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Zusammenfassung

Modellpradiktive Regelung (MPC) stellt einen Eckpfeiler der modernen Regelungstheorie
dar und erlaubt die simultane Beriicksichtigung von Nebenbedingungen sowie die multikri-
terielle Optimierung durch iterative Vorhersage und Receding-Horizon-Optimierung. In
der Praxis sehen sich MPC-Verfahren jedoch drei wesentlichen Herausforderungen kon-
frontiert: der Sicherstellung initialer und rekursiver Zuldssigkeit (d.h. der dauerhaften
Losbarkeit des zugrundeliegenden Optimierungsproblems), ihrer Robustheit gegeniiber
Modellabweichungen und unbekannten Stérungen sowie Restriktionen bei der Realisierung
als Abtastsystem.

Diese Dissertation entwickelt ein innovatives MPC-Framework fiir nichtlineare, zeitkonti-
nuierliche Systeme, die mittels funktionaler Differentialgleichungen beschrieben werden.
Ziel ist die Ausgangsfolgeregelung glatter Referenzsignale innerhalb vorgegebener Feh-
lertoleranzen zu gewéhrleisten und die genannten Herausforderungen systematisch zu
adressieren.

Im Mittelpunkt steht Funnel MPC — ein neuartiger Regelungsansatz, der auf herkomm-
liche Endbedingungen und restriktiv lange Pradiktionshorizonte verzichtet. Sein Fundament
bilden sogenannte Funnel-Penalty-Funktionen: Kostenfunktionen, die Abweichungen des
Trackingfehlers von zeitvarianten Toleranzschranken gezielt bestrafen. Angelehnt an Tech-
niken der adaptiven Funnel-Regelung garantiert dieser Ansatz sowohl initiale als auch
rekursive Zuldssigkeit und gewéhrleistet zugleich strikte Einhaltung der Soll-Regelgiite.

Darauf aufbauend wird Funnel MPC mit der modellfreien Funnel-Regelung in eine
hybride Zwei-Komponenten-Architektur verschmolzen. Diese vereint modellbasierte Opti-
mierung mit adaptiver Ausgangsriickfithrung, um die konkurrierenden Ziele Optimalitét
und Robustheit auszubalancieren. Ergebnis ist ein Regler, der die geforderte Regelgiite
selbst bei strukturellen Modellungenauigkeiten, unmodellierten Dynamiken und Stérungen
zuverléssig einhélt.

Zur Steigerung der Prédiktionsgenauigkeit integrieren wir ein datengesteuertes Lernver-
fahren, welches das Systemmodell fortlaufend basierend auf Online-Messungen adaptiert.
Diese Komponente reduziert Modell-System-Diskrepanzen kontinuierlich und verbessert auf
diese Weise langfristig die Regelgiite, ohne dabei Robustheitsgarantien zu kompromittieren.

SchlieBlich iiberfithren wir die zeitkontinuierlichen Regelgesetze in eine Abtastimplemen-
tierung. Durch Herleitung expliziter Schranken fiir Abtastrate und Stellaufwand garantieren
wir Stabilitdt unter treppenférmigen Stellsignalen — ein essenzieller Schritt fiir die praktische
Umsetzung auf digitaler Hardware.

Durch systematische Verkniipfung von Zulédssigkeit, Robustheit, Lernfihigkeit und Ab-
tastimplementierung entsteht ein ganzheitliches Framework zur Einhaltung vorgegebener
Fehlertoleranzen bei der Ausgangsfolgeregelung fiir eine breite Klasse dynamischer Systeme.
Die vorgestellten Ergebnisse ebnen den Weg fiir zukiinftige Entwicklungen im Bereich des
lernunterstiitzten und samplingbasierten, robusten MPC.






Abstract

Model Predictive Control (MPC) is a cornerstone of modern control theory, offering a
versatile framework for constraint handling and multi-objective optimisation through
iterative prediction and receding-horizon optimisation. However, its practical application
can face critical challenges: ensuring initial and recursive feasibility (guaranteeing solvability
of the underlying optimisation problem), robustness against system-model mismatches and
unknown disturbances, and sampled-data implementation constraints.

This thesis develops a novel MPC framework for a class of non-linear continuous-time
systems governed by functional differential equations, targeting output tracking of smooth
reference signals within prescribed error bounds, while systematically addressing the
aforementioned challenges.

We first introduce funnel MPC, a novel algorithm that eliminates reliance on commonly
used terminal conditions or restrictive long prediction horizons. At its core are funnel
penalty functions — state costs that penalise deviations of the tracking error from prescribed
time-varying boundaries. Inspired by adaptive funnel control principles, this framework
ensures initial and recursive feasibility while rigorously enforcing tracking performance
guarantees.

Building on this foundation, we unify funnel MPC with model-free funnel feedback into
a two-component hybrid architecture. This structure synergises model-based optimisation
with adaptive feedback compensation, reconciling the competing objectives of optimality
and robustness. The resulting controller achieves prescribed tracking performance despite
structural model-plant mismatches, unmodelled dynamics, and disturbances.

To further enhance predictive accuracy, we introduce a data-driven learning framework
that iteratively refines the model using system measurements. This component enables the
controller to mitigate model-plant discrepancies over time, improving long-term performance
without compromising robustness guarantees. Bridging theory and practice, we finally
formalise the transition from continuous-time control laws to sampled-data implementations,
deriving explicit bounds on sampling rates and control effort to guarantee stability under
piecewise constant control signals — a critical step toward deploying the algorithm on digital
hardware.

By systematically addressing feasibility, robustness, learning integration, and sampled-
data implementation, this thesis establishes a cohesive framework to ensure output tracking
within prescribed error bounds for a large system class. The results pave the way for future
advances in learning-enhanced and sampled-data robust MPC.
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1 Introduction

Model Predictive Control (MPC) is a versatile, optimisation-based control technique widely
recognised for its effectiveness in managing linear and non-linear multi-input multi-output
systems, as discussed in textbooks [78, 159]. We also refer to [122] for an overview of the
historical development of MPC. A hallmark of MPC is its ability to explicitly incorporate
both control and state constraints into the optimisation framework, a feature that has
propelled its adoption in diverse applications, see e.g. [154] and also [163]. At its core,
MPC leverages a dynamic model of the system to iteratively forecast its behaviour over
a finite-time horizon. These predictions enable the controller to solve a receding-horizon
Optimal Control Problem (OCP), optimising control inputs to balance competing objectives
— such as setpoint tracking or energy efficiency — against hard constraints like actuator
saturation or safety-critical state bounds. After applying the first part of this optimal
control to the system, the prediction horizon is shifted forward in time and the model is
re-initialised with measurement data from the system. Repeating this process ad infinitum
forms a closed-loop control system.

Despite its simplicity and conceptual elegance, practical implementation of MPC demands
rigorous attention to mathematical foundations. Foremost among these is ensuring both
initial feasibility (existence of a valid solution of the OCP at startup) and recursive
feasibility, which guarantees that solvability of the optimal control problem at one time
step automatically implies solvability at the successor time instant. Providing these
guarantees becomes precarious if the utilised model deviates from the actual system, as
MPC relies heavily on model accuracy in order to predict the behaviour of the actual
system. Robustness to these discrepancies is a ubiquitous challenge as all models are
inherently approximate and real-world systems face unmeasurable disturbances, parametric
drift, or unmodelled dynamics. Consequently, designing robust MPC algorithms capable of
handling plant-model mismatches and external disturbances remains an active research area.
One branch of research focuses on enhancing the MPC algorithm itself via robustification
methods to harden the controller against bounded uncertainties, see e.g. [24] for an overview
of available techniques. Another branch of research explores adapting the model to ensure
robust constraint satisfaction of the actual system. The latter has gained momentum with
recent advances in machine learning and spurred interest in integrating techniques like
reinforcement learning (RL). On the implementation front, practical limitations persist:
sampled-data architectures restrict controllers to discrete-time measurements, and hardware
constraints often necessitate piecewise constant control signals, introducing discretisation
errors that further complicate theoretical analyses.

This thesis progressively develops an MPC algorithm for continuous-time systems to
address output tracking of smooth reference signals with prescribed error bounds. We
systematically resolve the aforementioned challenges by first outlining alternative methods
and then proposing a novel approach. By integrating principles from the adaptive control
technique funnel control, we establish initial and recursive feasibility without relying
on terminal conditions or restrictive assumptions, such as demanding excessively long
prediction horizons. Building on this foundation, we unify the two control strategies
into a single, hybrid framework — combining MPC’s predictive optimisation with funnel
control’s adaptability — to ensure robustness against unknown disturbances and structural
plant-model mismatches. Next, we investigate the incorporation of a learning mechanism
into the framework, enabling data-driven adaptation of the underlying model to refine
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predictions using system measurements. Finally, we derive sufficient conditions for the
sampling rate to guarantee stability when operating the controller in a sampled-data setting
with piecewise constant control signals, bridging the gap between theoretical continuity
and practical digital implementation.

1.1 Problem formulation

We consider non-linear multi-input multi-output control systems of order r € IN of the form

y () = F(T(y,5,. ..,y D)), u(t)),
Yot = y° € CTH([0, 2], R™), if to > 0, (1.1)
(y(to), .-,y V(to)) =y° € R™, if tg = 0,

with to > 0, initial trajectory y°, input u € L2 ([tg, 00), R™), and output y(t) € R™ at
time t > tg. Note that u and y have the same dimension m € IN. The system consists of
an unknown continuous function F' € C(RY x R™, R™) satisfying the so-called perturbation
high-gain property introduced in Definition 3.1.1 (b), and an unknown operator T. The
operator T is causal, locally Lipschitz, and satisfies a bounded-input bounded-output
property. These properties will be introduced in detail in Definition 2.2.1 and the system
under consideration is characterised in Definition 3.1.1. Note that the system may also
incorporate bounded disturbances d € L*°(R>o, R”). They can be modelled as part of the
unknown operator T, as we will discuss in Remark 3.1.3 (a). For reasons of simplicity, we

however refrain from explicitly including them in equation (1.1).

1.1.1 Control objective

Our objective is to design a control strategy which allows tracking of a given reference
trajectory yrer € W (R0, R™) within pre-specified error bounds. To be more precise,
the tracking error t — e(t) := y(t) — yret(t) shall evolve within the prescribed performance
funnel

Fyp=A{(t.e) € Rso x R [le]| <o(t)}. (1.2)
This funnel is determined by the choice of the function 1 belonging to the set

G = {¢ € WH* (R0, R)

inf () > o}, (1.3)

see also Figure 1.1. Note that, for a function ¢ € G, there exists A > 0 such that ¢(t) > A for
all £ > 0. Therefore, signals evolving in F,, are not forced to converge to 0 asymptotically.

Remark 1.1.1. In many practical applications perfect tracking is neither possible nor
desired. Usually, the objective rather is to ensure the tracking error to be less than an
(arbitrary small) a priori specified constant after a pre-specified period of time and to
guarantee that the error does not exceed this bound at a later time. Tracking within a
funnel, or in other words practical tracking, is advantageous since it allows tracking for
system classes where asymptotic tracking is not possible or requires — when compared
to asymptotic tracking — much less control effort. Note that the function ¢ is a design
parameter, thus its choice is completely up to the designer. Moreover, arbitrary funnel
functions — and not restricted to constant or monotonous decreasing funnels — give the user
more flexibility in finding a suitable trade-off between tracking performance and control
effort. Typically, the specific application dictates the constraints on the tracking error and
thus indicates suitable choices for . During safety critical system phases, the funnel will
be small, while during non-critical phases the funnel can be widened again to reduce the
control effort. °




1.1. PROBLEM FORMULATION

Figure 1.1: Error evolution in a funnel ¥, with boundary (t). The figure is based on [33,
Fig. 1], adapted to the current setting.

1.1.2 Funnel control

In the context of output reference tracking within prescribed, possibly time-varying, perform-
ance boundaries, funnel control is an established adaptive high-gain control methodology.
The concept has been introduced in the seminal work [95] with the design goal of achieving
the control objective laid out in Section 1.1.1 for a broad class of non-linear multi-input,
multi-output systems. It has since received a lot of research attention, see e.g. [30, 33,

]. For a comprehensive literature overview, we also recommend the recent survey pa-
per [31]. The funnel control approach solely invokes certain structural assumptions about
the system, namely stable internal dynamics and a known globally defined relative degree
with a globally pointwise sign-definite high-frequency matrix. Under these conditions, the
adaptive controller offers robustness against disturbances and guarantees specified transient
behaviour without relying on explicit knowledge about the system to be controlled. Since it
ensures output tracking of reference signals within prescribed performance bounds without
having to resort to a model of the system, funnel control proved useful for tracking problems
in various applications such as DC-link power flow control, see [173], control of industrial
servo-systems, see [32], and temperature control of chemical reactor models, see [97].

Prescribed performance control (PPC) is a methodology closely related to funnel control.
It was first introduced in [21]. The core idea of PPC involves transforming the original
controlled system into a new state-space representation using predefined performance
functions that encode desired transient and, potentially, steady-state behaviours. By
ensuring the uniform boundedness of the transformed system’s states via appropriate
control laws, the tracking problem for the original system is solved — a result that is
both necessary and sufficient under this framework. While early PPC designs relied on
neural networks to approximate unknown non-linearities, later work in [23] developed an
approximation-free scheme tailored for systems in so-called pure feedback form. For a
detailed and comprehensive overview of prescribed performance control, we also recommend
the survey paper [50]. Although PPC and funnel control share a similar objective — enforcing
error trajectories within predefined bounds — they differ in their system classes and structural
assumptions. Funnel control applies to systems of the form (1.1), whereas PPC addresses
systems structured as:

T (t) = fr(x1(t), ..., xps1(1)), k=1,...,r—1,
Er(t) = fr(d(t), z1(1), ..., 2 (1), 2(1), u(t)),

2(t) = g(d(t), z1(t), ..., zr (1), 2(1)),

y(t) = z1(1),
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with f, : RF™ - R™ for k= 1,...,r — 1, f,. : R*™"+m 5 R™ g R*H™m+ea 5 RY, and
d € L>®(R>0, R™) represents a bounded disturbance. Crucially, both methods operate
under minimal system knowledge, requiring only generic structural assumptions rather
than explicit functional details. While prescribed performance control presumes the partial

derivatives gﬂ{ L and %{Z to be uniformly positive definite, see [23], funnel control assumes
the system (1.1) to have bounded-input bounded-state stable internal dynamics and the
function F' to satisfy the so-called high-gain property, see [30]. A key distinction between

the two control techniques lies in their information requirements: funnel control relies solely
on the output y and its derivatives while PPC necessitates full state feedback. For the
latter, this requirement was softened in [63] via the incorporation of a high-gain observer
and [22] allows internal dynamics of a certain hierarchical structure, so-called dynamical
uncertainties. Despite their conceptual overlap, a rigorous comparative analysis of these
approaches remains an open research question.

Both funnel control and prescribed performance control face inherent limitations due to
their model-free nature. Since neither approach utilises a system model, the controllers
lack predictive capabilities, leaving the error evolution within time-varying boundaries
uncertain. For instance, the error trajectory may approach the funnel boundary arbitrarily
closely, triggering excessively large feedback gains. This can lead to high-magnitude control
inputs, peaking signals, and — from an implementation perspective — significant sensitivity
to measurement noise. While theoretical guarantees ensure bounded control signals, their
precise upper bounds require knowledge of the system and remain a priori unknown. For
practical implementation on digital devices, both schemes also demand high sampling rates
to maintain feasibility, imposing stringent hardware requirements. The recent work [29]
demonstrates that incorporating an internal model into funnel control can markedly enhance
performance. This integration reduces noise sensitivity, mitigates extreme gain behaviour,
and can even achieve asymptotic tracking without a performance funnel whose width
converges to zero. Furthermore, numerical simulations in [32] reveal that an MPC strategy,
blending funnel control principles with predictive optimisation, outperforms pure funnel
control. This approach achieves smaller control actions and relaxed sampling rate demands
for zero-order-hold implementations, highlighting the value of a model integration in the
controller design.

Building upon the ideas from [32], this thesis develops an MPC scheme that integrates
ideas from funnel control in order to achieve the control objective of output tracking
with prescribed performance for systems of the form (1.1). By combining the control
methodologies, we circumvent the shortcomings of both individual approaches. This
enables us to benefit from the best of both worlds: guaranteed feasibility and robustness
(funnel control), and a superior control performance (MPC).

Before we focus on developing this MPC scheme, we would like to give an intuition of
the funnel controller’s functioning.

Proposition 1.1.2. Let f: R™ — R™ be a locally Lipschitz continuous function, ¢ € G,
Yot € WEP (R0, R™), and y° € R™ with Hyo — yref(O)H < 9(0). Then, the application of
the output feedback u(t) == ppc(t,y(t)) with

1
(t) = lle(t, »)I*

ILLFC(t7y) = —k(t,y)@(t,y), k(tay) = ¢2 e(tvy) =Yy—- yref(t) (14)

to the system

g(t) = fly(®) +ut), y(0) =1,

leads to the closed-loop initial value problem

Y(t) — Yret (1)
2(t) — [ly(t) — yret (B)[I°

y(t) = fy(t) — y(0) =1,
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which has a solution. Moreover, every solution can be extended to a unique global solution
y :[0,00) = R™ and both y and u are bounded with essentially bounded weak derivatives.
The tracking error evolves uniformly within the performance funnel, i.e.

Je>0Vt>0: |e@)] <v)t -

In Proposition 3.2.3, we will prove that a more advanced funnel controller design achieves
the specified control objective for systems of the form (1.1). The simpler controller (1.4),
however, is a special case of the controller methodology proposed in [95] and provides an
intuitive demonstration of the underlying principles. When the tracking error e = y — ypef
approaches zero, the control gain k(t,y(t)) diminishes, effectively deactivating the controller.
Conversely, as the tracking error norm nears the funnel boundary (t), the gain k(¢,y(t))
grows rapidly, producing a control input u(t) = —k(t, y(t))e(t, y(t)) that aggressively steers
the error away from the funnel boundary and towards the reference trajectory. Consequently,
if the initial tracking error e(0) lies within the funnel boundaries, its evolution remains
strictly confined within the funnel 7y, for all time.

1.1.3 Model predictive control

The idea of model predictive control (MPC) is, after measuring/obtaining the output
gec(t—r, ﬂ R™) of the system (1.1) over a short time window of length 7 >0 at
the current time ¢ Wlth t — 7 > tg, to repeatedly calculate a control function u* = w*(-;, %)
minimising the integral of a state cost £ on the future time interval [¢,£+T] for T > 0, called
the prediction horizon, and to implement the computed optimal solution v* to system (1.1)
over an interval of length & < T, called the time shift. The prediction horizon T determines
how far ahead the controller plans, while the time shift ¢ specifies the implementation
period before re-optimisation. To make predictions about the future system behaviour and
its output and, based on them, to compute optimal control signals, MPC uses a model of
the form

y(t) = Fu(Taa (o, - -y ) (), u(t)),

X (1.5)
yml_rg = In;

where Fyr € C(R? x R™,R™) is a known continuous function and Ty a known operator,
as a surrogate for the unknown system (1.1). The initial history function gy of the
model (1.5) at time £ > tg is an element of C"~! ([t — 7, #], R™) and selected based on the
system measurement g, though not necessarily identical to them. Note that we assume
that both the output and input dimension m € IN as well as the order of the differential
equation r € IN match between the system (1.1) and the model (1.5).

Remark 1.1.3. The model (1.5) is intentionally formulated in a quite general form using
an abstract operator Ty and initial values gy given on a time interval of length 7 > 0 in
order to explain the general idea of model predictive control while avoiding the accidental
exclusion of particular edge cases. However, it is probably most common to use a control
affine multi-input multi-output model of the form

on(t) = fulem(®) + gz ®)ult),  am(f) =,

ym(t) = haa(zm(t)), (1.6)

with initial data #y € R™ at the current time ¢ > to, and functions f : R® — R”",
g: R" - R™™ and h : R* — R™. Here, z(t) € R" is the state of the model,
ym(t) € R™ the model’s output, and u(t) € R™ the control input. In (1.6), the states xm
of the model are laid out in an explicit way contrary to the formulation (1.5) where they
are, in a certain sense, hidden within the operator Ty;. Many works on MPC use even
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simpler models, namely linear time invariant (LTT) models, i.e. they assume a model of
the form

xM(t) = ApmTMm (t) + BMu(t), l‘M(tA) = IM
ym(t) = Cuzm(t),

with Ay € R™*™ and C&, By € R™™. In the later part of this thesis, we will restrict
ourselves also to a, in comparison to (1.5), simpler model class, which we will formally
define in Definition 2.2.2. It will, however, contain the class of control affine multi-input
multi-output models of the form (1.6) (under certain assumptions on fy, gm, and hy) and
LTT models as we will see in Examples 2.2.3 and 2.2.4. °

In addition to the model (1.5), another key component of the MPC algorithm is the
stage cost function £. It formulates rewards for desired model behaviour and penalties
for undesired behaviour, which are balanced out during the optimisation process. When
solving the problem of tracking a given reference signal .., a commonly used stage cost
function is

(:Rsg xR xR™ =R, (6w, u) = |[ym — vret ()% + A [Jul|? (1.7)

with A, > 0. While the term ||yn — yref(t)]|* penalises the distance of the model’s output yp
to the reference signal yyef, the term [|ul|* penalises the control effort. The parameter A,
allows to adjust a suitable trade-off between tracking performance and required control
effort. Of course, if a reference input signal et is known, the second summand may be
replaced by |[u — uret()]|%.

With the concepts introduced so far at hand, a general MPC algorithm can be formulated
as follows.

Algorithm 1.1.4 (MPC).

Given: System (1.1), model (1.5), reference signal yef € W (R0, R™), initial time
Y € R>p, boundary umayx > 0 on the control input, and a stage cost function £ as in (1.7).
Set the time shift 6 > 0, the prediction horizon 1" > §, and index k = 0.

Define the time sequence (tx)ren, by tr == to + k9.

Steps:

(a) Obtain a measurement of the state y at current time t; over the last time period
[ty — 7,t] and set ¥ = Ylitp—r.t,]- Select an initial value gx; for the model (1.5)
based on the measurement data §".

(b) Compute a solution u* € L>®([tg,tr+T], R™) of the Optimal Control Problem (OCP)

te+T
inimi 0t ym(t), u(t))dt
ueLog(l[ltI;:,ltr;?-‘,l-%SJ],Rm) /tk (t, ym(t), u(t))
subject to y(MT)(t) = Fu(Tum(yms - - - ,y(MT_l))(t),u(t)), (1.8)
_ ok
ymli—ra = I
[u(®)]] < tmax-

(c¢) Apply the feedback law
o [ty teyn) X C ([t — 7,6, R™) = R™, p(t,g) = u™(t)

to system (1.1). Increment k by 1 and go to Step (a).
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To ensure a bounded control signal with a maximal predefined control value upax > 0,
the constraint ||ul|,, < umax has been added as an additional constraint to the OCP (1.8).
A key reason for the success and popularity of the MPC Algorithm 1.1.4 is its ability to
directly take additional constraints into account by either adding them as hard constraints
to the OCP (1.8), as done with |||, < tmax, or by including soft constraints via penalty
terms in the cost function ¢ (1.7). For example, one could add the additional constraint

Vie [ i+T]:  [lym(t) — yret(t)] < (1) (1.9)

to the optimisation problem in order to guarantee that the model’s output yy tracks the
reference y,of with prescribed performance, cf. [32].

We like to emphasise that both the system (1.1) to be controlled and the model (1.5) used
in the MPC Algorithm 1.1.4 are continuous-time (functional) differential equations. While
some other MPC approaches focusing on tracking problems also consider continuous-time
systems, see e.g. [66], most address discrete-time systems [19, , , ]

Difficulties and Drawbacks

Although utilising the stage cost £ in (1.7) and constraints (1.9) in Algorithm 1.1.4 might
seem like a canonical choice when solving the reference tracking problem with MPC, this
approach has several drawbacks. In particular, one has to guarantee initial and recursive
feasibility of the MPC Algorithm 1.1.4. This means it is necessary to prove that the
optimisation problem (1.8) has initially (i.e. at tx = to) and recursively (i.e. at t; = to+ ok
after k steps of Algorithm 1.1.4) a solution. First of all, one has to show existence of an
L*°-control u bounded by umax > 0 which, if applied to a model of type (1.5), guarantees
that the model’s tracking error

em(t) = ym(t) — Yret (t) (1.10)

evolves within the performance funnel 7, given by ¥ € G, i.e. fulfilling (1.9). Furthermore,
one has to prove that there exists a solution u* of the optimisation problem (1.8) and that
this solution fulfils (1.9). To show recursive feasibility, it is further necessary to ensure
that after applying a solution u* of the optimal control problem (1.8) at time ¢, = t° 4 5k
to the system (1.1) the optimisation problem is still well defined at the next time instant
the1 = t° + 8(k + 1) when re-initialised with g]{f/[ based on new measurements from the
system. We will discuss potential methods to guarantee initial and recursive feasibility and
their advantages and disadvantages in more detail in Chapter 2.

Both ensuring feasibility and achieving the control objective are already challenging
problems when one assumes the model to coincide with the system. However, since
every model, no matter how good, deviates from the actual system and disturbances are
omnipresent, we assume the model (1.5) to differ from the system (1.1) rendering the
problem even more demanding. One has to account for discrepancies between the model
predictions yy(t) and the actual system output y(¢), i.e. the model-plant output mismatch

es(t) = y(t) — ym(t)- (1.11)

In the presented form, the MPC Algorithm 1.1.4 with constraints (1.9) can only achieve
that the model’s tracking error ey evolves within the funnel F. However, additional
robustification methods need to be utilised in order to compensate for the model-plant
output mismatch eg and achieve the control objective for the actual tracking error e as
laid out in Section 1.1.1. One aspect that merits particular attention is the selection
of the initial value g§; for the model based on the system measurement §* in Step (a)
of Algorithm 1.1.4. To reduce any occurring model-plant mismatch, one ideally would
like to initialise the model (1.5) directly with the system measurement *. This, however,
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might result in a constraint violation of applied restrictions like (1.9) and thus render
the optimal control problem (1.8) unsolvable. Although undesirable, it may be necessary
to allow for a higher tolerance of the model-plant mismatch in order to mathematically
guarantee feasibility and functioning of the control scheme. Although it may seem evident,
we would like to point out that initialising the model (1.5) with §§; based on measurement
data yk will result in the model’s solution on the interval [tg, tx+1] not being a continuous
extension of the solution on the previous interval [tx_1,t;]. Although these individual
solutions fulfil the differential equation (1.5), the entire trajectory is, in general, not a
solution. To refer to this trajectory of the concatenated solutions of the model’s differential
equation (1.5), we will use the term concatenated solution of the MPC algorithm. This
will be made mathematically precise in Definition 2.4.2. It is clear that the concatenated
solution can jump at the time instants f; because of the initialisation with g){\“/[ Thus, it
is not even a continuous function but merely a regulated function. In order to avoid any
potential ambiguities, we want to briefly recall the definition.

Definition 1.1.5 (Regulated function). On an interval I, we call a function f: I — R"™ a
regulated function, if the left and right limits f(t—) and f(t+) exist for all interior points
t €I and f(a—) and f(b+) exist whenever a =infI € I orb=supl € I. We denote the
space of all regulated functions on I by R(I,R™).

1.2 Structure of this thesis and previously published results

This thesis is subdivided into four parts. Every chapter focuses on one of the laid-out
difficulties related to solving the control objective with model predictive control.

Chapter 2 presents the theoretical foundations for solving the output tracking problem
as described in Section 1.1.1 using a dedicated MPC algorithm. To this end, it is initially
assumed that no disturbances are present and that the model matches the system perfectly.
Section 2.1 introduces the general concept of funnel stage cost functions. Incorporating
these into the MPC’s optimal control problem guarantees that the output tracking error
evolves within prescribed performance boundaries. This guarantee is rigorously proven
in Section 2.3, following the introduction of the model class in Section 2.2. The resulting
funnel MPC Algorithm 2.4.1 is defined in Section 2.4, with the chapter’s main result —
the proof of its initial and recursive feasibility — being established in Theorem 2.4.3. This
proof leverages auxiliary error variables (introduced in Section 2.3.1) to ensure satisfaction
of the control objective independently of the model order. It further relies on two key
prior results: Theorem 2.3.21, proving the existence of control functions confining the
error within funnel boundaries, and Theorem 2.3.26, showing the solvability of the optimal
control problem with funnel stage costs. While building upon prior works [1, 2, 3], this
chapter significantly extends them by formalising the general concept of funnel stage cost
functions and providing detailed proofs for all mathematical aspects, addressing omissions
due to page limitations in earlier publications. Furthermore, the auxiliary error framework
developed here enabled the proposal of a low-complexity funnel controller for higher-order
non-linear systems in [5].

Chapter 3 lifts the standing assumptions made in the previous chapter, namely the
absence of disturbances and the perfect model-system alignment. Building upon the ideas
from [1], the funnel MPC algorithm is robustified by incorporating the funnel controller as
a second controller component. After introducing the system class under consideration
in Section 3.1, the structure of the two component control scheme is presented in Section 3.2.
The main result is Theorem 3.2.11 showing that the robust funnel MPC Algorithm 3.2.9
achieves the control objective in presence of disturbances and even a structural system
model mismatch. Chapter 3 extends the results from [!] to encompass systems and models
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of higher order with non-linear time delays and potentially infinite-dimensional internal
dynamics.

The control scheme is further extended by a (machine) learning component in Chapter 4.
The structure of this three-component controller is laid out in Section 4.1. While the
funnel controller component mitigates model-plant mismatches, bounded disturbances,
and uncertainties, the machine learning component adapts the underlying model to the
system data and, thus, improves the contribution of the MPC component over time.
Definition 4.1.4 summarises the structural assumptions on a learning algorithm that ensure
the successful interplay of the three components. The main result Theorem 4.1.8 shows the
functioning of the three-component controller and that this control Algorithm 4.1.6 achieves
the control objective as laid out in Section 1.1.1. To illustrate the abstract requirements
and assumptions, a possible learning approach is discussed in Section 4.2. The chapter
builds upon the work [7] and extends its results to the model and system class of functional
differential equations of arbitrary order which was considered in the previous chapters.

In Chapters 2 to 4, it is assumed that the system output can be continuously measured
and that an arbitrary measurable control signal can be applied to the system. Chapter 5
lifts this assumption and shows that the robust funnel MPC Algorithm 3.2.9 from Chapter 3
can be modified to achieve the control objective with sampled-data control. In line with
the two-component structure of the controller, the chapter is divided into two parts, each
of which shows that the respective component can be designed in a sampled data manner.
Section 5.1 is based on the work [%] and proposes a funnel controller that achieves the
control objective while only measuring the system output at discrete time instants and
only applying piecewise constant control signals. Uniform bounds on the required sampling
rate and the maximal applied control signal are derived. These results are summed up
in Theorem 5.1.3. As a small extension, Section 5.1.1 shows how this controller can also
be used as a safety filter for other data-driven control approaches. In Section 5.2, the
results are carried over to the funnel MPC scheme. Theorem 5.2.3 shows that the sampled
funnel MPC Algorithm 5.2.1, which only applies piecewise constant control signals to the
model, achieves the control objective. This section builds upon the work [6] and extends
previously published results to higher order models.

Within the course of this dissertation, the scientific article [9] was also published in
addition to the mentioned works. In that paper, a mathematical model for a magnetic
levitation train is developed. The funnel MPC algorithm from [3] is then applied to the
system with the objective of guaranteeing the safe and dependable operation by ensuring
that the distance between the magnet and the reaction rail is kept within a given range.
The control scheme is then compared to two different control approaches, one linear state
feedback controller and a model predictive control scheme with a quadratic cost function,
with respect to performance criteria such as robustness, travel comfort, control effort, and
computation time in an extensive numerical simulation study. As this dissertation is mainly
concerned with the underlying mathematical theory of the funnel MPC algorithm and the
work [9] focuses on the modelling aspect of the magnetic levitation systems, we will not
present a separate evaluation of the results from [9] in this thesis.




2 Funnel Model Predictive Control

Guaranteeing initial and recursive feasibility is essential for the successful application of
MPC and it is one of the major challenges. This requires guaranteeing that the optimal
control problem is solvable at the initial time step and that solvability at any subsequent step
follows recursively. While initial feasibility is often simply assumed, a common strategy to
achieve recursive feasibility involves augmenting the OCP with carefully designed terminal
conditions — such as terminal costs and constraints — as discussed in [55] and [159].
However, these artificially imposed terminal conditions introduce two key challenges: they
raise the computational complexity of solving the OCP and complicate the identification
of an initially feasible solution. Consequently, the domain of attraction of the MPC
controller may be significantly restricted, as noted in [58, 74]. Furthermore, designing such
conditions becomes markedly more intricate under time-varying state constraints [134].
An alternative approach circumvents terminal conditions by leveraging cost controllability
principles [60, , | and employing a sufficiently long prediction horizon, see [41()]
and reference therein or [65] for an extension to continuous-time systems. Notably, both
terminal-condition-based and horizon-based techniques face heightened complexity when
applied to systems with time-varying state or output constraints, underscoring the need
for tailored solutions in such cases. Additionally, feasibility assurances depend critically
on the considered system class: non-linear or uncertain systems often necessitate more
conservative designs, such as tube-based methods [110] or adaptive mechanisms for model
refinement [88]. For systems with periodic constraints or references (e.g. tracking periodic
trajectories), feasibility analysis often requires periodicity-aware terminal sets or horizon
lengths [126]. Practical implementations must also contend with computational limits,
where inexact solvers or early termination can undermine theoretical guarantees [207].
For systems with persistent infeasibility, slack variables or softened constraints may be
introduced, albeit at the expense of performance [102]. Lastly, in economic MPC, where
stability is not the primary objective, feasibility frameworks must reconcile transient
constraints with long-term economic goals [15].

To overcome the restrictions of mentioned methods to ensure initial and recursive
feasibility, funnel MPC (FMPC) was originally proposed in [32] and then further developed
in [1, 2, 3]. It is an MPC scheme that allows for output tracking of an a priori given
reference signal y,ef € W°(R>0, R™) such that the tracking error evolves in a pre-specified,
potentially time-varying, performance funnel given by a function ¢ € G. The core idea
involves replacing ¢ from (1.7) in the MPC Algorithm 1.1.4 with a novel funnel stage cost
function £y : R>o x R™ x R™ — R U oo. This function, parametrised by A, € R>o, is
defined as:

ly — yrer (1)1

Cy(t,y,u) = 4 () = Iy — yree(t) |
0, else.

5+ A llul®s Y = geet (DI # (D), @2.1)

Hy_yrcf(t)”2

2= lly—yret ()]
boundary, whereas the term |lu|| serves as a penalisation of the control input as in (1.7).

The parameter )\, can be used to adjust the balance between these two control objectives.
The cost function £, is motivated by the results on funnel control which we briefly introduced
in Section 1.1.2. Contrary to the cost function ¢ as in (1.7), this “funnel-like” stage cost

The term m > penalises the proximity of the tracking error to the funnel
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does not directly penalise the norm of the tracking error but its proximity to the funnel
boundary ¢ and grows unbounded when the error norm approaches ).

While many reference tracking MPC approaches focus on ensuring the asymptotic
stability of the tracking error — often through terminal constraints or costs — they generally
do not enforce strict boundaries on the output signal. For instance, [19, | guarantee
stability of the tracking error by designing terminal sets and costs around specific reference
trajectories, whereas [106] achieves this by relying on a sufficiently long prediction horizon
instead of terminal constraints. Similarly, [108] ensures constraint satisfaction for discrete-
time systems through stabilisability and detectability assumptions and long horizons. At
first glance, tube-based MPC schemes, see e.g. [127, |, share similarities with funnel
MPC, as they confine the tracking error to a controllable and potentially time-varying range.
However, their primary goal is to compensate for model uncertainties and disturbances
acting on the system by constructing tubes around the reference trajectory. These tubes
are often offline-computed and are not user-definable as they must inherently account for
system uncertainties; for example [130] dynamically optimises both tubes and reference
trajectories based on proximity to tube boundaries.

Control barrier functions (CBFs) determine the control input and enforce safety-critical
constraints by solving a quadratic program (QP) that directly regulates the derivative of
the barrier function. This ensures that the system remains within a safe set by design,
guaranteeing positive invariance and asymptotic stability without requiring predictive
optimisation. Due to their simplicity and modularity, CBF's are widely adopted in robotics,
see [11, 12] for an overview. Building on this concept, barrier function-based MPC integrates
barrier functions into the MPC framework, e.g. [130, , ]. Unlike stand-alone CBFs,
this approach incorporates a barrier term directly into the MPC cost function, penalising
proximity to constraint boundaries over a prediction horizon. Alternatively, control
Lyapunov-barrier functions are incorporated in the MPC scheme to ensure recursively
feasibility and stabilisation of the closed-loop system, see e.g. [201]. However, similar to
classical MPC, terminal costs or constraints are often still required to ensure recursive
feasibility and constraint satisfaction. In contrast, funnel MPC eliminates the need for
terminal constraints or costs by employing a unique cost function that diverges as the
system output approaches the funnel boundary. It circumvents the reliance on terminal
conditions and avoids the need for a sufficiently long prediction horizon entirely.

In this chapter, we will analyse how the utilisation of stage cost functions such as (2.1)
in the MPC Algorithm 1.1.4 (which we will then call funnel MPC') ensures fulfilment of the
control objective: the tracking of a given reference signal y..f with the model’s output yum
within predefined funnel boundaries ¥. For a large class of models, including but not
limited to models with non-linear time delays and potentially infinite-dimensional internal
dynamics, we will rigorously prove initial and recursive feasibility of this MPC scheme.
This will be achieved without incorporating additional constraints in the optimal control
problem (1.8), without imposing additional terminal conditions, and independent of the
length of the prediction horizon T' > 0. For our analysis in this chapter, we will assume
that the system (1.1) and the surrogate model (1.5) coincide. In particular, we assume
that the model-plant mismatch eg defined in (1.11) is identically zero. Both assumptions
will be relaxed in the later parts of this thesis.

2.1 Funnel stage cost functions

The key distinction between funnel MPC and the classical MPC Algorithm 1.1.4 lies in
how their respective stage costs penalise the tracking error e(t) = y(t) — yrer(t). While the
classical stage cost function ¢ in (1.7) directly penalises the squared norm of the tracking
error e, the funnel MPC stage cost £y in (2.1) imposes a particular penalty tied to the

11
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proximity of e to the funnel boundary . This raises a natural question: how does this
modified cost function ensure that the tracking error e evolves within the funnel 7, defined
by a function 1) € G when a solution of the optimisation problem (1.8) is applied to the
model (1.5)7 If the initial error lies within the funnel, without explicit constraints in
the optimal control problem (1.8), then the error e could theoretically still touch or even
exceed the boundary and evolve outside of the funnel boundary after some time. The
previous work [32] addressed this issue by enforcing explicit hard state constraints of the
form (1.9). In contrast, we will show that such constraints are unnecessary. Instead, the
specific structure of the cost function ¢, in (2.1) inherently enforces compliance with the
time-varying funnel boundaries. To analyse this mechanism of implicit constraints, we will,
in this section, examine the function Zw : R>p x R™ defined as

el
Byte) = v — e 7P (2.2

0, else,

which quantifies the “cost” of being close to the funnel boundary. To isolate its essential
features from any specific system dynamics or control problem, we examine, for a given
t € R>p and T > 0, the integral

t+T
| iutsatenas 23)

evaluated along an arbitrary Lipschitz path ~ € Lip([t,t4+T], R™), i.e. a Lipschitz continuous
function 7 defined on the interval [£,# + 7] with values in R". Identifying the essential
aspects of the function lz/, will lead to the Definition 2.1.11 of funnel penalty functions.
These penalty functions, when used as a stage cost in the optimal control problem (1.8)
within the MPC Algorithm 1.1.4, ensure the tracking error e evolves within the funnel 7,
given by a function ¥ € G. Restricting our analysis to Lipschitz paths for now allows
us to avoid technical complications and to focus on the essential characteristics of the
penalty function lZp and the associated cost function. This simplification is justified because
both the model output yy in (1.5) and the reference trajectory yrer € W (R>0, R™)
are differentiable functions; hence their restrictions to any compact interval [f,f + T are
Lipschitz continuous (provided ¢y is bounded). This assumption will later be validated
in Propositions 2.2.11 and 2.3.23.

Before proceeding, note a subtle point regarding the interpretation of the integral (2.3).
There is a distinction between a function that is Lebesgue integrable (i.e. it belongs to L')
and a function for which the Lebesgue integral merely exists but which does not necessarily
have to be an element of L'. To make this difference clearer, we call a measurable function
(: B — R on a Borel set B C R quasi-integrable if at least one of the Lebesgue integrals

/B ¢t()dt  or /B ¢ (t)dt

(with ¢ := max{¢,0} and {~ := max{—(,0}) is finite. If both integrals diverge, the overall
integral is defined to be infinity. In particular, if £,(-,7(-)) is not quasi-integrable for a
given Lipschitz path v € Lip([t,f + T],R™), then the Lebesgue integral in (2.3) is treated
as infinity. Moreover, it may happen that 1 (t) = ||y(t)|| for some ¢ € [t, 4 T] and with
that gw(t, ~(t)) = oo. If the set of such points does not have Lebesgue measure zero, then
the integral (2.3) is infinity as well. In the following, we will prove that if the integral (2.3)
is finite, i.e. fw(-, 7(+)) is quasi-integrable over [f, + T], and the integral does not diverge,
then the Lipschitz path v must evolve entirely within the funnel F,;. To show this, an
elementary lemma is proved first.

12
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Lemma 2.1.1. Let T > 0, t € R>o and v € Lip([t,t + T),R>0) be a Lipschitz path.
IffHT (s) >0 for all s € [t, &+ T].

Proof. Assume that there exists t € (£, + T) such that () = 0. Choose £ > 0 such that
(t —e,t+¢) C [t,t + TJ. Since v is Lipschitz continuous, we have that

AC>0Vse(t—e,t+e): y(s)=v(s) =) < Cls—t.

Therefore,
T t+e t+e €
1 1 1 1
oo>/ dsZ/ ——ds > ds:/ ——ds = o,
0 ’Y(S) t—e 7(8) t—e C’S—t’ —€ C‘S‘
a contradiction. A similar proof applies in the cases t =t and t = ¢ + T O

Remark 2.1.2. Lemma 2.1.1 is not true for all uniformly continuous functions in general.
Consider the example:

11d 2 '
|, yte =l -

Proposition 2.1.3. For ¢ € G, t € Rsg and T > 0, let v € Lip([t,t + T],R™) be a
Lipschitz path with (t,v(t)) € Fy. Then,

i+T
/ ly(s,7(s))ds < 0o <= graph(y) C Fy.
i

Proof. We show the two implications separately.
“=”: We show that [|v(s)|| < ¥(s) for all s € [f,£+ T]. Since (t,7(f)) € Fy, we have
7@ < ¥(f). Assume there exists s € [t, + T] with [y(s)|| > ¥(s). By continuity of v
and v, there exists

3 —mm{te t t+T |ny )] = ()}

Note that ||y(s)|| < %(s) for all s € [t,5). Recalling the definition of the Lebesgue integral,
see e.g. [160, Def 11.22], t+T Cy(s,7(s))ds < oo implies ft (Ew(s,y(s))) ds < oo.

Thus,
5 8 2
[hn [ BOE L,
i q_ el i P(s)? = Ilv(s)l

h(s)?
BT ()] )*
< ds +T
= / (W “heE) T

< /;JFT (Zw(s,fy(s))>+ds + 7T < oo.

Both the path v and the funnel function v, being an element of W1 (Rxo, R), are Lip-

schitz continuous functions. Since products and sums of Lipschitz continuous functions on

a compact interval are again Lipschitz continuous, we may infer that 1 — ”;Z(( ))” is Lipschitz

continuous on [£, ). By definition of 5, it moreover is non-negative. Now, Lemma 2.1.1
yields that it is strictly positive, i.e. ¥(s)2 > ||y(s)||* for all s € [£, 8], which contradicts
the definition of s.

13
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“c": Since graph(y) C Fy, we have ||v(s)|| < 1(s) for all s € [£,£+T]. Due to continuity of
the involved functions and the compactness of the interval [t, £+ T, there exists € € (0,1)
with [|(s)|| < ¥(s) — ¢ for all s € [f,£+ T]. Then, £y(s,v(s)) > 0 for all s € [t,# + T] and
2
()l

i+T i+T t+T
_ [Vlloo llPlloo
/ ‘@ s,7v(s ))‘ ds = /t ) H’V(S)HQ ds < /t —/——ds = Ti8 <

€
This completes the proof. ]

Remark 2.1.4. In contrast to funnel MPC, barrier function based MPC, see e.g. [130,

|, employs (relaxed) logarithmic barrier functions to penalise states near constraint
boundaries. This might initially seem to be merely a subtle difference since both methods
involve stage cost functions that grow unbounded as the state approaches the constraint
boundaries. However, the distinction has significant theoretical implications. The results
in Lemma 2.1.1 and, consequently, Proposition 2.1.3, arise from the non-integrability of
T — % over the interval [0, 1]. Specifically, Proposition 2.1.3 asserts that a finite value
of the integral in (2.3) guarantees that any Lipschitz path starting within F; remains
confined to the prescribed funnel boundaries. Consequently, when the stage cost function
(2.1) is used in the optimal control problem (1.8) (within the MPC Algorithm 1.1.4), the
tracking error e := y — yof is ensured to evolve within the funnel boundaries defined by
¥ € G. In contrast, a logarithmic barrier function is integrable over the interval [0, 1]:

1 1 1,
/ In(z")dz = ln(x”)x‘ - / r—dr=0—n=—n.
0 0 Jo 7

This integrability implies that logarithmic penalities alone can, in general, not guarantee
that a Lipschitz path or, in the context of MPC, the model state always remain within
the desired region. As a result, the usage of terminal conditions (costs and constraints)
remains essential in the optimal control problem (1.8). .

Proposition 2.1.3 establishes that the integral (2.3) is finite if and only if the Lipschitz
path v € Lip([t,# + T], R™) evolves entirely within the funnel Fy, provided +y starts within
the funnel. Translating this result to the stage cost £, in (2.1) (to be used in the optimal
control problem (1.8)), a finite stage cost guarantees that the model’s tracking error
e = YM — Yref remains within the funnel boundaries defined by ¥. However, the non-
linearity and discontinuity of the function £y in (2.1) raise concerns about the solvability
of the optimal control problem (1.8) when employing this stage cost function. Moreover,
even if a solution exists, additional analysis is required to ensure that its solution also
guarantees the evolution of the tracking error within the funnel boundaries. To address
this in Theorem 2.3.26, we will construct a sequence of control functions converging to
the infimum of the minimisation problem (1.8) and analyse the corresponding sequence
of error trajectories. We will then invoke the following Lemma 2.1.5 to prove that if all
trajectories in this sequence remain within /, then their limit will also remain within the
funnel boundaries.

Lemma 2.1.5. Let ) € G, t € R>g, T > 0 and v* € Lip([t, + T],R") be a Lipschitz path
with (t,7*(t)) € Fy. Further, let (,) € Lip([t,£+T],R")N be a sequence of Lipschitz paths

with (t,v,(t)) € Fy for alln € IN that converges uniformly to v*. Ifft Kw s, n(s))ds is
uniformly bounded by some constant M > 0, then

i+T
/ Ly (s,7"(s))ds < oo.
i
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Proof. Tt suffices to show that ||y*(s)|| < ¢(s) for all s € [f,1 4 T] according to Proposi-
tion 2.1.3. Since (£,7*(£)) € Fy, we have ||[v*(¢)|| < 1(). Assume there exists s € [¢,¢+ T
with [|[7*(s)|| > ¢(s). By continuity of v and 1), there exists

§=min {t € [i,f + T) | |7* ()] = ¥(t) }.

We have graph(y,) C Fy for all n € IN by assumption, cf. Proposition 2.1.3. Since, in
addition, v* is a bounded function, there exists a compact set K such that im(vy*) C K
and im(y,) C K for all n € IN. Define the continuously differentiable function

Due to the compactness of [t, 4 T] and K, the function w is Lipschitz continuous with
Lipschitz constant L, > 0. We have w(s,y,(s)) > 0 for all n € N and all s € [{,{ + T]
because graph(vy,) C Fy for all n € IN. Let L* > 0 be the Lipschitz constant of v*. Since
w(3,7%(8)) = 0, we estimate the following for all s € [£, 4] and all n € IN.

w(s, Yn(s)) = [w(s, 1 (5))] = |w (s, n(s)) —w(5,77(5))]

(e ) ()20 52292 |
< Luls — 81+ L Jn(s) = 7(5)]| + LA ]s — 5.

< Ly

w

Since f;((Lw + LyL*) |s — 3])7'ds = oo, there exists £ > 0 with

f (L + LyL*) |5 — 8| + Lye) 'ds — 6 > M.
t

As a consequence of the uniform convergence of v, to v*, there exists N € IN such that
|7 (s) —7*(s)|| < € for all n > N and all s € [£,4]. Thus, we arrive at the following
contradiction for n > N.

+T i+T )12 4T
le %@Mmmzé MJ%Utw“:ﬂ Ml_ms

= [l 85 Yn(8))
> /S - 1ds > /S L d S
— 1ds _ s— 8
— Ji w(s; n(s)) ~Ji (Lw+ LoL*) |s = 8]+ Lo [lyn(s) = ()
3
1
> — ds — 8§ > M.
/E (Ly + Ly, L) |s — 8| + Lye
This completes the proof. O

Proposition 2.1.3 and Lemma 2.1.5 will be essential in proving that the optimal control
problem (1.8) using the @, from (2.2) has a solution and that this solution ensures that the
tracking error e evolves within the funnel F. To generalise these properties beyond the
specific function !71/,, the following Definition 2.1.6 introduces the concept of funnel penalty
functions. These are the functions complying with Proposition 2.1.3 and Lemma 2.1.5.

Definition 2.1.6 (Strict funnel penalty function). Given ¢ € G, consider a measurable
function vy : R>o x R™ — R U {oo} whose restriction vy|x, is non-negative and continu-
ous. We call vy a strict funnel penalty function for v, if, for all t € Rso, T >0, and
every Lipschitz path v € Lip([t,t + T], R™) with (t,7(f)) € Fy the following holds:

+T
(F.1) /t vy(s,7(s))ds < oo <= graph(y) C Fy.
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2.1. FUNNEL STAGE COST FUNCTIONS

(F.2) If a sequence (vy,) € Lip([t,f + T], R™)N with (,7,(f)) € Fy for alln € N converges

uniformly to v and there exists M > 0 such that fthrT vy (8, n(s))ds < M for all
n € N, then

t+T
/12 vy (8,7(s))ds < oo.

Example 2.1.7. Let @ : R>0 x R™ be given as in (2.2) for ¢ € G. For every non-negative
function v € C(R>¢ x R™, R), the function vy : R>¢ x R™ — R U {oo} defined by

vy(t,y) = Ly(t,y) + v(t,y)

is a strict funnel penalty function. Since v is bounded on F, this is a direct result of
Proposition 2.1.3 and Lemma 2.1.5. Consequently, one can model additional soft constraints
via the function v to be penalised in the MPC Algorithm 1.1.4, without losing the property
of having a strict funnel penalty function. o

In Definition 2.1.6, vy is called strict, because condition (F.1) ensures that the Lipschitz
path 7 evolves within the interior of the funnel Fy, i.c. |[y(s)|| < ¢(s) for all s € [t,+ T7.
If, in addition, one also wants to allow for equality, i.e. only requires ||v(s)|| < ¥ (s) for all
s € [t,t + T, and replaces Fy in Definition 2.1.6 by

Fy={(t;e) € Rzo x R™ [[le] < (1)},

then property (F.2) can be omitted. In this case, property (F.1) and continuity of the
function vy, on the larger set Fy, already imply condition (F.2), as the following Lemma 2.1.8
shows. We therefore call a measurable function vy : R>9 x R™ — R U {oo} that fulfils
property (F.1) for the set Fy and whose restriction vy|z , is non-negative and continuous
a non-strict funnel penalty function for 1.

Lemma 2.1.8. Let ¢ € G and vy : R>o x R™ — R U {00} be a non-strict funnel penalty
function. Then, vy fulfils condition (F.2) of Definition 2.1.6 for the set Fy,.

