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Abstract

This dissertation establishes new connections between tropical linear spaces, Bruhat—Tits
buildings, and valuated matroids. Secondly, it investigates these structures from the perspec-
tive of real tropical geometry. In addition, it develops a tropical analogue of reductive groups,
along with a theory of tropical principal bundles on tropical curves, i.e., on metric graphs.

The first part formulates a tropical interpretation of the Bruhat—Tits building of the projective
general linear group PGL,11(K). We prove that this building is the inverse limit of all
tropicalized linear spaces, obtaining a linear version of Payne’s limit theorem, and we
prove a faithful tropicalization result for compactified linear spaces. We further extend the
construction of tropical linear spaces to valuated matroids on infinite ground sets and show
that the tropical linear space of the universal realizable matroid coincides with the building
itself, extending a result of Dress and Terhalle.

The second part introduces the signed Goldman—Iwahori space for real closed valued fields, a
signed analogue of the building studied in the first part. Using methods from real tropical
geometry, we show that this space arises as the inverse limit of all real tropicalized linear
embeddings and identify it with the real tropical linear space of the universal realizable
oriented matroid. While many constructions from the first part extend naturally, the signed
case exhibits new phenomena, including non-diagonalizable signed seminorms. In the constant
coeflicient case, for K = R, we describe this space explicitly and relate it to real Bergman
fans.

The final part introduces an elementary tropical analogue of a reductive group that combines
the datum of a Weyl group and the tropicalization of a fixed maximal torus. For the
classical groups, as well as Gs, these tropical reductive groups admit concrete realizations
as tropical matrix groups that resemble their classical algebraic counterparts. Employing
this perspective, we introduce tropical principal bundles on metric graphs and study their
explicit presentations as pushforwards of line bundles along covers with symmetries and
extra data. We classify tropical principal bundles on metric graphs of genus zero in analogy
with the classical result of Grothendieck and Harder, and, in parallel with the classical
results of Fratilawe describe the tropical moduli spaces of stable and semistable bundles on a
tropical elliptic curve. Our main result identifies the essential skeleton of the moduli space of
semistable principal bundles on a Tate curve with its tropical analogue.



Zusammenfassung

Diese Dissertation stellt neue Verbindungen zwischen tropischen linearen Rdumen, Bruhat—
Tits-Gebauden und bewerteten Matroiden her. Im zweiten Teil untersucht sie diese Strukturen
aus der Perspektive der reellen tropischen Geometrie. Dariiber hinaus entwickelt sie tropische
Analoga reduktiver Gruppen sowie eine Theorie tropischer Hauptfaserbiindel auf tropischen
Kurven, das heifst, auf metrischen Graphen

Der erste Teil entwickelt eine tropische Interpretation des Gebédudes der projektiven allge-
meinen linearen Gruppe PGL, ;1 (K). Wir zeigen, dass dieses Gebdude als inverser Limes
aller tropikalisierten linearen Rdume entsteht und erhalten damit eine lineare Version des
Satzes von Payne. Zudem beweisen wir in diesem Zusammenhang ein Resultat zur treuen
Tropikalisierung fiir kompaktifizierte lineare Rdume. Die Konstruktion tropischer linearer
Réume wird anschliefend auf bewertete Matroide mit unendlicher Grundmenge erweitert
und wir zeigen, dass der zu dem universellen realisierbaren Matroid gehdrige tropische
lineare Raum mit dem Gebé&ude selbst iibereinstimmt. Dies ist eine Verallgemeinerung eines
Resultats von Dress und Terhalle.

Der zweite Teil fiihrt den signierten Goldman-Iwahori-Raum fiir reell abgeschlossene bew-
ertete Korper ein, ein signiertes Analogon des im ersten Teil untersuchten Gebdudes. Unter
Verwendung von Methoden der reellen tropischen Geometrie zeigen wir, dass dieser Raum
als inverser Limes aller reell tropikalisierten linearen Raume entsteht und mit dem reell-
tropischen linearen Raum des universellen realisierbaren orientierten Matroids {ibereinstimmt.
Wihrend sich viele Konstruktionen aus dem ersten Teil erwartungsgeméf iibertragen lassen,
treten im signierten Fall zugleich neue Ph&nomene auf, darunter signierte Seminormen, die
nicht diagonalisierbar sind. Im Fall konstanter Koeflizienten, also fiir K = R, beschreiben
wir diesen Raum explizit und stellen Verbindungen zu reellen Bergman-Fachern her.

Der letzte Teil entwickelt ein elementares tropisches Analogon einer reduktiven Gruppe, das
die Daten einer Weyl-Gruppe und der Tropikalisierung eines maximalen Torus kombiniert.
Fiir klassische Gruppen sowie fiir G5 lassen sich diese tropischen Gruppen als tropische
Matrixgruppen realisieren, die ihre klassischen algebraischen Versionen widerspiegeln. In
diesem Rahmen fithren wir tropische Hauptfaserbiindel auf metrischen Graphen ein und
untersuchen deren explizite Darstellungen als Pushforwards von Geradenbiindeln entlang
Uberlagerungen mit Symmetrien und zusétzlicher Struktur. Wir klassifizieren tropische
Hauptfaserbiindel auf metrischen Graphen vom Geschlecht null in Analogie zu klassischen
Resultaten von Grothendieck und Harder und beschreiben — entsprechend den klassischen
Resultaten von Fratila — die tropischen Modulrdume stabiler und semistabiler Biindel auf
einer tropischen elliptischen Kurve. Das Hauptresultat identifiziert schlieflich das essentielle
Skelett des Modulraums semistabiler Biindel auf einer Tate-Kurve mit seinem tropischen
Gegenstiick.
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Introduction

Tropical geometry has emerged as a bridge between algebraic geometry and combinatorics,
providing a powerful dictionary that translates algebro-geometric objects into combinatorial,
polyhedral ones. The general philosophy lies in the tropicalization process, which assigns to
an algebraic variety X a piecewise linear tropical object Trop(X). This new object retains
many of the essential information about X, while at the same time greatly simplifying its
structure. The tropical objects obtained through this procedure are fundamentally different
from the original varieties: While algebraic varieties are defined by systems of polynomial
equations, their tropical counterparts are discrete, piecewise linear, polyhedral structures.
They can be viewed as combinatorial shadows, or as non-Archimedean skeleta, of the original
spaces.

A feature of the tropicalization procedure is that it does not behave functorially. This means
that the same variety X can have vastly differing tropicalizations Trop(X) depending on the
way X is embedded. An influential theorem of Payne states that, by taking the inverse limit
of all embedded tropicalizations, one recovers the Berkovich analytification X", establishing
a strong connection between Berkovich analytic spaces and embedded tropicalizations.

Another key aspect is that, although tropicalization constitutes a drastic degeneration, many
fundamental notions from algebraic geometry, such as curves, divisors, line bundles, Jacobians,
varieties embedded in toric varieties, linear spaces, and even certain moduli spaces, admit
meaningful tropical analogues. These tropical counterparts retain enough essential structure
to support a rich theory, one that both mirrors the classical theory and provides new insights
into questions in algebraic geometry.

A central philosophy in tropical geometry is to develop its theory intrinsically, in a way
that is parallel to that of algebraic geometry. One particularly fruitful direction is the
tropical theory of line bundles on curves. Metric graphs serve as tropical analogues of smooth
projective curves, and there exists a well-developed theory of divisors and line bundles on
metric graphs. Since its appearance in the mathematical world in [MZ08], the theory of
divisors and linear systems on metric graphs has sparked extensive research in the past
decades. Key foundational achievements include the tropical Riemann—Roch theorem for
metric graphs [BN07, MZ08, GK08] and Baker’s specialization method [Bak08b]|, which has
produced major applications both to classical Brill-Noether theory for algebraic curves
[CDPR12, JR21] and to the study of the birational geometry of moduli spaces [F.JP24].

This dissertation enriches the existing “dictionary” of tropical geometry in several directions.
First, we build bridges between Bruhat—Tits buildings and tropical linear spaces, thereby
generalizing the tropicalization process to new settings. In Chapter 1, we show that the
inverse limit of all linear tropicalizations yields the compactified Bruhat—Tits building of the
group PGL,;1(K). Using the theory of tropical linear spaces, encoded via valuated matroids,
we further show that this building arises as a universal realizable tropical linear space.

Real algebraic geometry studies algebraic varieties over the real numbers or, more generally,



over real closed fields. The presence of an ordering allows for a refined version of tropicalization:
the ambient space decomposes into orthants, each of which can be tropicalized separately
and then glued together. This approach plays a key role in Viro’s patchworking [Vir84],
which constructs real hypersurfaces with prescribed topological invariants. In Chapter 2,
we combine methods from real tropical geometry, the theory of oriented matroids, and the
theory of buildings to introduce a real tropical analogue of the building of PGL.

Bruhat—Tits buildings are rich polyhedral objects encoding the structure of a reductive group
G over a valued field. Their building blocks are apartments which are affine spaces tiled
according to the combinatorics of the Weyl group W associated with G. In this way, a
building reflects the “combinatorial essence” of the group G. From a different yet related
perspective within Fi-geometry, Weyl groups can actually be interpreted as analogues of
the classical groups defined over the so-called field F; with one element. These ideas play a
central role in Chapter 3, where we introduce an elementary tropical analogue of a reductive
group over a valued field. By combining the tropicalization of a maximal torus in a given
reductive group G with the combinatorial structure of its Weyl group, we construct a tropical
reductive group G*°P. For all classical groups and for Go, these tropical groups admit
concrete realizations via tropical matrix groups, closely mirroring their classical counterparts.

Within this framework, we develop a theory of tropical principal bundles on metric graphs
that serve as tropical analogues of principal G-bundles on algebraic curves. We classify such
bundles in genus zero and describe the moduli spaces of stable and semistable bundles on a
metric circle. Finally, we prove that for a Tate curve X, the essential skeleton of the moduli
space of semistable principal G-bundles on X naturally identifies with its tropical analogue.
Before turning to the new material developed in Chapters 1, 2, and 3, we first present in
the following sections the fundamental ideas of tropical geometry and the related fields that
form the basis of this work.

1 Embedded Tropical Geometry

One approach to tropical geometry originates in theoretical computer science and is based
on tropical algebra. From this point of view, tropical geometry can be regarded as algebraic
geometry over the tropical semifield T. This algebraic structure was introduced in the work
of Imre Simon [Sim88], who was working in Brazil, hence the term tropical, and is defined as
the set T := R U {oo} together with tropical addition

x @ y:=min{z,y}
and tropical multiplication
Oy =z+y.

With these operations T is a semifield, i.e., tropical addition and multiplication satisfy all
the axioms of a field, except for the existence of additive inverses. Although this definition
may appear ad hoc at first glance, these operations arise naturally by applying a valuation
to ordinary addition and multiplication in a non-Archimedean field.

Recall that a non-Archimedean valuation on a field K is a map
val : K — R U {00}

such that
(i) val(a) = oo if and only if a = 0,
(ii) val(ab) = val(a) + val(b), and
(iii) val(a 4+ b) > min(val(a), val(d)) for all a,b € K.

ii



Example 1.1. A guiding example is the field of Puiseux series over C which is defined as

K =c{{t} = |J c@/m),

n>1

where C((t'/™)) is the field of Laurent series in a formal variable t'/™. A Puiseux series is a
formal power series
c(t) = et™ + eot™ 4 cgt®™® -,

where ¢; € C* for all i, and a; < as < ag < --- are rational numbers that share a common
denominator. The valuation is given by

val : C{t}} — R U {c0},

defined by sending a non-zero Puiseux series ¢(t) € C{{t}}* to the smallest exponent a; that
appears in its expansion.

Let ¢ : X — A" be a closed embedding of an affine variety X. There are two ways to
tropicalize the embedded variety X: one can either tropicalize the points of X, or tropicalize
the equations that define X. We begin with the first method. The embedded tropicalization
Trop(X,t) of X with respect to the embedding ¢ is the Euclidean closure of

{(val(z1),...,val(x,)) | (x1,...,2,) € X(L)} CT",

where L/K is an extension of valued fields such that L is algebraically closed and non-trivially
valued. This construction also works well in projective coordinates: For a projective variety
t: X — P7 its tropicalization Trop(X,¢) then lives in tropical projective space

TP" := (T"*\ (00, ...,00))/R(L,...,1).

A characteristic — viewed either as a feature or a bug — of tropical geometry is its dependence
on the embedding: the same variety can have very different tropicalizations, depending on
the chosen coordinates. For example, Figure 1 illustrates this phenomenon in its simplest
form. It shows on the left the tropicalization of a line in the plane P?, and on the right the
tropicalization of a line embedded in the space P? that has an additional ray.

Trop(P!, 1y) for ¢y : P1 — P2 Trop(P', 12) for 1o : P! — P3

Figure 1: Tropicalizations of different embeddings of P*.

Therefore, in our notation we highlight the importance of the choice of the embedding. In
Chapters 1 and 2, we will fix X = P" and let the embedding vary.

By work of Bieri-Groves [BG84] and Speyer—Sturmfels [SS04], the tropicalization Trop(X,¢)
can be given the structure of a balanced, weighted, rational polyhedral complex of pure
dimension dim X. In particular, Trop(X,¢) can be written as a union of polyhedra intersecting
nicely, making it an inherently combinatorial object.

iii



The philosophy of tropical geometry is that in many cases the combinatorics of Trop(X,¢)
reflects geometric properties of X. Figure 2 shows the tropicalization of a smooth plane
cubic curve. Such tropical plane cubics are called symmetric honeycomb forms by Chan and
Sturmfels [CS13]. Here a fundamental topological invariant of the algebraic curve, its genus,
is preserved under tropicalization and appears combinatorially as a cycle in the tropical
curve.

Figure 2: The tropicalization of a plane cubic curve. Adapted from [Jel20].

On the other hand, one can also tropicalize the polynomials defining our variety X given
by a homogeneous ideal I(X) C Klzg,...,z,]. For each homogeneous polynomial f =
> jagxy € I(X), we define its tropicalization trop(f) to be the tropical polynomial obtained
by replacing addition and multiplication in the expression for f with tropical addition and
tropical multiplication, respectively, and replacing the coefficients in K with their valuations.
This tropical polynomial trop(f) together with the semifield operations induces a piecewise
linear function

Tn+l _ T7

(1)

(I(),"'amn) — Ini_Il {Val(aJ)+j0x0++]nxn}
J n 6Nn+1

The tropical zero locus of trop(f) is then defined as

VP (trop f) == {x € TP" | the minimum in (1) is attained at least twice} .

The Fundamental Theorem of tropical geometry tells us that whether we tropicalize the
equations or the solutions, we obtain the same object:

Theorem 1.2 (|MS15, 3.2.5], [EKL06, 2.1.1]). Let ¢: X < P™ be a projective variety.

(a) The tropicalization of the vanishing ideal I(X) C Klxo,...,xzy] cuts out the tropicalization
of X:

Trop(X,t) = ﬂ VP (trop f) .
fel(X)

(b) If X =V (f) is a hypersurface, then even

Trop(X,t) = V™P(trop f) .

iv



Example 1.3. We aim to illustrate Theorem 1.2 in the example of the line X = V(f) C P?
where f(zg,21,22) = xo + 1 — x2. Suppose xg,x1,x2 € K, think of K = C{{t}}, satisfy
xog+x1 — a2 =0. Let

a = val(zyp), b = val(z1), ¢ = val(—zq) = val(xs).

If the minimum among a, b, c were attained only once, say at a, then the lowest-order term
of g would have valuation a, while the lowest-order terms of x1 and —x would have strictly
larger valuations. Thus the lowest term of the sum ¢+ 21 — 2 could not cancel, contradicting
that it equals zero. Hence the minimum of

val(zp), val(zq), val(—z2)

must be attained at least twice. This shows one inclusion of the aforementioned theorem.

In order to visualize this, we consider the chart x5 = 1, such that the tropicalization becomes
the set
{(2,w) € T? | min{z, w, 0} is attained at least twice}. (2)

Here we identify (a,b,c) ~ (a — ¢,b — ¢,0) in TP? to obtain a picture in the plane (see the
left part of Figure 1). We can also read off the polyhedral structure from the description (2):
There are three rays emanating from the origin, in the directions of the vectors (1,0), (0,1),
and (—1,-1).

2 Non-Archimedean Geometry and Berkovich Spaces

The preceding discussion can be elaborated on further and placed into a broader framework
using Berkovich spaces. In particular, when passing to Berkovich analytic spaces, embedded
tropicalizations arise elegantly as continuous images of Berkovich spaces. In this section, we
describe the non-Archimedean analytic approach to tropical geometry, which relies essentially
on Berkovich’s theory of non-Archimedean analytic spaces [Ber90].

Throughout this section, we fix a field K. A non-Archimedean absolute value is a map
|- |5 : K — R such that

(i) [Alx >0 forall A € K and |Ax = 0 if and only if A = 0,
(ii) |A-plx = Ak - ||k for all A\, p € K,
(ili) [N+ plx < max {|Ak, |p|x} for all A\, p € K.

A non-Archimedean field is a field endowed with a non-Archimedean absolute value. One
can translate between valuations and non-Archimedean absolute values by taking logarithms
or exponentials, i.e. the valuation is given by val(-) = —log| - | k-

In Example 1.1, the absolute value of a power series c(t) = ¢1t* + cot® + c3t® + .-+ in
the field K = C{{t}} is given by |c(t)|x = exp(—a1). One can view the element ¢ as an
infinitesimally small element in the sense that |n¢| < 1 for all n € N. This illustrates the
adjective “non-Archimedean” in the absolute value.

Other typical examples are the fields Q,, which is the completion of @ with respect to the
p-adic absolute value, as well as the p-adic counterpart C, of the complex numbers, defined as
the completion of the algebraic closure @p of Q,. Moreover, any field can be equipped with
the trivial absolute value, which takes the value 1 on all non-zero elements. This example
may sound unimportant, but it is a key feature of Berkovich’s theory and of tropical geometry
that they also yield a rich and unified theory in the trivially valued case.

From now on, we assume that K is complete with respect to a non-Archimedean absolute
value |- |x. This means that K is complete as a metric space, with respect to |- |x. With this



extra datum, K-varieties have an additional topological structure that is very different from
the Zariski topology. The topology on K induced by the given absolute value is Hausdorff,
but it is also totally disconnected and not locally compact. This makes it difficult to define a
good notion of an analytic function on K and, more generally, on the K-points of a variety
X. Roughly speaking, Berkovich spaces add “a lot” of new points to fill in the gaps so that
one obtains spaces with nice topological properties. We now give a definition.

Let A be a finitely generated K-algebra and let X = Spec A be an affine scheme of finite
type over K. A multiplicative seminorm

[-]:A—=R
satisfies the following axioms:
(i) |a|] = |a|k for all a € K,
(i) |f + g| < max{|f|,|g|} for all f,g € A,

(it}) [fg| = |/Ilg] for all f,g € A.

The Berkovich analytification X?" is defined as the set of multiplicative seminorms on A4,
endowed with the coarsest topology such that for all f € A the evaluation maps

X" =R, |||l

are continuous. We have a natural inclusion X (K) — X?" via z — [f — |f(2)|k]. If X
is a finite type scheme over K that is not necessarily affine, the topological space X?" is
obtained by taking an affine open cover of X, analytifying everything separately and then
gluing. Berkovich also defined a structure sheaf on X", though it will not be relevant for this
thesis. More importantly for us, the Berkovich analytification X" has desirable topological
properties: It is path-connected if and only if X is connected and compact if and only if X
is proper.

Of particular interest to us is the Berkovich projective space (P™)?" which can be described as
the set of equivalence classes of elements in (A"*1)a2\ {0} with respect to a certain equivalence
relation, which will be explained in Remark 1.2.4. In particular, a point = € (P™)?" is
represented by a seminorm | - |, on Klty,...,t].

The key relation between tropicalization and analytification is the following: There is a
natural tropicalization map
troppn : (P™)*" — TP"
T — [— log |tole - .- —10g|tn|x].

(3)

By construction, this commutes with the inclusion of the K-points of P" and its tropicalization
from Section 1, i.e.,

IP) ]Pm)an

"K) ——— (
N ltropnm
TP™
where trop : P*"(K) — TP™, (x¢ : ... : 2p) — (val(xg) : ... : val(zy)).

Let ¢ : X < P" be an embedded projective variety. Then the embedded tropicalization of X
equals the projection of X" under tropp. into TP" (see [Pay09, Gubl13]), i.e.,

Trop(X, ¢) = tropps (X*").

Considering a tropical variety as the image of a Berkovich space makes some topological
considerations easier. For example, we see that the tropicalization of a connected subvariety

vi



X C P™ is connected since it is a continuous image of a connected space. The tropicalization
construction for P” and its subvarieties is, in fact, an incarnation of a more general construction
for arbitrary toric varieties (see [Pay09] or [Kaj08]). One reason tropicalizations are so
valuable is that they can provide a finite and combinatorial piece of the far more intricate
and more complicated space X*". The precise formulation of this fact is among the most
influential theorems connecting tropical geometry with non-Archimedean geometry, and is
due to Payne:

Theorem 2.1 ([Pay09]). For a quasi-projective variety X, the analytification is homeomor-
phic to the limit of all tropicalizations:

xon =, lim Trop (X7 L) ,
el

where I denotes the category of all embeddings of X into quasi-projective toric varieties.

Consequently, taking the inverse limit over all embedded tropicalizations recovers the entire
Berkovich space. This theorem thus offers a perspective on the Berkovich analytification as
a “universal” tropicalization. It serves as the central motivation for one of the main theorems
in Chapter 1. There, we replace X*" with the Bruhat-Tits building of PGL,1(K) — which
can be regarded as less complicated than the Berkovich space — and take the limit over linear
embeddings rather than over all embeddings.

3 Tropical Linear Spaces and Valuated Matroids

In Section 1 we explained how to tropicalize varietes which result in interesting polyhe-
dral objects. Although linear subspaces are among the simplest algebraic varieties, their
tropicalizations already exhibit a surprisingly rich and subtle combinatorial structure. Under-
standing this structure naturally leads to matroid theory and, more precisely, to its valuated
refinement.

Let « = [fo D fn] : P" — P" with fo,...,fn, € (K"t1)* be a linear embedding. The
subspace ((P") C P" is the row space of the (r+1) X (n+ 1)-matrix A, = (fo | --- | fa). The
Pliicker coordinates of (IP") are given by the maximal minors of A,, and they depend only
on the subspace ¢(P") and not on the chosen matrix.

Applying the valuation to these minors produces a combinatorial object. More precisely, we
obtain a realizable valuated matroid M, of rank r 4+ 1 on [n] = {0,...,n}. It is given by the

map
M,: ( "] ) — R,
r+1
{ao,...,ar}»—>val(det[fao far})

that fulfills the following axioms:
(i) There exists A € (T[i]l) with M, (A) # oo.

(ii) For all A,B € (T[z]l) and a € A — B we have the valuated basis exchange property

M, (A)+ M,(B) > rb%ig {M,(bUA\a)+ M, (aUB\b)} .

When the valuation on K is trivial, this construction reduces to the classical notion of a
matroid. It remembers which minors are zero or non-zero and the combinatorial object is

vii



called a matroid. It encodes the linear independencies among the column vectors in A,. A
collection of r + 1 columns of A, is linearly independent if and only if the corresponding
Pliicker coordinate of ¢(IP") is nonzero. Thus, the underlying matroid captures exactly the
zero pattern of the Pliicker coordinates.

For a nontrivial valuation, the map M, retains more refined information: it records not only
whether a minor vanishes, but also the valuation of each nonzero minor. These valuated
matroids, introduced by Dress and Wenzel [DW92b], abstract the quadratic Grassmann—
Pliicker relations satisfied by these valuations. They provide the correct combinatorial
framework for studying tropicalizations of linear spaces as we now aim to describe.

Recall that by Theorem 1.2, computing the tropicalization of ((P") a priori requires intersecting
the tropical hypersurfaces associated to all polynomials in the ideal defining the linear space.
Remarkably, for linear spaces this is simpler: Given a (r + 2)-subset C' C [n], we define the
tropical polynomial

fe= g}cig{me + M,(C\e)}

in T[xo, ..., Zn].

By [Spe08], the tropicalization of the linear space ¢+(P") is given by

Trop(F", ) = (VI (Jc),
C

where C runs over those (n + 2)-subsets of [n] that come from minimal dependencies among
the column vectors f;. They are called valuated circuits in matroid theory and thus suffice to
compute the linear tropicalization Trop(P",:). In particular, the tropicalization of a linear
space is determined by its valuated matroid.

In Chapter 1, we extend this construction and associate valuated matroids on infinite ground
sets with a tropical linear space. Of particular interest is the case where the ground set is an
entire vector space, which will appear very naturally and lead to a close connection with
Bruhat—Tits buildings.

4 Tropical Real Algebraic Geometry

An early success of what became tropical geometry is Viro’s patchworking [Vir84], in which
he constructed real plane curves with specific topological constraints. This takes place in
the world of real algebraic geometry, where varieties are defined over R, carrying additional
topological structure.

Analogously to how tropical geometers frequently consider nontrivially valued extensions
of C, such as the field of Puiseux series, one can likewise enlarge R to obtain a nontrivially
valued real closed field K. Our guiding example is the field of real Puiseux series

K =R{{t}} = [J R(@/™).

