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CHAPTER

Introduction

ince the dawn of mankind, individuals have been confronted with
bargaining situations on a daily basis. Whether it concerned the
allocation of tasks within a family or the trade of goods and services
on early marketplaces, the fundamental questions have remained the same to
this day. What is the best outcome — for me, for my family, or for society?
How strong is my bargaining position, and what if I cannot defend it? Is
the result fair in my eyes? The bargaining situation itself may take different
forms, but Muthoo (1999) managed to concisely describe what these situations

broadly have in common:

“[A] bargaining situation is a situation in which [...] players have
common interest to co-operate, but have conflicting interests over
exactly how to co-operate.”*

The common interest in exchanging goods or services arises from the recognition
of a potential surplus by all parties involved. While they prefer agreement over
disagreement, the question of how to divide this surplus remains contested.
Usually, products may perish or lose their value over time?, such that outside
options or disagreements become a viable threat.

While many would characterize a result in bargaining as a consequence of
the participants’ negotiation skills, the theory typically models and analyzes
different bargaining situations with the aim of proposing processes and solutions
with desirable features. A key component of such a solution may include, for

example, a form of efficiency that emerges from how a surplus is distributed. It

"Muthoo (1999), Preliminaries, p. 1.
2Rubinstein (1982) carried out pioneering work in this area by the implementation of
discount factors in case of no immediate agreement on how to share a pie.



Introduction

would be inefficient if a model assigned a good to someone who cannot benefit
from it, while another person in the same context could derive substantial
utility. Another crucial aspect of a bargaining solution is the relation between
the participants. Equal agents should expect equal utility. Any deviation from
equality may be justified by differences in their status, entitlements, or fallback
options. Samuels (1973) observed that Adam Smith (see, e.g., Smith (2016a))
already discussed inequalities in the employer-employee relationship when it
comes to wages, which he interpreted as a structural asymmetry ultimately
resulting in power inequalities. These considerations relate to the concept
of asymmetry of bargaining power in labor economics, which is essential to
explain unequal bargaining outcomes (see Vercherand (2014)).

Asymmetry of bargaining power is not limited to labor economics. In
fact, unequal bargaining positions are ubiquitous across economic and social
contexts. The concept of bargaining power captures the ability of a party
to influence the outcome of a bargaining process in its favor. In practice,
bargaining power may stem from a variety of sources, including but not limited
to outside options, legal entitlements, information advantages, or structural
positions in the bargaining environment. Importantly, these sources are often
unequally distributed among the participants.

Real-life settings frequently reveal such asymmetries. One illustrative ex-
ample arises in digital platforms, where buyers and sellers interact through
an intermediary. In the CRC 901 (Sonderforschungsbereich SFB 901)?, we
studied allocation mechanisms for platform-based services. These markets
are characterized by a multi-sided structure, where different types of partici-
pants interact via a central platform. In our setting, the platform coordinates
between two distinct roles: service providers, who offer modular service compo-
nents (e.g., data processing routines or software modules), and OTF providers,
who combine and assemble such services into customized workflows tailored
to the needs of an end-user. A transaction only occurs if both sides agree to

cooperate on a given composition. Thus, negotiation takes place over the inclu-

3For further information to subproject A3 of the CRC 901, see Sonderforschungsbereich
901 - On-The-Fly Computing (2023): https://sfb901.uni-paderborn.de/projects,/project-
area-a/subproject-a3 (last access 2025/05/19).
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sion of a specific service module into a larger, dynamically composed system,
typically involving questions of compatibility, price, and quality of service. A
central insight from subproject A3 is that platforms do not merely facilitate
exchanges. They shape the structure and outcome of negotiations. The rules
that govern matching, timing, or information access can systematically favor
one side over the other. In such settings, both service providers and OTF
providers must simultaneously agree to a transaction. If this coordination fails,
the system shifts to an alternative pairing. These fallback options, embedded
in the platform architecture, act as endogenous outside options and directly
influence the bargaining position of each side. Consequently, the negotiation
outcome is shaped not only by preferences or costs, but by how the platform
distributes power through its design. For instance, fallback options that are
predefined in the system architecture, such as automated reassignment to
alternative providers, can strengthen one party’s position without any change
in their preferences. However, from a modeling perspective, such mechanisms
are reflected in the shape of the feasible set or in alternative bargaining oppor-
tunities, which in turn affect the resulting utility levels. These observations
illustrate that bargaining power is not an exogenous feature, but can be shaped
by institutional or technical design choices.

This perspective directly motivates the theoretical arguments developed
in this thesis. Chapter 2 analyzes how different formal representations of
bargaining power, such as exogenous weights or shifted disagreement points,
capture such asymmetries, and how these modeling choices affect the negotiated
outcome. In the platform context, this corresponds to whether the fallback
structure is embedded in individual entitlements or in the configuration of
alternatives. Chapter 3 then explores how different platform architectures,
reflected in the shape of the feasible bargaining set, systematically influence
the extent to which one party benefits from asymmetry. Even when bargaining
power is held constant, the design of the set itself can tilt the result. Finally,
Chapter 4 introduces a structural measure of how contested a platform-based
negotiation is, depending on how aligned or divergent the participants’ interests
are. This measure helps identify when the negotiation process is likely to be

cooperative, and when it is characterized by deeper structural conflict.
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Another example concerns inheritance disputes. According to German
statutory inheritance law, heirs typically receive fixed shares depending on
their degree of kinsmanship.* For example, if one child of the deceased has
already passed away, that share is usually inherited by their children in equal
parts. While this rule-based approach simplifies allocation, it may ignore
individual preferences and result in inefficiencies. Heirs often assign different
emotional or practical value to specific items, such as a house, a piece of land,
or a family heirloom. Applying rigid monetary division rules may thus yield
outcomes that are legally correct but perceived as unfair.

Cooperative bargaining theory, which this thesis primarily focuses on, offers
an alternative perspective: it enables heirs to negotiate personalized agreements
that better reflect their individual valuations, particularly when no testament
exists and the default legal solution would divide the estate in strictly monetary
terms. If the parties reach a mutual agreement, they are free to assign specific

items, such as a house or heirloom, to individual heirs, even if their monetary

value differs. This flexibility opens the door for more efficient outcomes.

However, even in such cooperative settings, bargaining power plays a crucial
role. Some parties may possess greater legal knowledge, stronger emotional
claims, or superior fallback positions, for instance, the financial means to buy
out co-heirs or the ability to delay negotiations strategically. In particular,
the statutory inheritance shares may serve as an implicit threat point: if
no agreement is reached, the estate will be divided according to the legal
default. As a result, those entitled to a larger legal share can exert greater
influence on the negotiated outcome. These asymmetries not only shape the
final agreement, but also affect the feasibility and perceived fairness of any
cooperative solution.