Proof. Let t € R>o, T > 0, and v € Lip([{,# + T],R™) be a Lipschitz path with
(t,7(f)) € Fy. Further, let M > 0 and (v,,) € Lip([t, + T],R™)Y be a to v uniformly
converging sequence with (Z,v,(f)) € F, and fiHT V(8,7 (s))ds < M for all n € IN. Due
to property (F.1), we have graph(y,) C Fy. Recall that, for non-strict funnel penalty
functions, Definition 2.1.6 is formulated in terms of F,,. We show that [|v(s)|| < ¢(s) for
all s € [f,t+ T]. Assume there exists § € (£, + T] with ||y(3)|| > 1(8). Then, there exists
e > 0 with ||v(8)|| > ¢(8) + €. Since the uniform convergence of (v,) towards 7 implies
pointwise convergence of (7,), there exists K > 0 such that [|v(8) — v (8)|| < e for all
k > K. Furthermore, ||v£(3)|| < ¥(3) since graph(vg) C Fy for all k € IN. This raises the
following contradiction for k > K

¥(8) +e <[y < [7(8) =G + [ < e+ v(3).
This completes the proof. O

Remark 2.1.9. A strict funnel penalty function v cannot be continuous on the whole
set Fy. Otherwise, for a Lipschitz path v € Lip([t,t 4+ T], R™) with graph(y) C Fy and
[7(s)|| = 1(s) for some s € [£, £+ T}, the function ¢ — vy (t,~(t)) would be bounded and,
thus, integrable. Hence, it is clear that the two concepts of a strict and non-strict funnel
penalty function are mutually exclusive, meaning a single function cannot be both. °

We have already seen that @ as in (2.2) is a strict funnel penalty function. Now, we
want to give an example for a non-strict funnel penalty function.
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Example 2.1.10. Let ¢ € G and iy, € C(Fy, R) be a non-negative function. Then,

vyt Reo x R™ = RU {00}, wy(t,e) = {yw(t, e) (he)efy
o, else

is a non-strict funnel penalty function. To see this, let v € Lip([t, +T],R™) be a Lipschitz
path with (¢,7(f)) € Fy. We have to show that (F.1) from Definition 2.1.6 holds for F,.
First, let graph(y) C Fy. Then, vy(s,v(s)) = Dy(s,v(s)) for all s € [¢,f + T]. Due to the
continuity of the involved functions, 77 (s,v(s)) is bounded on the compact interval [¢, £+ 7.
Thus, the integral fiHT vy (s,7(s))ds is finite. To show the reverse implication, assume
now that the integral is finite but that there exists § € (£, + T with ||y(3)|| > v(8). Then,
there exists € > 0 with ||y(s)|| > ¥ (s) for all s € [§ — ¢, §] because v and 1 are continuous
functions. Hence, the following contradiction arises.

t+T 3 3
00 > / vy (s,7(s))ds > / vy(s,7(s))ds = / oo ds = oc.
t 5—¢ 5—e

<

We discussed the essential properties of the function @ and summed them up in Defini-
tion 2.1.6 of funnel penalty functions. To use this concept in optimal control problems of
the form (1.8), we additionally want to be able to penalise the necessary control effort in
the cost function. To this end, the following Definition 2.1.11 introduces funnel stage cost
functions. An example is the funnel MPC stage cost function £ as in (2.1).

Definition 2.1.11 (Funnel stage cost function). Let ¢ € G and vy : R>9 x R™ — RU{oo}
be a (non)-strict funnel penalty function. For A, € R>qo, we call a function

lp:Rsg Xx R™ X R™ — RU {00}, (t,2,u) > vy(t, 2) + Ay ||ul?
a (non)-strict funnel stage cost.

In Definition 2.1.11, the penalisation term for the control input u consists of the squared
norm of v multiplied by the parameter A,. This parameter allows to adjust a suitable
trade-off between tracking performance and required control effort. Note that A, = 0 is
explicitly allowed contrary to (1.7). Of course, utilising more sophisticated penalty terms is
also possible. One option, for example, is the usage of norms induced by a positive definite
matrix. If a reference input signal u..r is known, the second summand may also be replaced
by || — et (t)|?. In this work however, we will restrict ourselves to the presented case.

If not explicitly mentioned otherwise, we will use strict funnel stage cost functions in the
rest of the present thesis and we will refer to them merely by the term funnel stage cost.
The presented results generally also remain valid for non-strict funnel stage cost functions,
but then only with respect to the set Fy, i.e. inequalities of the form ||| < 1 (¢) have to
be replaced by |le|| < ¥(t).

Remark 2.1.12. Note that every (non)-strict funnel stage cost £, is non-negative for
every element (t, z,u) € Fy x R™. .

2.2 Model class

In the previous Section 2.1, the essential aspects of the cost function ¢, from (2.1) were
identified to introduce the more general concept of funnel stage cost functions. This was
done by considering Lipschitz paths in order to conduct this analysis in isolation from
any differential equation. In this section, however, we will introduce the class of surrogate
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models for the system (1.1) to be utilised in the MPC Algorithm 1.1.4. We consider
non-linear control affine multi-input multi-output models of order r € IN of the form

y(#) = P (T, - 55 @) + g (Taioa, - w2 () ule),
ynlio.eo] = a1 € C ([0, to], R™), if to > 0,}
(ynlto), - -8 (k) = o € R™™, if tg = 0,

(2.4)
with to > 0, initial trajectory u{;, control input u € L2 ([to,00),R™), and output
ym(t) € R™ at time ¢t > to. Note that, like the system (1.1), u and yy have the same
dimension m € IN. The model consists of two locally Lipschitz continuous function
fm € Lip (R4, R™), gm € Lipyo(RY, R™*™), and an operator Ty. To ensure that the
control u can always influence the dynamics, we assume that gy is everywhere point-wise
invertible, i.e. gu satisfies gam(z) € GLy,(R) for all z € R?. The operator Ty is causal,
locally Lipschitz, satisfies a bounded-input bounded-output and a limited memory property.
It is characterised in detail in the following Definition 2.2.1.

Definition 2.2.1 (Operator class 7;?). Forn,q € N and to € R>o, the set T, denotes
the class of operators T : R(R>o, R") = L% ([to, 00), RY) for which the following properties
hold:

(T.1) Causality: Yyi,y2 € R(R>o, R") Vt > to:
Yilpg = v2l0.9 = TWlro.) = TW2)l[t0.1-

(T.2) Local Lipschitz: Vt > tg Vy € R([0,t]; R™) 3A,d,¢ > 0 Vyi,y2 € R(R>0, R") with
il = v2lp.g =y and [ly1(s) —y (@)l <0, [ly2(s) —y(@)[| <0 for all s € [t,t + A]:

esssup [|T(y1)(s) — T(y2)(s)[| < ¢ sup [ly1(s) — y2(s)]| -
s€t,t+A] s€t,t+A]

(T.3) Bounded-input bounded-output (BIBO): V¢ >0 J¢; > 0 Vy € R(R>0,R™):

sup [ly(t)[| <co = sup [[T()(O)] < e
teR>0 t€[to,00)

(T.4) Limited memory: 37 > 0Vt > to Vyi,y2 € R(R>0, R™) with y1|r = y2|1 on the inter-
val I .= [t —71,00) NR>p and T(y1)|; = T(y2)|s on the interval J := [t — 7,t] N [to, t]:

T(y1)|[t,oo) = T(?/Q)‘[t,oo)
The value T in is called memory limit of the operator T.

Note that an operator Ty € Ty, ! can model non-linear time delays, where ty corresponds
to the initial delay, and that it can even be the solution operator of an infinite-dimensional
dynamical system, e.g. a partial differential equation.

We summarise our assumptions and define the general model class under consideration.

Definition 2.2.2 (Model class Mg"). We say the model (2.4) belongs to the model
class /\/l?;’r for m,r € N, and ty € R>o, written (fum, gm, Tm) € M?;’T, if, for some
g € N, the following holds: fyu € Lipjoo(R4L,R™), gu € Lipyo(RZ, R™*™) satisfies
gm(z) € GLy(R) for all z € RY, and Ty € T;,™7.

Due to their quite technical nature, the properties of the Ty € 7;3"1 deserve some
additional explanation. However, before commenting on them in Remark 2.2.5, we briefly
discuss a simple example of a model belonging to the considered model class in order to
have a familiar picture in mind. In particular, this provides a simple candidate for an
operator T.
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Example 2.2.3 (Linear time-invariant model). Consider a linear multi-input, multi-output
differential equation of the form

i(t) = Az(t) + Bu(t), x(to) = 2°

(2.5)
y(t) = Cx(t),

with A € R™™ and C'", B € R™™. Further, assume that this model has a strict relative

degree 7 € N, i.e. CA*B =0forallk <r—1and CA""!'B € GL,,(R). By [96, Lemma 3.5],

there exists an invertible U € R™ ™ such that with [2{,...,2 ,7"]T = Uz the above

system can be transformed into the (linear) Byrnes-Isidori form

Zi(t) = zita, zi(to) = 27,

Z(t) = Ryzj(t) + Sn + Tu(?), 2 (to) = 2, (2.6)
j=1

0(t) = Qn(t) + Pz(t), n(to) =",

with output
y(t) = z1(t),

where R; € R™*™ for all j = 1,...,7r, S, PT e Rmx(n—rm) 0 ¢ R(n—rm)x(n—rm) 4nq
I' = CA™1B. Define the linear integral operator T : R(Rx>q, R™)" — L2 ([to, 00), RY) by

loc

r t
T@buq%mw=§j&qm+s(£w%wwﬁ/éwﬂma@mg.
j=1

to

Utilising this operator T and the Byrnes-Isidori form (2.6), the differential equation (2.5)
can be put in the equivalent form (2.4) with initial value

(y(tﬁ)y y(tO)a s ’y(r—l) (tO)) = (C‘roa CA.’I]O, SRR CAT_le)‘

In the following, we examine the properties (T.1)—(T.4) of the operator T. It is easy
to see that it satisfies properties (T.1) and (T.2). To also verify the limited memory
property (T.4) for T with 7 =0, let > tq and (y1,...,¥:), (J1,---, %) € R(Rs0, R™)"
with T(y1,...,y)(#) = TG, ..., 5)(F) and (y1,...,y:)(t) = (1, ..., ) (t) for all t > 1.
Using the shorthand notation

r t
V(ziy. oy 2e)(t) = Z Rjzi(t) + SeQt=t)py and L(z)(t) =S [ 9t~ Pz (s)ds,
j=1

to

we have T(z1,...,2.)(t) = V(21,...,2.)(t) + L(z1)(t). It is clear that V(y1,...,y,)(¢t) and
V (i1, .. .,9)(t) are identical for all ¢ > . To show the limited memory property (T.4) for
the operator T, it therefore is sufficient to show L(y;)(t) = L(§1)(t) for all t > £. For t > #,
we have

t
Liy)#) =8 | Q=) py,(s)ds

to
t
— L)) + S / eQt=3) Py (5)ds
i
t
=T(y1,...,y))(t) = V(ys,..., yr)(f) + S/ eQ(t_S)Pyl(s)ds
i

:T@hngmw—W@wquwﬂAe%ﬂmm@w
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t
— L))+ 5 [ IPy(s)ds
t
t
=5 [ Q=) Pg(s)ds

to

= L(1)(1)-

Thus, T has the property (T.4) with 7 = 0. Additionally assume that (2.5) has asymptot-
ically stable zero dynamics, i.e.

A,—A B
VA€ Cso: det[ C 0] #0.

This, also called minimum phase property in literature, see e.g. [98, 99], implies that all
eigenvalues of the matrix @ in (2.6) are in the open left plane, i.e. spec(Q) C C<o, see [96,
Lemma 3.5]. Consequently, the operator T fulfils the BIBO property (T.3), see also the
diagram in [30, Section 2.1.2] nicely illustrating the relationship between the minimum
phase property of model (2.5) and the BIBO property of T. o

Example 2.2.4 (Non-linear model with state space representation). Consider a non-linear
differential equation of the form

i(t) = f(a(t) +g(z(t))u(t), a(to) =",
y(t) = h(z(t)),

with tp € R>o, 2 € R”, and non-linear functions f : R® — R", g : R* — R™™
and h : R™ — R™. We show in the following that (2.7) can, under certain conditions,
be put in the form (2.4) and thus is an admissible candidate for a model. We recall
the notion of relative degree for the differential equation (2.7), see e.g. [99, Sec. 5.1].
Assuming that f, g, h are sufficiently smooth, the Lie derivative of h along f is defined
by (L¢h) (z) = h'(x)f(x) and, successively, we define Llj‘éh = Lf(L];_lh) with L?h = h.
Furthermore, for the matrix-valued function g, we have

(Lgh)(x) = [(Lg,h) (), - .., (Lg, h) ()],

where g; denotes the i-th column of g for i = 1,...,m. Then, the differential equation (2.7)
is said to have strict (global) relative degree r € N, if

(2.7)

Vie{l,...,r—1} Ve e R": (LyLy'h)(x) =0
and  (LyL} 'h)(z) € GLy(R).

If (2.7) has relative degree r, then, under the additional assumptions provided in [52,
Cor. 5.6], differential equation (2.7) can be transformed into (non-linear) Byrnes-Isidori
form — a generalisation of (2.6). This means there exists a diffecomorphism ® : R™ — R"
such that the coordinate transformation (y(t),5(t), ...,y (t),n(t)) = ®(x(t)) puts the
differential equation (2.7) into the form

y () = p(y(®)s- -y D0, 0(1) + T (y(@), -,y (@), 0(D)) ult), (2.8a)
(1) = a(y(®),- ...y V(0),n(1), (2.8b)

where p : R - R™, g : R - R*"™", I' = LgL:flh : R" — R™*™ are continuously
differentiable and (y(to),§(to), ..,y V(te),n(ty)) = ®(x¢). Note that, under these
assumptions, the derivatives of the output y of (2.7) are given by 3 (t) = (L?h)(x(t))
for i =0,...,7r — 1. In the following, we assume the existence of such diffeomorphism
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® : R™ — R™ but not necessarily the conditions stated in [52, Cor. 5.6] as these are sufficient
but not necessary for the existence of ®. We further assume that internal dynamics (2.8b)
satisfy the following bounded-input, bounded-state (BIBS) condition:

Veo>03er >0Vt >0Vn? € RV € LS ([to, 00), R™) :
[+ ¢lloe S co = [[nC5t0, 7%, )| < ers (2.9)

where n(-;t0,7%,¢) : [to,00) — R™ ™™ denotes the unique global solution of (2.8b) when
(y(t), ...,y =1 (t)) is substituted by ¢. Note that, in view of condition (2.9), the maximal
solution 7(+; o, 7%, ¢) can indeed be extended to a global solution, cf. [192, § 10, Thm. XX].
Utilising the unique global solution 7 of (2.8b), define operator

T : R(Rz0,R"™) — Liz.([to, 00), R"), ¢+ T(C) = (C(-), 050, 1°,C)).

It is easy to see that T satisfies the causality property (T.1). The bounded-input bounded-
output property (T.3) is a direct consequence of BIBS condition (2.9) on internal dy-
namics (2.8b). Utilising the fact that the continuously differentiable function ¢ is local
Lipschitz continuous in combination with the BIBS condition (2.9), the local Lipschitz
property (T.2) can be verified via straightforward calculations. To verify that it also
satisfies the limited memory property (T.4) for 7 = 0, let > to and (1, (2 € R(Rs0, R"™™)
with T(¢1)(£) = T(¢2)(f) and (1 (t) = (o for all t > £. As 7 is the maximal solution of (2.8b),
it can be represented for ¢ € R(R>¢, R"™) as

¢
tstonn®.0) =+ [ alCls)nts o))
for all ¢ > . T((l)(f) = T(Cg)(f) implies

i i
/ q(C1(s),n(s;t0,n°, ¢1))ds = / q(Ga(s),m(s;to, n°, ¢2))ds.

to to

Utilising §1|[£’Oo) = CQ‘[E’OO), we have

T(G)(t) = (Gu(t), 0 + / 2(C(s). (s o, 1, C1))ds)

= (07770+/ Q(Cl(s),W(S;tomovCl))ds)+(C1(t)7[ q(¢1(s),m(s:t0,n% C1))ds)

to t
t

—(0.° + / 4(Cal), m(s: to, 7%, C2))dls) + (Calt), / 4(Ga(s), 053 10, 7, C2))dls)

to t

t

= (Ca(t), 1 +/ 4(Ga(s),n(s3t0,1°, C2))ds) = T(C2)(t)
to

for t > ¢. Thus, T has the property (T.4) with 7 = 0. The differential equation (2.7)

therefore can be put in the form (2.4) and it is an admissible model. o

Remark 2.2.5. We comment on several aspects of the operator class 7?3’(1 and its properties.

(a) Let T € T, and I be the interval I = [0,] or I = [0,¢) for { € Rx¢. For a given
function ¢ € R(I,R"), let ¢ denote an arbitrary right extension of ¢ on the entire
interval of non-negative real numbers, i.e. (¢ € R(R>0, R") with {¢|; = ¢. By virtue
of the causality property (T.1), the restriction of T(¢¢) to the interval I is uniquely
determined by the function ¢ in the sense that T((¢)|; is independent of the chosen
extension (¢. This observation made in [95, Remark 2 (iii)] allows us to apply the
operator T in a certain sense to functions ¢ € R(I,R™) by utilising an arbitrary right
extension (¢ € R(R>o, R") instead. We will therefore use throughout this work the
following notation. For s € I, we write T(()(s) in place of T((¢)(s).
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(b)

The Lipschitz property (T.2) is a rather technical assumption to ensure the existence
of a solution of the closed-loop initial value problems (1.1) and (2.4) when a control
law is applied, see Theorem 7.0.4. We will summarise the corresponding results,
tailored to the context, in Proposition 2.2.8. For the technical details, however,
we would also like to refer the reader to the works [94, 95, ] and also to the
Appendix where we recall the solution theory for the class of functional differential
equations considered in this thesis. The Lipschitz property will moreover be used
in Proposition 2.2.9 in order to prove uniqueness of the solution of the initial value
problem (2.4).

To motivate the BIBO property (T.3) of operator T, we consider the example of a
differential equation of the form

i(t) = Ay(t) + Bu(t), (2.10a)
0(t) = fy(t),n(t)), (2.10D)

with matrices A € R™™ and B x R™™ and a continuously differentiable func-
tion f: R™ x R — R’. As similarly shown in Example 2.2.3, the differential equa-
tion (2.10) can be put in the from (2.4), where T is the solution operator of the
non-linear equation (2.10b). If the matrices (A, B) are controllable, then a stabilising
state feedback u = Ky with K € R™*™ can be applied to (2.10) and the linear
part (2.10a) can be estimated, for t > 0 and a,b > 0, by ||z(t)| < be=®||z(0)||. Any
prespecified a can be realised by the choice of K. However, as stated by Sussmann
and Kokotovic in [181], one cannot, in general, choose K so as to make the number a
large without making b large as well. As first pointed out by Sussmann in [180], the
so called peaking-phenomenon can cause the non-linear part (2.10b) of the system to
have finite escape time even if the system

i(t) = f(0,n(t))

has 0 as a global asymptotically stable equilibrium. The presumed BIBO prop-
erty (T.3) of operator T not only avoids this problem but is even more essential since
our control objective is to guarantee that the output y of the system (1.1) respectively
the output yy of the model (2.4) evolves within the funnel around the reference
signal y..r. Without this assumption and even with perfect tracking, the non-linear
dynamics (2.10b) might be unbounded and thus cause an unbounded control effort,
or worse, its solution might even have finite escape time.

Compared to previous works on funnel control, see e.g. [30, 31, 95], the limited
memory property (T.4) was newly introduced in [2] and is essential in the context of
MPC in order to ensure that in Step (a) of each iteration of the MPC Algorithm 1.1.4
only the history of the state of length up to the memory limit 7 > 0 is utilised, instead
of requiring the full signal history, which would be infeasible in practice. Let T € 7,
with memory limit 7 > 0 and I be the interval I = [f—7,#+T] fort > 7 and T € R>o.
For given functions ¢ € R(I,R") and T € L2 ([f — 7,7] N [to, ], RY), let ¢ be a
left extension of ¢ on the interval [0,#] with T —rinpe.g = T. Similar to the
observations in (a), the restriction of T(°() to the interval I is uniquely determined
by the functions ¢ and T in the sense that T(°¢)|; is independent of the chosen left
extension °C due to the limited memory property (T.4). If the value T is fixed, this
allows us to write T({)(s) in place of T(°C)(s) for s € I (assuming there exists a left
extension “C with T(°O)[i_, g0, = T).

In the literature on funnel control, the used operator T belonging to 7?0“1 is usually
defined on the space of continuous functions C(R>g, R"), see e.g. [30, 95]. In the
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context of MPC, this is too restrictive. Since the model is re-initialised with data
from system measurements in Step (a) at the beginning of every iteration of the
MPC Algorithm 1.1.4, one cannot assume continuity of the global solution trajectory
of model (2.4). Measurement errors, disturbances, and a potential model-system
mismatch will inevitably result in discontinuities at the points of model re-initialisation.
To account for this, Definition 2.2.1 generalises the operator’s domain to the space of
regulated functions R(Rx>q, R"™).

We now define a concept of a solution for the initial value problem (2.4). As we will use
this differential equation as a model for the MPC Algorithm 1.1.4, a certain degree of care
is required for this definition. Since the initial value problem is solved at every iteration of
the algorithm at different time instants ¢ > to with varying initial values based on system
measurements obtained in Step (a) of the algorithm, certain theoretical problems arise
mainly caused by the domain of operator Ty;.

Definition 2.2.6 (Model solution). Given a control function u € L ([t,o0),R™), a
requlated function xy = (a1, - - -, Twy) with 2y, 2 [0,w0) = R™, w € (F,00], i =1,...,7,
is called a solution of the initial value problem (2.4) at initial time £ > to > 0 and with
initial data iy € R([E — 7,8 N [0,4], R™™) and Ty € L2 ([t — 7, N [to, {], RY) with T > 0,

loc
if
M fi—r 0.4 = M, 2.11)
Ta (@)l ii—r 0o = T
and xyp fiw) 8 absolutely continuous such that, for almost all t € [t,w), it fulfils
i‘MJ(t) TM,2 (t) 0
= : + : u(t). (2.12)
xM,rfl(t) xM,r(t)
() fu (T () (1)) gn (T () (1))

A solution xyr is said to be maximal if it has no proper right extension that is also a
solution. A maximal solution is called a response of the model associated with u and we
denote it by oy (-, &m, T, w). Its first component oy is denoted by yn (-5 t, &, T, w).

Note that, in (2.11) of Definition 2.2.6, we did not distinguish between the cases ¢ty > 0
and to = 0 as in (2.4), since a larger variety of cases is possible here. Essentially, one needs
to distinguished whether the interval [f — 7,%] N [0,] is a perfect interval or merely a single
point. In the latter case, we will implicitly assume a representation of the initial condition
as in (2.4) and that &) is an element of R™" and analogously that T is an element of RY.
Or in other words, we interpret the restriction of the considered functions to an interval of
the form I = [{] as a function evaluation at ¢ and identify the function spaces R(I, R™™)
and L2 (I,R?) with the vector spaces R™™ and R, respectively. The parameter 7 > 0
can be thought of as a memory length of past signal information used to initialise the
differential equation.

Remark 2.2.7. The above Definition 2.2.6 contains certain peculiarities and differs from
the conventional definition for the solution of an initial value problem. We comment on
that.

(a) Definition 2.2.6 uses a solution concept in the sense of Carathéodory, see e.g. [192,
§ 10, Supplement II]. The solution xy does not automatically possess a continuous
first derivative and it fulfils differential equation (2.12) on [f,w) with the exception of
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2.2. MODEL CLASS

a set of Lebesgue measure zero. Equivalently, the solution concept can be formulated
using an integral representation instead of equation (2.12). Then, the function x) is
considered to be a solution to differential equation (2.4) when satisfying

am(t) = () +/£ Fy(zm(s), Tm(zm)(s) + Gu(Tu(zm)(s))u(s)ds,  (2.13)

- T
for all t € [t,w), where Fyi(zym, Tv(zm)) = [JJM’Q, ceey TMys fM (TM(SUM)))]
and Gy (Twm(zy)) = [0, ooy 0, gM (TM(wM))]T At some instances, we will also
use this representation.

(b) Note that in Definition 2.2.6 the solution zy is defined on the whole interval [0, w)
while the initial values are given at t >ty > 0 and while x) satisfies the differential
equation merely on the interval [f,w). The rational behind this is for the domain
of the solution z\; to be in accordance with the domain of the operator Ty; which
is R(R>0, R"™™). By virtue of the causality property (T.1), one can, when solving
the initial value problem (2.12) with (2.11), evaluate Tyr(x\)(t) for t € [t,w), in a
certain sense, implicitly utilising right extensions %, as discussed in Remark 2.2.5 (a).
However, it is necessary for xp; to be also defined in the past, meaning on the
interval [0, ﬂ The initial values &y and Ty determine, not necessarily uniquely, xy
on the interval [0, 7].

(c¢) It might seem, at first glance, like Ty is already completely determined by Zn;. The
latter however is, in general, not an element of the domain of Ty;. In order for
to be evaluable by the operator Ty, one has to choose a left extension ®Zy; on the
interval [0,7]. As this left extension can initially be chosen arbitrarily, the second
condition on the initial value in (2.11) entwines the left extension “Z); with the initial
datum Ty;. As discussed in Remark 2.2.5 (d), if 7 > 0 is greater than or equal to the
memory limit of T, then the left extension ®Zyf, assuming its existence, is uniquely
determined by &y and Ty in the sense that Tw(xm)(t) for ¢ > £ does not depend
on the chosen extension.

(d) To take the initial value y; from (2.4) into account at £ = tg, one can replace in (2.11)
the initial value &y with (yyy, ... ,yl(\)/[(rfl)) and Ty with T (v, - - .,yl(\]/l(rfl))).
However, Definition 2.2.6 is intentionally formulated merely in terms of Zp; and T
independent of y& in order to avoid treating the initial time f = ¢y as a special case.

One of the difficulties we will have to address in the following is that the initial values Z
and Ty in (2.11) have to allow for the existence of a solution of initial value problem (2.12).
For that @) is required to have an admissible left extension on the interval [0,7], i.e.
a left extension €2y with TM(SQM)‘[f—T,ﬂﬂ[to,ﬂ = Ty. Moreover, in the context of the
MPC Algorithm 1.1.4, the initial values have to be chosen in a way to entwine the initial
value problem (2.12) to be solved at the current time instant ¢ with the history of ay
from the previous iterations and the initial trajectory yg/[ given at time ty > 0. Before
addressing these two questions, we want to consider initial value problem (2.12) individually,
independent of the MPC Algorithm 1.1.4, and assume the existence of an admissible left
extension for ). In this case, there exists a solution to the initial value problem as the
following Proposition 2.2.8 shows.

Proposition 2.2.8. Consider model (2.4) with (fu, gm, Tm) € My" and tg > 0. For
t > to and a control function u € L ([t,00), R™), let &ym € R([t — 7,1 N [0,%], R™)

loc
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and TM e L2 ([t t — 1,8 N [to, 1], RY) with 7 > 0. If @\ has an admissible left exten-
sion ‘T on the interval O,ﬂ, i.e. eAM € R([0 ﬂ R™™) with xM\t rAN04 = M and

TM(eﬁ;M)‘[g—T,ﬂﬂ[to,ﬂ = TM, then

(i) the initial value problem (2.12) with (2.11) has a solution xyp : [0,w) — R™ in the
sense of Definition 2.2.6,

(ii) every solution can be extended to a mazimal solution,
(iii) if xy: [0,w) = R™ is a bounded mazimal solution, then w = oco.

Proof For glven t >ty and u € L ([t,00), R™), let @y € C([t — 7,1 N [0,#], R™) and
Ty € Le ( t T,ﬂ N [to, ], RY) with 7 > 0 be arbitrary but ﬁxed Further, let 2y be
an admnssfble left extension of Z); on the interval O,ﬂ and let Fyr and Gy be defined as
n (2.13). As a consequence of Corollary 7.0.6 to be found in the Appendix, there exists a
solution z : [0,w) — R™™ with w > £ of the initial value problem

z(t) = Fu(x(t), Tv(z)(t)) + Gv(Tam(z)(8))u(t), (2.14)

€z
Zljo,5 = “Ia,

where x fulfils the differential equation for almost all ¢ € [f,w). Since 4y is an admissible
left extension of &1, the function z is also a solution of initial value problem (2.12)
with (2.11) in the sense of Definition 2.2.6. This shows (i).

Let z : [0,w) — R™ be an arbitrary solution of the initial value problem (2.12) in the
sense of Definition 2.2.6 with initial values &y and Ty as in (2.11). Due to the used
solution concept, the function Z is also a solution of the initial value problem (2.14) with
initial value x|, 5 = &y 7. According to Corollary 7.0.6, this function can be extended
to a maximal solution. Moreover, if any maximal solution of this initial value problem is
bounded, then w = co. Since Z| 0.4 1s an admissible left extension of Zy, both findings
carry over to the initial value problem (2.12) with initial values as in (2.11) and the solution
definition in the sense of Definition 2.2.6. O]

While Proposition 2.2.8 ensures the existence of a solution x) of initial value prob-
lem (2.12) with (2.11), it is in general not unique, in particular since z); does not need to
comply with the differential equation (2.12) for ¢ < £. On the interval [0, ], it is merely a
feasible left extension of &) and, depending on Ty, there might exist several feasible left
extensions. However, if 7 is greater than or equal to the memory limit of Ty, then zyy is,
in a certain sense, unique as the following Proposition 2.2.9 shows. Namely, it is uniquely
determined for ¢t > ¢.

Proposition 2.2.9. Consider model (2 4) with (s, gv, Tm) € M and to > 0. For
t >ty and a control function u € L2 ([t, 00), Rm) let v € R([t — T, ﬂ Nn1[0,#,R™) and
Ty € LS ([f—7, ] N [to, 1], RY) with T > 0. Let xl; : [0,w1) — ]er and 3 : [0,ws) — R™
be two solutwns of the initial value problem (2.12) with (2.11) in the sense of Definition 2.2.0.
If the value T is greater than or equal to the memory limit of T, then xy(t) = x3,(t) for
all t € [t, min{wy,wa}).

Proof. Step 1: We show that xi; and 22, coincide on the interval [¢,f + ¢] for some & > 0.
As z}; and 2%, are solutions of the initial value problem (2.12) with (2.11) in the sense
of Definition 2.2.6, there exists a feasible left extension of &y, i.e. @y € R([O, ﬂ R"™™)

with xM|[t FAn0d] = = 2y and Ty (C2y)| e N fto,d] = =Ty According to the local Llpschltz
property (T.2) of operator Ty, there exists constants A,d,¢ > 0 such that for all
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<4,

functions y1,y2 € R(R>0, R™™) with y1|[07ﬂ = y2|[07ﬂ = “Im and Hyl(s) — &m(f)
Hyg(s) - iM(f)H < 0 for all s € [t,t + A:

esssup [ Tai(y1)(s) — Tum(y2)(s)[| < ¢ sup [[yi(s) — y2(s)]l -
SEt,t+A] sEft,t+A]

The functions xi; and z%; are continuous on the interval [f,min{w;,ws}) and satisfy
xi(t) = 23,(f) = £m(f). Therefore, there exists some ¢ € (0, min{A,w;,ws}) such that
|z (t) — 2m(f)|| < 6 and |23 (t) — @m(t)| < 6 for all t € [t,{+ €].

We will estimate || Tai(zy,)(t) — Tam(ad)(t)| for ¢t € [t + €] in the following. To that
end, let 1; denote the indicator function of an interval I C R. Note that, as 7 is greater
than or equal to the memory limit of Ty, see property (T.4), we have, for t > £ and
i=1,2,

Ty (2p)(H) = T <1[o,£) T+ ]l[f,t]@’fw) (t) = Tu (1[0,5) B+ Lt + ]1(t,£+A]j3M(f)> (t),

where the causality property (T.1) was used in the second equation. Hence, for t € [f, t4 gl,
it follows

| Tar(zan) (t) — Taa(a3g) (£)|| < esssup || T () () — Taa(aiy) (v)]|

vElt,t]
—esssu]pHTM(]l[O p Tl t]xM"‘]l(t iratm(t ) ( 0,0 1L t]xM"‘]l(t t+A]xM(t)>(V)H
velit
<eSSSup HTM(]I[Ot) .'L'+-ﬂ[tt]xM+]1(t t—‘,—A IM ) ( Ot) x"‘]l[t t]xM+]]‘(t t+A]xM(£))( )H
velt,i+A]
< ¢ sup H( [0,9) 37"'1[7& t]QUM‘*‘Il tt+A ) (H[Ot m+ﬂ[tt]xM+ﬂ(t t-s-A]xM(f)) (v )H
velt,i+A]
= sup [ )2h() — gk v)]| = ¢ sup [aks(v) = aFi ()]
ve(t,t] velt,t]
We now estimate sup,,¢; i .| Hxll\/[(y) — 23 (v H To that end, define the continuous function
C:[tt+el = R, t SUD,,c[7 4] Hxll\/[( — 23 (v H There exists a compact set K with

24, (t) € K for all t € [f,£+¢] and i = 1,2. Moreover, due to the BIBO property (T.3) of
operator Ty, there exists a compact set K with Typ(a4;)(t) € K for all t in [£, + ¢] and
i =1,2. As the function fy; is an element of Lip,,.(RY, R™), Fi is Lipschitz continuous
with constant Lg, > 0 on the set K x K. Similarly, there exists a Lipschitz constant
Lg,, > 0 for the function Gy on the set K. Using the above considerations and the
solution representation (2.13), ¢ satisfies the following estimate for all ¢ in [£, + ¢].

¢(t) = ST& |zAi(v) — 235 (v

= sup
VE[f,t]
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+ [ G (Paako)(s)us) = Guu (a5 ds
< [ L (lokats) = )] + [ Taslebo)(9) - Tuatad) 61 ds

+ [ Lo ITaab) o) — TR ol 0
O sl - st a

) [ o

Now, Grénwall’s inequality yields ¢(t) = 0 for all t € [£,% + ¢]. This shows x1,(t) = 22,(¢)
on the interval ¢ € [£, 1 + €].

Step 2: We show that z}, and 22, coincide on the interval [f, min{w;,ws}). Suppose
:rll\/[][i,min{wlm}) # xﬁ“imin{whm}). Then, there exists a time instant ¢ € [f, min{w,ws})

with z};(t) # 23;(t). Let

< <LFM(1 +¢)+ Layce Hu‘[f,ﬂs]

< (Em (14 ©) + Laye[ulisa

{ == inf {t € t min{wy,wa}) |xM #:BM( )}

In view of Step 1, we have ¢ > ¢. Since xll\/[ and x%\/[ are solutions of the initial value
problem (2.4) with initial value Z); and Ty at initial time ¢, we have

2l rid = M = Bl s e A0 vy gnie.q = T = TR0 r g0 0.4

Thus, x4, (t) = 23,(t) for all t € [f — 7,£] N [0,7]. This implies Ty (zg;)(t) = Tam(zd))(t)
for all t € [t — 7,1] N [to, ] because 7 is greater than or equal to the memory limit of Ty,
see property (T.4). Define Ty = 9311\/1|[£—r,ﬂm[0,£] and Ty = TM($11\4)|[1: Filn[to,]- These
functions are elements of R([t —7,#]N[0,¢], R™) and L{° ([t — 7, N [to, ], RY), respectively.
Both zy; and z3; are solutions to the initial value problem (2.4) with initial value Zy; and
Ty at initial time ¢ in the sense of Definition 2.2.6. According to Step 1, there exists € > 0
such that zi,(t) = 23(¢) for all t € [t,# + €] — a contradiction to the definition of ¢. This
completes the proof. O

Remark 2.2.10. Proposition 2.2.9 shows that if 7 is greater than or equal to the memory
limit of Ty, then the maximal solution xy : [0,w) — R™ of the initial value problem (2.4)
with initial value &y and Ty at time £ is uniquely determined on the interval [t,w). Since
we will consider solutions of the initial value problem (2.12) mostly for ¢ > #, we will speak
in this case also of the maximal solution and the response associated with u when referring
to xM(-;tA,aﬁM,TM,u). L]

In the previous Section 2.1, we introduced the concept of funnel penalty function to be
used in MPC. Basis for our considerations was the assumption of a Lipschitz continuous
solution trajectory of the model (1.5). The following Proposition 2.2.11 shows that this
assumption is justified and fulfilled for our model class ng””

Proposition 2.2.11. Consider model (2.4) with ( fM,gM,TM) € My Let t > to,
7 € R>o, and initial data @y € R([t — 7,1 N[0,%], R™) and Ty € L ([t — 7,8 N[to, 1], RY)
such that for a control u € L ([t, 00), R™) the mmal value problem (2.4) has a solutwn
M [0,w) = R™ with w > t in the sense of Definition 2.2.6. Then, for every interval
length T € (0,w — t), the restriction Ml i [t,£+T] — R™ is a Lipschitz path.
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Proof. We prove the assertion by showing that every component xy; : [0,w) — R™ of
oM = (@M, ..., 2Mm,) for @ = 1,...,7 is a Lipschitz continuous function on the interval
[t,£ + T]. By Definition 2.2.6, the function xy1; is continuous on the interval [£, + T. It
therefore is sufficient to show that Zyr; is an essentially bounded function on the interval
[t,t+T]. Fori=1,...,7—1, we have M, = TM,i+1 since xy fulfils the ordinary differential
equation (2.12) on the interval [£,+T]. Due to the compactness of [£, 4T, the continuous
function xy 41 is bounded. For i = r, we have

i (t) = v (Tam(zm) () + gv (T (@m) (8)) ()

for almost all t € [f,# + T]. The control u as an element of L ([f,o0), R™) is bounded.
Moreover, due to the compactness of the considered interval and the continuity of the
involved functions, fu(Twam(zm)(t)) and gy (Tam(zm)(t)) are bounded. Thus, @, is
essentially bounded and the proof is complete. O

2.3 MPC with funnel stage costs

In this section, we will analyse how funnel stage cost functions (introduced in Section 2.1)
can be integrated into model predictive control (MPC) to solve the reference tracking
problem formulated in Section 1.1.1. We employ a (functional) differential equation of the
form (2.4), belonging to the model class /\/l?;’r introduced in Section 2.2, as the predictive
model within the MPC framework. To establish initial and recursive feasibility of the
resulting MPC scheme and its compliance with the control objective, we develop the
theoretical groundwork in three key steps:

1. Relative degree analysis (Section 2.3.1): We investigate the role of the model’s
relative degree r € IN in (2.4) and introduce auxiliary error signals to reduce the
complexity of the considered control objective.

2. Feasibility guarantees (Section 2.3.2): We address the existence of control signals
that solve the tracking problem at every iteration of the MPC Algorithm 1.1.4.

3. Optimal control problem solvability (Section 2.3.3): We prove that the optimal
control problem using funnel stage costs admits a solution, which inherently satisfies
the tracking objective.

While the existence of a solution may appear purely technical, it is non-trivial due to
the inherent challenges of funnel stage costs: these functions are highly non-linear and
generally discontinuous. Finally, in Section 2.4, we synthesise these results into the funnel
MPC Algorithm 2.4.1, ensuring adherence to funnel constraints.

2.3.1 The higher relative degree

We now develop a control framework to address the reference tracking problem outlined
in Section 1.1.1, accounting for the relative degree r € IN of the model (2.4). While the
relative degree r might initially appear to be a minor technicality — and extending control
strategies from r = 1 to » > 1 seemingly straightforward — the structural complexity
introduced by higher relative degrees poses significant analytical and design challenges.
This difficulty is well-documented: in adaptive control, these challenges were highlighted

in [146]. Concerning funnel control, the progress was incremental. First proposed for
relative degree r = 1 systems in 2002 in [95], it took eleven years to extend the framework
to r = 2 in [83] and further five years to achieve generalisation for arbitrary » € IN in [33].

To meet the control objective in Section 1.1.1, we introduce auxiliary error variables,
circumventing the structural limitations imposed by higher relative degrees. This approach
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simplifies the design while ensuring compatibility with the funnel stage cost functions

discussed in Section 2.1. Define, for (z1,...,2) € R™ with z; € R™ and for parameters
ki,...,kr—1 € R>0, the functions & : R™ — R™ recursively by
§1(z1,. .05 20) = 21, (2.15)
Sit1(21,- - 2r) = &i(Sm(z1, -y 20)) + kiilz1, . 20),
fori=1,...,7r—1, where
St R™ — R™, Sp(z1,...,2r) = (22,...,2,0) (2.16)

is the left shift operator.
Remark 2.3.1. Using the shorthand notation
X (Q(t) = (1), (1), -, ¢ (k) e R™ (2.17)
for a function ¢ € W*°(I,R™) on an interval I C R>p and t € I, we get
&0 (Q)(1) = (1),
i1 (xr(Q)(1)) = § & (xr (Q)(1)) + ki&i(xr (O)(1))

for i =1,...,7 — 1. Furthermore, using the polynomials p;(s) = H§:1(5 + k;j) € R]s], the
function &11(x(¢)(t)) can be represented as

Ei+100(C)(1)) = pil(§)C(2)

fore=1,...,7r—1. .

(2.18)

Observe that for a solution ) of the model differential equation (2.4), the auxiliary error
variable &1 (zm(t) — Xr(Yret) (t)) coincides with the tracking error en(t) = ynm(t) — Yret(t)-
Leveraging this equivalence, we solve the tracking problem outlined in Section 1.1.1 by
ensuring xz(t) — Xr (Yrer)(t) remains within the set

DY = {z e R™||&(2)|| < i(t), i=1,...,r} (2.19)

for all t > to, where ¥ := (¢1,...,1,) € G" is a vector of suitable funnel functions. While
this approach initially appears to compound the original problem — replacing a single
constraint with r time-variant inequalities — it simplifies the task when the funnel functions
are strategically designed. Crucially, if a control u € Lloc([ 00), R™) applied to the
model (2.4) ensures that x(t) — X;(yref)(¢) is an element of the set D}’ for all ¢ > ¢, then
xM(t) remains bounded. By Proposition 2.2.8, this guarantees that a maximal solution is
indeed a global solution over [tg, 00), i.e. it has no finite escape time. In contrast, control
strategies that merely confine the tracking error ym(t) — yret(t) to Fy lack this inherent
boundedness guarantee, as illustrated by the following example.

Example 2.3.2. The scalar differential equation
i) =25 +u(t),  y(0)=0, §(0)=3

of order two belongs to the model class Mé’2. If the constant control v = 0 is applied to
the differential equation, then the initial value problem has the unique maximal solution
y:1[0,1) - R, t = 1 —+/1—t. This constant control allows tracking of the constant
reference yyo = 1 within a funnel F,, given a constant funnel function 1) = 2 because we
have, for all ¢ € [0,1),

ly() = yret (@)l = [[1 = VI =t = 1| = VI -t <2=1(t).

However, the solution has finite escape time and cannot be extended to a global solution
as the derivative y(t) = 5 \/11? is unbounded and has a pole at ¢t = 1. o
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To ensure that the tracking error en(t) = ym(t) — yret(t) evolves within the funnel Fy,
(defined by a function ¢ € G as outlined in Section 1.1.1), we construct auxiliary funnel
functions ¥ := (¢1,...,%,) € G to simplify the tracking problem. A fundamental
prerequisite is that the initial error — the mismatch between the model’s initial trajectory
YY) from (2.4) and the reference trajectory yp.s — lies within the funnel, i.e. satisfies
|y81(t0) = yret(to)|| < 1(to). Under this condition, there exists v € (0,1) such that

|31 (o) — yret (t0) || < 7" (to). (2.20)

Furthermore, the funnel function ¢ € G satisfies ¢(t) > —aa)(t) + 8 for all t > 0, where
a, > 0 are constants with ¢ (tg) > g, see also (1.3) for the definition of the set G. For
completeness, we briefly prove this existence result.

Lemma 2.3.3. Let ¢ € G, then there exists a, 8 > 0 such that

Y(to) > = and P(t) > —ap(t) + B Vi>0. (2:21)

Proof. We have inf,>o ¢ (s) < 0 due to the boundedness of . In the case infs>ot(s) = 0,
set =1 and = infs>01(s) > 0. Then, ¥(tg) > g and, for all ¢ > 0,

—av(t) + 8 = —y(t) + inf v(s) < 0 < inf (s) < P().

s>0

If infy>0 1) (s) < 0, then set av = %OZES; >0 and B = —infy>01)(s) > 0. Then,
im s>0 S

— =— Qj < 2 < inf ¢(s) < 4
ath(t) + 8 = —a(t) + $ ;ggws) < -3 ;ggws) < ;ggws) < (1)
for all ¢ > 0. Moreover, 9 (tg) > g This completes the proof. O

Given v € (0,1) as in (2.20), constants «, > 0 satisfying (2.21), and the initial time
to > 0, recursively select parameters ki, ..., k._1 such that

. . 1
kl > 2 H(yIQ/I - yref)(tO)H n 2 <04 + 77‘71)

— = )d(to) 1—~
. 2 || 6 (xr (43 — yrer) (t0))| L 20+a) (2.22)
C(1-7) (H&(xr(y& — et (t0)) || + aﬁ*?) 1—~

for all t = 2,...,7 — 1, where & are defined as in (2.15). Using the shorthand notation
€)= & (xr (Y — ref) (t0)), define the vector of auxiliary funnel functions ¥ as ¢ = 1,
and o, ..., 1, as follows:
1
,77“7@' (

fort > 0and i =1,...,7 — 1. Critically, the parameters k; and functions v; do only
depend on X, (1Y) — Yrer) (to), i.e. the value of ¥ — yer and its derivatives at the initial
time tg, rather than the entire trajectories yf\)/[ and y.f. By construction of ¢; and by
observation (2.18), we have

vinlt) = o (& + ki Jed]) ) e + 2 (223)

Oz’yTﬁl

50

<

5?71” + ki1

&Qle < ¢i(to)
for all i = 2,...,r, and, by assumption (2.20),
1€2]] < A (ko) < ¢a(to)-
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Therefore, x;(y3 — Yrer)(to) is an element of D as defined in (2.19). Utilising the so
constructed parameters k; from (2.22) and auxiliary funnel functions v; from (2.23), Pro-
position 2.3.4 establishes the following: If, at time £ > t(, all auxiliary error variables lie
within their respective funnels for a function ¢ € C"~!([t, 00), R™), i.e. x,(¢)(f) € D%I’, and
thereafter the last error variable &,.(x,({)(t)) evolves within its funnel given by .., then all
auxiliary error variables &; (. (¢)(t)) remain within their respective funnels given by 1); for all
t > t. This has remarkable implications for the reference tracking problem from Section 1.1.1.
If a control function u € LS ([tg, 00), R™) is applied to the model (2.4) and achieves that
1€ (2 () — X (Yret ) () || < 20 (t) for t > £, then 2p(t) — X (Yret) (t) € DY for t > £, assum-
ing initially xn(f) — xr(Yret) () € DEI’. This implies, in particular, ||yn(t) — yret(t)|| < (%)
for t > £ because of the definitions of the set DY in (2.19), the error variables &; in (2.15),
and the function ¥, = ¢. In summary, a control v ensuring that the last auxiliary error
variable & (xm — Xr(Yrer)) evolves within the funnel F,,= defined by 1), solves the reference
tracking problem in Section 1.1.1.

Proposition 2.3.4. For ¢ € G and ty > 0, let the parameters k; > 0 be given for
i=1...,7r—1asin (2.22) and ¥ = (¢1,...,%,) € G" be given as in (2.23). Further, let
P> ty and ¢ € €™ ([f,o0). R™) be such that x,(C)(E) € DY. If | (er(Q(O)]] < tr(t) for
all t € [t, s) for some s > t, then x,(¢)(t) € DY for all t € [t,s).

Proof. Seeking a contradiction, we assume that, for at least one i € {1,...,7 — 1}, there
exists t € (f,s) such that [|&(x,-(O)(®))] > v¥i(t). W.lo.g. let i be the largest index
with this property. In the following, we use the shorthand notation &;(t) = & (x»(¢)(¢))
and &€ == & (xr (¥ — vret) (to)), as before in (2.23). However, we like to emphasise that

&i(to) # £ (if &(-) is defined at to) in general, since x,(¢)(to) # x»(y°)(to) is pos-
sible. Invoking Hfl t H < 9;(t) and the continuity of the involved functions, define

t*:=min {t € [, s) | & (E)]| = wi(t) }- Setg::max{ L( SZ(t H} . Due to
continuity of the involved functions, there exists t, = max {t c [t, t* }
have e < ‘ f;l(t) ‘ <1 for all ¢ € [t4,t*]. Utilising (2.18) and omitting the dependency on t,

we calculate for ¢ € [t,, t*]:
) . :
& & — &t & Yi & | Gt
= (5L ST S ks
<wi’ 07 > <wz ( *m) v wl->
<k N 3) ‘ &i G|l Il _ < (k: . T,Zh) ¢z+1

i v ¥ Ui
where we used ||&;4+1(¢)|| < ¥it1(t) due to the maximality of i. Now, we distinguish the
two cases ¢ = 1 and ¢ > 1. For ¢ = 1, note that 1)1 = ¢ and by properties of G it follows

Y1) _ av(t)

- <

P(t)

Furthermore, we have that ¢ (t) > <¢(to) - g) e—alt=to) ¢ g for all t > tg. Therefore,

§i

Vi

4
d

D=

w1 (s g 5
P(t) — 4l (w(to) B g) e—a(t—to) +§ a1 <<¢(t0) _ ﬁ) e—alt—to) 4 g)
el sl ol
— oyl ¥(to) e T (O I
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for all t > tg, where the estimate Hf?” < A"p(tp) was used, see (2.20). Hence, we obtain

1d &1 ? 1(]{: )(1 ) k HGJH 1

sl < —3 -« +7v)+ + +

2 dt w 2\ v TR1 ,y'rflw(to) ,yrfl
< 11—k +a+ Hg?H L1y
=TT Y Y(te) Tt T

for all ¢ € [t,, t*], where the last inequality follows from (2.22). Now, consider the case i > 1.
Then, we have —w?—(t) < « for all t >ty and, invoking that by (2.18)

¥i(t)
& < é?—lH + ko1 ||€) 4]
we find that
bi1(t) %( 0| + ki ||€? )e*“(t*to) + =
0 (g (P g P ——
& + ki ||€? L 3 .
N [ P PO e
for all ¢ > ty. Hence, we obtain that
1d ||& i < _1(]@._06)(1_‘_7)4_7/{._‘_76?4_1
]| = 72 R
< 5(1v)ki+a+v§?+1 <0
1211 + =

for all ¢ € [ty,t*], where the last inequality follows from (2.22). Summarising, in each case
the contradiction

ey (2 A 2
1< 5’“*) < ‘ Sille) |°_ 2
Pi(t*) Vi (ts)
arises, which completes the proof. ]

The proof of Proposition 2.3.4 not only shows that all auxiliary error variables &; (x,({)(t))
stay within their respective funnels given by v; for i = 1,...,r — 1, if the last error variable
& (xr(€)(t)) evolves within its funnel given by ,., but it moreover shows that the auxiliary
error variables & (x,(¢)(t)) always uphold an e-distance to the funnel boundaries 1);. For
systems with order r > 1, this means that the tracking error yn(t) — yrer(t) fulfils

lyna(t) = yree (D) || < £90(2)

on every interval [f, s] with s > #, assuming HyM(f) - yref(f)‘} < etp(f). We sum up this
observation in the following.

Corollary 2.3.5. For ¢ € G with r > 1, let the parameters k; > 0 be given as in (2.22)
fori=1...,r—1 and ¥ = (1,...,%.) € G" be given as in (2.23). Further, let s >t > tg
and ¢ € C"7Y([t, 00), R™) be given such that x,(¢)(t) € DY for allt € [t,s]. There exists
e € (0,1), independent of t, s, and ¢, such that if ||&1(x+(C)(8))|| < ev1(t), then

1€ 0 (D] < e9hn(2)
for all t € [t,s].
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Proof. Setting € := ,/%(1 + ), this is can be directly seen following the argument for &;
of the proof of Proposition 2.3.4. O

The construction of the parameters k; in (2.22) and the auxiliary funnel functions v;
in (2.23) assumed given and fixed initial trajectory y{; for the model (2.4). These para-
meters and functions were tailored to enable the analysis in Proposition 2.3.4, requir-
ing the funnel functions to be large enough to accommodate the initial errors values
€)= & (xr (Y — yrer) (to)) for i = 1,..., 7. However, this approach imposes intricate con-
straints on the parameters k; and time-varying functions ;, complicating their selection.
Crucially, the initial trajectory y{; — a modelling parameter for the model (2.4) of the
original system (1.1) — often admits flexibility. By strategically choosing the function yy,
we simplify the design of k; and ;. We therefore present a simplified parameter design in
the following. As before, we assume 1 € G to be given with associated constants «, 8 > 0
fulfilling (2.21). Define ¢; = 1 and

k= ... = k
Ya(t) = ... = (1)
This yields the simplified constraints:
Hfi(XT(yl(\)/[_yref)(tO))H <wi(t0)v i=1,...,r

on the initial parameter yg/l. The following Proposition 2.3.6 adapts Proposition 2.3.4 to
this streamlined framework.

