {x, y, z} such
that «({x, ¥}) = {x} holds and for all other sets Q € 2%} we have Q) =0.
It is clear that we have x >_ y. Since x is always chosen when available,
we also have y %, x, hence > is asymmetric. However, > is not obeying
(i), because y € c({x, y, z}). Therefore, Definition 6.2.4 is not equivalent to
requiring that >_ is a strict partial order.

We can now show that the set of choice functions possessing the Pareto-
property precisely corresponds to the set of choice functions that can be rep-
resented by Pareto-embeddings. Roughly speaking, the proof idea will be as
follows: If there exists a Pareto-embedding, we can show that >, and >, coin-
cide, and we only have to show that >0 fulfills the criteria of Definition 6.2.4.
For the converse direction, we will exploit that > is a strict partial order for
which we know from existing results in the literature that an embedding has
to exist. In preparation for Theorem 6.2.8 and the corresponding proof, we
will proceed using the following steps:

1. Equate >, and >, with Lemma 6.2.5.



2. State an existing theorem by Hiraguchi [Hir55] that guarantees the
existence of a partial order embedding (see Lemma 6.2.7).

3. Prove the equivalence of a choice function having the Pareto-property
and the existence of a Pareto-embedding (see Theorem 6.2.8).

To begin, we will make use of the fact that the dominance relation (as defined
in Section 6.2) also defines an order on objects. Let >, be the dominance
relation resulting from a Pareto-embedding ¢, then we can equate it to >,
using the following lemma:

Lemma 6.2.5 Let c: 2¥ — 2% be a choice function for which a Pareto-
embedding ¢ : X — RY with «(Q) = Parq,(Q)for all Q € 2% exists. Then for
al x,y € X: x>, y,if and only if x >, y.

Proof. Let ¢ be an arbitrary choice function for which a Pareto-embedding
exists, and ¢ the corresponding embedding. Let x,y € X be arbitrary with
x>,y Let Q= {y} be a task, then «(Q) = yand «(Qu {x}) = {x} must hold by
definition of ¢ being a valid Pareto-embedding for c. Thus, it also holds that
x> Y.

Now let x, y € X be arbitrary with x >, y. Let Q € 2% be one set for which
yeQ, x¢Q,yedQ)and y ¢ (Qu{x}). Then by

o(Q) = Par,(Q)
={xeQlayeQ: vie[d]: ¢(y); > ¢(x); and 3i € [d] : ¢(y); > p(x);}
={xeQ|AyecQ: y>,x

and y € o(Q) we know that there does not exist a y’ € Q with y >, y. By
y € (Qu{x}) we know that there existsa y € Qu{x} with y >, y. Since only
x was added to the set, it holds that y = x and therefore x >, y. O

In the second step, we will state a well-known result from the field of order
embeddings. We are going to utilize the notion of a partial order dimension,
which is defined as follows: Let S be a partial order defined on a set X'. Then
the dimension dim(S) is the minimum number of linear orders such that their
intersection is S [DM41]. For us, the more interesting characterization is the
following:

Definition 6.2.6 ([Ore62; Yan82]) Let S be a partial order defined on a set
X. Then the dimension dim(S) is the minimum d’ for which there exists an

embedding w: X — R | such that S(z) = S, where S() is a partial order on
X defined by: (x,y) € S(r) if and only if 7(x); > n(y); for alli € [d’].

In other words, for any given partial order, we are able to assign a finite, minimal
dimension number that characterizes the “complexity” of representing that
order. Moreover, this number is the dimensionality of an embedding function

x: X — RY which is a fact we will use in the proof of the main theorem.

The fact that this number is always finite was proven by Hiraguchi [Hir55]:
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Example: Intersection of linear orders

Let S = {(x, 2), (3, 2)} be a partial order.
Then withL; = x> y > zand L, =
y>x>zwehave L;nL, =S.

order embeddings

dimension
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Lemma 6.2.7 (Theorem 8.3 by Hiraguchi [Hir55]) Let X be a finite set with
|X| > 3 and S any partial order defined on X. Then dim(S) < |X|/2.

We are now ready to state and prove the main theorem:

Theorem 6.2.8 Let X' be a finite set. A choice function c: 2% — 2% satisfies
the Pareto-property if and only if there exists an embedding ¢ : X — RY, such
that «(Q) = Par,(Q) forallQe 2%,

Proof. Let XX be any finite set. We will begin by letting ¢ be any choice function
that has the Pareto-property ((i) and (ii) of Definition 6.2.4 hold). Further let
x,y € X be objects such that x >, yholds. By (i) we know that for all Q € 2%
with Q 2 {x, y} we have that y ¢ (Q). Therefore, there is no O’ C Q with
xeQ,yeQ,xedQ), x¢ Q) and y € «(Q). Therefore, > is asymmetric.
Additionally, observe that > is irreflexive, which is why it forms a strict partial
order.

By Lemma 6.2.7, it follows that the dimension of this partial order is < |X|/2
and there exists an embedding ¢ into R*1/2, It remains to show that ¢ is a valid
Pareto-embedding. From Definition 6.2.6 we know that ¢ defines a partial
order S(p) =>,. and (x, y) € S(p) if and only if ¢(x); > ¢(y); for alli € [d’].
Let Q € 2% be any set of objects and ¢(Q) C Q the corresponding choices. Let x
be any object in Q.

If x € ((Q), then for any other object y € Q, y # x we have that (y, x) is not
contained in S(¢). As a consequence, there exists an index i € [d’] such that
@(x); > ¢(y);. Therefore, x is contained in Parq,(Q).

In case x ¢ «(Q), then there exists an object y € Q such that (y, x) € S(¢). This
entails that ¢(y); > ¢(x); for alli € [d] and thus x ¢ Par,(Q). We can conclude
that ¢ is a valid Pareto-embedding.

To prove the converse direction, assume that there exists an embedding ¢ : X —
R? with «(Q) = Par(p(Q) forallQe 2% Let x,y € X be arbitrary with x >_ y
and therefore x >, y (by Lemma 6.2.5). Then forany Q € 2% with {x,y} CQ
it holds that y ¢ «(Q), since x >, y implies y ¢ Par,(Q). Therefore, (i) of
Definition 6.2.4 holds.

To prove (ii), it suffices to prove that >, is transitive. Assume that x,y,z € X'
with x >, yand y >, 2. It follows that for alli € [d"] we have p(x); > ¢(y);,
@(y); = ¢(2); and by transitivity of >, ¢(x); > ¢(z);. We know that there exist
i,j € [d'] such that p(x); > @(y); and ¢(y); > ¢(2);. Ifi = j, p(x); > @(2);
follows by transitivity of >. If i # j, then we have ¢(x); > ¢(y); > ¢(2);
and ¢(x); > ¢(y); > ¢(2);. In either case, p(x); > ¢(z); follows and it holds
that x >, z. Therefore, >, and > are transitive and (ii) of Definition 6.2.4
holds. O

To recap, the main idea of the proof is that Pareto-embeddings are a certain
kind of order embeddings, which allows us to reuse existing results in that
field, namely that such an embedding always exists for a strict partial order on
a finite set. It is known that for partial orders of dimension 2, there exists an
efficient algorithm to compute the corresponding embedding [DM41; PLE71].
For higher-dimensional orders, however, it is V' P-complete to decide that



the dimension is at most k [Yan82]. Interestingly, characterizing the properties
of higher-dimensional partial orders is an ongoing endeavor and could lead to
new insights [Qi16; HBG22].

Suitability of Surrogate Loss Function Now we want to analyze the surrogate
loss functions we proposed in Section 6.2.1. More concretely, we want to
know if minimizing the loss function (6.7) results in an embedding that satisfies
the properties of a Pareto-embedding. Note that we are not speaking about
empirical risk minimization here but rather about the case when the loss is
applied to all possible subsets of the object space. For the sake of simplicity,
we will consider the loss function (6.7) with the regularization coefhicient y set
to 0.

Theorem 6.2.9 Let c: 2% — 2% be a choice function with the Pareto-property,
and let its dimension be d’. If o+ X — RY achieves a loss L(¢(Q), «(Q)) = 0
forall Q € X, then ¢ is a Pareto-embedding of c.

Proof. Let p: X — RY a function parametrized by 6. Let Q C X be arbitrary
and Z = ¢(Q) be the matrix resulting from applying ¢ to all objects in Q.
Assume that L(Z, (Q)) = 0 for any such arbitrarily chosen Q.

It is easy to see that Lpop = 0 and Lpg > 0 and therefore L > 0 in general. As
for Lpg, it is clear that all terms in the sum are 0 where ¢; = 0. Let x € ¢(Q) be
an arbitrary, chosen object, and let j € [|Q]] be its index. We know that Lo
only penalizes non-chosen objects, which is why we only have to consider Lpg
here. Since Lpo(Z, «(Q)) = 0, it needs to hold that

min (1+z—2z;1)<0
1Skgd'( ik = )

i 1 —2:1)<—-1<0
o 12[]1(1;1,(21’,( zZjj) <
for all i # j. That means for all objects y # x there exists a dimension k € [d’]
such that ¢(x); > ¢(y) and therefore x € Par(p(Q).

Now let x € O\ «(Q) and let i € [|Q]] be its index. Since Lpo only pe-
nalizes chosen objects, we now consider Lpop. As before, we know that
Lpom(Z «Q)) = 0 and therefore

d
r?iln (g:l max(0, 1+ z;; — Lk)) =0
Each term in the sum is 0, only if z;} — z;; < 1 < 0. Thus, the complete sum
can only be 0, if 2 < zj; for all k € [d’]. We, therefore, know that there
exists an object y # x with ¢(x); < ¢(y) for all k € [d"] and x ¢ Par,(Q).
Consequently, it holds that Parq,(Q) = Q) and since the choice of Q was
arbitrary, ¢ is a Pareto-embedding. O

‘We may wonder whether the converse direction is also true, i.e., if all Pareto-
embeddings ¢ have a loss of 0. It is easy to see that this is not directly the case. A
simple counterexample is the following: Let X = {x, y} with ¢(x) = (1,0) and
@(y) = (0,0). The choice function is defined as o({x, y}) = Par,({x, y}) = {x}.
Thus, ¢ is a valid Pareto-embedding, however L(¢({x, y}), c({x, y})) = 1, since
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Learning from Pairwise Comparisons

Lpom requires a margin of 1 in every dimension. That being said, if no pair
of the embedded points lie on lines parallel to the axes, simply scaling the
embedding by an appropriate constant will yield a loss of 0. More formally,
we say that two points z,z” € R? are coaxial, if there exists a k € [d’] such that

Zk = 7.

Proposition 6.2.10 Let c: 2% — 2% be a choice function with the Pareto-
property, and let its dimension be d’. If ¢ is a Pareto-embedding of c, then for all
Q C X where no two objects are coaxial, there exists a constant a* € R such that

L(a* - 9(Q), Q) =0 forall QC X.

Proof. Let ¢ be a choice function with the Pareto-property and ¢ a Pareto-
embedding of ¢. Let Q C U be arbitrary, but with the property that no two
objects are coaxial.

Let x € o(Q) be an arbitrary, chosen object and j € [|Q]] be its index. Since ¢ is
a Pareto-embedding, we know that for all objects y € Q with y # xand i its
index, there exists a k € [d’] such that z;; > z;. It holds that

;= min (g, —z;1) <0,
ij 1gkgd’( ik ],k)

and since the difference 8;j is negative, we can find a constant a € R such that
adj; < —1. The loss term for this pair in Lpg is then 0.

Now for x ¢ o(Q) with i its index, we know that there exists a y € Q with
Y x and j its index. In addition, their embeddings are not coaxial, hence
zjj < zji for all k € [d’]. Let

0;;:= max (2. —2z:;1) <0
ij 1§k§d'( ik JJC)
be the smallest difference. Then we can find a constant a € R such that
adj; < —1 and the loss term for object x in Lpop is 0.

Let a* be the maximum of all such constants a. Then it holds that L(a* -

#Q).dQ) = 0 forall Q€ . -

Learning from Pairwise Comparisons As we have seen in Theorem 6.2.8,
learning a Pareto-embedding can be reduced to finding an order embedding of
>.. While ¢ maps from sets of objects to subsets thereof, > is a relation solely
defined on pairs of objects. An interesting question, therefore, is whether it
suffices to minimize our surrogate loss solely on sets |Q] = 2.

Proposition 6.2.11 Assume for a given p: X — RY and c a choice function
with Pareto property, that L(¢(Q), «(Q)) = 0 holds for any subsets Q C X with
|Ql = 2. Then it holds that L(¢(Q), «(Q)) = 0 for all subsets QC X.

Proof. Assume that L(¢(Q), «(Q)) = 0 for all subsets Q of size 2. Assume there
exists a Q with |Q| > 2 such that L(¢(Q), «(Q)) > 0. Then Lpq(¢(Q), (Q)) > 0
or Lpom(¢(Q), «Q)) > 0.



Case 1 Lpo(¢(Q), «(Q)) > 0 (see Equation 6.5)

It follows that there exists x € ¢(Q) (index j) and y € Q (index i) such that

¢j+ min (g —zj) > 1.

1<k<d’
Since x € ¢(Q), we have that ¢ is equal to 1 here. However, we know that
for {x, y} the loss is L(¢({x, y}), c({x, y})) = 0 and since z; and z; are identical, it
follows that for the {x, y} we have that ¢; = 0. In other words, x ¢ c({x, y}) and
y > x. By the Pareto property (Definition 6.2.4) this implies that x ¢ o(Q’ u{y})
forall ¢ € 2. In particular, x ¢ (Q) which contradicts the initial assumption.

Case 2 Lpopm(¢(Q), «(Q)) > 0 (see Equation 6.6)
Here it follows that there exist an object x € Q (index i) with x ¢ ¢(Q). Then

dl
1—¢;)min max(0,1+z; — z; >0
( 1) M (I; ( ik J,k)>

Since x is not chosen, (1 — ¢;) = 1. Therefore, we know that the sum is > 0
forall y € Q. Let y € Q be any of the other objects (with index j). Thus for
at least one dimension k € [d’] we have that 1 + z; — z;; > 0. As before,
by assumption we know that L(p({x, ¥}),«({x, y})) = 0 and since z; and z;
are identical, it follows that ¢; = 1 such that (1 — ¢;) = 0 to make the loss 0.
Therefore, x is chosen in the set {x, y}, which in conjunction with the Pareto
property (Definition 6.2.4) implies that y %, x. Since we did not restrict y, this
is true for all such y € Q.

It follows that for all proper subsets ' € Q with x € @’ we have that x € ¢(Q’)
(otherwise by Definition 6.2.3 y >, x would hold). Since x ¢ «(Q) but x €
O\ {y} forall y € O\ {x}, the preference y >, x must hold for all y, which is

a contradiction.