In addition to having a non-Archimedean valuation, K has a (unique) ordering. The positive
elements are those Puiseux series c¢(t) = ¢1t% + ot + ... with ¢; > 0. This field is a
prototypical example of a real closed field: it is not algebraically closed, and in K every
positive number is a square. From now on, let K be a real closed field.

In the world of tropical real algebraic geometry, the absolute value is replaced by the signed
absolute value K — R,z — sgn(z)|z|k. In the example of K = R{{¢t}} this is given by

K — R,

1t + cot® 4+ ... — sgn(er) - exp(—aq).
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The additional sign data distinguishes points that are invisible to ordinary tropicalization.

As a consequence, for any projective variety ¢ : X — P%, the additional structure of an
ordering on K enables a refined version of tropicalization, called the real tropicalization
Trop,.(X,¢) of X. Roughly speaking, one tropicalizes all orthants separately and glues the
resulting spaces together. Equivalently, under some tropical smoothness assumption, one
can equip the ordinary tropicalization of X with a real phase structure [RRS23]. The real
tropicalization of X is exactly the patchwork of its (ordinary) tropicalization with respect to
this real phase structure.

We illustrate the difference between ordinary and real tropicalization with a simple example.
Consider the linear embedding

v Pt P2 (s:t)—> (s:t:s+1).

The ordinary tropicalization Trop(P!,:) is a tropical line in TP?. When working over a
real closed valued field, the resulting real tropicalization Trop,(P!,:) carries additional
combinatorial information, reflecting the signs of the defining linear forms, which is invisible
in the ordinary tropicalization. Figure 3 shows both ordinary tropicalization and its real
analogue.

Trop(P!, )
Trop, (P, 1)

Figure 3: Left: the tropicalization Trop(P',:). Right: the real tropicalization Trop, (P!,¢).

A systematic non-Archimedean framework for real tropical geometry was developed in [JSY22].
There, the authors introduce the real analytification X2* of a variety X, which may be
viewed as a refinement of the Berkovich analytification X2" that incorporates the ordering
on K. The tropicalization map (3) is correspondingly refined to a real tropicalization map

trop,. : P#" — RP™.

In [JSY22], the authors prove a theorem similar to Payne’s Limit Theorem 2.1 with real
analytification and real tropicalization replacing their “classical” counterparts. Combining
this theory with the story developed in Chapter 1 and employing the theory of real tropical
linear spaces is the starting point of Chapter 2.

5 Bruhat—Tits Buildings

Tropical geometry provides a powerful framework for translating algebraic geometry into
combinatorial and polyhedral terms. While tropical varieties arise by degenerating algebraic
varieties over valued fields, there exists a much older and remarkably rich polyhedral structure
attached directly to algebraic groups over valued fields: the Bruhat—Tits building. These
spaces arise independently of tropical geometry and play a central role in the structure theory
of reductive groups over non-Archimedean fields.
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Buildings were introduced by Tits in the 1960s [TJ75] and further developed by Bruhat
and Tits [BT72, BT84], who showed that to each reductive group over a non-Archimedean
field one can associate a suitable building on which the group acts with strong symmetry
properties. These Bruhat—Tits buildings encode the structure of maximal compact subgroups
of the group and have found applications in arithmetic geometry and representation theory.
From a geometric perspective, they may be viewed as non-Archimedean analogues of the
symmetric spaces associated to real Lie groups.

In this section, our aim is to illustrate some features of the theory of buildings using the
example of the projective general linear group PGL,+1(K) for a local field K. Let k be the
residue field. The Bruhat—Tits building of PGL,1(K) is the space of homothety classes
of norms on the vector space K™*1 (see Definition 1.1.8) and has been first introduced
by Goldman and Iwahori in [GI63] over the field K = Q,. We denote the Bruhat-Tits
building of PGL,11(K) by B(PGL,+1(K)). Every maximal k—split torus T C PGL, ;1 (K),
or equivalently a choice of a basis B of K"+, determines an apartment A(T). In this case,
it arises concretely as a real extension of the cocharacter lattice of T, that is,

A(T) = Hom(G,,,T) @z R = R"T1/R.

Hence, each apartment is homeomorphic to the r-dimensional Euclidean space R"™*1/R. The
collection of all apartments covers the building and they are glued in a certain way.

Each apartment carries additional combina-
torial structure: The Weyl group W = S, 41
of PGL,11(K) acts on an apartment A(T)
by permuting coordinates. This action is
faithful, and together with the affine struc-
ture we obtain in this way an action of
Sy41 % (R™1/R) on A(T). The roots in the
root datum of PGL, 1 determine reflecting
hyperplanes, which induce a tiling of each
apartment by simplices. Figure 4 shows an
apartment of B(PGL3(K)), which is a tes-
selation of the Euclidean plane by regular

el Figure 4: An Euclidean tiling of an apart-
triangles. ment of B(PGL3(K)).

Werner [Wer04], who constructed a compactification of the Bruhat—Tits building of PGL
by adding boundary points corresponding to seminorms, established a decisive link to non-
Archimedean geometry. More precisely, there is a close connection with the Berkovich
analytification of projective space (see for example [RTW15]), which will play a central role
in the study of tropicalizations of linear embeddings in Chapter 1.

6 Tropical Reductive Groups

A natural question arising in tropical geometry is whether there exists a meaningful tropical
analogue of a reductive algebraic group. As discussed in the previous section, the Bruhat—Tits
building of a reductive group over a valued field is a highly structured polyhedral object that
encodes much of the group’s geometry. In particular, the structure of the building shows
that two pieces of data play a distinguished role: maximal tori and the Weyl group.

More precisely, the apartments are copies of real cocharacter spaces of maximal tori, while
the Weyl group acts on these spaces by reflections arising from the root datum of the group.
In Chapter 3, we use exactly these ingredients to formulate a tropical analogue of a reductive
group. In this section, we explain the construction in the basic and motivating example of



the general linear group GL,,.

For this exposition, let K be a field with a surjective valuation. We consider the diagonal torus
T =G}, C GL,(K) and the Weyl group N¢(T)/T = S,, of GL,,(K). The tropicalization of
the torus T is a real extension of the cocharacter lattice

Hom(G,,,T) ®z R = R".
Concretely, it arises as the image of the coordinatewise valuation map

T — R (t1,...,tn) — (val(ty),...,val(ty)).

The Weyl group S,, of GL,, is its combinatorial counterpart and therefore should play an
important role in its tropicalization. Its appearance in the tropical setting is also expected
from the viewpoint of F;-geometry, where the Fi-points of a suitable model of a reductive
group correspond canonically to its Weyl group (see, for example, [LT23]). The Weyl group
S, acts naturally on the additive group R™ by permuting coordinates, and therefore we
obtain the group

GLYP =R" x S,

which we call the tropical reductive group associated to GL,,. This construction is an instance
of our central Definition 3.1.2.

The group GLI°P arises naturally in tropical linear algebra. Indeed, one observes that it
admits a concrete realization as a group of generalized permutation matrices. Allermann
[A1112] showed that this group coincides precisely with the group of tropical invertible matrices
GL,(T), where T = RU {00} is the tropical semifield. Explicitly,

GL,(T)={AcT" |A®A'=A""®A=1, for some A~' € T"*"}.

Here, the identity matrix I,, is the tropical matrix with zeros on the diagonal and oo elsewhere.
The semifield operations on T extend naturally to matrix multiplication such that T™*™
becomes a semigroup, and GL,,(T) consists precisely of its invertible elements.

This identification shows that GLI*°P is not an artificial construction, but rather an intrinsic
group governing tropical linear algebra. Building on this observation, Gross, Ulirsch, and
Zakharov developed a theory of tropical GL,(T)-bundles on metric graphs, providing a
tropical analogue of vector bundles on algebraic curves [GUZ22|.

In Chapter 3 we expand on the perspective GLP = GL,(T) and introduce an elemen-
tary theory of tropical reductive groups in other Dynkin—Lie types and find their natural
realizations in tropical linear algebra.

7 'Tropical Line Bundles on Metric Graphs

Our main motivation for constructing tropical analogues of reductive groups is that they
naturally serve as the structure group for tropical principal bundles on tropical curves. In
tropical geometry, the counterparts of smooth projective curves or Riemann surfaces are
metric graphs, which arise as combinatorial skeleta of degenerating algebraic curves.

A metric graph T' is a metric space obtained by identifying the edges of a finite graph with real
intervals [0, l(e)] of given positive lengths I(e) for the edges e of the graph. A piecewise linear
function on an open subset U C I is a continuous function f: U — R whose restriction to
any line segment is piecewise linear with integer slopes. This defines a sheaf PLr of abelian
groups on I'. A global section of PLr is called a rational function on I', and we write

Rat (") := PLr(T).
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A divisor on an open subset U C I is a formal sum

D=3 Dp)p

peU

over the points p of U, such that the set {p € U | D(p) # 0} is finite. We denote by Div the
sheaf of abelian groups on I'. There is a natural sheaf homomorphism div: PLr — Div
given on open subsets U C I' by

PLr(U) — Div(U),
fr—=">ordy(f)-p,

peU
where ord,(f) denotes the sum of the outgoing slopes of f at the point p.

The image of the group of rational functions Rat(I") under div is the subgroup of principal
divisors, which we denote by PDiv(T") C Div(T"). Two divisors D, D’ € Div(T") are said to be
linearly equivalent, written D ~ D’, if their difference is a principal divisor, i.e.,

D — D' =div(f)
for a rational function f € Rat(I'). The Picard group of I is defined as the quotient

Pic(T') := Div(I")/ PDiv(T).

We define the sheaf Hr of harmonic functions on I' via the following short exact sequence of
sheaves of abelian groups on I':

0 — Hr — PLr -2, Div — 0. (4)

That is, for an open subset U C I', the group Hr(U) consists of those piecewise linear
functions whose outgoing slopes at every point sum to zero.

This exact sequence is the tropical analogue of the classical sequence
0— Oy — M%x — M% /0% — 0. (5)
where O% and MY are the sheaves of invertible holomorphic and meromorphic functions,

respectively, on a Riemann surface X.

In this sense, harmonic functions on I' serve as tropical transition functions for line bundles,
just as invertible holomorphic functions do in the classical setting:

Definition 7.1 ([MZ08]). A tropical line bundle on I" is an Hp-torsor.
Therefore, the set of isomorphism classes of tropical line bundles on T is given by H!(T', Hr).

In order to compute this, we see that the short exact sequence (4) gives rise to a long exact
sequence in cohomology

Rat(T) - Div(T") — HY(T, Hr) — 0. (6)

The exactness can be proved similarly to the case of Riemann surfaces (see for example
[GUZ22, §1]).

It follows that
HY(T,Hr) = Pic(I),
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so that isomorphism classes of tropical line bundles correspond precisely to linear equivalence
classes of divisors, exactly as in complex algebraic geometry.

Many foundational results of algebraic geometry admit natural tropical analogues in this
setting. In particular, the Riemann—Roch theorem [GK08, BN07| and the Abel-Jacobi
theorem [MZ08, BF11]| have tropical counterparts for metric graphs. From this perspective,
the theory of line bundles and divisors is not merely a combinatorial curiosity, but an intrinsic
and rich geometric theory in its own right.

At the same time, this tropical theory is tightly connected to algebraic geometry through the
process of tropicalization. In the next section, we explain how tropical line bundles arise as
degenerations of algebraic line bundles on curves.

8 Tropicalization of Line Bundles on Curves

So far, we have focused on tropicalizations of varieties embedded in projective space. How-
ever, algebraic varieties, e.g., curves, can also be studied intrinsically, without reference
to a particular embedding. This raises the question of whether there exists an abstract
tropicalization of a curve, one that depends only on the curve itself and not on how it is
embedded. This problem is particularly well understood for curves, and we now illustrate
the basic ideas through two fundamental examples.

Example 8.1 (adapted from Example 3.1 [Chal7]). Let K = C((¢)) and let R = C[[t]] be
its valuation ring with residue field k¥ = C. Fix a positive integer ¢, and let X/K be the

projective plane curve defined by

zy = t'2? (7)
in }P’%{.
The curve X is a smooth conic over K, but we regard it as a family of curves with parameter
t # 0. Each general member X; for ¢ # 0 is a smooth plane conic in PZ4. Equation (7) also
defines a scheme X/R. Its special fiber Xy = X X k has the equation zy = 0 in P2, and
therefore consists of two rational curves that meet transversely at a node (see the left side of
Figure 5).
The associated abstract tropical curve is obtained by forming the dual metric graph of the
special fiber. We assign a vertex to each irreducible component of X and an edge to each
node where the two components intersect. Etale locally around a node p of the special fiber,
X can be written as

Rlz,y]/(zy — \)

for some A € R. If e is the edge corresponding to p, its length is defined by ¢(e) := val(\) €
R<, measuring the speed of the degeneration. In this example, the abstract tropical curve
associated with X is the metric graph consisting of two vertices joined by an edge of length
¢ (see the right side of Figure 5).

The previous example illustrates how the degeneration of a curve gives rise to a metric graph
encoding the combinatorics of the special fiber. Our next example shows how Berkovich
geometry provides a canonical and intrinsic framework for this construction.

Example 8.2. Let X be an elliptic curve with multiplicative reduction, i.e., val(j(X)) < 0.
Such an elliptic curve is also called a Tate curve, since Tate’s theory provides a non-
Archimedean uniformization

xan — Gan/qZ

m

for a uniquely determined element ¢ € K* that satisfies val(q) = —val(j(X)) (see [Sill3,
Chapter V).

xiii



Xi:zy=0 The dual metric graph

Figure 5: Left: the special fiber X} given by xy = 0. Right: the associated abstract tropical
curve, an edge of length ¢ joining two vertices.

From a degeneration-theoretic perspective, as in the previous example, the Tate curve X
admits a semistable model over the valuation ring R whose special fiber is a cycle of projective
lines. The dual graph of this special fiber is therefore a metric circle.

Berkovich geometry recovers this object intrinsically. The Berkovich analytification X2
contains a finite metric graph I'xy C X?", called the minimal skeleton, onto which X" admits
a strong deformation retraction p : X** — I'x. In the case of a Tate curve, this minimal
skeleton is precisely a metric circle of length val(q) = — val(j(X)) (see Figure 6).

ANA

Y V%

\J

=Y S
4
Z

Figure 6: The Berkovich analytification of a Tate curve, adapted from [Bak08al.

These examples show that for curves, tropicalization can be understood intrinsically via
metric graphs arising as skeleta of non-Archimedean analytic spaces. We now explain how
line bundles behave under this correspondence.

Let X be the Tate curve of Example 8.2 and let L = Ox (D) € Pic(X) be a line bundle
associated to a divisor D. The tropicalization of D is defined as D¥°P = p, D, which means
that the divisor D is pushed down to I'x. As explained in Section 7, divisors on I'x determine
tropical line bundles up to isomorphism. Thus, the divisor D%°P gives rise to a tropical line
bundle

Ltrop = HFX (Dtrop)

on the metric graph I'x.
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A fundamental result of Baker and Rabinoff shows that this tropicalization process behaves
as nice as it can.

Theorem 8.3 ([BR15]|). The essential skeleton of Pic(X)*" is naturally isomorphic to
Pic(Ty).

This theorem establishes a precise correspondence between algebraic line bundles on X and
tropical line bundles on its skeleton, demonstrating that tropicalization preserves the intrinsic
geometry of line bundles in a highly non-trivial way. The theory of tropical line bundles
and divisors has led to significant applications in algebraic geometry, notably to the classical
subject of Brill-Noether theory on algebraic curves [CDPR12, JR21], as well as to the study
of the birational geometry of moduli spaces [FJP24].

In Chapter 3, we expand on the tropicalization of line bundles on curves to address a
classical and natural question: What is a principal bundle in tropical geometry? We hereby
employ our developed theory of tropical reductive groups and generalize the role of G,, to
tropical reductive groups G'*°P. This generalizes the theory of tropical vector bundles, i.e.
the GLj-case, of Gross, Ulirsch, and Zakharov [GUZ22|.

9 Contributions of this Thesis

Chapter 1: Buildings, Valuated Matroids, and Tropical Linear Spaces

We construct a natural tropicalization map from a compactification of the Bruhat—Tits
building of PGL, 1 (K) to the tropicalized linear space Trop(P", ¢) for any linear embedding ¢
into projective space. Our construction relies on the strong connections between the Berkovich
analytification and Bruhat-Tits buildings [RTW15]. To be precise, in the non-spherically
complete case, we replace the building with the Goldman—Iwahori space. The tropicalization
maps induce a continuous map from the building into the inverse limit of all tropicalized
linear spaces, which we prove to be a homeomorphism. The crucial difference from Payne’s
limit theorem [Pay09] is that we only consider linear embeddings. Furthermore, we prove a
faithful tropicalization result by constructing a continuous section of the tropicalization map
from any tropicalized linear space Trop(P", ) into the building.

We then generalize the known construction of tropical linear spaces from valuated matroids
to the setting of possibly infinite ground sets, while still assuming that the rank is finite. In
the realizable case, the resulting tropical linear spaces are tropicalizations of embeddings of
a finite-dimensional vector space into an infinite-dimensional one. We prove that the tropical
linear space associated with the universal realizable matroid coincides with the building of
PGL over K, which extends a result of Dress and Terhalle [DT98]. This chapter was written
in collaboration with Luca Battistella, Kevin Kithn, Martin Ulirsch, and Alejandro Vargas.
It has been published in the Journal of the LMS in 2024 [BKK ™' 24].

Chapter 2: The Signed Goldman—Iwahori Space and Real Tropical
Linear Spaces

We extend the results from Chapter 1 to the case of real closed valued fields. We introduce
the signed Goldman—Iwahori space as the space of signed seminorms on a vector space. This
new space can be seen as the linear algebraic version of the real analytification of projective
space, the latter having been introduced in [JSY22]. We study this space using methods
from real tropical geometry by constructing natural real tropicalization maps from the signed
Goldman-Iwahori space to all real tropicalized linear spaces. We prove that this space is the
limit of all real tropicalized linear embeddings. While many constructions from the first part
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extend naturally, new phenomena arise in the signed case, including signed seminorms that
are not diagonalizable.

We give a combinatorial interpretation of this result by showing that the signed Goldman—
Iwahori space is the real tropical linear space associated to the universal realizable oriented
matroid. In the constant coefficient case for K = R, we describe this space explicitly and
relate it to real Bergman fans. This chapter was written in collaboration with Kevin Kiihn
and is available as a preprint [KK24].

Chapter 3: Tropical Reductive Groups and Principal Bundles on
Metric Graphs

We propose an elementary tropical analogue of a reductive group that combines the datum
of a Weyl group and the tropicalization of a fixed maximal torus. For the classical groups,
as well as (o, these tropical reductive groups admit descriptions as tropical matrix groups
that resemble their classical counterparts. Employing this perspective, we introduce tropical
principal bundles on metric graphs and study their explicit presentations as pushforwards
of line bundles along covers with symmetries and extra data. We give a classification of
principal bundles on metric graphs of genus zero in analogy with the classical theorems of
Grothendieck [Gro57] Harder [Har68]. In analogy to the classification of semistable and
stable principal G-bundles on an elliptic curve given by Fratila [Fral6, Fra2l], we prove
tropical statements describing the moduli spaces of semistable and stable G**°P-bundles on a
metric circle.

Then we give a tropicalization procedure for stable G-bundles on a Tate curve by reducing
them to Ng(T)-bundles, where Ng(T') C G is the normalizer of a fixed maximal torus T of
G, and semistable bundles by passing to a Levi subgroup. Our main result identifies the
essential skeleton of the moduli space of semistable principal bundles on a Tate curve with
its tropical analogue. This chapter was written in collaboration with Andreas Gross, Martin
Ulirsch and Dmitry Zakharov and is available as a preprint [GKUZ25].
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Chapter 1

Buildings, Valuated Matroids, and
Tropical Linear Spaces

Introduction

Let K be a complete non-Archimedean field (possibly carrying the trivial absolute value). The
non-Archimedean analytic approach to tropical geometry (see e.g. [BPR16, EKL06, Gub13,
Pay09]) makes crucial use of non-Archimedean analytic spaces in the sense of Berkovich
[Ber90]; the particular topological properties of these Berkovich spaces let us think of the
analytification X" of an algebraic variety X as a form of universal tropicalization that is
independent of the chosen coordinate system. In this regard, the central result presented in
[Pay09] tells us that the analytification X?" of a quasi-projective algebraic variety X over
K is the projective limit of all tropicalizations with respect to all the embeddings in toric
varieties (also see [FGP14, GG22, KSU21| for generalizations of this result).

In this chapter we argue that when considering only the tropicalization of projective spaces
linearly embedded into higher-dimensional projective spaces, the role of Berkovich analytic
space is played by the Goldman-Iwahori space X,.(K) of homothety classes of non-trivial
seminorms on (K™ T1)* (see [GI63] but also [RTW15, Wer04, RTW12]). The locus B,.(K) of
diagonalizable seminorms in X'.(K) is (a compactification of) the affine Bruhat-Tits building
of PGL,;1(K), when K carries a non-trivial valuation, and the cone over the spherical
building of PGL,41(K), when the valuation on K is trivial. When K is spherically complete,
we have B,.(K) = X,.(K).

Let ¢: P" — P" be a linear closed immersion. The tropicalization Trop(P",:) of P" with
respect to the embedding ¢ is the projection of ¢((P")2* C (P™)®* under the natural tropical-
ization map

troppn : (P™")*" — TP"

to TP" = R — {(00,...,00)}/ R -1 that is essentially given by taking coordinate-wise
valuations (see Section 1.2 below for details). The tropicalization Trop(IP",:) is a projective
tropical linear space in TP™ and is associated to a realizable valuated matroid (see Section
1.4 below for details).

We shall see in Section 1.2 below that there is a natural continuous and surjective restriction
map 7: (P")*® — X, (K) that factors the tropicalization map as

trops
(P 7 X (K) ——Xn, Tpr



such that the tropicalization Trop(P",:) is given as the projection of X .(K) C X, (K)
under tropy, . The connection between affine buildings and Berkovich analytic spaces is

well-established in the literature. We refer the reader in particular to [Ber90| as well as to
[RTW10, RTW12, RTW15].

Denote by I the category whose objects are linear closed immersions ¢: P < U C P™ into a
torus-invariant open subset U C P"; a morphism between ¢: P" «— U CP? and //: P" — U’ C
P"" is given by a linear toric morphism ¢: U — U’ such that ¢ o ¢ = /. The tropicalization
with respect to ¢: P" < U is naturally homeomorphic to the tropicalization with respect to
the composition P" < U C P™. For a toric morphism ¢: U — U’ such that por =/, we have
a natural induced map @™ °P: U™°P — U'®°P guch that ¢"°P(Trop(P",:)) C Trop(P",),
making [ into a cofiltered category. Requiring morphisms only to be defined on an open
subset of projective space provides us with the added flexibility that we need in the following.

Theorem A. The tropicalization maps induce a natural homeomorphism

X (K) — lim Trop (IP’T,L) ,
el

where the projective limit is taken over the category I.

Let I’ be the full subcategory of I, whose objects are linear embeddings ¢: P" — U C P"
whose images meet the big torus GJ;, C P"™*. Then Theorem A provides us with a homeomor-
phism between the space of norms X,.(K) and the projective limit of all non-compactified
tropicalizations Trop (L(IP”") N an) When K is spherically complete, the Goldman—Iwahori
space X.(K) is equal to B,.(K), and therefore we have a natural homeomorphism

B.(K) — lim Trop (L(PHYNG) -
el’

In addition to Theorem A we also prove the following, which one may think of as a new addition
to the literature on faithful tropicalization (see e.g. [BPR16, CHW14, GRW16, GRW17] for
other instances).

Theorem B. Let : P" — P" be a linear closed immersion. Then there is a natural piecewise
linear embedding J: Trop(P", 1) — B,.(K) that makes the following diagram commute

B.(K) g Trop(P", 1)

trop

TP™.

It is worth emphasizing that in Theorem B the compactified tropical linear space Trop(P", ),
which may be thought of as a finite polyhedral approximation of the affine building B,.(K),
naturally embeds into B,.(K) and not just into the Goldman-Iwahori space X,.(K), even
when K is not spherically complete. This curious fact is, at least heuristically, explained
by the observation that the difference between B,.(K) and X,(X) is only visible in non-
diagonalizable seminorms on (K" *1)* that are defined via an asymptotic process (e.g. by the
projective limit in Theorem A).

Suppose now that K is discretely valued. Then, for one, the section in Theorem B recovers
the so-called membrane of a realization of Trop(P",¢) from [JSY07, Lemma 4]. If K is also
local, there is a natural embedding of B, (K) = X,.(K) into the Berkovich analytic space
(Pm)an (see [RTW12, Section 3] for details). Theorem A then tells us that the collection of all

linear re-embeddings P" < P™ recovers exactly B, (K) = X -(K). The main result of [Pay09|,



on the other hand, tells us that, once we also allow non-linear algebraic re-embeddings of P”
into suitable toric varieties, we recover the whole Berkovich analytification of P".

Theorem A and Theorem B together provide us with a heuristic saying that X ,.(K) is in
some sense a universal (realizable) tropical linear space. This goes hand in hand with the
work of Dress and Terhalle [DT98], in which the authors realize the building B, (K) as the
tight span of a suitable infinite valuated matroid, see Section 1.7.2 below.