Moreover, certain entitlements are not negotiable at all. Under German
law, for instance, even if a testator excludes their spouse or children from the

will, they are still entitled to claim a compulsory share of the inheritance in

4See §§ 1924-1931 BGB (Bundesministerium der Justiz, 2025). Closer relatives exclude
more distant ones; children inherit before grandchildren, and spouses receive a fixed
share in addition to relatives. In the absence of a testament, the estate is usually divided
in monetary terms among the heirs.

1.0
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monetary terms.® These legal fallback rights constitute a legally guaranteed
form of bargaining power and illustrate how formal legal structures can create
or reinforce asymmetries within bargaining environments.

The examples above illustrate that bargaining power can arise from diverse

and often asymmetric conditions. These considerations raise a broader question:

how do different bargaining procedures account for such asymmetries, and are
their results neutral with respect to power imbalances? This thesis addresses
this theme by formulating three central research questions, each corresponding
to one of the main chapters. These questions investigate how asymmetry
enters a bargaining problem, how its effects depend on the structure of the
feasible set, and how we can formally characterize the intensity of the resulting
conflict. The analysis focuses on three axiomatic bargaining solutions, the
Nash solution, the Kalai-Smorodinsky solution, and, in a later chapter, the
Perles—Maschler solution, each offering a different theoretical perspective on

these questions. This leads to the first of three central research questions:

What are the consequences of introducing asymmetry into a bar-
gaining problem, and how do different solution concepts respond to
it?

In Chapter 2, we investigate two principal modeling approaches for asymmetry:
one based on weighted bargaining solutions and the other based on shifting the
disagreement point. While both methods are widely used in the literature, they
produce markedly different outcomes. Our analysis compares these approaches
systematically, revealing how the choice of modeling technique can distort the
negotiated solution and how this distortion affects the disadvantaged player in
particular.

Building on this analysis, the next natural question concerns the underlying
structure of the bargaining problem itself. While most axiomatic bargaining

solutions are defined on convex and compact sets, their behavior may differ

significantly depending on the specific shape and curvature of the feasible set.

See § 1931 BGB (Bundesministerium der Justiz, 2025) on the statutory inheritance
share of the spouse, and §§ 2303 ff. BGB (Bundesministerium der Justiz, 2025) on the
compulsory portion law.
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Even within the class of convex domains, the form of the Pareto frontier can
vary substantially, and such differences may affect the negotiated outcome,

particularly in highly asymmetric settings.

Does the distortion caused by asymmetry become more severe de-

pending on the specific shape of the bargaining set?

Chapter 3 addresses this second research question by systematically varying
the shape of the feasible set while keeping the degree of asymmetry constant.
We analyze how different solutions respond to changes in the set’s shape and
investigate under which conditions these solutions exhibit stronger or weaker
bias in favor of the more powerful player. The results show that the shape of
the set matters: the way asymmetry is modeled interacts with it in subtle but
important ways, and the same environment can yield very different outcomes.

While Chapter 3 explores how the shape of the bargaining set affects
outcomes under asymmetry, it also raises a deeper interpretative question: can
the Pareto frontier itself tell us something about the nature of the bargaining
problem? In particular, are there characteristics of the frontier that help us
distinguish between scenarios where bargaining is genuinely contested and

those where outcomes are essentially uncontentious?

Can the Pareto frontier be used to identify whether a bargaining

scenario is contested or characterized by non-overlapping interests?

Chapter 4 addresses this third research question by developing a formal mea-
sure that captures the extent to which a bargaining scenario is contested, based
solely on the structure of the feasible set and the form of the Pareto fron-
tier. Rather than focusing on bargaining power asymmetries or disagreement
points, the analysis investigates how the distribution of interests across the
set determines the intensity of the bargaining conflict. The results reveal that
some problems involve areas where interests directly conflict, while others
exhibit more separable preferences, reducing the scope for disagreement. This
approach provides a new perspective on the internal structure of bargaining

problems, beyond what standard axiomatic solutions can capture.
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While this thesis focuses on bargaining power in settings where the rules
and structure of negotiation are clearly defined, such as cooperative bargaining
problems, it is important to distinguish this concept from market power. Al-
though both relate to the distribution of surplus, they originate from different
sources and follow different logics. Bargaining power emerges from the dy-
namics of the negotiation process itself, such as disagreement options, timing,
or commitment ability, whereas market power typically arises from a firm’s
position in a competitive environment.

Several studies have emphasized this distinction. Dukes et al. (2006) show
that stronger market presence does not automatically translate into stronger
bargaining power. A retailer with broad customer access may still end up in
a weak bargaining position if the manufacturer has better outside options or
more leverage in the negotiation. This observation resonates with the analysis
in Chapter 3 of this thesis, where alternative bargaining sets can be interpreted
as fallback configurations, and switching between them can shift the outcome in
favor of one side. Similarly, the service allocation problems studied in CRC 901
follow this logic: if a match between a service provider and an OTF provider
is unfavorable, the system transitions to a more efficient pairing, effectively
implementing an adjustment based on fallback options. In a related line of
work, Iyer & Villas-Boas (2003) show that bargaining structures and protocols
within distribution channels crucially affect surplus division, even when market
positions remain unchanged. Their analysis highlights the importance of the
negotiation process itself, particularly the sequence of offers and the bilateral
nature of the agreements. This insight parallels the arguments developed in
Chapter 2, where we demonstrate how different formalizations of asymmetry,
such as weights or disagreement shifts, can substantially alter the outcome,
despite identical feasible sets.

From an empirical perspective, Draganska et al. (2010) provide a framework
to estimate bargaining power in manufacturer—retailer relationships based
on observed pricing behavior, independent of market share. Such empirical
models support the argument that bargaining power is a separate dimension
of strategic interaction. Additional empirical and structural studies, such as
Grennan (2013) in the context of medical devices and Chiang et al. (2003)

1.0
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on multichannel coordination, reinforce the view that bargaining power is
shaped by both observable and unobservable factors and cannot be inferred
from market characteristics alone.

Taken together, these contributions make clear that bargaining power and
market power are conceptually distinct. Bargaining power depends on the
structure of the negotiation itself: on who has alternatives, timing advantages,
or influence over the process, and cannot be inferred from market shares
or concentration alone. Understanding these dynamics requires dedicated
modeling tools. The remainder of this thesis develops and applies such tools
within the framework of cooperative bargaining theory.

The next section introduces the main concepts of cooperative bargaining
theory. It outlines the key axioms behind well-known solution concepts and
discusses how the literature has approached questions of fairness, efficiency,

and asymmetry in bargaining problems.

1.1 Game theoretic background

Game theory provides two main perspectives for analyzing bargaining situa-
tions: the cooperative and the non-cooperative approach. While both aim to
model strategic interaction between agents, they differ fundamentally in their
modeling assumptions and conceptual focus. The non-cooperative approach
describes the bargaining process explicitly as a strategic game in extensive or
normal form. It focuses on how rational players behave under specific rules,
such as who moves when, what information they have, or what actions are
available. The seminal work of Rubinstein (1982) falls into this category: he
models bargaining as an alternating-offers game with discounting, where the
equilibrium outcome depends on the players’ patience and strategic positioning.
The outcome emerges as a fixed point of recursive strategic anticipation, reflect-
ing a dynamic and procedural notion of bargaining power akin to backwards
induction.