We conclude L(¢(Q), «(Q)) could not have been strictly greater than 0, and the
proposition holds. O

In conclusion, we have shown that all choice functions with the Pareto-
property can be represented by A Pareto-embedding. To do this, we have
introduced a loss function that, when minimized, yields a Pareto-embedding.
In addition, we do not need to minimize the loss across all possible tasks Q € 2%,
but it suffices to minimize it for all pairs of objects. This is advantageous since
it makes the learning problem computationally more tractable in practice.

6.2.3. Related Work

The concept of using an order relation to define choice functions has been
explored in the literature [MMO07; MNO07]. Manzini and Mariotti [MMO07]

define the set of P-maximal elements of a set Q, which is similar to our Pareto-
choice. They, however, only use this set as a building block to define a singleton
choice function. Masatlioglu and Nakajima [MNO07] on the other hand treat
the choice of a subset as the main output. Instead of using a strict partial
order based on dominance, as in our case, Masatlioglu and Nakajima [MNO07]

introduce an even weaker notion of elimination orders. An elimination order is
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A relation R on a set X is negatively transitive
if for all x, y, z € X: 7xRy, 7yRz implies
—xRz.

multi-self framework: Section 2.4.2

asymmetric and negatively transitive. Note that if we assume completeness,
strict partial and elimination orders are equivalent. In addition, the authors
introduce a (context-dependent) comparable set Q(x, Q) that contains all objects
that x can be compared to in a given choice context. With these constituents,
they can define a choice function

cace(Q) == {x € Q| 2y € Q(x, Q) such that yEx},

where E is a context-independent elimination order.

For example assume that we observe the choices c({a, b, ¢}) = {a, b}and c({a, b}) =
{a}. This choice behavior is impossible in Pareto-choice, since the first choice

implies that neither a > bnor b > a hold, but the second one implies that a > b.
By letting a ¢ Q(b,{a, b, c}), we can achieve the observed choices using ca cg(Q)

in conjunction with the elimination order {aEb, aEc}. Certainly, the function

Q is doing a lot of heavy lifting here since it is a fully context-dependent

function. The authors prove that representability by their model is equivalent

to the axiom of choice by elimination (ACE) they define, which they view as

the “minimum requirement” for rationality, i.e., the most flexible model for

choice functions that do not admit preference cycles.

The multiple selves (or multi-self for short) framework introduced by Ambrus
and Rozen [AR15] unifies several (singleton) choice models where a choice is
made by aggregating multiple utilities produced by so-called selves. We already
introduced the framework in detail in Section 2.4.2, so we will focus more
on the similarities and differences between that framework and our Pareto-
embeddings. Both approaches use context-independent utility functions as
the basic building blocks for decision making. In the multi-self framework,
these are then aggregated into one utility score for a given choice task with
the goal of producing a singleton choice. In our case, we use the utilities
directly as dimensions in a utility space and use the positions of the objects to
compute a subset choice. Despite this, it is possible to encode Pareto-choice as
an aggregator in the multi-self framework. We return a utility of 1 for every
object contained within the Pareto-set and 0 otherwise. Using thresholding as
explained in (5.3) of Chapter 5, we are then able to predict subset choices.

Our work on Pareto-embeddings has already resulted in promising follow-up
approaches in the literature. Benavoli et al. [BAP23a; BAP23b] adapt Pareto-
embeddings and the loss function to be useful in a probabilistic model. To this
end, they propose a likelihood function such that a Gaussian process model
can be inferred from subset choice data.

6.3. Empirical Evaluation

In the theoretical analysis, we investigated the suitability of our surrogate
loss function to yield Pareto-embeddings, if the loss is 0. However, a crucial
next step is to ascertain whether this loss function is effective in a practical
setting as well. There, additional considerations atise, such as the ability of the
loss function to produce a good target for gradient descent and whether the
proposed neural network architectures are appropriate for the task. The primary
objective of this empirical evaluation is to assess if our Pareto-embedding
approaches can learn a viable model. If that is the case, we want to investigate



if Pareto-embeddings are able to outperform the more general FETA and
FATE models on problems that are particularly suitable for them. If that is
not the case, it would suffice to always go for general models instead.

We will focus the evaluation on answering the following research questions

(short RQ):

P-RQ1: Are the Pareto-embedding architectures in conjunction with the
surrogate loss able to learn useful embeddings at all?

P-RQ2: How do they compare to existing approaches, in particular our FETA
and FATE architectures?

P-RQ3: Does the addition of the multi-dimensional scaling (MDS) term to
the loss function improve performance?

P-RQ4: Does the softplus function improve the performance and robustness
of the model?

P-RQs5: Will increasing the embedding dimensionality improve the perfor-
mance of the model?

From these research questions, we derive appropriate experiments that can
answer them adequately. To address P-RQ1 and P-RQ2, we make use of a
suite of 14 benchmark datasets from the realm of multi-objective optimization
(MOO) [ZDT00; Deb+05]. Each problem exhibits different properties, such
as nonconvexity and discontinuities. On these problems, we then compare
our Pareto-embedding approaches to existing ones. This allows us to ascertain
whether viable models are learned and how well our approaches perform
against competent baselines.

As for P-RQ3, P-RQ4, and P-RQ5, we perform ablation studies to gauge
the effect of different components. To be more specific, we systematically
investigate changes to the loss function and the embedding dimension. We
test whether an additional MDS term is beneficial for the loss function. Fur-
thermore, we examine the softplus function as an alternative to the standard
max operation. The purpose of this is to provide the gradient-based opti-
mization procedure with a more informative target. The ablation studies are
done by re-executing the full set of experiments, which includes optimizing
hyperparameters while keeping the random seeds consistent.

We will first describe the full experimental setup in Section 6.3.1. This entails
a description of the general setup, the baseline models, hyperparameters and
datasets. Then, we present the results of the experiments in Section 6.3.2 and
relate them to the research questions above.

6.3.1. Experimental Setup

Our primary goal in these experiments is to perform a robust and fair com-
parison of various learners or our ablation configurations. This comparison
needs to be efficient in terms of the computational resources at our disposal.
To realize this, we adopt several methods.

First, we utilize Monte Catlo cross-validation, a procedure that involves par-
titioning our dataset randomly into training and testing subsets. Specifically,
this is done 5 times, each time designating 90 % of the data for training and
the remaining 10 % for testing. This method allows us to create error bars
for our average performance estimates, effectively giving us a range of likely

6.3. Empirical Evaluation
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hyperparameter optimization: Section 3.2

Choice measures: Section 4.2.1

4: The non-parametric Friedman test, an
omnibus test, checks for any significant dif-
ferences across the median performances. If
detected, further tests can pinpoint where
these differences occur.

5: https://github.com/kiudee/
pareto-embeddings/releases/tag/
paper-version

performance values rather than a single point estimate. Importantly, it does
this in a way that is mindful of our computational resource limits.

Finally, to ensure a fair comparison across different learners, we employ HPO.
This process fine-tunes the hyperparameters of each model (e. g., the learning
rate of a gradient-based optimization), ensuring that we are comparing the
best possible version of each learner. To facilitate this, the training instances
are further split into 1/9 validation instances and 8/9 training instances and
the performance on the validation set is used as the optimization target of the
HPO process. The details of the process are described in Section 6.3.1.2.

Here, we use the A-mean (also called balanced accuracy) as our main target
measure (see Section 4.2.1 for details). It is advantageous because it is unbiased
with respect to the prevalence of positive instances, making it well-suited
in scenarios with class imbalances [Men+13]. In addition, it is used as the
optimization target for HPO procedure.

Moreover, in order to prepare the data for effective learning, we implement
a standardization step prior to training. This involves scaling the data to
have a mean of 0 and a standard deviation of 1. The parameters (mean and
standard deviation) used for this standardization process are kept constant and
subsequently applied to both the validation and test sets.

We ensure consistency and reproducibility by setting the global random number
generator’s seed to 0. To maintain independence between various random
processes, we used this global random generator to seed specialized random
generators for three separate activities: dataset creation, hyperparameter tuning,
and the operation of the learners themselves. By doing so, we ensured that
each process was using its own unique random stream, which is a commonly
used variance reduction technique [BR17].

After the experiments, we conduct a statistical analysis of the results using
the autorank library [Her20] to ascertain which performance differences
between learners are significant. The approach is based on the methodology
proposed by Demsar [DemO06]. We set the family-wise significance level of
the tests to @ = 0.05. To detect whether any significant differences* exist in
the median values of the mean A-mean performances, we utilize the non-
parametric Friedman test. If that is the case, we use the post-hoc Nemenyi

test to infer which particular differences are significant.

We carried out our experiments utilizing a combination of NVIDIA GeForce
RTX 2080 Tiand GTX 1080 Ti GPUs (30 in total). Each ’outer fold’ run,
which involved comprehensive hyperparameter optimization, had a median
runtime of approximately 8.9 hours on the GPU. The cumulative duration
for all the experiments, incorporating initial tests, totaled 9891 GPU hours.
We implemented the entire source code, which includes components such as
the learners, dataset creators, and the experimental execution framework, in
Python. This code is open-source and readily accessible to everyone.>

We will introduce the baseline models we compare to in Section 6.3.1.1. The
HPO process and the corresponding hyperparameter ranges of each learner
are explained in Section 6.3.1.2. Finally, in Section 6.3.1.3 we introduce our
suite of datasets that are used in the experiments before presenting our results
in Section 6.3.2.
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6.3.1.1. Baseline Models

Recall research questions P-RQ1 and P-RQ2, where we want to evaluate if the
Pareto-embedding approaches are able to learn anything useful at all (P-RQ1)
and how they compare to existing approaches (P-RQ2). To answer these
questions, we need to pick a set of baseline models that are a representative
selection. In Table 6.1, we list the learners we use for this purpose.

Learner Context-sensitive ~ Nonlinear  Source

FETA Yes Yes Section 5.4.1
FATE Yes Yes Section 5.4.2
RankNet No Yes [Tes88; Bur+05]
PairwiseSVM  No No [Joa06]

We focus particularly on the context-sensitive learning algorithms we have de-
veloped, namely FETA and FATE. These represent the class of general-purpose
context-sensitive learners. As demonstrated in Section 5.5, they achieve state-
of-the-art performance on a variety of datasets, which makes them ideal
baselines for our experimental evaluation.

As for context-independent baselines, we chose RankNet [Tes88; Bur+05]
and PairwiseSVM [Joa06]. Here RankNet is our best nonlinear context-
independent baseline and PairwiseSVM the corresponding linear baseline.

All these baselines have architectural details and hyperparameters to set that
influence their performance in the upcoming experiments. In the next section,
we will discuss in more detail how the learners are set up and which specific
hyperparameter ranges are used.

6.3.1.2. Hyperparameters

As we have previously explained in the general experimental setup, we are
applying HPO using a nested train-validation split of the training data. To
reiterate, we first set aside the test data and then divide the remaining data
into two parts: 8/9ths of the instances are used for training and 1/9th is for
validation.

For the HPO process,we perform 60 iterations of Bayesian optimization. These
consist of 20 initialization iterations using the quasirandom Steinerberger se-
quence [Ste20] and 40 adaptive iterations using max-value entropy search
as suggested by Wang and Jegelka [W]17] with Gaussian processes (GPs)
acting as our surrogate model. The library bask® is used to facilitate this
process [PHA22]. After the hyperparameters are optimized on the validation
set, the learner is retrained on the complete training set (training + validation)
using the best hyperparameters found, and only then will it be used to predict
on the test set.

There are a few hyperparameters that are fixed across the experiments. We use
rectified linear units (ReLUs) as the nonlinearities. Batch normalization [IS15]
is applied to the output of each hidden layer, before applying the nonlinearity
to speed up and stabilize training. The neural networks are trained for 500
epochs using mini-batch stochastic gradient descent with Nesterov momentum
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Table 6.1.: Overview of the baseline models
used in the experimental evaluation.

6: https://pypi.org/project/bask/
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Table 6.2.: Hyperparameter ranges of the
learners optimized using Bayesian optimiza-
tion.

objective space

[Nes83]. The batch size is set to 2048 for all neural networks. Lastly, we set
the number of embedding dimensions d’ of the Pareto-learners to 2.

Type Hyperparameter Lower Upper
Hidden layers'-? 1 6

Complexity Hidden units!? 16 128
L, penalty (log)* 1x107> 100

. Learning rate (log) 1x107° 1x1071
1 g 2

OPHmIZEr” Nt mentum 0.1 0.999
Weight for LPO 0.0 2.0

Pareto-loss ~ Weight for Lpom 0.0 2.0

weights* Weight for Lyps 0.0 2.0
Weight for L, 0.0 2.0

1 Shared by all neural network models.

2 FATE utilizes two neural networks, we tune the parameters for both.
3 Only PairwiseSVM.

# Only used by the Pareto-embeddings.

As for the tuned hyperparameters, the ranges used for hyperparameter opti-
mization are shown in Table 6.2. These hyperparameters were chosen based
on their potential impact on model learning and overall prediction quality.
When it comes to the neural network-based models (i.e., FETA, FATE and
RankNet), we tune the number of hidden layers and units, the learning rate (on
a log scale) and the momentum parameter of the stochastic gradient descent.
For the Pareto-embedding models, we also have to optimize the weights of
our surrogate loss function (6.7). Finally, our linear model PairwiseSVM only
has one parameter governing the strength of the L, regularization.

6.3.1.3. Datasets

The methodology by which we generate the datasets is the same across the
suite of datasets: Objects are generated randomly in a certain object space. The
dimensions of this object space we will call the features of the objects and are
visible to the learners as feature vectors. Then, a set of objective functions
maps the objects into an objective space. These objectives are assumed to increase
in utility when minimized. Neither the objective functions nor the mapped
objects are available to the learners. Subset choices are then constructed by
choosing those objects of a given choice task Q that are Pareto-optimal in the
objective space.

In the following, we will describe the generation and properties of the DTLZ
and ZDT datasets in more detail. We use the pygmo library [BI20] to generate
these datasets. We also add a simple two-dimensional dataset, where the
underlying Pareto-front consists of two parabola (TP):

il x) = (xp — )% + (x, — 1*
folxp.x) = (% + )% + (e, + 1)*

In total, we end up with 14 benchmark problems that are summarized in Ta-
ble 6.3. Each dataset contains 40 960 instances. We divide this dataset into
test, training, and validation sets. The test set comprises 10 % of the total
dataset, hence it contains 1/10 x 40960 = 4096 instances. After setting aside



Datasets TP ZDT1-4,6 ZDT5 DTLZ1-7
# Features 2 6 35 6

# Objectives 2 2 2 5

# Objects 10 (all datasets)

# Instances 40960 (all datasets)

the test set, we have 40960 — 4096 = 36864 instances remaining for the training
and validation sets. The training set comprises 8/9 of this remainder, yielding
8/9%36864 = 32768 instances. Lastly, the validation set is 1/9 of the remaining
instances, which means it contains 1/9 x 36864 = 4096 instances.