In Section 1.7.1 we build on this observation and construct a tropical linear space for any
infinite valuated matroid (expanding on the finite case, see [Spe08, SS04] as well as [MS15,
Chapter 4]). This allows us to make precise the idea that the Goldman-Iwahori space is the
tropical linear space Trop(wyniv) of the universal realizable valuated matroid wyyiy that is

given by the map
(Kr+1)* .
niv R
Hu ( r+1 -

induced by the permutation-invariant map valodet: K("+Dx(r+1) R,

Theorem C. Let wyniy be the universal realizable valuated matroid. Then the Goldman-
Twahori space is the tropical linear space associated to the universal realizable matroid wypiy,
ie.,

X (K) = Trop(Wuniv)-

Our approach, in particular, provides us with a notion of tropicalization for a finite-
dimensional linear space embedded into an infinite-dimensional space, see again Section
1.7.1 for details. Theorem C is also, in spirit, very similar to the universal (possibly non-
linear) tropicalization of [GG22], which may be identified with Berkovich analytic space.
An order-theoretic approach to the problem has been developed by Hirai: generalising the
cryptomorphic characterization of matroids in terms of their lattice of flats, he proved that
tropical linear spaces are characterized by their integer points forming a uniform semimodular
lattice [Hirl9]. From this point of view, affine buildings of type A correspond to uniform
modular lattices [Hir20]. Thus, roughly speaking, they are identified with tropical linear
spaces with many symmetries.

It is well-known that Bruhat—Tits buildings also admit a simplicial structure which can be
described in terms of filtrations by linear subspaces, when K carries the trivial absolute value,
and by sublattices, when K carries a non-trivial discrete absolute value. We incorporate
those perspectives into our story in Examples 1.1.10 and 1.1.12, while, in Section 1.4.5, we
recall the analogous story of how valuated matroids over a field with trivial absolute value
are nothing but matroids. In Section 1.6 we illustrate our main results using this alternative
point of view on buildings.
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Conventions

We write R for R U {oc} with tropical operations min as well as +, and TP" for R \
{(c0,...,00)}/ ~, where ~ is the equivalence relation generated by translation by a real
multiple of the vector 1 = (1,...,1). We write [n] for the set {0,...,n} and (]f) for the set
of subsets of cardinality r of a given set E.

1.1 The Affine Building and its Compactification

Let K be a complete non-Archimedean field. In this section, we recall some fundamentals
about the space of seminorms on a finite-dimensional vector space V over K. The (com-
pactification of the) affine building of PGL,, is the a priori proper subset of diagonalizable
(semi)norms. If K is spherically complete these two spaces will turn out to be the same.

Let V be a vector space over K of dimension n.

Definition 1.1.1. A norm on V is a map ||.||: V — R that fulfills the following axioms:
(i) For all v € V' we have ||v|| > 0 and ||v|| = 0 if and only if v = 0;
(ii) For all v € V and A € K we have

Aol = AL [lof] -
(iii) For all v,w € V the strong triangle inequality

o+ wl| < max {|[]], |lw]| }

holds.
If in (i) we only require ||v|| > 0 and allow vectors v € V — {0} with ||v|| = 0 we say that
[|I.|| is & seminorm. A seminorm ||.|| is said to be non-trivial if there is a v € V such that
[|v]] # 0.

Example 1.1.2. Pick a basis € = (e1,...,e,) of V and @ = (as,...,a,) € R'. We may
associate to this datum a seminorm ||.|[e,z on V given by associating to v = Y .| A\;e; the
value max;—1, . n {|/\i|e_“’?}. The seminorm is non-trivial if and only if at least one a; # oo
and it is a norm if and only if all a; # oc.

A seminorm of the form ||.||e g for a basis e and coefficients @ € R" is said to be diagonalizable.

Definition 1.1.3. A non-Archimedean field K is said to be spherically complete if any
decreasing sequence of closed balls has non-empty intersection.

A valued field extension L/K is said to be immediate if it has the same value group and
the same residue field. A field is called mazimally complete if it does not admit any proper
immediate extension. By a classical result from Kaplansky (see e.g. [Sch50], I1.6, Theorem
8), it turns out that this concept is equivalent to spherical completeness. We thus have the
following:

Theorem 1.1.4 ([Kru32| Satz 24). Every non-Archimedean field admits a (non-unique)
immediate extension that is spherically complete.

The following observation will be central for our result:

Proposition 1.1.5. Let K be a non-Archimedean field. Then K is spherically complete if
and only if every seminorm on a finite-dimensional K -vector space is diagonalizable.

Proof. By [BE21, Lemma 1.12] the non-Archimedean field K is spherically complete if
and only if all norms on a finite-dimensional vector space over K are diagonalizable. Our



statement follows from the fact that a seminorm is diagonalizable if and only if the induced
norm on the quotient modulo the kernel is diagonalizable. O

Example 1.1.6. (i) Every trivially valued field is obviously maximally (hence spherically)
complete.

(ii) Every discretely valued complete field is spherically complete, as by [RTW12, Proposi-
tion 3.1] every norm on a finite-dimensional vector space is diagonalizable.

(iii) In particular, for any prime number p the field of p-adic numbers Q, is local and
spherically complete.

(iv) The algebraic closure Q, of the p-adic numbers is not complete (see [Rob00, Section
3.1.4]).

(v) The completion C, of @ is still algebraically closed, but not spherically complete.

(vi) Over C, the field of rational functions C(¢) is not Cauchy complete, as the Cauchy
sequence (Y1 %t’)n ¢y has no limit. Its completion is the field of (formal) Laurent

series C((t)), which is spherically complete, because the valuation is discrete.

(vii) For any field k let k{{t}} = U, ~, k(t'/™)) be the field of Puiseux series. It is not
complete. Its completion is the Levi-Civita field [BCS18, Theorem 4.10], in which the
exponents of a series need not have a common denominator, but for any upper bound,
there are only finitely many exponents with non-zero coefficients. The Levi-Civita field
is not spherically complete, its spherical completion is the Malcev-Neumann field k((t2))
of power series with rational exponents and well-ordered support (see [BE21, Example
1.1]).

Let A(V) and N (V) be the set of norms and respectively non-trivial seminorms on the dual
vector space V* (note the dualization!). For z € N(V) we denote by ||.||. the associated
seminorm. We endow N (V) with the coarsest topology that makes the natural evaluation
maps

N(V)>a— o], R

for all v € V* continuous. The space A (V) has been first introduced by Goldman and
Iwahori in [GI63] over K = Q,,.

Remark 1.1.7 (Topology of N(V)). (i) Equivalently, one may define the topology on
N(V) as the topology of pointwise convergence: a net (z,) in N (V) converges to a
seminorm z € N (V) if and only if [jv[|, converges to [lv[|, in R for all v € V*.

(ii) A basis of the topology on N (V) is given by open subsets of the form

U={zeNV)| v, € (a:,b;) forall i =1,...,1}
= ev;ll((al, bi))N---N ev;l((al, b))

for some vy,...,v; € V* and open intervals (ay,b1),. .., (a;,b;) C R, where ev denotes
the natural evaluation map.

Two points z,y € N (V) are said to be homothetic, written as x ~ v, if there is a constant
¢ > 0such ||.||; = ¢-[].||y. Homothety defines an equivalence relation on N (V) that restricts
to an equivalence relation on N(V).

——diag

We denote by N4148 (1) C N (V) the subspace of diagonalizable norms and N* (V) C N(V)
the subspace of diagonalizable seminorms. Note that seminorms that are homothetic to a
diagonalizable one are themselves diagonalizable. Let X' (V) = N (V)/ ..

Definition 1.1.8. The affine Bruhat-Tits building of PGL(V) is defined to be the quotient



space of diagonalizable norms by homothety:

B(V) = NU=&(V) /..

The quotient B(V) = Ndlag(V)/N C X(V)=N(V)/~ forms a natural bordification of B(V)
(in fact, by Corollary 1.2.8 below X' (V') is compact). In particular, for a spherically complete
field K the quotient B(V) = X (V) is a natural compactification of B(V'). This expands on
the construction in [Wer04].

When V = K"+, we write X, (K) and X,,(K) for X(K"') and X(K"!) as well as B, (K)
and B, (K) for B(K™*!) and B(K™"), respectively.

Remark 1.1.9. (Topological structure)

(i) By [BE21, Theorem 1.19] the locus N'4128(V) of diagonalizable seminorms is dense in
N (V) with respect to the Goldman-Iwahori metric

d([Ill s I, ) = sup (log v, —log]lv],)-
veEV*

The finiteness of the supremum follows from the fact that any two norms are equivalent
(see [BE21, Page 10]). The topology induced by this metric is finer than the one defined
above since uniform convergence implies pointwise convergence. It follows that B(V)
is dense in X' (V). Hence also B(V) is dense in X(V). Indeed, a stratum of B(V) of
seminorms with a fixed kernel W C V' can be identified with B(V/W).

(ii) Despite the notation suggesting that A'(V) C N (V) is open, this need not be true in
general, as we will show in Remark 1.2.10. On the other hand, it is when K is local.
Indeed, let {x, }o be a net of seminorms, converging to Z, and let {v, }o be a net of unit
vectors (with respect to some fixed norm on V) such that ||v,||,, = 0. Since the field is
local, the unit sphere is compact and so we can find a convergent subnet converging to
v # 0. We conclude that ||7]|z = 0 by continuity and thus Z is also a proper seminorm.

Example 1.1.10. Let K have trivial valuation. Then we can give an explicit description of
the space of seminorms up to homothety on a vector space V' of dimension r + 1. First recall
that by Example 1.1.6 Item (i) the field K is spherically complete and hence by Proposition
1.1.5 we have X(V) = B(V). We claim that there is a bijection:

B(V)& (OzVongg~-~§Vl:V*,cl>~-~>cl_1) |cl,...,cl_1 EK>O}Z:1

where 0 =V C V3 C--- C V; = V* is a flag of subspaces of V*. We allow the special case of
I =1 where we just have the flag (0 € V*) without any coordinates.

Proof. Let ||-|| € N (V) be a representative of z € B(V), i.e. a non-trivial seminorm on V*.
Then all balls around 0 in V* are subspaces. By letting the radius vary, we obtain a unique
filtration 0 = V5 C V3 € --- C V; = V* such that for all i = 1,...,1 the restriction of ||-|| to
Vi \ Vi1 is a constant function and the values are strictly increasing.

Let d; denote the constant value on V; \ V;_; and set fori =1,...,1—1

1 di

¢ = —log —.

(3 g ll

Note that any seminorm homothetic to ||.|| yields the same filtration of subspaces and only

multiplies all the d; simultaneously by a common scalar. This does not change the ¢; and
thus we obtain a well-defined map.



Vice versa, every flag of subspaces 0 = Vo C V1 C -+ C V; =V together with coordinates
c1 > > ¢_1 € Ryg gives rise to coordinates d; via the formula above by setting d; = 1,
and thus we obtain a well-defined diagonalizable seminorm with

and generic value 1. By construction, these maps are inverses of each other. O]

—d,

Vi\Vi—1

Remark 1.1.11. The bijection in Example 1.1.10 restricts to a bijection

B(V)& O=VoCWViC--CVi=V5ea> - >c¢1)|cr...,a-1 €Rugl.

This can be identified with the cone over the order complex of the lattice of non-trivial
subspaces of V*. The latter comes with a natural weak topology, where a set is open if and
only if its intersection with each cone is relatively open in that cone. This turns this set
into the colimit of all cones corresponding to a fixed filtration. However, the topology on
the building is much coarser than the weak topology of the cone complex, as the following
example will show.

Example 1.1.12. We consider the case where K is any infinite field with trivial valuation.
Then we can identify B (K) with the set:

{0EVi S (K?)"0) [ ce R} U{(0C (K%},

Here 7 := (0 € (K?)*) corresponds to the homothety class of a norm that is constant away
from 0. Each cone corresponds to a one-dimensional subspace and the point at infinity
of each cone corresponds to the homothety class of a proper seminorm. In rank one, the
homothety class of a proper seminorm is uniquely determined by its kernel, and thus we can
identify By (K) \ Bi(K) with P!(K).

A sketch of By (K) can be found in Figure 1.1. Here F is shorthand for “0 C V; € (K?2)*” for
any subspace Vi of dimension 1. The coordinate c¢ is a positive real number. A norm in the
homothety class corresponding to (F,c¢) has generic value 1, and value e~ ¢ on V3 \ {0}. In
the case of ¢ = 0o, we have a proper seminorm with kernel V3.

e (Fro0)

Figure 1.1: The building B;(K) of a trivially valued field.

A basis of the topology of By (K) is given as follows: choose finitely many vectors vy, ..., v €
(K?)* and intervals (a1,b1), ..., (a;,b;) C R and define

U = {z € Bi(K) |3 a representative ||.|| € z with ||v;|| € (a;,b;) for all i =1,...,1}.



In particular, if such a set is a neighbourhood of 7, then it contains all cones corresponding
to subspaces which do not contain any vector vy, ...,v;, i.e. all but finitely many. This is of
course not necessarily true for open neighborhoods of 7 in the weak topology of the cone
complex.

The space B(V') has the structure of an affine building in the sense of [RTW15, Definition
1.9] (see e.g. [Par00, II1.1.2] for a proof). We refer the reader also to [BS14] for a discussion
of the various axiom systems for affine buildings over possibly non-discretely valued fields.
For us, however, the most important notion is the following;:

Definition 1.1.13. An apartment A(e) in B(V') (associated to a basis e of V*) is given by
the image in B(V) of

Every apartment is a closed subset homeomorphic to R"*! /R ~ R". The above parametriza-
tion can be extended to R — {(c0,...,00)}. Its image, denoted by A(e), is the closure of

A(e) and may be naturally identified with TP™ = R* - {(c0,...,00)}/ R-1. We refer to
A(e) as a compactified apartment.

Example 1.1.14. In Example 1.1.12, every apartment is the union of exactly two one-
dimensional cones: a (homothety class of a) seminorm is diagonalizable by a basis {vi,ve} C
(K2)* if and only if it lies in the cone corresponding to (v;) or (v).

Our conventions are chosen so that the associations V +— X (V) and V + B(V) are covariant
functors from finite-dimensional K-vector spaces to topological spaces. In particular, any
embedding ¢ : V < W induces an embedding B(t) : B(V) — B(W). We have a natural
operation of PGL(V) on X(V), which respects diagonalizability and non-degeneracy. It is
easy to show, that for dim V' > 1 this operation of PGL(V') on B(V) is transitive if and only
if the valuation on K is surjective.

Example 1.1.15. In the case of a discretely valued field K, the affine building B, (K) is
a flag simplicial complex whose vertices correspond to equivalence classes of lattices (see
Section 1.6.2). Let Ok denote the valuation ring, 7 a uniformiser, and k = Ok /() the
residue field. A lattice in K™t is a free Og-submodule of rank r 4+ 1. Two lattices Li, Lo
are homothetic if Ly = cLy for some ¢ € K*. Two homothety equivalence classes A1, A of
lattices are adjacent if there are representatives L; and Lo such that 711 C Ly C Ly. The
simplices of B,.(K) correspond to flags of adjacent lattices nL1 C Ly € ... C L2 C Ly. A
lattice L corresponds to an integral norm |.|;, given by

lz|p ==inf {|A| | N € K*, A"z € L}

for x € K™*', and one recovers the lattice as the closed unit ball of the norm. Given a lattice
L, the star of [L] in B,.(K) can be identified with the spherical building B, (k) (see Example
1.1.10) by sending a flag of lattices 7L C Ly € ... € Lo € L to its image in L/7L, which is
a flag of k-linear subspaces.

Example 1.1.16. Let r = 1 and K = Q,. Then the affine Bruhat-Tits building B:(Qy)
is an infinite tree whose vertices have valency p + 1. Let e = (e1,ez) be a basis of (Q2)*.
The apartment A(e) is an infinite path in the tree which uses all Z,-lattices with basis
(p“req, p“2eq) where (u1,us) € Z2. See Figure 1.2 for the compactified Bruhat-Tits tree of
Q2. The open part is the usual trivalent infinite tree B1(Qz). The boundary B;(Q2) \ Bi(Qs2)
(illustrated by the circle) can be identified with P!(Q) since any homothety class of a non-



*

trivial proper seminorm on (Q2%)* can be identified with its kernel, which is a 1-dimensional

subspace of (Q3)*.

Pl (Q2)

Figure 1.2: The affine Bruhat-Tits building B1(Qgz).

1.2 Analytification and Tropicalization

For a complete non-Archimedean field K we recall the Berkovich analytification for any
locally finite type scheme over K. We describe the relations between the Berkovich space,
the space of seminorms on (K"1)*, and the compactified building. This allows us to define
a tropicalization map from the space of seminorms on (K™1)* to tropical projective space.

Let A be a finitely generated K-algebra and write U = Spec A.

Definition 1.2.1. A (multiplicative) seminorm on A is a map |.|: A — R such that
(i) |f| > 0 for all f € A as well as |a| = |a|k for all a € K

(i) [f-gl = f]-lgl for all f,g € A; and
(iii) |f + g| < max {|f],[g]} for all f,g € A.

We think of the set U*" of multiplicative seminorms on A as a space, the analytification
of U in the sense of Berkovich [Ber90]; we write z € U*" for a point in U?" as well as |.|,
for the associated seminorm. The (analytic) topology of U2 is the coarsest that makes all
evaluation maps

Uan —>R,

zr— [l

for f € A continuous. For a scheme X that is locally of finite type over K, we define its
analytification X" locally as above, and globally by gluing over affine open covers. See
[Ber90, Chapter 3| for details.

Remark 1.2.2. For an affine scheme U of finite type over K, we have a natural inclusion
U(K) — U via z — [f — |f(x)]]. For any scheme X, locally of finite type over K, these
inclusions on affine open subsets glue to an inclusion X (K) — X?°. If the valuation on K is
non-trivial, the image of X (K) is dense in X®" for an algebraic closure K of K.

The association X — X?" is a covariant functor that commutes with the inclusion of the
K-points of a scheme into its analytification. See [Gub13, Section 2.6] for details.



Remark 1.2.3. To distinguish between multiplicative seminorms on a K-algebra and
seminorms on a finite-dimensional K-vector space, we denote the former by |.|, and the
latter by ||.||-

Let V' be a vector space over K of dimension r + 1.

Remark 1.2.4 (Analytification of projective spaces). As explained in [RTW15, Section
2.1.1 ], the analytification of the projective space P(V') can be identified with the quotient of
A(V)2 — {0} modulo homothety.

Let S*V* be the symmetric algebra of the dual vector space V*. This is a finitely generated
graded K-algebra. Every choice of a basis (eg,...,e,) of V* induces an isomorphism of
S*V* with the polynomial ring over K in r + 1 indeterminates. The affine space A(V') and
projective space P(V') are defined as

A(V) = Spec(S°V™) and P(V) = Proj(S°*V™).

As said above, A(V)®® consists of all multiplicative seminorms on S*V*. Then the analytifi-
cation P(V)®" is the quotient of A(V)** — {0} by homothety: we define x ~ y if and only
if there exists a constant ¢ > 0 such that for all f € S"V* we have |f|, = ¢"|f]|,. Here the
analytic topology on P(V)?" is equal to the quotient topology.

A multiplicative seminorm on S®*V* induces a seminorm on V* = S1V* by restriction, hence
we have a natural continuous map 7 : A(V)** — N(V) such that 7(x) = 0 if and only
if x = 0. Since this map is compatible with the equivalence relations, it descends to a
continuous restriction map

T:P(V)™ — X(V) .

Proposition 1.2.5. Let K be spherically complete. Then the restriction map admits a
section o -
J: X(V)=B(V)—-P(V)*.

Given a diagonalizable seminorm ||.||, we may choose a basis eqg,...,e, of V¥ and cg,...,c, €
3 05 ’ 05 )

R>¢ such that
H > e

The multiplicative seminorm J(||.||) on S*V* is defined by

J(“-”)( > azeéf)---eif)—m;wx{laﬂcgo...cg;r}.

I:(i0)~~7i'r)

= max{c;|\i|}.

When K is a local field, the section J is continuous.

Proof. We refer the reader to [RTW12, Section 3| for details on this construction. Note that
in [RTW12] the authors assume that K is local, although everything but the continuity of J
goes through when K is spherically complete. O

Remark 1.2.6. We do not know whether J is continuous, when K is not local. Luckily this
statement is not needed in the remainder of this chapter.

Proposition 1.2.7. Let K be any complete non-Archimedean field. Then the restriction

map

T:P(V)* — X(V)

18 surjective.
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Proof. We want to construct a section X'(V) — P(V)2" in the general case. We pick any
spherically complete extension L/K and denote V ®x L by V. Then for any seminorm ||.||
on V* we have an induced seminorm ||| on V;* given by

llwllz = inf max {|\if - [Joill}

where the infimum runs over all possible decompositions w = Zl Av; with A\; € L and
v; € V*. It has been shown in [BE21, Proposition 1.25] that the map X(V) — X (VL) given
by ||.|| = ||.||L is injective and that this map is a section of the natural restriction map
X(Vy) — X(V). Now, we define a section of 7 by composing

X(V) — X(Vy) = B(Vi) = B(V)™ — B(V)™,
where the last map is the restriction of a multiplicative seminorm on the symmetric algebra
SeV* C SV O
Corollary 1.2.8. The space X(V) is compact.

Proof. This follows immediately from surjectivity of 7 : P(V)®" — X(V) and compactness of
P(V)2" (see e.g. [Ber90, Theorem 3.4.8 and 3.5.3]). O

Remark 1.2.9. We do not know if the section constructed in the proof of Proposition 1.2.7
is independent of the choice of the spherical completion (which need not be unique in some
cases in positive characteristic, see [BCS18, Theorem 6.17]), or if the section is continuous.

Remark 1.2.10. We can now show that A (V) C N(V) need not be open. Let K be
algebraically closed. The set of K-points of P(V') is dense in P(V)*" and gets mapped to
homothety classes of proper diagonalizable seminorms in X'(V), thus its image is also dense.
Consequently, neither inclusion X' (V) C X(V), nor B(V) C B(V), nor N (V) C N (V) can be
open in this case.

From now on we consider the vector space V = K"l together with its standard basis
e = (eg,...,e,) and the associated dual basis e* = (ef,...,e%) of V*. This identifies
A(V) and P(V) with A"™! = Spec K|t, ..., t,] and P* = Proj K|to, ..., t,] respectively. As
explained e.g. in [Pay09], there is a natural continuous tropicalization map

—n+1
tl“OpAnH . (An+1)an N RnJr 7

s (—logltole, -~ . —log |tl,)

that is compatible with the diagonal G,,-operation. Therefore, this induces a tropicalization
map

troppn : (P™")*" — TP"
2 [~ logltols : -+ : —log |tals]

Tropicalizing the analytification of the big torus in P™ yields only elements with finite

coordinates:
tropp. (G")™ = R"*1/1.

Proposition 1.2.11. The tropicalization map tropp. factors as

trop?n

Pmym s X, (K) —— TP" | (1.1)

where tropz : X, (K) — TP" is a continuous and surjective map given by associating to a
seminorm ||.||o: V* — R the tuple

trop?n(x) = [—1og||e(§||$ T —10g||e;§||w] e TP" .

11



Proof. The tropicalization map tropz is well-defined, since, for two seminorms |[.||, [[.[|,
on V* together with a homothety x ~ y we have a ¢ > 0 such that ||.||; = ¢ ||.||y and thus

tropy, (z) = [ —log|leg|ls : -+ = —log|lep] ]
= [—loge—log|leglly : -~ : —loge —log |le|,]
= [—loglleglly : -~ : —log len]ly]
= tropz, (y) .

It is continuous, since it is given by evaluation maps in each coordinate, and surjective, since
the compactified apartment map

Rn—H . {Oon+1} _ En(K) ,

(a'07"'7an) — ||‘

e*,(ag,...,an)

induces a continuous section TP" — B,,(K) C X,(K) of tropy . The factorization (1.1)
follows from the observation that, under the identification S*V* ~ K[to,...,t,] the linear
one-form e} is naturally identified with the linear polynomial ¢;. Therefore, we have |t;|, =
llef]|(z) for all z € (P™)* and i = 0,...,n. This implies

tropz, (7(2)) = [ —loglegllr) : -+ —loglleql-(x)]
= [—10g|t0|w i —log |tn|w}
= troppn ()
for all z € (P™)*". O

Similarly, tropicalizing the non-compactified space of norms, one obtains all finite points:
tropy, (X (K)) =R""!/1.

Let Y C P" be a Zariski-closed subscheme. Then, following [Pay09, Gub13], the tropicalization
of Y is defined to be the projection

Tropp. (Y) = tropp. (Y*")

of Y*" under tropp. into TP". Let L be an algebraically closed extension of K with non-
trivial absolute value |.|. By [Gubl13, Proposition 3.8] the tropicalization Tropp. (Y') is equal
to the closure of

{[— log([tolz) : -+t —log(ltn|1)] ‘ [to:- i tn] € V(L) C IP’"(L)} C TP,

Proposition 1.2.12. For a linear embedding v: P" — P" the tropicalization Trop(P", 1) =
troppn ((P")™) is equal to the projection of X(v)(X,(K)) C X, (K) under tropz, into TP".

Proof. Since the restriction map 7 is surjective, the commutativity of

(Pr)an T X, (K)

implies that X'(¢)(X,(K)) = 7(.**(P")*"). The factorization of the tropicalization map in
Propositon 1.2.11 then yields the claim. O

12



Henceforth, we will define for any linear embedding ¢ : P < P™ the composition 7, by

m, 1= tropg o X(1): X,.(K) — Trop(P", ).