+ 2,

ﬁ

N
v
R R

(2.24)

Proposition 2.3.6. For ¢ € G, let the parameters k; > o+ 2 be given fori=1,...,r —1
and U = (¢1,...,10,) € G" be given as in (2.24). Let t > tq and ¢ € C""1([t,00), R™) such
that x-(¢)(f) € thl’. If 1€ (xr (O ()] < g for all t € [t,s), s > t, then x,(¢)(t) € DY for
all t € [t,s).

Proof. We modify the proof of Proposition 2.3.4 to the changed setting. Seeking a con-
tradiction, we assume that there exists ¢ € (£, s) such that ||&(x.(¢)(£))]| > w;(t) for at
least one ¢ € {1,...,r —1}. W.l.o.g. let i be the largest index with this property. We

use the shorthand notation & (t) == & (x,(¢)(t)). Define ¢ := max {\/g, f;((?) H} € (0,1).
Invoking continuity of &;, there exist time instants t* := min {¢ € [{, 5] ‘Hfz(t)H =;i(t) }
and t, :=max {t € [t,t*) [Vs € [t,#*] : [|&i(s)|| = evi(s) }. We separately consider the two
cases i = 1 and ¢ > 1. First, we suppose i = 1. Then, note that () > ||&1(t)|| > ey () for
all ¢ € [t,,t*]. By properties of ¢ € G, we have

P(t) _ ap(t) — B
— < < q,
et) = et T
and (t) > (@Z)(to) — g) eolt—to) 4 g > g for all ¢t > ty3. Omitting the dependency on ¢,

we calculate for ¢ € [t,, "]

2
1d ||&]”" = /& &v—&av\ _ /& _ )& | &
bl = (8 o) = (B () 84 %)
. 2 .
< - (kl + %) Gl 4+ lallel < (kl + %) 3+ glél
<—(ki—a)3+1<0,
where we used k1 > a + 2 and [|§(t)]] < g for all ¢ € [t.,t*]. Thus, upon integration, the
contradiction ) )
_||&a@) G(ts) |7 = 22
=SR] <[5 =2 <
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arises. Now, we consider the case ||&;(t)|| > i(t) for i« > 1. By the choice of ¢, we have
Ba = ;(t) > ||&@®)|| > B/(av/?2) for all t € [t,,t*]. Thus, we calculate

LSNEIP = (6 &) = (6 —Ri&i + Gi1) < —Rill&IP + l&llgin | < % (<% +1) <0

for t € [t,,t*], where we used k; > 2 and that ||&41(2)]| < g for all ¢ € [t,,t*] by maximality
of i. Hence, the contradiction

2 * 2
5 <GP < )l < &
arises, which completes the proof. ]

As in Proposition 2.3.4, the proof of Proposition 2.3.6 shows that the auxiliary error
variables & (x,(¢)(t)) always uphold an e-distance to the funnel boundaries ;. Similarly
to Corollary 2.3.5, we get the following result for systems with order r > 1.

Corollary 2.3.7. For v € G with r > 1, let the parameters k; > o + 2 be given for
i=1....,r—1and ¥ = (¢1,...,1,) € G" be given as in (2.24). Further, let s >t >t
and ¢ € C""Y([t, 00), R™) be given such that x,()(t) € DY for allt € [t,s]. There exists
e € (0,1), independent of t, s, and ¢, such that if ||&1(x+(C)(£))|| < ev1(t), then

1€ 0 (@) < g9 (t)
for all t € [t,s].

Proof. Setting ¢ = \/g , this is can be directly seen following the argument for &£; in the
proof of Proposition 2.3.6. O

Remark 2.3.8. Building on Proposition 2.3.6, a low-complexity funnel controller for
systems of higher-order was proposed in [5]. Contrary to prior works, this control approach
eliminates the use of time-varying reciprocal penalty terms, replacing them with constant
gains. The simpler controller design has the potential to mitigate numerical issues and
enhance its practicality for real-world applications. °

The two presented parameters designs show that there exists a delicate interplay between
the choice of initial trajectory yf\)/[, the parameters k; > 0, the associated error variables &;
from (2.15), and the corresponding auxiliary funnel functions ;. Even though other
parameter designs are conceivable, in the remaining part of this presented thesis, the error
variables &; are always defined as in (2.15), the vector ¥ = (¢1,...,%,) € G" of funnel

functions and the corresponding parameters k; for ¢ = 1,...,r are always chosen either
according to (2.22) and (2.23) or according to (2.24). We will use the abbreviated notation
Ve¥ (2.25)

to refer to one of the presented cases for the parameter design.

Assumption 2.3.9. We will implicitly always assume that the initial auxiliary errors are
within their respective funnels, i.e. ||&(x, (4% — yret)(to))|| < ¥i(to) for i =1,...,r.

Remark 2.3.10. Since the control problem is formulated merely for ¢ > tg, it is pos-
sible that [|&(xr (Y% — yret)()|| = i(t) for some ¢ € [0,%9) and some ¢ = 1,...,r. To
avoid treating this interval as a special case, we assume without loss of generality that
Xr (U — Yret) (t) € DY for all t € [0,g] in the remaining part of this presented thesis. It
is clear that this is no restriction on the construction of the parameters k; and auxiliary
funnel functions v; in (2.24) since the initial trajectory y3; is chosen in order to fit to these
parameters. In the parameter design setting (2.22) and (2.23), the initial error values &)
and f? can be replaced by their respective suprema on the compact interval [0, ¢9] due to
the continuity of the involved functions. °
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The following Proposition 2.3.11 summarises the main observation made about the
parameter construction, namely that the reference tracking problem from Section 1.1.1 can
be solved by a control u that achieves that last auxiliary error variable &.(xnm — Xr (Yret))
evolves within the funnel Fy, defined by ;.

Proposition 2.3.11. Let ¥ € ¢, t >ty and ¢ € C"([t,00),R™) be given such that
x-(O)(t) € D%I’. If |6 (i (O < r(t) for all t € [t,s) and for some s > t, then
x-(C)(t) € DY for allt € [L,s).

Proof. This is an immediate consequence of Proposition 2.3.4 and Proposition 2.3.6. [

Remark 2.3.12. Note that the results of Proposition 2.3.4, Proposition 2.3.6, and Pro-
position 2.3.11 also hold true if one allows for ||&.(x,(¢)(t))]| < ¥,(t). To be more precise:
Let U € ¢, ¢ > to and ¢ € C""!([f,00),R™) be such that [|&(x.-()(t))|| < ¥i(t) for
all i = 1,...,7 — 1. If [|£ (- (QO) ()] < 9n(t) for all t € [t,s) for some s > £, then
16O (O )] < i(t) for t € [f,8) and all i = 1,...,r — 1. o

We will sum up the observations made in Corollary 2.3.5 and Corollary 2.3.7 in the
following.

Corollary 2.3.13. Letr > 1 and ¥ = (¢1,...,%,) € 4. There exists € € (0,1) with the
following property. If, for s >t > tg, a function ¢ € C"~1([t,00), R™) fulfils x,(¢)(t) € DY
for all t € [t,s] and ||& (xr(O) (@) < evr(f), then

160 (@) < ey (t)
for all t € [t, s].

2.3.2 Feasible control signals

Prior to formulating the optimal control problem (OCP) with funnel stage cost functions
(to be solved in the MPC Algorithm 1.1.4), we first address the issue of ensuring initial
and recursive feasibility. In the previous Section 2.3.1, we derived sufficient conditions
for a control u € L{° ([£, 00), R™) to solve the reference tracking problem outlined in Sec-
tion 1.1.1 when applied to the model (2.4) at time t > to. However, the existence of
such a control function — an essential prerequisite for the successful application of the
MPC Algorithm 1.1.4 — remains unverified. We now establish sufficient conditions to
guarantee this existence.

Suppose the MPC Algorithm 1.1.4 solves the reference tracking problem up to time
t € [tg, 00] ensuring = (t) — Xr (Yref) (t) is an element of the set DY (from (2.19)) for all
t < £, where z)1 solves the model differential equation (2.4). The concatenated solution
trajectory then belongs to the set

V¥ i={C e R(Rx0, R"™) |Vt € [0,4] : {(t) — Xr(yrer) (t) € D} } . (2.26)

The concatenated solution trajectory is a solution of the differential equation (2.4) in the
sense of Definition 2.2.6 on the intervals of the form [t,tx+1] for k € INy and differentiable
on these interval. However, it is, in general, in its entirety not a continuous function but
merely a regulated function because of the potential non-continuous re-initialisation of the
model in Step (a) of Algorithm 1.1.4. Note that, if the concatenated solution trajectory
is only defined on a finite interval, then we implicitly assume a right extension of the
solution as in Remark 2.2.5 (a) in the definition of yt?’ in (2.26). During the execution of
the MPC Algorithm 1.1.4, the initial values &y and Ty for the model (2.4) at time { as
in Definition 2.2.6 are determined by the hitherto existing concatenated solution trajectory.
Building on these considerations, we define in the following the set of feasible initial values
for the model.
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Definition 2.3.14 (Feasible initial values 3} _(£)). Let yro € W™ (R>,R™), ¥ € ¢,

and T > 0. Using the notation It(’) = [t — T,ﬂ N to,ﬂ, we define the set of feasible initial
values for the model (2.4) at time t >ty as

C|It T =
T ()] =

to

38 (0) = { (i, T) € RUGT,R™) x L(17,RY) (3¢ € VY -

H>

M
(2.27)

Remark 2.3.15. Note that J ”‘I’ _(t) is, for all £ > tg and 7 > 0, never empty since et € y}’
and, therefore, the pair (x, (yref)| [ Ty (xr (Yret))| i ,) is an element of 3%,7(5). Moreover,

(XT(yM)|Ié,T7TM(XT(yM)”I:J) € Iy (t) for £ = tg according to our assumption in Re-
0

mark 2.3.10. In the remainder of this thesis, we use the notation X := (Zy, Tn) € 3;1(’)77(5)

to refer to the initial values Zy and Ty as a pair, since we will only rarely consider them
independently of each other. °

Remark 2.3.16. We want to highlight that choosing a feasible initial value Xe 3,‘51(’)77 (1)
at time # for the model (2.4) implies

xM(f) - Xr(yref)(f) S ,DEII

This means that the tracking error ey and all auxiliary error variables &; as in (2.15) are
within their respective funnels at time ¢. °

Although the general assumption within this chapter is that the model-plant mismatch
e as in (1.11) is always identical to zero, we already want to lay the fundamentals to allow
for the initialisation of the model based on measurement data from the system (1.1), as in
Step (a) of Algorithm 1.1.4. Therefore, we define an initialisation stmtegy as a function
selecting a feasible initial value based on measurements & at time ¢ > to. In application,
one will replace & with x,(y)(f) where y is the output of the system (1.1).

Definition 2.3.17 (Initialisation strategy). Let yrer € W (R>0, R™), ¥ € ¢4, and 7 > 0.
Using the notation If(’f = [t — 7,1 N [to, 1], we call a function

pe [ RUGTR™) = [ RUGTR™) x L (17, RY)

tZtO tzto

with k(Z) € JtOT( t) for & € R(Ig’T,IR’"m) and t > ty a 7-initialisation strategy for the
model (2.4).

In view of the limited memory property (T.4) of operator Ty, we always utilise a
T-initialisation strategy with 7 being greater than or equal to the memory limit of Thy.
In Definition 2.3.17, the domain of the initialisation strategy x was chosen to be consistent
with its codomain. However, this choice is entirely arbitrary. If deemed beneficial in a
given setting, the domain can be adapted such that « acts on signals defined on different
time intervals of a different length, i.e. x can be defined on Uz, R(It’%, R™) with 7 # 7.
Changing the domain of s in such a way does not change the validity of the results
presented.

Let a feasible initial value X € T (t) be given for the model (2.4) at time #. If a control
u € L®([t,t + T],R™), bounded by some constant umay > 0, ensures that 21 (t) — X (Yrer) ()
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evolves within D} for all ¢ over the next time interval of length 7' > 0, then it is an element
of the set

R corit 3 m .’EM(t;tA, i, U) — Xr(yref)(t) € DZII
i max» = L i1 T’ " ’
U 4 7) (Umax, X) {“ € L¥([t,t + T R™) for all t € [t,t + T7, |ull o, < tmax

(2.28)

A

We want to point out that, in the definition of the set U ;, 7(Umax, X) in (2.28), we

implicitly assume that the solution zyi(t; 7, X, u) exists on the whole interval [£, + T]. Due
to the construction of funnel functions ¥ € ¢ in the previous Section 2.3.1, all functions
w € U gy (Umaxs i) solve the outlined tracking problem from Section 1.1.1. To guarantee
the initial and recursive feasibility of the MPC Algorithm 1.1.4, we therefore want to ensure
that the set U[gﬂg +7) (Umax, Z%) is always non-empty and that, if a control u € Ll[iﬂg +7 (Umaxs i)
is applied to the model (2.4), then the model’s state after applying this control can again

be used as a feasible initial value for the model. We first address the latter question.

Theorem 2.3.18. Consider model (2.4) with ( fum, gm, Tm) € M?;’T. Let 7 > 0 be greater
than or equal to the memory limit of Thi, yYrer € W (R>0, R™), ¥ € 4, and Xe 321(’)77(1?)
for t > to. Further, let umax > 0 and T > 0 such that U[f,f+T} (umax,.’%) # (. If a control

u € Z/I[{ i+ (Umax, X) is applied to the model (2.4), then there exists a solution of the initial

value problem (2.4) in the sense of Definition 2.2.6 on the interval [0, + T] and every
solution oy ¢ [0, +T) — R™ fulfils

VEe[0,T]: (zm(, X, u)l fio—r.ita)no.i+a)s L (@m(+ £,%,u))l i+ S—7. i3] fto.i+8]) € 3%; (i+9).

Proof. Let (iy, Ty) = X € ’J;I:m(f) be arbitrary but fixed. By Definition 2.3.14 there exists
a function ¢ € ngA such that C|;_; g, = @m and Tai(Q)li_r g, = Tum. If a control
u € Ugj 4 71(Umax, X) is applied to the model (2.4), then there exists a solution of the initial
value problem in the sense of Definition 2.2.6 on the interval [t,¢ 4+ T due to the definition

A~

of the set Uz ;7 (tmax, X) as in (2.28). Let zy : [0, +T] — R™ be a solution of the
initial value problem (2.12). Since s fulfils the initial conditions (2.11) with (2w, Tyr), we
have Cl_r gnjo.i) = 20 = 2alji—r o, 304 T(Ol—r ity = T = Tra(@a)lir o iy
Define the function ¢ € R(R>o, R™) by

~ om(t), t€ f,f—l—T
(1) = ) [ 7l (2.29)
C(t)v te RZO\[tvt + T],
which fulfils {|; ;715050 = @MI_ritsinpise for all 6 € [0,7] and additionally

TM(§)|[£—T7ﬂm[to,ﬂ = Tym(@M) s gy, Since 7 = 0 is greater than or equal to the
memory limit of operator Ty, see property (T.4) in Definition 2.2.1, it follows that

Twm (5) | [f+8—T,t+8]N[to,t+8] — Tu(zwm)| [f+5—7,i4+08]N[to,t-+0]

for all 6 € [0,T]. By choice of u, we have xn(t) — xr(yrer) (t) € DY for all t € [t + T).

Hence, ¢ € y&T. We therefore have

~U n
(xM‘[i+5—T,E+5}m[0,£+6]a T($M)’[£+5—T,£+6}m[to,i+5}) € Jto,r(t +6)

for all § € [0, T]. This completes the proof. O
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Remark 2.3.19. Although Definition 2.3.14 was formulated for arbitrary 7 > 0, we
utilised that 7 was greater than or equal to the memory limit of Ty in Theorem 2.3.18
in order to ensure that the image of the operator Ty(z)) is independent of the chosen
left extension of xp;. The function 5 in (2.29) is, in general, only one of many possible
extensions of z)f. °

Theorem 2.3.18 shows that the model’s state, i.e. the state xp; in combination with
value of the operator Tyi(xn), is at any point during application of a control function
u € U iy 77 (Umax, %) a feasible initial value (assuming X is a feasible initial value to begin
with). This will be essential for the re-initialising of the model during the application
of the MPC Algorithm 1.1.4. We now show that if up.x > 0 is chosen large enough,
then L{[f,g wy (umax,f) is non-empty. We first prove Lemma 2.3.20 showing that the
functions (fur, gu, Ta) € Mg" are bounded for functions ¢ evolving within DY, As
a consequence, the dynamics of the model (2.4) are bounded if a control is applied that

ensures 231 (1) — Xr (Yret) (t) evolves within D).

Lemma 2.3.20. Consider the model (2.4) with (fu, gm, Tm) € My, Further, let
Yret € W™ (R0, R™) and U € 4. Then, there exist constants fI*, giax g 1max >
such that for all t € [tg,00] and ¢ € yt? :

0 A ma@log)|| o a2 (Tl

oo

and
gl max > HgM(TM(C)‘[of))il H

If the function g is, in addition, positive definite, i.e. (z,gm(x)z) > 0 for all x € R? and
all z € R™\ {0}, then there exists gii™ > 0 such that for all = € R™\ {0}, all t € [to, 0],
and ¢ € yg :

(2 9n(Tu 6 (o (1)2)

2
2]

min

g =

Proof. To prove the assertion, we invoke the continuity of the functions fyr, gnr and the
resulting boundedness on compact sets. By definition of ¥ and D}’ in (2.26) and (2.19),
we have foralli=1,...,r

VCEVIVE= 00 [IG(C(E) — xo(yrer) (1)) < wi(t).

Due to the definition of the error variables &; in (2.15) there exists an invertible matrix
S € R™™*™™ such that

51 (C - Xr(yref))

: = S(C - Xr(yref))' (2'30)
&-(C = X (Yret))
Hence, by boundedness of v; and yﬁé)f for all ¢ = 1,...,r, there exists a compact set
K C R™ with
VeeYIvi>0: ((t) eK. (2.31)

Invoking the BIBO property of the operator Ty, there exists a compact set K, C R? with
Tm(2)(Rso) C K, for all 2 € R(R>o, R™) with z(Rso) C K. For arbitrary ¢ € (0, 00)
and ¢ € yg, we have ((t) € K for all t € [0,%). For every element ¢ € yf“/, the restriction
Clpp,p) can be extended to a function ¢ € R(Rso, R"™) with ((t) € K for all t € Rxo.
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2.3. MPC WITH FUNNEL STAGE COSTS

We have Ty (()(t) € K, for all t € R>( because of the BIBO property of the oper-
ator Tyr. This implies Tni(¢)]jo 7 (t) € Kq for all t € [0, t) and ¢ € yf since Ty is causal.
Since fum(+), gm(-), and g3/ (+) are continuous, the constants fi** = max.er, || fm(2)]],
max

AP = maxzer, [gm(2)l| and gy ™ =
t € [to,o0] and ¢ € ygl’, we have

= maxX.ck, HgM(z)_lH are well-defined. For all

vt e [0,1): Tu(()(t) € K,.

Furthermore, if gni(z) is positive definite for every @ € K, then there exists git" > 0 such

that giiin < <Z’gM(TM(XHT:|TQ)))“O’5>(t))z> for all z € R™\ {0}, which proves the assertion.  [J

To prove the existence of g{\n/fn > 0 in Lemma 2.3.20, it is assumed that gy is positive
definite. In general, this is not the case when considering a model (fu, gv, Tm) € M?;’T.
However, we will restrict the model class MZ:’T and utilise this result in Chapter 5

We are now in the position to prove the existence of a sufficiently large upax > 0 such
that the set of controls Uy ;. 7(umax, X) is non-empty.

Theorem 2.3.21. Consider model (2.4) with (fu, gm, Tm) € MZ?’T. Let 7 > 0 be greater
than or equal to the memory limit of operator Tni. Further, let yrer € W (R>0, R™) and
U € 4. Then, there exists Umax > 0 such that, for t > ty, ¥ € 321(’)7T(f), and all T > 0, we
have

Ui 77y (Umax, X) # 0. (2.32)
Proof. Step 1: We define a candidate value of upax > 0. To that end, define, for
i=1,...,r—land j=0,...,r—i—1
W= illae s 1™ = g+ Rasdd,

where k; > 0, for i = 1,...r — 1, are the to ¥ associated constants, which are also used
to define the error variables §; as in (2.15). Using the constants fi}®* and gl\jll A from
Lemma 2.3.20, define

. —1lmax max
Umax = I fM ‘

+Zk:]

yref

A

Step 2: Let T > 0, £ > tg, and (2y, Ty) = X € I . (t) be arbitrary but fixed. We
construct a control function v and show that u € Ui i (umaX,.’%). To this end, for

some u € L®([¢,f + T],R™), we use the shorthand notation zy(t) == am(t; L, X, u) and
&i(t) = &(am(t) — xr(yret)(t)) for ¢ = 1,...,r. The application of the feedback control

u(t) = gui (T (aan) (£) ™ | = (T () (1) + pg Zkﬁ” ) + & ()0

to the system (2.4) leads to a closed-loop system. If this initial value problem is considered
on the interval [f, + T with initial conditions (£, %) as in (2.11), then an application
of Proposition 2.2.8 yields the existence of a maximal solution 2y : [0,w) — R™ with w > £
in the sense of Definition 2.2.6. If x); is bounded, then w = oo, see Proposition 2.2.8 (iii).
In this case, the solution exists on [0, + 7. Utilising (2.18), one can show by induction
that

ér(t): 1r 1) +Zk§rjl
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Omitting the dependency on t, we calculate for ¢ € [t,w):

5'7“7/}7‘ - 57“7/}7‘ T — r—j 1/}7"
T = kg e

= fM(TM(J?M)) + gM(TM(xM u — ygf) + Zk, 6(7‘ J) wr —0.

1/%
Therefore,
all&é | <§T £ty —wr> e
42 |4, N
We have H < 1 by the assumption xni(f) — xr(yret) () € DEI’, see also Remark 2.3.16.

This yields HT(%H < 1 for all t € [t,w). This implies, according to Proposition 2.3.11,
oM(t) — Xr(Yrer) (1) € DY for all t € [t,w), ie. ||&(t)|| < i(t) for all i = 1,...,r. Thus,
&) < @Y for all i = 1,...,r. Invoking boundedness of yr(c)f, i =0,...,7, and the
relation in (2.30), we may mfer that xp is bounded on [f,w). Hence, w = oco. Since
(2m, Tn) = X € 3 (1), there exists a function ¢ € yt? such that ([j;_, 0,4 = #m and
Tm(O|—rfn[t0,) = Tm. Moreover, as 2y fulfils the initial conditions (2.11), we have
M (Oli—r g,y = v and Tyi(am)li_; gnpy,q = Twm. Define the regulated function
¢ € R(Rso, R™) by

Eo) = {xM(t), tefh,i+T]

¢(t), tER>0\[t t—i—T].

The function ¢ is an element of y‘I’ because ¢ € yW and 20 (t) — X (Yret) (t) € DY for
all t € [£,1+ T)]. Therefore, HfM (Twm(¢ H i and HgM T (C)(t)™

all t € [f,t + T] according to Lemma 2.3.20. Since 7 > 0 is greater than or equal to the
memory limit of operator Ty, we have

Tai(zm)(t) = T (C)(¢)
for all ¢ S [£,£+T]. Thus, HfM(TM(-TM)( ))H < max and HgM(TM(xM 1” < g—lmax
for all t € [t,# + T]. Finally, using (2.18) and the deﬁnition of pl, it follows that
&) =

1 ‘ S 91\7[1 max ..

€01 0) — kieD ()| < il + ] = I
inductively foralli =1,...,r—1and j =0,...,r—i—1. Thus, by definition of u and umax,
we have [[ul,, < umax and hence u € Uz ;7 (tmax, X). O

Remark 2.3.22. Note that u,ax > 0 in Theorem 2.3.21 is independent of the time t > to,
the initial value X € JP .(f), and the considered time horizon T' > 0. It solely depends
on the system dynamics, i.e. the functions (fu, gm, Tm) € MZ)L’T, the reference yyqf, the
funnel functions ¥ = (¢1,...,1,) € 4, and the associated parameters k;, i = 1,...,7 — 1.
[ ]

We have seen in this section that at there exists a control function v € L{[f i) (Umaxs i)

at every time ¢ > ty, assuming that the initial value X is feasible for the model (2.4)
and that umax > 0 is large enough. Such a control function solves the tracking problem
formulated in Section 1.1.1 for the model (2.4). Moreover, it was shown that the state
of the model at every time during application of the control u is a feasible initial state
for the model. Since the initial value given by ylc\]/[ is feasible for the model at time ¢ = ¢,
this means that an iterative application of controls u € Ui iy (Umaxs i) to the model (2.4)

solves the tracking problem for the concatenated solution.
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2.3.3 Optimal control problem

We are now in the position to address the problem of solving the tracking problem from Sec-
tion 1.1.1 by means of an optimal control problem utilising the concept of funnel stage cost
functions from Section 2.1. Given auxiliary funnel functions ¥ = (1, ...,%,) € 4 around
the reference trajectory yrer € W"°(R>0, R™) and the corresponding error variables &; for
i=1,...,r asin (2.15), we saw in Section 2.1 that it is sufficient to ensure that the last
auxiliary error &. evolves within its funnel given by 4, in order to guarantee that all &;
evolve within their respective funnels defined by v; for i = 1,...,r — 1. Therefore, choose a
funnel stage cost £, for the last auxiliary funnel function .. Let 7 > 0 be greater than or
equal to the memory limit of operator Ty;. Then, define for T' > 0, £ > t, and X € T (1),

to,T
the cost functional J¥ (-;£,X) : L=([t,t + T],R™) — R U {co} by

. i+T .
JF (u; £, %) = /t Ly, (5,6 (xm (55, X, u) — X (Yref) (), u(s))ds. (2.33)

Although it is known that, for every u € L*([f,t 4+ T],R™), there exists a maximal
solution an(t; £, X, u), according to Proposition 2.2.8, this solution might have finite
escape time, i.e. w < 4 T. In this case, and whenever the Lebesgue integral in (2.33)
does not exist, (i.e. both the Lebesgue integrals of the positive and negative part of
Cp, (8, & (mra(s3 E, X,u) — Xr(Uret)(5)), u(s)) are infinite), then its value is treated as infinity.
Further, note that the solution x\(t;, X, u) is unique on the interval [f, £ + T, according
to Proposition 2.2.9, rendering Jj‘If (ust, .’%) well-defined. In the following, we will study
properties of J:,‘{’ (-;1, f%) a bit more closely and analyse the associated Optimal Control
Problem (OCP)

minimise  Jy (u; 1, %), (2.34)

ue L ([E,i+T],R™),

”u”oogumax

where umax > 0 is a bound on the maximal control input. We will prove that the OCP
(2.34) has a solution and that this solution is an element of Uj; ;. 7y (Umax. X). Thus, it solves
the tracking problem from Section 1.1.1, according to our considerations in Section 2.3.2.

The cost function Jj‘g (ust, i) is defined in (2.33) as the integral of funnel stage cost
£y, evaluated over the auxiliary error §.. The concept of funnel stage cost functions
from Section 2.1 was based on the usage of Lipschitz paths. It has already been proven
in Proposition 2.2.11 that the solution trajectories of the model are Lipschitz continuous.
It is evident that this is also the case for the auxiliary errors &;. Nevertheless, we will

briefly formalise this.

Proposition 2.3.23. Consider model (2.4) with (fu, gm, Tv) € M" with reference
trajectory yret € WH° (R0, R™). Let ¥ € ¥, t>tg, 7€ R>o, and Xe 321(’);(5). Moreover,
let u € LS ([t,00), R™) be a control such that initial value problem (2.4) has a solution
oy ¢ [0,w) — R™ with w > t in the sense of Definition 2.2.6. Then, for every T € (0,w—t),
the restriction & (xn—Xr (Yref)) |7 717) [t,t4+T] — R™ is a Lipschitz path for alli =1,...,r.

Proof. For iyt € W the function X, (ywef)(+) is a Lipschitz continuous on every compact
interval. Therefore, due to the definition of the error variables &; for ¢ = 1,...,r in (2.15),
the statement of Proposition 2.3.23 is an immediate consequence of Proposition 2.2.11. [J

The following Theorem 2.3.24 not only shows that J£ (u;1, X) has a finite value for all
w € U gy (Umax, X), which is to be expected since this is the set of controls ensuring the
evolution of the auxiliary errors & within their respective funnels, see (2.28), but that

Usp 777 (Umax; X) is in fact the set of controls for which JF (u;t, X) is finite.
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2.3. MPC WITH FUNNEL STAGE COSTS

Theorem 2.3.24. Consider model (2.4) with (fu, gu, Tvm) € MZ)L’T with reference traject-
o1y Yret € W (R0, R™). Let ¥ € ¢ and T > 0 be greater than or equal to the memory
limit of operator Tyi. Further, let t > to, ¥ € 3%’7(5), T > 0, and umax > 0 such that

Ui 411 (Umax, i) # (). Then, the following identity holds:

A~

Ui 17 (e X) = {u e Lo([E, T+ T), R™) | J¥ (w1, %) < o0, |Jull, < umax} .
Proof. Since £y, is a funnel stage cost, it has the form
g, Rso x R™ x R™ — RU {00}, (t,2,u) = vy, (t,2) + N\ Jull?,

where vy, is a funnel penalty function and A, > 0, see Definition 2.1.11. Note that,
for u € L=([t,i + T],R™) such that x\(s;?, X, u) satisfies (2.12) for all s € [t,i + T7,
the function &(s) == & (xm(s;f, X, u) — Xr<yref)( ) is, according to Proposition 2.3.23, a
Lipschitz path with (£, &.(f)) € Fy, since X € J¥ (), see Remark 2.3.16.

For u € U[E,E+T] (umax,.’%), we have ||ul| < Umax and wv(s; i, i,u) — Xr(Yret)(5) € DY
for all s € [t,# + T]. In particular, this implies (s,&.(s)) € Fy, for all s € [t,# + T]. Thus,

A

i+T T
I7 (us, %) = /t Cy, (5,6 (s), u(s))ds = /t Vi (5,60(5)) + A [Ju(s)[* ds < oo

due to the boundedness of u and the property (F.1) of the funnel penalty function vy, ,
see Definition 2.1.6.
Conversely, let u € L([t, + T],R™) with |Ju||,, < tumax such that the cost functional
r(s),

TE(wf, %) = [T 0y, (s,¢

; u(s))ds is finite. Since u is bounded and

Cy, (8,6 (s), uls)) = v, (5,6 (s)) + Au [lu(s)]]

for all s € [f,{ + T], we have ffHT vy, (8,&(s))ds < oco. Thus, ||&(s)|| < ¥, (s) for all
s € [t,t + T] because the property (F.1) of the funnel penalty function vy, , see Defini-
tion 2.1.6. This implies zn(s; 1, X, u) — Xr(Yref) () € DY for all s € [£,1 4 T] according to
Proposition 2.3.11. Hence, u € Uz ;. 7} (tmax. X). O

Remark 2.3.25. The following statements hold under the assumptions of Theorem 2.3.24:

(a) 0 < J¥(u;t, %) < oo for all u € Ui i (Umax, X) because the funnel stage cost Ly,
is non-negative while the error £, evolves within its funnel given by ., see Re-
mark 2.1.12.

(b) The optimal control problem (2.34) can be reformulated as

minimise  J (u; , X).
ueu[fyt'LFT] (Umax,X)
[ ]

If the initial value X is feasible for the model (2.4), then any control function u with
J¥ (u;t, X) < 0o guarantees that, if applied to the model (2.4), all errors & remain (strictly)
within their respective funnels 1;, i = 1,...,7. Since JF(u;t, i) is non-negative for
all control functions u € U[t i+ (Umax, ) th1s raises the question as to whether there
exists an optimal «* which minimises JT (ust, %) and is a solution to the optimal control
problem (2.34). The answer is affirmative and shown in the next theorem.
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Theorem 2.3.26. Consider model (2.4) with (fum, g, Tm) € MZJL’T with reference traject-
orY Yret € W (R>0,R™). Let V€ Y and T > 0 be greater than or equal to the memory
limit of operator Ty;. Further, let t > to, (in, Tym) = X € 3%77(5), T >0, and umax > 0
such that Z/l[ﬂtng} (Umaxs f€) # (). Then, there exists a function u* € Z/l[ﬂtng} (Umaxs i) such
that

JE(urt,%) = min  JF(u;f, %) = min J¥ (us 1, %).
Ueu[gV{JrT](Umamx) UGLOO([t,t+T],Rm),
l[ull oo Sumax
Proof. The proof essentially follows the lines of [162, Prop. 2.2].
It follows from Remark 2.3.25 that JJ (u;#,X) > 0 for all u € Ui 471 (Umax, X). Hence,
.~ A . AN
the infimum J* := infUGM[{7£+T](Umax»£) Jp (u;t, X) exists. Let (uy) € (u[f,i-i-T] (umax,%)>

be a minimising sequence, meaning J¥ (u; t, %) — J*. By definition of Ui (Umaxs i),
we have ||ug|| ., < Umax for all k € N. Since L¥([t, + T],R™) C L2([t,f + T],R™), we
conclude that (uy) is a bounded sequence in the Hilbert space L?. Thus, there exists a
function u* € L2([t,£+T),R™) and a weakly convergent subsequence u; — u* (which we do
not relabel). More precisely, u|j; ) — u*|; 4 Weakly in L2([t,t],R™) for all t € [£,+ T as
a straightforward argument shows. We define (zy) = (xM(, i X, uk)> € R([0,{+T], RM)N
as the sequence of associated responses. Note that, although we are only considering the
optimal control problem (2.33) on the interval [t, + T, the functions a(-; 1, X, ug) are
defined on the entire interval [0, 4 T for all k € IN as they are solutions of the differential
equation (2.4) in the sense of Definition 2.2.6. This allows us to formally evaluate Ty;(z).
We show the assertion of Theorem 2.3.26 in the following seven steps.

Step 1: We construct a uniformly bounded sequence of solutions of the differential equa-
tion (2.4) in the sense of Definition 2.2.6. Since (Zy, Ty) = X € 3;1(’);(7?), there exists

a function ¢ € ytfl’ such that C|;_; ynpq = &m and Tv(Oli_r gnpg.g = Ty, Moreover,

we have @l gap,g = @M and Ta(zr)|i_; gap,q = Tv because wy fulfils the initial
conditions (2.11). Define the function &, € R([0, + T],R"™) by

_ ), telod)
xk(t)_{xk(t), telt,i+T) (2.35)

The function Zj is, by construction, a solution of the differential equation (2.12) with
initial values X in the sense of Definition 2.2.6. We have iik:|[,§7f 1] = Tk and additionally
Ta(@e)l iz 717 = Tm(Zk)|z 77 because 7 > 0 is greater than or equal to the memory
limit of operator Ty;. Without loss of generality, we therefore assume in the following

A~

that 3 has the form (2.35), i.e. we relabel Zj as z;. By ug € Z/I[ﬂtAJrT](umaX, X), we have

() — Xr(Yeet) (t) € DY for all t € [t,t + T]. Thus, a3 € yg{“FT because ¢ € yg. This

implies 2 (t) — Xr(Yret)(t) € DF for all t € [0, + T]. Invoking boundedness of yr(gc, for
i=0,...,r, and the relation in (2.30), we may infer that xj is uniformly bounded on the
entire interval [0, + T7.

Step 2: We show that the sequence of restrictions (xk‘[ff +T}) is uniformly equicontinuous
on the interval [f, 4+ T]. As x, is a solution of (2.4) in the sense of Definition 2.2.6, we

have
t
zp(t) = 2m(t) + / Fav(zr(s), Ta(zk)(s)) + Gu(Tam(zg) (s))uk(s)ds, (2.36)
i
for all k € N and t € [t,f + T], where Fy; and Gy are defined as in Definition 2.2.6.

Since the sequence (uy) is bounded, @ := supye ||ukl| ;2 exists. Furthermore, using the
considerations in from Lemma 2.3.20, there exists constants Fyi™*, Gy™* > 0 such that
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& > HFM f,TM C H and Gy*™* > HGM TM H forall (e ) t+T Now, let € > 0

and define g = min {1, £ I (F™ + G**u)}. Let k € IN and t1,ty € [¢,¢+ T] such that
[ta — t1| < ¢2. Then, using x}, € y& and Holder’s inequality in the third estimate,

[k (t2) =z (t1)]] S/2HFM(fEk(S),TM(J«"k)(S))II G (Taa(w) ()| [k (s)]] ds

t1

1)
< FI™ |ty — ] + GT / k()] ds
1

< BV te — ti] + Gy [t2 — ta] [Jlugll 12
S |t2 o tl‘(FmaX maX ) < E

which shows that (2| ;7)) is uniformly equicontinuous.

Step 3: By the Arzela-Ascoli theorem, there exists a function x* € C([t,t 4+ T],R™)
and a subsequence (which we do not relabel) such that the restriction @k|;z 7 to the
interval [t, + T is uniformly convergent, i.e. Tkl e — @* - Asin (2.35), we extend
x* by ¢ on the interval [0,f] (we do not relabel z*). By construction (2 35), we have
xi(t) = ((t) = z*(t) for all t € [to,f). Thus, xy converges uniformly to 2* on the whole
interval [to,f + T]. Now we prove that z* = a(-; 1, X, u* ), which means to show that
x*(t) = am + fft Fu(a*(s), Ta(2*)(s)) + Gum(Ta(a*(s)))u*(s)ds for all ¢ € [£, £+ T]. On
the interval [f,£4T7, the values of Ty(2*)(s) are completely determined by X and z*| [E,i+7]
since 7 > 0 is greater than or equal to the memory limit of operator Ty;. The same is true
for Ty(xx)(s) on the [t,£ + T for all k € IN. We, therefore, will in the following abuse the
notation slightly by only writing Fyi(z*(s)) and Fy(xg(s)) instead of Fyp(x*(s), Ta(z*)(s))
and Fyi(xg(s), Tam(xk(s))), respectively. We will use the same shorthand notation for Gy.
Due to the representation zj as in (2.36) and since zj, in particular converges pointwise
to «* and the sequence (Fy(zy)) is uniformly bounded as (xj) is uniformly bounded and
I is continuous, the bounded convergence theorem gives that

Vtelt /FM:nk d3—>/FM (s))ds.

Therefore, it remains to show
Vit e[t t+ / Gm(zg(s))uk(s ds—)/ G (x*(s))u*(s)ds.

The argument s is omitted in the following. Since Gyi(z*) is bounded on [t, + T7,
it is an element of L2([t,# + T],R™*™), thus the weak convergence of (u;) implies
f; Gum(z*)upds — fit Gu(z*)u*ds for all t € [t, 1+ T)]. Therefore, using Holder’s inequality
in the second estimate, we obtain, for all ¢ € [t, + T,

t t
/ Gum(zg)ur — Gy (x™)u*ds / Gum(zg)uk+ Gy (%) ug — Gy (2% ug — Gy (2*)u*ds
i #

</ [ GaiCer) — Gaa(a)] e ds + H / Gl — (e )u*ds

(/ |Gat(a) — Gra(a?)| ds) (/ a2 ds>é—I—H/ftGM(x*)uk—GM(x*)u*ds

5
sup [l 2 ( / |Garax) — GM@*)!st) ;
meN R t

~~

—0 —0

IA

IN

t
/ Gu(x*)ug, — Gy (z®)u*ds|| — 0.
i

44



2.3. MPC WITH FUNNEL STAGE COSTS

Step 4: We show [|u*||, < Umax. To this end, define the sets

m

A= {t e LE+T I (O 2 wd + £}, meEN.

Let 1 4,, denote the indicator function of the set A,,, then, since u; — u*, we have that
(uk, L, u*)2 — (u*, 14, u*) 2 = ||14,,u*||%;. On the other hand, by the Cauchy-Schwarz
inequality we have that (ug, L4, u*)r2 < |14, ugllr2]|1a,,u*| 2, thus

LA, w2 = H]lAmu*HZQ1 liminf(ug, L4, w*) 2 < liminf |14, ugl 72
k—o0 k—o0

and hence [, |u*(s)||?ds < liminfy_ o0 Ja,, |lug(s)||?ds. Since ||uglloo < Umax, We then
find the following for all m € IN and k£ € IN:

Ammz/lwgm |W@W—@m®§mAHM@WAM@Wm,

Am

where A denotes the Lebesgue measure, thus
0<A(An) < liminfm/ 16 ()2 = [Ju(s) % ds < 0.
k—o00 Am

Due to the o-continuity of A we get

A{t € BE+T)| [ ()] > thmax }) = A < U Am> = lim A(A) =0

m—0o0
meN

This implies ||u*]| < Umax-
Step 5: We prove u* € Uy 7 7y (t,X), which means to show z*(t) — X, (yrer)(t) € DY for all
t € [t,£+T)]. Since £y, is a funnel stage cost, it has the form

lg, Rsg x R™ x R™ - RU {0}, (t,2,u) = vy, (,2) + A\ Jull?,

where v, is a funnel penalty function and A, > 0, see Definition 2.1.11. The supremum
suppen JF (up; t, X) < oo exists because JF (ug;t,X) — J*. Thus, due to the uniform
boundedness of |ux|| and the definition of the function J}, see (2.33), there exists M > 0
such that

i+T
[ v 6mn(s) — ol (501 <

for all £ € IN. In the following, we use the shorthand notation &¥(-) := &.(1(-) — Xr (yret) ()
and £5(-) = &(z*(-) — Xr (Yret) (). The functions £¥(-) are, according to Proposition 2.3.23,
Lipschitz paths with (¢,£F(f)) € Fy,. since X e 'J%’T(f), see Remark 2.3.16. The uni-
form convergence of zj to x* implies the uniform convergence of ¥ to &. Therefore,
(t,&5(1)) € Fy, and j%HT vy, (5,65(s))ds < oo because of the property (F.2) of the funnel
penalty function vy, , see Definition 2.1.6. In particular, this implies JI‘If (u*;t, 3A€) < 0.
Furthermore, we have [|£5(s)|| < v.(s) for all s € [t,f + T] due to the property (F.1) of the
function vy, , see Definition 2.1.6. This implies 7*(s) — x; (yrer)(s) € Dy for all s € [t + T
according to Proposition 2.3.11. Hence, u* € U[57£+T] (Umaxs %)

Step 6: We show Jy¥ (u*;f,%) = J*. According to Step 5, we have ||€X(s)|| < ¥.(s) for
all s € [t,t + T]. By the continuity of the involved functions and the compactness of the
interval, there exists € > 0 such that ||£4(s)|| < t,(s) — ¢ for all s € [{,# + T]. Moreover,
due to the uniform convergence of &¥ to &, there exists N € IN such that H&f — §;THOO <5
for kK > N. Thus,

Vk>NVselt,t+T):

&) <

&)~ &) +

&) < vels) - 5.
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Since the function vy, restricted to F, is continuous, see Definition 2.1.6, the sequence
(v, (- €F(+))?) therefore is uniformly bounded with i = 1,2. Hence, the bounded conver-
gence theorem gives that

Vo (€0 () =, (565 ())
strongly and, thus, also weakly in L2([t,f + T],IR) for 1 = 1,2. Since the LQ—normAis
weakly lower semi-continuous and since JI‘If (ug; £, X) — J* = inf J%’ (ust, %),
the following holds.

ueu[£,£+T] (tA,.‘%)

. t+T 1112
T2 = [ 6605 = [ (GO, + Al

< liminf |[vy, (,€5())*

2
.. 2 . v 1A
im in T llﬂgf Au |ug]|72 < hgg})rolf Jr (ug; t,X) = J*.

Uox F ) — mi AT
Therefore J7 (u*;t, %) = D (mans ) Jr(ust, X).

Step 7: We show that Jj‘y(u*;f, .';E) = Min, ¢y oo (1j 47, R™), JT‘If(u;tA, .’;E)

[l o Sumax
Since Uz j ) (Umax; X) # 0 by assumption this follows from Remark 2.3.25 (i) and completes
the proof. 0

Remark 2.3.27. Theorem 2.3.26 shows that there exists a solution w* to the optimal
control problem (2.34) and that the application of this solution to the model (2.4) solves
the tracking problem from Section 1.1.1, i.e. it ensures that the output tracking error
em(t) = ym(t) — yret(t) evolves within the funnel F, given by . In application, however,
it is often not possible to compute the solution of an OCP. One has to utilise numerical
approximations instead. As a consequence of Proposition 2.3.23, every approximation @ of
u*, for which the cost function J:,‘If is finite, still guarantees that the tracking error evolves
within the prescribed performance funnel. °

2.4 The funnel MPC algorithm

We now want to summarise our findings in the funnel MPC Algorithm 2.4.1. With the
definitions, concepts, and results so far at hand, we will prove that it is initial and recursive
feasible and that the application of this control scheme to the model (2.4) solves the
tracking problem laid out in Section 1.1.1, i.e. it ensures that the distance between the
model’s output yy and a given reference signal yper € W (R>0, R™) evolves within the
funnel F, given by a function ¢ € G.

Algorithm 2.4.1 (Funnel MPC).
Given:

e Model (2.4) with initial time ty € R>o and initial value y3 € C"1([0, o], R™),
reference signal yref € W°(R>0, R™) , signal memory length 7 > 0,

e a set of funnel boundary function ¥ = (¢1,...,1,) € 4 with corresponding paramet-
ers k; for © = 1,...,r, input saturation level umax > 0, funnel stage cost function £y,
and a 7-initialisation strategy x as in Definition 2.3.17.

Set the time shift § > 0, the prediction horizon T' > 4, index k := 0, and 2% == x;(y3;)-
Define the time sequence (tx)ren, by tx == to + k9.
Steps:

(a) Select initial model state Xy, = x(2%;) € jﬁ’T(tk) at current time ¢; based on #¥.
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(b) Compute a solution upmpcr € L*([tk, tr + T, R™) of the Optimal Control Prob-
lem (OCP)

te+T
e e . f ‘ & 7t ’% , — Xr(Yre s d . 237
weL® ([otn A TLR™), /tk e (8, & (@01 (85, Xy w) — Xor(Yret) (8)), uls))ds.  (2.37)

llull oo Stmax

(c) Apply the control law
JO [tk,tk+1) X j%,f(tk) — Rm, /J,(t, %k) = upMpc,k(t) (238)

to model (2.4) with initial time and data (¢, Xj;) and obtain, on the interval

Ié’““’T = [tg+1 — T, tg+1] N[0, tx11] @ measurement of the model’s output and its
derivatives :%’ﬁ“l = oM (s tr, Xk, uFMka)\I%H,T. Increment & by 1 and go to Step (a).
to

A

Before proving the correct functioning of the funnel MPC Algorithm 2.4.1 a comment on
the solution concept seems in order. At every iteration of Algorithm 2.4.1 the model (2.4)
is re-initialised with new initial values (¢;, Xx) and a solution xp; on the interval [tg, ty + T
while solving the OCP (2.37). Note that this solution is in fact defined on the whole
interval [0, t; + T'] according to our understanding of a solution of the initial value problem,
see Definition 2.2.6. However, since the in Step (a) selected initial values do not necessarily
coincide with the solution of the initial value problem from the previous iteration, apply-
ing Algorithm 2.4.1 to the model (2.4) does not result in a closed-loop system with a global
solution in the classical sense. In the following Definition 2.4.2, we therefore define a notion
of a concatenated solution which takes the re-initialisation into account and is, in a certain
sense, a solution of all the considered initial value problems on the subintervals [tg, tj41)-

Definition 2.4.2 (Concatenated model solution). Let (fu, gn, Tant) € My and consider
the model (2.4). Let yret € W"°(R>0, R™), ¥ = (¢1,...,%r) €94, to € R>g, and § > 0
be given. Define the sequences (ti)ken, and (Xk)ken, by tr = to+ kd and Xj, € J%J(tk).
Further, suppose u € LY ([to,00), R™) is a control such that initial value problem (2.4) with
initial data X, at time ty, has a solution ¥ : [0,t,11] — R™™ in the sense of Definition 2.2.6

for every k € IN. We call the function xn : R>o — R™™ that is piecewise defined by

0

20.(1), t <ty
zm(t) =<

ay(t), T € [th,trt1)

a concatenated solution of the initial value problem (2.4) with sequence of initial values
(tkey Xk ) ke, - Its first m—dimensional component xzig @ R>o — R™ is denoted by ywm.

We will now prove the initial and recursive feasibility of the funnel MPC Algorithm 2.4.1
and that applying this algorithm to model (2.4) results in a system that has a concatenated
solution in the sense of Definition 2.4.2.

Theorem 2.4.3. Consider model (2.4) with (fu,gum, Tn) € M with initial value
Y € CT7L([0,t0], R™). Let yror € WP (R0, R™) and ¥ = (¢1,...,1%,) € 4 be given.
Further, let 7 > 0 be greater than or equal to the memory limit of operator Ty and choose
a T-initialisation strategy r : Upsy, R(IGT,R™) — Ut R(IGT,R™) x L2 (If(’f, RY) as

loc

in Definition 2.53.17. Then, there exists umax > 0 such that the funnel MPC Algorithm 2.4.1
with § >0 and T > 6 is initially and recursively feasible, i.e.

e at every time instant t; = to + kd for k € WNg the OCP (2.37) has a solution
UFMPC,k € Lm([tk,tk + T],Rm), and
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o the model (2.4) with applied funnel MPC' feedback (2.38) has a concatenated solution
xy : [0,00) = R™™ in the sense of Definition 2.4.2.

The corresponding input is given by

upmpc (t) = urmpc i (1),

fort € [tg,txy1) and k € Ng. Fach global solution x\ with corresponding output yy and
input upnmpo Satisfies:

(i) the control input is bounded by umax, i.€.
Vit > o : ||uFMPC(t)|| < Umax,

(ii) the tracking error between the model output and the reference evolves within prescribed
boundaries, 1i.e.

Vi>to: [lym(t) = vres (] < ¥1(t).

Proof. Step 1: According to Remark 2.3.15, the set J%J(f) is non-empty for all ¢ > to. In
particular, 3} _(to) # 0. Using the notation I = [t,,—7, t,]N[0, o], let £%; := Xr(yl(\)/[)béo,f
be the measurement of the initial model output ?/1(\)/[ and its derivatives. Note that we
identify C"([0, %o}, R™) with the vector space R™™ if ¢ty = 0, see two cases top > 0 and top = 0
n (2.4). Since 3} -(to) # 0, it is possible to select the initial model state Xo = (%)
Step 2: There exists umax > 0 such that, u[£,£+T] (Umax, i) £ () for all £ > to, Xe 3%7T(f),
and T > 0, according to Theorem 2.3.21. Assume that we have given &%, € R(Ig*™, R"™)
for k € INp, where Ié’“’T = [ty — 7,1k N [0,tx]. &} is the model’s output and its derivatives
on the interval I(t)’“’T from the previous iteration of the funnel MPC Algorithm 2.4.1.
Since the set Jj _(t)) is non-empty according to Remark 2.3.15, there exists a model
state Xy, = k(%) € 3,‘%77(@). Theorem 2.3.26 yields the existence of some function
urMpPC,k € Ut t,+7) (Umax, Xi) such that the functional JY‘If as in (2.33) has a minimum,
that is

I (upMPpC kst Xi) = JF (u; te, X1

min
ueL>® ([t +T],R™),
”u”oogumax
Thus, upmpc,k is a solution of the OCP (2.37). If the control upmpc is applied to
the model (2.4) at initial time ¢j initial value X; in Step 2.38, then the initial value
problem (2.11) has a solution ¥, : [0,#,11] — R’ in the sense of Definition 2.2.6 as a
consequence of the definition of Uy, 1, 1 7)(Umax, Xi), see (2.28). As x¥, is defined on the

whole interval [0, t;11], the function ﬁ:f/lﬂ = am(-; t, Xg, uFMPC’k)]ItkH,T € R(Ié'““’T, R™™)
to

is well-defined in Step (c) of Algorithm 2.4.1.