ZDT Datasets In the context of studying algorithms for solving multiobjec-
tive optimization problems, Zitzler et al. [ZDT00] proposed a suite of test
problems that exhibit characteristics that make them hard to be optimized.
These problematic characteristics are convexity, nonconvexity, discreteness,
multimodality, deceptiveness, and nonuniformity. For each of these character-
istics, the authors designed a corresponding test function. Since these features
also make it difficult for machine learning algorithms to learn these functions,
the test problems are also a good source of datasets.

The test problems are limited to two objectives and are always constructed
using the following template:

F(x) = (fi(x)), fo(x))
fo(x) = glxz, ..., %) h(fl(xl)’ glxy, ... ’xd))

with x = (xq,..., xg)

Here, x is the object represented in object space, and F(x) is the mapping to
the objective space. The function f; only takes feature x; as input, while gisa
function of the remaining features.

The first test problem, ZDT1, is a convex problem and defined as

file) =x
9 d
g(xZ,...,Xd) =1+ m . ;Xi

h(fi.8)=1-+fi/g

with d fixed at 30 and x; € [0, 1] for all i € [d].

ZDT?2 is a minor variant of ZDT1, where h(f;, g) == 1 — (f;/g)?. This makes
the function nonconvex.

Test function ZDT3 also varies the function h of ZDT1 as follows:
h(f1.8)=1-+fi/g— (f1/8)sin(107 f,)
This causes the Pareto—front in objective space to be discontinuous.

ZDT}y alters ZDT1 and makes it a highly multimodal test function, i.e., it has
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Table 6.3.: Dataset Characteristics

ZDT Datasets

[ZDT00]: Zitzler et al. (2000), “Compar-
ison of Multiobjective Evolutionary Algo-
rithms: Empirical Results”

ZDT1

ZDT2

ZDT3

ZDT4
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ZDT5

ZDT6

DTLZ Datasets

[Deb+05]: Deb et al. (2005), “Scalable Test
Problems for Evolutionary Multiobjective
Optimization”

DTLZ1

21° local Pareto-fronts.

fiGxy) = x
d

g(xy, ., x) =1+10(d - 1) + Z:(xi2 — 10 cos(47x;))
i=2

h(f1,.8) =1-+fi/8

Here d = 10, x; € [0,1] and x,, ..., x5 € [-5,5].

ZDT5, instead of using real-valued features, uses binary strings as features.
With that the problem is defined as

filx) =1+ u(xy)
d

8lxg, ., xg) = Z Wu(xy))

i=2
h(f1.8) =1/fi
2+u(x) ifulx) <5

W) =1, ifu(x) = 5

where u(x;) counts the number of ones in the bit vector x;. Here x; € {0, 1}*°
and x,, ..., x5 € {0, 1P.

Finally, ZDT6 is a nonconvex problem where Pareto-optimal solutions are
concentrated in a certain region:

filx) =1- exp(—4x1)sin6(67rx1)
d 1/4
glxg, e xg) i =1+9- (; d’i 1)
h(fi,8) =1-(f/g)

with d = 10 and x; € [0, 1] for alli € [d].

DTLZ Datasets We will now introduce the DTLZ datasets and the underlying
test problems, as proposed by Deb et al. [Deb+05]. A drawback of the ZDT
test problems was that they only used two objective functions. Therefore, the
main design goal of the new test problems was to have test functions that could
be scaled in terms of the number of objectives and features. The test problems
were created to exhibit various characteristics such as convexity, nonconvexity,
discontinuity, and multimodality. In the following, all features x; for i € [d]
are sampled from the interval [0, 1].

The first problem, DTLZ1, constructs d” objective functions
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hix) = %xﬁz Xy (1 glxgr )

fole) = 01 (1= )+ gt )

fra () = 201 = 1)1+ gl .0)
fa® = 50 =30 + 80D

Here x4 . g = (x4, Xg 41, ..., ) and g(-) is a functional that can be chosen as
desired. The authors propose

g(xg. ) =100 ||xg . 4l + Z (x; — 0.5)% — cos(207(x; — 0.5)) | , (6.10)

X;€Xy g

which we use in our experiments.

DTLZ:2is a nonlinear test problem with the following definition: DTLZ2

fi(x) =+ glxg.q) cos(x7/2) ... cos(xg_o7/2) cos(xg_17/2)
L) =@+ gy .q)cos(xym/2)...cos(xg o /2) sin(xy 1 7/2)
f(x) =+ glxg . q) cos(xym/2) ... sin(xg o7/ 2)

fo(x) =1+ glxg.q)sin(x7/2)
(6.11)
with

gl =Y, (4—05)7. (6.12)

X;€Xy . q

DTLZ3 combines the objective functions of DTLZ2 (6.11) with the functional ~ DTLZ3
g (6.10) from DTLZ1.

DTILZ4is a variation on DTLZ2 (6.11) DTLZ4

fi(e) = (1 + gxgr . @) cos(x{r/2) ... cos(x, _,m/2) cos(xF,_ 7 /2)
fa(x) = (1 + g(xg: . q)) cos(x{rr/2) ... cos(x§, _,m/2) sin(xF,_ 7/2)
f3(x) = (1 + g(xg: . q)) cos(xfrr/2) ... sin(x5, _,7m/2)

Jar(x) = (1 + glxgr . @) sin(xg,_,m/2)

with gasin DTLZ2 (6.12) and & = 100.

DTLZj5 is defined as DTLZ5

filx) = (1 + g(xgr.q)) cos(0y7/2) ... cos(Oy o7/ 2) cos(Og:—1 7/ 2)
fo(x) = (1 + glxg . 0) cos(017/2) ... cos(Ogr_om /2) sin(By_1 7/ 2)
f3(x) = (1 + glxg . 0) cos(0y7/2) ...sin(0 4 _57/2)

far(x) = (1 + g(xg: . 4)) sin(6;7r/2)
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DTLZ6

DTLZ7

research questions: Page 173

with

91 = xl
(1 + 28(xgr . 0)%)
a1+ g(xg )

foralli=2,...,d -1

and gasin DTLZ2 (6.12).

DTLZ6 combines the objective functions of DTLZ5 with an alternative func-
tional g:

g(xd,d) = Z xi().l

X€Xgr g

DTLZjy is constructed to have a set of disconnected Pareto-optimal regions. It
is defined as follows:

filx) =x
fo(x) = x,

Sar—1(x) = x4 4
far(x) = (1 + glxg . aDh(f1s foroos fr—1,8)

with

(xg.0) =14+ —— X
Edrud |x dl 2.

X;€Xyr.q

and

d’ -1

h(fis fos s far-1,8

In conclusion, our comprehensive methodology for dataset generation and
the detailed characterization of the DTLZ, ZDT, and TP datasets provide a
robust foundation for evaluating the performance of the learning algorithms.
Having established clear definitions for the datasets, we can proceed to present
and discuss the results of our empirical evaluation.

6.3.2. Results and Discussion

‘We first present the raw results and the statistical analysis in Section 6.3.2.1.
Following that, the results are interpreted and related to our research questions
in Section 6.3.2.2. Finally, it is important to acknowledge the limitations of
our experimental design, which we do in Section 6.3.2.3.

6.3.2.1. Results

Our main results are summarized in Table 6.4, where we show the mean
aggregated performance of the learners on each of the datasets across the 5
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Table 6.4.: Mean and standard error A-mean performance of the learners on the TP, ZDT, and DTLZ datasets. The values are shown on the 107!
scale. The standard error for the mean estimate is shown in parentheses. The bold entries denote the highest obtained mean performance for each
dataset.

Dataset
Learner TP ZDT1 ZDT2 ZDT3 ZDT4 ZDT5 ZDT6
FATE 8.424(1) 8.560(9) 8.82(1) 8.375(6) 7.70(1) 8.101(9) 7.59(1)
FETA 8.31(3) 8.67(3) 8.74(5) 8.28(9) 7.58(3) 7.75(2) 7.589(7)
RankNet 8.17(2) 8.209(1) 8.479(6) 8.14(3) 7.80(1) 8.110(1) 7.9(2)
PairwiseSVM 5.4(2) 7.835(6) 8.215(6) 7.64(1) 7.11(1) 7.593(9) 7.40(1)
PairwisePareto  9.917(8) 8.7(7) 9.974(2) 9.68(3) 8.24(2) 9.541(8) 8.8(1)
Pareto 9.532(7) 9.538(9) 9.639(5) 8.91(2) 8.12(6) 9.20(2) 7.42(6)

Dataset
Learner DTLZ1 DTLZ2 DTLZ3 DTLZ4 DTLZ5 DTLZ6 DTLZ7
FATE 5.02(1) 5.66(6) 5.24(2) 7.16(3) 6.88(4) 6.6(1) 7.22(5)
FETA 5.011(7) 5.46(5) 5.27(4) 7.16(5) 6.97(5) 6.49(5) 7.31(6)
RankNet 5.08(2) 6.35(2) 5.42(5) 7.07(4) 6.89(6) 6.7(2) 6.95(9)

PairwiseSVM  5.007(2)  5.05(2)  525(2)  627(5)  5.1509)  627(8)  6.84(3)

PairwisePareto  6.12(4)  9.04(4)  6.32(4)  973(2)  955(4)  9.46(3)  9.82(2)
Pareto 57(2) 7.0(4) 583(4)  7.60(4)  725(8)  795(6)  7.65(2)

outer folds. We report the A-mean introduced in (4.9) as the evaluation metric.
We highlight the entries with the highest obtained mean performance using
bold font. The parentheses denote the standard error of the mean estimate.
For instance, 9.917(8) means the learner achieved an A-mean of 0.9917 with a
standard error of +0.0008.

Our context-sensitive learner, PairwisePareto, surpasses the other models
with the highest average A-mean performance on almost all datasets. The
exception is ZDT1, where Pareto exhibits superior performance. In addition,
both PairwisePareto and Pareto are able to reach A-means of over 0.9, which
none of the other baselines can do. The nonlinear baselines, which include
FETA, FATE and RankNet, often get comparable results, with the linear
PairwiseSVM lagging behind a bit.

We performed a statistical evaluation of the results to discern statistically
significant differences in the performance of the different learning models,
following the methodologies by Herbold [Her20] and Demsar [Dem06]. We
established the family-wise significance level for the tests at & = 0.05.

For the learning model FATE, we reject the null hypothesis that the perfor-
mance values are normally distributed (p = 0.002). Consequently, we use the
non-parametric Friedman test as an omnibus test to determine, if there are
any significant differences between the median values of the mean A-mean

performances.

We use the post-hoc Nemenyi test to infer which differences are significant. We
report three primary measures: the median performance, the median absolute
deviation, and the average rank each model holds across all datasets. These
results are displayed in Table Table 6.5.

The differences between the learning models are deemed statistically significant,
if the difference in the mean rank surpasses the critical distance (CD = 2.015)
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Table 6.5.: Robust summary statistics of
the performance of the learners across the
datasets. Shown are the mean rank (MR),
median (MED), median absolute deviation,
confidence interval of the median (CI) and
the effect size in comparison to the highest
ranking learner using Akinshin’s y [Aki20].

Figure 6.10.: Critical distance diagram for
the Nemenyi post-hoc test. The black bars
group approaches for which no significant
difference could be detected.

Ablations

Figure 6.11.: Plot showing the distribu-
tion of the mean A-mean performances of
the Pareto learners (PW - PairwisePareto,
Par - Pareto). Variants include the learn-
ers trained with MDS loss and those with
softplus instead of ReLU. Violins show the
kernel density estimate of the distribution,
while the boxplots show the three quartiles,
and the whiskers depict 1.5 x inter-quartile
range.

Learner MR MED MAD C(CI Y

PairwisePareto  1.143  0.950 0.065 [0.612,0.997] 0.000
Pareto 2143 0780 0.139 [0.569,0.964] 1.573
FATE 3.857 0741 0.133 [0.502,0.882] 2.007
RankNet 3857 0.744 0.104 [0.508,0.848] 2.382
FETA 4071 0744 0.127 [0.501,0.874] 2.048
PairwiseSVM 5929 0.656 0.169 [0.501,0.821] 2.305

as specified by the Nemenyi test. We reject the null hypothesis (p < 0.001)
of the Friedman test that there is no difference in the central tendency of the
learners and, therefore, assume that there is a statistically significant difference
between the median values of the learners.

PairwiseSVM - L PairwisePareto
FETA Pareto
RankNet FATE

Consider the critical distance plot in Figure 6.10, which visualizes which
learners significantly differ in performance by comparing their ranks with
respect to the critical distance. Based on the post-hoc Nemenyi test, there are
no significant differences in the groups marked by bold black lines. There are
no significant differences within the following groups: PairwisePareto and
Pareto; Pareto, FATE, RankNet, and FETA; FETA and PairwiseSVM. All
other differences are significant.

Ablations To address research questions P-RQ3, P-RQ4 and P-RQ4, we con-
ducted a series of ablation experiments using the same multi-objective datasets
as before. Figure 6.11 presents a violin plot that illustrates the distribution of

1.0 9
0.9

0.8 4

A-Mean

0.7

0.6

0.5~

PW+4+MDS PW PW+Soft Par+MDS Par Par+Soft

the mean A-means obtained from the various datasets. This plot uses violins to
represent kernel density estimates of each distribution, mitrored symmetrically
for clarity. In these violins, the white dot represents the median value of each
distribution. The enclosed boxplots within each violin extend from the lower
to the upper quartile of the distribution, depicting the inter-quartile range.



The whiskers on these boxplots indicate 1.5x the inter-quartile range, provid-
ing additional information about data spread. Different colors distinguish the
variations in our approaches: The context-sensitive PairwisePareto approach is
depicted by the violins shaded in blue, while the context-independent Pareto
approach is represented by the red violins.

First, we investigate whether including the MDS loss has a positive/adverse
effect on the performance. To this end, we repeat the complete evaluation
on all datasets for Pareto and PairwisePareto with the MDS loss being used
and its weight being optimized during the HPO stage. Our findings indicated
no significant differences in performance across various datasets when we set
a significance threshold of @ = 0.05 using Wilcoxon’s signed rank test. It is
noteworthy that for the Pareto approach, the use of the MDS loss seemed to
decrease the variability of the results. However, for PairwisePareto, we observe
an increased variance. Consequently, we excluded the MDS loss function for
our main comparisons when utilizing the PairwisePareto model.

Next, we check if replacing the max(0,-) in (6.5) and (6.6) by the softplus
function log(1+¢*) results in a loss function that is easier to train and ultimately
achieves a better performance. The results are again shown in Figure 6.11. For
PairwisePareto, we observe an increase in median performance from 90.3 %
to 95.0 %, and there was a reduction in the median absolute deviation from
0.092 to 0.044. Despite this positive trend, the increase did not reach statistical
significance (p = 0.097, Wilcoxon signed rank test), suggesting the need
for additional experimentation. In contrast, for the Pareto model, we did
not observe a discernible difference in performance when switching between
the max and softplus functions. For the main experiments, we opt to use
the softplus for both approaches since the limited data points to it having
a minor positive effect, although this hypothesis warrants further empirical
validation.