Note that 7, is continuous and surjective. A direct computation shows that if « = [ fo:...: fn]
for fo,..., fn € (K™t1)* we have
m.(x) = [ —log(|[follz) = -+ —log([| fullz)]

for all z € X,.(K).

1.3 Limits of Linear Tropicalizations

In this section we will set up and prove Theorem A. We first set up a category of linear
embeddings such that tropicalization yields a covariant functor into the category of topological
spaces.

Definition 1.3.1. Let I be the category of linear embeddings P" — U C P", where U is a
torus-invariant open subset of P", with morphisms given by commutative triangles

where U — U’ is a toric morphism.

Remark 1.3.2. The codimension of the complement of U C P" in Definition 1.3.1 must be
at least r + 1. Thus, for all j =0,...,r, the Chow group of U of codimension j is isomorphic
to that of P"*. The degree of / being 1 can be measured by intersecting its image with a
generic linear subspace of codimension r. Since the same is true for ¢, we see that hyperplanes
must pull back to hyperplanes along U — U’, i.e. this morphism is forced to be linear.

Remark 1.3.3. Allowing the toric morphism to be defined on a smaller torus-invariant open
subset instead of the whole projective space endows our index category with many more
morphisms, most notably coordinate projections. This makes I into a cofiltered category:
indeed, for any two objects ¢;: P" — U; C P, ¢ =1,2, we can find a third one dominating
both, namely ¢: P" < U C PV, where N = n; +ny+ 1 with projective coordinates z, ..., zx
and

U= (]P)N \ V(ZOa B Zn1) N prfl(Ul)) N (]P)N \ V(Zn1+17 SERE) Zn1+n2+1) N pr;l(UQ)) .

And for any two morphisms f, g: Uy — Uy commuting with ¢; as above, we can equalize them
by defining Uy = {f = g} C Uy, and noticing that ¢; factors through Uy, and the closure of
Up in P™ is a linear subspace P™ C P,

The tropicalization U'°P of a torus-invariant open subset or P" is a special case of the
tropicalization of toric varieties, as introduced in [Pay09, Section 3]. In our case this means
removing those tropical torus-orbits from TP”, for which the corresponding algebraic torus
orbit is not contained in U. For a toric morphism ¢: U — U’ such that ¢ ot = ¢/, we have a
natural induced map @ °P: U™°P — U’™°P guch that ¢"°P( Trop(P",:)) C Trop(P",./). In
particular, if ¢ is a coordinate projection, then ¢*°P is the analogous tropical coordinate
projection. We refer the reader to [Pay09], to [Rab12, Section 3 and 5], and to [MS15, Section
6.2] for more details on the tropical geometry of toric varieties.

Let ¢ : P" < U be a linear closed immersion, where U is a torus-invariant open subset of P™,
and let 7: U — P™ be the inclusion. Then we have a homeomorphism of tropicalizations

trop

Trop(P", ) 2— Trop(P",j0¢) C TP".
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Using this observation we will henceforth identify any tropicalization arising from a linear
morphism P" — U with a subset of TP".

Lemma 1.3.4. Let 1 : P" < U C P" and ' : P" — U’ C P" be linear embeddings and
@ :U — U’ be a toric morphism with p ot =1". Then the diagram

X, (K) —— Trop(P",.)

\ J trop

Trop(P", /)

commutes.

Proof. This follows immediately from Proposition 1.2.11 and the fact that the same holds
for the Berkovich analytification [Pay09]. O

This lemma yields a well-defined continuous map

. lim T,
X (K) et lim Trop (H” L) ,
LEI

where the limit runs over all linear embeddings ¢ : P” < U C P™ into torus-invariant open
subsets. The limit is endowed with the coarsest topology making all projections continuous;
in particular, the limit topology is generated by (the preimage under projection of) all opens
in all (finite) tropicalized linear spaces. The right-hand side is thus a pro-object in the
category of topological spaces.

Theorem 1.3.5 (Theorem A). The map

lim, : X (K) — lim Trop (P, )
el vel

is a homeomorphism.

Proof. As li_mLe ; Trop (]P’T, L) is a Hausdorff space and X,.(K) is compact by Proposition
1.2.7, it suffices to show bijectivity.

We first show the injectivity of mbel m,. Assume that liLnbel m(x) = liLnLeI m,(a") for

r,2' € X,.(K). We choose representatives y and y’ of the homothety classes x and 2’
respectively.

Claim: The seminorms y and 3’ have the same kernel.

By symmetry, it suffices to show one inclusion. Let 0 # f € (K"t1)* with ||f||, = 0. Then
by extending f to a generating set f, f1,..., f, of (K""1)* and looking at the corresponding
embedding ¢ = [f : f1 : ... : fn] : P" — P", we obtain that the first coordinate of
m,(z) = m,(2') equals —log||f||, = co. By assumption, also —log||f]||,» = oo and thus also
1y = 0.

Let now fo, fi € (K™1)7, with |[foll, # 0 and |[fill, # 0. Then also [|foll, # 0 and
[|filly» # 0 and we need to show that N}{E"l‘ly/ = ‘l‘lfll‘l‘ly/, as this immediately implies that
Y,y are homothetic and thus z = z’. We extend fy, f1 to a generating set fo, f1,..., fn
of (K™1)*. Let 1 = [fo : ... : fn] be the corresponding embedding from P" into P", then
7, (y) = 7. (y") and thus their difference is a multiple of 1, in particular

|1 folly
—log _
Hf Hy’

Ifilly
||f1||y’

= —(log lfolly —log |lfolly) = —(log [ f1lly = log | flly) = —log
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We now show the surjectivity of @LE] m,. Let (y,),er € @]E] Trop (]PJ?”J). First, we

consider the identity id = [ef : ... : e;] : P" — P". After a permutation of coordinates
we may assume that the first coordinate yiq,0 of 7iqg € TP" is not co. We will construct a
seminorm ||.|| with ||ef|| = 1 and 7,(]|.||) =y, for all € I.

Claim: For all linear embeddings « = [63 sfpieee fn], the first coordinate y, o is not co.
After composing with the corresponding embedding into projective space we can assume that
the codomain of ¢ is P*. We consider the linear embedding

[e(’;:---:e:f:fl:---:fn] PT—UCPt”
where U = P" ™"\ V(xq, ...,z ) UV (20, Tri1,- -, Trin). Then we have a projection U — P”
onto the first r + 1 coordinates and a projection U — P" given by [zg : ... : Zripn] — [0 :
Tp41 t ... Tppn]. Since (y,),es is an inverse system, this shows that the first coordinate of

y, cannot be oco.

Construction of the seminorm.
Let f € (K™™')*. We choose an embedding j = [ef : f: fo: -+ : fu] : P" — P™ and define

A1 = exp(y5,0 = 95,1)
where we set exp(—oo) = 0. Note that y,o # oo and that this does not depend on the
representative of y, € TP™.

We show that this is independent of the choice of 5. Let y = [efy: f: f4:...: f,]. Similarly
to before, consider the embedding

legc fefortfusfoo fi] {PT— U C PP
where U = prtn'—1 \ V(xo,...,2n) UV (20,21, Zpnt1,. ., Tnin—1) as before. By the same
argument, applying the projections to P" and P™ shows that y,0 — ¥,,1 = ¥y,0 — Yy .1-
By a permutation automorphism one can show that for any linear embedding ¢ = [63 I

f:--+], where f is in the i-th entry, we have ||f|| := exp(y,,0 — ¥;,)-

We check that the constructed map is indeed a seminorm. For f € (K"™1)* and A € K
consider any embedding j = [eﬁ; cf A ] Then, by Proposition 1.2.12; for every
y, € Trop(P", ) there is a class of a seminorm [||.||'] € X,.(K) with

Yy = 77]([””/])
= (tropz, oX (7)) ([I1II'])
= [~ log|lej||" : —log ||f]|" - —log IAfIl' -]

and thus y, 1 + val(\) = y,,2, where val is the valuation on K. Therefore
IMI] = exp(ys.0 — y5.2) = exp (Y0 — (W1 + val(N)) = [A] - [If]l-

For f,g € (K™t1)*, the inequality ||f + g|| < max{||f]|,||g||} follows similarly by considering
an embedding containing f,g and f + g.

By construction, the seminorm ||.|| is an inverse image of (y,),er: Let g = [fi:...: fu] :
P" — U C P" ! be a linear embedding into a torus-invariant open subset U C P"~1,
Consider the embedding j = [63 S fr fn] : PP — V C P™ where V is the

complement of the intersection of the last n coordinate hyperplanes. Since the projection
of V onto the last n coordinates is a toric morphism, we have an induced projection map
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Trop(P", y/) — Trop(P", 7). The same permutation argument as before shows

[—log (|[full) = -+ = =log(|[fall)] = [ —log(exp(yy0 = yy,1)) : -+ : —log(exp(yy,0 — Yy .n))]
=Yy —Yro: - Yyn—vyo)
[y “Yy n]
[yJO “Yyn— 1] O

Remark 1.3.6. Instead of the category I used above, several subcategories would yield the

same limit:

(a) The full subcategory I’ of I of non-degenerate embeddings where no coordinate equals 0.
Then I’ is cofinal in I, and thus the respective limits of tropicalizations are naturally
isomorphic.

(b) The full subcategory of I of non-degenerate embeddings which are different in every
coordinate.

(¢) The wide subcategory of I, where instead of all (linear) toric morphisms we only allow
coordinate projections. Note that these morphisms are the only ones used in the proof
of 1.3.5.

Following the proof of Theorem 1.3.5 one can similarly show that the restriction of the map

@LE ;T to the non-compactified space X,-(K) induces a homeomorphism

X, (K) — lim Trop («(P") N Gyy) = lim (Trop (P",¢) NR™*!/R-1),
er er

where n, is the dimension of projective space that is the codomain of ¢.

Remark 1.3.7. In [GK15] the authors consider a projective limit of tropicalizations with
respect to all linear re-embeddings of a fixed affine variety. They, in particular, show that
this construction recovers the whole Berkovich analytification in the case of an affine smooth
algebraic curve. Theorem A may be thought of as a natural linear-algebraic incarnation of
the authors’ ideas.

1.4 Valuated Matroids and Tropical Linear Spaces

In this section, we recall some of the basic definitions and results on valuated matroids in the
sense of Dress and Wenzel [DW92a], in particular how to associate a (projective) tropical
linear space to a valuated matroid and to describe its local structure.

1.4.1 Essentials of Matroids
A matroid M of rank r is given by an arbitrary set F, called the ground set, and a set Z of
subsets of F, called independent sets, such that the following axioms are satisfied:

(I1) The empty set is independent.

(I2) Subsets of independent sets are independent.

(I3) If A,B € Z and |A| > |B|, then there is a € A such that BU {a} € Z.

(I4) If A is an inclusion-wise maximal independent set, then |A| = 7.

Note that if the ground set F is finite, then axiom (I4) follows from (I3), but if F is infinite
then (I4) is a necessary axiom. Clearly these axioms are modeled after linear independence
of a set of vectors whose span is r-dimensional; e.g. we get a matroid by considering the
linearly independent subsets of a subset E of a vector space K™. The rank of A C F is the
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cardinality of a maximal independent in A. The family Z(M) of inclusion-wise maximal sets
of 7 are called the bases of M, and by axiom (I2) they determine Z. A circuit C C E is a
minimal dependent set, and a flat is a subset F' C E such that |C'\ F| # 1 for all circuits C.
A set is a flat if and only if adding any other element to it increases its rank. A loop is an
element in F that is contained in no basis; equivalently the singleton with only this element
is dependent.

1.4.2 Valuated Matroids
We begin with the following definition due to Dress and Wenzel [DW92a].

Definition 1.4.1. A wvaluated matroid of rank r on a ground set F is a function

E _
(o ( ) — R
r
that fulfils the following axioms:
(i) There exists A € (f) with v(A) # 0.

(ii) For all A, B € (f) and a € A — B we have the valuated basis exchange property

v(A) +v(B) > Ibréig{v(bUA\a) +v(@UB\b)} .

The elements A € (f ) with v(A) < oo form the set of bases of a matroid, called the underlying
matroid of v. We explicitly do not require the underlying set E to be finite.

Remark 1.4.2. Valuated matroids on F of rank r are parameterized by the Dressian Dr(E,r) C
_(E _(E
R(T). This is the tropical prevariety of points v € R(T) such that for all 7 € (Tfl) and all

s (ri) the expression

min (o(7\ 7) + oo U ) (12)

attains the minimum at least twice. It is straightforward to verify that the basis exchange
axiom of valuated matroids is equivalent to the minimum in Equation (1.2) being attained
at least twice for all 7 € (Tfl) and all o € (Ti). If v is a point in the interior Dr(FE,r)° =
Dr(E,r)N ]R(If), then the underlying matroid of v is the uniform matroid on E of rank r,
i.e. the bases are all subsets of cardinality r. Valuated matroids with different underlying
matroids lie at the boundary. That is, if M is a matroid on E of rank r, we obtain the
Dressian with underlying matroid M by intersecting with hyperplanes at infinity:

Dr(M) =Dr(E,r)N ﬂ {ve R(f) | v(0) = o0}

oe(?)
o not a base

Example 1.4.3 (Realizable valuated matroids). Let K be a field with a non-Archimedean
valuation val : K — R.

(a) Let {fo,..., fn} be a generating subset of K"*1. The map

v (7“@1) —R,

A={ag,...,a.} >—>val<det [fao fa7]>
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defines a valuated matroid or rank r + 1. This follows from the Grassmann—Plicker
identity:

n
det(vo, ..., v.)-det(wo, ..., w.) = Zdet(vo, ey Vi1, WOy Vit - -+, Uy )-det (v, wo, - ., wy)
=0
for all vg,...,vm wo,...,w, € K™ All valuated matroids of this form are called
realizable.

(b) Extending on (a), the map

r4+1)*
Wyniv + <(K ) > — R
r+1

induced by the permutation-invariant map valodet: K"TDx+1) _ R is a valuated
matroid, called the universal realizable matroid.

(c) If the valuation on K is trivial, then in (a) we have

0 if A is a basis,
v(A) = o
oo if A is dependent.

Thus, the notion of an ordinary matroid that is realizable over a fix trivially valued
field corresponds exactly to that of a valuated matroid that is realizable over the same
trivially valued field.

1.4.3 Tropical Linear Spaces and Matroid Polytopes

Valuated matroids v with ground set £ and rank r+ 1 have an associated polyhedral complex
Trop(v) of pure dimension r in TP that is connected through codimension 1 and which
satisfies intersection-theoretic properties analogous to linear spaces. Hence the Trop(v) are
called tropical linear spaces. We recall the definition, some properties, the associated Matroid
polytope, and a regular subdivision induced by v that is dual to Trop(v). When the matroid
is realizable, this recovers the coordinate-wise tropicalization of any linear subspace associated
to v.

In the following, let E = {0,...,n} be the (finite) ground set of a valuated matroid v of rank
r 4+ 1 with underlying matroid M.

Definition 1.4.4. The tropical linear space Trop(v) C TP™ associated to v is the locus of
those (ue)ecr € TP™ such that for any 7 € (Tf2) the minimum in v(7 \ e}) + u, is attained
at least twice.

If some f € E is a loop, by taking 7 = BU{f} for any basis B, one can see that u; = oo for
each (ue)ecr € Trop(v). Thus, adding or deleting loops only yields homeomorphic associated
tropical linear spaces. Consequently, for simplicity, we now assume that M has no loops.

Now, we give a characterization of matroids in terms of polytopes. We use the following
notation for the indicator vector in R” of a set A C E:

eAzz:ei € RE.

i€A
Definition 1.4.5. The matroid polytope Py; of a matroid M is the convex hull of

{ep | Be B(M)} CR"
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The valuated matroid v can be regarded as a height function on the vertices of the polytope
Py giving rise to the lifted polytope I'(v), which is defined to be the convex hull of

{(es,v(B)) e R""? | B e B(M)} .

Projecting the lower facets of I'(v) back to R"*! induces a polytopal subdivision D, of Py,
called the regular subdivision induced by v. By [Spe08, Proposition 2.2] (also see [MS15,
Lemma 4.4.4] or [Jos21, Theorem 10.36]) a real-valued function from the vertices of Py is a
valuated matroid if and only if all the faces of the induced regular subdivision are matroid
polytopes.

A vector u € R™*! selects a face of the regular subdivision induced by v by taking the convex
hull of all vertices e of Pys such that v(B) — u - ep is minimized. Such a face corresponds
to the polytope of a matroid, the so-called inital matroid M, of M at u. For a loopless
valuated matroid v we have that:

Proposition 1.4.6 ([FO22] or [Spe08, Proposition 2.3|). The interior of the tropical linear
space Trop(v), i.e. the points with finite coordinates and satysfying Equation (1.2), equals
the set

Trop(v)® = {u € R"™! | M,, has no loops}.

The closure operation only adds points with infinite coordinates.
The condition of M, not having loops is related to the minimum being achieved twice in
Equation (1.2). The set Trop(v)° has a natural polyhedral structure labelled by the initial

matroids, where a cell consists of all the points in Trop(v) whose associated initial matroid
is constant, a given M,,. By taking the closure, this polyhedral structure extends to Trop(v).

1.4.4 Tropicalized Linear Spaces

Let ¢ = [fo D fn] : PT— P" with fo,..., f, € (K™"1)* be a linear embedding. Let v
be the valuated matroid of rank r + 1 on F = {0,...,n} associated to the fo,..., f,, as
in Example 1.4.3. Note that another representative fj,..., f} of [fo : -+ : f,] is related

by multiplying with a scalar A # 0. Hence its associated valuated matroid v’ satisfies that
v =v+ (r+1)-valA. So both v and v’ define the same tropical linear space Trop(v) and
the same underlying matroid M. Moreover, we have:

Theorem 1.4.7 ([Spe08, Proposition 4.2, [BEZ21, Theorem B|). The tropical linear space
associated with a realizable valuated matroid coincides with the tropicalization of the corre-

sponding linear embedding:
Trop(v) = Trop(P", ).

Without loss of generality, we may assume that f; # 0 for all ¢ € {0,...,n}. Then Trop(P",:)
equals the closure in TP" of the non-compactified tropicalization

Trop(P", ) NR™™'/R1 = Trop («(P") N G,).

Again, we can get an initial matroid M, from u = [ug : -+ : u,] € Trop («(P") N GY,) by
considering the matroid of rank r 4+ 1 on F whose bases are the bases B = {bg,...,b.} of M
such that v(B) — up, — ... — up, is minimal. This definition is independent of the choice of
representative of u.

In [Rin13] the author defines the notion of a local tropical linear space which can be extended
to our compact setting, i.e. for tropical linear spaces in TP".

Definition 1.4.8. Let B = {bg,...,b.} be a basis of M. The local tropical linear space
Trop(P",t)p C TP" is defined as the closure of the set of vectors u € Trop(¢(P") N GZ,) such
that M, contains the basis B.
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The tropical linear space Trop(P",:) is the union of all its local tropical linear spaces
Trop(P", ¢)p.

Remark 1.4.9. In terms of polyhedral subdivisions, the (open part) of the local tropical
linear space Trop(P",¢)p NR™"1/R1 is a polyhedral complex dual to the faces of the regular
subdivision D, that contain the vertex eg. For details, we refer the reader to [Rinl3,
Corollary 2.5].

1.4.5 The Trivial Valuation Case

Throughout this subsection, we assume that v is trivially valued, i.e. for all A € (751)7 we

have that v(A) = 0 if and only if A is a basis. This way we may identify v with its underlying
matroid M and the subdivision D, of Pj; from Subsection 1.4.3 is trivial. So the polyhedral
complex of Trop(v) is a fan, known as the Bergman fan of M (cf. [MS15, Section 4.2] ).

The following theorem refines the polyhedral structure of the Bergman fan, by realizing its
support as the order complex associated to the poset of flats of M.

Theorem 1.4.10 ([MS15, Theorem 4.2.6]). Let M be a loopless matroid. The cones
(epy, .- eR )Ry + R1 in R"™/1 for every chain of flats ® C Fy € --- C Fy form a fan with
support Trop(M). In particular, Trop(M) "R /1 is homeomorphic to the cone over the
order complex of the lattice of flats of M.

With this polyhedral structure we can describe the boundary at infinity of the cones, and
see that it differs from an usual coordinate-wise compactification at infinity. Namely, for
any cone o given by a chain of flats § C Fy; C --- C F}, the closure in TP" is given by
(erys--- er)g., + RL. In particular, if the é-th coordinate of a point in ¢ is infinite, then
we consider the minimal j such that i € F;, and we have that the i’-th coordinate is also
infinity for any ¢’ € F;. Thus, there is a single maximal stratum in the boundary of Trop(v)
for each cone, which can alternatively be explained by the fact that the cone structure above
triangulates the Bergman fan of M (see [MS15, Section 4.2]).

Example 1.4.11. We consider the embedding P? 19, P2, Then the associated matroid has
as ground set {e, e}, e5}, and every subset is independent, i.e. we have the uniform matroid
Us 3. The Bergman fan of Us 3 consists of a single cone R2. However, there are 6 non-trivial
flats, namely all three one-dimensional subspaces and three two-dimensional subspaces. In
Figure 1.3 we labelled all one-dimensional cones corresponding to non-trivial flats.

*

€1
{eg.ei} {ei e}
es es
{eg e3}

Figure 1.3: The compactified cones of Trop(P?,id) = TP? given by flats of the uniform
matroid Us 3. This also represents the compactified apartment in the spherical building

Bo(K).
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1.5 Faithful Linear Tropicalization

The goal of this section is to show Theorem B from the introduction. We recall its statement:

Theorem 1.5.1 (Theorem B). Let ¢: P" — P" be a linear closed immersion. Then there
is a natural piecewise linear embedding J: Trop(P",.) — B,.(K) that makes the following
diagram commute

B.(K) g Trop(P", 1)

trop

TP™.

By a piecewise linear embedding J we mean that we have a finite covering of Trop(P", )
by subcomplexes such that the image of each subcomplex lies in an apartment and the
restriction of J on each subcomplex is piecewise linear. In particular, 7, induces a piecewise
linear homeomorphism between the union of apartments \Jpe s(ar A(B) and the tropicalized
linear subspace Trop(P", ¢).
Choose fo,..., fn € (K"t1)* defining the embedding ¢ : P" < P" and let v be the corre-
sponding valuated matroid of rank » +1 on E = {0,...,n} as in Example 1.4.3 (a). As
above, we assume that f; # 0 for all i € E. Let B € (M) be a basis of the underlying
matroid M. Recall that the compactified apartment A(B) in B,.(K) denotes the set of all
seminorms on (K"*!)* diagonalized by B. It is homeomorphic to TP": a parametrization
TP" = A(B) is given by

v=Tvo: v ] —|llp.-
This map is well defined because different projective representatives v’ = v + Al give rise to
homothetic seminorms |[|-[| 5 ,, = exp(=A)|[.|[ 5,
For the proof of Theorem B we need a couple of technical results first. We begin with a
valuative version of Cramer’s rule.

Lemma 1.5.2. Let B be a basis of M, and k € E\ B. Write f, = ZbeB Ao fo with \p € K.
For all b € B we have
val(\y) = v(kU B\ b) —v(B).

Proof. Label the elements of B as by, ..., b,, with by equal to our chosen b. Using multilin-
earity of the determinant and properties of the valuation we find:

v(kUB\b):val(det[fk Jor oo fbr])
:val(Z)\idet[fi fo. be])

i€B
= val (Abo cdet [foy o fi] )
= val(\y) + v(B). O
Lemma 1.5.3. Let B be a basis of (E,v). If u is in Trop(v), then there is k € B such that
U 7 00.

Proof. If B = FE, the statement follows from the definition of tropical projective space.
Otherwise, assume there is u € Trop(v) with u; = oo for all ¢ € B. Choose k € E'\ B such
that up < oo and set 7 = kU B. Since B is a basis, we have that v(B) + up < co. But this
is the only finite term in the minimum for Definition 1.4.4 hence it is not attained twice for
7, which is a contradiction. O
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For the following statement we interpret [Rinl3, Theorem 2.6] in our setting and extend to
the compactifications. It gives a piecewise linear homeomorphism between the local tropical
linear space Trop(PP",¢)p (as in Definition 1.4.8) and the compactified apartment A(B).

Proposition 1.5.4. Let B = {bg,...,b.} be a basis of M. The map Jp sending u €
Trop(P",¢)p to the seminorm |||, ., where up = [up, : -+ : up,], is a piecewise linear
homeomorphism between Trop(P", 1) p and A(B). Its inverse is the restriction of w,. Explicitly,
the seminorm x = ||.||p,» € A(B) is mapped to m,(x) € Trop(P",¢)p with

r (:L‘) B Vg if ke B,
AR T mingepv(kUB\ i) —u(B) +vp  otherwise.