In contrast, the cooperative approach abstracts from the detailed negotiation
process. It assumes that players can agree on any feasible outcome and focuses

on the set of possible agreements, typically represented as a convex, compact
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subset of utility pairs. This approach uses axiomatic reasoning to define what
a “reasonable” solution to a bargaining problem should look like, based on
normative principles such as Pareto efficiency, symmetry, or invariance to affine
transformations. Instead of modeling the sequential dynamics of negotiation,
it selects outcomes that satisfy fairness or consistency principles, under the
assumption that rational players could enforce such an agreement if they chose
to. In this sense, cooperative solutions are best understood as benchmarks,
idealized but insightful representations of how surplus might be divided under
certain normative assumptions.

This thesis adopts the cooperative perspective for two main reasons. First,
it makes it possible to examine how different bargaining solutions respond
to asymmetries, based on clearly defined normative criteria such as fairness,
efficiency, or invariance. Second, it offers a structured framework to compare
solution concepts by their axioms and functional properties. This makes
the cooperative approach a suitable foundation for the research questions
addressed in this thesis. In addressing these questions, this thesis focuses on
three central axiomatic bargaining solutions: the Nash bargaining solution, the
Kalai-Smorodinsky solution, and the Perles-Maschler solution. These concepts
are chosen because they offer distinct yet structurally comparable perspectives
on fairness and asymmetry, and because they can be meaningfully contrasted
both analytically and geometrically. Other classical solutions, such as the
egalitarian or utilitarian solution, are excluded from the core analysis due to
their lack of scale invariance or insufficient reflection of fallback positions and
bargaining power. The reasons for this selection are discussed in more detail
in Chapter 5.

A variety of solution concepts have been proposed within cooperative bar-
gaining theory to formalize what constitutes a reasonable agreement between
players. Among these, three solutions stand out and form the theoretical
foundation of this thesis: the Nash bargaining solution (Nash, 1950), the Kalai-
Smorodinsky solution (Kalai & Smorodinsky, 1975), and the Perles-Maschler
solution (Perles & Maschler, 1981). Each solution rests on a distinct set of
axioms that express normative principles such as fairness, efficiency, and sym-

metry. They differ in how they balance these principles when they come into

1.1
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conflict, for instance, between equal treatment and the strategic relevance of
fallback positions, and thus offer complementary perspectives on what makes a
bargaining outcome acceptable. Their development reflects broader theoretical
concerns of the time. Nash’s approach aimed to capture rational compromise
through functional axioms. Kalai and Smorodinsky responded with a stronger
emphasis on proportional fairness®, replacing the independence of irrelevant
alternatives with a monotonicity condition. The Perles-Maschler solution, in
turn, emerged from a more geometric and demand-oriented reasoning, with
roots in linear optimization and duality theory”. It was formally introduced in
Perles & Maschler (1981) as a variant of the Nash bargaining problem. While
the Perles—Maschler solution was developed independently in the context of
two-person bargaining, it resonates with broader fairness principles discussed
in earlier cooperative game theory, including claims-based and dominance-
oriented concepts (Aumann & Maschler, 1961; Maschler, 1992). These earlier
contributions laid the groundwork for solution concepts that give particular
weight to what each player demands and how strong their position is in the
negotiation. This perspective anticipated the formal structure later used in
the superadditive solution developed by Perles and Maschler.

The Nash bargaining solution is widely regarded as a foundational concept
in cooperative bargaining theory. It selects the unique outcome that maximizes
the product of the players’ utility gains over the disagreement point. Formally,
it is characterized by four axioms: Pareto efficiency, symmetry, invariance to
affine transformations, and the independence of irrelevant alternatives (IIA).
Nash’s (1950) formulation showed that a combination of relatively simple ax-
ioms suffices to single out a specific solution in cooperative bargaining settings.
The ITA axiom has been the subject of considerable criticism. It requires

that the solution remains unchanged when unchosen but feasible alternatives

SProportional fairness refers to the idea that each player should receive a share of the
surplus that reflects the proportion of their maximum feasible gain, relative to the
disagreement point. In the Kalai-Smorodinsky solution, this implies that the players’
utility gains maintain the same ratio as their ideal points.

"Duality in linear programming refers to the correspondence between a “primal” opti-
mization problem and its associated “dual” problem. In the context of bargaining,
duality-based methods are used to characterize optimal responses to constraints and to
formalize notions of balance or equilibrium between competing claims.
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are added or removed. Although logically consistent, this condition has been
viewed as problematic in applied contexts, particularly in situations where
the availability of alternatives influences the decision context. Early doubts
were raised by Luce & Raiffa (2012) in the decision-theoretic literature, who
questioned whether rational behavior in actual choice settings could plausibly
satisfy ITA. Further theoretical analysis by Roth et al. (1977) demonstrated
that dispensing with ITA does not necessarily lead to inconsistency, but instead
allows for the construction of alternative solution concepts with meaningful
structure. Empirical studies have reinforced these concerns. Tversky (1972)
showed that in individual choice problems, preferences can shift depending
on the presence of additional options that should, by the ITA criterion, have
no impact on the outcome. In bargaining experiments, Nydegger & Owen
(1974) observed that participants frequently opted for equal splits, even when
the formal conditions of the Nash solution pointed elsewhere. These findings
suggest that the ITA axiom may misrepresent actual negotiation behavior, and
they contributed to the emergence of alternative formulations.

The Kalai-Smorodinsky solution (Kalai & Smorodinsky, 1975) retains all of
Nash’s axioms except for ITA, which it replaces with a monotonicity condition®.
This axiom requires that if one player’s feasible utility improves, without any
loss to the other, then the improving player should not end up worse off in
the final agreement. The solution selects the point on the Pareto frontier
where each player’s utility gain corresponds proportionally to their maximal
attainable utility. In other words, the relative share of each player’s ideal gain is
preserved. This reflects a concept of proportional fairness which places greater
emphasis on fairness in relative terms than the Nash solution. Kalai and
Smorodinsky presented their solution explicitly as a response to Nash, arguing
that monotonicity avoids some of the counterintuitive implications of ITA. In

doing so, they shifted the focus from consistency across irrelevant alternatives

8Monotonicity in this context refers to the idea that if one player’s feasible utility improves
while the other’s remains unchanged, the solution should not shift to the disadvantage of
the improving player. This property ensures that expansions of the feasible set benefit
the relevant player, unlike the ITA axiom, which disregards such “context-sensitive”
adjustments. See Kalai & Smorodinsky (1975) for the original formulation and Moulin
(2004) for a more recent discussion of this principle.
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to fairness in how the solution reacts to feasible improvements. This emphasis
on proportional fairness has been supported by later contributions, including
Thomson (1987) and Moulin (1991), who highlight its intuitive appeal in
settings with unequal maximum gains.