Next, we present the experimental results examining the effect of the dimen-
sionality of the embedding space d’. For a dimensionality of 1 (d’ = 1), the
model is restricted to representing and learning total orders, thus limiting
predictions to singleton sets. Consequently, our focus shifts to comparing the
impact of a two-dimensional versus a three-dimensional embedding space.

The resulting violin plot is shown in Figure 6.12. The two distributions appear
almost identical, with the median A-mean even slightly lower when d’ = 3.
Following this ablation experiment, we therefore decided to standardize the
dimensionality to d’ = 2 for all learners employing Pareto-embeddings in the
primary experiments.

6.3.2.2. Discussion

Now that we introduced the raw results, we are going to relate them to the
four research questions we introduced at the beginning of Section 6.3.

We begin with research question P-RQ1: We asked if the Pareto-embedding
models, Pareto and PairwisePareto, can effectively learn meaningful embed-
dings when trained with our surrogate loss function. The results confirm
that they indeed can. We can see this clearly from the fact that both Pareto
and PairwisePareto models have managed to reach A-mean scores exceeding
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A-Mean

7Y

PW+Soft (d' = 2) PW+Soft (d' = 3)

Figure 6.12.: Plot contrasting the distribu-
tions of the mean A-mean performances
of the PairwisePareto approach, once with
d’ = 2 and once with d’ = 3. Violins show
the kernel density estimate of the distri-
bution, while the boxplots show the three
quartiles, and the whiskers depict 1.5 x inter-
quartile range.

P-RQ1
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P-RQ2

P-RQ3

P-RQ4
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0.9 on some of the two-dimensional test problems (namely TP, ZDT1 to 3
and ZDTS5). This indicates that both approaches can successfully represent
and learn the underlying choice function. Specifically, when examining the
ZDT1 and ZDT2 problems, the Pareto model, which is context-independent,
exhibits an average A-mean of more than 0.95. This suggests an accurate
representation of the inherent choice function and, hence, the learned Pareto
embedding. Moreover, a closer look at the TP and ZDT?2 datasets reveals the
PairwisePareto model’s exceptional performance, with an average A-mean ex-
ceeding 0.99. This score shows that the model is able to model these particular
problem sets nearly perfectly.

‘When we shift our attention to the more complex DTLZ datasets, we can
see that the PairwisePareto model attains average A-mean scores of greater
than 0.9 on DTLZ2 and DTLZ4 to 7. In contrast, Pareto on these same
datasets achieves average scores in the 0.7 to 0.8 range. Notably, these datasets
possess a higher underlying dimensionality (i.e., 5), which is greater than the
embedding dimensionality employed by both models. In light of this, the
superior performance of the PairwisePareto model is intriguing. One possible
explanation could be that PairwisePareto is implicitly learning to use a higher-
dimensional embedding by taking advantage of its set-based context. However,
this intriguing phenomenon necessitates further exploration and additional
experiments to validate the hypothesis.

With the related research question P-RQ2, we wanted to assess the perfor-
mance of Pareto and PairwisePareto in comparison to existing approaches, in
particular our more general FETA and FATE architectures. In the statistical
analysis, we observed that PairwisePareto performs significantly better than
the other baselines across the datasets we employed for this study. In the case
of the Pareto model, we did not see that it outperforms FETA, FATE, and
RankNet significantly across the entire dataset collection. Nonetheless, the
Pareto model did exhibit remarkable performance in the two-dimensional
ZDT test problems, achieving A-mean scores exceeding 0.9 and outperforming
the baselines by a notable margin. Therefore, we conclude that the specialized
Pareto-embedding models have the potential to exceed the performance of
current leading choice models on datasets that have a latent low-dimensional
utility structure.

Moving on to our ablations, with P-RQ3 we wanted to answer the question
of whether an additional MDS term in the loss function would improve the
performance of the Pareto-embedding models. It is intended to conserve the
observed distances in the object space during the embedding learning process.
We did not find a significant effect of this term on the overall distribution of
average A-mean scores, suggesting that it may not contribute positively to
performance. Consequently, we can answer P-RQ3 with a no. We did not
investigate whether the MDS term helps with the interpretability of the learned
embeddings, which could be an interesting direction for future research.

As for P-RQ4, in a separate experiment, we replaced the max operation in the
loss function with a smoother softplus operation. We hypothesized that this
change would make the loss function easier to optimize. Our results did not
show a significant benefit from this change. While there was a slight positive
effect on the PairwisePareto model, the evidence is insufficient to establish



a definitive trend. Further experiments are necessary to confirm these initial
observations. Overall, we will answer P-RQ4 to the negative.

Finally, we turn our attention to P-RQ5, where we investigated whether
increasing the dimensionality of the embedding space improves performance.
To provide context, the DTLZ datasets in our evaluation have an inherent
dimensionality of 5. Thus, we anticipated that increasing the number of di-
mensions from d’ = 2 to d’ = 3 would increase performance. However,
literature on partial order embeddings suggests that finding embeddings be-
comes challenging for d’ > 3. A priori, it was unclear whether the increase in
dimension would provide a benefit. The results show that the distribution of
average A-mean scores appears to be identical, and there was no significant
difference. This suggests that the learner was unable to leverage the increased
dimensionality. Further investigation is needed to understand why this is the
case. As for P-RQ5, the answer is no, increasing the dimensionality does not
improve performance of the Pareto-embedding approaches.

Overall, the empirical evaluation demonstrates the ability of the Pareto and
PairwisePareto models to learn and represent underlying choice functions
effectively. Notably, the PairwisePareto model shows potential in handling
more complex datasets and even outperforms our more general models FETA
and FATE across various datasets. While these findings are very promising, it
is essential to recognize certain limitations in our evaluation to pave the way
for future investigations.

6.3.2.3. Limitations

‘We want to highlight a few important limitations to be aware of when con-
textualizing our work. We will distinguish the limitations of the learner and
those of the empirical evaluation.

Our examination of our surrogate loss in Section 6.2.2 established its theoretical
suitability. Specifically, we demonstrated that a surrogate loss of 0 (across all
possible subsets of objects) implies that a valid Pareto-embedding has been
learned. However, we have not seen a performance improvement when in-
creasing the embedding dimensionality. One potential cause is that there are
diminishing returns in the datasets investigated. Here, it would be useful to
investigate whether this is the case or if there are convergence issues in higher
dimensions.

Regarding our empirical evaluation, we adopted several measures to secure a
comprehensive and unbiased comparison of all learners. These steps included
the application of HPO for all learners, using precisely seeded random genera-
tors, nested validation, and subsequent statistical analysis. The datasets were
selected due to their reputation as widely recognized test problems within
the multi-objective optimization field, exhibiting a variety of characteristics.
‘What additionally could be interesting is an evaluation of experimental human
choice data that investigates, whether Pareto-embeddings work well in exper-
iments where context effects are observed. In essence, we want to know if the
choice mechanism based on multiple utilities is also a good choice model for
human behavior. Therefore, one needs to be aware that the excellent results in
the empirical evaluation do not yet imply that it is a plausible model for how
humans make decisions.

6.3. Empirical Evaluation

P-RQ5
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Future Work

6.4. Conclusion and Future Work

‘We are closing this chapter by highlighting what we have accomplished. In
utility theory, we usually try to find an underlying utility function that explains
a set of preferences. If our target is to predict subset choices, it is unclear how
single utilities can be used to model such preferences. In this chapter, we
asked what happens if we assume the existence of multiple utility functions.
This elegantly allows us to model subset choices since the Pareto-set produces a
natural subset of non-dominated objects.

This leads us to our main contributions. We proposed to learn this set of
utility functions, which we called a Pareto-embedding, that is able to produce
the original choices when coupled with Pareto-optimal choice. In order to
learn the embedding, we proposed a surrogate loss function and proved that
the minimization thereof guarantees a valid Pareto-embedding. We also
theoretically characterize the exact family of choice functions that can be
represented by Pareto-embeddings, namely those whose revealed preferences
are a certain partial order.

Finally, we proposed two neural network architectures, the context-independent
Pareto and one context-sensitive PairwisePareto. We evaluate them exten-
sively on a suite of benchmark datasets and find that they outperform existing
baselines by a large margin. All in all, we conclude that the results are very
promising and feel that it is a worthwhile research direction to explore.

Potential for Future Work We suggest several prospective areas for future
exploration in this field of study. One theoretical line of investigation involves
our surrogate loss function. While we have proved that its minimization results
in a valid Pareto-embedding, we do not yet know whether it is actually a good
loss function to be used during gradient-based optimization. Exploring poten-
tial improvements here could be fruitful when investigating more embedding
dimensions.

A further theoretical aspect to consider is the understanding of the model class
that PairwisePareto is learning. Unlike the context-independent Pareto, which
is evaluated independently for each object, PairwisePareto can learn a differ-
ent embedding for each object set, thus learning a more complex preference
structure. The degree to which this improves the representational power of
the model remains unclear, making this an area worth investigating.

On the empirical side, we recommend conducting a comprehensive evaluation
using real-world datasets, but more importantly, human preference data, to
better understand the capabilities of Pareto-embeddings. Such an analysis could
answer questions related to the inherent dimensionality of real-world data.
This includes determining the necessary number of embedding dimensions
for adequate modeling and assessing the rate at which returns diminish with
additional dimensions. Furthermore, it is vital to ascertain whether the VP-
hardness of the partial order embedding problem remains a constant concern
in practice, or if there are viable strategies to scale up to highly dimensional
embeddings.

An alternate research trajectory could focus on the preference elicitation setting,
a form of active learning. Until now, we have assumed the existence of a
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dataset with choices to be modeled. Preference elicitation, however, involves
capturing a decision-maker’s preferences by repeatedly presenting them with
a purposefully constructed set of objects and observing their choices. The aim
is to model their preferences accurately with minimal queries. This approach

would require a model that can be used to express its epistemic uncertainty.

The probabilistic GP model developed by Benavoli et al. [BAP23b]| may serve
as a starting point for this endeavor.

A related consideration is the interpretability of the embedding. If we use
Pareto-embeddings to learn lower-dimensional utility functions for a given
set of objects, we may want to understand how each utility is influenced by
the features in the original object space. Similar to how factors are analyzed in
factor analysis.
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Conclusion and Future Work

We conclude this thesis with a reflection on our contributions to preference
learning and neighboring fields. In Section 7.1, we refer back to the original
research questions that we posed in Section 1.1. We describe how they have
been answered and draw conclusions. With Section 7.2, we put the thesis
and its findings into a broader context and analyze its impact on the field of
preference learning. During the work on this thesis, we identified several
promising research directions that could be addressed in future works. In
Section 7.3, we discuss each direction in detail. Finally, we close the thesis
with a concluding statement in Section 7.4.

7.1. Summary of Key Findings

Recall the main goal of this thesis, which was to develop efficient preference
models that can predict subset choices and incorporate context effects. With
that goal in mind, we set out to answer four research questions (see Section 1.1).
In this section, we will now reflect on the results we obtained throughout the
work on this thesis and use them to answer our research questions.

Research Question 1 (RQ1):

“Which approaches exist in preference learning, and of those,
which have a mechanism to account for context effects?”

To answer RQ1, we conduct two literature reviews. One in classical utility
theory and preference modeling, and the second one in preference learning
as a subfield of machine learning. The results are reported in Chapter 2 and
Chapter 4. We identify the big family of random utility models (RUM:s)
that are still used today to model preferences. Some variants in this family
do have mechanisms that let them represent certain context effects. A more
recent branch of research in choice modeling are so-called multi-self models,
of which SDA [ROS20] is a recent representative. In Chapter 4, we have
seen the breadth of research that has been conducted in the field of preference
learning. The majority of the approaches we categorize as context-independent,
demonstrating that these types of learners are underrepresented in the literature.
In addition, the number of choice models to which we can compare our
approaches is limited. Therefore, we adapt a representative selection of the
models used for ranking tasks to a (subset) choice setting for our experimental
investigations.

Research Question 2 (RQ2)

“What are different efficient and novel mechanisms to capture
the context in a choice setting?”
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generalized utility

Pareto-embeddings

Pareto-property

‘We began by defining what it means for a choice to be context-dependent.
Identifying generalized utility as an idealized target, we derive two approaches
FETA and FATE in Chapter 5. Both make learning a generalized utility func-
tion feasible by different means. FETA decomposes the utility into lower-order
utility contributions, and FATE condenses the task context into a task repre-
sentative, which is then used as the fixed context in the utility computation.
Both approaches are computationally efficient with respect to the number of
objects in a task, with a linear complexity at prediction time—achieving our
first secondary objective. Furthermore, they can be trained in an end-to-end
fashion in conjunction with the loss functions we propose.

In Chapter 6, we introduce an orthogonal methodology for learning choice
functions through Pareto-embeddings. This approach inherently supports subset
selection without necessitating the thresholding utilized by FETA and FATE.
We also propose a differentiable surrogate loss function, enabling the em-
bedding to be seamlessly integrated and trained within a broader end-to-end
system architecture. In terms of complexity, our method achieves an expected
linear time complexity with respect to the number of objects during prediction.
We develop two versions of the embedding: one that is context-independent
and another that adapts the embedding based on the task context.

Research Question 3 (RQ3)

“What is the expressive power of these models, and which other
interesting theoretical properties can be shown?”

We analyze all three of the developed models with respect to their expressive
power, i.e., how flexible they are in representing a wide variety of choice
functions. For FATE we show that it is flexible enough to represent all possible
choice functions, at the cost of not being an identifiable model. The pairwise
approximation to the complete FETA model we show is limited in its expres-
sive power. There are choice functions defined on 7 objects that cannot be
represented. The model is, however, identifiable up to the 0th order utility.

Similarly, we show that choice functions exist that cannot be represented by
Pareto-embeddings. We are then interested in precisely characterizing the
representable family of choice functions. We define the Pareto-property on the
level of choice functions and prove that it is equivalent to choice functions
representable by Pareto-embeddings. In addition, we propose and analyze a
surrogate loss function for learning Pareto-embeddings. Here, we prove that
a loss of 0 guarantees that one has obtained Pareto-embedding, and we also
show that it suffices to minimize the loss only on pairwise comparisons.

Research Question 4 (RQ4)

“How can these models be inferred from data, and how do they
compare to existing models?”

We employ a straightforward methodology to answer the first part of this
question. We define differentiable loss functions and combine them with a
suitable neural network architecture. Then, the losses are minimized using
standard stochastic gradient descent (SGD) algorithms. For the neural network
architectures, we made sure to let them encode the model we are aiming for to
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avoid introducing additional architectural biases. Some architectural choices
we test in ablation studies, such as the Pareto-embedding architectures.