Step 3: The recursive application of Step 2 in combination with Step 1 of this proof
yield the existence of a sequence (Xj)ren, of initial values X, € Ty (), control sig-
nals upmpc,k € Uy, 4 4+7] (Umax, Xi) solving the OCP (2.37), and corresponding solutions
2k, [0, ¢511] — R™ of the initial value problem (2.11) in the sense of Definition 2.2.6.
Hence, the funnel MPC Algorithm 2.4.1 is initially and recursively feasible. Define
upmpc € LS ([to, 00), R™) by upmpc(t) = urmpc,k(t) for k € Ng and xp - R>g — R™ by

0

x (t), t<ty,
zm(t) =<

.T}M(t), tc [tlmthrl)'

Then, z) is a concatenated solution of the initial value problem (2.4) with sequence of
initial values (tx, Xk)ken, in the sense of Definition 2.4.2.
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Step 4: As upmpck € Uy 1,41 (Umax, Xx), we have |lupmpc k|l < Umax for all k € Ng.
Thus, |lupmpc(t)|| < wmax for all ¢ > to. This shows (i). By definition of the set
Uit 1o +1) (Umax, Xi), all error variables & (zwm(t; th, Xk, uf) — Xr(Yref)) from (2.15) evolve
within their respective funnels F,, given by v; for i =1,...,7, i.e.

1€ (onn (t: s Xy ug) — X (yret))I| < ¢i(t)

for all t € [tx, tx+1). The output yyp is the first m—dimensional component of )y, see Defin-
ition 2.4.2. According to the definition of & as in (2.15), we thus have

lyna(t) = yret (D)1 = (161 (@na (5 e, Xy uk) — X (yrer)) | < 91 (2)
for all t € [tg,tx+1) and k € INg. This shows (ii) and completes the proof. O

Remark 2.4.4. As the inclined reader has probably already noticed, using the term
recursive feasibility with respect to the funnel MPC Algorithm 2.4.1 is a bit of a stretch since
applying the solution upnmpc i € L([tg, ti +T, R™) of the optimal control problems (2.37)
to model (2.4) with initial data (¢z,Xj) is an open-loop control problem for every k € INy.
These individual problems are only loosely coupled via the initialisation strategy x. It would
be more precise to say that the funnel MPC Algorithm 2.4.1 solves an infinite sequence
of open-loop problems. However, Theorem 2.3.18 in combination with Theorem 2.3.26
and Theorem 2.3.24 shows that the funnel MPC Algorithm 2.4.1 ensures that the state of
the model at the end of each iteration is again a feasible initial value for the next iteration,
ie.

(@M (5 s X W)t —r 10000, 1)» T@EMC3 by Xy W) 11 020 6)) € T o (trg)-

If this model state is always selected in Step (a) of Algorithm 2.4.1, then applying Al-
gorithm 2.4.1 to the model (2.4) results in a closed-loop system with a global solution
M ¢ [0,00) — R™ of the initial value problem (2.4) in a more classical sense, meaning
the differential equation is fulfilled on the whole interval [tp,c0). Using the notation
Ifokﬁ = [tp — T, tg] N [to, tx] and setting Xy = (Xr(yg/[)\léo,T,TM(XT(yI(\)/[)NI:g,T), it is there-

fore possible to replace Step (a) of Algorithm 2.4.1, for k > 1, by

(a’) Obtain a measurement of the model state zy; and Tyr(zy) of (2.4) on the interval
Itkﬂ'

1o and set Xy = (xM\[(t)k,T,T(;UMHI:g,T).

However, utilising an initialisation strategy x in Step (a) of Algorithm 2.4.1 opens up the
possibility of directly applying the funnel MPC algorithm to a system which does not
coincide with the model (2.4). In this case, the initial model state is selected based on
measurement data from the system’s output y and its derivatives. Algorithm 2.4.1 still
remains feasible, meaning the optimal control problem (2.37) has a solution and the model
output yy is ensured to evolve within the funnel F,. While such guarantees can in such
cases not be given for the actual system to be controlled, the controller’s performance
might still be adequate if system and model only slightly diverge due to measurement
errors and small disturbances. In Chapter 3, we will examine in more detail how the funnel
MPC Algorithm 2.4.1 can be adapted in order to give guarantees on the tracking error for
the actual system in the presence of a model-plant mismatch eg as in (1.11). °

Remark 2.4.5. (a) The OCP (2.37) has neither state nor terminal constraints. Never-
theless, application of the funnel MPC Algorithm 2.4.1 to the model (2.4) ensures
the existence of a global solution of the initial value problem in the sense of Defini-
tion 2.4.2 or the solution of the closed-loop system if Step (a) is replaced by Step (a’)
from Remark 2.4.4. However, note that in neither case this solution is unique in

49



2.4. THE FUNNEL MPC ALGORITHM

general. One of the reasons is that the solution of the OCP (2.37) found in each step
may not be unique. The MPC algorithm has to select a particular optimal control.
In particular, Theorem 2.4.3 shows that the properties (i) and (ii) are independent of
the particular choice made within the MPC algorithm, since they hold for every such
solution. However, xnm |, ¢, ,) i3 uniquely determined by the choice of X}, and uj; for
every k € INy as Proposition 2.2.9 shows.

(b) Funnel MPC is initially and recursively feasible for every choice of T' > 0. Usually,
recursive feasibility for model predictive control can only be guaranteed when the
prediction horizon is sufficiently long, see e.g. [10], or when additional terminal
constraints are added to the OCP, see e.g. [159]. For funnel MPC merely the
boundary on the control input umax > 0 must be sufficiently large.

[ ]

Remark 2.4.6. While the primary funnel function v is user-defined based on application-
specific tracking error constraints, the funnel MPC Algorithm 2.4.1 introduces additional
parameters — notably the auxiliary funnel functions ¥ = (¢1,...,1,) € ¢ and their

associated error gains k; for i = 1,...,r — whose impact on the controller performance
warrants discussion.
The functions ¢; for ¢ = 1,...,r — 1 do not directly influence the controller, as the

optimal control problem (2.37) only optimises over a funnel stage cost function £y, linked
to the last auxiliary funnel function 1,.. These auxiliary functions 1; are determined by
the gains k; and the constants «, 5 and v (determined by the function %), as defined in
(2.22), (2.23) or (2.24). Consequently, we focus on the effects of k; and 1,

e Tighter boundary ), improves track precision but restricts the optimiser’s flexibility
to accommodate secondary objectives, e.g. minimising the control effort.

e Larger k; values intensify penalisation of error variables &; (see (2.15)), enhancing
accuracy at the cost of higher control inputs.

e The minimum bound umax > 0 for admissible control inputs depends on k; and
sup v;, as shown in Theorem 2.3.21. However, these derived bounds are typically
rather conservative; refining them requires a problem-specific analysis.

Moreover, as noted in Section 2.3.1, the construction of the parameters k; and v, (via (2.22)
and (2.23)) can be simplified using the design (2.24). This simplification replaces the time-
varying funnel penalties with a constant cost funnel penalty function in the MPC stage
cost £y, , reducing computational complexity. However, the initial model trajectory ?/1(\)/[
for the model (2.4) must be freely selectable to satisfy the constraints imposed by this
simplified design. °

Remark 2.4.7. The proof of the funnel MPC’s recursive feasibility hinges primarily
on Theorem 2.3.21. Crucially, this result does not depend on the use of funnel penalty
functions, implying that recursive feasibility can also be guaranteed for the MPC scheme
in Algorithm 1.1.4 with alternative stage cost functions ¢ : R>o x R™ x R™ — such as
the classical quadratic cost function in (1.7) — provided the optimal control problem (1.8)
incorporates the additional constraint

Vs €[t te +T]: 1§ (em(s; ey Xiyw) — X (Yret) (5)) || < 1 (s).

However, without funnel penalty functions, alternative methods are required to ensure the
optimal control problem always admits a solution, as the proof of Theorem 2.3.26 relies
explicitly on their use. Assuming this is achievable, Algorithm 1.1.4 can also fulfil the control
objective outlined in Section 1.1.1. While the funnel MPC (Algorithm Algorithm 2.4.1) is
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hypothesised to offer superior performance — due to its cost function dynamically penalising
proximity to the funnel boundary — a numerical case study [9] found comparable results
between the two approaches. A comprehensive comparative analysis, however, remains an
open research question. °

2.5 Simulation

This section illustrates the application of the funnel MPC algorithm (Algorithm 2.4.1) using
two numerical examples. In this section, we do not distinguish between the actual system
and its model. This distinction will be revisited in subsequent chapters. Consequently, we
omit the subscript M used to denote model equations in this section.

The MATLAB source code for the simulations performed in this thesis can be found on
GITHUB under the link https://github.com/ddennstaedt/FMPC_Simulation.

2.5.1 Exothermic chemical reaction

To demonstrate the funnel MPC Algorithm 2.4.1, we consider a model of a chemical
reactor where an exothermic reaction Substance-1 — Substance-2 takes place. This
example was also used in [97] to study funnel control with input saturation and in [124]
to demonstrate the feasibility of the bang-bang funnel controller. According to [187], this
type of reactor can be modelled by the following system of equations of order one:

d1(t) = e p(aa (L), x2(t),y(t)) + d(z — z1(2)),
(), z2(t), y(

)
Bo(t) = cop(ay(t), z2(t), y(t)) + d(x — z2(t)), (2.39)
y(t) = bp(z1(t), z2(t),y(t) — qy(t) + u(t),

+d
+d

where z1 is the concentration of the reactant Substance-1, x9 the concentration of the
product Substance-2 and y describes the reactor temperature; u is the feed temperat-
ure/coolant control input. Further, the constant b > 0 describes the exothermicity of the
reaction, d > 0 is associated with the dilution rate and ¢ > 0 is a constant consisting of the
combination of the dilution rate and the heat transfer rate. Further, ¢c; < 0 and ¢ € R
are the stoichiometric coefficients and p : R>¢ X R>0 X R>¢9 — R>¢ is a locally Lipschitz
continuous function with p(0,0,¢) = 0 for all ¢ > 0 that models the reaction heat. As
in [97], we consider for the function p the Arrhenius law

k1

p(xlvx?ay) = koeijxh (240)
where ko, k1 are positive parameters. Since c¢; < 0, it is easy to see that the subsystem

&1(t) = erp(@1(t), 22(t), y(1)) + d(af" — 21()),
B2 (t) = capl(@1(t), 22(t), y(1)) + d(@y — aa(1)),

satisfies the BIBS condition (2.9) from Example 2.2.4, when y is restricted to the set
{y € Wh(R>0,R) [Vt > 0: y(t) > 0}. We like to emphasise that the control must thus
guarantee that y is always positive, which is also from a practical point of view a reasonable
objective. The control objective is to steer the reactor’s temperature to a certain given
reference value yof(t) within boundaries given by a function ¢(¢). The reactor’s temperature
should follow a given heating profile specified as

tfinal

Yref final —Yref,start
et et te (0,
Yref (1) = {y‘"ef’“a‘"t - ’ 0, Stna) (2.41)

Yref final, t > tfinal-
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Note that this heating profile has a kink at t = fg,,1. Starting at yref start = 270K, the
reactor is heated up to Yref final = 337.1 K within the prescribed time [0, tfnal], here we
choose tgna = 2. The maximal control value is limited to umax = 600. During the
heating phase, the tolerated temperature deviation from the heating profile decreases
from +24 K to +£4.4K (time-varying output constraints). After reaching the desired level,
the temperature in the reactor is kept constant with deviation of no more than +4.4K
after four units of time after beginning of the heating process. We therefore choose the
funnel function ¢ € G given by

Y(t) = 20e 2 4 4.

To achieve the control objective with funnel MPC Algorithm 2.4.1, we use the strict funnel
stage cost function £y, : R>9 x R x R = R U {00} given by

ly =t O\ e 0
gw(t,y,u) — ¢(t)2 _ Hy _ yref(t)”2 + Au || ” ) ||y yref( )H 7& sz)( ) (242)

o0, else,

with design parameter A\, € R>o. This is a slightly modified variant of stage cost function
from (2.1). Asin [07, 187], the initial data is chosen as [9, 29, °] = [0.02, 0.9, 270] describing
the initial concentration of the two substances and the initial reactor temperature. The
parameters of the system are

co=-1, kg=e®, 2"=1, d=11,

\ (2.43)
co=1, k5 =8700, z' =0, ¢=1.25 b=209.2.

To demonstrate that the funnel MPC Algorithm 2.4.1 is initially and recursively feas-
ible even for a short prediction horizon, we choose the time shift § = 5 - 10™% and
T =20-6 = 102. Due to discretisation, only step functions with constant step length t := §
are considered! for the optimal control problem (2.37) of the funnel MPC Algorithm 2.4.1.
As perfect system knowledge is assumed here, the model is initialised, at every iteration of
the algorithm, with the model’s state from the previous iteration. We compare this control
approach with the MPC Algorithm 1.1.4 using a standard quadratic cost function

0(t,y,u) = [ly = yret (D)1 + Au [Ju — 360]|” (2.44)

as in (1.7). For both control schemes, the parameter A, is chosen as A, = 0.1. The
simulations are performed with MATLAB and the toolkit CASADI? [16] over the time
interval [0, 4] and depicted in Figure 2.1. Figure 2.1a shows that the output of the system
evolves within the funnel boundaries when the control signal is generated by the funnel
MPC Algorithm 2.4.1 (labelled with ypympc). The standard MPC Algorithm 1.1.4 with
the quadratic stage cost function (2.44) does however not achieve the control objective.
The corresponding system output (labelled with yypc) evolves outside of the prescribed
boundaries. This observation is not surprising since no information about the funnel F, is
included in stage cost function (2.44) of the Algorithm 1.1.4. The incorporation of output
constraints of the form

Vie [t i+T):  [lym(t) — pret (t)]| < ¥(1) (2.45)

as in (1.9) in the corresponding OCP (1.8) is necessary in order to ensure that MPC with
stage cost (2.44) is feasible with the selected prediction horizon T', time shift §, and design

!By a step function on an interval [a, b] with constant step length ¢t > 0, we mean a mapping f : [a,b] — R
which is constant on every interval [a + kv,a + (k 4+ 1)r) N [a,b] for k =0,...,[22%] — 1, see also Defini-
tion 5.0.1.

http://casadi.org
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—upmpc(t)
______________ —unpc (1)
400
> -
;; 300 —_ . E
E
. —ypmpc () as
/ —ynmpc(t)
— | ———
// Yret (t)
w0y - Yret (1) T Y(2)
0 : 2 3 o % 1 2 3 4
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 2.1: Simulation of system (2.39) under the control generated by the funnel MPC Al-
gorithm 2.4.1 and the MPC Algorithm 1.1.4 with stage cost (2.44) with para-
meters T = 1072, § =5-107%, and \, = 0.1.

parameter \,. In this case, the standard MPC scheme also achieves the control objective
in accordance to Remark 2.4.7.

Alternatively, if an appropriately long prediction horizon T' = 1 is chosen and the
penalisation of the control signal is reduced by choosing A\, = 107%, then standard
MPC Algorithm 1.1.4 is also able to achieve the control objective by chance. Additionally,
the time shift is increased to § = 0.1. The performance of both control schemes with
the longer horizon and time shift and the adapted design parameter A, = 10 is depicted
in Figure 2.2. While Figure 2.2a shows the output of the system evolving within the funnel
boundaries under the both control schemes, Figure 2.2b shows the corresponding input
signals. It is evident that both control techniques generate very similar control signals and

425 -

—upmpc(t)
—upnipc(t)

350 -

—_——— e e =

400 -

?;
S 300 ;
Gé E—‘ 375
= —yrmpc(t)
e (t) 350 -
— Yref (t)
= Yret () £ ()
0 : 2 s 4 0 : 2 B 4
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 2.2: Simulation of system (2.39) under the control generated by the funnel MPC Al-
gorithm 2.4.1 and the MPC Algorithm 1.1.4 with stage cost (2.44) with para-
meters T =1, § = 0.1, and )\, = 1074,

achieve the control objective. However, while it is, to a certain extend, incidental that
the tracking error of the system under the control generated by the MPC Algorithm 1.1.4
evolves within F, the funnel stage cost function (2.42) provably ensures the adherence of
the system to the funnel boundaries for the funnel MPC Algorithm 2.4.1, see Theorem 2.3.24.
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However, note that the discontinuous funnel penalties function can lead to compatibility
issues with standard optimisation frameworks causing the utilised numerical solvers to fail.
In this case, the incorporation of additional output constraints like (2.45) in the funnel
MPC Algorithm 2.4.1 can mitigate these issues although they are, from a theoretical point
of view, redundant.

In the following, we compare the funnel MPC Algorithm 2.4.1 to the funnel controller
which was the inspiration for the development and usage of funnel penalty functions of the
form (2.1). The original funnel controller proposed in [95] takes the form

(t ! (t (2.46)
upc(t) = ————————e(t). :
P(t)? — [let)]

For the comparison of the two controllers , we choose, as before, the strict funnel stage
cost £y as in (2.42) and the parameters T'= 1, § = 0.1, and A, = 10~* for the MPC scheme
and restrict the set of control functions considered in the OCP (2.37) to step functions with
constant step length v := ¢ = 0.1. To numerically compute the solution of the closed-loop
system under the both control laws, the explicit four stage Runge-Kutta method (RK4)
with a constant step size h > 0 is used.

350

e e 400 ;FF'_'H_,H_-—'_’_—‘—'—Li
Wp - =22 300 -
200 [
= —yrmvpc () wol
—we®)
3 ER
B — Yref (t) g
& -~ Yret (t) T P(2) T
100 2001
anf —upnmpc(t)
0 ‘ ‘ | | —urc(t) |
0 1 2 3 4 0 1 2 3 4
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 2.3: Simulation of system (2.39) under the control generated by the funnel MPC Al-
gorithm 2.4.1 with parameters 7= 1, § = 0.1, and A, = 10~* and the funnel
control law (2.46) with a constant step size h = 1073.

Figure 2.3 depicts the performance both of the funnel controller (2.46) and the funnel
MPC Algorithm 2.4.1 when a constant step size h = 1072 is used in the RK4 method.
Figure 2.3a shows that, while initially both control schemes are feasible, the system’s
output when controlled by the funnel controller (labelled with ypc) breaches the funnel
boundary at ¢ ~ 0.7 and evolves from then onward outside the prescribed boundaries. The
controller reacts at this time instant with a large peak in its control signal, see Figure 2.3b.
It is however not able to achieve the control objective on the entire considered time interval.
Although the funnel MPC Algorithm 2.4.1 is restricted to step functions as its control
signals a relatively wide step length of v = 0.1 and therefore adapts its control signal
significantly less often than the funnel controller, the MPC algorithm is feasible and the
system output ypmpc evolves within the performance funnel. Funnel MPC actually still
achieves the control objective if an even larger step size of h = 1072 is used to solve the
ordinary differential equation.

To ensure that the simulation of the funnel controller (2.46) also achieves the control
objective the usage of a smaller step size in the RK4 method is required. The system

54



2.5. SIMULATION
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Figure 2.4: Simulation of system (2.39) under the control generated by the funnel MPC Al-
gorithm 2.4.1 with parameters T =1, § = 0.1, and A, = 10~* and the funnel
control law (2.46) with a constant step size h = 1074,

output and the corresponding control signals are depicted in Figure 2.4 when a constant
step size h = 10™* is used for the simulation. Figure 2.4a shows the system output under
the control of the two approaches evolving within the funnel boundaries and Figure 2.4b
depicts the corresponding input signals. It is evident that both control techniques are
feasible and achieve the control objective in this case. As the initial tracking error is zero,
the funnel controller (2.46) does not act in the beginning. It’s input signal upc is zero and
then increases when the system output ypc approaches the funnel boundary. Afterwards,
yrc evolves close to the funnel boundary over the entire time interval. The system when
controlled by the funnel MPC Algorithm 2.4.1 exhibits a more accurate tracking. The
system’s output ypypc evolves closer to the reference signal y,or than ypc. Thanks to its
predictive capabilities, the funnel MPC Algorithm 2.4.1 applies already at the beginning
a larger control signal upypc and does not wait until the system’s output is close to the
boundary until it reacts. After the system reached the desired temperature yret final at
tinal = 2, the output ypc tracks the reference signal y..f almost perfectly. The system
output yrc under the control of upc has a constant offset to the reference. It is worth
noting that funnel MPC Algorithm 2.4.1 achieves this better performance while applying
less control input than the funnel controller (2.46).

2.5.2 Mass-on-car system

For purposes of illustration that funnel MPC Algorithm 2.4.1 can also successfully applied
to systems with fixed higher relative degree, i.e. r > 1, we consider the example of a
mass-on-car system from [172]. This example was also examined in [30] and [32] to compare
different versions of funnel control. On a car with mass mq, to which a force F' = u can be
applied, a ramp is mounted on which a second mass mgy moves passively, see Figure 2.5.
The second mass is coupled to the car by a spring-damper combination, and the ramp is
inclined by a fixed angle ¥ € (0,7/2). The equations of motion are given by

"ﬂ;zlcj;s%) m2§3§ (19)] [iﬁiﬂ * [ks(t)?rds@)} - {u(()t)] ) (2.47)

where z(t) is the horizontal position of the car and s(¢) is the relative position of the mass
on the ramp at time ¢t. The physical constants k£ > 0 and d > 0 are the coefficients of the
spring and damper, respectively. The horizontal position of the mass on the ramp is the
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Figure 2.5: Mass-on-car system. The figure is based on the respective figures in [30],
and [172].

output y of the system, i.e.
y(t) = z(t) 4 s(t) cos(¥).

The objective is tracking the reference signal y,ef : ¢ — cos(t), such that for i) € G the error
function ¢ — e(t) = y(t) — yret (t) evolves within the prescribed performance funnel F, i.e.
lle(t)|| < w(t) for all ¢ > 0. For this example, we choose the funnel boundary function

Y(t) = 5e % +0.1,

which fulfils (2.21) for a = 2 and 8 = 0.2. By setting u = ma(my + masin?(9)), u1 = 2,
and pp = %2, the system takes the form (2.5), with

2(t) 0 1 0 0 0 1 1"
2@ _ 10 0 pokcos(9) pad cos(¥) . 142 _ 0
=1 4= 1o o 0 1 » B = 0 O = cos(9)
5(t) 0 0 —(um+mp2)k —(u1+p2)d — iz cos(¥) 0
As outlined in [30, Sec. 3], the system has global relative degree
2, v€(0,%),
r =
3, 9=0,

bounded-input bounded-output internal dynamics, and the positive scalar high-frequency
gain I' = CA" !B, see also Example 2.2.3. For the simulation, we choose the same system

parameters
us

mi = 4, mo = 1, k= 2, d= 1, Y= Z (248)
and initial values z(0) = s(0) = 2(0) = $(0) = 0 as in [30]. Given ¥ = 7, the system has
relative degree r = 2. Following [9%], the system can equivalently be written in the form

§(t) = Rayle) + Rai(t) + Sn(t) + Tult) 219
i(t) = Qn(t) + Py(t),

with initial conditions [y(0),5(0)] = [y3,4?] € R? and n(0) = n° € R2. For the given
parameters (2.48), the matrices are

R1 =0, RQZS, S:_49\/§[2 1],r:1 Q:[O 1},P:2\/§H. (2.50)
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To apply the funnel MPC Algorithm 2.4.1 to the system (2.49) with relative degree r = 2,
we choose the construction (2.23) and (2.22) for the auxiliary funnel function 9 and the
associated parameter k;. Straightforward calculations show that 1y takes the form

2.51
gl ay (251)

with k1 = 14 and v = 0.2 satisfying (2.20). To achieve the control objective, we use the
strict funnel stage cost function £y, : R>g x R x R = R U {oo} given by

<]l 2
— = A ull®, K] # Pa(t)
Ly (£, Cu) = 4 W2()? = €))7 (2.52)
o, else,
with design parameter )\, € R>o. Utilising the error variables &;(z1,22) = 21, and

&a(21,29) = &1(22,0)+k1&1 (21, 22) as in (2.15), the variable ¢ in (2.52) is replaced, in the op-
timal control problem (2.34), by &a(x (v —yref)(t)) = é(t)+k1e(t), where e(t) = y(t) — yret (t).

We compare the funnel MPC Algorithm 2.4.1 with the standard MPC Algorithm 1.1.4
using the quadratic cost function

e(tv Y, U’) = ||y - yref(t)H2 + Ay HUHZ (253)
as in (1.7) and additional output constraints

Vte [te,te +T]: y(t) — yret (D) < (2)

for ¢ € 6INg as in (1.9) in the OCP (1.8). For both MPC schemes, we choose the
prediction horizon T = 1, the time shift § = 0.1, the parameter A\, = 10~%, and allow for
a maximal control value of up.x = 30. Due to discretisation, only step functions with
constant step length v := ¢ are considered when solving the respective optimal control
problems. The simulations are performed on the time interval [0, 10] with MATLAB and
the toolkit CASADI and displayed in Figure 2.6. While Figure 2.6b shows that the

.
\ 30

\ —yrmpc () — Yrer (t) —upnpc(t)
\\\ —ympc (t) — Yret () —unpe(t)
o\ ——"

Input u
°

-

Tracking error e

R . . . . ) . . \ \ )
0 2 4 6 8 10 0 2 4 6 8 10
Time t Time t

(a) Tracking error e = y — yref With boundary 1. (b) Control inputs.

Figure 2.6: Simulation of system (2.49) under the control generated by funnel MPC Al-
gorithm 2.4.1 and the MPC Algorithm 1.1.4 with cost function (1.7) and
eq. (1.9). The parameters are T = 1, § = 0.1, and \, = 10~%.

control signals generated by the two MPC schemes are relatively similar, Figure 2.6a
displays that the MPC Algorithm 1.1.4 with cost function (2.53) does, contrary to the
funnel MPC Algorithm 2.4.1, not achieve the control objective. Despite the output
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constraints (1.9), the tracking error ympc(t) — yref(t) leaves the performance funnel. The
reason for this behaviour could be that the solver implements these barriers internally
with a certain tolerance level using barrier functions. To ensure an adherence to the
funnel boundaries, an adaptation of the parameter A, a smaller step length §, or a longer
prediction horizon T are sufficient as demonstrated in the previous example. Even though
the tracking error yrpypc — Yref €Volves at times close to the funnel boundary, the cost
function (2.52) ensures that the control objective is achieved when the system is controlled
by the funnel MPC Algorithm 2.4.1.

Now, we compare the funnel MPC Algorithm 2.4.1 to the funnel controller from [30].
For the system (2.49), the funnel control law takes the form

) [ e(t)?
o) ) (w<t>2>
upc(t) = — (w(t)?) w(t),

e(t)

w(t) = o)

e(t) = y(t) — et (t), (2.54)

with y(s) = = for s € [0,1). For the funnel MPC scheme, we choose the prediction
horizon T = 1, the time shift 6 = 0.1, the parameter A\, = 1073, and allow for a maximal
control value of umax = 30.

10
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Tracking error e

-0.5 -

—yrmpc (t) — Yret ()
—yrc(t) — Yret (t)
-- (1)

Input u

20 -

=)
T

20

—upmpc(t)
—UFC (t)

. . )
6 8 10
Time t

(a) Tracking error e = y—yyef within boundary 1.

-30

\ \ \ \ )
0 2 4 6 8 10
Time t

(b) Control inputs.

Figure 2.7: Simulation of system (2.49) under the control generated by funnel MPC Al-
gorithm 2.4.1 with parameters 7= 1, § = 0.1, and A, = 10~2 and the funnel
control law (2.54).

The performance of the funnel controller (2.54) and the funnel MPC Algorithm 2.4.1 is
depicted in Figure 2.7. While Figure 2.7a shows the tracking error of the two controllers
evolving within the funnel boundaries, Figure 2.7b displays the respective input signals.
It is evident that both control techniques are feasible and achieve the control objective.
The funnel controller generates a smooth input signal, while the OCP (2.34) of the funnel
MPC Algorithm 2.4.1 is solved over step functions with constant step length v := 0.1. The
funnel MPC seemingly takes more advantage of the available error tolerance boundaries
resulting in a smaller range of employed control values. Funnel control tends to change the
control values very quickly and the control signal shows peaks. The MPC scheme avoids
this undesirable behaviour thanks to its predictive capabilities.
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3 Robust funnel MPC

Optimisation-based control techniques, such as model predictive control, achieve high-
performance control while rigorously adhering to state and input constraints. These
schemes — including the funnel MPC Algorithm 2.4.1 developed in Chapter 2 — funda-
mentally depend on accurate system models. Without such models, essential closed-loop
properties — stability, performance, and constraint satisfaction — are generally not preserved.
Significant challenges arise from model uncertainties and external disturbances, as even
high-fidelity models deviate from real-world systems, while disturbances are omnipresent.
Moreover, to mitigate computational complexity, practitioners often opt for simplified,
lower-dimensional approximations — such as discretised representations of partial differential
equations — over intricate models. For a comprehensive treatment of model order reduction
techniques, see for example the textbook [167].

The development of robust MPC methods to address structural model-plant mismatches
and external disturbances therefore remains an active research area, see e.g. [51, , ,

| and the references therein. Key approaches include:

e Scenario-based optimisation: Handles uncertainties via sampling a suitable number
of randomly selected disturbance realisations in a receding horizon fashion [53].

e Barrier-augmented MPC': Ensure states/outputs to remain within safe regions as
(relaxed) barrier functions penalise proximity to constraint boundaries. Safety and
constraint satisfaction is enforced through dynamic penalty adjustment and inherently
accounting for deviations [70, , 203].

e Feedback MPC': Solves for an optimal and stabilising feedback policy rather than an
open-loop input signal [77, 171]. The applied (robust) feedback controller counteracts
occurring disturbances between two iterations of the MPC algorithm.

e Adaptive MPC: Dynamically updates model parameters online using techniques like
moving horizon estimation (MHE) [¢4], (non)-linear state observers [39, 101, 114], or
system identification methods [158] bridging model-system gaps, see e.g. [10, .
For a comprehensive overview on adaptive MPC, see also the survey paper [103].

e Stochastic MPC': Employs chance constraints or risk-aware formulations for quantifi-
able probabilistic uncertainties. It offers probabilistic guarantees for systems with
measurable noise distributions [115, , 176].

o Learning-augmented MPC': Integrates data-driven models, such as Gaussian processes
or neural networks, to refine predications and quantify uncertainties [15]. We explore
this integration in more detail in Chapter 4; see also [35] for a survey.

Central to robust MPC are constraint tightening techniques [59], particularly tube-based
MPC [117]. To robustly achieve output tracking, these methods construct tubes around
reference trajectories to guarantee the actual system output remains within prescribed
bounds. For linear systems, foundational work in [110] demonstrates this approach, while
non-linear extensions in [67, , ] address geometric and dynamic complexities. Notably,
[130] introduces co-optimisation of tubes and reference trajectories, adapting tube geometry
based on proximity to boundaries.
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To enforce tube invariance, terminal conditions are embedded within the optimisation
problem, ensuring recursive feasibility. For linear systems, [(62] achieves reference tracking
within constant bounds via robust control invariant (RCI) sets, which satisfy state, input,
and performance constraints. [205] extends this framework to external disturbances, though
RCI computation remains non-trivial, with algorithms potentially failing to terminate
finitely [62]. For non-linear systems, [177, | employ incremental Lyapunov functions
and precomputed stabilising feedback laws to ensure control objectives. While effective,
these methods face challenges in balancing conservatism and computational tractability, as
tube design must inherently account for system uncertainty magnitude.

Despite advancements in robustification methods for MPC, critical challenges persist:

e Computational complexity: Scaling methods for high-dimensional systems [73, 109].

e Conservatism vs performance: Balancing conservatism and performance, in particular
in tube-based approaches.

e Safety certification: Ensuring reliability in learning-augmented components [154].

Robust funnel MPC: Bridging prediction and adaptation

To address the challenge of output tracking within prescribed performance boundaries
while retaining the predictive power of MPC and the disturbance rejection capabilities
of adaptive control, this chapter proposes robust funnel MPC. This method relaxes the
assumption from Chapter 2 that the system (1.1) and surrogate model (1.5) coincide,
explicitly accounting for external disturbances and (structural) model-plant mismatches.
The controller synergises two complementary strategies:

1. Funnel MPC: Leverages model-based predictions to compute feed-forward control
signals.

2. Funnel control: A model-free, high-gain adaptive feedback loop (introduced in
Section 1.1.2) that refines the control signal using real-time measurements to reject
disturbances and compensate mismatches.

The synergy of these techniques ensures arbitrary output constraint satisfaction: the
predictive component (funnel MPC) plans trajectories using the surrogate model, while
the model-free adaptive component (funnel control) instantaneously compensates for
unmodelled dynamics or disturbances. This two component approach marries the predictive
power of MPC with the robustness of adaptive feedback, addressing key limitations of
stand-alone methods in uncertain environments.

3.1 System class

In this section, we concretise the structural properties of the system (1.1) and formally
introduce the system class under consideration. To briefly recapitulate, we consider
non-linear multi-input multi-output control systems of order € IN of the form

Y () = F(T(y, 9, 9" ) (1), ult)),
Ylio,20] = y° e C"H([0, 0], R™), if tg > 0, (1.1 revisited)
(y(to), ...,y V(te)) =° € R™, if tg = 0,

with ¢o > 0, initial trajectory °, input u € L ([tg, 00), R™), and output y(t) € R™ at

loc
time t > tg. The following definition formalises the properties of the function F' and the

operator T.
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Definition 3.1.1 (System class /\QT’T). We say that the system (1.1) belongs to the system
class N for m,r € N, and to € Rxq, written (F,T) € N{"", if, for some q € N, the
following holds:

(a) T : R(R>o,R™) — L3 ([to, o0),RY) has the causality (7.1), local Lipschitz (7.2),
and the bounded-input bounded-output (BIBO) (7T.3) property as defined in Defini-

tion 2.2.1.

(b) F € C(R?xR™,R™) has the perturbation high-gain property, i.e. for every compact
set Ky, C R™ there exists v € (0,1) such that for every compact set K, C R the
function

h: R = R, s — min{(v, F(z,d — sv)) |d € Kp,z € Kg,v € R™, v < |lv|| <1}
(3.1)
satisfies supyep b(s) = oo.

We already discussed examples for operators T satisfying the properties (a) from
Definition 3.1.1 in Examples 2.2.3 and 2.2.4. To also gain a better understanding for the
high-gain property of the function F in (1.1), we briefly discuss a simple example of a
differential equation belonging to the considered system class.

Example 3.1.2. Let p: R™ — R™ and T" : R"™ — R™*™ be continuous non-linear functions.
Assume I'(z) € GL,,(R) for all z € R™. We show that the function F': R" x R™ — R"
defined by

F(z,u) =p(zx) +T'(z)u (3.2)

has the perturbation high-gain property (3.1) if, and only if, I'(z) is sign-definite for all
x € R", i.e. the scalar product (v,T'(x)v) is positive (negative) for all v € R™\{0}. We
show this equivalence by adapting [30, Sec. 2.1.3] to the given context.

Assume that the function F' has the perturbation high-gain property (3.1) and suppose
that I" is not sign-definite. Then, there exists z € R™ and v € R"™\{0} with (v,I'(z)v) = 0.
Define K, :== {0} and K,, = {z}. For v € (0,1), set K, .= {v e R™|v <|jv|]| <1}. As
(v,I'(2)v) = 0, there exists © € K, with (0,T'(2)0) = 0. For s € R, we have

B(s) = min (v, F(z —sv)) = min (v,p(2) = [(2)sv)

< vp(2)ll + min —s (v, T(2)v) < vlp(2)|| — s {0, T()0) = v |lp()]] -

This is a contradiction to the perturbation high-gain property (3.1).

Assume I is sign-definite. Due to the continuity of I'(-), there exists o € {—1,1} such
that oI'(z) is positive definite for all z € R". We show that the function F' has the
perturbation high-gain property (3.1). Let K,, € R™, K,, € R"™ be compact sets and set
v = 3. Define K, = {v € R™|v < |jv|| < 1}. Set G(2) == 3(I'(z) + '(2)") and let Amin
be the smallest eigenvalue of G(z) for all z € K,, which exists because of the compactness
of K,,. Moreover, due to the continuity of the involved functions and the compactness of
the considered sets, there exists

c=min{(v,p(z) +['(2)d) |d € K,z € Kp,v € K, } € R.

Let (s;)jen € RY be a sequence with s;o < 0 for all j € N and sjo — —oo for j — oo. It
follows that

h(s;) = min{(v, F(z,d — sjv)) | d € K,z € Kp,v e K, }
> min {(v,p(z) + I'(2)d) | d € Kin,z € Kp,v € K, }
+ min {—(v,T'(2)s;v) | z € Kp,v € K, }
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=c+min{—s,0(v,G(z)v) | z € Kp,ve K, }
> ¢+ min {—sjo)\min Bl ‘ v E Kl,}
850 Ami
> ¢ 249%min
ZC 74
Thus, h(s;) — oo for j — oo proving that the function F' has the perturbation high-gain

property (3.1).
We saw in Example 2.2.4 that non-linear differential equations of the form

a(t) = f(x(t) + gla(t)u(t), a(to) =",
y(t) = h(z(t)),

with ¢ € R>o, 2% € R™, and non-linear functions f : R* — R", ¢ : R* — R™™ and
h: R™ — R™, are admissible candidates for a model by transforming it into the Byrnes-
Isidori form (2.8). This was achieved by, among other things, assuming that (2.7) has a
strict (global) relative degree r € N, i.e.

(2.7 revisited)

Vke{l,...,r—1} Vo e R": (L,Li'h)(x) =0
and (LgL;_lh)(a:) € GL,,(R).

A consequence of our considerations regarding function F' in (3.2) is that (2.7) is also an
admissible system if, in addition to the strict relative degree, one assumes (LgL}_lh)(x)
to be sign-definite. Similarly, linear time invariant systems given by matrices A € R™*"
and CT,B € R™™, as discussed in Example 2.2.3, are admissible systems in the sense
of Definition 3.1.1 if, in addition to the assumptions from Example 2.2.3, the matrix
C A" 1B is sign-definite, where r > 0 is the relative degree of the linear system (2.5). o

Remark 3.1.3. We want to comment on a few aspects of the system class /\/t?r

(a) For tg > 0 and m,r € N, let (F,T) € N{"". For d € L>([tg,00),R?), define the
operator T by .
T(O)(t) = (d(t), T(C) (%))

for ¢ € R(Rso,R"). Straightforward calculations show that T also fulfils the
properties (T.1), (T.2), and (T.3) of Definition 2.2.1. The system class A" therefore
implicitly contains differential equations of the form

y(t) = F(d(), T(y, 9, -,y ) (), ult)),
with unknown disturbance d € L ([tp, 00), RP).

(b) The system class /\/Z: " allows for the usage of more general operators T than the
model class /Vl?;’r because T is not required to have the limited memory property (T.4)
of Definition 2.2.1. Many physical phenomena such as backlash and relay hysteresis,
and non-linear time delays can be modelled by means of a general operator T,
cf. [30, Sec. 1.2]. Moreover, the operator T can even be the solution operator of an
infinite-dimensional dynamical system, e.g. a partial differential equation. Thus,
systems with such internal dynamics can be represented by (1.1), see [36]. For a
practically relevant example of infinite-dimensional internal dynamics (modelled by an
operator T, we refer to [37], where a moving water tank was subject to funnel control,
and the water in the tank was modelled by the linearised Saint-Venant equations.
While we deem the limited memory property (T.4) not to be a major restriction
posed on the operator Ty used in the model, it still remains to be verified whether
the mentioned examples can also be modelled by an operator with property (T.4).
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(¢) The perturbation high-gain property of the function F in (b) of Definition 3.1.1 is
a modification of the so-called high-gain property, see e.g. [30, Def. 1.2], and, at
first glance, a stronger assumption. The high-gain property is essential in high-gain
adaptive control and, roughly speaking, guarantees that, if a large enough input is
applied, the system reacts sufficiently fast. For linear systems, as in Example 2.2.3,
having the high-gain property implies that the system can be stabilised via high-
gain output feedback, cf. [30, Rem. 1.3]. In order to account for possible bounded
perturbations of the input, we require the modified property from (b). It is an open
question whether the perturbation high-gain property and the high-gain property
are equivalent.

d) Although there are many systems belonging to both the model class M}"" from Defini-
to

tion 2.2.2 and the system class N}, from Definition 3.1.1, neither the set of admissible

models M is a subset of all considered systems A" nor the opposite is true.

Every system (F,T) € t?’T which does not have a control affine representation of

the form (2.4) cannot belong to /Vl?g’r. On the other hand, Example 3.1.2 shows

that differential equations of the form (2.7) are admissible models if (LgL’]ﬂflh)(:v) is

invertible but only admissible systems if (LgL’}_lh)(x) is in addition sign definite.

(e) Throughout this thesis, we always assume that the parameters m and r for the system
class ./\/’Z:’r and the model class ./\/l?;’r coincide. This means that the system (1.1)
and the model (2.4) are of the same order r > 1 and have the identical output/input
dimension m > 1.

[ ]

In Definition 2.2.6, we introduced a solution concept for the initial value problem (2.4),
which is used as model for the funnel MPC Algorithm 2.4.1. Mainly due to the inherent
conflict between the domain of the operator and the re-initialisation of the model, it
had certain peculiarities distinguishing it from more traditional solution concept. As the
system’s differential equation (1.1) is not re-initialised during operation of any controller,
we utilise conventional solutions in sense of Carathéodory. For the sake of completeness,
we recall this solution concept.

Definition 3.1.4 (System solution). For initial trajectory y° € C"=1([0,t0], R™) for
to > 0 or yo € R™ in the case to = 0 and a control function u € LS ([tp,00), R™), an
absolutely continuous function x = (z1,...,x,) : [0,w) = R™ with w € (ty, 00| is called a
solution of (1.1) (in the sense of Carathéodory) if

zi(t) = wip1(t), i=1,...,r—1,

ar(t) = F(T(x)(t),u(t)),
Jor almost all t € [to,w) and x4 = xr(¥°) if to > 0 or z(t) = y° in the case tog =0. A
solution is mazximal if it has no proper right extension that is also a solution. A maximal

solution is also called a response of the system associated with u and denoted by z(-;to, y°, u).
We denote its first component x1 by y(-,to,y°, u).

In the Appendix, we show that (1.1) has a solution = : [0,w) — R™ in the sense of
Definition 3.1.4 for every u € LS ([to, 00), R™) and that every solution can be extended to
a maximal solution, see Corollary 7.0.5.

3.2 Controller structure

We propose robust funnel MPC. a two component control architecture that synergises the
model-based funnel MPC Algorithm 2.4.1 with the model-free funnel controller to achieve
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reference tracking within prescribed boundaries despite a mismatch between the true system
(1.1) and the nominal model (2.4). The overall structure is depicted in Figure 3.1. This

Ym u = upMpC + U y
Model (2.4) e Fc) System (1.1)

I~

N UFMPC Y UFC €s =Y —YM +
7 FMPC 2D< Funnel controller
yrefT Y
N
Model-based controller component Model-free controller component

Figure 3.1: Structure of the robust funnel MPC scheme

framework addresses the inherent tension between optimality and robustness by combining
the predictive capabilities of MPC with the disturbance rejection of adaptive feedback.

The left (red) block of Figure 3.1 comprises the surrogate model (2.4), the funnel
MPC Algorithm 2.4.1, and a given reference trajectory ... By Theorem 2.4.3, for any
given funnel function ¢ € G, the funnel-MPC controller produces an input upmpc that
minimises the stage cost (2.1) while guaranteeing the model’s output yyr tracks yyer within
the prescribed funnel v, i.e.

lem (B = llyn(t) = yret ()] < (2) for all £ > to.

This controller component relies on the model’s accuracy but delivers optimality by design.
Since the model is chosen by the designer, it is however known exactly.

In contrast, the right block contains the actual system (1.1) and a model-free funnel con-
trol loop (blue box in Figure 3.1). Given an arbitrary reference signal p € W% (R, R™)
and a funnel function ¢ € G, the funnel control (cf. Section 1.1.2) ensures the system’s
output y satisfies p(t) ||y(t) — p(t)|| < 1 for all t > tg, as shown in [30, 33, 95]. This
component requires no model knowledge to compute the control signal upc and track the
reference with predefined accuracy, operating purely on real-time measurements, and is
inherently robust to disturbances and system uncertainties, provided the initial error lies
within the funnel boundary.

While funnel MPC prioritises optimality through minimisation of a designer-specified
cost, funnel control ensures robustness by adaptively rejecting disturbances. Merging
these two approaches robustifies the funnel MPC scheme against model uncertainties and
disturbances. The combined control signal u = upnpc + upc sacrifices strict optimality
(due to the corrective upc) and model independence (due to reliance on (2.4)) but achieves a
critical balance: the funnel controller remains dormant unless the model-predicted error ey
approaches the funnel boundary . In such critical states — where the model inaccuracies
or disturbances threaten constraint violation — upc activates to realign the system with
the model’s prediction. By keeping the funnel controller’s activation intentionally sparse,
it intervenes only as much as necessary to reject disturbances. This minimises deviations
from the optimal control signal upnpc. For instance, if the model inaccurately predicts a
disturbance’s impact, the funnel controller adjusts upc instantaneously using high-gain
feedback. This ensures the system’s output y(¢) adheres to constraints even when the
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model’s predictions yy diverge from reality. This minimal intervention strategy preserves
near-optimal performance whenever the model is accurate, while enforcing robustness in
the presence of mismatches.

Before detailing the precise interconnection and proving that the overall scheme meets
the control objective stated in Section 1.1.1, we first outline in more detail the operating
principles of the model-free funnel controller. To this end, we will utilise the funnel
controller from [30]. This controller uses error variables structurally similar to &; that
we have defined in (2.15) to be used by the funnel MPC Algorithm 2.4.1. For ¢ > 0, a
bijection v € C1([0,1),[1,00)), ¢ € (0,1], and 2z = (z1,...,2.) € R™ with z; € R™, we
formally introduce auxiliary error variables e; for ¢ = 1,...,r in the following. Define

ei(p,z) = vz, Ei(p)={z e R™[|elp,2)ll <€},

and recursively for z € £ (¢) define

i1, 2) = pzirs +7 (lleile, 2 ) e, 2),
is—i-l(go) = {ZGRTm|||ei(90?Z)H <eg J= 1571+1}7

(3.3)

for i =1,...,7 — 1. A suitable choice for the bijection is for example v(s) := 1/(1 — s).
Note that in the definition of e; and &£ (¢) the value ¢ can be replaced with a time-varying
function ¢(-) with ¢(¢) > 0 for all ¢. We will make use of this observation.

In Section 2.3.1, we saw that the auxiliary error variables §; introduced in (2.15) have the
property that, for £ >ty and a function ¢ € C"~1([£, 00), R™), all error signals & (x.(¢)(t))
for : = 1,...,7r — 1 evolve within their respective funnels given by ; if the last error
variable &.(x»({)(t)) evolves within its funnel given by .., see Proposition 2.3.11. In the
following, we show that the error variables e; in (3.3) exhibit a similar property. To that
end, we define, for a function ¢ € G, the set

7i={Ce C" ' (R0, R™) [Clioe) = ¥,V € [to. ) : xr () (t) € EX(0(1)) } - (3.4)

This is the set of all functions ¢ € C""1(Rx>o, R™) coinciding with y° and for which
xr(¢) evolves within &' on the interval [to,t) for £ > t;. We show that all error signals
ei(e(t),xr(Q)) fori=1,...,r — 1 evolve within £ (¢(t)) if the norm of the last auxiliary
error e, (o(t), x-(¢)) remains lower than one for all ¢ € [to,£) and if all error values e; at
initial time ¢o are an element of £Z(¢(to)).

Lemma 3.2.1. Let o € G, v € C1([0,1),[1,00)) be a bijection, and y° € C"~1(]0, o], R™)
with x-(y°)(to) € EL(p(to)) be given. Then, there exist constants €;, p; > 0 such that for
all t € (tg,00] and all ¢ € 2);? the functions e; defined in (3.3) satisfy

i) llei(e@), x» (O < & <1,
i) || gei(e®), x ()| <
for all t € [to,t] and for alli=1,...,7 — 1.

Proof. We introduce the constants ¢;, u;. Let g = 0 and 7p := 0. Utilising the bijectivity
of v, define successively

éé&ﬂ&tﬂﬁﬁZHﬂ‘O+7@1hqﬂﬁ+m4
[ee]

g; = max{|le;(¢(to), Xr(yo)(to))ll, &} < 1,

Wi = HZZ (1 +y(e2eim1) + 14+ ~y(D)e; + Ti1,
[e @]

Wi = 2%(ed)ed i + v(e7) i
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fori=1,...,r — 1. To improve legibility, we use the notation e;(t) = e;(©(t), x»({)(t)) for
e Q)f. Let ¢ € (tg,00] and ¢ € ij be arbitrary but fixed. We define the auxiliary functions
ni(t) == v(|lei(t)||*)ei(t), and set no(-) = 10(-) = 0. To further increase readability, we omit
the dependency of these functions on ¢ in the following. Note that, for : = 1,...,r — 1,
each of the error signals defined in (3.3) satisfies

e = ¢ + ot ;g = Z(e; — mim1) + €1 — v([|eil|Pes + Mo

€ 6.

for t € [to, ). We observe
i = 2([leill?) (ei éi) ei + v ([lel|*)éx.

Seeking a contradiction, we assume that, for at least one j € {1,...,r — 1}, there exists
t* € (to,1) such that |le;(t*)||> > &;. W.Lo.g. we assume that this is the smallest possible j.
Invoking the assumption x,(y°) € E(¢(tp)) and the continuity of the involved functions,
we may define t, == max {t € [to, t*) ’||ej(t)||2 =¢; }. Then, we calculate

2 7 .
L3 les” = (e5, Zles — 1) + es41 + 51 = 2les e )
< |les @ 1 2 , 14+7: 1 —~(He: | <0
<lesl (|2 0+ e + 1450 (e ) <
[ee]

for t € [t.,t*]. In this estimation, we used the monotonicity of ¥(-), the definition of ¢,
and the fact that 7;_; is bounded due to the minimality of j. Hence, the contradiction
g; < |lej(t")||? < |lej(ts)]|? = €; arises after integration. This yields boundedness of ej, n;.
Using the derived bounds, we estimate
2L < f 1 2 . 1 2Ne LA — g
&1 < (1+ ’Y(%A)EJ—I) +1+ ’Y(%)gj T -1 = -
Plloo
We conclude |le;(t)|| <& < 1and ||é;(t)|| < p; foralli=1,...,r —2and all t € [to,t). For
i = r — 1, the same arguments are valid invoking e, : [to, ) — By. O

Comparable to result in Corollary 2.3.13 about the error signal &, Lemma 3.2.1 shows
that the auxiliary error signals e; for ¢ = 1,...,r — 1 maintain a uniform e distance to the
boundary of £5(p(t)). If the initial errors are small enough, then the ¢; in (3.5) can be
chosen independent of the concrete values of ||e;(¢(to), xr(yo)(to))|| for i = 1,...,r — 1.
We summarise this in the following.

Corollary 3.2.2. Let ¢ € G, v € C}([0,1),[1,00)) be a bijection, and r > 1. Then, there
exists € € (0,1) such that for all y° € C"~1([0,to], R™) with x,(y°)(to) € E5_1(p(t0)) and
for all t € (ty,00] every ¢ € ij satisfies

Vtefto,t): xe(O(t) € E1(p(1)).