The Perles-Maschler solution (Perles & Maschler, 1981) presents a conceptu-
ally distinct approach within cooperative bargaining theory. While less widely
known than the Nash and Kalai-Smorodinsky solutions, it addresses similar
fairness concerns from a different angle. Rather than focusing on abstract sym-
metry or proportionality, this solution emphasizes the structure of the feasible
set and the players’ relative bargaining claims. It is particularly sensitive to
how each party’s demand interacts with the geometry of the Pareto frontier,
reflecting the idea that the players’ claims depend not only on abstract fairness
norms but also on their relative position within the feasible set. The solution
is particularly suited to settings where the feasible set is curved or asymmetric,
as it reveals how fairness considerations interact with the underlying geometry
of the problem. It lies between egalitarian and utilitarian ideals: it neither
enforces strict equality of utility gains nor seeks to maximize total surplus.
Instead, it balances fairness and structural considerations by accounting for
both players’ positions and the shape of the feasible set (Perles & Maschler,
1981).

From a technical point of view, the Perles-Maschler solution can be illustrated
through a geometric analogy that is especially intuitive in the case of a
normalized bargaining problem, where the disagreement point is at the origin
and the ideal points are at (1,0) and (0,1). Imagine two donkey carts starting
simultaneously at these endpoints of the Pareto frontier. Each cart moves along
the curve toward the other, but the local curvature of the frontier affects how
quickly each side progresses: flatter sections are traversed more rapidly, while
more curved regions slow the movement. The point at which the two carts
meet determines the solution. This construction reflects how the geometry of
the feasible set, its curvature and asymmetry, shapes the negotiated outcome,
without relying solely on criteria such as symmetry or proportionality. From
a formal perspective, the Perles-Maschler solution can be described as the

outcome of a linear optimization problem (Perles & Maschler, 1981). Each
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player formulates a demand that reflects what they believe to be a fair share,
subject to the constraint that both demands must still lie within the feasible
set. The solution identifies the point where these opposing demands are
just balanced: neither player can insist on more without violating feasibility.
This idea has been illustrated in applied work such as Haake (2009), where
players’ evaluations of feasible allocations can be interpreted as structured
demands, constrained by the geometry of the problem. The idea of balancing
opposing claims under feasibility constraints builds on earlier notions of claims-
based fairness. It was Perles and Maschler (1981) who first formalized this
principle in a superadditive variant of the Nash problem, using tools from linear
programming and duality theory. The solution has also been recognized for
its normative plausibility and implementation potential: Rosenmiiller (2004)
highlights its conceptual robustness, while Gul & Pesendorfer (2020) show that
it can arise as an equilibrium outcome in a collective choice market, thereby
linking fairness and market-based allocation mechanisms.

Many classical bargaining solutions are built on a symmetry assumption:
both players are treated as equals in terms of entitlement, strategic position,
and fallback options. Yet real-world bargaining situations often involve asym-
metries, whether due to differences in legal standing, negotiation leverage, or
differences in market power. To address such contexts, asymmetric extensions
of standard solutions have been developed. A well-known example is the
weighted Nash bargaining solution, which incorporates exogenous weights
into the Nash product to reflect differences in bargaining power, priority, or
entitlement (Harsanyi, 1986). This approach was first motivated in the con-
text of uncertainty about utility functions (Harsanyi, 1962), but later gained
broader relevance as a tool for reflecting distributive asymmetries. In contrast
to the symmetric case, the weighted solution no longer treats both players
equally, but adjusts the outcome in line with the specified weights, and thus
reflects predefined distributional priorities in the bargaining result. Another
modeling approach shifts the disagreement point itself to reflect disparities in
fallback options or outside threats. Such shifts can represent legal advantages,
institutional guarantees, or market-based outside options available to only

one party. Both approaches maintain the essential structure of the original

1.1

13



Game theoretic background

problem while allowing for richer distributional analysis.

Dubra (2001) provides a unified framework for analyzing these asymmetric
extensions. He shows how various solution concepts, especially the Kalai-
Smorodinsky solution, can be generalized via weighting schemes or trans-
formed disagreement points, while preserving desirable axiomatic properties
such as Pareto efficiency or monotonicity. These modifications offer tools
for examining distributive questions in settings where symmetry is neither
empirically realistic nor justified. At the same time, some bargaining solutions
are less straightforward to adapt. The Perles-Maschler solution, for example, is
based on a geometric construction that closely follows the shape of the Pareto
frontier. While its intuition, such as the donkey cart analogy, suggests ways
of incorporating asymmetry (e.g., by allowing the carts to move at different
speeds), a generally accepted asymmetric variant has not yet been formulated.
A formal asymmetric extension has been proposed by Ervig & Haake (2005),
who adapt the original construction by introducing asymmetric bargaining
weights. However, this approach has not yet received broader axiomatic justi-
fication. The possibility of such an extension is revisited in the outlook of this
thesis (see Chapter 5).

Not all classical bargaining solutions are suitable for the type of analysis
pursued in this thesis. The egalitarian solution, originally motivated by
Harsanyi’s (1953) fairness criterion of equal utility gains, equalizes the players’
improvements relative to the disagreement point. It has an intuitive appeal
due to its focus on equal treatment and distributive fairness. However, as
noted by Kalai (1977), it is not scale-covariant: outcomes may change under
affine transformations of utility, making comparisons across preference systems
problematic. It also ignores differences in fallback positions or entitlements
(Kalai, 1977), treating all players as if their claims were interchangeable.
The wutilitarian solution, in contrast, maximizes the sum of utilities. It is
invariant under affine transformations and clearly efficient, but it neglects
distributional fairness. Small utility gains for one player can be outweighed
by large gains for the other, regardless of initial positions or constraints. As
noted by d’Aspremont & Gevers (1977), this can lead to highly asymmetric

outcomes even in fairly symmetric problems. Both solutions fail to reflect
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bargaining power or strategic structure, and are thus excluded from the core
analysis in this thesis.