‘We compare our approaches in extensive empirical evaluations to representa-
tive baselines from the literature. Care was taken to maximize the performance
of each model, to ensure a fair comparison. We observe that FETA-Net and
FATE-Net often outperform the baselines by a large margin, especially on the
tasks with a strong context-dependence. We saw a relative improvement in
categorical accuracy of up to 162 % in the case of FETA-Net on the singleton
choice tasks, and an improvement in F;-measure of up to 17 % on the subset
choice tasks. FATE-Net similarly was able to outperform the baselines on
many tasks but trailed slightly behind FETA-Net. FETA-Net was also able
to converge fastest to an accuracy of 100 % in our infinite data experiment,
where we equalized the number of parameters of each model to ascertain which
model is the most data efficient. We can see that while FATE (and therefore
FATE-Net) is able to represent all possible choice functions, the inductive bias
of FETA allows the model to be much more data efficient.

Moving on to the results of our context-independent Pareto and context-
dependent PairwisePareto Pareto-embedding architectures. When evaluated
on the benchmark suite used in Section 6.3, we see that PairwisePareto signifi-
cantly outperforms all baselines, including our FETA-Net and FATE-Net,
often achieving an A-mean of more than 0.99. This demonstrates that specialist
models such as Pareto-embeddings can outperform more generalist choice
models in certain domains.

Opverall, we can conclude that the research questions we posed at the beginning
of this thesis have been answered. As such, our contributions in this thesis
are significant and advance the field of preference learning. To explore the
potential impact of these contributions, we will now discuss the broader context
of this work.

7.2. Contextualization and Impact

This thesis advances the field of preference learning by introducing novel
context-dependent models that significantly enhance our ability to model
diverse preferences across a spectrum of applications. It is especially useful in
the context of choice modeling and is useful in a wide range of fields beyond
traditional machine learning. The context-dependent models introduced in
this thesis have the potential to impact how choices are modeled in practice.
This is true, particularly in sectors where the predictive performance and the
flexibility of the models are crucial, such as in e-commerce and information
retrieval.

In contrast to existing models for context-dependent choices, our models
are general in that they can represent context effects that are not yet known
and are not limited to human choices. This allows our models to learn more
complicated algorithmic choice functions. This could be particularly useful
in scenarios requiring an accurate surrogate of complex, costly-to-evaluate
choice functions, such as multi-objective optimization.

We address a critical gap in preference learning: the efficient prediction of sub-
set choices, an area that has seen limited development until now. Existing

efficient prediction of subset choices
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dynamic context modeling

Multi-modal choice modeling

methodologies in subset choice modeling lacked efficient predictive mech-
anisms for subset choices. In contrast, our approaches provide a significant
improvement, enabling the prediction of subsets within polynomial, and in
some instances linear, time (in the number of objects). This efficiency is crucial
for handling large datasets, making our models not only more effective but
also more scalable. However, this improvement in runtime does not mean
that we have to sacrifice the ability of the models to take the task context
into account. Through rigorous experimental evaluations, we show that our
models perform significantly better than our baselines on context-dependent
tasks, underscoring the practical implications of our research.

While this thesis addresses critical gaps in the modeling of choices, the evolving
nature of the field presents ongoing challenges. In the next section, we identify
key areas for future research, focusing on unresolved challenges and offering a
roadmap for addressing them.

7.3. Future Research Directions

During our research on the topics covered throughout this thesis, we identified
several promising areas where research could be focused next. We will now
present the most impactful directions grouped by category.

7.3.1. Incorporating More Context and Scalability

The methodologies we develop in this thesis allow us to learn a richer set
of preferences than before. It is natural to ask how other contexts can be
incorporated into a choice model. Adding instance features to the models
proposed in this thesis is straightforward, and we will discuss this in the section
about personalization. A promising direction for future research is dynamic
context modeling, i.e., to incorporate how the influence of the context changes
over time into the modeling process. On the one hand, this can accommodate
changes in the choice behavior of the population, but on the other hand, it can
also reflect changes in the data-gathering process. Take, for instance, a hotel
booking website that changes how search results are displayed. As we know
from research on context effects, this can drastically change the impact of the
context on the overall decision.

A major trend in machine learning is multi-modal learning [XZC23], where
different types of data (such as text, images, sound, etc.) are combined. Multi-
modal choice modeling would allow us to model many more relevant context
effects. For example, image data could be used to learn what users deem
important when comparing pictures of different products. Questions like
which influence the background of an image has on the choices could be

addressed.

Another important dimension is scalability. Several interesting questions arise
in a regime where the number of objects per task becomes large. While the
raw computational complexity becomes an issue, additional considerations
are worth exploring. We know from studies with human participants that
the nature of context effects changes when the number of objects becomes
large (see Section 2.3). As it is simply no longer possible to compare all options,
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patticipants turn to satisficing to find good enough options to choose. Therefore,
an interesting problem is selecting a representative sample of all available
objects in a complete task to present to the user. Such a selection should
ideally be small enough to encourage the user to find the best objects, contain
the overall most promising objects, but also be diverse. In addition, there is
also an active learning component, where we may want to periodically include
options that we are uncertain about to improve our model. In applications
where the options compete, such as in a search engine, fairness is important.
Overall, this setting is similar to the preselection bandit setting considered
by Bengs and Hiillermeier [BH20] but adds a few additional dimensions. In
information retrieval systems, multi-stage methodologies are common to tackle
the issue of computational complexity; however, they do not address all of the
aforementioned aspects [Zha+24].

7.3.2. Interpretability and Context Effects

Interpretability and explainable artificial intelligence (AI) have increased in
importance and popularity as more and more models in practice are black
boxes such as neural networks [BP21]. This becomes particularly important
in choice modeling, where we not only want to find a good predictive model
but also understand how a choice was made. Modeling context effects involves
several aspects. As a first step, detecting whether and what kind of context
effect is present in the data could be worthwhile. We present initial research
in this direction in Section 2.3.1. As previously mentioned, our models are, in
principle, able to model context effects that have not been identified in the
literature. An impactful research direction here could be to work towards a
mechanistic model of the context effect. An idea for this is to decompose the
model into a context-independent component and a symbolic model for the
context-dependent deviations. This would allow practitioners to gain deep
insights into how the actual choice process incorporates the task context.

7.3.3. Personalization and Bias

The research directions we previously presented enable the move towards more
fine-grained personalization. By incorporating user and additional context
features, we can model different types and strengths of context effects in the
data. For example, take the organizer of a movie night that collects a wishlist
of movies and has to decide on one. They may be interested in finding a great
movie that fulfills several criteria, and they carefully consider all submitted
movies, and potentially even past chosen movies, to gauge the overall taste
profile. On the other hand, a person coming home from a stressful day of work
may want to find a good movie quickly without wanting to use mental capaci-
ties to compare different movie options. The level of context-dependence is
different for both of these settings. Incorporating additional context can also
yield deeper insights into choice behavior. One may be interested in segment-
ing the user base based on their preferences, i.e., identify if there are clusters of
users with similar (contextual) choice behavior. This could inform decisions
on how alternatives and their features are communicated to different groups of
users. In marketing, one may be interested in which users are most influenced
by certain contexts and to what extent.
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“debiasing”

7. Conclusion and Future Work

For now, we mostly talked about capturing richer preferences by incorporat-
ing more context. We can also flip this around and consider how context-
dependent models could be used for “debiasing”. Say the goal is to train a
context-independent model on a large dataset. It is known that the way the
data was collected will likely lead to context effects, i. e., there were few objects,
the objects were easy to compare, etc. Then, these context effects could lead
to bias and, ultimately, worse generalization for a context-independent model.
The idea of debiasing would first be to gauge how strong the bias likely will
be and, secondly, to train an efficient decomposable context-dependent model
on a subset of the data that is then used to “correct” or downweigh choices
that likely resulted from the object context.

7.4. Concluding Statement

In this thesis, we develop and evaluate several complementary context-dependent
choice models that can predict singleton and subset choices. These contribu-
tions advance the field of preference learning and choice modeling as a whole,
enabling practitioners to learn richer types of preferences. We identify several
promising directions for future research. Firstly, we suggest incorporating a
more multi-modal context for a more holistic view of which aspects impact
a choice decision. In addition, increasing the degree of personalization and
interpretability of the models and the detected context effects could make the
models applicable in more domains. We see the biggest impact in applications
where precise and efficient models of contextual choice behavior are impor-
tant. These include e-commerce, market research, information retrieval, and
recommender systems since the predictive accuracy is central and the datasets
are typically large. Additionally, this impact extends to the domain of evidence
synthesis, where choices contain substantial information [BB23].

Through our work on this thesis, which sits at the intersection of several
disciplines, we gain an appreciation of the different perspectives each field has
on the same problem. However, each field is also, in a sense, “myopic” in that
more cross-contamination between them could be fruitful. Therefore, our
vision for choice modeling within preference learning is an area of research that
seamlessly bridges interdisciplinary gaps. Acknowledging the challenges and
developing a comprehensive set of tools to model and understand preferences
in all kinds of contexts. Therefore, we call upon the research community
in preference learning, choice modeling, and applications to build upon our
proposed methods. Integrating our context-dependent choice models with
their expertise to solve previously infeasible problems moves us towards a
better and more complete understanding of preferences.
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Glossary

ACE
Adam
Al

AP
AUC
BN
BTL
CDM
CDN
CNN
DCG
DPO
EUM
ERM
ERR
FATE
FETA
FPR
GEV
GIN
GNL
GNN
GP
HPO
ICDM
ITA
ii.d.
IR
LETOR
LLM
LSTM
MAP
MLE
MCMC
ML
MDS
MLP
MNIST

MOEA
MOO
MNL
MRR
MSE
MST
NDCG

axiom of choice by elimination
adaptive moment estimation

artificial intelligence

average precision

area under the ROC curve

batch normalization
Bradley-Terry-Luce
context-dependent random utility model
cumulative distribution network
convolutional neural network
discounted cumulative gain

direct preference optimization
expected utility maximization
empirical risk minimization

expected reciprocal rank

First Aggregate Then Evaluate

First Evaluate Then Aggregate

false positive rate

generalized extreme value

graph isomorphism network
generalized nested logit

graph neural network

Gaussian process

hyperparameter optimization
International Conference on Data Mining
independence of irrelevant alternatives
independent and identically distributed
information retrieval

LEarning TO Rank

large language model

long short-term memory

mean average precision

maximum likelihood estimation
Markov chain Monte Carlo

mixed logit

multi-dimensional scaling

multi-layer perceptron

Modified National Institute of Standards and
Technology

multi-objective evolutionary algorithm
multi-objective optimization
multinomial logit

mean reciprocal rank

mean squared error

moderate stochastic transitivity
normalized discounted cumulative gain
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NL
NLP

1MQ

PL
PSIS-LOO

RBM
ReLU
RLHF
RNN
ROC
RUM
SCM
SDA
SELU
SGD
SST
SVM
TREC
TPR
vC
WL
WST

nested logit

natural language processing
Million Query

Plackett-Luce

Pareto smoothed importance sampling leave-
one-out

restricted Boltzmann machine
rectified linear unit
reinforcement learning from human feedback
recurrent neural network
receiver operating characteristic
random utility model

singleton choice model
set-dependent aggregation
self-normalizing linear unit
stochastic gradient descent
strong stochastic transitivity
support vector machine

Text REtrieval Conference
true positive rate
Vapnik—Chervonenkis
Weisfeiler-Leman

weak stochastic transitivity
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Notation Description

General

S Symmetric group

¢ An increasing and strictly positive function (e. g., the exponential function)

Machine Learning

Instance

Instance space

Dataset

Size of dataset

Index of dataset

Label

Label space

Size of the label space
Index of label

Weight

Weight vector
Hypothesis/Model
Hypothesis/Model space
Maximum number of iterations
Index of current iteration
Loss function

Discount function

Slack variable of an SVM

TR T N QTSI Nt I oz

Preferences

An object
An alternative object

% ®

An alternative object

An alternative object
Element of an object x
Object space

Class of all object spaces

Size of the object space
Dimensionality of the instance/object (x € RY)
Task

Task space

Set of all subsets of objects
Embedding of a set of objects

OO TR R R NS

Z\?N‘\g{

Embedding space

&

Number of embedding dimensions | 2 |
Size of task

=
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Notation Description

Index of task

Size of the set of the best items

Pareto embedding

Choice set, which is a subset of a choice task Q
Choice set, represented as a binary vector
Choice function Q — Q

Choice space

Ranking

(Partial) ranking represented as a set
Permutation

(Partial) order defined on a set

The set of all symmetric groups

Rank r(x, 7) of object x in ranking 7

Ranking function

Threshold

Size of a ranking

Utility function

Average utility of a certain order

Real-valued utility

Vector of real-valued utilities

Random utility

Noise component of a random utility model
Individual space

Individual

Dimensionality of the space of individuals
Nest, which is a subset of a task

Independence parameter in a nested logit model
Number of nests of objects

Indexing function X' — IN

Allocation parameter of the generalized nested logit model
Type of the multi-self framework

Space of types of the multi-self framework
The set of all selves in the multi-self framework
A set of selves in the multi-self framework
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Appendix

A.1. Additional Experimental Details

In this section, we will now list all experimental details which were excluded
from the description in Section 5.5.1 for conciseness reasons.

Empirical Comparison In order to compare all learners fairly, we do nested
cross-validation with synchronized random streams for all the learning models,
as shown in Figure A.1. The hyperparameters of all models are tuned using
extensive Bayesian optimization. We describe the complete procedure in
two parts: first, the hyperparameter optimization and second, the out-of-sample
evaluation.

Hyperparameter Optimization The training dataset, denoted as Dy, is used to
identify the best hyperparameters through 3-fold stratified cross-validation,
followed by training the final model for out-of-sample evaluation.

The hyperparameter optimizer selects hyperparameters from the ranges spec-
ified in Table A.1 for each iteration i. Within the inner loop (1 < j < 3),
the full training dataset 2y is split into a training set (Dy; 90 % of Dy) and a
validation set (V; 10 % of D) using stratified shuffle splitting. For the selected
hyperparameters p;, the model is trained on the training set (Dj;) and evaluated
on the validation dataset V;; using the target loss function.

‘We use the F;-loss for general subset choice and the categorical 0/1-loss for
singleton choice as the target loss functions to evaluate the hyperparameter
configurations. The mean loss ¢; = mean(l;,1,,13) is calculated for the given
hyperparameters p;. The optimization loop runs for 100 iterations, validating
100 sets of hyperparameters to determine close to optimal parameters p, for
the learning model.

Out-of-Sample Evaluation After HPO, we configure the learners using the
best-found hyperparameters p;, and the remaining default parameters p;. Next,
we train the model M on the complete training dataset Dy and evaluate it on the
test dataset Dy, using various evaluation measures m as defined in Section 4.2.1.
To obtain reliable estimates of the mean performance and standard deviation,
we repeat this procedure five times using outer cross-validation. For each fold
k € [K], where K = 5, we record the evaluated value g and subsequently
calculate the mean and standard deviation of the performance measure m.

Hyperparameters & Inference We will now describe the specific hyperparam-
eters we optimize and the respective value ranges we consider. An overview
can be found in Table A.1. For probabilistic models, we also describe the infer-
ence process. For all neural network models, we make use of the following
techniques:
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Figure A.1.: Overview of the complete evaluation pipeline.