Proof. First, we define Jp on the open dense subset Trop(P",:) g N R""1/R1 and show that
this gives a piecewise linear homeomorphism to A(B). Clearly, the map 7, is injective on
A(B). So we show that 7, o Jp is the identity on Trop(P",:)p N R"**!/R1, that is for u in
the latter set we show

7"'L(JB(U)) = 7TL(||-||B,uB) = [_k’ngOHB,uB et _1Og‘|fn”B,uB} = [UO e Un]

Since —log || fo/| 5., = us for b € B, we only need to check the equality for k in £\ B.
As u € Trop(P", ), the condition in Definition 1.4.4 for B U {k} says that the minimum is
attained at least twice in
i kUB\1 12
i, 0B )
By subtracting u - exup we see it is equivalent to the minimum being attainted at least twice
in

i EUB\i)—u- i}

Join fo(kUB\ Q) —u-erup}
Since B is a basis of the initial matroid M, it minimizes the expression v(c) — u - e, over all
o€ (.%,). So the minimum is achieved at i = k and some other i = [. That is, for all i € B

r+1
we have

v(B)+ur =v(kUB\I) +u <v(kUB\ i)+ u;.
Writing fr. = > ,cp Aifi, by Lemma 1.5.2 this is equivalent to

ug = val(\) + up < val(A;) + u;

for all i € B. Hence, —log || fx| ., = miniep (val(\i) + i) = up.

This also gives the alternative description of 7,. We are left to show that m, (A(B)) lies
in Trop(P", ) NR"!/R1 for which we refer to [Rin13, Theorem 2.6]. Hence, Jp and the
restriction of 7, are piecewise linear inverse homeomorphisms between Trop(P", ) gNR"+! /R1
and A(B). We now extend Jp naturally to a piecewise linear map Trop(P",t)p — A(B)
by sending u = [ug : -+ : uy] to ||.||Buy- This is well-defined if [up, : - - - : up, ] lies in TP",
namely if there is at least one finite coordinate in [up, @ - -+ : up,]; this is proven below in
Lemma 1.5.3 and using the fact that Trop(P",:) = Trop(v). Then, m, o Jp is the identity
on Trop(P",:)p since we have seen it is the identity for a dense subset and Trop(P",:)p
is Hausdorff. Since A(B) is dense in A(B), the image m,(A(B)) is exactly the closure of
Trop(P", 1) g NR™ /R1 which is Trop(P",¢)p. As before, Jg o |7 = id on A(B) which
concludes the proof. O

Proof of Theorem B. Recall that Trop(P",¢) is the union of all its local tropical linear spaces
Trop(P", ¢) g where B runs over the bases of the matroid M associated to Trop(P",:). Thus,
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we define J locally as Jp and show that the maps Jg glue. For A, B € B(M), we show
that J4 and Jp glue on the open part Trop(P",:)4 N Trop(P",¢)p N R 1 /R1. Choose
u = [up : - : uy,] in the latter set and let (ug,...,u,) € R"™! be a representative. As in
Proposition 1.5.4, we write u4, up for the vectors in R™*! with the coordinates of v indexed
by A and B, respectively. If |||, ,,, equals |||z ,, ., we get a piecewise linear homeomorphism
between Trop(P",¢)4 N Trop(P", 1) NR™*T1/R1 and A(A) N A(B).

Claim: The seminorms |-/, , and |-/, are equal.

First assume that A and B differ by two elements, i.e. there are a € A and b € B such
that A\ a = B\ b. Choose v € (K"1)* and write it in terms of the bases A and B: let
V=2 eatifi = dafa+ Yieaaifi and fo = Bofo + 32 e\, Bif;- Replacing, we get
v=aaBofo + aa D iepp Bifi + D icana ifi = albufo + 30 e pp(@abi +aj) fj. We want to
show equality of the expressions

—log|[v]l 4, = min {Val(oza) + ug, min val(a;) + ul} , (1.3)

i€A\a
—log ||v||B,up = min {val(aa) + val(Bp) + uyp, ‘IEHB;I\lb{V&l(Oéaﬂj +a;) + Uj}} )
J

By Lemma 1.5.2 we have for every j € B that
val(8;) =v(aUB\ j) —v(B) =v(AUB\ j) — v(B). (1.4)

As u € Trop(P", ) g, the basis B is in the initial matroid M,,, so B minimizes the expression
v(o) —u-e, over all o € (rfl), sov(B) —u-ep <v(AUB\ j) —u-esup\; forall j € B.
By Equation (1.4) we get

Ug —uj = u-(equp\; —en) Sv(AUB\ j) —v(B) = val(8;). (1.5)

Also w is in Trop(P",¢) 4, so A is in the initial matroid M, thus v(A) —u-es < v(B)—wu-ep
and so

Ugq — up > V(A) —v(B) = val(B,). (1.6)

If we set j equals b in Equation (1.5) and combine it with Equation (1.6) we get val(8) +up =
val(f8,) + uq, and furthermore val(ay) + val(Bp) + up = val(ag) + uq. So equality in the first
terms of Equation (1.3) happens.

It remains to show for i € A\ a that either val(a,B8; + «;) = val(ey) or val(e;) + u; >
val(aeBi + a;) + u; > val(ay,) + val(Bp) + up. By properties of valuations we have

val(aaf; + ;) > min (val(a,) + val(B;), val(y)),

and moreover if val(a,) + val(3;) > val(«;), then val(aqf8; + a;) = val(a;) and we are done.
Thus, assume that val(a,)+val(8;) < val(a;). In that case, we calculate using Equations (1.4)
and (1.6), the following

(val(aafi + ;) 4+ u;) — (val(aq) 4 val(By) 4+ up) > val(B;) — val(By) + ui — up
> ug — up — val(8y) > 0.

Thus, both minima in Equation (1.3) coincide. For the general case where AAB has 2m
elements, since both A and B are bases in the initial matroid M,,, by the basis exchange
axiom there is a sequence of bases By, By, ..., B,, such that By = A and B,, = B and every
pair By, B4, differs by two elements. Thus, we may apply our previous argument to every
pair By, Byy1 to conclude the claim for inner points of the local maps. Again, extending to
the compactifications concludes the proof. O
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1.6 The Trivially and the Discretely Valued Case
1.6.1 The Trivial Valuation Case

We can make Theorems A and B explicit when the valuation is trivial. Recall from Example
1.1.10, that there is a bijection

E(V) <i> (O =W g Vi g_ g V= V*701 > > Cl—l) ’ Cly...,C—1 € E>O}l:1,.4.7r+l'

In other words, a class of a seminorm is given by a flag of subspaces together with decreasing
coordinates corresponding to logarithms of the (constant) values of the representative with
generic value 1. We fix an embedding ¢ = [fo : ... : fn] : P" — P™ and obtain a realizable
matroid M on [n]. Recall that we can compute Trop(P",:) as a compactification of the cone
complex over the order complex of flats of M, cf. Theorem 1.4.7 and Theorem 1.4.10.

Theorem A

We can explicitly compute the maps 7, in terms of both the coordinates of the building
above and the description and coefficients for flats of M.

Let 2 € B,(K) be given by a flag 0 = Vo, € V4 € --- € V; = (K"*1)* and coordinates
¢ > -+ > ¢—1 as in Example 1.1.10. We formally set ¢y := 00, ¢; := 0. Let ||.|| € z be a
representative with generic value 1 and d; := exp(—c;). Recall that then d; is the constant
value of ||.|] on Vj for j =0,...,l. Fix a given coordinate i € [n| and let j be minimal such
that f; € V;. Then —log (| fi||) = —log(d;) = ¢;. We consider the matroid on [n] induced by
vand for j =0,...,] we define a flat F; = {i € [n] | f; € V;}. Then the above computation
shows

m(1-l1) = [ = log(|lfoll) = -+ = = log([[ full)]
1—

1
(Cj — Cj-i—l)eFj S TI‘Op(IPT, L).
j=0

Theorem B

A point u = [ug : -+ : u,] € Trop(P", ) can be written as

l
u = E ajer,
Jj=0

for a; € R>¢ and a chain of flats Fy C --- C F; = [n]. Note that each flat F; of M yields a
subspace V; of (K"*1)* and that proper inclusions of flats yield proper inclusions of their
corresponding subspaces.

Let B € #(M) be any basis such that for all j = 0,...,] the rank of F; N B equals the
rank of F;. Such a basis can be obtained by successively extending bases of the flats.
Then u lies in the local tropical linear space Trop(P",¢) 5. We want to compute the map
Jp : Trop(P", ) g — B,(K) from Proposition 1.5.4.

Fix 7 € B and let j be minimal such that ¢ € F;. Then we have

l
U; = E ap = E ag .
k=j

ki€ Fy

Then Jp sends u to the homothety class of the seminorm having generic constant value
exp(—u;) = exp(—Zﬁch ar) on V;. In the coordinates from Example 1.1.10, if we set
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-1
¢j 1= D _j—; ak, we have

J(u) = Jp(u) = (0 cCViC---CV= (KT+1)*701 S>> 0171)-

1.6.2 Lattices and the Discrete Valuation Case

Let V' be a vector space of dimension 7 4+ 1 over a discretely valued field K.

Definition 1.6.1. A lattice in V* is an Og-submodule A such that
A ROk K ~V*.

To a linear map f: V — W and a lattice A C V* we can associate the lattice (f*)~1(A) in
W*, where f*:W* — V* refers to the dual linear map.

Remark 1.6.2. That A ®p, K ~ V* is equivalent to the following: for every f € V* there
exists a ¢ in K such that ¢7!f is in A.

Note that, despite K being generated over Ok by infinitely many elements e_.,vy € I'>
(where val(e_,) = —7), these generators satisfy obvious relations e_,, = r12e_,, with
r12 € Ok for 71 < 2. When inverting all the r;;, the relations show that the resulting
module is freely generated by one element eg, which can be taken to be 1 € K, showing that
K ®p, K~ K. So a lattice could contain a vector subspace of V*, in which case it would
not be finitely generated as an Og-module.

Lemma 1.6.3. If a lattice is finitely generated, then it is free on r + 1 generators.

Proof. Since the lattice spans a vector space of dimension r + 1 over K, r 4+ 1 is clearly
the minimum number of generators. Suppose that there were r + 2. Then we would find
a non-trivial K-linear dependence relation. Compare the denominators and multiply by
the one (say it is the Oth) achieving the highest absolute value. We thus obtain an Og-
linear dependence relation with invertible Oth coefficient, showing that the Oth generator is
redundant. O

In the following we present ways to go between seminorms and lattices. In general, they are
not inverse to one another (see [Sch02, Lemma 1.2.2]).

Definition 1.6.4. Let A C V* be a lattice. The seminorm associated to A is (called its
gauge):
= inf |c| € R.
an(f) = ot |

Definition 1.6.5. The lattice associated to a seminorm ¢ is the closed unit ball A, =
g~ ([0, 1]).

Remark 1.6.6. If A contains a vector subspace of V*, the associated seminorm is not a
norm, and vice versa.

Note that all norms on a finite-dimensional vector space are equivalent. In particular, the
space is complete with respect to any norm. Once a basis V ~ K"*! is chosen, one such
norm is given by |[(Ao, ..., Ar)|loc = max;|X;|, which is clearly diagonalizable. The closed
unit polydisc is the lattice {v € V': ||v||oo < 1}. Tt is finitely generated by the elements of the
chosen basis.

Proposition 1.6.7. If K is spherically complete, the correspondences above induce an
equivalence between closed unit polydiscs (with respect to some basis and ||-||oo) and T-valued
norms.
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Proof. Let q be a I'-valued norm. Since K is spherically complete, there exists a basis
{vo,..., v} of V* such that g(Aovo + ... + Arvy) = max; (|\;|ag). Note that o; = q(e;)
is an element of the value group by assumption. Let ¢; € K be any element such that
|e;] = a;. Then the associated lattice A, is the closed unit polydisc with respect to the basis
{cg o, ¢ o}

Vice versa, if A is the closed unit polydisc with respect to a basis {vo, ..., v}, then gy = ||||oo
with respect to the same basis. Note that v € cA, if and only if ¢(v) < |c|, therefore

qa, (v) = inf {|c| | vechg} =qv),

since we have assumed that g takes values in I'. The inclusion A C A,, is always true. On the
other hand, v € Ay, if and only if ga(v) < 1; but since ga = ||||oo With respect to some basis
for which A is the closed unit polydisc, it is clear that ga(v) <1 if and only if v € A. O

Remark 1.6.8. In the spherically complete case, a description of all lattices can be found
in [CM21, Theorem 3.6].

Corollary 1.6.9. If K is a complete discretely valued field, the correspondences above induce
an equivalence between finitely generated lattices and integer-valued norms.

Since we are interested in the building of PG L, we consider (semi)norms up to homothety
(q ~ ~q for any « € exp(T')), which correspond to lattices up to homothety (A ~ cA for any
ce K*).

Simplices In the discretely valued case, there is a way of reconstructing the simplicial
structure of the building in terms of nested sequences of finitely generated lattices and
collections of real numbers.

Indeed, to any norm ¢ we can associate a nested sequence of lattices

{A(c) =q 1([0,¢]) | ce [l,e]}.

Up to homothety, this list consists of 0 < k +1 < r + 1 lattices Ag C ... € Ax € 7 Ay,
where 7 is a uniformiser of O . Moreover, we can associate to ¢ the list of jumps:

{ec; =inf{ce (1,¢] | Alc) = Az}}l:lk

Vice versa, given a nested sequence of lattices Ag C ... C Ay C 7 'Ag, we can find a basis
{eo,-..,e.} of Ay such that

Ah_1 = <7T€0,...,’/T6ih,€ih+1,... ,€r>

for some 0 < i < ... < i3 <r=:ip. Given ci,...,cx € (1,e), we set ¢co =1 and «o; = ¢; if
ij <@ <14;_1. We then define the associated norm

g(Aoeo + ... + Avep) = max{|Ai\ai}.

Remark 1.6.10. Possibly infinitely-generated lattices in V* are dual to finitely generated
submodules of possibly non-maximal rank in V', which provides another description of the
compactification of the building, as explained in [Wer04, §3-4] in the case of a local field.

Convexity In the discretely-valued case, there are various notions of convexity in the
building: Weyl convexity (see for instance [AB08, §4.11]) is the one that bears the closest
resemblance to the metric approach to buildings. There are weaker notions of convexity that
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have been studied in [JSYO07] from a tropical perspective: a set of lattices up to homothety is
+-convex (resp. N-convex) if it is closed under rescaling and taking sums (resp. intersections)
as submodules of K"T1. In terms of norms, these operations correspond to taking pointwise
maximum (resp. the largest norm that is bounded above by pointwise minimum).

Membranes, introduced in [KT06]|, are +-convex unions of apartments, consisting of all
lattices admitting a basis of the form {m% f; ,... 7% f; }, where the a;’s are integers and
the f;’s are chosen from a fixed set of n+ 1 vectors {fy, ..., fn} in K"*1. In [KT06, Theorem
4.11] and [JSYO07, Theorem 18], the authors show that the lattice points in the membrane
[M] correspond bijectively to integer points in Trop(P", ), where ¢ denotes the embedding
[fo:...: fn] : P" — P™. Both the membrane and the tropical linear space are indeed the
tropical convex hull of finitely many points (at infinity). The correspondence is based upon
the nearest point map onto the tropical lattice polytope Trop(P",:) described in [JSY07,
Lemma 21], which can be interpreted as the tropicalization map 7, and the section J (see
Section 1.5 for the definitions) restricted to the affine part Trop(P",:) N R™/R1.

1.7 The Universal Realizable Valuated Matroid

1.7.1 Infinite Tropicalization

Let v be a valuated matroid on a, possibly infinite, ground set E, and let £/ C E be any
subset containing a basis. Then the restriction of v to (r?—l) yields again a valuated matroid v’.
We associate a tropical linear space to v in general, by gluing together the usual construction

for finite valuated matroids. We define the sets

TP” := ({(te)ecr | ue € R} \ {(00)ecr}) /R1
U, = {(ue)eeE € TP? ‘ for all bases A C E there is a € A with u, # oo} c TP”.

Definition 1.7.1. The tropical linear space Trop(v) C TP¥ associated to v is the set of
(ue)eer € TPF such that for any 7 € (er) the minimum in v(7 \ {€}) + u. is attained at
least twice.

Note that the proof of Lemma 1.5.3, does not use the finiteness condition of E, hence we
have for a valuated matroid v and its associated tropical linear space that

Trop(v) C U, C TPE.

Passing to the smaller set U, allows us to endow it with a limit topology as follows. Let I
be the category of finite subsets E’ of E containing a basis, with inclusions as morphisms.
Then we have a functor from I°P into the category of topological spaces, assigning to each
E' the space U, C TPE', where v’ is the restriction of v to E’, and to every inclusion the
corresponding coordinate projection. Note that these coordinate projections are well-defined
by the construction of the U,,. We see that

U, = 121 Uy,
Eel

and we can endow it with the limit topology. Since we also have an identification

Trop(v) — lim Trop(v'),
Erel

and in particular we can endow Trop(v) with the limit topology.
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We now restrict our attention to realizable valuated matroids. Recall fthat the universal
realizable matroid wypiy is given by wyniy (A) = val (det(A)) for A € ((KT’L)*). Theorem A
and Speyer’s result on the tropicalization of finite linear subspaces (Theorem 1.4.7) allow
us to identify the space of seminorms on (K"*1)* up to homothety with the tropical linear

space associated to the universal realizable matroid.
Theorem 1.7.2 (Theorem C). The Goldman-Iwahori space is the tropical linear space
associated to the universal realizable matroid wyniv, t.€.

?r(K) = Trop(wuniv)~

Proof. By Theorem A and Remark 1.3.6 (c), we can write X,.(K) as the limit of all linear
tropicalizations with respect to the category of coordinate projections. The tropicalization
functor from this category is naturally equivalent to the functor which associates to an

embedding ¢ = [fy : --- : fn] the tropical linear space associated to the valuated matroid
given by {fo,..., fn}, as repeating entries and permuting coordinates yields homeomorphic
tropicalizations. O

Let E denote the set of (non-zero) vectors in K"*1. We obtain linear maps

P — Kk, (1.7)
E

and dually
KT KF

Luniv

As in Example 1.4.3 and Section 1.4.4, we may associate to Lun;y the realizable valuated

matroid wyniy. Hence, we can interpret X, (K) as the tropicalization of the universal
projective linear subspace of rank r.

In the following we will show that X,.(K) is cut out by much simpler equations than the ones
coming from the universal realizable valuated matroid. We can think of the map (1.7) as the
(r 4+ 1) x E matrix whose e-th column vector represents e in the standard basis of K™*1. It
follows that the i-th row corresponds to the i-th coordinate projection as a function on F,
that is:

Proposition 1.7.3. The image of tuniv: K™ < K¥ consists of (the restrictions of) all
the linear maps from K™™' (resp. E) to K. In particular, the equations of tuniy involve only
finitely many variables.

Proof. Let x. denote the coordinate on K such that z.(f) = f(e). The equations of tyniy
are

Tre = A\Te, for A\ € K*,e,\e € E;

Tejtes = Tey + Tey, for e1,e0,e1 + €5 € E. O

Remark 1.7.4. These are the equations of K"+ — KF' for any subset E' C E and the
corresponding projection K¥ — K (restriction of functions).

Given a basis (e1,...,e,41) of K™ (e.g. the standard one), these equations are equivalent
to
r+1
X = Z [e]ize, -
i=1

As a curiosity, we note that the large circuits of Definition 1.4.4 are equivalent to the
tropicalization of the small circuits from Proposition 1.7.3.
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Proposition 1.7.5. Write w for wyniv. The minimum is attained at least twice in all

min (uxe, ue + val(X)) for e K* and e, \e € E;

min (Ue1+82, Ue, ueg) for ey, es,e1 +eg € E. (1.9)

if and only if the minimum is attained at least twice in all

E
in (u; ' . 1.10
IZIIEI‘P(U +w(T\ 7)) forT e (r+2> (1.10)
Proof. (1.10)=(1.8): If e is not 0, consider a basis B = {e,ey,...,e,} and apply (1.10) to
{Ae} U B. Note that w(7 \ i) = oo unless i = e, \e. Equation (1.8) follows. Equation (1.9)
follows similarly.

(1.8) and (1.9)=(1.10): From Equation (1.8) we get uye = u. + val()\), and by induction
from Equation (1.9) we get that for £ > 2 the minimum is attained at least twice in

MIN(Ue, 4. fepy Ueys- - - Uey )- (1.11)

Let 7 € (rf2)‘ If 7 contains no basis, then Equation (1.10) is trivially true. Thus, suppose
7= fUB, with B a basis, and write f = Y _; Ace. By Lemma 1.5.2, we have that val();) =
w(t\ i) —w(B) for all i € B. If we set Ay =1, so val(A;) =0 and val(\;) = v(7 \ i) — w(B)
also for i = f, we get
mein (u; +w(r\ 1)) —w(B) = mein (u; + w(r \ i) — w(B))
=min (u; + val(\;)) = min(uy,;),

1ET PET

and the conclusion follows from Equation (1.11). O

1.7.2 Tight Spans

Many of our results extend work by Dress and collaborators in T-theory [DT98]. A tight
span is an isometric embedding of a metric space F into a hyperconvex metric space Tg. The
motivation for these spaces is fitting phylogenetic data; see the cited work for a discussion.
There are also applications to extending valuations in p-adic geometry [DT93]. A so-called
four-point condition [DT98, Section 4.6] is necessary and sufficient for a tight span to be an
R-tree; see Figure 1.1 for an example of an R-tree. This condition is essentially the basis
exchange property for rank-2 valuated matroids. Hence, generalizing to higher dimensions,
[DT93] introduces the tight span of a rank-r valuated matroid (E,v) as

T
_ E . —
Tew = {p eR ’ Ve e E:p(e) = , max_ {v(e,e2,...,¢,) — z;p(ei)}}. (1.12)
1=

The maximum in Equation (1.12) says that the functions p efficiently satisfy a triangle
inequality. Their formulation using max is dual to our work using min. Another difference is
that their space is in affine R¥ instead tropical projective space TP™.

Recall from Definition 1.4.8 the concept of local tropical linear space, and from Proposi-
tion 1.5.4 the homeomorphism between a local tropical linear space and a compactified
appartment in the building. In the setting of tight spans an analogous description by local
pieces holds: Given a basis B = {by,...,b.}, the map ®p that sends a point (uq,...,u,) in
the hyperplane H, ) = { S ui = U(B)} to the linear map ®p(u) : F — R given by

eb—>12%aé<{v(eUB\i)+ui}—v(B)
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is injective [DT98, Proposition 1]. There is also a polyhedral description for intersections
O4(H)N®p(H) with A and B bases of (E,v). Moreover, as B varies over all bases of (E,v),
the whole T\, is covered. It can be shown via the theory of (B, N)-pairs that the ®5(H)
form the apartments of what is sometimes called the extended affine building of GL,,.

Theorem 1.7.6 (Theorem 1 in [DT98]). Let K be a non-Archimedean field with discrete
valuation, and wyniy the universal realizable matroid of rank v as in Example 1.4.3. The
space T(km 0,wune) 95 €qual to the space N (V) for V=K.

A point p € T(km\0,uw,m,) given by p = ®p(u) corresponds to seminorm ||-[|, : K"\ 0 — R
given by H||p = exp p(+), which by Lemma 1.5.2 is diagonalizable by B and u. The expression
O p(u)(e) —v(B) attains the minimum at least twice for all e € E'\ B, i.e. once for e and once
for some ¢ in B. Hence, the equations from Definition 1.4.4 are satisfied for all 7 = e U B. It
is straightforward to show that these equations imply the same result for arbitrary 7. Thus,
as remarked by Speyer on [Spe08, p.6], the tight span T{g . is a lift of Trop(v) to RE.
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Chapter 2

The Signed Goldman—Iwahori
Space and Real Tropical Linear
Spaces

Introduction

The Goldman—Iwahori space is the space of non-Archimedean seminorms on a finite-di-
mensional vector space over a non-Archimedean field. It was introduced in [GI63] to
give a non-Archimedean analogue of symmetric spaces for the group PGL. If the ground
field is spherically complete, this space is a compactification of a building in the sense of
Bruhat and Tits. Bruhat—Tits buildings have proven to be an effective framework to study
reductive groups over non-Archimedean fields (see [BT72, BT84]). Their close relation to
Berkovich geometry is well-established in the literature (see [Ber90, Wer04, RTW10, RTW15]).
Expanding on [DT98], in Chapter 1, we introduced a tropical approach to study the Goldman—
Iwahori space by identifying it with the limit of tropicalized linear spaces and giving a
matroidal interpretation.

Suppose the ground field is now also real closed such that the unique ordering is compatible
with the absolute value. This chapter presents a signed analogue of the Goldman—Iwahori
space, taking the order of the field into consideration. We approach this signed Goldman—
Twahori space by methods of real tropical geometry. This extends the non-Archimedean
framework to real tropical geometry, which was introduced in [JSY22].

We recall some basics of tropical geometry: let K be an algebraically closed field with a
non-trivial non-Archimedean absolute value |-|. We denote the tropicalization map by

trop : K" — (RU{oo})"”, (x1,...,2y) — (=log|z1],...,—log|zn]).

The closure of the image of an algebraic subvariety X C K™ under trop is called the
tropicalization of X and usually denoted by Trop(X). This space has the structure of a finite
polyhedral complex of dimension dim X and its combinatorics carries rich information about
the variety X, like its degree and Chow cohomology class.