An alternative approach to solving bargaining problems focuses not just
on identifying fair outcomes through axioms, but on designing procedures
that actively lead participants toward fair and efficient agreements. Instead of
defining fairness solely through formal properties of utility allocations, these
procedural methods define concrete steps by which agreements can be reached.
They place importance not only on the properties of the final allocation, but also
on the perceived fairness of the process itself. These procedural perspectives
differ in orientation from purely axiomatic solutions like the Nash or Perles-
Maschler solutions, which define fairness through mathematical principles in the
utility space. However, they can align closely with outcome-oriented concepts
such as the Kalai-Smorodinsky solution, especially in structured environments
with divisible goods. In such settings, algorithms like the Adjusted Winner
procedure can approximate or even reproduce axiomatic solutions, thus offering
a practical bridge between theory and application. A prominent example
of this procedural approach is the aforementioned Adjusted Winner (AW)
procedure developed by Brams & Taylor (1996). Designed for two-player
disputes involving multiple items or issues, AW guarantees envy-freeness,
equitability, and Pareto efficiency under certain assumptions. In environments
with linear utilities and perfectly divisible items, its outcome coincides with
the Kalai-Smorodinsky solution. This connection highlights that AW can
be interpreted as a procedural implementation of the Kalai-Smorodinsky
solution, translating axiomatic fairness principles into a transparent negotiation
process. Each party assigns points to the issues, and an algorithm adjusts the
allocation until these fairness criteria are met. The method has gained practical
relevance in contexts ranging from divorce settlements to international conflict
resolution.? Its transparency and procedural clarity are often cited as factors
that enhance the legitimacy and acceptance of the outcome, especially when

trust in the theoretical fairness axioms is limited. Building on the same logic,

9For instance, the AW method has been used to resolve divorce settlements involving the
division of property and personal items (see illustrations in Brams & Taylor (1996)).
In the context of international conflict, the method has been proposed for resolving
disputes such as the Israeli-Palestinian territorial conflict (see Massoud (2000)).
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John & Raith (1999) and Raith (2000) introduced the issue-option framework,
which represents bargaining problems as collections of issues with discrete
options. This structure allows for the algorithmic implementation of fairness
principles, particularly in complex multi-issue negotiations. Rather than relying
solely on properties of utility functions, it emphasizes the decomposability
of negotiation contents. Issues can be weighted, compared, and allocated in
structured rounds, facilitating both fairness and transparency.

Importantly, these procedural frameworks can be linked back to axiomatic
bargaining theory. For example, John & Raith (1999) demonstrate how specific
axioms, such as efficiency and equal treatment, can be translated into concrete
negotiation rules. In this sense, the procedures do not reject the principles
of classical bargaining theory. Instead, they provide a method to implement
or validate such principles in practice. Schneider & Kramer (2004) further
highlight that fair outcomes are often perceived not just through mathematical
elegance, but through the visible and comprehensible structure of the process
itself. This notion of procedural legitimacy, how a solution is reached, can be
just as important for acceptance as the outcome’s normative properties. Haake
& Su (2005) advance this perspective by showing how procedural and ax-
iomatic reasoning can reinforce each other. Their work combines the Adjusted
Winner algorithm with game-theoretic incentive considerations, identifying
conditions under which fair outcomes are both attainable and strategically
stable. By linking mechanism design to classic fairness principles, they build a
bridge between strategic implementation and normative justification. In their
conceptual orientation, these procedural approaches differ from bargaining
solutions as the Nash, Kalai-Smorodinsky, or Perles-Maschler solution by
emphasizing procedural implementation and clearly defined fairness criteria.
However, they are not in conflict with classical models. On the contrary,
they can complement them usefully: procedural methods, such as AW or
the issue-option framework, can help implement the outcomes of axiomatic
solutions, test their plausibility in applied settings, or improve their acceptance
among negotiating parties. In this way, they help bridge the gap between
theoretical fairness and practical negotiation and offer additional tools for

analyzing and implementing bargaining solutions in applied contexts.
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Taken together, these classical and more recent bargaining solutions provide
a rich conceptual toolbox for analyzing fairness, asymmetry, and structure
in cooperative bargaining. This theoretical foundation enables a systematic
investigation of how different modeling choices affect bargaining outcomes
under asymmetric conditions, and how the resulting variation can be traced

back to the formal properties of each solution concept.

1.2 lllustrative numerical examples

To complement the theoretical discussion in Section 1.1, this section presents
a set of numerical examples that make the differences between bargaining
solutions more transparent. These examples serve two purposes: they illustrate
how even minimal changes in fallback positions or bargaining power can

influence outcomes, and they offer a first comparative perspective on solution

concepts such as the Nash, Kalai-Smorodinsky, and Perles—Maschler solutions.

For reference and contrast, the egalitarian and utilitarian solutions are also
included. The settings are deliberately stylized to highlight specific effects,
such as curvature, asymmetry, or shifts in the disagreement point, that affect
the resulting allocations. While not intended to reflect empirical bargaining
problems, they help isolate structural mechanisms that play a central role in
later chapters.

Figure 1.1 provides an overview of four such examples. The top row shows
symmetric cases: on the left, a linear Pareto frontier with a kink at (0.75,0.75);
on the right, a smooth curved frontier defined by the function y = 1 — 23. The
bottom row uses the same piecewise linear setting to explore the effects of
introducing weighted bargaining power (left, with player 1 having a relative
weight of & = 2/3) and a shifted disagreement point (right, shifting the
disagreement point in favor of player 1). These comparisons help to clarify how
the various solutions respond to changes in fallback positions or asymmetries,
even in highly stylized environments.

To complement these visual comparisons and to provide a systematic
overview of the underlying computation steps, Table 1.1 summarizes the

general procedures for determining each bargaining solution in symmetric and
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Figure 1.1: Visual comparison of five bargaining solutions across four settings.
Top row: symmetric cases with linear (left) and curved (right)
Pareto frontiers. Bottom row: weighted bargaining power (left)
and shifted disagreement point (right) in the linear setting.

asymmetric settings. In all but the bottom right example, the disagreement
point is fixed at the origin, simplifying the feasible set and ensuring direct
comparability of fallback positions. Only in the bottom right example is the
disagreement point shifted, which fundamentally alters the feasible set and
requires recalculating all solutions relative to this new fallback structure.
Across all examples, a clear pattern emerges: in the first (top left) case,
where the kink and the overall symmetry of the Pareto frontier were chosen to
ensure full alignment, all solutions coincide at (0.75,0.75) and no deviation

can be observed. In the curved environment of the second (top right) scenario,
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the Pareto frontier.

Solution Symmetric setting | Asymmetric setting
(equal weights) (weights o and 1—«)
Nash Maximize the product | Maximize the
(x —d,)(y — d,) along | weighted product

(x — de)*(y — dy)l_a-

Kalai-Smorodinsky

Find the point on the
Pareto frontier that
equalizes the relative

shares:
mfdx . y_dy
xmax_dm - ymax_dy .

Use weighted relative

shares:
x—dy _ l1—a y—dy
gpmax 7dz’ - o ymaxidy .

d;)+(y—d,) along the
Pareto frontier.

Egalitarian Find the point on the | Use weighted gains:
Pareto frontier where | a(x—d,) = (1—a)(y—
T —d, =y —d,. dy).

Utilitarian Maximize the sum (r— | Use the weighted sum:

a(r—d.)+(1-a)ly—
d,).

Perles-Maschler

Find the point where
the “donkey carts”
meet (calculate the
arc lengths along the
frontier from each
endpoint and find the
point where the arc
length is cut in half):
L(0,z*) = L(z*,1).

The “donkey cart” of
player A travels a of
the total arc length,
the “donkey cart” of
player B (1 — «) of the
total arc length.