Proof. The claim immediately follows from the proof of Lemma 3.2.1 by choosing ¢ as the
minimum of all &; in (3.5). O

Building on Lemma 3.2.1, we demonstrate that the funnel control law from [30] guarantees
the system (1.1) tracks a given reference signal p € W"*(R>o, R™) within predefined
boundaries governed by a function ¢ € G. This result is generalised to accommodate
bounded disturbances d € L*([tg,00), R™) in the input channel. To achieve this, we
leverage the perturbation high-gain property defined in Definition 3.1.1 (b), ensuring
robustness to such disturbances while maintaining tracking performance.
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Proposition 3.2.3. Consider a system (1.1) with (F,T) € N,"" as in Definition 3.1.1.
Let N € C(R>0,R) be a surjection, v € C([0,1),[1,00)) be a bijection. Further, let
the functions y° € C"~1([0,t0], R™), p € W™ (R>0,R™), and ¢ € G be given such that
xr(y° — p)(to) € EL(p(to)) and let d € L>([tg, o0), R™) be an arbitrary disturbance. Then,
the application of

u(t) = (No7) (Her(w(t% Xr(e)(t))H2> er(o(t), xr(e)(t)), e(t) =y(t) —pt), (3.6)
to the system
y () = F(T(x ()(1), d() + (1), ylioe) = v° (3.7)

yields a closed-loop initial value problem, which has a solution, every solution can be
mazimally extended, and every mazimal solution y : [0,w) — R™ has the following
properties

(i) the solution is global, i.e. w = o0,
(11) all signals are bounded, in particular, u € L>®([tg,00), R™) and y € W™ (R>o, R™),
(iii) there exists € € (0,1) such that the error signals given by e; fori=1,...,r as in (3.3)

are uniformly bounded by €, i.e.

Vi =>to:xr(y —p)(t) € Ex(p(t)).

This implies, in particular, that the tracking error evolves within prescribed error
bounds, 1i.e.
Vi = to: lle()(y(t) — p(t)] < 1.

Proof. We modify the proof of [30, Thm. 1.9] to the current setting.
Step 1: We show the existence of a solution of the feedback-controlled initial value
problem (3.7) with funnel control (3.6). To this end, define the set

E={(t,z) € Ruo x R"™ |z — x,(p)(t) € & (p(t)) }

where E! is defined as in (3.3). Moreover, formally define the function F : & x R? — R™
mapping (t,z,n) = (¢, 21,...,2,7) to

F(t,z,m) = .

Fr,d() + (N o) (Jler (D), 2= (DO er(e(t). 2 = xo (o) (1)

Using the notation z:(t) = x,(y)(t), the initial value problem (3.7) with feedback control (3.6)
takes the form

= F(t ), T(x)(t), =lok = xr(y°) € C([0,to], R™). (3.8)

By assumption, we have (tg, z(t9)) € €. Application of Theorem 7.0.4 yields the existence
of a maximal solution z : [0,w) — R, w € (o, o0] of (3.8) with

graph (1:][,507“,)) cé€.

Moreover, the closure of graph (:1:|[t07w)) is not a compact subset of £.
Step 2: We define several constants for later use. To improve legibility, we use the notation
er(t) = er(p(t),z(t) — xr(p)(t)) for k=1,...,r and t € [ty,w) where e(-,-) is defined as
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in (3.3). Further, denote with e(t) := y(t) — p(t) the tracking error between y (the first
m-dimensional component of x) and p. For the auxiliary function 7 (¢) == v(||ex (t)]|?)ex(t)
with k=1,...,r — 1, we observe

i = 29(lexl®) {ex: éx) ex + v(llerll”)ér,

omitting the dependency on t. Lemma 3.2.1 yields the existence of e, pg, > 0 such that
lex(t)|| < ex <1 and H%ek(t)H < pi for all t € [tp,w) and all k =1,...,7 — 1. Thus,
there exists 7,—1 > 0 such that ||7,—1(¢)|| < 7y—1 for all ¢ € [tp,w) (in the case r = 1 set
no(-) = no(-) = 0). Moreover, |lex(t)]| < eg for k=1,...7 — 1 and |le,(t)|| < 1 for all
t € [to,w) implies the boundedness of z(-) in R™ on the interval [¢o,w) because x,(p)(-) is
bounded by assumption and inf;>q ¢(t) > 0, see definition of ey in (3.3). Thus, there exists
a compact set K, C R? with T(x)(t) € K, for all t > ty according to the bounded-input
bounded-output property (T.3) of operator T. Choose a compact set K,, C R™ with
d(t) € K, for all t > ty. As F has the perturbation high-gain property, let v € (0, 1) such
that the function

h(s) == min{(v, F(2,d — sv)) |d € Ky, z € Kg,v € R, v <|jv]| <1}

is unbounded from above, see Definition 3.1.1 (b). Due to the unboundedness of the
function h and the surjectivity of N o ~, it is possible to choose &, € (0,1) such that
er > max {v, |le;(to)]| } and

ﬁr—l
4

, (3.9)

o0

o) 2 0= | %

2

e

(492 )er) + \

oo oo

with g5 = 0.
Step 3: We show |le,(t)|| < e, for all t € [tp,w). Seeking a contradiction, assume there
exists t* € [tp,w) with ||e,(t*)]] > €,. Due to the continuity of e, on [tg,t*], there exists

t = sup{t € [to, ") [ [le,(t)[| = &r} <"
Then, we have ||e,(t)|| > &, > v for all ¢ € [t,,#*] and h(N o~ (|le,(t,)]|?)) > 26. Thus, there
exists £ € [t,*] such that h(N o y(e,(t))) > 6 for all ¢ € [t,,t]. Utilising the definition of
er in (3.3), we have

L (e, (t) (e )er )| < —— (1422 1)er 1)

() o (®)]

for all t € [t,,t] and with eg(t) = ép(t) = 0 in the case of 7 = 1. Omitting the dependency
on t, we calculate that, for almost all t € [t,, 1],

e - |

i3 llerl® = (erer)
= (er, eV 4 e 14y 1)
= ¢ (er, ™)+ (e, F(T(@),d+w) = o) + (er, 1)
< Il ler| e + er|| 7] + @ ter F(T(@), d + )
<191 el(1 + (- )er—1) + et + 07| + @ ters F(T @), d + w)
<e-(|3
=+ (0+ (er, F(T(x),d + u)))

e+ (0 (er F(T@), d+ W on)(ler])er) )

€r er|| I —1ll + ¢

777"71

N ’ S0

(14~ e 1) + + <eT,F(T(m),d+u)>>

o0 [e.e]
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de K,

<¢-[6—min <U,F(z,d—(/\/0’y)(HeTHQ)v>> iiln(g"gl

<o (9-0(Wom (lel?))) <o0.

Integration yields ¢ < Her(f)H < |ler(ts)|| = e, a contradiction. Therefore, we have
ller(t)|| < e for all t € [tg,w).

Step 4: As a consequence of Lemma 3.2.1 and Step 3 ||ex(t)|| < e for all ¢ € [tp,w) and
all k =1,...,r. Choosing € € (0,1) with € > ¢; for all i = 1,...,r shows (iii). By the
definition of e in (3.3) and the boundedness of the function x,(p), the solution x is a
bounded function, too. Since the closure of graph (x’[to,w)) is not a compact subset of
&, this implies w = oo and thereby shows (i). Further, |e.(t)|] < &, < 1 implies the
boundedness of u in (3.6). Together with the definition of y as the first m-dimensional
component of z, see Definition 3.1.4, shows (ii) and completes the proof. O

Remark 3.2.4. The perturbation high-gain property (b) holds for F' € C(R? x R™, R"™)
if, and only if, for every compact set K,,, C R™ there exists v € (0, 1) such that, for every
compact set i, C R, the function b defined in (3.1) fulfils

suph(s) =00 or suph(s) = occ.

5>0 s<0
If sup,~q h(s) = oo for such K,,, v and K, then we say that F' has the negative-definite per-
turbation high-gain property (respectively, positive-definite perturbation high-gain property
if sup,.o h(s) = 00). If it is a priori known that the negative-definite perturbation high-gain
property holds for F', then the surjection N in (3.6) can be replaced by any surjection
R>0 — [0,00). The simplest example is the identity map s — s. The feedback law (3.6)
then takes the form wu(t) = v(||e,(t)]|*)e,(t), where e,(t) = e,(¢(t), xr(e)(t). Similarly, if F
has the positive-definite perturbation high-gain property, then the surjection A in (3.6)
can be replaced by an arbitrary surjection R>og — (—o0, 0]. .

Proposition 3.2.3 demonstrates that applying the funnel controller upc (as defined
in (3.6)) to the system (1.1) forces the system’s output y to track any given reference signal
p € W"(R>p, R™) within given accuracy bounds governed by a function ¢ € G. The fun-
nel controller generates its control signal upc solely from instantaneous measurements of the
error signal e,(t) = e, (¢o(t), x»(y — p)(t)) and requires no model information or look-ahead.
However, since the controller lacks predictive capacities, it may yield suboptimal tracking
performance or excessive control effort over extended horizons. Crucially, naively deploying
the same reference signal y,or and funnel function ¢ for both the model-based (MPC)
and the model-free component (funnel control) risks rendering the MPC signal upypc a
disruptive disturbance to the funnel controller.

To leverage model-based prediction while retaining the funnel’s robustness, we propose
a refined integration of the funnel MPC Algorithm 2.4.1 and the funnel controller (3.6).
Instead of sharing y.o¢ and v, the MPC’s predicted model output yy; serves as a reference
signal for the funnel controller. As depicted in Figure 3.1, the combined controller structure
operates as follows:

e Funnel MPC (red box): Computes the control signal upypc(t) and the corres-
ponding model output yni(t) over the intervals [tg, tg41) with t € to+ N and 6 > 0.

e Funnel controller (blue box): Receives yyr as its reference, ensuring the system
output y tracks yy with prescribed accuracy:

les(@)l = w(@®)lly(t) —ym(@)]] < 1.
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The control signal applied to the system then is u = upmpc +upc. The combined controller
leverages the strengths of both components in a complementary framework:

1. Model accuracy: When the model output yy aligns perfectly with the system
output y, the funnel controller remains inactive (upc = 0), as the MPC-generated
control signal upypc alone achieves tracking within prescribed boundaries:

1y(&) = yree (DI = llynma(t) = mree (B[] < (1)

Here, the MPC’s predictive planning dominates, optimising performance over the
horizon without requiring corrective intervention.

2. Model uncertainty: Under discrepancies between the model and system, the
funnel controller dynamically compensates. The tracking error eg > 0 activates urc,
ensuring robustness by enforcing o(t)||y(t) — ym(t)|| < 1. The magnitude of upc
scales intuitively with the model mismatch — greater deviations demand stronger
corrective action, while closer alignment shifts dominance to upnpc.

This dynamic interaction between the components creates a synergetic self-regulating
control hierarchy: The MPC component provides optimal foresight, minimising control
effort and improving long-term tracking and the funnel controller acts as a safety layer,
guaranteeing transient performance and stability despite uncertainties. Utilising different
reference signals (yy for the funnel controller vs. yye for the funnel MPC component),
the design avoids conflict, ensuring upympc enhances — rather than disrupts — the funnel
controller’s corrective role.

3.2.1 Funnel boundary and proper initialisation

The funnel controller (3.6) permits the utilisation of quite general boundary functions
¢ : R>0 — Rso. We design ¢ to ensure that the feedback controller not only compensates
for model-plant mismatch es = y — yn but also guarantees that the system output y tracks
the given reference signal yy within the predefined error bound v imposed on the MPC
component. To achieve this, we propose

(1) = !
P00 — Tl (®) — e (@]

motivated by the following rationale:

(3.10)

e If the MPC component ensures accurate reference tracking (i.e. ynm = yref), then the
boundary function for the funnel controller is ¢ & 1/1. This corresponds to a “safe”
scenario where larger deviations between the system y and model 4\ are permissible.

e In safety-critical situations (yn deviates significantly from yyef), ¢ adaptively tightens
the funnel for the model-free controller component, forcing the system to mimic the
model and y to closely follow yy. This ensures the MPC’s optimal control input
affects both dynamics comparably, preventing upnpc from acting as a disturbance
to the funnel controller.

Crucially, deviations between yy and e are evaluated relative to the current funnel
width 1: Smaller v tolerates less absolute deviation between the system and the model
and heightens sensitivity to mismatches, while larger v permits greater flexibility. The
function ¢ in (3.10) inherently scales the allowable deviation in relationship to . This
proposed design ensures that the total tracking error e = y — y,t satisfies

lell = 1y = ynt + ynm = vret|l < Jlesl| +llemll < = llemll + llemll = 4,
—~—

<1l/¢
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where time arguments are omitted for clarity.

In the following, we discuss mathematical difficulties arising from this particular choice
of funnel ¢ and reference 3. A notable initial concern is the potential discontinuity of
ym (and consequently of the function ¢) due to the model’s re-initialisation in Step (a)
of Algorithm 2.4.1. At each time t;, = to + 0INp, the model’s initial state in (2.4) is set to
Xk, which may introduce jumps in the concatenated trajectory yni. While Proposition 3.2.3
assumes continuity of ¢ and p, this discontinuity is largely a technical nuance. However,
careful initialisation of the combined controller is critical to ensure compatibility between
the funnel MPC and funnel controller component.

To preserve the feasibility of Algorithm 2.4.1 (as established in Section 2.3.2), the initial
model state (z§;, TX;) = X, at time ¢, must be an element of Jiﬁ(tk). In particular, this
implies

231 (t) — X (Yret) (1) € Dy,
as per Remark 2.3.16. Beyond this constraint, the MPC component permits considerable
freedom in selecting the initial state Xj.

To maximise the effectiveness of the funnel MPC component, we want to achieve the
control objective of tracking the reference signal yf primarily through the (piecewise)
optimal MPC control signal upnypc, with ideally minimal funnel controller interventions to
correct deviations between the system output y and the model output yy;. The model’s
re-initialisation by Xj at each time t; = to + 6INp is pivotal for maintaining a small
model-system mismatch. A sophisticated initialisation strategy, leveraging system output
measurements is therefore advisable. Let y(tx) denote the system output (from (1.1))
and y{\“/[ the model output at time t; = ty + 6N after initialisation with X, i.e. the first
m-dimensional component of x¥(¢;). For the funnel controller (3.6) to function correctly
when applied to system (1.1) and tracking a given reference p within boundaries ¢,
Proposition 3.2.3 requires

Xr(y = p)(te) € EX(p(tr))-

This restricts potential choices for the initialisation of the model. The primary mathematical
difficulty however lies in ensuring that the funnel controller component remains uniformly
bounded on the entire interval [tp,00). Crucially, the maximal control input of (3.6)
depends on the maximal value of the error variables e; as defined in (3.3) fori =1,...,7.
As we choose p to be the model’s output yy and ¢ according to (3.10), these error variables
are in a sense “re-initialised” with every initialisation of the model (2.4). While the funnel
controller guarantees the boundedness of these error signals between every iteration of
the MPC loop, the initialisation of the model with value X; has to ensure that the values
e;(ty) remain uniformly bounded over all time instants t; = ¢ty + dINg. For the combined
controller, this poses the condition

— k € 1
Xr(y —yn)(te) € &; <w(tk) — vk, — yref(tk)H>

for some € € (0,1). The maximal control input moreover depends on Hyl(\Z)H ,
o0

3

oo’

and ngH , see proof of Proposition 3.2.3. For systems of order r = 1, boundedness of (p%
o0

instead of ¢ suffices, see definition of ¢, in the aforementioned proof. The boundedness of

y(Mr) directly follows from [|upmpcl|s, < Umax and Lemma 2.3.20. Moreover,

11/0lloe = 1% = llynt = retllll oo < [1¥llog + [1ynt = retlloo < 2[[¥[l o < 00

since ym, ¥ and yr are bounded. For systems of order r > 1, we additionally have to
ensure the existence of some A € (0,1) with

Vi€ [to,o0) : lym(t) — yres (D) < Ap(t) < ¥(2) (3.11)
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in order to guarantee the uniform boundedness of ¢. While Theorem 2.4.3 only mandates
lum(t) — yret (B)|| < 9(t) for all ¢ € [tg,00), Corollary 2.3.13 confirms that (3.11) holds
provided the model (2.4) is initialised with a sufficient distance from the funnel boundary,
i.e. y{\“/[ fulfils 3.11 at each time instant ¢; € tg + 6INg.

The following definition formalises the requirements for initialising the model (2.4) in
the combined controller (see Figure 3.1).

Definition 3.2.5 (Proper initial values ‘Bﬁf’ i/\( Z)). Let yres € WP (R>0,R™), 7> 0,
e,AN€(0,1), and ¥ = (¢1,...,9,) €Y. Given the system data & € R™™, we define the set
of proper (e, \)-initial values for the model (2.4) at time t >ty as

1)~ vt )] < X wn (D), }
_xM( ) €& (1/ (¢1 - Hle ) Yref ( ) )) .

~W.e A ~ - ~ o
PILEA, ) = {(asM, ) € 320 ||

We call X € ‘43321; i/\(t #) a proper (&, A)-initialisation at time t given system data & € R™™.

By system data & € R™ in Definition 3.2.5, we mean the measurement of the system
output and its derivatives at time £, i.e. we will replace & later with x,.(y)() where y is
the output of the system (1.1). Further note that we implicitly allow A = 1 for systems
with order r = 1 according to our considerations regarding the boundedness of Lp%

Remark 3.2.6. For & € R"™™ with & — x,(yret)(£) € E5(1/2h1(1)), the set ‘13321’ i’\(t z) is

non-empty since the pair (xr(Yref)| i, Tna(Xr (yref))’Ig,T) is an element of JZI(')’T (f), see Re-

i,79
Iy to

mark 2.3.15. °

According to Theorem 2.3.18, the state of the model (2.4) from the previous iteration of
the funnel MPC loop can be used to re-initialise the model at every time instant ¢; € to+0IN,
see also Remark 2.4.4. We will see in the proof of Theorem 3.2.11 that it is possible to
operate the MPC component of the combined controller as depicted in Figure 3.1 also in
such an “open-loop fashion”, meaning that no data from the system is handed over to the
MPC. To be a bit more precise, we will recursively prove that, during the operation of the

combined controller, the state of the model, when initialised with X, € ‘Bj;y ‘ET (ty,Z) at

time , is an element of the set BT, ’8’ (tk4+1,Zk+1) at the next time instant tx,q, where

Tr = xr(y)(tg) and Tp4q = Xr(y)(tk_t'_l) are the measurements of the output y of the
system (1.1) at the respective time instants. In short:

k k ~W, A
(xM‘[tk+1*T,tk+1]ﬂ[0,tk]7 TM (mM>)’[tk+1fT,tk+1]ﬁ[t0,tk+ﬂ) € s13‘Jt0 i’ (tk+17 xk+1)7

where 2%, = xp(+; tg, X, ux) is the solution of the model differential equation (2.4) with

initial data X on the time interval [ty,t; + T when control uy € Uy, 4, +7)(Umax, Xk) is
applied to it. When the computing capacity are limited, applying the combined controller
with the model predictive control component operating in an open-loop fashion is a
simple way of potentially improving the performance of the funnel controller (3.6) without
sacrificing speed and ease of implementation as it is possible to pre-compute the MPC’s
control signal upypc in this case.

However, initialising the model predictive controller component with system measurement
data sets the control algorithm on a foundation that reflects the current state of the real
system (1.1). Such initialisation is therefore crucial to reduce prediction errors made by
the model predictive controller component, to minimise the impact of the model-plant
mismatch, and to improve the performance of the combined controller. If the system and
the model are of order r = 1, then it is always possible to find an initialisation X at time ¢
such that the model output coincides with the system output. To see this, we assume for
now that the combined controller as depicted in Figure 3.1 achieves the control objective
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as laid out in Section 1.1.1 (we will prove in Theorem 3.2.11 that this is actually the case).
Let y be the output of the system (1.1). Then,

ly(t) = pret ()] < (2)

for all t € [to,x]. Thus, y can be extended to a function j € VY with 9lito,tr) = y- This

implies (9] i Tm(9))l i) € T (tx) where Itk 7= [t — 7,t] N [to, tx]. The function §
0 t

fulfils both ’

19(tk) = Yret (te)ll = lly(t) — vrer () || < P (tk)

and
€

P(tr) = 1y (te) — yret (tr) |

for all € € (0,1). It is therefore an element of the set ‘)33;11 ET’\( y) for A = 1 and all

€ (0,1) (note that we allow A = 1 in the case r = 1), see Definition 3.2.5. It is therefore

possible to initialise the model with (g i, Tm(9))| i) at time ¢ and the model output
0 t

0

ly(tr) — g(te)| =0 <

then coincides with the system output.

For systems of higher order, it is in general not possible to initialise the model such that
Xr (M) (tg) coincides with the system’s measurement data x,.(y)(¢x) at time of initialisation
tr € tog + 0INg. We illustrate this in the following example.

Example 3.2.7. Consider a scalar system of order » = 2. The control objective is to
track the constant reference trajectory yper(t) = 0 within constant boundaries given by
the funnel function ¢ = 1. With the bijection v(s) := 1/(1 — s) for the funnel controller
component, the combined controller utilises the error variables given in (2.15), (3.3)

&0 (UM — Yret)) = Yu, &0 (v — Yret)) = 9m + Ky,
er(e X (¥ —ym)) =@ (Y — o), e2(e.xr(y —ym)) = ¢~ ((y' — M) + %)

with ¢(t) = PO=Tom (:lt)_yref( oIk As parameters for the funnel MPC algorithm, we choose the

constants &« = 1, 5 =1/6, and k; = 2 + o = 3, and the auxiliary funnel ¢ = g Further,

assume the system measurement x,(y) = (y(t),9(f)) = (2/3,0) at time > 5. When
initialising the model With this measurement, ie. xr(ym)(t) = (ym(t £), im(t)) = (2/3,0),

we have o() = 1/(¥(f) — [ym(f) — yret(?)]) = 3. Moreover, e1(o(), xr(y — ym)(#) = 0

and ez (¢(t), xr(y — yM)( £)) = 0. Thus, x(y — ym)(t) € E5(p(t)) for all e € (0,1). For the

auxiliary variable &1, we have [£1(xr(YM — Yret))| = ’y ! =2/3 < 1 =1(t). However,
E2(xr(ym = ret)) = In(t) + kryn(t) = kry(f) = 2> 1/6 = ya(f).

This means (2/3,0) ¢ D;Y. Therefore, there exists no element of Z € ‘B’J%i’\(t Xr(v))

coinciding with y,(y) at time £, i.e. Zn(f) = xr(y). o

Just as there exist a multitude of possibilities to initialise the funnel MPC Algorithm 2.4.1
via an initialisation strategy as defined in Definition 2.3.17, there are also many conceivable
methods to select a proper (e, \)-initialisation X € ‘BHZP ‘ET/\(t Z) given measurements
&= xr(y)(t) at time £. A versatile strategy is solving an optimisation problem of the form

minimise J(t, 2, v, Ta), (3.12)

(@, Ta) €357 (1,2)
where J is a cost function that takes the desired aspects into account. For example, as it
is in general not possible to find initialisation X at time ¢; such that the model output
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Xr (M) (t) coincides with the system output x,(y)(tx), one could instead minimise the
euclidean distance between the two vectors. Another possibility would be to give more
weight to the lower derivatives, as these are presumably less affected by disturbances. A
large number of potential approaches are conceivable, which can be described by such an
optimisation problem.

While many MPC schemes assume access to the full system state, we consider scenarios
where only output measurements x,(y) are available. To address the challenge of state
estimation in uncertain or disturbed linear discrete-time systems, a Luenberger observer
was employed to reconstruct the system state in the works [105, ]. By integrating this
observer with a tube-based MPC framework, the control scheme ensures robust constraint
satisfaction and preserves recursive feasibility. This approach demonstrates how observer-
based strategies can effectively compensate for state unavailability whilst maintaining
closed-loop performance. Clearly, the employment of methods beyond the Luenberger
observer like moving horizon estimation (MHE) [34] or non-linear state observers [39, 114]
is also conceivable. Similarly, observers can be leveraged to estimate the internal state of
the system and thus find more suitable initial states T of the model, i.e. initial values for
the operator Ty;. While our analysis is indifferent with regard to the selected initial value,
it is clear that the performance of the model predictive component may significantly be
improved by accurate estimates of Ty;. The deployment of state observers is particularly
well-suited to our problem setting when the structure of the model in (2.4) aligns with the
dynamics of the physical system described in (1.1).

Activation function

Minor deviations between the system output y(¢) and the predicted model output yn(t)
are often negligible in practice, posing no risk of violating the funnel boundaries 1. This is
inherently addressed by the design of the function ¢ in (3.10), as ¢ = 1/¢ when ynm = Yyef-
From an application standpoint, it may seem advantageous to fully “deactivate” the
funnel feedback controller during nominal operation and only engage it in safety-critical
scenarios. To this end, we highlight the option of incorporating an activation function, i.e.
a continuous function a: [0,1] — [0,a™], a™ > 0, with a(1) = a™ into the funnel controller.
This continuous function modulates the control signal upc based on the magnitude of
the error e, effectively scaling the gain term (N o+) in the control law (3.6). Crucially,
while a(-) adjusts the gain magnitude, the adaptive gain mechanism remains unaffected —
ensuring it retains the necessary magnitude to enforce error bounds. The use of such an
activation function is rigorously justified by the following theoretical result.

Lemma 3.2.8. Let N € C(R>0,R) be a surjection, v € C([0,1),[1,00)) be a bijection,
and a € C([0,1],[0,a™]) be an activation function with a* > 0 and a(1) = a™. Then, the

function N :== (ao+/7y71) - N € C(Rx>o, R) is surjective.

Proof. N € C(R>o,R) being a surjection is equivalent to limsup,_ ,. N (s) = oo and
liminfs_,0o N(s) = —o0. Since limg_;o(a o /77 1)(s) = at > 0, we have

limsup N (s) =oco and liminf N'(s) = —oo.

$—00 $—00

This implies that N = (a0 \/y71) - N € C(Rx0, R) is surjective as well. O

A reasonable and simple choice for an activation function can be

0, 0 <5 < Serit,
a(s) =
S — Scrita Scrit <s< 17
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for Serit € (0,1). In this particular case we may set a™ = 1 — Sei¢. In the context of
machine learning, in particular, artificial neural networks, this type of functions is known as
rectified linear unit (ReLU), see e.g. [157] and references therein. Note that a defined above
satisfies a(Serit) = 0, whereby it is a continuous function and thus the funnel controller
contributes continuously to the overall control signal.

Lemma 3.2.8 shows that, instead of control law (3.6), it is possible to use the funnel
controller upc with an activation function a in Proposition 3.2.3, i.e. the control law

u(t) = allles(®)]) - (N o) (Iler(®)I) (1),

where e,(t) == e, (p(t), xr(y — p)(t)). In fact, a such scaled funnel controller has already
been a potential controller candidate since its development in [95]. However, most examples
in the literature utilise the functions v(s) = 1/(1—s) and N (s) = ssin(s) for the control law
(N(s) = £s in case of a known control direction, see Remark 3.2.4). To our knowledge, [4]
was the first work to explicitly mention the possibility to “deactivate” the funnel controller
for small error signals.

3.2.2 The robust funnel MPC algorithm

We now consolidate our findings into the robust funnel MPC Algorithm 3.2.9, formally
defining the controller structure illustrated in Figure 3.1. Building on the definitions,
concepts, and results established thus far, we prove that this scheme is initially and
recursively feasible and that its application to the model (2.4) solves the tracking problem
formulated in Section 1.1.1. In particular, the scheme guarantees that the deviation between
the system output y and a given reference signal yye € W™ (R>0, R™) evolves within the
funnel 7, defined by a function ¢ € G.

Algorithm 3.2.9 (Robust funnel MPC).
Given:

e instantaneous measurements of the output y and its derivatives of system (1.1),
initial time t° € Rx, initial trajectory y° € C=1([0,to], R™), reference signal
Yret € WP (R0, R™), funnel function ¢ € G.

e model (2.4), signal memory length 7 > 0, auxiliary funnel boundary function
U = (¢1,...,1,) € 4 with corresponding parameters k; for i = 1,...,r, input satur-
ation level umax > 0, and funnel stage cost function £,

e initialisation parameters ¢, A € (0,1),
e a surjection N € C(R>p, R) and a bijection v € C([0, 1), [1, 00)).

Set the time shift § > 0, the prediction horizon T" > J, and index k = 0.
Define the time sequence (tx)ken, by tr = to + k9.
Steps:

(a) Obtain a measurement &y := x,(y)(tx) of the system output y and its derivatives at
the current time t; and choose a proper (g,))-initialisation X, € ‘Bﬁ%”i’)‘

the model.

(tk, ik) for

(b) Funnel MPC
Compute a solution upmpc i € L([ty, tr + T, R™) of the optimal control problem

tp+T
mMimi K NS 775 ,I}Z 5 — Xr\JYre ’ ds. 3.13
uGLO"I?[l}Elth%?’Rm% /tk djr(s ¢ (xM(S oo u) * (y f)(S)) U(S)) ’ ( )

l[ull oo Sumax
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Predict the output y¥;(¢; tx, Xk, upmpc k) of the model on the interval [ty,t41], and
define the adaptive funnel ¢y, : [tk, tx+1] — Rso by

1

D1 (t) — [ex; (1)
where ek (t) = y¥;(t) — Yret(t).
(¢) Funnel control
Using the error variables ¢; for ¢ = 1,...,r as in (3.3), define the funnel control
law upc with reference y{f/[ and funnel function ¢y, as in (3.14) by
urck(t) = (N o) (ler(wr(t), es())l*)er (pr(t), es (1)), (3.15)
with es(t) = y(t) — y&;(t). Apply the control law
Ug : [tlmthrl) — ]Rm, uk(t) = uFMPC’k(t) + ch’k(t) (3.16)
to system (1.1). Increment k by 1 and go to Step (a).
A

Remark 3.2.10. Algorithm 3.2.9 integrates the funnel MPC Algorithm 2.4.1 (from
Chapter 2) with the model-free funnel controller of [30] via Step (c¢). By employing
the model output yy as the reference signal for the funnel controller, the combined
scheme leverages the MPC’s predictive capabilities even in safety-critical scenarios, while
ensuring the MPC’s optimal control input upypc enhances — rather than disrupts — the
funnel controller’s operation. Coupled with the funnel function ¢ (computed using MPC
predictions), this guarantees the tracking error remains within the prescribed performance
funnel v, as formalised in Theorem 3.2.11. The principal mathematical challenges involve
ensuring that the funnel MPC algorithm remains feasible under (g,))-initialisation of the
model based on system output measurements. To this end, we adapt the results from [30)]
(resp. Proposition 3.2.3) to the current setting. However, the findings in [30] cannot be
directly applied since the reference signal for the funnel controller is assumed to be a
priori given and to be continuous — conditions violated in Algorithm 3.2.9 due to the
MPC-generated reference yy. °

Theorem 3.2.11. Consider a system (1.1) with (F,T) € N"" as in Definition 3.1.1
and choose a model (2.4) with (fu, gm, Tn) € My" as in Definition 2.2.2. Let tg > 0
be the initial time and let yref € WH°(R>0, R™) and ¥ = (¢n,...,1,) € 4 be given
and let T > 0 be greater than or equal to the memory limit of operator Ty;. Further, let
y0 € Cr=D([0, t0], R™) with X, (yo — Yret) (to) € EX(1/2p(t0)) be the initial trajectory for the
system (1.1). Then, there exist e, A € (0,1) (A =1 in the case r = 1), and Umax > 0
such that the robust funnel MPC Algorithm 3.2.9 with 6 > 0 and T > § is initially and
recursively feasible, i.e. at every time instant ty = tg + ké for k € INg

e there exists a proper initialisation Xy € ‘Bﬁ%”i’)‘(tk,:ﬁk) and

e the OCP (3.13) has a solution upnmpc,k € L ([tg, te + 1], R™).

Moreover, the closed-loop system consisting of the system (1.1) and the feedback law (3.16)
has a global solution y : [0,00) — R™. FEach global solution y satisfies that

(i) all signals are bounded, in particular, u € L*([tg,00), R™) and y € W™ (R>o, R™),

(ii) the tracking error between the system’s output and the reference evolves within
prescribed boundaries, i.e.

Vi to: ly(t) = yrer(B)]| < 91(2).
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Proof. Step 1: We define the constants A and upyax. To that end, set A = 1 if the order of
the model (2.4) is r = 1. Otherwise, choose A € (0,1) such that for all s > >ty every
function ¢ € C"1([t, 00), R™) with x,(¢)(t) € DY and ||&1(x-(Q)(@))]| < A -1 (f) fulfils

160 (DI < A =10 (2)

for all t € [£,s]. Here, & is the first auxiliary error variable used in the funnel MPC Al-
gorithm 2.4.1 as introduced in Section 2.3.1. A constant A with this properties exists

according to Corollary 2.3.13. Further, choose umax > 0 such that Z/{W ] (Umax, X) # 0 for

all £ > to, Xe 3%77(7?), and T > 0. Such bound umay > 0 exists according to Theorem 2.3.21.
Step 2: Similarly to Lemma 3.2.1, we define several constants for later use. By as-
sumption, we have (Yo — Yref)(to) € EL(1/11(t0)). Thus, there exists £ € (0,1) with
Xr (Y0 — Yret) (to) € EZ(1/11(to)). In the case of r > 1, define

7 B [ Y I 2
=9 and @ = 1]l = =
© ||1/}1Hoo ¥ ((17)\)inf520¢'1(5))2

where k1 > 0 is the first parameter corresponding to the auxiliary funnel function ¥ € 4.
Let eg = 0 and 79 := 0. Utilising the bijectivity of v, define successively

i €(0,1) st y(EDE = Z(1L+ (2 Deisr) + 1+ 71,

My
AYIRS

g; = max{, &} <1,
R { J (3.17)

i = g(l + (et 1)eim1) + 1+ y(eD)e; + Hi-1,
i = 23(e7)ei i + v(€7 ) i

fori=1,...,r—1.
Step 3: We define € € (0,1). To that end, define the set

€={(t,2) € Roo x R"™ |z = ((t) € & (1/¢1 (1), ¢ € Vo }

with V¥ as in (2.26). According to the proof of Lemma 2.3.20, there exists a compact set
K Cc R™ with
VEeYIVt>0: ((t) €K,

see (2.31). Thus, the set £ is bounded. Due to the bounded-input bounded-output prop-
erty (T.3) in Definition 2.2.1, the operator T is bounded for all functions ¢ € R(R>o, R"™™)
evolving within €, see also the definition of the set £!(1/11(t)) in (3.3). Hence, there exists
a compact set K with T(¢) C K for all ( € R(R>0, R") evolving within £. As F has the
perturbation high-gain property, let v € (0, 1) such that the function

b(s) == min {{v, F(z,d — 5v)) |d € Bupar, 2 € Kq,v €R™, v < |v]| <1}

is unbounded from above, see Definition 3.1.1 (b). Due to the unboundedness of the
function h and the surjectivity of A o+ it is possible to choose &, € (0,1) such that
e, > max {v, ||e;(to)]|} and

p ] -1 X X
BN o) 2 0= S0+ )er) + 750+ R+ e, (319
where fii®™* and gy™* are the constants from Lemma 2.3.20. In the case r = 1, replace
2 with |91 ]| + || Gret ]l o + F32 4+ gl upmax in (3.18). Choose € € (0,1) with & > ¢; for

22
alle=1,...,7.
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Step 4: Let § > 0 and T > § be arbitrary but fixed. When applying the robust funnel
MPC Algorithm 3.2.9 to the system (1.1), the system’s dynamics on each interval [tx, tx11]
for t, = to + ké and k € INy are given by

oy (8) = F(T O () (8), un(8)),

where y_1 = y" and uy is the control given by (3.16). Note that x,(yx)(tx) = xr(yr_1)(tx)-
In the following, we show via induction that the robust funnel MPC Algorithm 3.2.9 is
initially and recursively feasible. This means, in particular, that there exists a proper
initialisation X, € ‘B'J;I(l] i)‘(tk, Xr(yk—1)(tx)) at every time instant ¢, that uy as in (3.16) is
well defined on every interval [tg,tx+1], and that (3.19) has a maximal solution y; defined
on the entire interval [t, tg+1].

Step 4.1: When obtaining the measurement of the system’s output and its derivatives
at the initial time ¢o in Step (a) of the robust funnel MPC Algorithm 3.2.9, we have
20 = xr(y)(to) = x»(¥°)(to). The construction of ¢, which is larger or equal to &, yields
Zo — Xr(yref)(to) € gf(l/@z)l (tO))' Thus, the set ‘133;1;?(750, Xr(yo)(tk)) of proper (83 )‘) ini-
tial values is non-empty according to Remark 3.2.6.

Step 4.2: Let yr_1 be a solution of (3.19) defined on the interval [0, x—;] for some k € INy.
Note that y_1 = y" for k = 0. Let &3 = x,(yr—1)(tx) be the system’s output yz_; and its
derivatives at time instant t;. Further, assume that there exists a proper initialisation
(xM,T ) = X € ‘,Bﬁt‘lg:i’)‘(tk,@k). We show that the control signal u; as in (3.16) is
well-defined and that when applying uy to the system (1.1) the initial value problem (3.19)
has a solution yy : [tk, txr1] — R™. As mjii/\(tk,i'k) C J%J(tk), the choice of Uupax > 0
ensures the non-emptiness of the set Uy, ;, 17)(Umax, Xx). Therefore, Theorem 2.3.26
yields the existence of a solution upmpck € Uiy, 1, +7)(Umax, X) of the OCP (3.13). Let

(3.19)

y{f/[(‘;tk,%k,uFMpC,k) i [tkytk+1] — R™ be the corresponding output of the model (2.4)
when applying the control upnmpc  with initial time ¢ and initial value X over the time
interval [y, tx41]. Note that y¥; is, in fact, defined on the whole interval [0, ¢, + T according
to the solution concept for the model differential equation (2.4), see Definition 2.2.6.
Moreover, y{f/[ restricted to the interval [tk,tkH] is an element of W™ ([ty, tx1], R™).
By urpmpok € L{[tk,tHT] (Umax, Xk ), we have Hy{f/[ — Yret (L H < 1 (t) for all t € [tg, triq].
Thus, the function ¢y : [tg, tk+1] = Rso, @x(t) = 1/(1(t) — HyM — Yret (t H in (3.14)
is well defined. ¢}, is bounded with a bounded derivative due to the compactness of the
interval [tg,tx+1]. Note that Tj — j:ﬁ/[ € E(po(tr)) because Xy is a proper initial value,
see Definition 3.2.5. Applying the control signal uy, as in (3.16) consisting of sum of upnmpc &
and the funnel control signal upc j as in (3.15) with reference y§; and funnel function ¢y,
to the system (1.1) with initial value y|jo.+,] = Yk—1l[0,,) to the loop system (3.19). This
initial value problem has a solution vy : [tg, tx+1] — R™, see Proposition 3.2.3.

Step 4.3: Assuming the existence of a proper initialisation X € 2133;1; ST)‘(tk, Zr), we show
certain bounds for y¥; and ¢ on the interval [ty tx1]. Xr(YS; — vret)(t) € DY for all
t € [ty, try1] because upnpok € Uy, ¢ 4+7](Umax, Xk ), see definition of Uy, ¢, 471 (Umax, Xk)
n (2.28). Since

yl(\? (t) = O (ym)(t)) + g (e (ym) (1) )urnipe, i (1)
for t € [ty, tx+1], the function yﬁ) is bounded on the interval [ty, tx11] by fif™ + 90 Umax;
see Lemma 2.3.20. We observe

11 /e (@) = [ (®) = [|oe) = snec®|]| < Ionlloe + ||ohs = weet]|_ < 2001010 = 2

on the interval [ty, tx+1]. Moreover, if the order of the system is r = 1, then

GD'k
‘Pk

0] ] ] < o] 5+ e ]
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3.2. CONTROLLER STRUCTURE

for almost all ¢ € [tg, try1]. As (2%, TE) =X € mjii’\(tk, Z1), we have

H& (tr) — Xr (Yref) (tx)) H = Hle (tk) — Yret (tr) H = HyM th) — Yret(tr H < X (tg).

If the order of the system is 7 > 1, this yields ||yf;(£) — yrer(t)|| < A-101(¢) for all t € [tx, trs1]
due to the choice of ), see Corollary 2.3.13. Since x;(yX; — Yret) (t) € DY for all t € [tx, tr1],

556) = drer ()| = || €200 (0t — ) () = Fr1 00 (s = ) ()| < N2l e+t 8611

where k1 > 0 is the parameter corresponding to the auxiliary error variable &, see definition
of & in (2.15). Therefore,

o] + it st ], + oa] 4 ]
(1) = [l (®) = per @)]])? (1= A)info(s))*

)

lr(B)]] <

for almost all t € [ty,tx+1]. Note that the derived boundaries for y&), 1/¢k, ¢r, and %
k

are independent of the time instant ¢, and the particular choice of X € &BJ;I; i’\(tk, Tk).

Step 4.4: We show that if BT, ’i)‘(tk,fck) is non-empty, then ‘B’Jto’i’ (tk+1, Tko1) iS non-
empty after applying a control wuy as in (3.16) to the system (1.1), where g == xr(yr—1)(tx)
and 241 = Xr(yk)(tr). Let (2%, T%)) = Xy € ‘]33 (tk,xk) be an arbitrary but fixed
proper initialisation. We have &y — 25(tx) € £ (o (tk)), see Definition 3.2.5. According
to Proposition 3.2.3, there exists € € (0,1) with

Xr (Ui — ynn) (t) € E(0r(t))

for all t € [tg,tx+1]. In the proof of Proposition 3.2.3, € is constructed as the max-
imum of g;, ¢ = 1,...,7 — 1 as defined in (3.5) and &, in (3.9). Due to the boundaries
derived in Step 4.3, € as deﬁned in Step 3 fulfils the estimates for € in (3.5). Regard-
ing &,, note the following. As yM can be extended to an element of V¥ the function
yr can be extended to a function evolving within the set £. Thus, the bound (3.9)
for €, can be proven with the same calculations as in the proof of Proposition 3.2.3.
Therefore, € as defined in Step 3 fulfils the estimates for € in (3.5) and in (3.9). Or
in other words, € in Proposition 3.2.3 can be chosen smaller or equal € from Step 3 of
the current proof. Thus, x,(yx — y&)(t) € E5(px(t)) for all t € [tg,tr11]. In particu-
lar, X (yx — y3p) (ter1) € & (1/ (V1 (trr1) = [[981(ter1) — Yret (th41)||) ) - Further note that
Hy{\f/[(t) - yref(t)H < A1y (t) for all ¢t € [tg, tx+1] due to the choice of A, see Corollary 2.3.13.
According to Theorem 2.3.18, we have

(X”"(yllf/[)|[tk+177’,tk+1}ﬂ[0,tk]7 TM(X”’(y{@I))’[tk+17T,tk+1]ﬁ[to,tk+1}) € j:‘,l:),‘r(tk+1)'

Thus,

(Xr(yllf/l)’[tk+1*7'7tk+1]ﬁ[0,tk]’TM(XT(yll\g/I))‘[tkH Ttk+1]ﬂ[t07tk+1]) € mjto T (tk+17£k+1)'

Step 4.5: We sum up Step 4. Under the assumption that the set of proper initial values
‘BJ;I;’?)‘ (tx, Z)) at time instant ¢ is non-empty, we showed in Step 4.2 that one iteration
of the robust funnel MPC (3.2.9) can be executed. This means, in particular, that the
optimisation problem (3.13) has a solution upmpck € Uity 1+ (Umax, Xk ), that the out-
put y{f/l(t;tk,%k,uFMpc’k) of the model (2.4) exists on the entire interval [tg,tx+1], and
that the adaptive funnel ¢y : [tg,tx+1] — Rso given by (3.14) is well-defined. Fur-
thermore, applying the control u; as defined in (3.16) to the system (1.1) with ini-
] leads to the loop system which has a maximal solution

79



3.2. CONTROLLER STRUCTURE

Yk * [tk, tg+1] — R™. Utilising the bounds derived in Step 4.3, it was shown in Step 4.4 that
%J%i’/\(t;ﬁﬂ, Zk+1) is non-empty after applying a control uy as in (3.16) to the system (1.1)
if ‘]3’3;1; :i’\(tk,ﬁck) is non-empty. Step 4.1 shows that initially the set mj,\gl(,)’;’/\(to,ffo) is
non-empty. Therefore, it follows inductively that the robust funnel MPC (3.2.9) can
recursively be applied to the system (1.1) and that the closed-loop system consisting of
the system (1.1) and the control law (3.16) has a global solution y : [0, 00) — R™.

Step 5: Let y : [0,00) — R™ be a global solution of the closed-loop system consisting of the
system (1.1) and the control law (3.16). We show (i) and (ii). Let yu : [0, 00) — R™ be the
associated concatenated solution of the model differential equation (2.4) with the sequence of
initial values (tx, X)rew, and control signals upnmpc . Further let ¢ : [tg, 00) = R>o with
() = 1/(r () — lpni(t) — veet (B Then, yutlip ycr) = (5 o X b))
and (,0|[15k7 y = ¢k|[tk,tk+1) for all k € INy. We have

tet+1

Xr(y — yn)(t) € & (p(t))

for all ¢t € [tp,00). Since yy and ¢ are bounded functions, y € W™ (R>p, R™), see
definition of £ in (3.3). The funnel MPC signal upMPC,k i bounded by umax for all k& € INp.
The funnel control signal upc  is bounded by h(N o y(g2)) for all k € Ny, see definition of
g, in (3.18) and the calculations in Step 3 of the proof of Proposition 3.2.3. This shows (i).
Moreover, we have

1y(&) = yret (D)1 < Ny () — ym @ + llyma(t) = vree ()] < @(8) + [lynma(t) = yret (B[] = 1 (2)

for all t > to. This shows (ii) and completes the proof. O

Remark 3.2.12. We comment on the difference between the proposed control scheme
and a straightforward combination of a MPC scheme with a feedback control law.

(a) The integration of feed-forward and feedback control is a widely adopted strategy.
Prior work in [28, 35] explores combining funnel control with feed-forward methods.
Similarly, model predictive control — specifically funnel MPC — can be augmented
with a feedback controller. This approach can be implemented in the robust funnel
MPC Algorithm 3.2.9 by omitting the feedback loop between the funnel MPC and
the system. Instead, at each MPC cycle, the model is re-initialised using only the
prior prediction of the model state:

Xp1 = (931134‘[tk+1—r,tk+1]m[0,tk]a TM(»”U’KD)|[tk+1—7,tk+1]m[to,tk+1})-
This is an element of ‘BJ%’?)‘ (tk+1, Tr+1) independently of e and A, making it a special
case of a proper initialisation. Here, the funnel MPC signal upynpc can be computed
offline via the model and applied as an open-loop control to the system. Concurrently,
the feedback controller compensates for errors arising from discrepancies between the
model and the physical system.

(b) An alternative to the open-loop operation of Algorithm 3.2.9 involves feedback based
on system output measurements &y = x,(y)(tx). By properly initialising the model
with X, € mji’;”\(tk,:%k), two objectives are achieved: recursive feasibility of the
MPC scheme is preserved and the model state X; mirrors the system’s actual state
Zj. This re-initialisation at each MPC cycle incorporates the impact of the control
signal upppc on the system. Furthermore, it may enhance the efficacy of the optimal

control signal in improving the system’s tracking performance.

80



3.3. SIMULATION

Remark 3.2.13. Theorem 3.2.11 demonstrates that the robust funnel MPC Algorithm 3.2.9

is model-agnostic. For any system (1.1) with (F,T) € N_"", the algorithm remains

functional regardless of the chosen model (2.4), provided (fu, gm, Tm) € M?g’r. Crucially,
the system and model need not share structural similarity. For instance:

e The model may be a lower-dimensional approximation of a higher-dimensional system.
e The model could represent a linearised version of a non-linear system.
e The model might omit time delay effects.

This flexibility ensures applicability across diverse modelling paradigms. °

3.3 Simulation

In this section, we revisit the numerical examples from Section 2.5 to illustrate the robust
funnel MPC Algorithm 3.2.9. The MATLAB source code for the performed simulations can be
found on GITHUB under the link https://github.com/ddennstaedt/FMPC_Simulation.

Exothermic chemical reaction

To demonstrate the application of the robust funnel MPC Algorithm 3.2.9 by a numerical
simulation, we consider again a continuous-time chemical reactor and concentrate on the
control goal of steering the reactor’s temperature to a predefined reference value yyef(t)
within boundaries given by a function 1 (t). As in Section 2.5.1, we consider a reactor
described by the following non-linear system of order one:

t)) + d(xl — 29(t)), (2.39 revisited)

The reactor’s temperature should follow a given heating profile specified in (2.41) within
tolerance limits defined by the funnel function 1 (t) := 20e~2¢ + 4. To achieve the control
objective with robust funnel MPC Algorithm 3.2.9, we again use the strict funnel stage
cost function £y : R>9 x R x R = R U {00} given by

|y = Yret ()|
€¢(t) Y, u) = w(t)2 - Hy - yref(t>H
0, else,

5+ A flu = 3607, ly — yrer ()| # ¥(1)

(2.42 revisited)
with design parameter A\, € R>o. We restrict the MPC control signal to ||upmpc|lec < 600.
Further, we choose the design parameters A\, = 10~%, prediction horizon T" = 1, and time
shift 6 = 0.1. However, unlike before, we do not utilise the actual differential equations
describing the system (2.39) as a model for the MPC algorithm. Instead, we consider
a linearisation of this non—liknear reaction process obtained by linearising the Arrhenius
function p(z1,z2,y) = koe_Tlxl around the desired final temperature y = 337.1K and

T = %xlln This results in

@‘5

_k1 kokie xin _
Piin(1, 22, y) = koe” ¥ 21 + T%(y — )
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k1

——=- ..in _ﬂ .
Set a; == 145()%7@21/%’ as = koe~ v and define the expressions
craa—d 0 cap —cra1y + dm%\?{,l
A= C209 —d C2a1 € RSXS, D= |—comy+ dmi\r/} 5| € R3.
bas 0 bay—q —ba1y

Then, with 2z = [2am,1, TM 2, ym] " € R3, the model to be used in the funnel MPC controller
component is given by

{l?M(t) = Axym (t) + Bupmpc (t) + D,

ym(t) = Com(t), (3.20)

where C = BT =[0,0,1] € R™3. We choose the same parameters as in (2.43) and assume
initial values of the system and the model to coincide, i.e.

[21(0), 22(0),y(0)] " = [2m,1(0), 20m,2(0), ym(0)] T = [0.02,0.9,270] .

Due to discretisation, we consider only step functions with a constant step length of
t:=0 = 0.1 to solve the OCP (3.13).

For the control law of funnel control component, we choose the bijection v(s) = 1/(1—s)
and the function N (s) = —s. This choice for A is justified since we assume the control
direction to be known, see Remark 3.2.4. This assumption is also realistic from a practical
point of view. To additionally demonstrate that the funnel controller can be combined
with an activation function a, as discussed in Section 3.2.1, we interconnect the controller

with a ReLU-like map
0(8) — {07 S g SCI‘it?

s — Serit, S > Scritv

where we choose Scit = 0.4. The funnel controller therefore is only active, if the error
e = y — ym exceeds 40% of the maximal distance to its funnel boundary. We run the
simulation on an interval of [0, 4] and consider the following scenarios:

e (ase 1: Funnel MPC without robustification, i.e. upypc is computed via the funnel
MPC Algorithm 2.4.1 and applied to the system without an additional funnel control
loop. The model is initialised, at every iteration of the algorithm, with the model’s
state from the previous iteration. The results are shown in Figure 3.2.

e (ase 2: Robust funnel MPC with a trivial proper re-initialisation, i.e. model is
initialised, at every iteration of the algorithm, with the model’s state from the
previous iteration (Xj = a:’lf/[_l(tk) in Step (a) of Algorithm 3.2.9). The results are
depicted in Figure 3.3.

e (Case 3: Robust funnel MPC with a proper initialisation according to the sys-
tem’s output, ie. Xj € ‘B’J%Zi”\(tk,y(tk)) is selected such that y(tx) = ym(tx)
in Step (a) of Algorithm 3.2.9. To this end, we initialise the model (3.20) with
oM (ty) = [xllf/[_ll(tk),acﬁ/[_;(tk),y(tk)]T at every time instant ¢, € JIN, i.e. the states
aym,1 and a2 remain unchanged during initialisation and yn(tx) is set to y(tx). The
results are displayed in Figure 3.4.