It is a fundamental trait of tropical geometry that Trop(X) not only depends on the variety
X, but also on the chosen embedding into K". Hence, we will write the tropicalization as
Trop(X,¢) to emphasize the dependence on the embedding ¢ : X < K"™. More generally, one
can define tropicalizations of closed subvarieties of any toric variety, not just K™ [Pay09,
§3]. One can also drop the conditions of K being algebraically closed or non-trivially valued



by choosing an algebraically closed, non-trivially field valued extension L/K and defining
Trop(X,¢) := Trop(X X L,t,).

A natural question is, whether there is a universal tropicalization of a variety that is
independent of the embedding. One way to construct this, is taking the projective limit
of all tropicalizations with respect to all possible embeddings for a quasi-projective variety
X. In the influential paper [Pay09], Payne showed that this limit space is homeomorphic
to the Berkovich analytification X" of X. This analytic space X", defined by Berkovich,
is a connected Hausdorff topological space that contains the set of K-points X(K) as a
dense subset (see [Ber90] for details). Payne’s result led to ample research into limits of
tropicalizations, for example in [FGP14, KSU21, GG22|.

Recently, there have been two new developments that this chapter combines:

(a) If one considers X = P", in Chapter 1 it was shown that the Goldman—Iwahori space
X, (K) is the limit of all tropicalizations with respect to linear embeddings of P" into
higher-dimensional projective spaces. This space X, (K) consists of homothety classes of
seminorms on (K™1)* and has first been studied by Goldman and Iwahori as a piecewise
linear analogue of symmetric spaces [GI63] for the group PGL(K"™*1). If K is spherically
complete, it coincides with (a compactification of) the affine Bruhat—Tits building of
PGL(K"t1), e.g. studied by Werner in [Wer04]. The relation between affine buildings and
Berkovich analytic spaces has been well established in [Ber90, RTW10, RTW12, RTW15].

(b) In [JSY22], the authors define a “real” version of a Berkovich analytification: In this
setup the field K is real closed instead of algebraically closed and a real analytification
X2 of a variety X is constructed, which takes into account the order on K. The
authors introduce a non-Archimedean approach to real tropicalizations using the real
analytification. Roughly speaking, given an affine variety X over K, one restricts the
tropicalization map to each orthant of K™ and glues the resulting 2™ tropicalizations
together. The resulting space Trop, (X,¢) is called the real tropicalization of X with
respect to the embedding ¢ : X — K™. In [JSY22], it was shown that X2" is the limit
of all real tropicalizations. Real tropicalizations have garnered particular attention due
to Viro’s patchworking [Vir84|, which was one of the earliest achievements of what is
now called tropical geometry. An equivalent perspective on real tropicalizations is given
by real phase structures, and recently, in [RRS23] the authors defined the real part of
a smooth tropical variety equipped with a real phase structure, which is locally (the
topological realization of) an oriented matroid [RRS22].

We merge these two approaches: Consider a real closed field K equipped with a compatible
non-Archimedean absolute value. An example is the field of real Puiseux series R{{t}} =
Unen R((t ), where the positive Puiseux series are those with positive leading coefficients.
Let X = P" be the projective space over K. We define the signed Goldman—Iwahori space
RAX,,(K) to be the space of homothety classes of non-trivial signed seminorms on (K"*+1)*
(¢f. Definition 2.4.8) equipped with the topology of pointwise convergence. We study the
geometry of this space via real tropical geometry, in particular via real tropical linear spaces:

Let I be the cofiltered category of linear embeddings P"* — U C P™, where U is a torus-
invariant open subset of P with morphisms given by commutative triangles

where U — U’ is a composition of coordinate projections and permutations. For any linear
embedding ¢ : P* — U C P™ as above, we construct a surjective and continuous map
7, : RX,(K) — Trop,(P",¢). For any morphism in I, the coordinate projections and
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permutations induce a continuous map between the respective real tropicalizations. This
setup allows us to formulate and prove:

Theorem A (Theorem 2.5.3). The canonical map

lim7,: KA, (K) — lim Trop,. (IP", L)
el el

is a homeomorphism.

Theorem A can both be viewed as a signed version of Theorem A or as a linear version
of [JSY22, Theorem 6.14]. Even though the signed Goldman—Iwahori space RX,,(K) is
not a building in the sense of Bruhat and Tits, it can be seen as a signed analogue of the
building of PGL. From this perspective, it is a real analytic and non-Archimedean analogue
of a symmetric space for PGL. It might be interesting to examine this space more closely
in order to study reductive groups over real closed fields. Taking absolute values yields a
natural, surjective, and continuous map RX,,(K) — X, (K) to the Goldman-Iwahori space
(cf. Section 2.5.1).

Valuated matroids are the combinatorial objects that naturally arise with (ordinary) tropical-
izations of linear spaces. To every linear embedding ¢ : P — P" we may associate a valuated
matroid that uniquely determines the tropicalization Trop(P™,:). Even in the non-realizable
case, one can associate a linear space to a valuated matroid, which agrees with the Bergman
fan in the case of trivial valuation. In Chapter 1, the construction was generalized to allow
us to describe finite rank matroids on infinite ground sets. In Theorem C we showed, that
the Goldman-Iwahori space X, (K) is the tropical linear space associated to the universal
realizable valuated matroid wyniv. The underlying matroid has as ground set (K "+1)* and
the rank function is given by the dimension of the subspace spanned by a subset.

When the field K is real closed (or, more generally, ordered), the additional decoration on a
matroid is that of an orientation, which has been studied extensively [BLVST99, RGZ97|. As
matroids capture the combinatorics of linear dependence over fields, oriented matroids capture
the combinatorics of linear dependence over ordered fields, taking into account signs of linear
dependencies. If the field K is in addition equipped with a compatible non-Archimedean
value, we obtain an oriented valuated matroid, which is a matroid with both decorations that
satisfy a compatibility condition.

Baker and Bowler introduce matroids with decorations in the language of hyperfields [BB16],
where valuated /oriented /oriented valuated matroids arise as matroids over the tropical
hyperfield T/the sign hyperfield S/the real tropical hyperfield RT.

To every oriented valuated matroid M on a ground set F, one can associate a real tropical
linear space Trop, (M) [Tabl5, Jiirl8]. If M is represented by a linear embedding over a
real closed field, then the real tropicalization of the linear embedding coincides with the real
tropical linear space associated to M. This extends the trivial valuation case considered in
[AKWO06, Cell9] who shows that the real tropical linear space equals the real Bergman fan
of the associated oriented matroid.

We generalize these ideas and construct a real tropical linear space for any oriented valuated
matroid of finite rank, whose ground set explicitly need not be finite (see Section 2.6). We
then show:

Theorem B (Theorem 2.6.3). The signed Goldman—Iwahori space is the real tropical linear
space associated to the universal realizable oriented valuated matroid Mpiy, i.€.

R, (K) = Trop,. (Muniv)-

Here, the universal realizable oriented valuated matroid is realized by the ground set E =
(K"*t1)*. This gives RX,(K) an appealing interpretation as the real tropicalization of the
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natural universal embedding

Luniv 1 P — P (KF) .

In particular, this allows for a notion of a real tropicalization of an embedding of a finite-
dimensional variety into an infinite-dimensional vector space. This gives an interpretation of
the signed Goldman-Iwahori space as a universal realizable real tropical linear space.

In the special case K = R with trivial valuation signed seminorms are always diagonalizable,
which need not even be true for other trivially valued fields (¢f. Example 2.4.7). Therefore,
in general, computing signed Goldman-Iwahori spaces turns out to be difficult. However, if
K =R, we can explicitly parameterize the signed Goldman—Iwahori space and determine
the fibers of the map R4, (R) — X, (R).

In the case of trivial valuation, the real tropical linear space of an oriented matroid agrees
with its real Bergman fan studied in [Cell9]. We show that for the universal realizable
oriented matroid, this is still true if X' = R, but fails for other real closed fields (¢f. Theorem
2.8.15 and Remark 2.8.16 (d)). Tropical linear spaces relate to tropical convexity (see [Jos21,
§10] for details), in the same way that real tropical linear spaces relate to signed tropical
convexity [LS22]. The real tropicalization of a linear space is the TC-convex hull of all
RT-cocircuits of the associated RT-matroid [LS22, Theorem 7.8]. We give an interpretation
of this result for the real tropicalization of the universal realizable oriented matroid M iy .
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Conventions
We write R = RU{oo}. For any set E, we write TPE := (EE \ 00)/R1, where 1 refers to the
function with constant value 1. If E = {0, ...,n} for some natural number n, we write TP™ for

TPZ. For a field K, which will be clear from the context, we write A" = Spec(K][t1,...,t,])
for affine space and P" = Proj(K[to, . .., t]) for projective space. If K = R, we write RP" for
the set of R-points of P™ and consider this space with the Euclidean topology. We consider
the ordering +, — > 0 of signs which we extend componentwise to a partial order on sign
vectors. Given an ordered field K, we denote by sgn : K — {0,+1, —1} the sign function.

2.1 Real Tropical Geometry

We describe the real part of tropical projective space which is homeomorphic to the real
projective space RP™. This space is the ambient space of the real tropicalizations of subva-
rieties of P} over a real closed field K with compatible absolute value. We describe this
construction of a real tropicalization, which, in contrast to ordinary tropicalization, also
takes the order on K into account. A more general and thorough treatment can be found for
example in [RRS23].
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2.1.1 Tropical Patchworking

Let R = RU {co}. For n € N, the tropical projective space of dimension n is given by
TP = R" \{(c0,...,00)}/R1, where 1 = (1,...,1). Via the identification R = R>q, x
exp(—x), we can identify TP" = Rg’gl \ {(0,...,0)}/(Rsg). The space TP" is naturally

stratified, where the closures of strata are given by {(xzg: -+ : zy,) € TP" | 2; = 00 Vi € I},
where I C {0,...,n}.

We can glue together 2" symmetric copies of TP" indexed by ¢ € (Z/2Z)" /1 to obtain a
space

RTP" = U TP"()/ ~ .
c€(Z/22)n+1 )1
Here, ~ identifies the codimension-one strata {(zg : -+ : x,) € TP"(¢) | ; = oo} and
{(o : -+ : m,) € TP(') | @ = o} if e +& = ¢; in (Z/2Z)"T'/1. The identification
TP" = RZ5\ {(0,...,0)}/(R>0) yields an identification
RTP" = RP",
(6, (wo i+ an)) = (1) exp(—mo) : -+ : (1) exp(—zy,)).
There is an obvious continuous retraction map |:|gps : RP" — RZE\ {(0,...,0)}/(Rsg) =
TP", sending each (zg : - : x,) € RP™ to (|zo|: -+ : |zn|), where |-| denotes the absolute

value on the real numbers.

Remark 2.1.1. This is a special case of the construction RTY in [RRS23, GKZ08§]| associated
to a pointed polyhedral fan ¥, which is a space homeomorphic to the real part of a complex
toric variety (in our setting P¢) by gluing together multiple symmetric copies of the tropical
toric variety (in our setting TP™). In [RRS23] this is the ambient space of the patchworks of
tropical varieties.

Example 2.1.2. We make the space RTP? = RP? explicit by gluing four triangles, each
homeomorphic to TP?, together as in Figure 2.1 and identifying antipodal points. The
retraction map |-|gpz folds up the four triangles to one.

Figure 2.1: The map RTP? — TP?.

For the sake of clarity, we will henceforth always use the coordinates of RP™ and omit any
logarithms. The downside is, that our tropicalizations are not polyhedral complexes in these
coordinates. However, the formulas are much clearer since these coordinates make it easier
to keep track of the signs.

2.1.2 Ordered and Real Closed Fields

We recall the definition of an ordering on a ring: For a commutative ring A, a subset P C A
is called an ordering of Aif P+ P C P,P-PC P,PU—P = A, and PN —P is a prime ideal
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of A. The support of P is supp(P) := PN —P. To P we associate an order relation and a
sign function in the natural way: Write f >p 0 and sgnp(f) = +1if —f ¢ P, write f >p 0
it f e P, and sgnp(f) =0if f € supp(P). We have sgnp(—f) = —sgnp(f). We may refer
to the ordering as either P or <p. An ordered field K is real closed if every non-negative
element = > 0 has a square root in K. If K is real closed, there is a unique ordering on K
defined by taking the positive elements to be precisely the non-zero squares. Every ordered
field has a real closed extension, called the real closure. Whenever a real closed field is
equipped with a non-Archimedean absolute value ||k, we assume that the absolute value
is compatible with the (unique) ordering. This means, if 0 < a < b then |a|x < |b|k, or
equivalently, if |a|x > |b|x then sgn(a + b) = sgn(a) = sgn(a — b).

Example 2.1.3. Let R{{t}} be the field of real Puiseux series, i.e.,

R{t} = |J R(7).

neN

Every element of R{{t}} is a power series with real coefficients and rational exponents
with bounded denominator. This field is equipped with the absolute value that maps
f= qu@ aqt? to exp(—qo), where go is the minimal index such that a4, 7# 0. Moreover, let
sgn(f) = sgn(aq,), i.e., the positive Puiseux series are those with positive leading coefficients.
Then R{{¢}} is a real closed field whose absolute value is compatible with the order.

2.1.3 Real Tropicalization

We will begin by providing a brief overview of ordinary tropicalization. Let K be an
algebraically closed field with a non-trivial non-Archimedean absolute value |-|x : K — Rxo.
Denote the tropicalization map by

trop : P"(K) — (RLG"\ {0})/R>o
(o i iaxp)— (ol : -+ ¢ |TnlK)-

For any closed subvariety ¢ : X < P" the tropicalization Trop(X,:) is defined to be
the closure of the image of X under trop. If K is trivially valued or not algebraically
closed, we pass to a non-trivially valued, algebraically closed extension L/K and define
Trop(X,¢) == Trop(Xp,tr) € (RZHT\ {0})/R~0, where X7, = X xx L. This is independent
of the choice of L (e.g. by [Gub13, Proposition 3.8]).

Remark 2.1.4. It is more standard to write trop in the coordinates of TP", for which we
have

trop(xg : -+t xp) = (—log|zolx : -+ —log|xn|K) .

In these coordinates, the Bieri-Groves theorem [BG84, Theorem A] and [EKLO06, Theorem
2.2.3] states that, if X is irreducible, then Trop(X,¢) has the structure of a pure-dimensional
rational polyhedral set of the same dimension as X.

Let now K be real closed instead of algebraically closed. We assume that |-|x is compatible
with the unique ordering on K. The real tropicalization map is given by

trop,. : P*"(K) — RP",
(xo: - :ap) — (sgn(xo)|zo|x @« : sgu(xy)|Tn|K)-

Note that this map takes into account the order on K. This can be seen as an orthantwise
tropicalization, where we restrict the tropicalization map to each orthant and glue the
resulting tropicalizations together. The affine version of this map is considered by Jell,

36



Scheiderer, and Yu in [JSY22] and [AGS20]|, where the authors study properties of the
images of semialgebraic sets under the real tropicalization map. The logarithmic version of
this construction, without signs, was used by Alessandrini in [Ale13] who showed that the
logarithimic limit of a real semialgebraic set is a polyhedral complex.

As before, for every closed subvariety (or, more generally, for every semialgebraic subset)
t: X < P" we define the real tropicalization Trop, (X,:) C RP™ as the closure of the image
of X(K) under trop,. If K is trivially valued, we choose a non-trivially valued, real closed
field extension L/K such that the absolute value on L extends the one on K and define
Trop,.(X,¢) := Trop, (X1, cr,) € RP™. The real tropicalization is independent of the choice
of extension by [JSY22, Theorem 6.9]. By construction, the map |-|gpr : RP™ — TP™ maps
Trop, (X, ¢) to Trop(X,¢).

Example 2.1.5. Let K = R be equipped with the trivial valuation and let X = V(xq +
r1 — x3) C PE. We want to compute Trop,(X,t¢), where ¢ : X < P? is the inclusion.
Consider the base change to the field L of real Puiseux series. Let (yo : y1 : y2) € Xrp(L) =
V(zo+x1 —x2) CP2, dce., yo + y1 = y2. Then

Sgn((yo,ylayQ)) € {(+7 =+, +)a (73 Rl 7)7 (+7 ) 7)3 (73 =+, +)7 (+7 B +)a (73 =+, 7)}7

i.e., if sgn(yo) = sgn(y1), then all signs are the same. By the axioms of a non-Archimedean
valuation it is clear that |ya| < max(|yol,|y1|) and that, if |yo| # |y1|, we have equality.
Moreover,e we also have equality if sgn(yo) = sgn(y1). Finally, if sgn(yo) # sgn(y1) and
lyol = [y, then sgn(y) - [yo| can have any value in [—|gol, [yol] N Q. We may choose
representatives in P? such that max{|yo|, |v1], |y2|} = 1 and yo > 0. In Figure 2.2 the real
tropicalization Trop, (X, ¢) is now indicated in red and the (usual) tropicalization Trop(X,¢)
in blue.

(0,1,0)

('17070) (1,0,0) —

(0,-1,0)

Figure 2.2: The map RTP? — TP2.

Remark 2.1.6. In [RRS23] the authors introduce real phase structures on rational polyhedral
spaces and tropical varieties. For a rational polyhedral subspace X in R", a real phase
structure is an assignment of an affine subspace of (Z/2Z)"™ to each facet of X. The
assignment of a real phase structure is used to describe the patchwork of a tropical variety,
which should be thought of as its real part. The authors show that a patchwork describes,
up to homeomorphism, fibers of real analytic families with non-singular tropical limits. As
explained in [RRS23, §4.8| their construction of a real tropicalization, i.e., the patchwork,
agrees with the logarithmic version of the real tropicalization from [JSY?22] that we described
above and use in this chapter.
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2.2 Matroids over the Real Tropical Hyperfield

Matroids over hyperfields due to Baker and Bowler [BB16, BB19| simultaneously generalize
linear subspaces, matroids, oriented matroids, and valuated matroids. We recall their
notion as well as the hyperfields that are of our interest such as the sign hyperfield, the
tropical hyperfield, and, most importantly, the real tropical hyperfield. Matroids over the
sign hyperfield correspond to oriented matroids, while matroids over the tropical hyperfield
correspond to valuated matroids. Oriented valuated matroids are hybrid objects combining
oriented matroids and valuated matroids in a compatible way. From the perspective of
matroids over hyperfields they arise naturally as matroids over the real tropical hyperfield
RT. We recall the definition of a real tropical linear space associated to an oriented valuated
matroid defined via its RT-circuits.

2.2.1 Hyperfields

In [Virl0] Viro introduced hyperfields as a convenient technique in tropical geometry. Espe-
cially in the last few years there has been a surge of interest and research in the realm of
hyperfields and tropical geometry [Lor22, BB16, BL21, MS23, Max24]. A hyperfield H is a
set with a multiplication - and addition @, where addition may be multivalued, that satisfies
axioms similar to those for a field. Several of the following hyperfields were first introduced
in Viro’s paper [Virl0], to which we refer for precise definitions.

Example 2.2.1.

(a) Any field K can trivially be considered a hyperfield with its ordinary multiplication and
addition, where we consider the sum of two elements as a singleton set.

(b) The Krasner hyperfield K as a set is K = {0, 1} with the usual multiplication and —1 = 1.
For addition 0 is the neutral element and 1 & 1 = K.

(¢) The sign hyperfield S on elements {0, +1, —1} has multiplicative group ({£1},+). The
addition is given by 0@z =0forallz €S, 1¢1=1,-1¢—-1=—-1,and -1 1=S.

(d) The tropical hyperfield T on elements R>( with multiplicative notation has as multiplica-
tive group (Rsg, ), and the addition is defined by

eb— max(a, b) ?fa;«éb,
[0, al if a=0b.

(e) The real tropical hyperfield RT on elements R has multiplicative group (R*,:) with
addition

a if |a| > |b],

b if |a] < 10l

a

A homomorphism of hyperfields is amap f : H; — Hy such that f(0) =0, f(1) =1, f(z-y) =
f(x)- f(y), and f(z @ y) C f(x) @ f(y) for x,y € Hy.
Example 2.2.2.

(a) Every hyperfield H has a canonical homomorphism into K by sending 0 to 0 and every
non-zero element to 1.
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(b) The maps RT — T, a — |a| taking the absolute value and RT — S, a — sgn(a) keeping
only the sign information are hyperfield homomorphisms.

(¢) For a field K, a map K — S a hyperfield homomorphism if and only if it is of the form
sgnp for an ordering P C K.

(d) For a field K, a map K — T = R>¢ is a hyperfield homomorphism if and only if it is a
non-Archimedean absolute value.

(e) Let K be an ordered field with a compatible absolute value |-|x. The natural signed
absolute value map K — RT,z +— sgn(z) - ||k is a hyperfield homomorphism.

2.2.2 Matroids over Hyperfields

Definition 2.2.3 (|[BB16]). Let F be a non-empty finite set, H a hyperfield, and let n be a
positive integer. A Grassmann—Pliicker function of rank n on E with coefficients in H is a
function ¢ : E™ — H such that:

(a) ¢ is not identically zero,

(b) ¢ is alternating, i.e.,

(X1, Tiy ey Ty ey ) = —P(X1, .0 &y, Ty, oo, Eyy) and
o(x1,...,xp) =0 if & =z, for some ¢, 7.
(¢) (Grassmann—Pliicker relations) For any two subsets {x1,...,Zn+1}, {¥1,---sYn—1} C E,
n+1
0e @@(xlw"?jjk‘y'”axn#»l) '@(xkaylv"‘aynfl)'
k=1

Two Grassmann—Pliicker functions 1 and @9 are equivalent if p1 = a - o for some o € H*.
A (strong) matroid over a hyperfield H on E of rank r is an equivalence class of a Grassmann—
Pliicker function of rank r on FE.

Remark 2.2.4. Baker and Bowler define strong and weak matroids over hyperfields, which
coincide for doubly distributive hyperfields by [BB19, Theorem 5.4]. Since all the hyperfields
we consider (see Example 2.2.1) are doubly distributive hyperfields, we will simply refer to
matroids over hyperfields.

For the hyperfields of Example 2.2.1, we obtain the following (classical) notions:

(a) A matroid over a field K is the same thing as a linear subspace of K of rank n. This
is the classical representation of a subspace via its Pliicker coordinates that satisfy the
Grassmann—Pliicker relations.

(b) When H = K is the Krasner hyperfield, a matroid over K is the same as a usual matroid
since the Grassmann—Pliicker relations are equivalent to the basis exchange axiom for
matroids.

(¢) A matroid over the sign hyperfield S is the same as an oriented matroid, where a choice
of a Grassmann—Pliicker ¢ function is called a chirotope (note that ¢, —¢ are the only
chirotopes). This choice gives us then a notion of an oriented basis, where (by,...,b,) is
a positively oriented basis, if o(by,...,by) = 1.

(d) A matroid over the tropical hyperfield T is the same as a valuated matroid in the sense
of Dress—Wenzel [DW92a]. The Grassmann—Pliicker function is usually called a tropical
Pliicker vector.

(e) A matroid over the real tropical hyperfield RT is an oriented valuated matroid. This
particular case holds significant interest within this chapter.
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Matroids over hyperfields admit a useful pushforward operation (c¢f. [BB16, §4.2]): Given a
Grassmann—Pliicker function ¢ : E™ — Hj and a homomorphism of hyperfields f : H; — Ho,
the pushforward f.p : E™ — Hj is defined by the formula

frpler, ... en) = flpler, ..., en)).

This is again a Grassmann—Pliicker function. If M is a matroid over H; given by ¢, the
pushforward f.(M) is defined by f. and is a matroid over Hs.

Definition 2.2.5. Let f : H; — H> be a homomorphism of hyperfields, and let M5 be a
matroid on E with coefficients in Hy. We say that My is realizable with respect to f if there
is a matroid M; over Hj such that f.(M;) = Ma.

Example 2.2.6.

(a) Let H be a hyperfield and let w : H — K be the canonical hyperfield homomorphism.
If M is an H-matroid, the pushforward w, (M) is called the underlying matroid.

(b) Let K be an ordered field and let sgn: K — S be the sign map. If W C K™ is a linear
subspace (considered in the natural way as a K-matroid), the pushforward sgn, (W)
coincides with the oriented matroid which one traditionally associates to W.

(¢) Let K be a field with a non-Archimedean absolute value ||k : K — T (considered as a
hyperfield homomorphism) and let W C K™ be a linear subspace. Then the pushforward
||« (W) is the valuated matroid associated to W.

(d) Let K be a real closed field with a compatible absolute value |-|x. If W C K™ is a
linear subspace, the pushforward of W under the signed absolute value map K —
RT, z — sgn(x) - |z|k is the oriented valuated matroid associated to W. Explicitly, let
W be the row-space of the n x m-matrix [vy,...,vy]. Let E = {v1,..., vy} be the set of
column vectors of the matrix which form a spanning set of vectors of K™. The associated
Grassmann—Pliicker function of the RT-matroid associated to W is given by

E" — R,

(Vayy -5V, ) — sgn(det[vg,, ..., vq4,]) - |det[va,, .-, va, ]|k -

(e) Consider an RT-matroid (i.e., an oriented valuated matroid) M. The pushforwards
of M under the natural maps RT — T and RT — S yield the underlying valuated
matroid and the underlying oriented matroid, respectively.