Table 1.1: General computation for the five solutions in symmetric and asym-
metric two-player bargaining problems

differences between the solutions emerge purely due to this curvature. While
the egalitarian and Kalai-Smorodinsky solutions remain close and relatively
proportional, the utilitarian solution shifts further upwards to maximize the
total sum of payoffs. The Perles-Maschler solution, in contrast, is not primarily
driven by the overall payoff sum or strict proportionality. Instead, it can be
interpreted as the geometric midpoint between the endpoints of the curved
Pareto frontier, which in this particular example results in a location slightly

to the left of the Kalai-Smorodinsky and egalitarian solutions. Finally, the

19



[llustrative numerical examples

Nash solution balances these considerations in a different way: it maximizes
the product of gains relative to the disagreement point, leading it to settle
at a compromise location that is typically closer to the center of the feasible
region and that reflects both the fallback positions and the potential gains of
the players.

The bottom left example highlights how explicit weighting of the players’
bargaining power affects the various solution concepts. In this setting, the
Kalai-Smorodinsky and egalitarian solutions move rapidly away from the
symmetric point (0.75,0.75), directly reflecting the new weighting scheme in
the proportional fairness conditions they satisfy. In contrast, the Nash and
utilitarian solutions remain at (0.75,0.75) in this particular example. For the
Nash solution, this apparent rigidity arises because of its IIA property: as
long as the feasible set includes the same fallback structure and the kink point
(0.75,0.75) still satisfies product maximization under the new weighting, the
Nash solution does not move. For the utilitarian solution, the explanation
is different: it depends on finding the point on the Pareto frontier that is
tangent to an isoquant of the form ax + (1 — o)y = ¢. Because the kink at
(0.75,0.75) is particularly attractive in this linear setting (it touches an entire
family of such isoquants simultaneously, essentially stabilizing the utlitarian
solution at this point), the utilitarian solution remains there until the weighting
becomes strong enough to move the solution to another part of the Pareto
frontier.’® These observations highlight that the unchanged location of the
Nash and utilitarian solutions is not a universal feature of these solution
concepts. Rather, it depends on the specific shape of the Pareto frontier
and the interplay of fallback positions and the structure of possible payoff
allocations in this example. The Perles-Maschler solution in this scenario also
moves away from (0.75,0.75), but in a distinctive way. It can be interpreted
as one possible generalization to incorporate asymmetry: assigning donkey
carts to travel o and (1 — «) of the total arc length of the Pareto frontier,

respectively. This approach maintains the intuitive midpoint character of the

10This observation also matches with the general pattern that the relative utilitarian
bargaining solution typically lies between the Kalai-Smorodinsky and the Nash solution,
as discussed in Chapter 2. In this particular example, the relative utilitarian solution
coincides with the Nash solution, further emphasizing this intermediate character.
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Perles-Maschler solution along the frontier, while adjusting to the explicit
weighting scheme. The term arc length'' emphasizes that the Perles—Maschler
solution reacts directly to changes in the shape of the Pareto frontier, unlike
the Nash and utilitarian solutions, which remain focused on product or sum
maximization and do not respond to small geometric changes in the frontier
as long as the relevant fallback structure remains intact.

The bottom right example introduces a shifted disagreement point, which
changes the feasible set itself and thus influences all solution concepts. The
Kalai-Smorodinsky solution continues to equalize relative shares, now recal-
culated from the new disagreement point to the (new) utopia point. This
ensures that it remains directly tied to proportional fairness. In contrast,
the egalitarian solution in this setting no longer coincides with the Kalai-
Smorodinsky solution: it requires equal absolute gains measured from the
new disagreement point, which typically leads to a different location when
the fallback positions are not symmetric. The Nash solution again centers
on maximizing the product of gains relative to the new fallback positions,
resulting in a compromise that reflects both the disagreement point and the
shape of the frontier. The utilitarian solution, interestingly, remains at the
kink point (0.75,0.75). This stability arises because the kink continues to
maximize the weighted sum of payoffs. Under the new fallback positions, the
isoquant az + (1 — o)y = ¢ remains tangent at this point for the symmetric
weighting (o = 1/2) used here. Finally, the Perles-Maschler solution adjusts
in a geometric way to the new fallback position, maintaining its interpretation
as a midpoint along the total arc-length of the Pareto frontier, as before. This
highlights that the Perles-Maschler solution responds directly to changes in
the fallback structure and the shape of the feasible frontier, offering a distinct
compromise that is neither purely focused on relative shares nor driven by
overall payoff maximization.

To summarize these numerical insights and to provide a compact overview

of the key results, Table 1.2 lists the exact numerical outcomes for the five

1The term is not used in Perles & Maschler (1981), but they refer to the lengths of boundary
segments of polygonal feasible sets, which constitute the efficient frontier in their setting.
This supports a geometric interpretation based on arc length. A modern surface-based
variant with similar sensitivity properties is presented in Rosenmiiller (2021).

1.2

21



[llustrative numerical examples

solutions in the four scenarios.

Solution Top Left Top Right Bottom Left | Bottom Right
Nash (0.75, 0.75) (0.63, 0.75) (0.75, 0.75) (0.7778, 0.6667)
Kalai-Smo. | (0.75, 0.75) | (0.6823, 0.6823) | (0.8571, 0.4286) (0.8, 0.6)
Egalitarian | (0.75, 0.75) | (0.6823, 0.6823) | (0.8571, 0.4286) (0.8333, 0.5)
Utilitarian | (0.75, 0.75) | (0.5774, 0.8075) (0.75, 0.75) (0.75, 0.75)
Perles-Ma. | (0.75, 0.75) | (0.6714, 0.6973) (0.8333, 0.5) (0.8056, 0.5832)

Table 1.2: Solution points in the four example settings

Each solution concept reacts in its own way to variations in fallback positions
and to the introduction of asymmetry. While the Kalai-Smorodinsky and
egalitarian solutions directly translate changes in fallback positions into pro-
portional or absolute fairness notions, the Nash and utilitarian solutions often
remain focused on product or sum maximization and respond only to more
substantial changes in the shape of the Pareto frontier. The Perles-Maschler
solution, with its geometric midpoint character, adjusts in a way that combines
fairness considerations with the overall structure of the feasible frontier. These
examples highlight an important insight: no single bargaining solution can
simultaneously satisfy all fairness or efficiency goals in two-player bargaining.
Rather, the choice of solution determines how differences in disagreement
points and variations in fallback positions are translated into final bargaining
outcomes. As discussed by Kalai (1977) and Moulin (1991), proportional
fairness and compromise principles such as the independence of irrelevant
alternatives (as embodied in the Nash solution) are generally incompatible,
reflecting a fundamental trade-off between fairness and disagreement-based
compromise. The examples here also show how even small changes in fallback
positions or in the curvature of the feasible frontier can have significant effects
on the final bargaining outcome, depending on the solution concept that is
applied. These numerical examples already demonstrate how distortion can
emerge and vary systematically across solution concepts, laying the foundation
for the more formal distortion analyses that follow in Chapters 2 and 3. While
they do not address contestedness directly, they help illustrate how asymmetry
shapes the bargaining outcome, a topic that connects to the broader structural

analysis in Chapter 4.
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1.3 Contribution

Building on the conceptual and illustrative discussion in Sections 1.1 and 1.2,
this thesis addresses open questions in the study of cooperative bargaining
solutions under asymmetry. While classical solutions, such as the Nash and
Kalai-Smorodinsky solutions, are well-understood in symmetric settings, their
properties in asymmetric situations, especially when disagreement points or
bargaining powers differ, have not been fully resolved. In addition, the influence
of the shape and structure of the bargaining set on these solutions has received
limited attention. The thesis examines these aspects in a structured way and
contributes to a better understanding of how asymmetry and the form of the
bargaining set affect cooperative bargaining solutions. It consists of three
papers, each focusing on one particular aspect.