Table A.1.: Hyperparameter ranges used by the optimizer to select configurations for the learners.

‘ Architecture Parameters ‘ Other Parameters ‘ LRScheduler ‘ Linear Model Parameters

Learner Set Units ~ Set Layers  Joint Units Joint Layers ~Regularizer Strength ~ Learning Rate  Batch Size  Epochs Drop 4,0 ~ Drop d, tol C
FETA-Net NA NA [1,20] [4,1024] [10710,0.1] [1075,0.01] [32,4096] [50,250] [0.01,0.5] NA NA
FATE-Net [4,1024] [1,20] [4,1024] [1,20] [10710,0.1] [1075,0.1] [32,4096] [50,250] [0.01,0.5] NA NA
FETA-Linear NA NA NA NA [10719,0.1] [1075,0.1] [32,2048] [10,150] [0.01,0.5] NA NA
SDA rl4,64] r[1,4] wl4,64] w[1,4] [10719,0.1] [1075,0.1] [8,1024] [50, 250] [0.01,0.5] NA NA
RankNet NA NA [1,20] [4,1024] [10719,0.1] [1075,0.01]  [64,8192] [50,250] [0.01,0.5] NA NA
RankSVM NA NA NA NA NA NA NA NA NA [107%,0.5] [1,12]

» We use either ReLU nonlinearities in conjunction with batch normal-
ization (BN) [IS15] or SELU nonlinearities [Kla+17] for each hidden
layer.

» Regularization: L, penalties are applied and the corresponding regular-
ization strength is tuned.

» Optimizer: SGD with Nesterov momentum [Nes83].

» Learning rate annealing: A step-decay function is used for the learning
rate schedule, and the decay factor is tuned [DHS11].

The step-decay function reduces the learning rate by a factor after a specified
number of epochs [DHS11]. Formally, it is defined as:

e

e
Ir=1lry-d, drop ™

where Iry is the initial learning rate, 0 < d,. < 1 is the decay rate, e is the
current epoch, and €drop is the number of epochs after which the learning rate
is decreased. We set the maximum number of training epochs for the neural
networks to 1000.

The hyperparameters of each algorithm were tuned using the scikit-optimize
package [Hea+18]. In addition to the number of hidden layers and units, we
also tuned the learning rate of the stochastic gradient descent optimizer, the
regularization strength, and the batch size (fraction of training examples used
for estimating the gradient in one iteration). We also optimize the drop-rate
(d,) and epoch drop €drop for the step-decay function used by the stochastic
gradient descent optimizer of the neural networks.
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For PairwiseSVM, we tune the penalty parameter C of the error term and
the tolerance (fol in scikit-learn) for the stopping criterion of the optimization
algorithm [Ped+11].

All the generalized extreme value (GEV) models were implemented in PyMC3,
a library that facilitates Markov Chain Monte Carlo estimation of the posterior
distribution [SWF16]. An overview of all the hyperparameters and their
admissible ranges is shown in Table A.1.

Threshold Tuning To set the threshold for the subset choice models (5.3), we
tune the threshold for all models using a small validation set. The optimal value
for 6 depends on the underlying target loss function. Our primary target loss
is the (instance-averaged) F;-measure (4.5), which balances the precision and
recall of the predictions [Lew95; Ye+12; Wae+14]. Koyejo et al. [Koy+15]
demonstrate that tuning a threshold on a validation set yields a consistent
classifier if the estimated marginal instance probabilities (in our case, the choice
probabilities) converge in probability to the population-level probabilities.
One important difference from the multi-label classification setting is the
absence of a fixed set of labels. Instead, we have a dynamically changing
set of objects. Therefore, it is only possible to consider instance-averaged
performance metrics.

A.2. Design of the Generalization Experiment

In Section 5.5 we raised the research question FF-RQ4, asking how well the
approaches generalize to unseen task sizes. To this end, we vary the task sizes
from 3 to 30 as shown in Figure A.2.

First, we configure the learning model with the best hyperparameters p;, ob-
tained from the empirical comparison experiment for the given dataset and
the remaining default parameters p;. Then, we generate the training dataset
containing task sets of size K = |Q| and train the configured model on the
training dataset D. Finally, we evaluate the trained model on different test
datasets 2} containing the tasks of sizes in S (|Q] = k € S) as described in
Table A.2.
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Figure A.2.: Design of the generalization
experiments.

Table A.2.: Dataset configurations for gen-
eralization experiments. Bracket notation is
used to denote the range of values.

Evaluate CM on
Test Data

Generate test dataset
with task set size k

Test Data with
task set size k

Learning
Model M

Default Train Model

Configure
Parameters pg Model CM CM on Dy

Best Tuned I )
Training Data D with
Parameters
& H task set size K = |Q|

@t of sample
\Accuracy

3<k<30

Problem Dataset #Features #Train #Test TasksetsizesS Task set Size ||
Sineleton Choice Medoid 5 10000 100 000 [3,30] 10
& Hypervolume 2 10000 100 000 [3,30] 10

A.3. Synthetic Datasets

In this section, we will describe the process of generating the synthetic datasets
for the experimental evaluation in Chapter 5, including objects and tasks.

A.3.1. The Medoid Problem

Recall that we have defined the medoid of a set Q € R? as ¢040:d(Q) =

arg min |x — yl, where || is the standard euclidean norm in RY.

1
x20 101 21ye0
Thus, the medoid of Q may be thought of as the most centrally located object
in Q. See the illustration of a choice set Q of size 5 and its medoid in Figure A.3a.
As it depends on its distance to any other point from Q, the medoid of a task is

sensitive to changes of any points in Q.

For our empirical study, we created a dataset 2 = {(Q;,Cy), ..., (Qn. Cn)} by
drawing each Q; independently and uniformly at random from the set

{Q - [0, 1]d : |Q| =nand |cmedoid(Q)| = 1}

and then choose C; := ¢,040id(Q;)- Here, the sampling step can be performed
via the acceptance-rejection method: One may repeatedly sample x;, ..., x;,
uniformly at random from [0, 1]¢ until Q = {x;, ..., x,,} has size n and a unique
medoid. Regarding that this condition is already fulfilled with probability 1

after sampling xq, ..., x, only once, this method is efficient.

A.3.2. The Pareto Problem

Above, we introduced the Pareto set cpyrero(Q) of a set Q € RY as the set of all
elements x € Q which are not dominated by any y € O\ {x}, wherein x was
said to dominate yifvi € [d] : x; < y;and 3i € [d] : x; < y;. Figure A.3b shows
the Pareto set of a set Q C R?.

With the help of Pareto sets, we create a synthetic dataset 2 = {(Q;, Cj)}j]\i1 for
the subset choice task, where each sample (Q, C) € D is generated independently
of the others in the following way:

1. Sample py, ..., g, iid. uniformly at random from {x € RY : o < 1}

2. Draw iid. samples &, ..., &, from N(0, I;), the standard Gaussian distri-
bution on R?, and define x; := p; + & for each i € [n].

3. Choose Q= {x1, ..., x,} and C := cp,e;o(Q).
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Figure A.3.: Examples for the synthetic datasets

Hypervolume In Section 5.5.1.3 we have introduced for Q C R? the choice set
CHypvol(Q) as the set of all x € Q, which contribute the least among all elements
in Q to the hypervolume of Q, see Section 5.5.1.3 for the precise definitions and
also for the connection of the hypervolume of Q to the Pareto front of Q. As
this contribution of each point depends on the position of other points in Q,
CHypVol is context-dependent. This is illustrated in Figure A.3b, where all
five elements of Q = {A, B,C, D, E} lie on the Pareto front of Q. There, the
contribution of point A is largest in Q, but removing point D from the choice
set increases the contribution of point E to the set. So, the singleton choice
changes from A to E, after removing D from Q.

Based on cpyypyo| We construct a singleton choice dataset 2 = {(Q;, Y,

by sampling each Q; uniformly at random from the set of all Q C R%, which
fulfill

Ol=n,¥vx€Q: (|Jx] =1and Vi€ [d]: x; <0)and |cHYPV01(Q)\ =1,

and then defining G; = cpypvol(Q;) afterwards. Similarly, the acceptance-
rejection method can be used to sample in the construction of the Medoid data
set.

A.3.3. MNIST Number Problems

In this section, we will describe the process of generating different semisynthetic
datasets using the MNIST dataset [LCB10].

Feature Extraction Since the dataset consists of 2-D image maps, we first train
an off-the-shelf CNN to solve the digit multi-class classification task to level
the playing field and abstract away from the computer vision context. This
architecture of the CNN consists of 2-D Convolutional, 2-D Max-Pooling,
and fully-connected dense layers and applied batch normalization to increase
the stability of the network by subtracting the batch mean and dividing by the
batch standard deviation as shown in Figure A.4 [GBC16; IS15]. The 2-D
convolutional layer is of kernel-size 5 x 5 using rectified linear unit (ReLU)
nonlinear activation function and /-2 regularization and 2-D max-pooling
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Figure A.4.: CNN that is used to convert MNIST images to high-level features.

layer, with filter of size 2 x 2 applied with a stride of 2, which down-samples
the input by 2 along the width and height, discarding 50 % of the activations by
applying max operation over 4 numbers in 2 x 2 region [GBC16]. The output
of these layers is provided as input to a fully-connected sequential network
with 10 outputs, where each output predicts the probability of the input image
belonging to a particular class using the softmax [GBC16]. We train this
network on 10 000 instances, then we transform the remaining 60 000 digits to
a high-level feature representation by passing them through the trained CNN
and recording the 128 outputs of the last hidden layer (D2).

The transformed MNIST dataset D) = {(x, 1), ..., (xn, In)}, is represented
as a set of tuples (x;, 1), where x; is the feature vector and J; represents the
corresponding label, such that |[Dy] = N = 60000, x; € R128 [ € £ =
{0,1,2,3,4,5,6,7,8,9} and D,(x;) = ; holds for all i € [N]. For constructing
the choice datasets, we sample instances (x;,[;}) € D, from the transformed
dataset uniformly at random to construct a task set Q = {x, ..., x,}. Based
on Qand 1 = (D(x;), ..., Dpx,)), we then select as choice set C = g(Q, ),
where is an appropriately predefined function g. We consider two variants for

& namely Sunique and gnode-

The function gypique outputs the instances corresponding to the numbers which
occur only once in the label vector. For example

gunique(Q, (4,3,2,3,3,1,8,8,7,7)) = {x1,x3, xg}, corresponding to the num-
bers 4, 2 and 1. For singleton choice choice, we sample only the task sets,
whose corresponding label vector I contains a single unique number, to make
it identifiable, i.e., for example, gunique(Q, (4,3,3,2,2,1,1,1,5,5,5)) = {x;}.
The section function is g,,.4e, Which outputs the instances corresponding
to the number that occur most frequently in the label vector. For example
Imode(Q.(4,3,2,3,3,8,8,7,7,7)) = {x3, X9, X0}, corresponding to the mode
7. For singleton choice choice, we choose the instances corresponding to the
mode, which are at the least angle from a predefined weight vector w.

Both functions that generate choices depend on all other objects in the given
task set Q, thus making the datasets highly context-dependent.



Unique In this subsection, we explain the data generation process for the
Unique choice dataset using the gypjque function defined above. For generating
the dataset, we select a set of instances from 2, uniformly at random to
construct the task set Q and the label vector I. Then, we choose the objects
from Q, which corresponds to the unique digit in the label vector I (an example
is shown in Figure A.3c). Let us assume we want to generate a dataset D =
{0, Ci)}fil with N instances.

1. Sample n data points (x;1,1)), ..., (x; . 1;) from Dy, let I := (I, ..., 1)
and Q; == {x;1, ..., X}

2. For each | € £ let k; be the number of times the label l appears in the
label vector ; for Q;, define k := {ky, ..., ko} and write for convenience
k(1) := kjin the following. For example for I = (1,2,4,4,4,5,5) we have
k=(0,1,1,0,3,2,0,0,0,0).

3. We create C, by selecting the objects whose values occur only once in
the label vector L

G = {xi’j €Q k(lj) = 1}

4. In order to create the corresponding singleton choice or top-1 version
of this dataset, we discard Q; in case |C;| > 1 and repeat steps 1—4. If
|G| = 1 instead, we keep the sample (Q;, G;).

Mode In this subsection, we explain the data generation process for the Mode
choice dataset using the g, 4. function defined above. For generating the
dataset, we select a set of instances from 2D, uniformly at random to construct
the task set Q and the label vector I (an example is shown in Figure A.3c).
Then, we choose the objects from Q, which corresponds to the mode value
of the label vector I, to construct the ground-truth set of chosen objects. For
creating the corresponding singleton choice or top-1 dataset, we choose the
object corresponding to the mode value of the label vector, which is at the least
angle to the predefined weight vector w. Let us assume we want to generate a
dataset D = {(Q,, Ci)}l.li | with Ninstances. First, we sample the weight vector

wE ]R128 ll(‘i N(O, 1128)'

1. Sample ndata points (x; 1, 1), ..., (x;,, },) uniformly at random from 2D,
abbreviate ; := {l;, ..., I[,) and let Q; := {x; 1, ..., X; ,}.

2. As for the Unique dataset, write k; for the number of times the label
appears [ in the label vector [; for Q;, define k := {ky, ..., ko} and write
again k(I) := k;.

3. For the case of subset choice define

G ={xy € 0 k) = max(k)}.

and in case of singleton choice, select C; to be that set, which contains
only the object with the least angle to vector w, i.e.,

4 XwW
G, == jargmaxcos” - ———
x€C, ol [wl

A.3. Synthetic Datasets

MNIST-Unique

MNIST-Mode
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1: https://movielens.org/

2: This dataset is available on
https://grouplens.org/datasets/
movielens/

Figure A.5.: Structure of the Tag Genome
dataset.

Framework

A.3.4. Tag Genome Dataset

The GroupLens Research group released many datasets collected from the
MovieLens website! for research in the field of recommender systems [HK15].
As of August 2017, the complete dataset collected from this website is com-
prised of 26 000 000 ratings and 750 000 tags applied to 45 000 movies by 270 000
users [HK15]. One of the datasets is the Tag Genome dataset,? which provides
real-valued features to characterize the movies [VSR12].

Tags are meta-data in the form of keywords, which help to describe an object,
such as a movie, song, book, etc. [Smi07]. On the MovieLens website, users
create tags to describe a movie. Other users can then use them to filter movies
more effectively. Users can also gain more information about a movie with

the help of tags applied by other users.