2.2.3 Oriented Valuated Matroids

Since oriented valuated matroids are not as well studied as for example oriented or valuated
matroids, we describe them now in more detail. The following explicit description is taken
from [Gia23, §1.5]:

Let M be an oriented valuated matroid given by the Grassmann—Pliicker function ¢ : E™ —
R. Condition (3) in Definition 2.2.3 explicitly means: For each {z1,...,7,411} € E""! and
{y1,--,Yn_1} € E"71, either the numbers

{(_1)k<)0(x1a s ajjkv .. axn-‘rl) : @(-rlwyla s ayn—l)}k}:L...,n—&-l

are all zero, or the maximum modulus occurs with both signs. The group RT* = R* acts on
the set of such ¢ by multiplication, and an oriented valuated matroid is an orbit.

As in Example 2.2.6 (e) the pushforwards of an RT-matroid M yield an underlying valuated
matroid given by a tropical Pliicker vector v = |¢| : E” — T = Ry and an underlying
oriented matroid given by the chirotope (i.e., Grassmann—Pliicker function) sgnoyp : E* —
S ={0,+1,—1}. An equivalent definition of an oriented valuated matroid is also given by a
compatible pair of a tropical Pliicker vector and a chirotope, see [Gia23, Definition 1.5.1].
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Remark 2.2.7. The more common, but equivalent, notion of a valuated matroid arises by
taking v = — log ||, where one takes hyperfield addition using min and multiplication given
by usual addition.

There is a cryptomorphic definition of H-matroids via H-circuits. For H € {K,S, T} these give
the usual axioms for circuits, signed circuits and valuated circuits. The general cryptomorphic
axiomatization of H-circuits can be found in [BB16, Definition 3.7]. For H = RT, we will
now state the axioms for the set of RT-circuits. For any C,C’ € RTZ we define the support
of C as Supp C := {e € E | C, # 0}, and we define the composition

C. if|c. > ),
C! otherwise.

(Col)e = {

Proposition 2.2.8 ([BP19, Theorem 45]). Let E be a finite set. An RT-matroid on E is

equivalent to a subset C C RTY that satisfies the following circuit azioms:

(Co)oéc,

(C1) if C €C and o € RT* = R*, then a- C € C,

(C2) if C,C" € C and Supp C C Supp C’, then there exists an o € (RT)* = R* such that
C'=a-C,

(C3) for any C,C" € Cye, f € E such that Ce = —C; # 0 and |Cy| > |C}], there exists a
C" € C such that CY =0, Cf = Cy, and |C}/| < |Cyo Cy| or Cf € Cy @ Cy, for all
ge k.

We call RT-circuits signed valuated circuits.

Lemma 2.2.9 ([BB16, Lemma 4.5]). If f : Hy — Hy is a homomorphism of hyperfields and
M is an Hj-matroid on E with set of circuits C, then the set of circuits of the pushforward
f«(M) is given by

{cf(C) |ceHS,C eC}.

In particular, the set of supports of C is the set of circuits of the underlying matroid.

Example 2.2.10. Let K be an ordered field with a compatible absolute value |-|x. An
RT-matroid M is realizable over K if there is a K-matroid, i.e., a linear space W C K, such
that the pushforward of W under the signed absolute value map equals M. As in Example
2.2.6 (d) let E = {v1,...,v,} be a spanning set of vectors of K™ and W the row-space of
the n x m-matrix [v1,...,vs,]. The set of circuits of W is given by the vectors with minimal
support in FE. By Lemma 2.2.9 the set of signed valuated circuits, (i.e. RT-circuits) of M, is
given by

C ={(sgn(A)|Mlk,-- - sgn(An)[Am|x) € R™ |

Z Aiv; = 0 is a minimal linear dependence} .

K3
This generalizes signed circuits of an oriented matroid by considering the trivial valuation on
K.
2.2.4 Real Tropical Linear Spaces

Analogous to the definition of the tropical linear space of a valuated matroid [Spe08|, the
real tropical linear space Trop, (M) associated to an oriented valuated matroid M is defined
as follows:
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Definition 2.2.11 ([Jiirl8, 1.2.7]). Let M be an oriented valuated matroid on the ground
set F. For a signed valuated circuit C' € C, we define the real tropical hyperplane

Trop,(Me) ={(yo: ... : ym) E RP™ |0 € @ Ye - Ce}
ecSupp C
={(yo:...:Ym) € RP™| there exist indices i # j such that
max (|ye| - |Ce|) is attained at ¢,j and y; - C; = —y; - C;}.
ecSupp C

The real tropical linear space associated to M is defined as

Trop,. (M) = m Trop, (M¢).

ceC

Remark 2.2.12. This definition of the real tropical linear space is exactly the zero set of
linear polynomials over the real tropical hyperfield RT.

Remark 2.2.13. If K is trivially valued, Trop, (M) equals the real Bergman fan of [Cell9)],
see Section 2.8. In the general case, the real tropical linear space of a matroid over the
real tropical hyperfield is the so-called TC-convez hull of the RT-circuits of M [LS22]. The
relation to signed tropical convexity is elaborated further in Section 2.8.4.

The tropicalization of a linear space over a non-Archimedean field is determined by its
associated valuated matroid [Spe08, Proposition 4.2]. If K is a real closed field with a
compatible absolute value ||k, then similarly the real tropicalization of a linear space over
K is determined by the associated oriented valuated matroid.

Proposition 2.2.14 (|[Tabl5, Theorem 3.14], [Jiirl8, Theorem 1.2.11]). Let K be a real
closed field with a compatible absolute value |-|xc. Let v = (fo @ --+ ¢ fm) : P* — P™

be a linear embedding, and M, be the associated realizable oriented valuated matroid on
{fos-y fn} C (K"™H* (cf. Example 2.2.10). Then

Trop,.(P",¢) = Trop,(M,).

In other words, the real tropicalization of a linear space only depends on the associated
oriented valuated matroid.

2.3 Real Analytification and Tropicalization

Throughout this section, we fix a real closed, non-Archimedean valued field K with absolute
value |-|x that is compatible with the order on K. We recall the real analytification of
a variety over K which was introduced in [JSY22]. We then show that, similarly to the
Berkovich analytification, the real analytification of P can be described as a quotient of
Anthan\ f0} and hence can be described in terms of signed multiplicative seminorms on a
polynomial ring. This gives a real tropicalization map from P;»*" to RP" extending the real
tropicalization map from affine varieties to closed subvarieties of P".

2.3.1 The Real Analytification X32"

In [JSY22| the authors define a real analytification of a K-variety X. By a K-variety X we
always mean a reduced, irreducible, separated scheme of finite type. For a point p in the
scheme X, let K (p) denote its residue field.

Definition 2.3.1. The real analytification of X is the set X2" consisting of all triples
z = (pg, ||z, <z), where p, € X, || is an absolute value on K (p,) extending |-|x, and <, is
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an order on K (p,) compatible with |-|,. We equip X2" with the coarsest topology such that
the support map

supp : X" — X,

T Py
is continuous and the map
supp ' (U) — R,
x— sgn, (f) - |l

is continuous for every open U C X and every regular function f on U.

Many properties that hold for the Berkovich analytification also hold for the real analytifica-
tion. For example:

e For any morphism f : X — Y of varieties over K, there is a natural induced continuous
map f2" : X2 — Y" of the corresponding real analytifications. This assignment is
functorial.

e The space X2" is a connected Hausdorff space and if X is proper over K, it is compact
[JSY22, Proposition 3.6, Corollary 3.10].

There is a natural map X2" — X" which forgets the last entry. This map is always
continuous and proper, but in general neither injective nor surjective [JSY22, Example 3.12].
Just like for the classical Berkovich analytification, for an affine K-variety X = Spec(A), the
real analytification X" has a description as the space of signed multiplicative seminorms on
the K-algebra A.

Definition 2.3.2. A signed multiplicative seminorm on A is a map |-|**" : A — R such that:
(i) |al*®™ =sgn(a) - |a|x if a € K,

(i) [f - g™ = [f[*=" - [g&" if f, g € A,

(iif) min(]f[°8", |g[*") < |f + g[*¥" < max(|f[*®", [g]*") if [, g € A.

The space of signed multiplicative seminorms is endowed with the coarsest topology that
makes the natural evaluation maps evy : |-[**" — | f[*8" for all f € A continuous. By [JSY22,
Proposition 3.4| for X = Spec(A), we have that X2" is the space of signed multiplicative
seminorms on A. The map to the Berkovich analytification is given by |-[*" — ||-[**"|.

Remark 2.3.3. As explained in [JSY22], one can view X2 = X (RT), i.e., as the RT-points
of X. Namely, if X = Spec(A) is an affine K-scheme, then X2" = Homg (A, RT). The latter
set is the set of all hyperfield homomorphisms A — RT that factor the canonical hyperfield
homomorphism K — RT,z — sgn(z) - |z|x from Example 2.2.2 (e). This construction

glues to varieties over K. In fact, from this hyperfield point of view, [Jun21] showed that
X = X(K) and X = X(T).

In particular, for the affine space A™ = Spec K[ty,...,t,], the real Berkovich analytification
(A™)2™ is given as the set of signed multiplicative seminorms on Klti,...,t,]. Similar to
the Berkovich Proj construction, there exists a corresponding construction for the real
analytification, hence we can describe P»?" in terms of signed multiplicative seminorms. Let
|-|3¥" and |-[52" be points in A?T1am\ {0} 4.e., non-zero signed multiplicative seminorms on
Klto, ..., t,] extending the absolute value on K. We call |-]3*" and |-|5" homothetic, if there
exists a constant 0 # ¢ € R such that for every homogeneous polynomial f of degree d, we
have |F[32" = | /I3

Proposition 2.3.4. The real analytification P*" is the quotient of A?+t1:a%\ {0} by homo-
thety.
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Proof. This works the same way as for the Berkovich analytification: Let z = (pg, ||+, <.) be a
point in P»2*. Then p, is contained in an open affine U C P", i.e., x € U™, Let (z9: -+ : zp)
be homogeneous coordinates on P". We assume that U = Uy = {z € P" | 29 # 0}. Thus z
corresponds to a signed multiplicative seminorm | I on K [tl ..., =], This induces a non-

-
Zero blgned multiplicative seminorm on K{to, ..., t,] by mapping f(to,o. coytn) € Klto, ..., tn]
to [f(1, & ,...,%) o, which we also call |-[;¥". Let p, € U’ for another open affine U’ C P",
say U = Uy = {z € P" | 21 # 0}. Let |-|}*" denote the corresponding signed multiplicative
seminorm on K [i” , %’ .. "] which induces a signed multiplicative seminorm on K[tg, . . ., t,]
via f(to, ..., tn) — | (2,1, t—2 -5 ). We now show that [-[f*" and |[3*" are homothetic
signed seminorms on Kl[ . tn]. Let f € K[to,...,ts] be homogeneous of degree d. Since
d
() (o)
O tl tl ) ) tl ) ) tl )
we have <on con
G R (G i
ty "t )y Tto? T o ) |,
for ¢ = |t°|bgn # 0. This shows that a point z € P*" defines a homothety class in

(A1 {0})/ ~.

Conversely, let [||*"] be an homothety class of a non-zero signed multiplicative seminorm
on Kltg,...,t]. Since |-[**" # 0, after a coordinate change we may assume that |to|**" # 0.
Then we define a signed multiplicative seminorm on K [%7 cey to] by

f ti,...,i" s [tdf ti,...,i"
to to to to

where d is the degree of f. This corresponds to a point in (Up)® C P20, If also [t1[™" # 0,
then this similarly defines a point in (U7)2". In order to see that this is the same point
in the intersection (Uy N Up)2", we observe that the signed multiplicative seminorm on
Klto, ... tnlto.t, is naturally induced by |-|*", hence the two signed multiplicative seminorms
agree. It is straightforward to check that the topologies agree, which concludes the proof. [J

sgn

There is a natural continuous surjective real tropicalization map
A:H—l,an Rn+1,

|'|Sgn — (‘tolsgnv SR ‘tnlsgn)v

trop,. :

which induces a real tropicalization map
trop, : Pl — RP™,
[FPE ] e (ol ™™ = -« [t ]™5).

Let ¢ : X — P™ be a closed subvariety. By a projective version of the real analogue of the
fundamental theorem [JSY22, Theorem 6.9], we have

trop,.(X2") = Trop,. (X, ¢) .

2.4 The Signed Goldman—Iwahori Space

The signed Goldman-Iwahori space associated to a vector space can be thought of as a linear
analogue of the real analytification of P™. Alternatively, it is a version of the Goldman—
Iwahori space in [GI63] that takes signs of the ground field into account. In this section, we
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will examine its structure and its relation to the real analytification. Further, we describe a
real tropicalization map from the signed Goldman—Iwahori space to real projective space.
This allows us to define a real tropicalization map from the signed Goldman—Iwahori space
to real tropicalizations of linear spaces. From now on, let K be a real closed field with
compatible non-Archimedean absolute value || and let V' be a finite-dimensional vector space
over K.

2.4.1 Signed Seminorms

Definition 2.4.1. A signed seminorm on V is a map ||-||**" : V — R such that:
(i) For all v € V and A € K, we have

AP = sgn(A)|A] [lo]|**" .
1) For all v,w € oth strong triangle inequalities
(ii) For all V both g triangle i liti
min([[o]**, wl") < flv 4w < max([lo]"", Jw]"")

hold.

sgn

Remark 2.4.2. This definition is equivalent to |||
space homomorphism.

: V' — RT being an RT-hypervector

Lemma 2.4.3. Let |-|**" be a signed seminorm on V and v,w € V.

(a) The absolute value of a signed seminorm is a seminorm (cf. Definition 1.1.1).
() 1f | ol

(¢) If | o+ w]*"

N then (v 4 w]*7 = o]

> [lw]

< max{‘ l[o]|*"

e

b, then sga(loll ™) = —sgn(lul")
Proof. (a) Let X € K, v, € V. We bave | |20l | = [\| [0l . Tl + w]|" > 0, then

o+ w[*® | = [lv+ w|*" < max(||v]|**", w|*") < max(| [lo]**"],

[ )

The other case is obtained by multiplying with —1 and applying the other strong triangle

inequality.
(b) By (a) and the corresponding well-known statement for non-Archimedean seminorms we
have:
[ llo+wl** [ = [ o] ].
Assume that sgn(||v + w||*®") = —sgn(||v||**"), and after possibly taking the negative,
that [[v]|**" > 0. Then
[w]*#" < max(flo + w[™*", [[-v["*") = — [Jv]*"
which is a contradiction.
(¢) By (b), the case | [[v+w|*" | < max {||[v]*" ], ] lw|*" |} can only occur if
= | 0l™®" [ = [ llw]**" .

If the signs were also equal, the minimum and maximum in the strong triangle inequalities
would agree, giving a contradiction. O
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Proposition 2.4.4. Let ||-||77", [|-]|57" be signed seminorms on a vector space V. Then the
composition

I o 1" : V — R,

bl i | ol | = o™
VUV H—— X
ol else
s again a signed seminorm.
Proof. We set ||-[|#" == ||[|]7¥" o||-]|5¥". Surely, for A € K,v € V, we have ||[Av|*®" = |\| |lv[|**".
It remains to show that ||v + w|**" < max{||v||*", |w||*®"} for all v,w € V, because we can

replace all involved signed seminorms by their negative. We can assume ||v||**" > |jw]*"
and ||v[|*™" > 0 after possibly switching v, w and multiplying by —1. If | [|w]**" | > | ||v]|**" |,
by Lemma 2.4.3 (b), we have ||v + w||*™®" = ||w||*®*" and hence

v+ w|*" = [w]™" < max{|[v]|**", [w]]*"}.
If ’ [|lw]|*" | < | [|v]|*&" |, then
| Jo + w|™" | < max{] [|o]|*#" |, | [Jw]|*®" |} = | o)™ | = vlI**",

where the first inequality follows from the fact, that the maximum of two seminorms is again
a seminorm. This completes the proof. O

Example 2.4.5 (Diagonalizable signed seminorms). Let B = (by,...,b,) be an ordered
basis of V and ¢= (c1,...,¢,) € R’ZLO parameters such that ¢; > --- > ¢,,. We may associate
to this datum a map

gz V —R,
n

v= Z Aib; — sgn(A;)|Ajle; if j is minimal with |Aj|¢c; = mz[m)]<{|)\i\ci}.
1e(n

i=0
Indeed, ||| is a signed seminorm: Let B; = (b;,by,...,b;,...,b,) be a reordering of B
B, j j j
and ¢ = (¢;,0,...,0) € RL,. It is easy to check that H||S§JHEJ is a signed seminorm. We have
Ee= 115 oo lIE 2
so by Proposition 2.4.4 we obtain the result. Seminorms of the form ||-|5" for an ordered
basis B = (by,...,b,) and parameters ¢ = (c1,...,¢,) € RY, such that ¢; > --- > ¢, are

called diagonalizable.

Example 2.4.6. To illustrate that the order of the basis B really matters, we consider V =
K% B = (e1,e3), B’ = (e2,e1), and &= (1,1). Then ||e; — eg||SBg%: 1, but ||e; — eQHSBg,rjg:
—1.

In the non-signed case, if the field is spherically complete (or equivalently, maximally
complete), then every seminorm on a finite-dimensional vector space is diagonalizable
Proposition 1.1.5. In particular, this is true for trivially or discretely valued fields, since they
are spherically complete. In fact, the reverse implication also holds: If dimV > 2 and K is
not spherically complete, then there exists a seminorm on V that is not diagonalizable. In
the signed world, the situation is more complicated, as the following example will show:
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Example 2.4.7. Let K = R{{t}}, ||k the t-adic non-Archimedean absolute value on K (cf.
Example 2.1.3), and |-|¢;jy the trivial absolute value on K. Consider V = K? and the map

1" - K* - R,

' sgn(y) else.

Then |[|-]|*®" is a signed seminorm over K with respect to ||y (note that we choose the
trivial absolute value!) that is not diagonalizable: Surely, ||[Av||*™*" = sgn(A\)|A|iv [[v]**" for
all A € K,v € V. Checking the triangle inequalities involves checking a lot of different cases,
but is entirely straightforward and will therefore be omitted.

To see that ||-]|*®" is not diagonalizable, assume that there exists an ordered basis B = (b1, b2)
of K? and ¢; > ¢y > 0 that diagonalizes ||-[|**". Then ¢; = ¢ = 1, since this is the only
positive value that ||-||**" attains and (0, 0) is the only vector being mapped to 0. For A € K
with 0 < |[Ax < 1, we have

[AD1 + b2||™" = [[b2]|**" = [[=Ab1 + ba|[**",

which contradicts the assumption that B, (c1, ca) diagonalize |-||**".

We will show in Proposition 2.7.5, that if K = R with trivial valuation, then every signed
seminorm is diagonalizable. It remains open, if there are other real closed fields (with trivial
or non-trivial valuation), for which every signed seminorm on finite-dimensional vector spaces
are diagonalizable. Our proof will make crucial use of general hyperplane separation, which
is only true for R, but fails for all other real closed fields [Rob91].

We endow the set of signed seminorms on V' with the topology of pointwise convergence.

This is the coarsest topology such that all evaluation maps ev, : [|-[|*®" — [|v||**" for v € V
are continuous. It agrees with the subspace topology of RP(X " Two signed seminorms
[-135, [ [155" are said to be homothetic, written ||-||7¥" ~ ||-]|58", if there is a constant ¢ # 0
such that ||-[|3¥" = ¢||-|[5*". Homothety defines an equivalence relation on the space of signed

seminorms.

Definition 2.4.8. The signed Goldman—Iwahori space RX (V) is defined to be the quotient
of the space of non-trivial signed seminorms on the dual space V* by homothety, i.e.,

RX(V) = ({[|-|™®" : V* — R signed seminorm} \ {0})/~ .

When V = K" we write RX,,(K) for RX (V).

In Chapter 1, the (non-signed) Goldman—Iwahori space is denoted by X (V'), which is a
compactification of the space of norms modulo homothety X(V'). Even though RX (V') will
turn out to be compact (Corollary 2.5.4), we omit the bar to declutter notation.

Note the dualization in Definition 2.4.8. This makes the assignment V' +— RX (V') a covariant
functor from the category of finite-dimensional vector spaces over K to the category of
topological spaces via pulling back signed seminorms under linear maps. For a linear map
f:V =W, we write RX(f) : RX (V) — RX (W) for the induced continuous map.

2.4.2 Tropicalization of RX,,(K)

From now on, we consider the vector space V = K"t! together with its defined standard
basis e = (e, ..., e,) and the associated dual basis e* = (e, ..., e!) of V*. This identifies
A(V) and P(V) with A"*! = Spec K[t, ..., t,] and P" = Proj K[to, ... ,t,], respectively.
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We have a natural continuous map 7 : P}»*" — RX,, (K) by restricting a non-zero signed
multiplicative seminorm on Kltg,...,t,] to its degree 1 part Kl[tg,...,t,]1 = (K™T1)*.
Note that this is well-defined, taking into account the respective equivalence relations: if
|-|3¥" ~ |-[5%" € Pan, then there is ¢ # 0 such that for any homogeneous linear polynomial
f € Klto,...,ty]1 we have |f|}¥" = c¢|f[5*", hence the restrictions of |-[}*" and |-[5*" are
homothetic.

Remark 2.4.9. While in the non-signed case the natural restriction map P™*" — X,,(K)
was proven to be surjective in Proposition 1.2.7, it is currently not clear to the author, if the
same holds in the signed case. However, we will show surjectivity in Proposition 2.7.10, for
K = R with trivial absolute value. In that case, every signed seminorm is diagonalizable and
this allows us to construct a preimage. If one could show that the subspace of diagonalizable
signed seminorms of R, (K) is dense, then topological arguments would imply surjectivity
of 7.

Definition 2.4.10. The real tropicalization map tropgy, : RX,(K) — RP" is given by
associating to a signed seminorm |[|-||**" : (K"™1)* — R the tuple
tropgy, (I1™") = (leg™™ ...« [len[I*") € RP™.

Note that the association in Definition 2.4.10 only depends on the homothety class of [|-]|**"
so it indeed descends to a map RAX,,(K) — RP"™. Moreover, by the definition of the topology
of RA,,(K), the real tropicalization map tropgy, is continuous. Using Example 2.4.5, one
can construct an inverse image for each point in RP" after possibly replacing some basis
vectors by their negatives, hence tropy y, is also surjective.

b

Recall that the real tropicalization map is given by

trop,. : Pl* — RP™ |

[P ] =l s 7).
By construction, trop, : P}»*"* — RP" factors as

tropg x,,
Em—

pran T, jx, (K) RP" .
Let 1= (fo:--+: fm):P" < P™ be a linear embedding, where f; € (K"!)*. We define
T, = tropgy,, © RA(1) : RA, (K) — RP™.
A direct computation shows that for all [[|-[|**" ] € X, (K), we have
w (LI ]) = (Aol s (] fnl 757 -
Proposition 2.4.11. For a linear embedding v: P* — P™ we have
Trop,. (P", 1) = troppmr, (RX (1) (R, (K))).
In particular, the following diagram commutes:

an

L
n,an T m,an
p — P
’I‘7 ’l‘7

I iy

R, (K) 22 ma,, (K)

lm ltropmxm

Trop,.(P"*,1) ———— RP™
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Proof. Let M be the realizable oriented valuated matroid on {fy,..., fm} C (K"T1)*
associated to the embedding ¢. By Proposition 2.2.14, Trop,. (P, ¢) equals the intersection of
the real tropical hypersurfaces Trop, (M¢), where C ranges over the signed valuated circuits
of M. Let ||-||**" be a signed seminorm on (K"1)* and let C be a signed valuated circuit of
M. Then C is associated to a minimal linear dependence ) . A; f; = 0 among the f;, i.e.,

C = {(sgn(A1)| M1, - -, sen(Am)|Am|}. We need to show that (|| fol|™" : -+ : || fn]|™®") lies in
Trop,(M¢c) ={(yo : ... : ym) € RP™ : there exist indices ¢ # j such that
max (|ye| - |Cel) is attained at 4,j and y; - C; = —y,;C;}.
e€Supp C

The strong triangle inequalities for signed seminorms imply that

IS Aafill ™" | < meaoci (Il 1 £3l™* 1) = maxeesupp o (1Ce - [ £el " 1) -

Since ), A; fi = 0, the maximum is attained twice. Let I C Supp C be the set of indices
where the maximum max.esupp ¢ (|Ce || fe|| ™" |) is attained. Again by the triangle inequalities
applied to ||Zi6[ )\ifiHsgn it follows from Lemma 2.4.3 that there must exist indices i,j €
i+ j with [ fi] " - Ci = — |1 f;]*" C;. H

2.5 The Limit Theorem

In this section, we show a linear version of the limit theorem [JSY22, Theorem 6.14] which is
a real analogue of the limit theorem A. We will have a similar setup as in Section 1.3 which
we now recall. We first set up a category of linear embeddings such that real tropicalization
yields a covariant functor into the category of topological spaces.

Definition 2.5.1. Let I be the cofiltered category of linear embeddings P* — U C P,
where U is a torus-invariant open subset of P with morphisms given by commutative
triangles

where U — U’ is a composition of a coordinate projection and a coordinate permutation.

Lemma 2.5.2. Let 1 : P" — U CP™ gnd // : P* — U’ C P™ be linear embeddings and
@ : U — U’ be a morphism in I with pot="1".

(a) The morphism @ induces a natural composition of coordinate projections and permutations
P : Trop,.(P", 1) — Trop,.(P", /).