The first contribution of this thesis is to examine how different formalizations
of bargaining power influence cooperative bargaining solutions. In Chapter 2,
two established approaches are compared: modeling bargaining power by
assigning explicit weights to the players or by shifting the disagreement point
within the feasible set. Both methods capture the idea that one party may
have a stronger position, but they lead to different outcomes. The analysis
focuses on the Nash and Kalai-Smorodinsky solutions and investigates how
these two ways of representing asymmetry affect the allocation of payoffs.
In particular, for the Kalai-Smorodinsky solution, a sufficiently weak player
prefers introducing bargaining power by shifting the disagreement point, while
for the Nash solution, this player instead prefers the weighted version of
the solution, where bargaining power is directly expressed through weights.
Furthermore, a direct comparison of the two weighted solutions shows that
the weaker player always favors the weighted Nash solution over the weighted
Kalai-Smorodinsky solution. These results highlight that there is no neutral
way to account for asymmetric bargaining power in cooperative bargaining
models. Depending on how bargaining power is incorporated, different players
are systematically favored. This finding is relevant for practical applications,
such as platform-mediated bargaining or automated negotiation procedures,

where the designer must choose a solution concept and a way to incorporate
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bargaining power. The results provide clear guidance on which players benefit
from each modeling approach and thus contribute to a deeper understanding
of the role of bargaining power in cooperative bargaining theory.

The second contribution builds on the analysis of bargaining power in Chap-
ter 2 by focusing on how the form of the bargaining set itself influences the
outcomes. Chapter 3 studies how the curvature of the Pareto frontier interacts
with asymmetry in bargaining power. The analysis compares outcomes across
different bargaining sets that differ only in their shape, while the degree of
bargaining power asymmetry remains constant. The main finding is that the
shape of the bargaining set can significantly amplify the distortion between
different solution approaches, especially in highly asymmetric situations. In
particular, for the asymmetric Nash solution and when comparing two differ-
ently shaped bargaining sets, a more curved Pareto frontier systematically
increases the distortion relative to the asymmetric Kalai-Smorodinsky solution.
This means that the curvature of the bargaining set itself has substantial
effects on the extent to which the solutions differ in their outcomes. However,
the extent of this effect is not consistently observed for all solution concepts
or for all ways of introducing bargaining power. Depending on the exact
bargaining problem and the type of asymmetry, the influence of the bargain-
ing set’s curvature can differ. The chapter also establishes that when two
bargaining sets are nested, the number of indifference points, where players
are indifferent between the sets, is always odd. These insights highlight that
not only the method of incorporating bargaining power, but also the structure
of the bargaining environment itself can systematically favor one side. This
is particularly relevant for social planners or platform designers who have
to choose or shape the environment in which negotiations take place. The
results thus extend the understanding of how structural features of bargaining
problems shape outcomes under asymmetric conditions.

The third contribution of this thesis is to introduce and characterize a
formal measure for the contestedness of a two-person bargaining problem.
In Chapter 4, contestedness is defined as a measure that quantifies how
severe the conflict is between the players, based solely on the structure of

the feasible set and the shape of the Pareto frontier. This measure addresses
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the research question raised in the introduction of how one can formally

capture the competitiveness or conflict intensity in a bargaining situation.

Unlike traditional bargaining solutions that focus on the allocation of surplus,

contestedness captures how overlapping or divergent the players’ preferences

are, offering a complementary perspective on the bargaining environment.

The measure is derived axiomatically: a set of natural axioms is identified,
and it is shown that there exists a unique mapping satisfying them. This
mapping corresponds to a normalized version of the standard traveling time
from the Perles-Maschler solution and describes structural aspects of the
bargaining problem itself, independent of the particular bargaining solution
used. The chapter also explores the practical relevance of contestedness, for
instance in political decision-making processes where it can quantify how much
voters’ and parties’ preferences align. By providing a formal tool to assess
the intensity of conflict in bargaining problems, this contribution extends the
conceptual framework of cooperative bargaining theory beyond calculating
payoff allocations. It highlights that the nature of the bargaining problem
itself, apart from the chosen solution, can be systematically analyzed and
compared, offering valuable insights for social planners and other stakeholders
(economists or politicians, e.g.) involved in cooperative negotiations.
Altogether, these three contributions provide a deeper understanding of
how asymmetry and structural properties of bargaining problems shape the
behavior of classical solution concepts. They show that even small changes in
how bargaining power is incorporated and how the feasible set is structured can
lead to systematic differences in the resulting allocations. This offers important
theoretical insights and helps to identify critical aspects that may be relevant in
practical applications. To conclude, Chapter 5 offers a short outlook, outlining
key open questions, limitations, and future research directions that arise from

the contributions of Chapters 2 to 4.
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CHAPTER

Outlook

his final chapter outlines several open questions and possible direc-

tions for further research that naturally arise from the analysis in

Chapters 2 to 4. While the preceding chapters focused on two-player
bargaining problems and on a systematic investigation of how asymmetry inter-
acts with different solution concepts, the insights gained raise broader questions
about how these findings might generalize to more complex bargaining envi-
ronments and what practical implications they might have.