The Tag Genome dataset was generated by applying machine learning algo-
rithms on the information provided by users for a movie in the form of tags,
reviews, and ratings [VSR12]. It consists of movies and a set of tags applied to
each of them, and a score between 0 and 1 quantifying the relevance of each
tag to the particular movie (as shown in Figure A.5). This dataset consists of
around 12 million relevance scores across 1128 tags applied on 10 993 movies.

t1 to Tags tNt
—
£ | 0.049 | 0356 0.908 || 0.456
L N
§ 0.073 || 0.167 0.012 | 0.427
(7)) . .
(O] . .
3 : .
0.016 || 0.236 0.756 | 0.856
. L NN
Z 0123 [ 0.120 0.556 | 0.020
g

Framework According to Vig et al. [VSR12] the Tag Genome dataset consists
of:

—_

. M: The set of movies {ml, ,mNm}, where |[M| = N,,, = 10993.

. T Theset of tags T = {tl, ’tNt}’ where |T| = N; = 1128.

3. Ry : MxT — [0, 1]: Relation such that R,.(m;, ;) denotes the degree
to which extent the tag ¢; € Tapplies to the movie m; € M on a scale of

NS}

0 to 1; here 0 indicates no relevance and 1 indicates strong relevance to
the movie (as shown in Figure A.5).

4. Mys: M— o, 1]M: Relation mapping each movie to its feature vector
in tag-space (vector of tag relevance values across all tags), such that
M f{my) = x; 2= (Rpef(my 1), ..., Rpef(my, ;).

5. tag-pop : T —> IN: Function representing the popularity of a tag,
measured as the number of users who applied the tag t; € T.


https://movielens.org/
https://grouplens.org/datasets/movielens/
https://grouplens.org/datasets/movielens/

6. tag-spec : T —> IN: Function representing the movie frequency of tag
tj € T, i.e., tag-spec(t;) = Zmi erilRrei(m;,tj) > 0.5] denotes the number
of movies for which the relevance of tag t; is greater than 0.5.

7. P: The set of top 20 most popular-tags P C T based on the popularity

tag-pop.

The weighted cosine similarity is a similarity measure defined to measure the
similarity between two movies [VSR12]. The weight vector w is defined so
that more weight is assigned to both the popular tags because this implies that
more users care about these tags, and also to more specific tags because they
can uniquely identify the similarity. For example, if two movies have the harry
potter tag in common, they are more likely to be similar than the ones that
have the tag fantasy in common [VSR12]. A log-transform is applied to both
values to bring them closer to the normal distribution. The weighted cosine
similarity between two movies is defined as:

(A1)

N,
. Zkzl WieXig Xk
simy (%, xj, W) =

) - 3
\/(sz;1 WeXi) \/ (ZkNQI kajzk)

_ _ _ log(tag-pop(t))
where x; = M (m;), x; = M (m;) and w = Tog(tag-spec(ty)) foranyt € T.
To construct the singleton choice semisynthetic dataset, we sample uniformly
at random n movie items from M to create a task set Q, and we choose the
medoid r of Q as the reference movie.

We define two tasks based on the reference movie r of the sampled task set Q.
The first task is to choose the most similar movie to the reference movie in task
set Q. The second task is to choose the most dissimilar movie with respect to the
reference movie r for a given task set Q. This problem is similar to finding the
outliers for a given set of objects, which can be used to solve the problem of
anomaly detection [AY01; CBKO09]. Both tasks used to generate semisynthetic
datasets depend on the similarity between all objects in the given task set Q,
thus making the datasets highly context-dependent.

Data Generation Process We explain the data generation process for the Tag
Genome Similar Movie and Tag Genome Dissimilar Movie datasets. Let us as-
sume we want to generate a singleton choice dataset 2 = {(Q;, Cl-)}f\:]1 with
N instances. Each task set Q; and its corresponding singleton choices C; is
constructed in the following way:

1. Sample iid. and uniformly at random my, ..., m, from M, let x;,, :=
Mf(m]-) for each j € [n] and Q; = {x;1, ..., x; ,}-
2. Compute the reference object (movie) for Q; (medoid):
n

¥ := arg max — Z sim (%, x;
xQ i3

W)

3. Now we define the corresponding singleton choices Cy, ..., Cy for Tag

Genome Similar Movie and Tag Genome Dissimilar Movie dataset.

a) The singleton choice set C; for Q; for Tag Genome Dissimilar Movie
is the set consisting of only that element of Q;, which is most

A.3. Synthetic Datasets

Data Generation Process

213



214 | A. Appendix

3: These datasets are available on https:
//www.microsoft.com/en-us/
research/project/letor-learning-
rank-information-retrieval/

dissimilar to r, i.e., formally

G; = yargmin simy,(r, x; ;, w)
x; ,€Q\{r}

b) For the Tag Genome Similar Movie dataset, we select for the task Q;
the singleton choice set

C; = Jarg max sim,(r, X j» W),
x; ,€Q\{r}

which consists of the one element from Q;, that is most similar to r.

A 4. Real-World Datasets

Some widely used benchmark datasets available for solving this task are LETOR
and SUSHI [QL13; KKA10]. In the following sections, we briefly describe
these datasets and the process we use to generate singleton and subset choice
datasets for the evaluation in Chapter 5.

A.4.1. LETOR Datasets

LETOR (in the version 4.0) is a package of benchmark datasets released by
Microsoft Research Asia, which are used to compare and evaluate different
learning algorithms in the field of preference learning [QL13]. We use the
datasets MQ2007 and MQ2008 released for learning the task of partial ranking
to create the subset choice dataset. There are other datasets MQ2007-list and
MQ2008-list released for learning the task of complete ranking? to create the
singleton choice dataset.

LETOR Supervised Datasets The datasets (MQ2007 and MQ2008) consist
of the queries and retrieved documents, with individual preferences in the
form of a relevance for each document with respect to the corresponding
query [QL13]. The format of both datasets (MQ2007 and MQ2008) is the
same, and there are about 1500 queries in MQ2007 and about 500 in MQ2008
with labeled documents. These datasets consist of 46 features extracted from a
query and document constructing an object called query-document, and each
pair is labeled with a relevance score in {0, 1, 2}, indicating how relevant the
document is to the respective query as shown in Figure A.6a. A relevance score
of 0 means that the document is not relevant, 1 means relevant, and 2 means
very relevant to the query. The goal of the choice problem for this dataset is
to choose all the relevant documents for the given task.

Structure The dataset consists of a universal set of objects x € X'. Each instance
of these datasets Dg = {(Ql L,.... (QN, lN)}, is represented as set of tuples
(0., 1), where Q; = {x, ..., x,,} is the task set (x; features extracted from query-
document) and I; = (I, ..., 1,) represents vector of relevance label for the given
set of objects, such that x; € R46, l;€{0,1,2} forall j € [n] and 5 < 10)] < 147
for every i € [N].


https://www.microsoft.com/en-us/research/project/letor-learning-rank-informatio n-retrieval/
https://www.microsoft.com/en-us/research/project/letor-learning-rank-informatio n-retrieval/
https://www.microsoft.com/en-us/research/project/letor-learning-rank-informatio n-retrieval/
https://www.microsoft.com/en-us/research/project/letor-learning-rank-informatio n-retrieval/
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‘qid:lOH1:04031310 2:0.666667 3:0.500000 ......... 45:0.385965 46:0.000000
#docid = GX000-00-0000000 inc = 1 prob = 0.0246906

[ rel-score € {0, 1,2} ] [ query-id ] ‘46-features

(a) MQ2007/M Q2008 format

[1008[ qid:10][1:0.004356 2:0.080000 3:0.036364 ......... 45:0.385965 46:0.000000
#docid = GX057-59-4044939 inc = 1 prob = 0.698286

‘ rel-score € R ‘ ‘ query-id ‘ ‘46-fealures‘

(b) MQ2007-list/MQ2008-list format

Figure A.6.: LETOR dataset formats [QL13]

The size of the universal set of objects in the MQ2007 dataset is 59570, i.e.,
|X| = 59570 and the MQ2008 dataset is 564, i.e., |X'| = 12102. These datasets
have been partitioned into 5 parts by Qin and Liu [QL13], such that Dg =
DgyuDsyu Dgzu Dy u Dys. This partition is used to conduct 5-fold cross-
validation, and for each fold, we use four parts for training and the remaining
part for testing as described in Table A.3.

Table A.3.: 5-folds of the LETOR dataset and the sub-sampled training task sets of size 5.

Dataset MQ2007 MQ2008
Fold Test Train # Train # Test # Sampled Train # Train # Test # Sampled Train
1 Ds;  Dg\Dg; 1172 283 7111 459 105 1187
2 Dy, Dg\Dg, 1160 295 7012 452 112 1083
3 Dy D\ D, 1163 292 7069 442 122 1122
4 Dg, DG\ Dg, 1160 295 7047 444 120 1203
5  Dgs  Ds\ Dgs 1165 290 7077 459 105 1201
# Instances |Dg|  # Features # Objects Q| # Instances |Dg|  # Features # Objects Q|
1455 46 [6,147] 564 46 [5,121]

Choice Data Conversion The corresponding choice dataset is created by con-
sidering the documents in Q; as the task sets Q; and the set of relevant documents
G = {xj €0 : left, 2}} as the corresponding choice set for each instance
(Qj, l;) € Dg\ Dy;. For training the choice model, we sub-sample 10 objects
from each query instance Q; to construct the task sets. We still evaluate the
models on the corresponding test choice dataset, which consists of all original
queries for each fold as described in Table A.3.

LETOR Listwise Datasets The format of both listwise datasets is the same as
the supervised one. There are about 1700 queries in MQ2007-list and about
800 queries in MQ2008-list with each query-document pair consisting of 46
teatures. In this dataset, all the documents for each query are labeled with a
real-valued relevance score instead of the multi-level relevance judgments as
shown in Figure A.6b. The documents on top positions in the ground truth
permutation have a larger value of the relevance degree.
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Structure The dataset consists of a universal set of objects x € X'. Each instance
of these datasets D; = {(Ql L,..., (QN, lN)}, is represented as a set of tuples
(0., 1), where Q; = {x, ..., x,,} is the task set (x; features extracted from query-
document) and ; = (I, ..., 1) represents a vector of relevance score for the given
set of objects, such that x; € R4, l; € Rforall j € [n] and 204 < 10)] < 1831
for every i € [N].

Table A.4.: 5-folds of the LETOR MQ2007-list and MQ2008-list dataset and the sub-sampled training task sets of size 5.

Dataset MQ2007-list MQ2008-list
Fold Test Train # Train # Test # Sampled Train # Train # Test # Sampled Train
1 Dy, DD 1353 339 97557 627 157 71600
2 Dy, D NDp, 1353 339 98055 627 157 71908
3 D D NDp, 1353 339 97580 627 157 72233
4 D, D ND, 1353 339 98,000 627 157 71868
5 D D NDs 1356 336 98 304 628 156 71847
# Instances  # Features # Objects |Q| # Instances  # Features # Objects |Q]
Total 1692 46 [257,1346] 784 46 [204,1831]

4: These datasets

are available

https://www.kaggle.com/c/
expedia-personalized-sort/data

on

Singleton Choice Data Conversion The corresponding singleton choice datasets
are created by considering the documents in Q; as the task sets Q; and the most

relevant document C; = {arg max, s lj} as the corresponding singleton choice

set for each instance (Qj, l;) € D\ Dy;. For training the SCM, we sub-sample
10 objects from each query instance Q; to construct the task sets. We still
evaluate the models on the corresponding singleton choice test dataset, which
consists of all original queries for each fold as described in Table A.3.

A.42. Expedia Hotel Dataset

Expedia released a dataset on the Kaggle website as a competition and for
research purposes*. The dataset includes browsing and booking data as well
as information on price competitiveness. The data are organized around a set
of search result impressions, the ordered list of hotels that the user sees after
they search for a hotel on the Expedia website. In addition to impressions
from the existing algorithm, the dataset contains impressions where the hotels
were randomly sorted to avoid the algorithm’s position bias. The user response
is provided as a click on a hotel and /or a purchase of a hotel room. This
dataset consists of 399 344 search queries and 45 features extracted from the
search query and the hotel constructing an object. Each hotel is labeled with a
relevance score of 0, 1, or 2, indicating how relevant it is to the respective query
of the user. A relevance score of 0 means that the hotel is not clicked, 1 means
it was clicked, and 2 means the hotel was booked by the user. This dataset is
very similar to the LETOR dataset as shown in Figure A.6. For this dataset, we
define the learning target as the set of relevant hotels (clicked and/or booked).
Since the number of hotels displayed for each query is different, this dataset
consists of different task sizes.

Structure The dataset consists of a universal set of objects x € 1. Each instance
of the datasets Df = {(Ql,ll), ... (On, IN)}, is represented as a set of tuples
(0. 1), where O; = {x,..., x,} is the task set (x; features extracted from hotel)


https://www.kaggle.com/c/expedia-personalized-sort/data
https://www.kaggle.com/c/expedia-personalized-sort/data

Table A.5.: Properties of the Expedia dataset and the sub-sampled training queries of size 10.
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# Features Missing Values # Instances # Objects
Learning Problem  # Features #All >90% >50%  #Total #Train #Test # Sampled Train (0]
Choice 45 31 17 28 399344 79 855 319489 238744 [38,5]
Singleton choice 45 31 17 28 390270 78 041 312229 166 940 [38,5]

and |; = (I3, ..., [,) represents the vector of relevance label for the given set of
objects, such that x; € [-1, oo]®, l€{0,1,2}foreach j € [n] and 5 < Q)] < 38
foralli € [N].

The number of instances Nin this dataset is 399344, i.e., |Dg| = 399344 and
the size of the universal set of objects (hotels) is 136 886, i.e., |1 = 136886.
There are 31 features that have missing values, and we removed the features
that consist of more than 50 % missing values. For the remaining 3 features
that have missing values, we impute them with a negative value less than —1.
The models are trained on the resulting dataset with 17 features.

Data Conversion Process We create 5 folds by shuffle-splitting the dataset
randomly into 80 % test and 20 % train instances. The choice dataset is created
by considering the hotels in Q; as the task set Q; and the set of relevant hotels
G:=1{x€ 0 l; € {1,2}} as the corresponding choice set for each instance
(Q. 1) € Dg. The models are trained on the sampled training dataset and
corresponding test dataset using 5-fold stratified cross-validation as described
in Table A.5.

Singleton Choice In order to create the singleton choice dataset, we consider
the samples where the user booked the hotel, which is the singleton choice
for the given query. The singleton choice dataset is created by considering the
hotels in {; as the task set Q; and the set of booked hotels C; = {x; € 0 - I =2}
as the corresponding choice set for each instance (Q,, ;) € D.

The models are trained on the sampled training dataset and corresponding test
dataset using 5-fold stratified cross-validation as described in Table A.5. Note
the instances where the hotel was not booked were discarded, and only the
instances where there was a booking were considered.

A.4.3. SUSHI Dataset

SUSHI® was another dataset released for solving the task of object ranking. This
dataset was collected by surveying 5000 individuals, such that each person was
provided with two item sets A and B. Set A consists of the 10 most famous
sushis, and B consists of the top 100 sushis in Japan. Individuals were asked
to provide preferences in the form of a total order for items in set A and a
real-valued score between 0 and 5 for sushi in set B. There were missing rating
values for many items in set B, so they extracted the total order for the top 10
preferred items by each user.