In the following figures, the control signal generated via the funnel MPC component
is labelled with the subscript FMCP (upmpc); the signal generated by the additional
funnel controller component is labelled with the subscript FC (upc). Figure 3.2 shows
the application of the control signal computed with funnel MPC Algorithm 2.4.1 in
Case 1 to the system without an additional funnel control feedback loop. The error
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500
600 ‘—u(t) = UFMPC (t)‘
450 -
z 500 |-
; 400 =1
= =
5] =¥
2 g
é 350
400
300 -
250 300 L L L I
0 1 2 3 4
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 3.2: Simulation of system (2.39) under the control generated by the funnel MPC Al-
gorithm 2.4.1 without additional funnel control feedback loop.

em(t) = ym(t) — yret(t) between the model’s output yyi(¢) and the reference yef(t) evolves
within the funnel boundaries 1 (¢). However, the control signal computed with funnel MPC
using the linear model is not sufficient to achieve that the tracking error e(t) = y(t) — yrer(t)
of the non-linear system evolves within the funnel boundaries 1 (t). Obviously, the deviation
is induced during the initial phase. After about ¢t = 2, the linearised model is a good
approximation of the system. In this region, the control upypc has a comparable effect
on both dynamics; however, the error y(t) — y.(t) already evolves outside the funnel
boundaries v (t). Figure 3.3 shows the application of the control signal computed with

350 - 600

400

@
IS
o

-
é - —u(t) = UFMPC (t) + upc (t)
= g o200 o
ém E upnpc (1)
E —UFQ (t)
0
275
-200
0 1 2‘ :; 4
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 3.3: Simulation of system (2.39) under the control generated by the robust fun-
nel MPC Algorithm 3.2.9 with funnel control feedback, without model re-
initialisation.

robust funnel MPC Algorithm 3.2.9 in Case 2, i.e. besides the funnel MPC control signal
the additional funnel controller is applied in order to guarantee that the error y(t) — yrer(t)
evolves within the boundaries (¢). Since the model and the system do not coincide, the
system evolves differently from the model and hence the funnel controller has to compensate
the model-plant mismatch. However, after the system has reached the desired temperature
Yref,final &b fhnal = 2, the system’s states evolve close to the linearisation point of the
model (3.20). Hence, the linear model closely approximates the non-linear system (2.39).
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Consequently, the control signal upypc generated by the MPC controller component is
nearly sufficient to maintain the system output y at yref fina1 Within the desired temperature
range and the funnel controller intervenes only slightly with a small control signal upc.

Note that, in both Cases 1 and 2, it is possible to pre-compute the control signal
upMPC as no system measurement data is fed back to the funnel MPC component, see
Remark 3.2.12 (a).

350 - 600

400

)
o
a

§ - —u(t) = UFMPC (t) + UFc(t)
g B —upmpc(t)
& a0 E o t)
& UFC(
0 S o B B
275
-200
0 i 2 3 4 0 i 2 3 .
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 3.4: Simulation of system (2.39) under the control generated by the robust funnel
MPC Algorithm 3.2.9 with funnel control feedback and model re-initialisation.

Figure 3.4 shows the application of Algorithm 3.2.9 in Case 3. Besides the additional
application of the funnel controller, the model’s state is updated with

M (tk) = [xf/[_,ll (tk:>7 «xﬁ/[_,zl (tk)7 y(tk)]T

at the beginning of every MPC cycle. This results in yn(tx) = y(tx) at every time instant
tr € 0INg. The internal states xn,; and xy 2 of the model remain, however, unchanged
during initialisation, i.e. they are initialised with their values from the end of previous
iteration. Note that, the proportion of the control signal generated by the MPC component
is larger than in the previous case (3.3) and the funnel controller component does overall
intervene less. Moreover, after ¢ &~ 0.5, the funnel controller is inactive most of the time
in Figure 3.4, i.e. the applied control signal can be viewed to be close to optimal with
respect to the cost function (2.1), since it is computed via the OCP (3.13). In the beginning,
the funnel controller however has to compensate for the model inaccuracies in order to
ensure that the system’s output evolves within the funnel boundaries .

Mass-on-car system

We revisit the example of the mass-on-car system from Section 2.5.2. The relative degree
two system is described by the differential equation

§(t) = Ray(t) + Ray(t) + Sn(t) + Tu(t)
0(t) = Qn(t) + Py(t).

Assuming the mass mg = 2, on the ramp inclined by the angle 9 = 7, is connected to
the car with mass m; = 4 via spring and damper system with spring constant £k = 2 and
damper constant d = 1, the matrices R, Rg, S, I" @, and R have the values as in (2.50).
The objective is tracking of the reference signal y,cf(t) = cos(t) such that the tracking error
y(t) — yref(t) evolves within the prescribed performance funnel given by the function ¢ € G

(2.49 revisited)
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with v(t) = 572! 4+ 0.1. To achieve the control objective with robust funnel MPC Al-
gorithm 3.2.9, we use the strict funnel stage cost function £y, : R>g x R x R = R U {oo}
given by

<1l
a(t)? — I¢II*

o0, else,

+ A flull®slIGH # 2 (t)

Cyy (T, ¢ u) = (2.52 revisited)

with design parameter A, € R>¢ and auxiliary funnel function ), (t) = %kle*a(t*to) + 0%
with k1 = 14 and v = 0.2 as in (2.51). For the simulation, the MPC control signal is
restricted to ||upmpclos < Umax = 30 and we choose the design parameters A, = 1074,
prediction horizon T = 1, and time shift § = TT2 ~ 0.083. We assume that the MPC

component uses a model with incorrect parameters

m =6, mo=2 k=3, d=0.75,

for the mass of the car, the mass, the spring constant, and the damper constant. This
results in a differential equation comparable to (2.49). When referring to this model
equation, we use the subscript M in the following. Moreover, the OCP (3.13) is restricted
to step functions with a constant step length of v := § ~ 0.083 due to discretisation. For
the control law of funnel control component, we choose the bijection (s) =1/(1 — s) and
the function N'(s) = —s. The funnel feedback law takes the form

w(t) = p(t)és(t) +v (p(t)es(t)?) p(t)es(t), es(t) = y(t) — yu(t),

2 1 (3.21)
urolf) = =y (wlty) wih) 20 = 50 = T = 5O
where yy is the prediction for the system output computed by the MPC component.

We run the simulation on the interval [0, 10] and the system and the model both use the ori-
gin as initial Value) Le. [y(O), y(0)7 7]1 (0)7 772 (0)] = [yM(0)7 yM(0)7 771{/[ (0)7 7)1%/1 (0)] = [0’ 0,0, 0]
In the following figures, the control signal generated via funnel MPC component is labelled
with the subscript FMCP (uppmpc); the signal generated by the additional funnel controller
component is labelled with the subscript FC (upc). Figure 3.5 shows the application of the

oo
\ —y(t) — Yret ()
\ —ym(t) — Yret ()
-l \\\ -~ ilp(t)
sl |/ o “—u(t) = urmpc(t) + urc(t)
! —upmpc(t)
II ol —Urc (t)
) 1 ‘ ‘ ‘ ‘ . ‘ ‘ ‘ ‘ ‘
’ ’ ) Time t ’ ’ " ’ ) Time t ’ ’ b

(a) Tracking error e = y—yyef within boundary . (b) Control inputs.

Figure 3.5: Simulation of system (2.49) under the control generated by the robust funnel
MPC Algorithm 3.2.9 without model re-initialisation.

control signal computed with the robust funnel MPC Algorithm 3.2.9 to the system (2.49)
when the model is not re-initialised with data from the system. The model’s state from
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the previous iteration (X; = x¥ !(t;) in Step (a) of Algorithm 3.2.9). The funnel MPC
control signal is applied to the system in an open-loop fashion and it is hence possible to
pre-compute the control signal upypc. As the control signal upc mitigates the discrepancies
between the model’s predictions and the system’s output, both the model’s tracking error
em(t) = ym(t) — yres(t) and the system’s tracking error eg(t) = y(t) — yret(t) evolve within
the boundaries given by v, see Figure 3.5a. Thus, the controller achieves the control
objective. However, the funnel controller is active over the whole considered time interval
to compensate for the deviation between the model and system. The resulting control
signal u(t) = upmpc(t) + upc(t) shows large fluctuations with peaks, see Figure 3.5b.

In a second simulation, the model is re-initialised with data from the system but we
leave the rest of the setup unchanged. To properly initialise the model in accordance
with Definition 3.2.5, we solve, given measurements (t;) and §(tx) at time t; € 0IN, the
following optimisation problem at every iteration of Algorithm 3.2.9 following the ideas
from (3.12).

minimise [y — y(te)[|* + [|9% — 9(t)]”
Y Um ER

st A(tk) > Hyl(g/[ — Yref (k) || 5
w2(tk) > Hyl(\]/[ — Yref tk) + kl(yl(\J/[ - yref(tk))
e> ||yl — ()|

e > ||e(nr — 9(te)) +v (2% — y(te)?) (8 — y(te)) ||
1

(te) — ||y — vret ()]

(
(

)

(3.22)

»=

Afterwards, the solution yf\)/[ and yl(\J/[ serves as an initial value for the model’s differential
equation (2.49) at time t; € 6IN. The state my remains unchanged, i.e. the second
differential equation in (2.49) is initialised with the value of 7 from the previous iteration.
The results are displayed in Figure 3.6. It is evident that the control scheme is feasible and

T ! 30
\ —y(t) — Yret () —u(t) = urmpc(t) + urc(t)
\ - - ym(t) — Yret () —upmpc(t)
05 \\ _ i¢(t) _UFC (t)
=
&
’ Time t Time t
(a) Tracking error e = y—yyer within boundary . (b) Control inputs.

Figure 3.6: Simulation of system (2.49) under the control generated by the robust funnel
MPC Algorithm 3.2.9 with proper model re-initialisation via the optimisation
problem (3.22).

achieves the control objective. Both errors yn — yref and y — yef €volve within the funnel
boundaries given by 1. The model’s output gy diverges from the system’s output y due to
the modelling error. However, it is set back to the system’s trajectory at the beginning
of every iteration of the robust funnel MPC Algorithm 2.4.1 as Figure 3.6a shows. This
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results in a control signal in which the predominant portion is contributed by the MPC
component. The funnel controller remains mainly inactive only compensating for the
modelling errors when the system is in a critical state, i.e. close the to funnel boundary (i.e.
for ¢t € [4,5]), see Figure 3.6b. Its contribution is relatively small but suffices to ensure the
adherence of the system’s output to the prescribed boundaries. The overall control signal
is less fluctuating and demonstrates a smaller range of applied control values compared to
the previous case.
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4 Learning-based robust funnel MPC

MPC fundamentally depends on the availability and accuracy of the model for the underlying
dynamical system. However, model-plant mismatches and external disturbances pose
significant challenges, driving research into robustification and adaptive strategies. Building
on the previous Chapter 3, which introduced robust funnel MPC by synergising the funnel
MPC Algorithm 2.4.1 with model-free funnel control, this chapter extends the architecture
through integrated online learning. The original hybrid approach dynamically compensates
for model discrepancies through combined predictive optimisation and reactive feedback,
enabling robust tracking even under severe model-plant mismatches.

Complementing direct robustification efforts, an alternative research direction focuses on
adapting the underlying model to achieve robust constraint satisfaction. Examples include:

e Data-Driven model refinement: Techniques like those in [25] leverage persistently
exciting data (cf. [08, ]) for iterative model updates, while ensuring initial
and recursive feasibility. Set-membership identification [113] extend this paradigm

by bounding model uncertainties using online data, enabling adaptive MPC with
guaranteed robust feasibility under bounded disturbances [131].

e [terative Learning Control (ILC): Leveraging historical trial data, ILC refines control
inputs cycle-to-cycle for repetitive tasks [15]. Combined with MPC, modern vari-
ants improve controller performance in presence of model mismatch and periodic
disturbances [39, 132].

e Gaussian process (GP) integration: Frameworks, such as [87, ], combine MPC
with Gaussian process regression for probabilistic safety guarantees. The latter
incorporates a non-linear autoregressive exogenous model (NARX) model, while the
former validates its approach via an autonomous racing case study with chance con-
straints. Similar methods enable safe learning-based control in robotics [137]. Hybrid
physics-informed machine learning architectures [155] enhance these approaches by
embedding domain knowledge into learned models, reducing data requirements while
preserving interpretability [164].

o (Constrained neural networks: Utilising tubes containing all possible state trajectories
[209] restricts neural networks to remain near predefined nominal models. This
ensures safe operation despite potential learning failures.

In addition, due to the recent advancements in the field of machine learning, there have
been also attempts to utilise such techniques, especially Reinforcement Learning (RL), to
learn an optimal control policy and mimic the behaviour of (robust) MPC algorithms [14,

, ]. Practical applications include chemical reactor control via industrial MPC
implementations [35]. Transfer learning can further extend this concept by transferring
(safety-critical) control policies across different but related domains, reducing dependence
on large number of system-specific data needs [208]. Predictive safety filters [189, , 191]
bridge learning-based control and robust MPC. These filters validate inputs proposed by
learning algorithms (e.g. reinforcement learning) against a safety-critical model. If unsafe,
inputs are modified as little as necessary to ensure constraint compliance, enabling safe
operation while leveraging the benefits of learning-based control. Similar in idea, hybrid
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frameworks pair data-driven controllers with reactive feedback to safeguard the transient
behaviour:

e Policy iteration [76] and Q-learning [%] paired with safeguards,
e Koopman operator-based MPC for non-linear systems [12],

e Data-enabled predictive control (DeePC [(1]) leveraging the fundamental lemma by
Willems and co-authors [195] for LTT systems [168].

Surveys [16, 88, 188] document the progress of application of various safe learning methods
in MPC, yet ensuring (runtime) safety in complex non-linear systems remains challenging —
particularly when balancing performance and robustness in uncertain environments.

Building upon these foundations, this chapter extends the robust funnel MPC approach
presented in Chapter 3 with a general online learning architecture. This framework
continuously improves the surrogate model using historical data — system outputs, model
predictions, and applied control signals — from both the model-based funnel MPC and the
model-free feedback component. Robust tracking within predefined boundaries is achieved
while allowing for:

e Varying model complexity: The framework accommodates both fine-tuning of
detailed models and learning of entirely unknown dynamics. It handles low-order
linear approximations to high-dimensional non-linear models and allows for changes
in model dimensionality.

e Continual improvement: By refining the model’s predictive capability the control-
ler progressively enhances its performance.

e Methodological agnosticism: Rather than prescribing a specific learning architec-
ture diverse paradigms and methodologies are supported.

By combining learning techniques with both model-based prediction and adaptive con-
trol, this architecture bridges the gap between robustness and adaptability in uncertain
environments.

4.1 Controller structure

To achieve the overall control task of output reference tracking within prescribed bounds
on the tracking error, we developed a model predictive controller in Chapter 2, which
ensures superior controller performance while rigorously maintaining input and output
constraints. However, given the inevitability of model-plant mismatches in practice,
Chapter 3 augmented this framework with the model-free funnel controller. This addition
safeguards the funnel MPC scheme by guaranteeing satisfaction of the output-tracking
criterion even under disturbances and model uncertainties. We now introduce a third
component — a data-based learning module — integrated alongside funnel MPC and funnel
control, see Figure 4.1. This learning component iteratively updates the system model to
reduce model-plant mismatch, thereby progressively enhancing overall control performance.
A critical challenge lies in ensuring proper functioning of the interplay of these three
components, which necessitates the introduction of additional consistency conditions
(see Definition 4.1.1 and Definition 4.1.4) for the model updates — the key novelty of this
approach compared to the robust funnel MPC Algorithm 3.2.9 (which combines the first
two components) proposed in Chapter 3.

For the sake of readability and completeness, we recall the robust funnel MPC Al-
gorithm 3.2.9 and explain the general ideas. In the following, we simplify the explanation
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Figure 4.1: Structure of the learning-based robust FMPC scheme. The grey box (containing
both the red (funnel MPC) and the blue (funnel control) structures) represents
the two-component controller robust funnel MPC' as discussed in Chapter 3.
The green box represents the learning component, which receives the four
signals: system output y, model output gy, funnel MPC control signal upnpc,
and funnel control signal upc.

and leave out some details in order to improve comprehensibility. We refer the reader
to Chapters 2 and 3 for the technical details.

Robust funnel MPC (grey box in Figure 4.1) is a two-component controller that achieves
the control objective of tracking a given reference signal ypf € W™°(R>0, R™) within
a prescribed performance funnel F given by 1 € G, as laid out in Section 1.1.1. The
controller combines the continuous-time funnel MPC scheme with the adaptive funnel
controller. The model-based funnel MPC component (red box in Figure 4.1) uses a model
of the form

o (8) = At (Tt Ocr (9a) (1) + ant (T Ocr (ywn)) (8)) ()

as an approximation of the system (1.1), where (fu, gm, Twm) is an element of the model
class M?;’T. At time instants ¢ € to + 6INg with 6 > 0, the current output y(#) of the
system (1.1) is measured and used to initialise the model, i.e. to select an initial value
Xe 3%7T(f). The model is used to predict the future behaviour of the system over the next
time interval of length T > 0. A control signal upnipc € L°([f, £ + T], R™) satisfying a
given bound umax > 0 on the maximal control value is computed as a solution of a finite
horizon optimal control problem. The computed model output yy when applying upnpc
serves as a prediction for the system behaviour. Utilising a time-varying funnel penalty
function £y, ensures that the control signal upypc achieves the control objective for the
model, i.e. the model tracking error en(t) = ym(t) — Yrer(t) evolves within the performance
funnel Fy,. Formally, this means that upypc is an element of the set U[ﬂfj +7] (Umaxs f%)
The model-free funnel control component (blue box in Figure 3.1 and Figure 4.1)
computes an instantaneous control signal urpc based on the deviation between the out-
put y of system (1.1) and the funnel MPC-based predicted yy;. The combined control
u(t) = upmpc(t) + upc(t) is then applied to the actual system (1.1) at time t. The sig-
nal upc from the funnel controller compensates for occurring disturbances, uncertainties in
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the model (2.4) and unmodelled dynamics. In other words, the funnel controller ensures
that the model-plant mismatch eg(t) := y(t) — ym(t) remains small. By doing so, not only
the model output yy tracks the reference signal y..f within prescribed boundaries but
also the system output y, i.e. the combined controller achieves the control objective as
laid out in Section 1.1.1. Note that the control signal upc is solely determined by the
instantaneous values of the system output y, the funnel function ¢, and the prediction yn
made by the model. Therefore, the model-free component cannot plan ahead. This may
result in large control values and a rapidly changing control signal if the actual output
significantly deviates from its predicted counterpart, where the term significant is to be
understood in comparison to the current funnel size.

Learning and improving the model is the objective of the third component that we
now incorporate in the overall control scheme (green box in Figure 4.1). Since funnel MPC
exhibits better controller performance but the robust funnel MPC is able to compensate
for model-plant mismatches, it is desirable to improve the model so that, preferably, the
control upype is sufficient to achieve the tracking task with prescribed performance for
the unknown system while satisfying the input constraints — in other words, it is desirable
that the funnel controller component is inactive most of the time. In the following, we
identify and establish properties of the learning component such that learning and updating
the model preserves the structure necessary for robust funnel MPC Algorithm 3.2.9. We
emphasise that, in the present work, we do not focus on a particular learning scheme but
develop an abstract learning framework suitable to be combined with robust funnel MPC.
In Section 4.2, we discuss a variant of parameter identification as one possible instance of a
learning scheme; however, we emphasise that the presented methodology is not restricted to
this scheme. As a result, the particular robustness with respect to model-plant mismatches
of robust funnel MPC even allows to start with “no model”, e.g. only an integrator chain,
and then learn the remaining drift-dynamics.

The idea of the learning component is to use measurement data from the system output y,
the model output yy and its derivatives, i.e. the model state xy = x,(ym), the funnel
MPC signal upympc and the funnel control signal upc to improve the model used for
computation of upypc in the next iteration of the MPC algorithm (cf. Figure 4.1). The
data (y, xm, urmpc, urc) collected up to the time t >ty over the interval [to,ﬂ in order to
be used to update the model (fa, gv, Tm) € M?;’T is an element of the set

&; = C"([to, ], R™) x R([to, 1], R™)" x L=([to, {], R™) x L=([to, &, R™).  (4.1)

Note that the image spaces of all signals have the same dimension m € IN (here we consider
x)p to be an element of R([to, ], R™)" instead of R([to,?], R"™)). In order to incorporate
an abstract learning scheme £ into the funnel MPC algorithm, it is imperative that, after
updating the model, both other controller components — the model-based funnel MPC and
the model-free funnel control — maintain functionality. For the functioning of the funnel
MPC component, it is necessary to ensure that at every iteration of the MPC scheme
that there exists a control signal feasible for the model. Meaning: given X € 3%,7 (t) at
time £ € to + 6INg, there exists a control u € L®([t,t + T],R™) bounded by the constant
Umax > 0 that, if applied to the model (2.4), ensures that zn(t) — X (Yret) (t) €volves within
DY for all t over the next time interval of length 7" > 0. In short, the set Upg iy (Umaxs .’%)
as in (2.28) has to be non-empty given upax > 0. Theorem 2.3.21 shows that for every
model (fu, gm, Tm) € MZ)L’T there exists umax > 0 such that U ;. (Umax, .’%) # () for all

t>1t, T >0, and X € J%J(f). However, the difficulty now lies in ensuring that the
input saturation level umax > 0 does not increase over time. We want to a priori choose a
uniform umax > 0 for all models generated by the learning component during the operation
of the control algorithm. Moreover, incorporating a learning scheme £ must not lead to
a globally unbounded control signal upc of the model-free funnel controller component.
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Establishing the existence of such bound already has been the main challenge in proving
the functioning of the robust funnel MPC Algorithm 3.2.9 in Theorem 3.2.11. The bound
on the maximal control effort of the funnel controller component upc derived in the proof
of Theorem 3.2.11 depends among other terms on

max max
f + 9M Umax

where fii** > HfM Tym(Olp,9) H and g™ > HgM(TM(C”[O’i))Hm for all £ € [tg, o] and

¢ e yff, see (3.18) in the proof of Theorem 3.2.11 and also Lemma 2.3.20. To impose
uniform maximal control values on both the model-based and the model-free controller
component, we restrict the considered model class MZ;“T in the following definition.

Definition 4.1.1 (Restricted model class My, = 5). Let yror € W (R0, R™), p > 0,
Umax > 0, and U = (¢Y1,...,¢,) € 4. We say that the model (2.4) belongs to the restricted
model class ./\/ltO g JOT M7 € N, and to € R, written (fa, 9m, Tm) € Mto,umax,pf if

(L.1) (fu, 9m, Tv) € MET,
(L.2) U iy (tmax, X) # 0 for all £ > to, T >0, and X € 3y (@),

(L.3) p> || fu(Tm(C)

As Definition 4.1.1 restricts the model class M by the properties (L.2) and (L 3), the
question arises for which parameters umax, p > 0 the restricted model class Mto tmae,p 1S
non empty. The following lemma gives an answer to this question.

, ))Hoo + HgM(TM(C)“O,s))HOOUmaX Jor all s € [thOO] and ¢ € ys\lj

Lemma 4.1.2. Let yrer € WW(R>0, R™), ¥ = (¢1,...,¢,) € 4. For every umax > 0,
there exists p > 0 such that M;Z:Zmax’ﬁ # 0.

Proof. Given upmax > 0, let € > 0 such that

+ij

yref

Umax = € ‘

where k; with 7 = 1,...,7 — 1 are the parameters associated to the auxiliary funnel
functions (¢1,...,1,) and the constants ! are recursively defined via pu == ||¢;| . and
,uf“'—ulﬂ—i—kl,uzforz—l ,r—1land j=0,...,7—¢— 1. Seth_O Ty = 0,
and gv = Im, where I, denotes the identity matrlx in Rme Utilising these functions,

it is easy to see that (fu, gm, Tm) € MZ)”. According to Theorem 2.3.21, we have
u[£,£+T] (umax,i) £ () for all £ > to, T > 0, and Xe ’J;I(’]f(f). We choose p > %umax, then

HfM(TM(C) s ))Hoo + HgM(TM(<)|[O,s))HOOUmaX = HéImHooumax = éumax < p,

for s € [tg,o0] and ¢ € Y¥. Therefore, (fu, gm, Tm) € M:Z:Zmax,ﬁ' O

Remark 4.1.3. For order r = 1, the set M, s non-empty for umax = p = 0 if

Uref = 0 and 1/) = 0. Utilising Theorem 2.3.21, this can be easily proven by showing

(0,11, 0) € My, 5, where I, denotes the 1dent1ty matrix in R™*™. o

With Definition 4.1.1 at hand, we define a learning scheme £ mapping the signals
(y, xm, upmPC, urc) collected up to the time £ > to to a model (fyr, gui, Tar) € Mto,

Umax,P "
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Definition 4.1.4. (Feasible learning scheme L) Let yref € W™ (R0, R™), tmax, p > 0,
and U = (P1,...,,) €4 such that M, 57 0. We call a function

L: U Gt — th

t>to

Umax ;0

a (Umax,p)-feasible learning scheme for robust funnel MPC.

Remark 4.1.5. The function £ maps the hitherto available data at time £, i.e. the signals
(9, Zm, tpmpc, Urc) € &4, to a suitable model (far, gm, Twm) € Mto,umax - Due to the quite
abstract nature of Definitions 4.1.1 and 4.1.4, a few comments are in order.

(a) Condition (L.2) in Definition 4.1.1 can be ensured by prescribing two constants
max g 1maxX > () fulfilling

B> || (T ()l jo,s) |

and gy ™™ > [|gm(Tm(¢)]jo.s)) |

o

for all s € [tg,00] and ¢ € Y¥. Then, the set Ui iy (tUmax, X) is non-empty for all
T>0 %€ Jp . (t), and

Umax = 9\

1 max max
fM ’ yref

—i—ijuj

where k; with j = 1,...,r — 1 are the parameters associated to the auxiliary funnel

functions (41, ...,1r) and the constants uZ are recursively defined via pf = ||¥i| .,
,u,i+1 =l ki fori=1,...,r—1and j =0,. —i—1, see Theorem 2.3.21. If
one additionally prescribes a constant gy** > 0 Wlth gmax (Tm(O)ljo,s)) HOO

all s € [tg,00] and ¢ € VY, then condition (L.3) is fulfilled for p > fiax 4 ginaXy, . .

(b) Condition (L.3) in Definition 4.1.1 guarantees that y( ") s uniformly bounded by

Hyf\? (t) H < AT N Umax

independent of the chosen model. In Theorem 4.1.8, we use this estimate to prove
the uniform boundedness of the control signal upc generated by the funnel control
component.

(¢) The function £ in Definition 4.1.1 is defined on the set | J;~, &:. However, it is clear
that the domain of £ can be modified to take additional aspects relevant to the
control problem into account. We want to comment on certain possibilities.

(i) The learning scheme £ utilises the entire measured data up to the current
time instant ¢, meaning the signals (7, Zzm, Upmpc, Urc) are collected over the
whole interval [to,#]. With increasing time, this results in ever growing memory
requirements for the measurements. Obviously, this is not suitable in practice.
Thus, it is beneficial to use a sliding window approach and use measurements
over a time window of length 7 > 0, i.e. the measurements (¢, £\, Upmpc, UFC)
are only defined on the interval [f — 7,#] N [to, {]. However, to avoid introducing
another parameter 7 and further complicating Definition 4.1.4, we assume in
this work that signals are indeed available for the whole time interval [tg, ].

(ii) In many applications, sufficiently accurate models are often already available.
Typically, only specific parameters remain unknown, inaccurately estimated, or
require refinement. Furthermore, as most optimisation algorithms inherently

93



4.1.

CONTROLLER STRUCTURE

require an initialisation point, the current model (fyr, gv, Tav) can serve as a
natural additional input to the learning module £. This approach achieves dual
benefits: reducing computational effort by leveraging prior knowledge, while
simultaneously mitigating the risk of algorithmic instability — avoiding abrupt,
destabilising changes to the model structure during successive executions of the
function L.

(iii) The function £ need not operate solely as a learning algorithm — it can also be
utilised to dynamically switch between distinct models within the model-based
funnel MPC component of the control framework. For instance, in systems that
operate at different setpoints for extended periods, it may be advantageous to
employ separate models tailored to each operating regime. Here, £ triggers
model switching after setpoint transitions, enabling the use of simpler, locally
accurate models rather than relying on a single complex global model. This
approach can result in overall improved accuracy while reducing computational
overhead.

Since Definition 4.1.4 is rather general, the set of potential learning functions £
can be fairly large and difficult to grasp, including with the restrictions (L..2) and
(L.3) in Definition 4.1.1 on the set M;’;’r. Depending on the specific application,
it can therefore be advisable to restrict oneself to a subset of potential models in
order to simplify the selection of a suitable function £ and to be able to compare
different learning algorithms more easily. In Section 4.2, we will derive conditions for
a learning scheme restricted to linear models to be (umax,p)-feasible.

Given a system (1.1) with (F,T) € A", then T is an operator mapping from
R(R>0,R"™) to LS ([to, ), R*) for some x > 0, see Definition 3.1.1. For systems
with state representation, see Examples 2.2.3 and 2.2.4, this dimension can be
interpreted as the dimension of the internal dynamics of the system. The dimension
is unknown but fixed. In contrast, for the operator Ty € ﬂom’” of the model, the
dimension v € INg of the model’s internal dynamics can be considered as a parameter
in the learning step. This means, in order to improve the model such that it “explains’
the system measurements, the dimension of the internal state can be varied. Note

that ¥ = 0 (no internal dynamics) is explicitly allowed for the model.

)

Now, we summarise the reasoning so far in the following algorithm, which achieves the
tracking control objective formulated in Section 1.1.1. It is a modification of the robust
funnel MPC Algorithm 3.2.9. Here, the proper re-initialisation of the model at every
iteration done in Algorithm 3.2.9 is substituted by the learning component L.

Algorithm 4.1.6 (Learning-based robust funnel MPC).
Given:

e instantaneous measurements of the output y and its derivatives of system (1.1),

initial time t° € R, initial trajectory y° € CU=1(]0,to], R™), reference signal
Yret € WP (R>0, R™), funnel function ¢ € G,

auxiliary funnel boundary function ¥ = (¢1,...,1,) € ¢ with corresponding para-
meters k; for ¢ = 1,...,r, input saturation level upy,x > 0, parameter p such that

Z)L:Zmax,ﬁ # 0, initial model (£, g%, TY) € M?g:;maxﬁ, and funnel stage cost
function £, ,

initialisation parameters ¢, A € (0,1) and a (umax, p)-feasible learning scheme L as
in Definition 4.1.4,
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e a surjection N € C(R>p, R) and a bijection v € C([0, 1), [1, 00)).

Set the time shift § > 0, the prediction horizon T' > §, and index k := 0.
Define the time sequence (t)ken, by tr = to + k9.

Steps:
(a) Obtain a measurement I = x,(y)(tx) of the system output y and its derivatives at
the current time ¢, and choose a proper (e, A)-initialisation X € mﬁi’yi?(tk, Tp).
(b) Funnel MPC

Compute a solution upmpc i € L ([ty, tr + T, R™) of the optimal control problem

tp+T
minimise O, (8, & (TR (55 th, Xy 1) — X (Yref) (8)), u(s))ds 4.2
e [ (st Bn) = ) () (s (42)

llull oo Stmax
utilising the model (ff/[,gf/[, T’K/I) Predict the state xlﬁ/[(t; tk, Xk, urmpc k) and out-
put y{f/[(t;tk,%k,uFMqu) of the model on the interval [tg,tr4+1], and define the
adaptive funnel ¢y, : [tk, tx+1] — Rso by

1
or(t) = , (4.3)
Y1 (t) = [[en (®)]|
where e¥ (1) = y¥;(t) — yrer (2).
Funnel control
Using the error variables e; for ¢ = 1,...,r as in (3.3), define the funnel control
law upc with reference y&; and funnel function oy as in (4.3) by
urc k(1) = N o 7)([ler(r(t), s ())I*)er (@r(t), es (1)), (4.4)
with es(t) = y(t) — y¥,(t). Apply the control law
g, : [th, teyr) = R™, ug(t) = upmpc k() + urcr(t) (4.5)

to system (1.1).

Continual learning
Increment k by 1, find a feasible model

E((y7 TM, UFMPC, uFC)‘[to,tk]) = (fll\i[? g]l{:/b T]]f/[)

based on the measurement of the signals on the interval [to,t;]. Then, go to Step (a).
A

Remark 4.1.7. We comment on some aspects of the learning-based robust funnel MPC Al-
gorithm 4.1.6.

(a)

The signals (y, zum, upmpc, urpc) used for the learning scheme £ during Step (d) are
the whole trajectories of the individual functions up to the current time tj1q. This
means that y is the solution of the system differential equation (1.1) up to the
current time, the control signals upype and upc are the concatenation of the signals
upc,; and upnmpc,k applied at every interval [t;,t;41] for i =0,...,k, and x\ is the
concatenation of the solutions z3; of the model differential equation (2.4) with model
(fir, gk, Tip) and initial value X; on the interval [t;,¢;11] for i =0,...,k — 1. To be
more precise:

upmpc(t) = upmpc,i(t),  urc(t) = upci(t), om(t) = 2h(tti, Xi, urvpc.i)

for t € [t;,ti+1) and i = 0,...,k. Note that z) is not a concatenated solution in
the sense of Definition 2.4.2 as the model (fi, g¥;, Tx;) changes at every iteration of
the Algorithm 4.1.6.
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(b) Let umax > (’ ygf) i, + Z;;% kj,u’]"._i + ’ Uy OO) and p = Umax where k; are the
parameters associated to the funnel functions (i1, ...,1,) for j=1,...,r —1. The
constants y? are recursively defined via pd = |[o]l ., T = i 1+ k] for

t=1,....,r—1and 5 =0,...,7—¢— 1. Then, the integrator chain

w () = u(t)

is a model in M;’; :Zmax’ 5> see proof of Lemma 4.1.2. The model-based MPC component
of the control scheme can operate in this sense “without” a model. It therefore is
possible to apply the learning-based robust funnel MPC Algorithm 4.1.6 without an
initial model or an offline learning phase.

(c) In practice, it may often not be desirable to update the model (f{}, g%, T%,) at
every iteration of the Algorithm 4.1.6. Especially, if the execution of the learning
procedure is very time-consuming, it may be advantageous to evaluate £ only every
i-th iteration for ¢ > 1.

(d) Note that, the initialisation in Step (a) of Algorithm 4.1.6 at time t; € to + dINp
is independent of the current model ( ff/[, g{f/[, T’&) It only depends on yref, W, €, A,
and & = xr(y)(tx), see Definition 3.2.5. Instead of Xj € ‘Bﬁf:):i’)‘(tk,:&k) for a

fixed 7 > 0 as in Step (a) of the robust funnel MPC Algorithm 3.2.9, we require

X € ‘B’J%’j;’\(tk,:ﬁk) in (4.2) of Algorithm 4.1.6, i.e. both components of X} are

defined on their entire maximal time intervals up to tx. By doing so, we avoid having

to deal with changing memory limits for the operators Tlli/[. This set is non empty
for T with @ — X (yret) (tr) € E5(1/101(tk)), see Remark 3.2.6. In case all operators
generated by the learning scheme £ during Step (d) have a memory limit lower or
equal than a pre-specified bound 7 > 0, the initialisation can alternatively be chosen
as X, € PIp 7 (tk, &1) in Step (a) of Algorithm 4.1.6.

We are now in the position to formulate the main result of this chapter, which extends Al-
gorithm 3.2.9 and the corresponding Theorem 3.2.11 by the learning component.

Theorem 4.1.8. Consider a system (1.1) with (F,T) € N"" as in Definition 3.1.1.
Let tg > 0 be the initial time, Yref € W (R>0,R™), and ¥ = (¢1,...,¢,) € ¥
be given, and let y° € CU=D([0,t0], R™) be the initial trajectory for the system (1.1)
with xr(Yo — Yret)(to) € EL(1/0(tg)). Further, let umax,p > 0 such that the set of
models MZ)L:'ZmaX7p is non-empty. There exist e, € (0,1) such that, for every ini-
tial model (fyp, 95, TY) € M?(;L:ZmaX7ﬁ and for every (umax, p)-feasible learning scheme
L: Utzt0 G — M;Z:Zmaxﬁ, the robust funnel MPC Algorithm 3.2.9 with 6 >0 and T > ¢
is initially and recursively feasible, i.e. at every time instant ty = to + kd for k € Ny

T

e there exists a proper initialisation X € B t tr, Tx) and

e the OCP (3.13) has a solution upnmpc,k € L™ ([ty, ty + 1], R™).

Moreover, the closed-loop system consisting of the system (1.1) and the feedback law (4.5)
has a global solution y : [0,00) — R™. Each global solution y satisfies that

(i) all signals are bounded, in particular, u € L ([tg,00), R™) and y € W™ (R>o, R™),

(ii) the tracking error between the system’s output and the reference evolves within
prescribed boundaries, i.e.

Vi to: ly(t) = yrer(B)]| < 91(2).
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Proof. The learning-based robust funnel MPC Algorithm 4.1.6 differs from the robust
funnel MPC Algorithm 3.2.9 only in two aspects, the utilisation of the learning scheme £ in
Step (d) of the algorithm and the usage of changing models (ff;, g&;, T%;) in Step (a). We
will show how the proof of Theorem 3.2.11 can be adapted to the current setting. However,
as the proof of Theorem 3.2.11 does, in large parts, not depend on the used model, we will
not repeat all technical details.

Step 1: Let § > 0 and T > § be arbitrary but fixed. Note that, the set of con-
trols Uz 5 (t,%) is non-empty for all (fu, gm, Tm) € M;Z:Zmaxﬁ, all £ > tg, and all

Xe 3;1; Ig(tA) due to property (L.2) of M?;:Zmaxﬁ, see Definition 4.1.1. Define A and ¢ as in
Step 1-3 in the proof of Theorem 3.2.11. Then, ¢ € (0,1) is constructed in a way such that
we have Zo — Xr(yret) (fo) € €7 (1/91(t0)) for o = x,(y)(to) = x-(1°)(to), see definition of
¢ in the proof of Theorem 3.2.11. Thus, ’BJ;I; (D) (to, xr(y)(to)) # 0, see Remark 3.2.6.

Step 2: Let L : sy, Gt — M;Z:ZmaX7ﬁ be a (Umax, p)-feasible learning scheme. When

applying the learning-based robust funnel MPC Algorithm 4.1.6 to the system (1.1), the
system’s dynamics on each interval [tg, ;1] are given by

y () = FIT (0 () (6, us (), Uilion] = Ur1lios] (4.6)

where y_1 = y° and wuy, is the control law given by (4.5). In Step 4 of the proof of The-
orem 3.2.11, it was inductively shown that the robust funnel MPC Algorithm 3.2.9 is
initially and recursively feasible. This means, in particular, that there exists a proper
initialisation Xj € &Bﬁ%tk (tg, xr(yk—1)(tg)) at every time instant ¢, that uy as in (3.16) is
well defined on every interval [tg,tx+1], and that (4.6) has a maximal solution y; defined
on the entire interval [tg,tr11]. Step 4 of the proof of Theorem 3.2.11 does not depend
on the concrete choice (fu, gum, Tm) € M?;:me 5 of the model used on the time interval
[tk, tk+1]- Only two of the model’s aspects are used within the proof: the non-emptiness of
the set Uy, 1, +7)(Umax, Xx) and the uniform boundedness of

|7 0] = 13000 () (8) + g G ) @) urnarc (D]

The former one is directly fulfilled by property (L.2) of M%:Zmax’ 5> see Definition 4.1.1.
The latter one is also satisfied since property (L.3) ensures

| A(Ta()

for all s € [tg,00] and ¢ € VY. One therefore can adapt Step 4 of the proof of The-
orem 3.2.11 to the current setting in order to show that there exists a proper initialisation
Xy € %Jg}?tk (tks Xr(yk—1)(tr)) at every time instant ¢, that ug as in (4.5) is well defined
on every interval [tg,tx+1], and that (4.6) has a maximal solution y; defined on the entire
interval [ty, ti11] if the learning-based robust funnel MPC Algorithm 4.1.6 is applied to the
system (1.1). The existence of a solution upmpok € Ut 1, +7) (Umax, Xi) of the OCP (4.2) at
time instant ¢, for k € INy is a direct consequence of Theorem 2.3.26 and the non-emptiness
of Uy, 1,411 (Umaxs Xk)-

Step 3: The signal upnpc i as an element of I/I[ththrT](umaX, Xj) is bounded by umax > 0
for all k € INg. The funnel control signal upc x is bounded by h(N o y(¢2)) for all k € Ny
because of the construction of ¢ € (0,1), c.f. Step 5 of the proof of Theorem 3.2.11.
Moreover, we have

[0»3))Hoo + HgM(TM(C)’[O,s))HO@umaX <p

Xr(y — p)(t) € & (p(t))
for all t € [tg, 00) for some € € (0,1), c.f. Step 5 of the proof of Theorem 3.2.11. Since yp
and ¢ are bounded functions, y € W (Rxq, R™), see definition of £ in (3.3). Finally,

1y (@) = yret (D) < Ny () — ym @) + llym(t) = yrer ()] < o(8) + [lyna(t) = yret (B[] = ¢1(2)

for all ¢ > tp. This shows (ii) and completes the proof. O
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Remark 4.1.9. Conditions (L.2) and (L.3) in Definition 4.1.1 ensure U 47} (Umax, Xx) 7 0
for all t > tg and T > 0 and that the funnel control signal upc  is uniformly bounded
for all &k € IN. As the attentive reader might have noticed, it is possible to relax these
conditions during operation of the learning-based robust funnel MPC Algorithm 4.1.6.
Firstly, it is possible to fix the prediction horizon T" > 0. Moreover, it is sufficient that the
model ( fﬁ, g{f/[, T’K/[) chosen at time instant ¢ € ty + 6Ny can ensure these properties for
all future time ¢t > ;. It is not required to ensure them for the past, i.e. t < t;. To be
precise, one can replace (1..2) at time ¢; and with given 7" > 0 by

(L.27) Upp 77y (Umax, X)#0 foralli >t and X € jf;,f(f)’
and the condition (L.3) can be relaxed by

(L.3) 5> || (Tm(Oite,s) || + oM (Ta(O)lity.)) || o, tmax for all s € [tg, 00] and ¢ € V.

In order to avoid introducing a time dependency and thus an additional parameter which
introduces even more technicalities, we refrained from formulating Definition 4.1.1 in this
more general way. °

4.2 On learning schemes

In recent years, data-driven control has attracted significant attention, with a proliferation
of research contributions in the field. These results can broadly be categorised into control
schemes for linear systems and techniques developed for non-linear systems. Bolstered
by successful applications [1412], powerful numerical methods such as extended dynamic
mode decomposition [196], and theoretical advances — including convergence guarantees in
the infinite-data limit [113], finite-data error bounds [110], and extensions to stochastic
control systems [118] — the Koopman formalism [18], originally proposed in [I111], has
emerged as a cornerstone for data-driven controller design [75, ) ]. Recent work
has further extended this framework to model predictive control, establishing rigorous
closed-loop guarantees [11, 13, ]. For linear time-invariant systems, Subspace Predictive
Control [69] has gained prominence, while the so-called fundamental lemma by Willems and
co-authors [195] enables direct data-driven methods such as DeePC [(1]. Complementary
approaches include Reinforcement Learning (RL) [182], Gaussian processes for uncertainty-
aware designs [37, , ], and SINDY for sparse identification of non-linear dynamics
[19]. Deep neural networks (DNNs) have further expanded the scope of data-driven control,
enabling approximation of complex dynamics and control policies for high-dimensional
systems [H4, , ]. Recent advances also address safety-critical scenarios through
Hamilton-Jacobi reachability analysis [20].

The structural conditions provided in Definition 4.1.4 can be used to define suitable
learning algorithms based on the previously discussed techniques — for linear as well as for
non-linear systems.

In this section, we derive sufficient conditions on the parameters of models to be learned
in order to make them eligible for a learning scheme £ as defined in Definition 4.1.4. Since
in many applications a linear model may serve as a good prediction model, we derive
sufficient conditions on the parameters of linear systems of the form

y (1) =3 Ry V() + Sy + Dy 4 Tult), X (ym) (o) = v, )
j=1 .
n(t) = Qn(t) + Pym(t) + Do, n(to) = n°

where R; € R™ ™ forall j=1,...,r, S,PT e R™¥ Dy e R, Dy e R, Q €S, ~, and
I' € GL;,(R). We use in the following the notation R = (Ry,...,R,) and denote the
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4.2. ON LEARNING SCHEMES

largest eigenvalue of the symmetric negative definite matrix @ by Amax(Q) < 0. Define the
functions
fDl:RV%Rma 77'_>77+D17

4.8
gr: RV — R™™, n—T, (48)

and the linear integral operator Tr 5.0.P.Dym : R(R>0, R™)" = L¥ ([to, 00), R”) by

loc

r t
TR.S.Q.P.Domo (21,5 2)(t) = > Rjzi(t)+ 8 <6Q(t_t°)no + / @) (Pz1(s) + Dy) ds>.
7j=1

to
(4.9)
Using these functions, the model (4.7) can be written in the form (2.4), i.e.

ot (1) = D, (TR.5.0.2.Damo O (D)) (1) + 90 (T R,8,0,P. 02,0 (X (r0)) (£)) ()

with initial value x,(ym)(to) = 5. Let yrer € WkX (R, R™) and ¥ = (¢1,...,9%,) €Y,
let

Fi={z € R™ [t > to, s — Xo(yret)(t) € DI } . (4.10)

Due to the boundedness of the involved functions, the set § is bounded as well and

define the following set of matrices, where we do not indicate the dependence on the
parameters. Let

K= (R™™)" x R™" x GLy(R) x R™ x S;;” x R"*™ x R” x R”,

and define
K:={(Ry....,R,,S.T,D1,Q,P, Dy, 1°) € £|(4.12) }, )
where
ISl <s, Il I <5, DL IDal <4 Pl <p.
Il <. Amax(@) < _ﬁg;d’ |Ri|| <7 foralli=1,...,r. (4.12)

Then, we may derive the following statement.

Proposition 4.2.1. Let yef € Wk’OO(IRZO,]Rm) and ¥ = (Y1, ...,10,) € 4 with associated

parameters k; > 0 fori=1,...,r —1, and § > sup,5 ||z||. Further, let n,7,5,9 p,d >0
be given and define recursively pY = |1 ., ugﬂ =gl + kil fori=1,....,r—1 and

7=0,....,r—1—1. Choose

y) Uy :

Umax = ng+§77+62+’

r—1
ki I ‘
OO+; i+

oo

and
p > 17y + 50 + d + Yumax.
Then, the set IC defined in (4.11) satisfies the implication

(R,S,I,D1,Q,P,D2,n°) € K = (frs.01,90 TRS.Q.PD2me) € Mipmi o

where frs ., gr, and Tr 5.0 Py, are defined as in (4.8) and (4.9).
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4.2. ON LEARNING SCHEMES

Proof. Let (R, S,T',D1,Q, P,D2,n") € K be arbitrary but fixed.
Step 1: Repeating the arguments from Example 2.2.3, one can easily see that

(fR,S,DlﬁgF’ TR,S,Q,P,DzvﬂO) € M?;’r-

Step 2: We show properties (L..2) and (L.3) from Definition 4.1.1. Following the reasoning
from Remark 4.1.5 (a), it is sufficient to show that

17y + 57+ d > || fp,(Tr.5.0.2.0sm0 (Olj0.5) || o »

and

32 |l9r(Tr.5.0.P.02me Olos)ll e s 7 = l90(TR.5.0.P.D2m0 (o) | o,

for all s € [tg, 0] and ¢ € Y¥. The last two inequalities are trivially fulfilled due to the
definition of gr and 4. We show that the first inequality is also satisfied. To this end, let
s € [to,00] and ¢ = ((1,...,¢) € V¥ with ¢ € R(Rso, R™) for i = 1,...,7 be arbitrary
but fixed. By construction of g, we have ||¢(t)|| < 9 for all t € [to, s]. Let n(-;to,n°,¢1) be
the maximal solution of the initial value problem

0(t) = Qn(t) + Do + PCi(t), n(to) =n°.

For ¢ € [to, s], we calculate

%% Hn(t7t07 7707 C1>H2 = 77(t7t07 7707 Cl) (Qn(tv t077707 Cl) + Pgl(t) + DQ)
< Hn(t7t077707<.1)H ()\+(Q) Hn(tvt077707CI)H +py + ||D2H) )

which is non-positive for ||n(t;to,n°, ¢1)|| = (P + | D2|))/ IAT(Q)] as AT (Q) < 0. Therefore,
[118, Thm. 4.3] yields

[t t1,0°, )| < max {5+ d)/ N (@), [[°]|}

for all t € [tg, s]. By assumption (4.12), we have ||n°|| <% and AT (Q)| > (py+d)/7. Hence,

Hn(ta t177707 Cl)” S ’I’_] for all ¢ S [th 5]' AS TR,S,Q,P,DQ,WO(C) = Z;:l R]Cj + Sn(a tl,T]O, Cl)a
we estimate

)

|TR,5,Q,P,D2m0 (O) ()| < 77y + 57

for all ¢ € [to,s]. Thus, ||fr,s,0,(Tr,s,0.P.Dsm(C)#))|| < 77y + 57 + d for all ¢ € [to, s].
As s € [to,00] and ¢ € V¥ are arbitrarily chosen, this shows

(fr,5.0159r TR5Q.P.D2ne) € Myp . 5
and completes the proof. O
With the set of parameters K, the functions fp,, gr, Tr.s,Q,P,Dsno. and defined in (4.8)

and (4.9), and Proposition 4.2.1, we may define a learning scheme £ mapping from ;- &;
to the subset

{(fDlvgrvTR,S,Q,P7D2,no) ‘(Ra 57F7D17Q7P7 D2,770) € IC}

of Mg:;max’ 5 defined by

L ((y, xm, upmpe, urc)|y, 7)) = (/D1 90, TR.S,Q.P.D2mo)
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for some £ > tg, where ( Ip1,9r, TR.5,Q,P.Dsmo) is determined by the solution of an optimisa-
tion problem involving measurements of the system data y and the applied control signals
upmpc and upc over the time interval [tg, f] of the form

minimise J((y, z
(R,S,1,D1,Q,P,Da,1°)eK (o)
st xr(2)(to) = 2°, (4.13)

2(t) = fp,(Tr,5.Q.P.D2mo (Xr(2)) (1))
+ 9r(TR,5,Q,P,D2m0 (Xr(2)) () (urmpC + urc)(t),

where J(-) is a suitable cost function. Here, t refers to time of the execution of the
learning algorithm, i.e. the current time instant ¢; during operation of the learning-
based robust funnel MPC Algorithm 4.1.6. Note that solving the differential equation
2O(t) = Fo,(Tr5.0,2.00.10 0 (D)) + 90 (Th5.0, 2,010 (X (2)) () (upnipc + wpc) (1) s
equivalent to solving the linear differential equation with the state (4.7).

Remark 4.2.2. In application, measurement of the system data y (and its derivatives) and
the applied control signals upypc and upc is only available at discrete time instants £y + ¢t
with v > 0 and ¢ € IN. In this case, it is reasonable to replace the control used in
constraints (4.13) by the piecewise constant % defined as

u(t) = (upnmpc + urc)(to + (i — 1)v),

for t € [to + (i — 1)t,tg +4t) and all i < (f — to)/t, and use a cost function J(-) which
evaluates y and z only at time instants ¢ty + it. In the following Chapter 5, we will discuss
the matter of using piecewise constant control signals for the overall control problem in
more detail. However, we want to discuss, in the following, some possible choices for the
cost function J(-) when only discrete measurements are available.

() (02l ) = S 7 aullxe (2) (to+ie) e () to-+i0) 2 with weights a; > 0. The
idea is to find a model in the set JC which minimises the weighted squared measured
output errors. The weights a; reflect the relative importance of the measurements
Xr(y)(to +ir). In certain cases, it might be beneficial to weight data points that are
far in the past lower than current data points. By choosing a; > 0 for all 7 > 0, all
measured past data is taken into account. With increasing runtime of the algorithm,
this results in a growing complexity of the optimisation problem, computation time,
and required memory space for the measurements. Therefore, this is not suitable in
practice. Thus, it is beneficial to use a moving horizon estimation approach and only
take the last N measurements into account and set a; = 0 for i < [(f —t9)/t| — N.
In application, one has to find a good balance between considering many data points
(large N), thus having a probably more accurate model, and low computation time
and memory requirements (small N). This is comparable to the sliding window
approach discussed in Remark 4.1.5(c)(i).

(b) If the computation of the solution of the optimisation problem has to be done very
quickly, it is also possible to only consider the last measurement y(to + | (f — to)/t]¢).
Thus, one might choose the cost function

T4, 2)1o,0) = e (2)(to + L(E = t0) /] t) = Xo () (o + (E — to) /x]0)[|*.