A natural extension is to consider bargaining problems with three or more
players. Such generalizations are not just theoretical exercises but directly
relevant in many real-world settings, from inheritance disputes involving
several heirs to platform-based marketplaces that must balance the interests
of multiple stakeholders. Extending the well-established (symmetric) Nash
and Kalai-Smorodinsky solutions to more than two players is theoretically
straightforward: for the Nash solution, the product of the players’ utility gains
relative to the disagreement point is maximized, while the Kalai-Smorodinsky
solution equalizes the relative shares of each player’s maximum attainable
payoff. These multiplayer extensions preserve the key features of the original
two-player formulations, such as Pareto efficiency, symmetry (when players are
treated equally), and invariance under positive affine transformations of utility.
However, the ITA axiom is still not fulfilled by the Kalai-Smorodinsky solution
in multidimensional settings (see Kalai (1977) and Moulin (1991)). Moreover,
both solutions can be generalized to incorporate asymmetric bargaining power
by introducing exogenous weights that directly reflect differences in the players’
bargaining strength (see Thomson (1987) and Dubra (2001)). This allows these
concepts to remain applicable even in settings where players have unequal

fallback positions or structural advantages. The Perles-Maschler solution
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cannot be directly generalized to three or more players while preserving its
original axiomatic foundation (Perles, 1982). This is because some of the
axioms, such as superadditivity, become incompatible when moving to higher
dimensions. Later work by Calvo & Gutiérrez (1994) and more recently by
Rosenmiiller (2021) have proposed modified procedures that approximate the
spirit of the Perles-Maschler solution for multiplayer bargaining, but these
methods necessarily relax some of the original axiomatic requirements.
Beyond the formal obstacles of extending two-player solutions, moving to
three or more players raises broader conceptual questions. Many axioms that
are natural and compatible in the two-player case, such as symmetry or ITA,
become increasingly difficult to maintain simultaneously in higher dimensions.
This insight is central to the work of Kalai (1977), who introduced the idea of
“partial compromise solutions” to balance fairness principles when full axiom
compatibility cannot be achieved. In such environments, no single solution
can simultaneously satisfy all fairness principles that might be desirable in
simpler two-player settings. In light of these complexities, this thesis de-
liberately focuses on the two-player case to provide a clear and consistent
framework for analyzing distortion under asymmetry. While the conceptual
logic of distortions, arising from different ways of modeling bargaining power
or from variations in the shape of the bargaining set, remains relevant in
multiplayer settings, the specific patterns and magnitude of these distortions
cannot be directly inferred from the two-player results. This is because the
introduction of additional players fundamentally alters the structure of the
feasible set and the interactions between fallback options. In particular, the
interplay of multiple fallback options can create new sources of distortion that
do not exist in “simple” two-player cases. Moreover, the intuitive notion of a
distortion curve, which is clear and well-defined in the two-dimensional setting,
no longer applies directly in higher dimensions. Instead, the distortion itself
becomes a multidimensional region, making comparisons and the measurement
of systematic biases considerably more complex. Extending these analyses to
higher dimensions would thus require a reassessment of which axiomatic prin-
ciples are essential and how distortion patterns can be meaningfully compared.

Consequently, the generalization to three or more players remains an open

5.0
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topic for future work.

Beyond the numerical examples introduced in Section 1.2, several broader
conceptual questions remain open that go beyond the systematic distortion
analyses in Chapters 2 and 3. In particular, they concern the treatment of non-
covariant solutions, the theoretical extension of the Perles-Maschler solution
to explicitly asymmetric contexts, and the influence of substitution elasticities
in the players’ value functions, especially in regard to the Nash solution.
While these aspects are not systematically investigated in this thesis, they
highlight conceptual challenges that could guide future research and deepen
our understanding of how distortion arises and interacts with preferences and
fairness ideals in bargaining scenarios.

The exclusion of non-covariant solutions in the systematic distortion analy-
sis reflects a key methodological choice. The analysis focuses exclusively on
covariant bargaining solutions, namely, the Nash, Kalai-Smorodinsky, relative
utilitarian, and Perles-Maschler solutions, because these solutions share the
crucial property of scale invariance or covariance under positive linear trans-
formations of utility functions (see e.g. Moulin (1991); Thomson (1987)). This
property ensures that observed distortions truly reflect differences in bargaining
power or fallback positions, rather than artifacts of measurement conventions
or unit rescaling. In contrast, non-covariant solutions like the utilitarian or
egalitarian bargaining solutions lack this invariance and are therefore excluded
to preserve comparability and generalizability of the distortion results.

Another conceptual consideration concerns possible ways to extend the
Perles-Maschler solution to incorporate explicit asymmetries. Conceptually,
there are two possible pathways: first, adjusting the traveling distances along
the Pareto frontier, where each player’s share of the total arc length reflects
their bargaining weight, and second, adjusting the traveling speeds at which
the players traverse the Pareto frontier according to their bargaining weights.
In this thesis, the first approach has been used in Figure 1.1, but its broader
theoretical implications have not been systematically explored. The second
possibility, involving different traveling speeds, remains even less investigated
in the cooperative bargaining literature. For both generalizations, it remains

largely unclear how they would collectively affect the broader set of desirable
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properties typically associated with the Perles-Maschler solution. While indi-
vidual axioms such as scale invariance, Pareto efficiency, individual rationality,
and superadditivity are important reference points, no systematic analysis
exists to determine which of these properties might still hold, be modified,
or require new interpretations in an asymmetric setting. As far as [ am
aware, no fully developed and widely accepted extension of the Perles-Maschler
solution along either of these lines currently exists. While Ervig & Haake
(2005) propose a promising approach to incorporating bargaining weights
into the Perles-Maschler framework, a comprehensive axiomatic analysis of
its implications for properties such as Pareto efficiency, scale invariance, or
superadditivity remains open. These questions suggest a possible direction for
future research, especially in contexts such as digital platforms, where players
may face different search costs or other forms of asymmetric frictions that
influence their relative bargaining power.

Finally, a further important aspect that remains to be systematically ex-
plored is how substitution elasticities within players’ value functions influence
the relative positions of different bargaining solutions. In cooperative bargain-
ing theory, substitution elasticity captures how willing a player is to trade
off gains in their own payoff for gains in the other player’s payoff. When the
players’ preferences are more substitutive (higher elasticity), they are more
open to moving away from strict proportional fairness; when they are more
complementary (lower elasticity), they tend to remain closer to fairness notions
like the Kalai-Smorodinsky solution. In such contexts, the placement of the
Nash solution can be seen as adjusting to these substitution preferences.!
It often lies between the relative utilitarian solution, which itself reflects a
weighted average of individual payoffs, and the Kalai-Smorodinsky solution
(cf. Thomson (1981) and Cao (1982)). As players become more willing to
substitute (higher elasticity), the Nash solution tends to move closer to the
relative utilitarian outcome. Conversely, when players treat payoffs as closer

complements (lower elasticity), the Nash solution shifts towards the Kalai-

IThis interpretation builds on standard microeconomic reasoning about marginal rates of
substitution and their role in determining the location of bargaining outcomes (see e.g.,
Binmore et al. (1986)).
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Smorodinsky solution, which more rigidly enforces proportional fairness. This
behavior highlights that what appears as a “distortion” in the Nash outcome
is not solely a geometric or structural feature of the Pareto frontier, but also
depends on the players’ preferences. In the Nash bargaining formulation, this
emerges from the way the Nash product (z — d,)(y — d,) balances players’
marginal rates of substitution along the frontier, which are shaped by these
elasticities. In practical contexts such as the aforementioned digital platforms
or labor markets, where players may have heterogeneous preferences for substi-
tutability, some prioritizing absolute payoffs, others focusing on fairness, such
differences could systematically shape how bargaining outcomes are perceived
and accepted.

These open questions and conceptual considerations complement the pre-
ceding analyses and outline directions for future research on distortion, con-

testedness, and structural features of bargaining problems.
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