The SUSHI dataset consists of universal set of objects x € X, with size 100,
i.e., |X] = 100, with 10 000 set of object Q of size 10 and each sushi consists of 7
features, i.e., x € R7. The instances of the dataset D¢ = {(Qy, 717), ..., (On» TN)},

Data Conversion Process

Singleton Choice

5: This dataset can be downloaded from
http://www.kamishima.net/sushi/
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Table A.6.: Major Group feature description

A. Appendix

Major Group
Value Species Value Species Value Species
0 Aomono (blue-skinned fish) 4 Clam or shell 8 Other seafood
1 Akami (red meat fish) 5 Squid or octopus 9 Egg
2 Shiromi (white-meat fish) 6 Shrimp or crab 10 Meat other than fish
3 Tare (something like baste for eel) 7 Roe 11 Vegetables

are represented as a set of tuples (Q;, 7;), where Q; = {x, ..., x,} is the set of
objects and 7; represents the underlying orderings for the given set of objects
Q;, such that N = |D,,] = 10000, x; € R7 and |Q;| = 10 holds for all i € [N].

The dataset contains the following features:

1. Style: This binary feature describes whether the sushi is a Maki or other,
where 0 means Maki sushi and 1 means others.

2. Major Group: This is a binary feature, which describes whether it is
listed as a seafood (0) or not (1).

3. Minor group: Described the species group used to prepare the sushi.
The group is denoted by the categorical value between 0 and 11, i.e.,
it lies in the set {0,1,2,3,4,5,6,7, 8,9, 10, 11}. Refer to Table A.6 for a
description of each group.

4. Oiliness/Heaviness: the amount of oil or fat present in the sushi, ex-
pressed as a real number between 0 and 4, where 0 indicates heavy/oil
and 4 oil-free.

5. Demand: The frequency with which the user demands the sushi, ex-
pressed as a real number between 0 and 3, where 3 means most frequently
and 0 not at all.

6. Normalized Price: The price of sushi normalized over the given 100
sushis.

7. Supply: The frequency of selling the sushi in the shop, expressed as a real
number between 0 and 1, where 0 indicates not at all and 1 frequently.

Singleton Choice Data Conversion For using the SUSHI dataset for singleton
choice setting, we re-utilize the set of object Q in Dg and choose the most
preferred object as the singleton choice. We created the singleton choice
dataset Dgpe = {(Q1,C1), ..., (On: Ca)} with N = | Dy instances, such that
IOkl = 10 and G, = {xni(l)} for all k € [N]. The singleton choice models are
evaluated using 5-folds by train-test shuffle-split with 80 % train and 20 % test
instances.

A.5. Detailed Experimental Results

The following tables Tables A.7 to A.9 contain all experimental results of the
evaluation for Chapter 5, as discussed in Section 5.5.2 in numeric form for all
evaluation measures.
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Table A.7.: Results for the general subset choice models (mean and standard deviation of different measures, measured across 5 outer cross-validation
folds). The best entry for each measure is marked in bold.

Dataset Choice Model F,-measure  Subset 0/1 Accuracy  Informedness AUC-ROC
FETA-Net 0.942+0.008 0.680+0.028 0.956+0.012  0.999
FATE-Net 0.912+0.009 0.506+0.037 091140006  0.996+0.001
FETA-Linear 0.673+0.001 0.06410.007 0.69410.015  0.955
Parcto-fiontap  SPA 0.805+0.014 0.223+0.031 0.806+0.014  0.98410.002
RankNet 0.612+0.007 0.060+0.010 067240014  0.97140.006
PairwiseSVM 0.58840.001 0.044+0.003 0.646+0.007  0.956
GenLinearModel  0.585+0.008 0.044+0.005 063340013  0.95240.007
AllPositive 0.232 0.000 0.000 0.500
FETA-Net 0.826+0.005 0.001 0.406+0.032  0.85410.014
FATE-Net 0.904+0.004 0.115+0.209 0.743£0.094  0.958+0.021
FETA-Linear 0.82340.039 0.00240.002 037910257  0.8080.140
Parcto_fiontsp  SPA 0.88710.002 0.013+0.001 0.656+0.012  0.935+0.002
RankNet 0.859 0.006 058140006  0.923
PairwiseSVM 0.839 0.002 049140021  0.895
GenLinearModel ~ 0.826+0.029 0.002+0.001 040240225 073840351
AllPositive 0775 0.000 0.000 0.500
FETA-Net 0.963+0.003 0.81410.020 0.945+0.005  0.992+0.001
FATE-Net 0.973+0.004 0.84810.021 0.960£0.006  0.995+0.001
FETA-Linear 0.562+0.001 0.000%0.001 0.000£0.001  0.517+0.001
. SDA 0.94240.001 0.702+0.006 091540002  0.984
MNIST-Unique  p_ @ kNet 0.562 0.000 0.000 0.50410.001
PairwiseSVM 0.562 0.000 0.000 0.51140.006
GenLinearModel 0562 0.000 0.000 0.5080.004
AllPositive 0562 0.000 0.000 0.500
FETA-Net 0.809+0.005 0.311+0.032 0.695+0.009  0.98140.006
FATE-Net 0.976+0.001 0.88310.010 0.961£0.002  0.992+0.001
FETA-Linear 0.597+0.001 0.003 0.00310.002  0.516+0.001
SDA 0.863+0.002 0.357+0.009 0.807+0.002  0.973+0.001
MNIST-Mode ¢ Net 0.597 0.003 0.000 0.503+0.002
PairwiseSVM 0597 0.003 0.000 0.509+0.006
GenLinearModel 0597 0.003 0.000 0.497+0.004
AllPositive 0.597 0.003 0.000 0.500
FETA-Net 0.477+0.004 0.007+0.002 0.235+£0.009  0.729+0.011
FATE-Net 0.470+0.002 0.000 023240002  0.70410.002
FETA-Linear 0.452+0.022 0.00140.002 023110035  0.694+0.006
SDA 0.441+0.015 0.001+0.002 0.19540.022  0.66610.003
LETORMQ2007 ¢ kNet 0.427+0.010 0.001+0.012 0.029+0.007  0.61010.015
PairwiseSVM 0.45310.021 0.000 022010026  0.696+0.007
GenLinearModel ~ 0.427+0.021 0.001+0.002 0.058+0.029  0.614+0.009
AllPositive 0.421+0.021 0.001+0.002 0.000 0.500
FETA-Net 0.537+0.001 0.04410.001 0.440£0.003  0.84210.004
FATE-Net 0.540+0.005 0.041+0.002 043140002  0.83710.006
FETA-Linear 0.529+0.006 0.02610.009 042140012 0.803£0.009
SDA 0.425+0.041 0.018+0.011 028740038  0.72740.023
LETORMQ2008 ¢ kNet 0.461+0.002 0.017+0.004 032340002  0.758+0.004
PairwiseSVM 0.526%0.022 0.04240.022 0.42810.016  0.786+0.018
GenLinearModel ~ 0.493+0.028 0.014+0.010 031140061  0.739+0.019
AllPositive 0.424+0.021 0.000 0.000 0500
FETA-Net 0.18610.001 0.009+0.002 032240003  0.688+0.001
FATE-Net 0.198+0.006 0.0180.002 0346+0.010  0.707%0.007
FETA-Linear 0.179+0.007 0.020+0.002 032410006  0.696+0.007
Expedia SDA 0.20140.005 0.013+0.003 035240012  0.708+0.008
RankNet 0.167+0.017 0.003+0.001 027840034  0.716+0.006
PairwiseSVM 0.12940.017 0.00410.002 0.16510.097  0.680£0.050
GenLinearModel  0.107+0.001 0.000 0.004+0.007  0.50340.102
AllPositive 0.106 0.000 0.000 0.500
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Table A.8.: Mean and standard deviation of the accuracies on the singleton choice data (measured across 5 outer cross-validation folds). The best
entry for each measure is marked in bold.

Dataset SCM Accuracy Top-3 Top-5
FETA-Net  0846+0.010 099410001 1.000
FATE-Net  0.881+0.007 0.996+0.001 1.000
FETA-Linear 0356+0.026 0715+0.007 0.883+0.011
SDA 0.839+0.004 098740001 0.998
Medoid RankNet 053110.008 0.873+0.006 0.970+0.004
PairwiseSVM  0.02140.001  0.194+0.009  0.501%0.002
MNL 0.02010.001  0.191+0.005  0.500+0.001
NL 004910014 0.216+0.006 0.463+0.027
GNL 0.020 0.19540.004  0.500£0.001
ML 0.003 0.055+0.012  0.249+0.032
FETA-Net  0769+0.022 0.93310.007 0.980+0.001
FATE-Net 073010018 0920+0.013 0.96810.006
FETA-Linear 023610042 0.404+0.042 0.560+0.028
SDA 023310019 041740029  0.589%0.036
Hypervolume RankNet 0.20310.004 0.369+0.006 0.56210.004
PairwiseSVM  0.186+0.001  0.340+0.002  0.550%0.002
MNL 020110.008  0.360+0.010  0.559%0.004
NL 029140.003  0.511+0.007 0.65110.006
GNL 029310018 0471+0.021  0.66310.014
ML 0.189+0.014 045140019 0.621+0.014
FETA-Net 097240002 0.995+0.001 0.998
FATE-Net 095410009 0993+0.001 0.998+0.001
FETA-Linear 0.12740.006 0.320+0.003 0.5050.010
SDA 0.858+0.029  0.935+0.026 0.955+0.018
. RankNet 0.13410.008  0.307+0.002  0.495%0.002
MNIST-Unique PairwiseSVM  0.124+0.010  0.319+0.008  0.50240.007
MNL 0.17010.006  0.325+0.009  0.495%0.002
NL 020710016  0.354+0.004 0.502%0.006
GNL 0.65110.006 0.763+0.003  0.841%0.001
ML 0.49010.003  0.718+0.005 0.78410.002
FETA-Net  0.908+0.004 0.96110.003 0.978+0.004
FATE-Net  0.669+10.005 0907+0.004 0.94310.003
FETA-Linear 029010.006 0.674+0.010 0.87740.007
SDA 051310.047 0.806+0.041  0.901+0.061
RankNet 0.284+0.002 0.668+0.003 0.87610.003
MNIST-Mode PairwiseSVM  0.289+0.007  0.67510.011  0.88140.007
MNL 0.285+0.006 0.652+0.011 0.85310.010
NL 0282+0.007 0.646+0.012  0.848+0.010
GNL 027410.003  0.641+0.008  0.849%0.006
ML 021610.010  0.536+0.020 0.76510.022
FETA-Net  0.184+0.001 0481+0.002 0.699%0.002
FATE-Net  0.185+0.003 0.48210.006 0.699+0.004
FETA-Linear 0.138+0.009 0.391+0.023 0.61310.030
SDA 0.09910.022  0.306+0.050 0.511%0.058
Tag Genome Similar Movie RankNet 0.17410.003  0.477+0.002 0.708+0.003
PairwiseSVM  0.14510.011  0.405+0.019  0.626+0.018
MNL 0.17910.002  0.472+0.003  0.69410.004
NL 0.178+0.004  0.467+0.006 0.689%0.007
GNL 0.17910.002  0.472+0.003  0.69410.003
ML 0.11740.001  0.353+0.009 057510.013
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Table A.9.: Cont.: Mean and standard deviation of the accuracies on the singleton choice data (measured across 5 outer cross-validation folds). The

best entry for each measure is marked in bold.

Dataset SCM Accuracy Top-3 Top-5
FETA-Net 051240004 0.83510.004 0.942+0.002
FATE-Net 051010001 083040002 0.938%0.002
FETA-Linear 0.440+0.002 0.759+0.002 0.889+0.001
SDA 0.45110.047  0.694+0.072 0.789+0.054
Tag Genome Dissimilar Movie RankNet 043510002  0.779+0.001  0.914+0.001
PairwiseSVM  036910.016 071240012  0.87140.008
MNL 0.44740.002  0.692+0.005 0.795+0.005
NL 0.438+0.006 0.671+0.015 0.775+0.018
GNL 0.44310.004 068140010 0.784%0.011
ML 0.41740.003  0.763+0.001  0.895%0.005
FETA-Net 033410007 057710012 0.705+0.006
FATE-Net  0.288+0.002 0.508+0.006 0.639+0.004
FETA-Linear 029340018 0.55140.007 0.69740.007
SDA 004740013  0.137+0.007 021140.014
. RankNet 0.287+0.033  0.513+0.050 0.627+0.037
LETORMQ2007-list PairwiseSVM  0.30240.008  0.541+0.031  0.654%0.039
MNL 0.282+0.006  0.503+0.029  0.622+0.038
NL 0.285+0.018  0.499+0.030  0.60810.043
GNL 0.287+0.020  0.509+0.029  0.625+0.037
ML 0.282+0.005 0.503+0.038 0.62840.037
FETA-Net 026610015 0396+0.019 0.504+0.017
FATE-Net 028110012 0.369+0.015 0.544+0.012
FETA-Linear 0.19740.007 0.392+0.027 0.506%0.032
SDA 0.028+0.007 0.078+0.032  0.124%0.034
. RankNet 022510.026 0.39910.020 0.50110.023
LETORMQ2008-list PairwiseSVM 020310014  0.376+0.032  0.497+0.021
MNL 021740.025 0.362+0.020  0.500+0.027
NL 021240.024  0.355+0.030 0.472%0.030
GNL 022240.020 0.366+0.034 0.49410.026
ML 021310015 036740019 0.50140.025
FETA-Net 021540006 0.45110.016 0.58740.008
FATE-Net  0203+0.006 043410003 0576%0.003
FETA-Linear 0.176+0.003 0.394+0.002 0.543%0.003
SDA 0.11510.008 0.288+0.014 0.431+0.015
Expedia RankNet 021010.001  0.445+0.001  0.590£0.001
PairwiseSVM  0.179 0.405+0.001  0.550
MNL 0.19940.004 0.423+0.005 0.565+0.004
NL 0.17110.006  0.38810.008  0.534+0.008
GNL 0.168+0.006  0.385+0.010  0.531%0.009
ML 0.18140.010  0.406+0.010  0.551%0.007
FETA-Net  0295+0.003 0552+0.003 0.766%0.003
FATE-Net 032240003 0.589+0.005 0.817+0.005
FETA-Linear 027340006 050010014 0.680+0.012
SDA 027010.015  0.498+0.043  0.689%0.043
SUSHI RankNet 027240.007 0.559+0.035 0.72110.016
PairwiseSVM  0.258+0.004  0.48010.022 0.67910.013
MNL 027140.004  0.502+0.003 0.67710.010
NL 025310.006 0.533+0.019  0.730+0.025
GNL 025940.007 0.562+0.023 0.73510.016
ML 0.281+0.004 0.575+0.013 0.777+0.007
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