The idea is to find a model, which best explains the last MPC period in terms of
output error, i.e., a model on the prediction interval [ty, 1] so that, with t = J, the
error ||x,(z)(tx+1) — Xr(y)(tk+1)|| at the end of the interval is minimal.
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(c¢) In addition, it is worth considering to include the used model in the cost function
as discussed in Remark 4.1.5(c)(ii). This can be done by adding regularisation
terms for the model parameters in the cost function. For the parameter vector
Ki = (Ri, Si, Ty, D14, Qi, Pi, D2i,nY) € K, one could either penalise the weighted dis-
tance of IC; to a priori known parameters K* = (R*, S*,I'*, D*, Q*, P*, D3, n°") and
thus allow only small adaptions of the a priori known model or penalise the change
of parameters K; such that the model does only change slightly between two learning
steps. This results in a cost function of the form

t to)/l‘ 8
T o) = D (aillxe(2)(to +it) — xp (W) (o +it) > + D B[(KI = K7)]]),
=0 j=1

where K = K* or K = K;_; and with weights a;, b{ > 0. Here the expressions ICg , I@f
with j = 1,...,8 refer to the j* entry of the tuple K;, K;, respectively; for instance,
K2 =S;.

Remark 4.2.3. The bounds for umay and p derived Proposition 4.2.1 are rather conservative
and can clearly be improved. However, Proposition 4.2.1 exemplifies how to construct a
subset of models belonging to M:g:;max’ o by prescribing bounds fy*, gy, ng MaX > 0 on
the dynamics. Proposition 4.2.1 relies on the following abstract idea. For a compact set
K C R”, choose a set of operators T C ﬁgm’y with

VIM e T VCEVY: Tu(O)(Rso) C K. (4.14)

Moreover, consider only functions fyr € (RY,R™) and gy € (RY,R™*™) satisfying
gMm(2) € GL,(R) for all z € R and

1@l < A1 lom@)]| < 5™ [los(a) ™ < g™

for all x € K. Using this approach, one can construct a set of models of the form

o (8) = PO () (1), 1(8)) + T (i () (£), 1(E)) (), (4.15a)
i(t) = q(xr (ya) (), (1)), (4.15b)

with p : R"™*¥ — R™, ¢ : R"™*¥ — RY, T' : R"™*¥ — R™*™ belonging to Mto,umax,p
where umax and p are given as in Remark 4.1.5 (a). We already saw in Example 2.2.4
that these models belong to ./\/l?; . The main difficulty lies in constructing a compact set
K C R and ensuring (4.14). The matter ultimately comes down to finding a uniform
bound 7 > 0 of

|n(t; to,n%, Q)| <0

for all t > tq and all ¢ € V¥ where n(t; tg,n°, ¢) is the global solution of the equation (4.15b)
where x,(ynm)(t) is replaced by ¢. One way to verify the satisfaction of such a uniform bound
is to apply [118, Thm. 4.3], which states the following. Assume there exists V' € C*(RY, R>()
with V(n) — oo as ||n|| — oo and, for ¢ € C(R™ x R”,R"), V'(n) - q(z,n) <0 for all
z € § as in (4.10) and n € R” with ||| > 7 for a predefined value 7 > 0. Then,
In(t;to,n°, Q)| < max {n® 7} for all t > to, all n° € R”, and all { € V. Hence, fixing V()
and 77 > 0 in advance can be used to restrict choices of ¢(-) satisfying Hn(-; to,n", ¢) HOO <

We made use of this fact in the proof of Proposition 4.2.1. °
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4.3 Simulation

In this section, we illustrate the application of the learning-based robust funnel MPC Al-
gorithm 4.1.6 to the numerical examples from Section 2.5. The MATLAB source code for
the performed simulations can be found on GITHUB under the link https://github.com/
ddennstaedt/FMPC_Simulation.

Exothermic chemical reaction

To demonstrate the functioning of the robust funnel MPC Algorithm 2.4.1, we revisit the
example of a continuous chemical reactor from Section 2.5.1. The system is described by
the following non-linear differential equation:

1)) + d(x — a9(t)), (2.39 revisited)

where the function p is the Arrhenius law (2.40), the parameters are given in (2.43), and
the initial data is [27,29,4°] = [0.02,0.9,270]. Following the given heating profile ycf(t)
given in (2.41) within boundaries defined by the funnel function 1 (t) = 20e~2! + 4, the
control objective is to steer the reactor’s temperature y to a certain desired constant
value Yref final- 10 achieve the control objective with the learning-based robust funnel
MPC Algorithm 4.1.6, we consider linear models of order » = 1 of the form (4.7) with
R,D; € R, S,Dg,P" € R™2 and Q € R**2. To learn the model from the measured
data, we use linear regression subject to the constraints introduced in Definitions 4.1.1
and 4.1.4. Hence, feasibility of the data-based models is guaranteed by Proposition 4.2.1. We
assume I' = 1 and, as initial model, we choose R=D1 =0€ R, S = D; =Pl =0e R,
Q =0¢€R?>?2 and n° = [z, 2Y] =[0.02,0.9], which represents an integrator chain with
decoupled internal dynamics. To improve this (deliberately poorly chosen) model over
time, we adapt the matrices over a compact set K as in (4.11) at every fifth time step ¢ by
minimising the model-plant mismatch based on the data of the last system output y(tx_1),
i.e. we solve the optimisation problem

minimize ti) — y(te)|?
(R,S,1,D1,Q,P,D2,m(0))eL o) =yt

st. A 0@ | _ S Rl 0 Dy

it i) = [0 #) L] + [0 [52)

[U(tk—l) ] _ [ n(0) }

ym(tk-1) y(te-1)]’
where u(t) = upmpc(tg—1) + urc(tg—1) which was applied to the model at the last time
step t,_1 and 1(0) := [29, 9] is the vector of initial concentrations of the substances z;
and x. As before, we choose the strict funnel stage cost £y : R>9 x R™ x R™ — R U {oo}
defined in (2.42) with A, = 10~%, the prediction horizon T = 1, and time shift § = 0.1 for
the funnel MPC component of the control algorithm and restrict the OCP (4.2) to step
functions with a constant step length of § = 0.1. We choose for the set K as in (4.11) the
parameters in (4.12) as 7= 13,5 = 1.4, 7= 091,57 = 1, p = 1/400, d = 2.5, and § = 341.4.
We have |||, = 33.55 given by the heating profile and |9)]|se = 40 by choice of the funnel
function. Thus, we restrict the funnel MPC control signal to |lupmpc||o, < Umax = 600 to
satisfy the requirements of Proposition 4.2.1 for p = 1125. The learning scheme is therefore

(Umax,p)-feasible. For the control law of funnel control component, we choose the bijection
v(s) =1/(1 — s) and the function N'(s) = —10s.

103


https://github.com/ddennstaedt/FMPC_Simulation
https://github.com/ddennstaedt/FMPC_Simulation

4.3. SIMULATION

350

400 - '_J
325 [~
300 [
=)
é - —U(t) = UFMPC (t) + Upc (t)
i 300 ‘é 200 — UFMPC (t)
g — I
5 UFC (t)
275 i
=
0
250 ‘ ‘ ‘ ‘ sl ‘ ‘ ‘ ‘
0 1 2 3 4 0 1 2 3 4
Time t Time t
(a) Outputs and reference, with boundary . (b) Control inputs.

Figure 4.2: Simulation of system (2.39) under the control generated by the learning-based
robust funnel MPC Algorithm 4.1.6 with model update every five iterations.

Figure 4.2 shows the control signals and the system and model output errors, respectively.
It is evident that both yn—yrer and y—yrer remain within the predefined funnel boundaries 1.
Before the first learning step for ¢ € [0,0.5), the tracking error y — yef and the predicted
error Yyn — Yref diverge due to the poor quality of the initial model. However, since the
tracking error is not close to the funnel boundary, the funnel controller remains inactive
in the beginning and only reacts when the tracking error is close to the boundary. After
the first learning step, the general direction of the predicted tracking error is consistent
with the actual tracking error. The funnel controller still has to slightly compensate
for the model inaccuracies in order to guarantee that the tracking error remains within
the boundaries, but with a significantly smaller contribution to the control signal. After
each learning step, the model output jumps yn to the system output y due to the newly
updated model. The control signal upc is zero after each learning step since the system
and model output coincide, and it becomes larger afterwards to compensate for the model
inaccuracy. After the heating phase, the model, only being updated every five iterations
of the MPC algorithm, does not adequately describe the system dynamics. The funnel
controller therefore has to compensate these inaccuracies during the whole operation of
the algorithm, but with a significantly smaller control signal than before the first learning
step. In a second simulation, we update the model every third time step ¢; instead of every
fifth but leave rest of the controller configuration unchanged. The results are depicted in
Figure 4.3. As one can see, the combined controller is able to achieve the control objective.
Before the initial learning step, the funnel controller has to compensate for the inaccuracies
of the model with a large control signal comparable to the setting before. Already after
the first update of the model, the principal portion of the control signal is generated by
the MPC component. The funnel controller only has to intervene during the transition
heating phase (before tan, = 2) to the constant temperature phase of the system (after
tfinal = 2). Thenceforth, the linear model is adequate to predict the system behaviour and
the control signal computed by funnel MPC is sufficient to achieve the tracking objective.
In contrast to the case before, the funnel controller remains mainly inactive after ¢t ~ 2.6.
This shows that the “quality” of the learning scheme and the update frequency of the
model can have a significant impact on the controller behaviour and its performance. The
more accurate the model is, the less control is required by the funnel controller to mitigate
the model-system mismatch. However, updating the model more frequently can lead to
increased computation costs.

We note that this example merely serves as an illustration that the learning-based robust
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Figure 4.3: Simulation of system (2.39) under the control generated by the learning-based
robust funnel MPC Algorithm 4.1.6 with model update every three iterations.

funnel MPC Algorithm 4.1.6 can be combined with any (umax,p)-feasible learning scheme L.
We do not claim that the learning algorithm used is superior to other methods.

Mass-on-car system

To illustrate that the learning-based funnel MPC Algorithm 4.1.6 can be successfully
applied to systems with relative degree r > 1, we revisit the example of the mass-on-car
system from Section 2.5.2. Assuming the mass ms = 2, on the ramp inclined by the angle
¥ = 7, is connected to the car with mass m; = 4 via a spring and damper system with
spring constant k£ = 2 and damper constant d = 1, the system can be described by the
differential equation

R1y(t) + Rog(t) + Sn(t) + Tu(t)
Qn(t) + Py(t).

with matrices given in (2.50). The objective is to track the reference signal yyc(t) = cos(t)
such that the tracking error y(t) — yref(t) evolves within the prescribed performance funnel
given by the function 1) € G with 1(¢) = 5e~2! 4+ 0.1. To achieve this control objective with
the learning-based robust funnel MPC Algorithm 4.1.6, we use the strict funnel stage cost
function £y, : R>0 x R x R = R U {oo} as defined in (2.52). For the simulation, the MPC
control signal is further restricted to ||[upmpcloo < Umax = 30 and we choose the design

(2.49 revisited)

parameters \, = 104, prediction horizon T = 0.5, and time shift § = % = 0.025. For
the model-free component of the controller, we use a slightly modified form of the control
law (3.21):

w(t) = p(t)és(t) + v (e(t)es(t)?) p(tes(t), es(t) =y(t) — ym(?),
= -2y (wt))w = L
urc(t) = =27 (w(t)) w(t), o) = 50 o @ = 5O

where yyp is the prediction for the system output computed by the MPC component.
Similar to [32], where this problem was studied in the context of model identification
for the learning component during runtime, we assume knowledge about the structure
of the system, but only limited information about its parameters. We assume to know
mi,mg € [0.5,10] and k,d € [0.5,5]. As an initial model, we choose the parameters
m1 =06, mg =2, k=3,and d = 0.75. To learn or update the model parameters, we take
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measurements of the system’s input-output data ((upmpc+urc)(ih), y(ih)) for h = 2.5-1074
and ¢ € INg and update the model every twentieth iteration of the MPC algorithm, i.e. at
t € TIN, by solving the optimisation problem

20005
mf?i?é%??m ZZ; 58 (ih) — y(ih)|®
k,d €[0.5,5]
s.t. 2(0) =0 and for all i = 1,...,20007 :
z(ih) = z(h; 2((i — 1)h), (upmpc + urc)((i — 1)R)),
Jualih) = [1,0,0,0]:(ih),

at every time ¢t = 2000;h for j € IN, where z = [y, %, 71,72] | denotes the state of the mass-on-
car system (2.49) and z(+; 2((i—1)h), (urmpc+urc)((i—1)h)) denotes its solution under the
initial condition z(0) = z((i—1)h) and with constant control u(-) = (upmpc+urc)((i—1)h).
Since only the interval [0, 10] is considered for the simulation, the entire history of input-
output data is considered in the optimisation problem instead of a moving horizon approach.
After every execution of this learning scheme, the model is properly initialised by solving
the optimisation problem (3.22). Between two updates of the model, the MPC component’s
control signal upypc is applied to the system in open-loop fashion, i.e. the model is
initialised with its state from the previous iteration as initial value. All simulations are
depicted in Figure 4.4. It is evident that the control scheme is feasible and achieves the

1r \ 30}

—u(t) = upnpc(t) + urc(t)

\ —y(t) — Yret ()
\ - - ym(t) — Yret(t) /\ —upmpc(t)
N - (1) SR p—
jg 0 TTTTTTTTToTmommemom ; 0~ /—\
% eTTTTTTTT e ] N~——
= Vi

-0.5 - !

]
!
1 I . . . . | 30 b

R . . . . )
0 2 4 6 8 10 0 2 4 6 8 10
Time t Time t

(a) Tracking error e = y—yer within boundary . (b) Control inputs.

Figure 4.4: Simulation of system (2.49) under the control generated by the learning-based
robust funnel MPC Algorithm 4.1.6

control objective. Both errors yn — yref and y — yret €volve within the funnel boundaries
given by v, see Figure 4.4a. While the model output yy and the system y initially diverge,
both trajectories evolve almost identically already following the first model update at
t = 0.5. Note that already after the first learning step, the quality of the model is apparently
good enough such that the funnel controller remains henceforth inactive and does not have
to compensate for model errors. The control signal primarily consists of the control ugnpc
generated by the model-based controller component, see Figure 4.4b.

In a second simulation, we add an artificial additive disturbance d to the differential
equation, i.e. the system takes the form

Riy(t) + Ray(t) + Sn(t) + Tu(t) + d(t)

On() + Py(t). (4.16)
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4.3. SIMULATION

The disturbance is unknown to the controller and, for the simulation, we choose the periodic
disturbance d(t) = cos(20 - t) and leave the controller as it is. The results are depicted in
Figure 4.5. The controller evidently still achieves the control objective.

1r \ 30k

\ —y(t) — yeet () —u(t) = urmpc(t) + urc(t)
\ o) —wel)[| || e
05 \\ __ j:w(t) 151 —UFC (t)
> \\\
% S~ e ]
E‘\ of = i o~
2 e m oo E
/
/
0.5 / 15
{
I II
p )I . . . . , 30 b u . . . ,
0 2 4 Tinle . 6 8 10 0 2 4 Ti!ne . 6 8 10
(a) Tracking error e = y—yyef within boundary 1. (b) Control inputs.

Figure 4.5: Simulation of disturbed system (4.16) under the control generated by the
learning-based robust funnel MPC Algorithm 4.1.6

The two tracking errors ym — Yref and y — yror €volve within the funnel boundaries
given by 1, see Figure 4.5a. The system output y closely tracks the model yy;, which in
turn tracks the given reference .. within the prescribed funnel boundaries, despite the
added disturbance. Contrary to the prior case, the funnel controller remains active during
the whole operation of the controller. It has to compensate the high-frequency additive
disturbance. However, its contribution remains relatively modest. The predominant portion
of the control signal consists of the MPC component’s control action suggesting that the
learning component still successfully identifies the underlying system dynamics.
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5 Sampled-data robust funnel MPC

When applying control strategies to real-world systems, both model predictive and adaptive
control algorithms are nowadays commonly implemented on digital devices. Unlike the
idealised, continuously measured signals assumed in classical control theory, practical digital
controllers only measure system outputs at discrete sampling intervals. Consequently, the
controller observes the plant at discrete time points, computes a new input, and then
holds that input constant until the next sample — introducing two fundamental challenges.
First, dynamics or disturbances occurring between samples may go undetected, and high-
frequency components can alias as lower-frequency behaviour if the sampling rate violates
the Nyquist—Shannon criterion [175]. Second, because most digital hardware can usually
only generate piecewise-constant inputs, the controller cannot apply an arbitrarily varying
(dis-)continuous actuation signal, potentially degrading performance relative to a continuous
design. As a result, the controller must be implemented as a sampled-data controller,
specifically designed to operate under these discrete-time conditions. In its simplest form,
a sampled-data controller samples the system output at regular intervals and uses this
information to compute a control action. This control action is then held constant over the
entire sampling period, only updating at the next sampling time. Although conceptually
straightforward, this arrangement requires careful attention to preserve stability and
performance. Potential challenges include:

e Stability criteria shift: Stability of (linear) discrete systems require poles inside the
unit circle (vs. left half-plane in continuous-time). Discretisation can alter pole
locations, destabilising an otherwise stable design, see Example 5.1.1.

e Model discretisation errors: Converting a continuous system to a discrete-time model
— for example via Zero-order-Hold (ZoH) approximations — introduces approximation
errors that can degrade accuracy [117, 200].

o Performance loss: Sampled-data controllers can reduce performance of the closed-
loop systems [123] and exhibit slower responsiveness, increased overshoot [144], and
steady-state errors [50].

o Inter-sample constraint violation: When safety or performance constraints must hold
continuously, a controller updated only at discrete time instants can inadvertently
violate them due to insufficiently fast sampling [14, ]

These issues have motivated a rich body of research in digital control, see [17, ]. To
mitigate discretisation effects and balance trade-offs between sampling frequency, compu-
tational load, and performance in digital implementations, several mitigation techniques
have been developed:

o Sampled-data redesign: Explicitly account for discrete-time dynamics during controller
synthesis, rather than simply discretising a continuous design [79, 80].

o Multi-rate sampling: Use varying sampling frequencies for subsystems with different
time scales [138, 145].

o Fuvent-triggered and self-triggered Control: Update control actions only when certain
conditions are met (e.g. when errors exceed thresholds) rather than at fixed intervals,
reducing computational load [36].
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By accounting for digital implementation from the outset, these approaches help bridge
the gap between continuous-time theory and real-world sampled-data systems.

In this chapter, we show that it is possible to modify the robust funnel MPC Al-
gorithm 3.2.9 from Chapter 3 such that it achieves the output tracking problem with
prescribed performance as outlined in Section 1.1.1 with sampled-data control. In contrast
to the robust funnel MPC from Chapter 3, the space of admissible controls is restricted to
step functions, i.e. the control signal can only change finitely often between two sampling
instants. Thus, the control signal applied to the system has the form

u(t) = U; Vit e [ti,ti+1>, 1 € INp,

where the data to compute the control signal u; is collected at sample times (¢;)ien,. To
introduce the control scheme properly, we formally define step functions in the following
definition.

Definition 5.0.1 (Step function). Let I C R be an interval of the form I = [a,b] withb > a
or I =la,00). We call a strictly increasing sequence P = (t;)ienN, with lim; oo t; = 00
and to = a a partition of I. The norm of P is defined as |P| = sup {t;41 —t;|i € No}.
A function f: I — R™ is called step function with partition P if f is constant on every
interval [t;,tix1) NI for all i € Ng. We denote the space of all step functions on I with
partition P by Tp(I,R™).

Note that in the case of finite intervals I = [a,b] with b > a, Definition 5.0.1 can also
be formulated using finite sequences P = (t;), with N € IN and ¢ty = b. However, using
infinite sequences every partition P of [a, 00) is also a partition of [a, b] for all b > a. Using
this observation simplifies formulating our results. Further, note that Definition 5.0.1
allows for the usage of a non-uniform step length, i.e. for v; :== [t;_1 — ¢;| we allow t; # ¢;
for ¢ # j, where i, j € IN. However, in practice, a uniform step length will be used often.

The robust funnel MPC Algorithm 3.2.9 from Chapter 3 consists of two components,
the model-free funnel controller (3.6) and the model based funnel MPC Algorithm 2.4.1,
see also Figure 3.1. In the following Sections 5.1 and 5.2, we restrict ourselves to showing
that both components individually can be designed to work with the restricted space of
step functions as control signals. However, we refrain from integrating both controllers
in one single control scheme like done for the robust funnel MPC Algorithm 3.2.9 and
proven in Theorem 3.2.11. The arguments and considerations for such an integration are
the same as in Chapter 3 and do not provide any new insights into the underlying issue.
The restriction to step functions merely adds another level of technicalities.

For the controller design in this chapter, we restrict both the class of potential systems
N and associated models Mj". For both the system and the model, we consider
non-linear multi-input multi-output differential equations of order r € IN of the form

y (1) = F(TOa ) (0) + 9(T O () (1) uld),

r— " (5.1)
y|[0,to} = yO eC 1([07t0]7]R )7

where f € Lipj,.(R?,R™), g € Lip,.(R?, R™™), and T € T; ™. In addition, we assume
that the matrix valued function g is strictly positive definite, that is

Ve e RTVze R™\{0}: (z,9(x)z)>0.

Note that by replacing u in (5.1) by —u all results presented in this chapter remain valid
if ¢ is strictly negative definite. Note further that, while some authors only use the term
strictly positive definite for symmetric matrices, we do not assume g(x) to be symmetric.

We use the notation (f,g,T) € ’JTZJL’T to refer to a system, respectively a model, of the
form (5.1) with the aforementioned properties. When it is necessary to distinguish between
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5.1. FUNNEL CONTROL WITH ZERO-ORDER-HOLD

the system and the model, we will use an index M, i.e. fy, gum, T, to refer to the model’s
functions as done in Chapter 2. However, we want to emphasise that the system and the
model are not assumed to be identical even though we use the same class m?g”” of functions
for the system and the model. In order to avoid having to differentiate between the model
and system class in this chapter, we assume for the sake of simplicity that T € ﬁzm’q
However, all presented results hold true if the operator T of the system merely fulfils the
causality (T.1), local Lipschitz (T.2), and the bounded-input bounded-output (BIBO) (T.3)
property as defined in Definition 2.2.1. It is not required to fulfil the limited memory
property (T.4).

Remark 5.0.2. As previously pointed out in Remark 3.1.3 (a), an unknown disturbance
d € L>®([to, o), RP) in the system (5.1) can be modelled in terms of the operator T € 7, "
Systems of the form

y () = f(dt), T @) () + g(d(t), T (1) (1)) ult)

are therefore implicitly contained in the system class ‘ﬁ;ﬁ’r. °

5.1 Funnel control with zero-order-hold

Funnel control is an adaptive high-gain control methodology guaranteeing satisfaction of
a priori fixed, possibly time-varying output constraints while only imposing structural
assumptions but not requiring knowledge about the system dynamics, see e.g. [30] and the
survey paper [31]. However, the availability of the system’s output as a continuous-time
signal and the ability to continuously adapt the input signal is pivotal for its functioning,
cf. Propositions 1.1.2 and 3.2.3.

Although funnel control has been successfully implemented in a sampled-data system
with Zero-order-Hold (ZoH) for a sufficiently small sampling time in [32], we are not
aware of any results prior to [3] rigorously showing that the output signal stays within the
prescribed boundaries for ZoH funnel control. In this section, we present the in [8] proposed
sampled-data feedback controller with ZoH. We show that the controller ensures output
tracking of a given reference signal within prescribed, possibly time-varying performance
bounds — at every time instant meaning that also the intersampling behaviour is fully taken
into account. To balance the need for a sufficiently large feedback gain for output tracking
and avoidance of overshooting (which could violate error bounds within one sampling
period), we use results from the previous chapters to infer uniform bounds on sampling
rates and control inputs. This allows us to ensure that the imposed output constraints
are satisfied along the closed loop leveraging coarse bounds on the system dynamics. To
the best of our knowledge, in funnel control uniform bounds on the input signal are only
known if the region of feasible initial values is further restricted and the dynamics are
known [30]. While there have been several attempts to deal with the closely related issue
of input saturation [27, 90, 97] and bang-bang controller designs [124, | exhibiting
similarities to our approach, an analysis of combining a ZoH with funnel control has not
been conducted prior to the work [3].

Before presenting the results from [3], we want to motivate why applying a controller in a
sampled-data fashion to a system poses additional challenges. When applied to system (5.1),
a high-gain feedback controller, e.g. the funnel controller, achieves the control objective as
laid out in Section 1.1.1 if the gain is large enough. When applied in a sample-and-hold
form, however, such approaches can fail if the gain or the sampling time is too large,
respectively. To see this consider the following example.

Example 5.1.1. Consider the scalar linear system

z(t) = ax(t) + u(t),
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with @ € R. As is well known, every linear feedback u(t) = —kxz(t) with k& > |a| stabilises
the system. If u is applied in a sample-and-hold form with sampling rate t > 0, then the
solution at the time instants ¢t with ¢ € IN has the form

2((i+ 1)r) = ™ a(iv) — L (™ — 1) ka(it) = (€™ — L (e — 1)k)a(iv).

edt—1

even if the initial uncontrolled system is stable, i.e. a < 0. o

Thus, for k£ > ‘aem* ’, we have |z((i + 1)v)| > |z(it)|. Therefore, the system is unstable,

To design a zero-order-hold control strategy able to achieve the control objective us-
ing data only collected at discrete time instants given a partition P = (¢;);en, of the
interval [tg, 00) we utilise the auxiliary error variables e; for k =1,...,r as in (3.3). As
in Chapter 3, they are recursively given for ¢ > 0, a bijection v € C1([0,1),[1, 00)), and
z=(21,...,2,) € R™ with 2z € R™ by

eap.2) =g, il ) = o+ (lene, ) exlp2), (33 revisited)

for k=1,...,r — 1. For details we refer to Chapter 3. Given a funnel function ¢ € G and
a reference trajectory yper € W™ (R>0, R™), we use in the following the short notation
er(t) == er(o(t), Xr(y — yret)(t)), where y is the output of the system (5.1). We propose
the following controller structure for i € INg

0, er(t)| <,
\v’te[ti,ti+t):uZOH(t):{ o ller (£

(5.2)
Ve el =

where ¢ € (0,1) is an activation threshold, and v > 0 is the input gain. In Theorem 5.1.3,
we derive lower bounds on the input gain v and upper bounds on the maximal sampling
time, i.e. t = |P|, which ensure that the control objective is achieved when applying the
controller (5.2) to the system (5.1). We do this by showing e, (t) € By for all ¢ > ¢y. Thus,
the control signal ugep is then uniformly bounded since

YVt >to:  uzon(t)] <

v
-
The controller design can be considered to be similar to funnel control, see [30, 33, 95], in
terms of its ability to achieve output reference tracking within predefined error boundaries,
as well as concerning the used intermediate error variables (3.3). On the other hand,
contrary to the standard funnel controller, the feedback law (5.2) is a normalised linear
sample-and-hold output feedback with uniformly bounded sampling rate. A further essential
difference to continuous funnel control is that in the present approach the control objective
is achieved by using estimates about the system dynamics, while in continuous-time funnel
control no such information is used to the price that the maximal control effort cannot be
estimated a priori.

In order to formulate and prove the main result of [3] about feasibility of the proposed
ZoH controller (5.2), we recall some results from the previous Chapters 2 and 3. To ensure
that the controller achieves the control objective, namely that the system output y tracks
a given reference signal 1.o¢ with prescribed performance in terms of a function ¢ € G, we
show that the norm of the axillary error variables ey for k =1,...,7 as in (3.3) evaluated
along x,(y — yrer) is always below one, i.e.

Vk=1....,rvVt=>to: |ex(e(t), xr(y = yrer) (1) < 1. (5.3)

Assuming that (5.3) is fulfilled at the initial time ¢ = to, Lemma 3.2.1 states that all error
signals eg(©(t), Xr(y — yref)(t)) for k = 1,...,r satisfy (5.3) for all ¢ > ¢y given that the
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norm of the last auxiliary error e, (p(t), Xr(y — Yret)(t)) remains below one for all ¢ > to. In
the proof of Proposition 3.2.3, we used this result to show that the funnel controller (3.6)
achieves the control objective. In a similar fashion, we derive bounds on the input gain v
and upper bounds on the sampling rate, i.e. v = |P|, that ensure the feasibility of the
proposed ZoH controller (5.2) by guaranteeing that the norm of the last auxiliary error
er(o(t), Xr(y — Yret) (t)) remains bounded by one. In addition to the mentioned statement,
Lemma 3.2.1 states that ||ex (¢, xr(¢))|| for k =1,...,7 —1 remain bounded away from one
by some ¢ € (0,1) for all signals ¢ € 2)%0 and all ¢ > ty, where @f is the set of all functions
coinciding with yo on the interval [0, ¢y] and fulfilling (5.3) where y — yyef is replaced by (,
see (3.4) This yields the existence of a compact set in which all functions ¢ € ij evolve

until £. The existence of such a compact set allows us to adapt Lemma 2.3.20 to the current
setting stating that the system (5.1) with (f,g, T) € 0" is uniformly bounded for every
¢ e QJ%D and all £ > t.

Lemma 5.1.2. Consider the system (5.1) with (f,g,T) € m?g7r and reference trajectory
Yret € WH(R>0,R™). Let ¢ € G. Then, there exist constants f™*, g™** > 0 such that
for all t € (tg,00] and ¢ € 7

7= | F e Olea) s 9™ = (Tl
Moreover, there exists g™ > 0 such that for all z € R™\ {0} and all t € (tg, 0]

min

_ (29T ©lpa®)2)
g S .

2
2]

Proof. To prove the assertion, we adapt the proof of Lemma 2.3.20 to the current setting.
According to Lemma 3.2.1, there exist constants e > 0 such that all functions ¢ € 9%
fulfil ||ex(@(t), xr(C)(t))]| < er < 1 for all t € [tp,00) and all k =1,...,r — 1. Hence, by

boundedness of ¢ and yﬁz)f for all = 1,...,r, there exists a compact set K C R"™ with
VEEYEVE=0: X (Q)(t) € K.

Invoking the BIBO property of the operator T, there exists a compact set K, C R? with
T(2)(Rs0) C K, for all z € C(Rxp, R"™) with 2(Rx() C K. For arbitrary ¢ € (tg,o0) and
¢e ij, we have x,(¢)(t) € K for all t € [0,%]. For every element ¢ € @f the restriction
Xr (€)o7 can be extended to a function ¢ € R(R>o, R™™) with {(t) € K for all t € Rxo.

We have T(¢)(t) € K, for all t € R>( because of the BIBO property of the operator T. This
implies T(xr(¢))l,5(t) € Kq for all ¢ € [0,£) and ¢ € @f since T is causal. Since f(-) and
g(-) are continuous, the constants fi}** = max.cx, || fm(2)]| and gyf™ = max.cr, [|gm(2)||

are well-defined. For all £ € (0,00] and ¢ € Qj;f’ we have
vte[0,8): T(xr(O)(t) € Ky
Furthermore, since g(z) is positive definite for every = € K, there exists g™ > 0 such

that g™ < {200l ()2) for all z € R™\ {0}. This completes the proof. O

2
[E]

A consequence of Lemma 5.1.2 is that the dynamics of system (5.1) are bounded if a
control is applied that ensures that all error signals e (@ (t), xr(y — Yref)(t)) for k= 1,...,7
satisfy (5.3). In the following Theorem 5.1.3, we use these bounds to derive an input
gain v > 0 large enough to counteract the system dynamics. When applying the ZoH
controller (5.2) to the system the large enough gain guarantee that the norm of the auxiliary
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error signal e, (p(t), Xr(y — Yret) (t)) decreases at the sampling instants ¢;, if the error signal
is greater than or equal to the activation threshold ¢ € (0,1), see Step 2.b in the proof of
Theorem 5.1.3. Based on bound on the system dynamics and the maximal control value
applied to the system, we compute a uniform bound on the sampling time v = |P| required
to avoid overshooting of the error signal between two sampling instants.

Theorem 5.1.3. Given a reference yref € W (R>0, R™) and a funnel function ¢ € G,
consider the system (5.1) with (f,g,T) € M". Assume that the initial trajectory
Y0 € CTL([0,t0], R™) satisfies xr(y° — yref) (to) € EL(0(t0)), i.e. the error variables in (3.3)
satisfy |lex(¢(to), Xr(¥° — Yret) (t0))|| < 1 for all k = 1,...,7. With the constants given
in (3.5) and in Lemma 5.1.2, set
. f 2 max (r) =
= 2] e+ el (7 i)+

and choose the input gain
2I€0

g™ infs>0 ¢(s)
Further, for an activation threshold v € (0,1), define the constant k1 = ko + ||| o “g™**
and let P be a partition of the interval [to, 00) for which the maximal sampling time ¢ :== |P)|

fulfils

v >

1_
0<r§min{”g, L}. (5.4)
/11 RO

Then, the ZoH controller (5.2) applied to a system (5.1) yields

ler(e(8), xr (Y — gree) (1)) ]| <1

forallk = 1,...;r — 1 and |le,(t)|| < 1 for all t > tg. This is initial and recursive
feasibility of the ZoH control law (5.2). In particular, the tracking error e ‘= y — Yot
satisfies |le(t)|| < 1/(t) for all t > to.

Proof. The proof consists of two main steps. In the first step, we establish the existence of
a solution of the initial value problem (5.1), (5.2). In the second step, we show feasibility
of the proposed control law, i.e. all error variables ex(p(t), Xr(y — yref)(t)), K =1,...,7
are bounded by one. Thus, the tracking error evolves within the funnel boundaries given
by . In the following, we use the shorthand notation e (t) = ex(p(t), Xr(y — Yret) (t))-
Step 1: The application of the control signal (5.2) to system (5.1) leads to an initial value
problem. If this problem is considered on the interval [¢o,t], then there exists a unique
maximal solution on [tg,w) with w € (o, t]. If all error variables ey (t) evolve within the set
B for all t € [tg,w), then ||x,(y)(-)|| is bounded on the interval [tp,w) and, as a consequence
of the BIBO condition of the operator, T(-) is bounded as well. Then w = ¢, cf. [192, § 10,
Thm. XX] and there is nothing else to show. Seeking a contradiction, assume the existence
of t € [to,w) such that ||ex(t)|| > 1 for at least one k = 1,...,r. Invoking Lemma 3.2.1, it
remains only to show that the last error variable e, satisfies |le,(¢)|| < 1 for all ¢ € [ty,w).
Before doing so, record the following observation. For n,_1(t) = y(|le,—1()||*)e,—1(t) and
z(+) = T(x(y))(:), we calculate

ér(t) — p(D)g(z(1)ult) = @()el" V(1) + (e (#) + -1 (1) — (t)g(2(1))u
= S()E?(fh(t) — N1 () + i1 (1) + (D) (F(2() =yl () = I (2).
(5.5)
Step 2: We show |le,(t)|| < 1 for all t € [tp,w). We separately investigate the two cases
lea(to)]l < ¢ and fle,(to)]] > .

©

)

113



5.1. FUNNEL CONTROL WITH ZERO-ORDER-HOLD

Step 2.a: Consider ||er(to)|| < ¢. In this case, the constant control signal u(t) = uzen(t) = 0
is applied to the system. Seeking a contradiction, we suppose that there exists a time
instant ¢* == inf {t € (to,w) |||e;(¢)|| > 1}. For the function J(-) introduced in (5.5), we
observe || ¢+)lloc < Ko according to Lemmata 3.2.1 and 5.1.2. Then, we calculate

L= fle- ()]l < H6r<to)!+/t lex(s)llds

= Jlex(to)l] + / 17(s)]ds

to
o
< |lex(to)]] —|—/ rods <t + Kow < 1,

to
where t* <w <t < (1 —t)/ko was used. This contradicts the definition of ¢*.
Step 2.b: Consider |le,(to)|| > ¢. In this case, u(t) = uzon(t) = —ve.(ty)/| e, (to)||? is
applied to the system. We show again |le,(t)|] < 1 for all ¢t € [tp,w). To this end,
seeking a contradiction, we suppose the existence of t* = inf {(¢o,w) |||e-(¢)|| > 1}. For
the function J(-), we observe | J]i, ) |lc < ko according to Lemmata 3.2.1 and 5.1.2.
Moreover, ||éy|f, |l < &1 due to equation (5.5) and the bound ||uzenl|,, < 7. Invoking
the initial conditions and continuity of the involved functions, and (5. r) we calculate
for ¢ € [to, t*]:

e (]2 = (er(8), b (1)) = <er<to> v t ér<s>ds,er<t>>

0

< ler (Eo) 11T @)1 + wllérl g 112 + @ (t) {ex(to), (= (t) Juzon (1))

= llex (ko) IIT (B + wllérjo,ex 12 — oty icrliof gD o)

< fler(to)llwo + lérl e 2 = inf o(5)gimin

< ko + CUH% — sigtf ©(8) GminV
20}
< 2k0 — inf ©(8)gminv < 0.
s>to

Here, the second line holds true due to t* < w < ¢, the penultimate line via the definition
of v, and the last line by definition of v. In particular, this yields 3 |le,(¢)]i=¢]|* < 0,
by which t* > t;. Therefore, we find the contradiction 1 = ||e,(t*)||? < |e.(to)]|* < 1.
Repeated application of the arguments in Steps 1 and 2 on the interval [t;,t; + ], i € N,
yields recursive feasibility. O

The maximal sampling time v in (5.4) strongly depends on the evolution of the funnel
function and on the reference y,... This gives the possibility of dynamically adapting the
sampling time, e.g. in the case of setpoint transition, where the reference is constant y?ef
in the first period and constant y}ef #+ y?ef in the last period. At the setpoints the sampling
time can be larger than during the transition.

The parameter ¢ € (0,1) in (5.2) is an “activation threshold” to set the control input to
zero for small tracking errors, akin to the idea of using funnel control with an activation
function as discussed in Section 3.2.1, the A-tracker [92], or more broadly event- and self-
triggered controller designs, see e.g. [36] and references therein. The activation threshold ¢
is chosen by the designer and divides the funnel for the tracking error in a safe and a
safety critical region. A large value of ¢+ implies that the controller will be inactive for a
wide range of values of the last error variable, which, in case of relative degree one, means
inactivity for a wide range of the tracking error, while still guaranteeing transient accuracy.

Applying a zero-input to the system (5.1) while the tracking error is within the safe
region is mainly done for mathematical reasons as it simplifies the proof of Theorem 5.1.3.
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In many situations it might be beneficial to apply different bounded control signal instead.
One potential strategy is to simply hold the input, i.e. to apply the control value w(t;—1)
of the last sampling period. As pointed out in [166], neither of these two strategies is
consistently superior to the other. However, more sophisticated strategies may choose the
control value according to some data informativity framework [186] and can outperform
the controller (5.2). In the following Section 5.1.1, we give a short outlook on how such
data-driven approaches can be safeguarded by the proposed controller (5.2).

An explicit bound on the control input can be computed in advance, since ||ul|o < v/t
This bound depends on the system parameters derived in Lemma 5.1.2. However, precise
knowledge about the functions f, g and the operator T is not necessary. Mere (conservative)
estimates on the bounds f™#, ¢™a% and ¢™" in Lemma 5.1.2 are sufficient to guarantee
the functioning of the ZoH controller (5.2).

The controller (5.2) only requires for its functioning measurement data of the system’s
output and its derivatives at discrete time instants ¢;. It therefore overcomes the funnel
controller’s requirement of the availability of continuous output signal. However, the
reliance of the controller (5.2) on the derivatives of the system’s output can still be
problematic in application as those signals are very sensitive to noise and might require
the usage of numerical differentiation algorithms. For systems of order » = 2 the control
approach (5.2) was adapted in [120] to overcome this issue and to only rely on the output
signal at discrete time instants but not on its derivatives. However, a generalisation to
higher-order systems is still outstanding.

5.1.1 Safeguarded data-based control

Dividing the funnel for the tracking error in a safe and a safety critical region opens up
the possibility for the controller (5.2) to act as a safety filter for data-driven approaches
and (online) learning techniques, which have gained a lot of popularity recently. These
techniques, despite their superior performance, often lack rigorous constraint satisfaction,
which is especially important in safety-critical applications like medical devices and human-
robot interaction, see e.g. [10]. We also refer to [13] and [184] for an overview of the
challenges employing learning-based approaches to safety-critical systems; and for challenges
and recent results in the field of continual learning, we refer to the two comprehensive
surveys [174, 193].

To address the challenge of ensuring constraint satisfaction while leveraging the benefits
of learning-based control, the field of safe learning has gained prominence and several
safety frameworks have been proposed [71, 8], employing various approaches like control
barrier functions [I1], Hamilton-Jacobi reachability analysis [20, 57], Model Predictive
Control (MPC) [18], and Lyapunov stability [150]. Predictive safety filters, as exemplified
in [189, |, verify control input signals against a model to ensure compliance with
prescribed constraints. Similar ideas are also used in the learning-based robust funnel
MPC Algorithm 4.1.6 from Chapter 4 as the funnel controller compensates for the model
inaccuracies of the model based controller component. The model-free controller component
serves as a safety filter for the learning component which updates (or even replaces) the
model at runtime while being employed in the funnel MPC algorithm. In [76] the funnel con-
troller from [30] in combination with an activation function as presented in Section 3.2.1 was
used in a comparable manner as a safety filter for a model-free Reinforcement Learning (RL)
control algorithm, namely the Proximal Policy Optimisation (PPO) algorithm from [169].
In a similar manner, the funnel controller was utilised to ensure safety guarantees for
Koopman operator-based MPC scheme in [12].

To utilise the controller (5.2) as a safety filter, the idea is to apply a data-driven control
algorithm to the system (5.1) and temporarily interrupt its learning and control process
when the activation threshold is surpassed, resorting to the pure feedback control with
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ZoH, see Figure 5.1. The combination of a data-driven control algorithm with the ZoH

Yy Yref
“ M System (5.1) O+ -
€ =Y — Yref,
uzom from (5.2) ; ler(te)ll > ¢ e as in (3.3)
(safety critical region)

Learning-based control |, ler (i)l <t
(safe region) X

Figure 5.1: Schematic structure of the combined controller (5.6).
feedback control (5.2) can be formulated in the following switched control strategy.

atal(t), ~E)| <,
Vt € [ty ti1) s u(t) = { “dei(ti)) ller (o)l <t

(5.6)
Vet ller(ts)]

Since the calculations in the proof of Theorem 5.1.3 involve worst case estimates, the
application of u(t) # 0 for t € [t;,t; +¢), if |le,(¢;)]| < ¢ requires adaption of the sampling
time t. The following Theorem 5.1.4 formalises this observation.

Theorem 5.1.4. Given a reference yres € W (R0, R™) and a function ¢ € G, consider
a system (5.1) with (f,g,T) € My'". Assume the initial trajectory y° € C"1([0,to], R™)
satisfies Xr(y° — yret) (to) € EL(p(t0)). Let the constants on the system dynamics be given
as in Lemma 5.1.2, and, for an activation threshold v € (0,1), ko, k1 and v be given as in
Theorem 5.1.5. Further, for umax > 0, let P be a partition of the interval [tg, 00) for which

the maximal sampling time v == |P| satisfies

1
O<t§min{ﬁg, ‘ }

ki Ko+ ”(p”oogmaxumax

If ||udatall oo < Umax, then the combined controller (5.6) applied to a system (5.1) yields

Hek(gp(t)v Xr(y - yref)(t))H <1

forallk = 1,....,7r — 1 and |le,(t)|| < 1 for all t > tg. This is initial and recursive
feasibility of the ZoH control law (5.6). In particular, the tracking error e ‘= y — Yref
satisfies |le(t)|| < 1/p(t) for all t > to.

Proof. By adapting the sampling time v the statement follows with the same proof as
for Theorem 5.1.3. O

Remark 5.1.5. The control schemes applied when ||e,(¢;)|| < ¢ is not required to achieve
any tracking guarantees. The only requirement is that the control signal uga¢, satisfies
|tdatalloo < Umax fOr given umax > 0. In particular, this means that any controller
(predictive, or learning-based, or model inversion-based, or locally stabilising) applied in
the safe region given it satisfies the input constraints defined by uyax. Moreover, a control
scheme applied in the safe region is not even supposed to be suitable for the system to be
controlled. This means that it is possible to apply, for example, controllers designed for
discrete-time systems to the continuous-time system to be controlled. Maintenance of the

tracking behaviour is still ensured by Theorem 5.1.4. °
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The versatility of the proposed framework (5.6) has been demonstrated in [3, ]
through its application to prominent data-driven predictive control schemes, specifically
data-driven model predictive control and Reinforcement Learning (RL). The data-driven
MPC scheme presented therein builds on Willems et al.’s so-called fundamental lemma [195],
which enables a non-parametric description of the system’s input-output behaviour from
measurement data, see also [0, | and the references therein. This combined control
approach elevates standard MPC to a data-enabled predictive control scheme, cf. [26, (1].
In [8], @-learning — first developed [194] and now a cornerstone of RL supporting many
derivative algorithms [100] — illustrates how the controller (5.2) combines with model-free
RL techniques. This integration both safeguards the learning process and enhances the
control signal via the strategy (5.6). Although Theorem 5.1.4 requires a shorter sampling
period to ensure compliance with the control objective, the two-component data-driven
controller (5.6) outperformed the pure feedback controller (5.2) in both cases.

5.1.2 Simulation

For the purpose of illustration, we revisit the mass-on-car system [172] from Section 2.5.2,
and compare the ZoH controller (5.2) with the funnel controller presented in [30]. Given
the parameters my = 1, mg = 2, spring constant k£ = 1, damping d = 1, and angle ¢ = /4,
the system takes the form

§(t) = Ray(t) + Ray(t) + Sn(t) + Tu(t)
n(t) = @n(t) + Py(1),
with initial conditions [y(0), 7(0)] = [y3,4?] € R? and 7(0) = n° € R? for

1 -2 1 0 1 1
Ri=0, Ry=7, 5_7[1 1], r= Q_[_l _J, P_\@M.

(2.49 revisited)

We simulate output reference tracking of the signal y.ef(t) = 0.4sin(5t) for ¢ € [0,1],
transporting the mass mo on the car from position 0 to 0.4 within chosen error boundaries
of £0.15. We choose the activation threshold ¢ = 0.75. With these parameters a brief
calculation (using the variation of constants formula for the internal dynamics) yields
fmax < 1.4, gMax = gMin — (.25 and hence, the sampling time t < 3.2- 1072, and the input
gain v > 27.78, which guarantee success of the tracking task according to Theorem 5.1.3.
Choosing the smallest v, this already results in ||uzom|lco < v/t < 37.04. We start with a
small initial tracking error of y(0) = —0.0925, and ¢(0) = cf(0). The simulation of the
controller (5.2) in comparison to the continuous-time funnel controller [30] is displayed
in Figure 5.2. The corresponding signals of the continuous-time funnel controller have
the subscript FC, i.e. ypc and upc. Since simulating the ZoH controller (5.2) is by
chance also successful for t = 2.0 - 1072 and v = 4 — beyond the theoretical bounds
derived in Theorem 5.1.3 — the corresponding signals are also displayed and have a
circumflex, i.e. Jzop and ugzeg. Figure 5.2b shows the system’s output alongside the
reference trajectory within the error tolerance bounds. Note that although the control
input is discontinuous for the control law (5.2), the output signal remains continuous
due to integration. The corresponding input signals are shown in Figure 5.2a. The three
considered controllers achieve the tracking task. The ZoH input consists of separated
pulses for two primary reasons. First, the control law (5.2) uses (undirected) worst-case
estimates g g™m® and ™ to compute the input signal. Hence, the control signal is
at many time instants unnecessary large; however, it is ensured that the control signal
always sufficiently large. Second, (5.2) includes the activation threshold ¢, rendering the
controller is inactive when the tracking error is small. If the tracking error exceeds this
threshold at a sampling instant, the applied input is sufficiently large (due to the worst

min
)
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—

05 -7 _UZoH(t)
e _ ﬁZOH (t)
—UFC (t)
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—yrc(t)
e - - Yret(t) £ 0.15
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(a) Outputs and reference, with error boundary. (b) Control inputs.

Figure 5.2: Simulation of system (2.49) under the control of the zero-order-hold control
law (5.2) and the funnel controller [30].

case estimations) to force the error back below the threshold by the next sampling instant.
Thus, at this time instant the input is determined to be zero. Consequently, the worst-case
estimations combined with the ZoH implementation inevitably produce a peaky control
signal. The control signal uz.p (green) is also peaky, but exhibits smaller magnitude (due
to smaller v) and larger pulse width (due to larger t). Overall, Gyoy is comparable to
upc. The successful simulation with these parameters suggests potential for finding better
estimates of sufficient control parameters v, t in future work. The control performance
could also be enhanced using the extension discussed in Section 5.1.1. Note that the
control signal upc also has a large initial peak, with ||upc||c =~ 100. For the simulation,
we used MATLAB. The corresponding source code can be found on GITHUB under the
link https://github.com/ddennstaedt/FMPC_Simulation. For the integration of the
dynamics, the routine ode15s with AbsTol = RelTol = 10~% and adaptive step size was
utilised. To simulate the system behaviour under control of the funnel controller [30],
ode15s produces a maximal step size of ~ 3.99-10~2 and a minimal step size of ~ 1.21-1076.
Thus, the largest step is about twelve times larger than t, and the smallest time step is
about 4000 times smaller than t. Due to the worst case estimates used in the proof of
Theorem 5.1.3 to derive the bounds for v, the proposed framework (5.6) requires a higher
sampling rate than the funnel controller upc during most of the time. However, there are
currently no results regarding an upper limit for the sampling rate of upc. Especially for
unfavourable initial values, it can become arbitrarily large.

5.2 Sampled-data funnel MPC

In this section, we adapt the funnel MPC Algorithm 2.4.1 — designed to achieve the control
objective outlined in Section 1.1.1 — to operate under sampled-data constraints. Unlike the
prior learning-based and robust funnel MPC formulations explored in Chapters 2 to 4, the
space of admissible controls is now restricted to step functions, where the control signal
may only change finitely often between two sampling instants.

Sampling can have a profound impact on both the stability and performance of both
linear and non-linear model predictive control schemes, as analysed in [199]. Consequently, a
variety of sampled-data MPC schemes for continuous-time systems have been developed [72,

]. Notably, [206] derives discrete-time model approximations for continuous-time
systems, whose solution error scales with the sampling time. Complementary approaches
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like event-triggered MPC [47] further optimise digital implementations by updating control
actions only when necessary, reducing computational overhead without sacrificing stability.

In contrast to these existing frameworks, we reformulate the funnel MPC Algorithm 2.4.1
as a sampled-data scheme building on the ZoH-funnel controller framework developed
in Section 5.1. By constraining controls to step functions, we propose the following
modification of the funnel MPC Algorithm 2.4.1.

Algorithm 5.2.1 (Sampled-data funnel MPC).

Given: Model (2.4) with initial time to € R>o and initial value y$; € C"71([0, 0], R™),
reference signal y € W™ (R>0, R™), signal memory length 7 > 0, a set of funnel
boundary function ¥ = (¢1,...,1,) € 4 with corresponding parameters k; for i = 1,...,r,
input saturation level upyax > 0, a maximal step length v > 0, funnel stage cost function £y, ,
and a T-initialisation strategy x as in Definition 2.3.17.

Set the time shift § > 0, the prediction horizon T > 4, index k = 0, and 2%; == x,- ()
Choose a partition P = (¢;);en, of the interval [tp, 00) with |P| < v and which contains
(to +10);eN, as a subsequence.

Define the time sequence (fk)ke]NU by t = to + k.

Steps:

(a) Select initial model state Xy := x(3%;) € H%J(fk) at current time #;, based on fy;.

(b) Compute a solution upnpc ik € Tp ([, tr + T, R™) of

ik-‘rT R
minimise / Cu (5, €0 (a1 (53 B X 1) — X (gner) () u())ds. (5.7
uGT'[ﬂ([ﬁk,té-i-T],Rm), fk

(¢) Apply the control law
s [tk Ergn) x T o (BR) = R™, p(t, 251) = upmpc k() (5.8)

to model (5.1) with initial time and data (¢, X;) and obtain, on the interval

Ié’““"r = [tg+1 — T, te+1) N[0, 5+1] @ measurement of the model’s output and its
derivatives :%ﬁrl = xm(; tr, Xk, uFMPC’k)\It,CH,T. Increment & by 1 and go to Step (a).

to
A
Remark 5.2.2. Note that while the time shift 4 > 0 is an upper bound for the step
length v > 0 of the control signals, § is allowed to be larger than vt under the condition
that the partition P contains (tg + id);ci, as a subsequence. In this case, several control
signals are applied to the system between two steps of the MPC Algorithm 5.2.1. This can
also be interpreted as a multi-step MPC scheme, cf. [199]. o

Theorem 5.2.3. Consider model (5.1) with (fu, gm, Tm) € N" with indtial trajectory
Y € CT7H([0,t0], R™). Let yror € W™ (R0, R™) and ¥ = (¢Y1,...,%,) € G be given.
Further, let 7 > 0 be greater than or equal to the memory limit of operator Ty and
K Uis g R(IGT,R™) — Usst, R(IGT,R™) x L2 (17, RY) be an T-initialisation strategy

loc\*tg
as in Definition 2.3.17. Then, there exists umax > 0 and a mazimal step length v > 0 such
that the sampled-data funnel MPC Algorithm 5.2.1 with 6 > 0, T > 0, and a partition P

of the interval [to, 00) with |P| < v is initially and recursively feasible, i.e.

e the OCP (5.7) has a solution upmpc € Tp([tk, tx + T],R™) at every time instant
iy, = to + 0k for k € INg, and

e the model (5.1) with applied funnel MPC feedback (5.8) has a concatenated solution
xym : [0,00) = R™ in the sense of Definition 2.4.2.
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The corresponding input is given by
upmpc(t) = urnpc k (1),

forte [fk,fk+1) and k € Ng. FEach global solution x\ with corresponding output yn and
input upppc Satisfies:

(i) the control input is bounded by Umax, i.e.
Vit > o : ”uFMPC(t)H < Umax,

(ii) the tracking error between the model output and the reference evolves within prescribed
boundaries, i.e.

Vi=to:  llym(t) = vrer()] < 1h1(2).

To prove Theorem 5.2.3, we reformulate certain results from Chapter 2 adapted to the
changed setting. Most importantly, one has to show that there exists a step function u
that, if applied to the model (2.4) at time £, ensures that zn(t) — xr(yret) (t) evolves within
DY for all t over the next time interval of length 7' > 0. For a step function with partition
‘P to achieve this objective it has to be an element of

A~

U sy (tmax ) = Tp([E 1+ T R™) N U gy (s X). (5.9)

Theorem 2.3.21 shows that there exists a bound umax > 0 on the control input such

that the set Z/{[f i+ (Umax, X) is non-empty. To prove that there exists a step function

u € Tp([t,t + T],R™) with a uniform minimal step length v > 0 that is an element of
u[i,i wy (Umaxs %), we utilise ideas from Theorem 5.1.3. The difficulty lies in the usage of
different auxiliary error variables. Theorem 5.1.3 shows that there exists a piece-wise
constant control ensuring the evolution of X, (y — yret)(t) within the set &' (¢(t)) for all
t > ty. To be used in the discrete funnel MPC Algorithm 5.2.1, this result has to be also
verified utilising the error signals &; as in (2.15) (the set £!(¢(t)) is defined in terms of the
error variables e; in (3.3)).

Lemma 5.2.4. Consider model (5.1) with (fu, gv, Tn) € N, Let 7 > 0 be greater
than or equal to the memory limit of operator Tni. Further, let ypef € W{’"’OO(IRZO,]R””‘) and
U € 9. Then, there exists umax > 0 and v > 0 such that, fort >ty, X € Zﬁléﬁ(f), T >0,
and every partition P of the interval [t,t 4+ T with |P| < t, we have
U iy (i, X) 7 0.
Proof. To prove the existence of a step function achieving the control objective, we combine
the ideas from Theorem 5.1.3 and Lemma 2.3.20 in the following.
Step 1: We define umax > 0 and t. As in the proof of Theorem 2.3.21, define, for
i=1,...,r—land j=0,...,r—i—1,
. j+1 . j j

W= illos s 1T = g + ki
where k; > 0 are the to ¥ associated constants, which are also used to define the error
variables & as in (2.15). Utilising the constants fii®%, g8 and ¢ from Lemma 2.3.20,
define

y)

r—1
. 1 —7 h
o= [ (A8 ot + D ks
=1

and choose an input gain
2k0 infs>y, 1/}7"(3)
> min '

IM
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With k1 := ko + 2 H b H gy v, we define the constants

1
t = min { ro } and  Umax == 20.
2/430

All parameters are chosen in a similar fashion as in Theorem 5.1.3.

Step 2: Let T > 0, t > to, and (&, TM) =X¢ 3218’7(7?) be arbitrary but fixed. Further, let
P = (t;)ien, be a partition of the interval [f,00) with |P| < t. Note that by P is also a
partition of the interval [£, £+ by being a partition of the interval [£, 00), see Definition 5.0.1.
We construct a control step function v and show that u € U[t P47 (Umaxs %) To this end,

for some u € L ([f,00), R™), we use the shorthand notation zy(t) = 2y (t; 4, X, u) and
&i(t) =& (xm(t) — Xr(Yrer)(t)) for i = 1,...,r. The application of the ZoH feedback control

57'(751')
(i

(t:)
&r(ti)
r (i)

7

0, ‘

1
<3

uzon(t) = (5.10)

o e(t)E(t)
Ve @l ’

to the system (5.1) leads to a closed-loop system. If this initial value problem is considered
on the interval [£, + T] with initial conditions (£, %) as in (2.11), then an application
of Proposition 2.2.8 yields the existence of a maximal solution zy; : [0,w) — R™ in the
sense of Definition 2.2.6. If z); is bounded, then w = oo, see Proposition 2.2.8 (iii). In this
case, the solution exists on [0, + 7T7.

‘ i’;((?) < 1 for all ¢t € [t;, tit1].

gr(ti)
Seeking a contradiction, suppose that there exists a maximal ¢ € INg such that we have

'l/J'r(ti)
‘ & (t) H <lforallte [t t;] and ’ &(t) H > 1 for some t € (t;,t;+1). Then, there exists

o inf{t e (i, tis1) ) Hj—%” > 1}.

We have

H < 1 by the assumption zp1(£) — X (yrer) () € Dtg’, see also Remark 2.3.16.
This yields HWH < 1 for all t € [t,t*). This implies, according to Proposition 2.3.11,
oy (t) — xr(yeer) (t) € DY for all t € [E,t*), ie. [|&(t)|| < i(t) for all i = 1,...,r. Thus,
1&(#)]] < p? for all i = 1,...,7. Invoking boundedness of yﬁezc, i =20,...,r, and the
relation in (2.30), we may infer that z\ is bounded on [t,t*]. Hence, w > t*. Since
(2w, Tm) = X € 3% (1), there exists a function ¢ € y;/ such that (|, 30,4 = &m and
(Ol —r g,y = Ty Moreover, the function y fulfils am(t)|;_; jnpg = v and
Tym(@M)i—r g1, = T because xy satisfies the initial conditions (2.11). Define the
function ¢ € R(R>o, R"™) by

{xM(t), t e [t,t)
C(t)v te ]RZO\[{: t*)'

Then, ¢ is an element of V¥ for all s € [£,t*) because ¢ € y@ and v (t)— X7 (yret ) (t) € DY for
all t € [{,t*). Hence, we have HfM (Twm(¢ H S and HgM T (C)( ))_1H < gy e

for all t € [£,t*) according to Lemma 2.3.20. Since 7 > 0 is greater than or equal to the
memory limit of operator Ty, we have

T (zm)(t) = T ({)(t)
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for all ¢ € [£, 7). Thus, | fu(Ty(an)(#)I < AF™ and [[gu(Taran) () 7| < gy ™™ for
all t € [£,t*). Using (2.18) and the definition of ui, it follows that

Vit e [t t*):

§§j+1 H _

f+1() ki) )HSM?;#%MZ—MH

inductively for alli =1,...,r—1and j =0,...,r —i— 1. Utilising again (2.18), it follows
by induction that

&ty =€ +Zk¢”“ =0

Omitting the dependency on t, we calculate for ¢ € [t,t*):

d fr éﬂbr _gﬂbr . i (r) = e(r=7) wr
T B (51 2k %)

(5.11)
1

T O

(fM(TM(xM)) + gm(Tym(zem))u — yref + Zk §(T 7) Zr) '

'Er (tZ)
r(ts)

2 v (t:)
’ < i By deﬁmtlon (5.

tz)

>3 L separately.

’ <3

We now consider the two cases ‘

Step 3.a: We consider Hi:((z))

10), we have uzon(t) = 0 for all

t € [t;, t*). With (5.11), we have H(dii—) H < ko for t € [t,t*). Thus, we calculate

t*
d ¢
=[] (3€)o)
where t* < t < g o was used. Thls contradicts the definition of ¢*.

Step 3.b: We cons1der ‘
t € [t;,t*). With (5.11), we have H(ii) )

'ET (tz)
r (tl)

= \

/ nods<%+/{0t§1,

. Therefore, we have ugzon(t) = —VW for all

'r

< 1 for all t € [t,t*). Moreover, for

the expression J(t) = <%%) (t) — WQM(TM(xM)(t))u(t), we have ||J(t)[| < o for all

t € [t,t*). Thus, we calculate

o) <i’“ii§a(ii:)<t>>
i)

= (S [ () e () )
=<ii(fi’(iii> D (G e (55 o)

d1
dt 2

722"

3

—~
<+

1)
: <i((i))‘](t) o ®? (TM(xM)(t))U(t)>+(t—ti) jti: ;
<T@l + iii)) wrl(t)gM(TM(xM)(t))u(t)> fo
{4 i )
<20~ 575 ||&“(<1)>|2< (< )> gn(Tna(2n)(2) i(é>)>
< 260 — mgﬁm <0.
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&r

In particular, this yields (5‘; ’

2
) (t;) < 0, by which t* > t;. Therefore, we find the

< 1.

<&

contradiction wr

Step 4: As X € ﬁgﬁ(f), we have

w—(?)H < 1, see Remark 2.3.16. By induction, Step 3

yields ‘ :((t))‘ < 1 for all t € [f,w). This implies, according to Proposition 2.3.11,
oM (t) — Xr(yret) (1) € DY for all t € [t,w), ie. |&(1)] < ¥i(t) for all i = 1,...,r. In-
voking boundedness of yﬁz)f, i=0,...,r, and the relation in (2.30), we may infer that xy is

bounded on [f,w). Thus, w = co. Also note that the ZoH feedback control uzey in (5.10)
fulfils ||uzon ||, < tmax- Since the partition P is also a partition of the interval [¢,f + T7,
we have uy,g € U[t e (Umaxs %) This completes the proof. O

To prove the functioning of the discrete funnel MPC Algorithm 5.2.1, we further have to
show that the optimisation problem (5.7) has a solution. To this end, we recall, for T > 0,
i>t, and X € 3%77(5) with 7 > 0 being greater than or equal to the memory limit of
operator Ty, the definition of cost functional J¥ (-, X) : L=([f,f + T], R™) — R U {oc}
given by

L T o
JF (w1, %) = /t Cy,, (8,6 (xm(s5t, X, 1) — X (Yref) (), u(s))ds. (2.33 revisited)

We prove that J¥(-;#,%), when restricted to the set L{F;Hﬂ (Umax, X) as in (5.9) has a

minimum by adapting Theorem 2.3.26 to the changed setting.

Lemma 5.2.5. Consider model (5.1) with (fu, gm, Tnm) € M " with reference trajectory
Yret € WH(R>0,R™). Let ¥ € & and T > 0 be greater than or equal to the memory limit
of operator Tyr. Further, let t > to, (Zu, TM) =Xe 3%77(1?), T >0, umax > 0, and P be
a partition of the interval [, + T) such that UY,  (umax, X) # 0. Then, there exists a

[£,i+T]
function u* € Z/l[t t+T}(UmaX’ X) such that
JE (%) = min  JF(u;,X) = min JE (u, %).
ueu[?,waT] (uma)ux) UETP([t7t+T]’]R*m)7

l[ll oo Sumax

Proof. We adapt the proof of Theorem 2.3.26. Since Z/l[t e (Umaxs %) C L{[i,ngT] (Umax, i),
the set u[i,i wy (Umax, X) is non-empty by assumption. By Theorem 2.3.26, there exists

a control u € Uz ;) (Umax, X) minimising the functional Jy (u;#,%). Thus, the infimum

. AN
J* = inf %) J¥ (u;t, X) exists as well. Let (ug)gen, € <Z/l7?A }(umax,%)) ’

EUP ('Uzma:n [tﬂf-‘rT

[£,£+T]
be a minimising sequence, meaning J%’(u; t, .’%) — J*. As P = (tx)ren, is a partition
of the interval [f,# + T], we have tg = t and there exists a minimal N € INy with
tp, >t + T for all n > N. Define wik = ug(t;) fori =0,...,N. For every i =0,..., N,
(Uzk)kelNo is a sequence in R™ with ||u; || < umax for all k € IN. Thus, it has a limit
point uy € R™. The function v* defined by u ][t“tlﬂ )i+ = U is an element of

Tp([t,  + T), R™) with ||u*|| < tumax. Up to subsequence, uy, converges uniformly to u*. We
define (zg) == (xM(, ix, uk)) € R([0,f + T],R™)N as the sequence of associated responses.

Repeating Steps 2 and 3 of the proof of Theorem 2.3.26, the sequence () has a subsequence
(Which we do not relabel) that uniformly converges to 2* = (-3, X, u*). It remains to show

that u* € L{[?HT] (Umax, X), J* = JF (u*;1,X), and that JF (u*;f,X) = mmueu[ft”] (e )

These statements follow along the lines of Steps 5—7 of the proof of Theorem 2.3.26. [
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We are now in the position to summarise our results in the proof of Theorem 5.2.3.

Proof of Theorem 5.2.3. Using the results of Lemmata 5.2.4 and 5.2.5 proving Theorem 5.2.3
is a straightforward adaptation of the proof of Theorem 2.4.3 to the changed context. [

5.2.1 Simulation

To illustrate the theoretical results by a numerical example, we consider a torsional oscillator
with two flywheels, which are connected by a rod, see Figure 5.3. Such a system can be
interpreted as a simple model of a driving train, cf. [(4]. The equations of motion for the

Figure 5.3: Torsional oscillator. The figure is based on [(4, Fig. 2.7], edited to the case of
two flywheels for the present purpose.

torsional oscillator are given by

Il 0 21(t) o —d d ,7;’1 (t) —k k Al (t) 1

[o IJ [ég(t) “la —d |0 TLre —k| 0] o] “®
where for ¢ = 1,2 (the index 1 refers to the lower flywheel) z; is the rotational position
of the flywheel, I; > 0 is the inertia, d, k > 0 are damping and torsional-spring constant,
respectively. We aim to control the oscillator such that the lower flywheel follows a given
velocity profile. Hence, we choose y(t) = Z1(t) as the output. To remove the rigid-body

motion from the dynamics, we introduce Z := z; — zo. With this new variable, setting
x = [, 21, 29| the dynamics can be written as

where
. 0 1 -1 . 0 1 0 0
A= |-k —-d d|, B= |1}, M=10 I, 0],
k d —d 0 0 0 I
A=M"A, B=M"'B, C:=[0 1 0].
Using standard techniques, see e.g. [91] and also Example 2.2.3, the reduced dynamics of

the torsional oscillator can then be written in Byrnes-Isidori form (2.6)

Ry(t) + Sn(t) + Tu(?),
n(t) = Qn(t) + Py(t),

Nafl
—~
~
~
I

(5.12)

where 7 is the internal state, and

—d 1
=—, §=— =— P== :
R=Tos=plk 4o | B =2
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Note that @) is a stable matrix, i.e. its eigenvalues are on the left half plane. Thus, the
internal dynamics are bounded-input bounded-state stable. The high-gain matrix is given
by I' :== CB = 1/I; > 0. For the purpose of simulation, we choose the reference

250 I LT
yref(t) = 7 <1+\/%/0 e é( 3)2d8>,

which is a modified version of the error function (ERF) and represents a smooth transition
from zero rotation to an (approximately) constant angular velocity of 250 rotations per unit
time. Thus, ||yretllco < 250, ||9retlloo = 250/+v/27. Inserting the dimensionless parameters
I; =0.136, I, = 0.12, £ = 0.1, and d = 0.16, and invoking the reference .t and the constant
error tolerance 1) = 25 (we allow a deviation of 10%), we may derive worst case bounds on
the system dynamics by estimating the explicit solution of the linear equations (5.12). We
compute these bounds in order to estimate a sufficiently large umax > 0 as in the proof of
Lemma 5.2.4. For the sake of simplicity, we will assume 7(0) = 0, which does not cause

loss of generality. For ||y|lco < ||Yret||oo + %, We estimate

M
vE=0: [In@)] < ;HPH(HyrefHOO + ),

where M := /| K-1||| K| and p := 1/(2||K]|), and K € R?**? solves the Lyapunov
equation KQ + Q" K + I, = 0. Inserting the values, we find that the estimates for step
length of the control signal ¢ and maximal control provided in the proof of Lemma 5.2.4
are satisfied with v = 0.002, and umax = 267. We choose the time shift § = ¢, i.e. a
constant control is applied to the system between two iterations of the sampled-data funnel
MPC Algorithm 5.2.1. Further, the prediction horizon is set as T' = 10J. For the purpose
of simulation, we use the non-strict funnel penalty function

Hy - yref||2 + /\u||u”27 Hy - yref” < w(t)
o0, else,

é(t, Y, u) - {

with A, = 107!. The results are depicted in Figure 5.4. While Figure 5.4 displays the
system’s output evolving within the funnel boundary, Figure 5.4b shows the corresponding
control signals.

300 - s0r

___________ —umpc(t)
—tnpc(t)

N
S
3

20 -

>
E>
: }
E E
£ ’ £
H] —y(t) “
—9(t)

0 . — Yref (t)

- - Yret (t) £ (1) oF

0 2 . s s o 2 4 6 s

Time t Time t

(a) Outputs and reference, with error boundary. (b) Control inputs.

Figure 5.4: Simulation of system (5.12) under the control generated by Algorithm 5.2.1
with 6 =tv=10.002 and 6 =t =0.2.

We stress that the estimates for v and upayx in the proof of Lemma 5.2.4 are very
conservative. To demonstrate this aspect, we run a second simulation, where we chose
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0 =1t=0.2,T =1, and upmax = 30. The results of this simulation are labelled as ¢, u,
respectively. With this much larger uniform step length, the tracking objective can be
satisfied as well, cf. Figure 5.4. Note that the maximal applied control value is in both
cases much smaller than the (conservative) estimate upmax satisfying Lemma 5.2.4. These
simulations suggest that the bounds derived Lemma 5.2.4 leave room for improvement. As
before, all simulations have been performed with MATLAB using the CASADI1 framework.
The corresponding source code can be found on GITHUB under the link https://github.
com/ddennstaedt/FMPC_Simulation.
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6 Outlook

In this thesis, the concept of funnel model predictive control is presented, which integrates
ideas from the adaptive high-gain control technique funnel control in a model predictive
control scheme. Building upon the framework outlined in Chapter 2, three extensions are
subsequently introduced in Chapter 3 through 5. The following section summarises the
main results and provides a brief outlook on future research directions.

Funnel model predictive control represents a novel MPC approach to output tracking
for a class of non-linear multi-input multi-output systems governed by functional differential
equations. By combining the predictive capabilities of MPC with concepts of the adaptive
funnel control technique, this framework guarantees prescribed transient performance —
ensuring the tracking error remains within user-defined, time-varying boundaries for smooth
reference signals. Central to its efficacy are funnel penalty functions, which dynamically
penalise the error trajectory’s distance to the funnel boundaries eliminating the need
for conventional mechanisms such as terminal conditions, artificially extended prediction
horizons, or restrictive output constraints to ensure initial and recursive feasibility.

A critical assumption underpinning funnel MPC is the availability of sufficiently large
control values, quantified by umax > 0. While Theorem 2.3.21 establishes existence of such
a bound, its current formulation is inherently conservative and computationally intractable
— limiting practical applicability. Addressing this, future research should prioritise:

1. Refinement of estimates: Existing bounds on um.x > 0, derived as worst-case
guarantees independent of the prediction horizon T > 0, likely obscure potential
synergies between T' and the required control effort. A rigorous exploration of 1’s
role — particularly in balancing transient performance against input magnitude —
could yield tighter, horizon-dependent bounds.

2. Parametric sensitivity analysis: A systematic characterisation of how auxiliary
parameters (e.g. funnel shape, error variables ¢;, weighting parameters k;) influence
feasibility and performance would enhance design flexibility.

3. Fixed-input feasibility: Developing mechanisms to ensure recursive feasibility
under a priori fixed control limits umax > 0 remains a pivotal challenge for imple-
mentation.

4. Cost function simplification: Investigating whether the weighted sum of the
tracking error entr = ym — Yrof and its derivatives in the funnel penalty function for
higher order systems can be reduced to the sole error signal ey — while ensuring
initial and recursive feasibility provided T" > 0 is chosen large enough — would simplify
the algorithm’s complexity.

5. Generalisation of model class: The presented results hold for models with a
strict global relative degree. Since funnel control has been successfully generalised to
systems with vector relative degree [34, ], it is worth investigating a corresponding
generalisation of the funnel MPC framework.

6. Numerical implementation: The incompatibility of discontinuous funnel penal-
ties functions with standard optimisation frameworks (e.g. CASADI) needs to be
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addressed. Future work should explore the development of smooth approximations
or custom solvers tailored to funnel penalty functions in order to ensure fast nu-
merical convergence while adhering to funnel boundaries and maintaining feasibility
guarantees.

Beyond these technical refinements, broader questions remain unanswered. A comprehensive
benchmarking study comparing funnel MPC against classical MPC variants remains an
open research question. Furthermore, extending the developed principles to alternative
control objectives, such as safety-critical set invariance (e.g. confining states to prescribed
safe regions), presents fertile ground for further theoretical and applied investigations.
Robust funnel MPC synergises funnel MPC and model-free adaptive funnel control into
a two-component architecture. This hybrid scheme bridges the often-competing priorities of
optimality and robustness, achieving prescribed tracking performance even under structural
model-plant mismatches and unknown disturbances.

e Funnel MPC prioritises optimality by minimising a designer-specified cost functional
over receding horizons.

e Funnel control ensures robustness through adaptive disturbance rejection, activated
only when necessary.

Key to their compatibility is the strategic design of the funnel controller’s reference
signal and boundary, derived from the MPC’s predictions. This ensures the components
complement rather than conflict. Further refinement can be achieved via an activation
function, which sparsely engages the funnel controller to minimally perturb the optimal
MPC signal while rejecting disturbances.

The framework periodically updates the model with system measurements via proper
initialisation. While theoretically generalisable, this process remains cumbersome in
practice, prompting the question: Can initialisation be streamlined without compromising
robustness? Future research will focus on extracting criteria to find explicit and beneficial
proper initialisation strategies.

Further open challenges and future directions include:

1. Unified model-system classes: The model and system currently require distinct
classes of differential equation. While the model is assumed to have a control affine
representation, the function F' describing the system dynamics has the perturbation
high-gain property. A unification of these two classes would broaden applicability.

2. Explicit combined input bounds: While the MPC component’s control input is
bounded by umax > 0, the model-free funnel controller lacks explicit a-priori bounds.

Deriving a composite bound for the combined scheme is critical for safety-critical
applications.

3. Derivative-free operation: The funnel controller’s reliance on output derivat-
ives poses practical challenges with noisy measurements. Integrating a funnel pre-
compensator [38, | — to estimate derivatives or bypass their need — warrants
exploration.

4. Order flexibility: The proposed framework mandates matching relative degrees
for model and system. Relaxing this constraint could enable simplified models (e.g.
lower-order approximations) for complex systems.

Learning-based robust funnel MPC extends the robust funnel MPC framework by
integrating a versatile online learning architecture. This approach continuously refines the
surrogate model using historical data — system outputs, model predictions, and applied
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control signals — drawn from both the model-based funnel MPC and the model-free feedback
component. It ensures robust tracking within predefined (time-varying) performance
boundaries while accommodating:

e Varying model complexity, from simplified approximations to high-fidelity rep-
resentations.

e Continual improvement via iterative data assimilation.

e Methodological agnosticism, allowing integration of diverse learning paradigms.

By combining learning techniques with both model-based prediction and adaptive con-
trol, this framework bridges the gap between robustness and adaptability in uncertain
environments.

While the current formulation is abstract and theoretical, future research will address
critical open questions:

1. Learning scheme efficacy: What defines an effective learning scheme? How can
controller performance improvement be rigorously verified?

2. Technique compatibility: Which established methods — Willems’ fundamental
lemma, Koopman operator theory, or neural networks — can effectively be used to
leverage the collected data?

3. Feasibility guarantees: How can feasibility be rigorously proven for advanced
learning algorithms?

4. Prior knowledge integration: How should existing system knowledge inform the
learning architecture?

Sampled-data robust funnel MPC demonstrates how output tracking with prescribed
performance can be achieved while restricting admissible controls to piecewise constant
step functions. The key contribution is explicit uniform bounds on sampling rates and
maximal control effort for both the funnel MPC and model-free funnel controller. This
is an important step to bridge the gap between continuous-time theory and real-world
sampled-data implementations. For the funnel controller, we further showed that its
Zero-order-Hold implementation can serve as a safety filter for learning-based control
architectures. However, effective deployment requires addressing the reliance on noise-
sensitive output derivative measurements — a critical challenge for future work. While
foundational, the derived bounds remain highly conservative. Relaxing these estimates
is essential for practical applicability. Additionally, the current system and model classes
(tailored for sampled-data control) represent subsets of those in prior chapters. Generalising
these results to broader classes of systems/models remains an open problem.
To advance digital implementation, three key questions arise:

e Can the continuous-time cost function (currently integral-based) used in the funnel
MPC algorithm be efficiently discretised with uniform error bounds?

e Can the algorithms be redeveloped entirely for discrete-time systems, bypassing
continuous-time computations?

e How might a discrete-time theory for funnel control and funnel MPC be formulated?

Presently, all theoretical guarantees assume continuous-time dynamics. A discrete-time
counterpart — for both components — remains unexplored. Furthermore, learning techniques
specifically tailored for sampled-data systems — such as those leveraging intermittent
measurements or quantised data — could prove particularly advantageous in enhancing
adaptability while preserving robustness. The integration of such methods also promises
to be an interesting direction for future research.
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Appendix

The existence of solutions of the differential equations is essential for both the system (1.1)
and model (2.4). From an application point of view, the question of the solution’s existence
is often not of interest or merely seen as a technical detail. However, it is of utmost
importance mathematically as the foundation of all further investigations and results.
Although several works, see e.g. [93, 94, 95, |, have already provided answers to this
question for systems similar to the ones considered in this thesis, we would like to provide
a rigorous proof in this work as well for the sake of completeness.
To this end, we consider the initial value problem

y(t) = F(t,y(t), T(y)(1)),
y|[0,t0} = yO € C([0, 2], R"),

and will prove the existence of solutions for this initial value problem in the following. For
the sake of generality, we want to analyse the problem with the function F' being only
defined on a domain, i.e. a non-empty connected relatively open set, but not necessarily
on the whole space. Thus, let D; C R>9 x R" be non-empty, connected, relatively open
sets with (to,y"(tg)) € D1. Assume that F : D; x R — R" is a Carathéodory function,
i.e. it has the following properties for every compact interval I, z° € R™ and € > 0 with
I x B-(2) C Dy and every compact set K C R%:

(7.1)

(C.1) F(t,-,-): B-(2") x K — R™ is continuous for almost all t € I,
(C.2) F(-,z,2): I — R"™ is measurable for all fixed (z,2) € B(z") x K,

(C.3) there exists an integrable function x : I — R such that ||F(¢,z,z2)| < x(t) for
almost all ¢ € I and all (z,2) € B.(2") x K.

This notion of a Carathéodory function is based on the definition in [93, Appendix B].

We assume that the operator T only acts on functions evolving within a domain
Dy C R>p x R™. To formally define the properties of T, we impose on Dy that, for all
t € R>o, there exists x € R™ with (t,2) € Dy and define the set of regulated functions
evolving in Dy as RDy := {y € R(R>0, R") | graph(y) C D2 }. Then, we assume the oper-
ator T : RDy — LS ([tg, 00), R?) to fulfil the following properties:

loc

(T.l’) Vyl,yg € RDy; Vi > to:
vilog = v2liog = TW)lo,g = TW2) 10,4

(T.2) Vt >ty Vy € R([0,t]; R™) with graph(y) C D2 A, d,¢ > 0 Vy1,y2 € RDy with
yiljo.g = Y2lp.g = v and [[y1(s) — y(t)]| <6, [ly2(s) —y()[| <6 for all s € [t,t + A]:

esssup [ T(y1)(s) — T(y2)(s)l| < ¢ sup [[y1(s) — ya(s)ll -
sEt,t+A] SE[t,t+A]

(T.3") For every t > to and every family (Kj)qejo,q of compact sets K5 C R" such that
Usepo, K is a bounded set and (g 4 {8} X Ks C Dy, there exists ¢; > 0 such that
for all y € RDy:

graph(y) C | {s} x Ks = sup |T(y)(s)] < ei,
s€[0,¢] s€]to,t]
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The properties (T.1%), (T.2’), and (T.3") adapt (T.1), (T.2), and (T.3) from Definition 2.2.1
to accommodate the restriction of T to the set of functions with codomain Dy. While
defining the operator T only on a set of functions restricted to a domain for a system of
the form (7.1) was already considered in [$1], a proof for the existence of solutions was
omitted. Since the usage of a such modified operator could be of interest in application
and future research work, we want to provide a proof in the following. It is clear that
modified properties (T.17) and (T.2") are equivalent to their original counterparts in the
case Dy = R>¢ x R™. This is not the case for (T.3"). It is a weaker assumption on T as
the following lemma shows.

Lemma 7.0.1. Let Dy = R>9 x R™ and T : RDy — L2 ([to, 00), R?) be an operator with
property (T.1°). If T has property (T.3), then it also satisfies property (T.3’). The opposite
s in general not true.

Proof. Let T : R(R>0,R™) = L2 ([to, 00), RY) satisfying (T.1’) and (T.3). We show T
has property (T.3%). Let t > to and (K;)sejo, be a family of compact sets K, C R"
with Use[o,t] K, being bounded. There exists ¢y > 0 with Use[o,t] Ks; C Bg. Due to

property (T.3), there exists ¢; > 0 with such that

sup [|T(y)(1)]| < e
tE[tg,00)

for all y € R(Rx>o, R") with sup;ep_, [[y(t)|| < co. Let y € R(R>0,R") be a function
with graph(y) C Usejo {8} x K. Define § € R(Rx>0, R") by §(s) = y(s) for s € [0,] and
g(s) = y(t) for s > t. Due to the causality property (T.1"), we have

sup [|T(y)(s)ll = sup [[T(G)(s)] < sup [T(@)(s)] < ei.
SE[to,t] s€E[to,t] $€E[tg,00)

This shows that T fulfils (T.3").

To show that the opposite is in general not true, we consider a counter example.
Define T : R(Rx0, R) — L. ([to, 00), R) by T(y)(t) = [ y(r)dr for t € [tg,00). It is
clear that T is a causal, i.e. it fulfils property (T.1’). We show that T has also prop-
erty (T.3"). To this end, let ¢ > o and (K;)eo, be a family of compact sets K, C R"
with Use[o,t] K, being bounded. There exists ¢y > 0 with Use[o,t] Ks C Bg,. Let y € RDy
with graph(y) C Usep,q {s} x Ks and set ¢; == tep. Then, we have

/OS y(r)dr

Thus, T has property (T.3"). However, for the constant function § = 1, we have
T(y)(t) — oo for t — oo. Therefore, T does not have the bounded-input bounded-output
property (T.3). O

sup [T (y)(s)l| = sup

t
< / |yl oo dT < teg = .
s€(to,t] s€to,t] 0

With the assumed properties of F' and T at hand, we define a solution of the initial
value problem (7.1) in the virtue of [95, Section 5] as follows.

Definition 7.0.2. For 3° € C([0,t0], R™) with (to,3°(to)) € D1 and graph(y®) C Ds, a
function y : [0,w) — R™ with w € (ty, 00| and [to,w) C I is called a solution of the initial
value problem (7.1), if yljo.o) = y° and

Vit € [to,w):  y(t) =13°(to) —i—/t F(s,y(s), T(y)(s))ds.

A solution y : [0,w) — R™ is said to be maximal if it has no proper right extension that is
also a solution.
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Note that we identify C([0,¢o], R™) with R™ if o = 0 in Definition 7.0.2. Moreover, given
a function y € R([0,w), R™) with w < co and graph(y) C D2, T(y)(t) is interpreted for
t € [0,w) as the evaluation of T(y¢)(t) for an arbitrary right extension y¢ € RDs of y, as
elaborated in Remark 2.2.5 (a).

Remark 7.0.3. Although it was not mentioned explicitly in Definition 7.0.2, a solution
y : [0,w) — R™ of the initial value problem (7.1) has the following properties:

(1) Yjto.w) is absolutely continuous,

(ii) (t,y(t)) € D1 NDy for all t € [to,w).

With the definition of solutions of the initial value problem (7.1) established, we now
present a key existence theorem.

Theorem 7.0.4. Consider the initial value problem (7.1) where F': D1y x R? — R" is a
Carathéodory function and the operator T : RDy — LY ([to,00),R?) has the properties
(T.1°), (T.2°), and (T.53°). Let y° € C([0,t0], R"™) with y°(to) € D1 and graph(y®) C Ds.
Then,

(i) the initial value problem (7.1) has a solution y : [0,w) — R™ with w > ty in the sense
of Definition 7.0.2,

(ii) every solution can be extended to a mazximal solution,

(i11) if F is locally essentially bounded and y € C([0,w),R™) is a maximal solution, then
the closure of graph(y|y, ) is not a compact subset of D1 N Da.

Proof. We adapt the proof of [93, Theorem 7.1] to the current setting.

Step 1: We have y° € C([0,to], R") with graph(y”) C Ds. Thus, using property (T.27) of
operator T, there exist A, §, ¢ > 0 such that, for all y1, y2 € RDa with 1o 4] = Yy = Y2l[0,t0]
and ||y1(s) — y°(to)|| < 6, ||y2(s) — 4°(to)|| < 8 , we have for all s € [to, to + A]:

esssup || T(y1)(s) — T(y2)(s)l| < ¢ sup |lya(s) —y2(s)] -
sE[to,t0+A} SE[to,to+A]

Both A > 0 and ¢ > 0 can be chosen sufficiently small such that
[to, to + A] X Bg(yo(to)) C D1 NDso.

For ¢t € [0,tp + A] define the compact set

{{y‘)(t)}, t € [0,t),
55(y0(t0)), t e [to,t() —l—A].

Then, Uepo,40+a] Kt 1s a bounded set and ye(g )4.4] {t} X K¢ C Da. By property (T.37) of
operator T, there exists ¢; > 0 such that, for y € RD with graph(y) C Uyejo1,+a) {t} < K,
we have ||T(y)(t)|| < ¢1 for all ¢ € [to,to + A]. Note that, for every right extension
y° € R([0,to + s],R™) of 4%, s € [0, A], with y°([to,to + s]) C Bs(y°(to)), there exists a
function §¢ € RDy with §°/j.4,+s = ¥ and graph(7°|(o 1o+a]) C Ute[O,t0+A] {t} x K. Thus,

Vi€ [to,to+s]: [TE)ON=ITE)OI < sup [TE)O| < (7.2)
tefto,to+A]

because of the causality property (T.1") of operator T. We will use this observation later.
As F is a Carathéodory function, property (C.3) yields the existence of an integrable
function & : [to, to + A] = R>o with

Y (t,x,2) € [to,to + A] x Bs(y°(t0)) x Bey : ||[F(t,x, 2)|| < w(t).
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Define 7 : [0,tp + A] = R> by

o, € [0, to),
7(8) = {fto s, t€ [to,to+ Al

There exists 7 > 0 such that y(top +7) < §. We define a sequence (y,,) € C([0,to + A], R*)N
as follows

yo(t)’ te [O7t0]7
yn(t) = (tO)a t € (to,to + T/n],
yO(to) + [T F(s,ya(s), T(yn)(s))ds, t€ (to+7/n,to + 7).

By construction, y, is a right extension of y" with y, () € Bs(y°(to)) for all t € [to, to+7/n]
and n € IN. Thus, [|T(yn)(t)|| < c1 for all t € [to,to + 7/n] and n € IN because of the
observation made in (7.2). Therefore,

t—7/n t—7/n
la(®) — 1°(t0)]| < / 1F(5, 4 (5), T(wa) (5)) ]| ds < / k(s)ds = 7(t — 7/n) (7.3)

for t € [to + 7/n,to + 7] and n € IN. Since v(t — 7/n) < J, we infer y,(t) € Bs(y°(to))
and || T(yn)(t)|] < ¢1 for all ¢t € [to,to + 7]. Thus, ||F(t,yn(t), T(yn) ()| < x(t) for all
t € [to,to + 7] and all n € IN.

We will prove that the sequence (y,)nenw is equicontinuous. To this end, let ¢ > 0
be arbitrary but fixed. The function  is uniformly continuous on the compact interval
[to,to + 7). Thus, there exists 6 > 0 such that

(&) —(s)l <e

for all t,s € [to,to + 7] with [t —s| < 6. Let n € IN and t,s € [to,to + 7] with
|t — 5| < 0. We assume s < t without loss of generality and consider three cases. First, if
to < s <t <tg+7/n, then y,(s) = yn(t) = y°(to). Thus, ||yn(s) — yn(t)|| = 0. Second, if
to < s<typ+7/n<t,then

lyn () = yn ()]l = [[yn(t) = 4°(to)|| = 2(t = 7/n) <,

where estimate (7.3) was used. Third, if to + 7/n < s <t, then

lYn(t) = yn(s)|| < vt —7/n) —y(s —7/n)| <e.

As yn\[()’to] = 9 for all n, the sequence (y,)nen is therefore equicontinuous. By the
Arzela-Ascoli theorem, there exists a function y € C([0,t9 + 7], R™) and a subsequence
(which we do not relabel) such that y, is uniformly convergent, i.e. y, — y. Clearly,
Yl = ¥° and y([to, to + 7)) C Bs(y"(to)) C D1 N Dy since Bs(y° (o)) is compact and
yn([to, to + 7)) C Bs(y°(tp)) for all n € IN.

Since the T is local Lipschitz continuous, see property (T.27), nh_}ngo T (yn)(t) = T(y)(t)

for almost all ¢ € 0,9 + 7]. Thus,
lim F'(t, yn(t), T(yn)(t)) = F(t,y(t), T(y)(t))

n—oo

for almost all t € [0, ¢y + 7] since F'(t,-,-) is continuous, according to property (T.1%). As
| F(t, yn(t), T(yn)(t)|| < k(t) for all t € [ty,to + 7], the Lebesgue dominated convergence
theorem yields
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for all t € [tg,to + 7]. Note that

t—7/n

(1) = 4 (t0) + / F(,yn(s), Tyn) (3))ds

to

=y (to) + [ F(s,yn(s), T(yn)(s))ds —/t F(s,yn(s), T(yn)(s))ds

to 77‘/71,

for all t € (to + 7/n,to + 7] and n € IN. For the limit n — oo, we conclude

y(t) _ {yo(t)’ te [07t0]7
(o) + [, F(s,y(s), T(y)(s))ds, t € [to,t0 + 7).

Therefore, y is a solution of the initial value problem (7.1) in the sense of Definition 7.0.2
proving assertion (i).

Step 2: We prove assertion (ii). Let y : [0,w) — R"™ be a solution of the initial value
problem (7.1). Define the set

E={(@,0)|®>w,(€C([0,&),R") is a solution of (7.1) with Cliow) =¥}

This is basically the set of all right extensions of y that are also a solution of (7.1). As
(w,y) € &, this set is non-empty. The relation < given by

(Wi, 1) 2 (wa,92) = w1 <wa Ay = y2/0wm)

defines a partial order on £. Let 2 be a chain in £, i.e. a totally ordered subset of £. Define
w* = sup {w |(@, () € Q}. Further, define y* € C([0,w*),R") by y*|j0.oy = ¢ for (©,() € P.
Then, (w*,y*) € Q and (©,() = (w*,y*) for all (©,() € P, i.e. (w*,y*) is an upper bound
of . Zorn’s lemma yields the existence of an maximal element of £. By the construction
of &€ this is a maximal extension of y that is also a solution. This proves (ii).

Step 3: We prove assertion (iii). Assume that F' is locally essentially bounded and let
y € C([0,w),R™) be a maximal solution. Seeking a contradiction, suppose that the closure
of graph(y|,.)) is a compact subset of D; N Dy. This implies, in particular, that [to,w)
is a bounded interval. As y is bounded, property (T.3’) implies the boundedness of
T(y)litow)- The local essential boundedness of F' yields the existence of c; > 0 with
g = [|F(t,y(t), T(y)(t)|| < co for all t € [ty,w). Hence, y is uniformly continuous
on the interval [tp,w). There thus exists a right extension y¢ € C([0,w], R"™) of y with
graph(y°[j,.)) € D1 N Da. In particular, (w,y®(w)) € D1 N Dq. Assertion (i) yields the
existence of a solution ¢ : [0,&) — R™ with @ > w of the initial value problem

y(t) = F(t,y(t), T(y)(t)),
Yljow = ¥

As Jljow) = ¥y, the function ¢ is a proper extension of y and also a solution of the initial
value problem (7.1). This contradicts the maximality of y and completes the proof. [

By reducing a higher order system of the form

y () = F(t, x: () (1), T (9))(1)),

. (7.4
y|[0,t0] = yo € C([Oa tO]a R ))

with r > 1 to a system of order one, Theorem 7.0.4 can clearly be also applied to such
systems. Note that we now identify C([0,to], R"™) with R in the case top = 0. In the spirit
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of Definition 3.1.4, a solution of the initial value problem (7.4) is an absolutely continuous
function z = (z1,...,2,) : [0,w) = R™ with w € (o, 00| fulfilling

iti(t):xiﬂ(t), iZl,...,’l“—l,

£(t) = F(t, 0 (2)(8), T(@) (1)), (75)

for almost all ¢ € [to,w) and [j 4] = Xxr(y") (resp. z(to) = 3 in the case ty = 0).

Theorem 7.0.4 yields as a straightforward corollary the existence of solutions of the
initial value problem (1.1) for the considered system class if a control u € L% ([to, o0), R™)
is applied.

Corollary 7.0.5. Consider system (1.1) with (F,T) € N at initial time to > 0. Let
y? € C"71([0, 0], R™) be an initial trajectory and u € LS ([to, o0), R™) be a control function.
Then,

(i) the initial value problem (1.1) has a solution x : [0,w) — R™™ in the sense of Defini-
tion 3.1.4,

(ii) every solution can be extended to a mazimal solution,
(111) if © : [0,w) = R™ is a bounded mazimal solution, then w = co.

Proof. The assertions follow directly from Theorem 7.0.4 since T has the properties (T.17),
(T.27), and (T.3’), and since it is easy to see that the function

F:Rso xR = R™,  (t,2) — F(t,2) = F(u(t), 2),
is Carathéodory function. O
The same holds true for class of models MZJL’T we considered in this thesis.

Corollary 7.0.6. Consider model (2.4) with (fu, gm, Tn) € My at initial time to > 0.
Let 4 € C"1([0,t0], R™) be an initial trajectory and u € LS ([tg, 00), R™) be a control
function. Then,

(i) the initial value problem (2.12) has a solution xy : [0,w) — R™ in the sense of (7.5),
(ii) every solution can be extended to a mazimal solution,

(i13) if xa : [0,w) — R™ is a bounded mazimal solution, then w = oco.
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Nomenclature

The following notation is used in this thesis to refer to commonly known mathematical

concepts

N
INo
7.
YN

R

136

set of positive integers

= INU {0}, set of non-negative integers

ring of integers

set of sequences with elements in a set X

field of real numbers

:= [0, 00), set of non-negative real numbers

field of complex numbers

= {z € C| Re(z) > 0 (> 0)}, the complex (open) right half-plane
= {z € C| Re(2) <0 (<0)}, the complex (open) left half-plane
ring of polynomials with coefficients in IR and indeterminate s
vector space of real-valued ordered n-tuples with n € IN
Euclidean scalar product in R

FEuclidean norm in R"

= {x eR” ‘ Hx — xOH < 6}, open ball around 2° € R™ with radius € > 0
::{x € R" | Ha: — xOH < 5}, closed ball around 2° € R™ with radius € > 0
:= B:(0), open ball around the origin with radius € > 0

:= B.(0), closed ball around the origin with radius € > 0

vector space of real-valued n x m matrices with n,m € IN

the identity matrix in R™*"

= supj|y| =1 | Az|, induced operator norm for A € R"*™

set of symmetric R™*"-matrices

set of symmetric negative definite R™*"-matrices

group of invertible R™*™ matrices

determinant of a square matrix A € R™*"™



Tp(I,R")
R(I,R")

Lip(V,R")

Liploc (V7 Rn)

CP(V,R™)

C(V,R")
LP(I,R)

<'a '>L2
T — x*
L>(I,R™)

esssup || f(2)]]
tel

11l
L (I,R™)

loc

Wk,oo(I’ Rn)

spectrum of a square matrix A € R™*™ (set of a eigenvalues of A)
largest eigenvalue of a symmetric matrix A € S,

smallest eigenvalue of a symmetric matrix A € S,

=max {n € Z|n <z}, the floor function for real numbers z € R
composition of functions

= {(z, f(z)) € X xY |z € X}, the graph of a function f: X - Y
restriction of the function f: X — Y to the subset A of the set X
indicator function 14 : X — {0,1} of a subset A of a set X
Lebesgue measure

= max{ f, 0}, positive part of a function f: X — R

= max{—f, 0}, negative part of a function f: X — R

space of step functions f : I — R"™ over an interval I C R with partition P,
see Definition 5.0.1

space of regulated functions f : I — R"™ over an interval I C R, see Defin-
ition 1.1.5

space of Lipschitz continuous functions f: V — R", where V' C R™

space of locally Lipschitz continuous functions f : V — R"™, where
V cR™

linear space of p-times continuously differentiable functions f: V' — R",
where V'.C R™ and p € INg U {o0}

= C%(V,R™), linear space of continuous functions f: V — R", V C R™

space of measurable p-integrable functions f : I — R"™ over an interval
I C R with norm |[-||;, and p € IN

scalar product in L?(I, R™)
weak convergence of (z) € L?(I,R™")YN to 2* € L?(I,R")

space of measurable essentially bounded functions f : I — R" over an
interval I C R

essential supremum of a measurable function f: I — R"

= esssupcy || f(¢)|, norm of f € L>®(I,R")

space of measurable locally bounded functions f : I — IR"™ over an interval
ICR

Sobolev space of all k-times weakly differentiable functions f : I — R"
over an interval I C R such that f,..., f(® € L°(I,R")
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Notation

Unless explicitly stated otherwise, the following symbols introduced and used in this work
always have the meaning given below.

to > 0, initial time
t > to, arbitrary time instant
el system class with m,r € IN, see Definition 3.1.1
(F,T) € Ny, .
y output of system (1.1)
y° € C"1([0, o], R™), initial system trajectory
T operator class as defined in Definition 2.2.1, with n,q € IN
T > 0, memory limit of operator Ty € to’q
Z}’T model class with m,r € IN, see Definition 2.2.2
M;’(};Zmax, 5 restricted model class with p, umax > 0, see Definition 4.1.1

(fn, 9m, Tm) € My", model used in the MPC algorithm

TM solution of the model differential equation (2.4), see Definition 2.2.6

YM output of model (2.4)

e € C"1([0,t0], R™), initial model trajectory

Yref € Wh>®(R>0,R™), reference trajectory

e = Y — Yref, tracking error

emM = YM — Yref, model’s tracking error (1.10)

es =y — ym, model-system output mismatch (1.11)

g = {1 € WH*(Rx0,R) |infig1p(t) > 0}, set of admissible funnel
functions as defined in (1.3)

Y € G, funnel boundary function

a, B > 0, constants associated to ¥ € G satisfying (2.21)

Fy ={(t,e) € R>o x R"™||le]| < ¢(t)}, funnel for ¢y € G, defined in (1.2)

o — {(t,€) € Rog x R [le]] < (1)}, for v € G
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J

T

(tk) ke,
Umax
UFMPC, k
T

Uhi

upmpc (t)
Vy

by
TE(51,%)
If(f

Xr

Sm

&i

A

u[f,erT] (uma)u %)

P A
u[f,f‘i'T] (umaxv %)

> 0, time-shift of the MPC algorithm

> 6 > 0, prediction horizon of the MPC algorithm

time sequence defined by t; = tg + kd for k € INg

> 0, input saturation level of the MPC algorithm

€ L>([ty, tx, +T],R™), solution of the optimal control problem (2.37)
solution of the model differential equation on the interval [t, tx+1]
predicted output of model (2.4) on the interval [ty, ;1]

= upmpc i (t) for t € [y, ty41) and k € INg

funnel penalty function for ¥ € G, see Definition 2.1.6

funnel stage cost function for v € G, see Definition 2.1.11
Lo([t,t + T],R™) — R U {00}, cost functional as defined in (2.33)
= [t —7,1] N [to,f] for £ >tg > 0and 7 >0

shorthand notation for x,.(C)(t) == (¢(t),((t), ..., ¢ (1)) € R™
for a function ¢ € W"*°(I,R™) as defined in (2.17)

left shift operator as defined in (2.16)
auxiliary error variable as defined in (2.15) for i =1,...,r
= (Y1,...,Y,) € ¥4, auxiliary funnel functions, see (2.25)

> 0, parameter associated to ¥; and & fori=1,... r

= {Z e R™ | ||§Z(Z)|| < wi(t), 1= 1,...,7"} fort € RZO and ¥ € G"
as defined in (2.19)

= {¢ € R(Rx0, R"™) [V € [0,7] : () — X (yrer) (1) € DY } for £ >t
and ¥ € ¢, defined in (2.26)

set of feasible initial values at time ¢ > to for ¥ € 4 and 7 > 0, see
Definition 2.3.14

proper initial model state for €, A\ € (0, 1) at time ¢ > ¢, given system
data £ € R™, see Definition 3.2.5

= (T, TM) € Jgﬁ(f), model initial value at time ¢ > t

= (x§, T%) € T ,(tx), model initial state at time ¢,
initialisation strategy for the model, see Definition 2.3.17

set of feasible controls on the interval [t,# + 7] as defined in (2.28)

= Tp([f, f + T, R™) MUy 1, 7y (Umax, X), see (5.9)
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max ,max
M 7gM I

—1lmax _min

IMm » g

max ,max ,min
SR g™ g

Pk

upc,k(t)

UFC (t)

> 0, bounds on the dynamics of the model, see Lemma 2.3.20

> 0, bounds on the dynamics of the system, see Lemma 5.1.2

€ C(R>0,R), surjection used in the funnel controller

€ C([0,1),[1,00)), bijection used in the funnel controller
auxiliary error variable for ¢ > 0, z € R, i=1,...,r, see (3.3)

= {zeR™||ej(p,2)| <e, j=1,...,i} for ie{l,...,r} and
e € (0,1], see (3.3)

= {C( € f“l(Rzm R™)[Cliot0) = 4%,V E € [to, £) - xr () (1) € EX (1))}
see (3.4

= O=Tom (lt)—yref OIE boundary for funnel controller component based

on model prediction, see (3.10)

[tk,tkr1] — Rso, adaptive funnel based on model prediction,
see (3.14)

= (Noy)(|ler (pr(t), es(t)]1*)er(@r(t), es(t)), control law of the funnel
controller component on the interval [tx,tx1), see (3.15)

= uFC’k(t) for t € [tk,tk+1) for k € INg
:10,1] — [0, a™] with a® > 0, activation function, see Section 3.2.1

= qr([t07ﬂ7Rm) X R([t()?ﬂva)r X Lw([t()vﬂ?Rm) X Loo([t()?ﬂva)
for t > to, see (4.1)

m,r . . .
Utzto St = M,y o feasible learning scheme, see Definition 4.1.4

model /system class considered in Chapter 5 for the sampled-data
robust funnel MPC

funnel controller with zero-order-hold, defined in (5.2)
> 0, input gain of uzep

> 0, activation threshold of uz.y

> 0, sampling time of uz. and the sampled-data funnel MPC Al-
gorithm 5.2.1
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