(b) The following diagram commutes:

R, (K) —— Trop,(P",)

trop
N l%

Trop,.(P™, )

In particular, there is a natural map

lim, : R, (K) — lim Trop, (P",0).
el el
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Theorem 2.5.3. The natural map
lim 7, : %X, (K) — lim Trop,. (P", 1)
el vel

from Lemma 2.5.2 is a homeomorphism.

Proof. The proof is a combination of [Pay09, Theorem 1.1], [JSY22, Theorem 6.13] and

Theorem 1.3.5.
To show injectivity of lim _ ,, let []- 135, [11-115%"] € RX,(K) be two homothety classes

such that lim _ (|| 13¥"]) =lim _ 7, ([|-58"]). By the same argument as in the proof of

el
Theorem 1. 3 5 the signed seminorms ||-||7¥", ||-|[5*" have the same kernel. Let f,g € (K"*1)*
be outside of this kernel. We extend f, g to a generating set f, g, fa,..., fm of (K"*1)* and
we consider the corresponding linear embedding ¢ = [f : g : fo: -+ : fin] : P* < P™. Then

we have 7, ([||-|7¥"]) = 7. ([||-5*"]) as elements in RP™ and thus the quotient of the two first
coordinates equals
22 7

lgll3™ — llall3™
This implies that ||-[|7*" and ||-[|5®" are homothetic.

To show surjectivity of lim _ m, let (y,),er € }iinjel Trop, (IP’",]). First, we consider the

el
identity id = [e;‘j S e;] : P? — P™. After a permutation of coordinates we may assume
that the first coordinate yiq,0 of ¥iq € RP™ is not 0. As in the proof of Theorem 1.3.5 it
follows that for all linear embeddings ¢ = [60 fioo fm}, the first coordinate y, ¢ is not 0.
We will construct a signed seminorm |-||*¥" with Heo||sgn =1 and m,(||-|**") =y, for all y € I.
Let f € (K"™)*. We choose an embedding j = [ej : f: fo: ¢ fm]| : P" — P™ and define

5 Y1
e o= 22,
Y30
By the same argument as in the proof of Theorem 1.3.5 using coordinate projections and
permutations, this definition does not depend on the choice of ;.

We check that the constructed map is indeed a signed seminorm. For f € (K"*!)* and
A € K consider any embedding 7 = [ea fiAfl } Then, by Proposition 2.4.11, for every
y, € Trop,.(P", ) there is a class of a signed seminorm | |- ||bgn] € RA,(K) with

vy =m (LI ])
= (tropgy,, oRX (7)) ([1-1*"])
= [legl® « IAIEE = IALITE™ = -]

and thus sgn(A)[A|y,1 = y,,2. Therefore,

sgn Yy.2 Sgn()‘)l/\‘y 1 sgn
IAFIPE" = =22 = === = sgn(A) N || £[*" .
Y30 Y3,0

For f, g € (K"*')*, the inequalities min{|| f[|**" , [|g**"} < [|f+g|[**" < max{|[f[**", [lg]**"}
follow similarly by considering an embedding containing f, g and f 4 ¢g. By construction, the
signed seminorm ||-[|**" is an inverse image of (y,)er-

Finally, as in the proof of [JSY22, Theorem 6.13], the map is a homeomorphism because
the topology on the left is defined as the coarsest topology such that ||-||**" — || f]|**" is
continuous for all f € (K™*1)* while on the right the topology is defined such that all
projection maps, that is, all maps @Le s Trop,. (IP’”, L) — Trop, (H"", L) to a particular ¢ are
continuous. These conditions are equivalent. O
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Corollary 2.5.4. The signed Goldman—Iwahori space RX,,(K) is compact and Hausdorff.

Proof. This follows from Theorem 2.5.3 since all Trop,.(P", ) are compact and Hausdorff,
hence the inverse limit is a closed subspace of the compact product space and is thus itself
compact and Hausdorff. O

Remark 2.5.5. Let K be trivially valued. Then all real tropicalized linear spaces Trop,.(P", ¢)
are homeomorphic to RP™, see Corollary 2.8.13 and Proposition 2.8.14. One might suspect
that the limit space RX,, (K) is also homeomorphic to RP™. However, in the category I there
are coordinate projections, which do not induce homeomorphisms between the respective
real tropicalizations. Hence, one cannot conclude that RX,,(K) is homeomorphic to RP™.

2.5.1 Relation to the Goldman—Iwahori Space

Recall that the Goldman—Iwahori space X, (K) is the space of non-trivial (ordinary) semi-
norms on (K"*1)* modulo homothety. It has been studied first by Goldman and Iwahori
[GI63] (also see for more recent accounts [Wer04, RTW12, RTW15]). However, our notation
will follow Chapter 1, where we proved that X, (K) is the limit of all linear tropicalizations
of P". The compactified affine Bruhat-Tits building B, (K) of PGL((K™1)*) is the subspace
of X,,(K) of classes of diagonalizable seminorms. The inclusion B, (K) C X,,(K) is dense by
Remark 1.1.9 and we have an equality if and only if K is spherically complete by [Kru32,
Satz 24].

The association ||-||*"

— ‘ [|-]]&" | defines a natural map

d: R, (K) — Xn(K).

Since morphisms in I commute with taking pointwise absolute values, we obtain the following:

Theorem 2.5.6. For any morphism ¢ € I between linear embeddings t,.' of P™, the
following diagram commutes:

™,

/\tmp

R, (K) — Trop, (P",1) ~— Trop, (P",.)

J» L.
(

X (K) —=— Trop(P",1) ——— Trop(P",/)

In particular, ® is exactly the map induced by all |m,| : RX, (K) — Trop(P™, ).
Proposition 2.5.7. The map ® : RX,,(K) — X,,(K) is surjective.

Proof. The Goldman—Iwahori space is a compact Hausdorff space, since it is the limit of
compact Hausdorff spaces. Moreover, so is the signed Goldman—Iwahori space by Corollary
2.5.4. Via Example 2.4.5, we construct preimages for all classes [|| - ||] € Bn(K), hence the
image of ® contains B, (K). Since the image of ® is compact, it needs to be closed, thus
density of B, (K) implies surjectivity of ®. O

In general, the fibers of ®, though non-empty, can vastly differ in complexity. In Section 2.7,
we will consider the trivially valued case K = R and show that the fibers can be singletons,
finite sets, or even infinite.
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2.5.2 Towards a Generalization to Tropical Extensions of Hyper-
fields

Recently, there have been several developments that aim to generalize tropical geometry to
hyperfields. In particular, we highlight the geometry of tropical extensions of hyperfields
or, more generally, of tracts [MS23, Max24, Smi24]. Using this language, we can unify the
Goldman-Iwahori space X, and the signed Goldman-Iwahori space RX,, such that those
two spaces become special cases for the tropical hyperfield T and the real tropical hyperfield
RT.
Recall that a non-Archimedean absolute value on a field K is the same as a hyperfield
homomorphism K — T. In [MS23, §2.1], the authors study certain generalizations of such
hyperfield homomorphisms, called enriched valuations. This is a morphism of hyperfields
v : K — H[R] from a field K to the hyperfield H[R] which is a tropical extension (see [MS23,
Def. 2.6]) of a hyperfield H that encodes additional H-information about the field element.
We give three natural examples to illustrate this concept:
(i) For a non-Archimedean valued field, the absolute value K — T = K[R] is an enriched
valuation where T = K[R] is the tropical extension of the Krasner hyperfield K.
(ii) The signed absolute value K — RT = S[R], z — sgn(x) - |z| also encodes the sign of an
element of an ordered non-Archimedean valued field K.
(iii) Let k be a field and let k[[t®]] the field of Hahn series over k. We can enrich the usual
valuation defining the fine valuation

fval : k[[t*]] — k[R],

that maps a Hahn series to its leading term. Hence, it remembers the leading coefficient
as well as the valuation of a series.

Definition 2.5.8. Let K be a field and v : K — H[R] be an enriched valuation.

(a) A v-seminorm on a K-vector space V is a map ||| : V — H[R] such that for all
w,w’ € V,\ € K we have:

[lw+ w'[] € |lw]|&]w]],
[|Awl| = (M) [w]] -

(b) The v-Goldman—Iwahori space X,(K,v) is the space of non-trivial v-seminorms on
(K™*+1)* modulo (H[R])*. If H[R] has a topology, we consider X,,(K,v) as equipped with
the topology of pointwise convergence.

We note that this generalizes the construction of the (signed) Goldman—Iwahori space, which
use the enriched valuations (i) and (ii), respectively. We will now deduce a limit theorem for
example (iii), i.e, K = k[[t%]] and v = fval, which will be fixed from now on.

Definition 2.5.9. Let ¢ : P* < P™ be a linear embedding. Then the fval-tropicalization is
given by
Tropga (P, ¢) = fval(u(P")) C Pl -

With a similar argument as in (i) and (ii) for valuated matroids and valuated oriented
matroids, by [Smi24, Prop. 5.12], Tropg, (P",¢) is determined by the associated k[R]-
matroid M, := fval, (¢«(P"™)). Explicitly, Tropg,,; (P", ¢) is orthogonal to the k[R]-circuits of
M,. Therefore, Tropg,,; (P, ) is an enriched tropical linear space under the fine valuation
(see [Smi24, Definition 5.8]).

The key insight is that for each linear embedding ¢ = (fg : -+- : fin) : P* — P™ we can
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construct a natural map
7, X (K[[1]), fval) —> Tropg, (", )
(111 = (ol == = 1 fmll)

as in Section 2.4.2. Well-definedness follows analogously to Proposition 2.4.11 by using the
description of the enriched tropicalized linear space Tropg,; (P",¢) via the k[R]-circuits of
M,. This makes crucial use of [Smi24, Proposition 5.12].

The following can be proven similarly to Theorems A and 2.5.3:

Theorem 2.5.10. The natural maps w, induce a homeomorphism

limm, : X, (k[[t%]], fval) — lim Tropg, (P",¢) .
el el

In other words, the fval-Goldman—Twahori space X, (k[[t¥]], fval) is the limit of all enriched
tropicalized linear spaces Tropg,,; (]P’", L) for linear embeddings ¢ : P — P™.

It would be interesting to study in a similar spirit this fval-Goldman—Iwahori space as a
universal enriched tropical linear space for the fine valuation. Moreover, one could study
limit theorems for Goldman—Iwahori spaces with other enriched valuations.

2.6 The Universal Realizable Oriented Valuated Matroid

We may extend the definition of a matroid over a hyperfield (Definition 2.2.3) to infinite
ground sets. This generalization to infinite ground sets works as in Sections 1.4 and 1.7.1.
There, this extension is done for the tropical hyperfield T, i.e., for valuated matroids of finite
rank on possibly infinite ground sets. In this section, we will do the same for the real tropical
hyperfield RT.

Let E be now a possibly infinite ground set and M be an oriented valuated matroid given
by a Grassmann—Pliicker function ¢ : E™ — RT. Note that the rank of M is n, so it is in
particular finite. We define RP? := {(y.)ecr|ve € R} \ {(0)ccr}/R* and equip it with the
topology of pointwise convergence. Analogous to Definition 2.2.11 we define:

Definition 2.6.1. The real tropical linear space Trop, (M) C RP¥ associated to M is the
set of (ye)ecr € RPF such that for any C' = (fo, ..., fnir1) € E"T2 we have that

n+1
0e P ys, - o(C - fi).
i=0
Recall that ® denotes the hyperfield sum of the real tropical hyperfield RT = R.

Let K be a real closed field with a compatible absolute value |-|x. We now extend the
construction of realizable oriented valuated matroids from Example 2.2.10 to the ground set
E = (K"thH,

Definition 2.6.2. Let F = (K"*!)*. The universal realizable oriented valuated matroid or
universal RT-matroid M iy of rank n + 1 is given by the Grassmann—Pliicker function

Puniv -+ En+1 — R’]Tv
(.an"'vfn) [ — Sgn(det[f07"'7fn]) : |dCt[f07a.fn]| .

By counsidering — log |¢univ|, we obtain the universal realizable valuated matroid wyniy =
val o det studied in Chapter 1. Hence, in contrast to wypiv, the map @,y also keeps track of
the signs.
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Note that both the signed Goldman—Iwahori space and the real tropical linear space associated
to the universal realizable oriented valuated matroid are defined to be subsets of RPE.

Theorem 2.6.3 (Theorem B). The signed Goldman—Iwahori space is the real tropical linear
space associated to the universal realizable oriented valuated matroid Mpiy, i.€.

RX, (K) = Trop, (Muniv)-

Proof. Consider a signed seminorm ||.|[**" on (K™ **)*. To show that [ [|.|*" ] € Trop,(Muniv),
take C' = (fo,..., fat1) € E"T2. Then, by an application of Cramer’s rule
> _(=1)"det(C ~ f)fi = 0.

We denote by \; = (—1)*det(C — f;). Then

Z/\ifi

By construction, sgn(A;)|Ai| = (=1)*@univ(C'— f;). This shows that [ ||.|*" ] € Trop,(Muniv)-
Conversely, using similar methods as in Section 1.7.1, one can see that the circuit conditions
of (Ye)eer being in Trop, (Muniy) imply that |e[*®" = y. is a signed seminorm. O

Sg

0= ‘ e @ sl - 150"

Remark 2.6.4. (a) Theorem 2.6.3 is a signed analogue of Theorem C which gives an
identification X, (K) = Trop(wuniv)-

(b) Theorem 2.6.3 has a compelling interpretation in light of the limit Theorem 2.5.3. For
any finite subset ' C F containing a basis, we can restrict Muui, to E’ and we have a
natural surjective map Trop, (Muyniv) — Trop, (Muniv| /). We have

Tropr(Muniv) = lﬂl Tropr(Muniv‘E’)
E'CE
|E'|<oo

where the limit is taken over all finite generating subsets E’ of E. Hence, one could
alternatively prove Theorem 2.6.3 via Theorem A and Proposition 2.2.14.
(¢) Theorem 2.6.3 gives an interpretation of RA,,(K) as a real tropicalized linear space in
the following way: Consider for E = (K™*1)* the universal embedding
Luniv P*"—P (KE) .

Then the associated oriented valuated matroid is of course M, ., = Muyniv. Hence,
RX,(K) can be seen as the real tropicalization of P™ with respect to typiy-

2.7 The Case of Real Numbers with Trivial Valuation

For the case that K = R with trivial valuation, it will turn out that all signed seminorms
are diagonalizable. This lets us describe the signed Goldman—Iwahori space explicitly over
this field. Moreover, it allows us to describe the real tropical linear space of M,y as a real
Bergman fan.

2.7.1 Diagonalizability of Signed Seminorms

We want to describe RX (V) explicitly by making use of the map ® : RX (V) — B(V), which
assigns to each signed seminorm its absolute value. Therefore, we quickly recall an explicit
description of B(V') in terms of flags of subspaces. The following holds for any trivially valued
field K:
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Proposition 2.7.1 (Example 1.1.10). Let the dimension of V' be n. There is a bijection

AAAA

In other words, a seminorm is given by a flag of subspaces together with increasing real
weights.

The bijection works the following way: for a homothety class of seminorms we choose the
representative ||-|| that has maximal value 1 on V. Then one obtains the flag of subspaces as
subsets ||-]|71(0, ) by letting e vary. The kernel of ||-|| then equals V; and the coordinates d;
are given by the constant value of ||-|| on V;\ V;_; for i = 1,...,1—1. In particular, B(V') can
be identified with the compactified cone over the order complex of the lattice of non-trivial
subspaces of V*.

Example 2.7.2. In the building B; (K ) homothety

classes of seminorms correspond to flags of subspaces IRRIEEE

of (K?)* together with a single coordinate 0 < d < 1. S Ty
Each cone corresponds to a one-dimensional sub- g . g
space V7 and the point at infinity of each cone corre- S
sponds to the homothety class of a proper seminorm, n
as visualized in Figure 2.3. A norm in the homothety :

class corresponding to (V4,d) has generic value 1,

and value d on V1 \ {0}. A boundary point is given

by a subspace Vj which is the kernel of a proper . )
seminorm. Hence in this particular case of rank one, T

the boundary equals P'(K). The central point . s 1B
corresponds to the class (gf t)he seminorm that takez Figure 2.3: The building B, (K).
value 1 everywhere except at 0.

(Vi d).:‘-,_‘ P(K)

From now on, we again consider K = R. Preimages of intervals in the signed case are no
longer subspaces, but only convex cones:

Lemma 2.7.3. Let ||-||*?" be a signed seminorm on V and [a,b] be a closed interval in R.
Then L = (||-I*")~([a, b]) U {0} is a convex cone in V. Moreover, if b > 0 and a = —b, then
L is a subspace.

Proof. Surely for A € Ry and v € V, we have ||Av][?" = ||v|[*8", so the preimage of an
interval is a cone. To see convexity, let v,w € L,t € [0,1]. Then

(1 =)o + twl] < max{||(1 = t)ol], |[tw][} = max{][[v]], [Jw][} <.
Similarly,

(1 =)o + tw]|| = min{[|(1 = t)ol], [[fw]|} = min{[[o]], [[w][} > a.

If b > 0 and a = —b, then surely also v € L implies —w € L, so with the above L is also a
subspace. O

Lemma 2.7.4. Let 0 # ||-||*" be a signed seminorm on V.

(a) The image of ||-||*9" is finite.

(b) For a = maxycy ||v|[%8", we have that A == {v € V | ||[v||*®™ = a} is a convex cone.
(c) There exists w € V* such that

A°={v eV | (v,w) >0},
A={veV|{v,w) >0} and
A = w"
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where A°/AJOA denote the interior/closure/boundary of A in V with respect to the
FEuclidean topology.

(d) A signed seminorm ||-||*"

V/(ker [|-*") — R.

(e) The restriction of ||-||*" to any subspace is again a signed seminorm.

induces a well-defined signed seminorm on the quotient

Proof. (a) Follows immediately from Proposition 2.7.1.

(b) Follows from Lemma 2.7.3 applied to the interval [a — ¢, a + €] for a sufficiently small
e >0.

(¢) The second equality of sets follows from the first one. Since A is convex, so is —A. By
the separation Lemma [SW12, 3.3.9], there is a hyperplane H separating A and —A. Let
w € V* such that H = w' and A C {v € V | (v,w) >0}. Then A° C {v € V | {(v,w) >
0}. From Proposition 2.7.1, one can deduce the other inclusion.

We omit the proofs of (d) and (e) as these are straightforward. O

We note that K = R is the only real closed field that admits the separation Lemma [SW12,
3.3.9]. Thus for an arbitrary real closed field K we cannot expect a hyperplane (-,w) =0
separating A and —A to exist.

This now allows us to proof, that every signed seminorm is diagonalizable:

Proposition 2.7.5. Let K = R. Every signed seminorm ||-||*" on V is of the form ||-| 3%

for an ordered basis B = (b1, ...,b,) and parameters c; > ¢ > -+ > ¢y € Ry (cf. Ezample
2.4.5).

Proof. The trivial signed seminorm is diagonalizable by any basis setting ¢ = 0. Let ||-||**"
be non-trivial. As in Lemma 2.7.4, let a = max,cy ||a|[*®", A = {v € V | ||v|]*8" = a},
and H = JA. Set by to be any vector in A° and ¢; = a. By Lemma 2.7.4 (d), the
restriction ||-||*" |y is a signed seminorm and therefore, by induction, it is diagonalizable
with by,...,b, € H, and ca,...,¢, € R with ¢g > --- > ¢,. Then (by,...,b,) is a basis of V,
by definition ¢; > ¢ > -+ > ¢,, and for any v = Z?zl Aib; we have that v € H if and only
if Ay = 0. Moreover, we have v € A if and only if A\; > 0, and v € —A if and only if A\; < 0.
In all three cases we have [[v[|**" = [jo]|3".. O

Remark 2.7.6. The key ingredient for Proposition 2.7.5 is hyperplane separation for general
convex sets, which, as noted above, only holds over R. It is currently not clear to the author,
if there are other real fields, trivially or non-trivially valued, for which every signed seminorm
is diagonalizable.

Diagonalizability gives us a description of RX' (V) in the flavor of Proposition 2.7.1.

Definition 2.7.7. A signed flag of subspaces is given by the data of

e aflag0CVy C Vi C--- CV, =V of subspaces such that for all i = 1,...,] we have
dimV,_; =dimV; — 1, and

e a choice of a convex region in V; \ V;_; for alli=1,... L.

We consider two signed flags equivalent, if the underlying flag of subspaces is the same and
the choice of region is exactly opposite for all 7. The notion of signed flags helps us to
formulate a signed analogue of Proposition 2.7.1.

Proposition 2.7.8. Let V be of dimension n. There is a bijection
RXY(V) <L {0CVCV S CVi=V* 0<d <---<d_y <1)},

where the right hand side runs over all equivalence classes of signed flags.
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sgn

Proof. For a point in RX(V'), we first choose a representative ||-||**" such that its maximal

value is 1. Now, by Proposition 2.7.5 ||-|*" = ||-|| 5" for an ordered basis B = (by,...,b,) and
c=(c1=1,c,...,0p) €ERY with ¢; > ¢;_; forall i. Let ig =min{t =1,...,n+1 | ¢; = 0},

where we formally set c,.1 = 0. We define a signed flag by setting Vo = (b;,,...,bn),
Vi = (big—i,.-.,bn), and chose the region of V; that contains b;. Note that both the choice
of the other representative or of a different diagonalizing basis would yield an equivalent
signed flag. Moreover, ¢ is independent of both choices. Finally, we set d; = ¢;,—; for
1 =1,...,79 — 2 to obtain the desired data.

The above procedure is reversible by successively constructing a basis and the homothety
class of the resulting signed seminorm does not depend on the choice of the constructed
basis. O

Together, Proposition 2.7.1 and Proposition 2.7.8 allow us to study the natural map & :
RX(V) — B(V). We want to understand ®([||-||**"]) for some [||-|*"] € RX(V). Let
0CVyC Vi C---CV,=V* be the corresponding signed flag and 0 < d; <--- <dj—; <1
constructed as in Proposition 2.7.8. Let ig := 0 and 0 < iy < --- < 4y < [ be the indices
such that there is a strict inequality d;; < d;; 41 (here we set and d; :==1). Set V; :=V;; for
j=1,...,l and dj = d;;. Then ® ([|-][*®"]) is given by the flag 0 =Vy SV C--- C V|| C
V}’,H := V* and coordinates 0 < d} < --- < d] <1 as in Proposition 2.7.1.

A natural question to ask is: what do the fibers of ® look like? This has an easy answer,
if the flag that is induced by the homothety class of a seminorm is complete, i.e. jumps
of subspaces are only by one dimension. In that case, all preimages are given by the same
coordinates d; and any choice of signature on the flag yields a signed seminorm, hence the
fiber under ® has exactly 2"~ ! elements. The situation gets more complicated, if the flag is
not complete, as the following example will show.

Example 2.7.9. Consider the case V = R2. As explained in Example 2.7.2, there are three
types of points of B(V):

(a) the homothety class 7 of the constant norm,

(b) classes of proper norms with 2 different non-zero values,

(c) classes of proper seminorms (i.e., seminorms with non-trivial kernel).

If K was algebraically closed, we would have B;(K) = P and these would exactly
correspond to Berkovich type II, type III, respectively type I points of the space. However,
since R not algebraically closed and thus By (R) C P22,

As discussed before, if a point in B (R) is of type (b), then its fiber consists of two points. If
the point is of type (c), then there is only one preimage, as the two choices of signed flags
are equivalent. In contrast, the fiber of 5 is quite large. For every line V; C R2, there are
two equivalence classes of signed flags with underlying flag 0 C V; € R2. Hence, there is a

(non-canonical) bijection
d~(n) 2P (R) UPY(R).

Note that this bijection is not continuous, so it does not tell us anything about the topology.
To find out more about the topology of this fiber we refer to [JSY22, Example 3.12], since in
the special case of dimension 2, one can show that Bi(R) is the set of real points of P1:a"
and KX (R) equals PL2". In Figure 2.4 we sketch the map ®. Note that because of the
infinite nature of the spaces, the topology on both R (R) and Bi(R) is coarser than the
figure might lead us to believe. For example, the space RX;(R) is connected (this follows
from 2.7.10), even though as a set it is a disjoint union of closed intervals.
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Figure 2.4: The map ® : RX;(R) — B (R).

Proposition 2.7.10. The restriction map 7 : PP*" — RX, (R) is surjective.

Proof. Let [[|-|**"] be the class of a non-trivial signed seminorm on (R"*!)*. Then by

Proposition 2.7.5 there is an ordered basis B = (by,...,b,) and ¢ € R with ¢g > ¢ >
-+« > ¢, € Rxg such that ||-[**" = ||-|35%. After scaling &, we can assume ¢,, = 1.
We define a signed multiplicative seminorm |-|**" on Rl[to, ..., t,] as follows. After a coordinate
change we can write an element f € R[tg,...,t,] as
f= > abf-...bir.
I=(ig,...,in)

Using the lexicographic order >y we define a monomial order as follows. For I,J € N" we
define I >z J if the two conditions are satisfied:

ol >¢l

o ¢! = ¢’ implies T >1ex J.
Let Iy be the leading monomial of f with respect to this order and az,b’ the corresponding
leading term. We define | f|*8" = sgn(ay, )c’0. This is a signed multiplicative seminorm on
Rlto,...,tn]. Indeed, if f € R, then |f[*¥" = sgn(f) = sgn(f) - [ flewiv- Let f,g € Rlto, ..., t,]
and write f = >, . yarby ... bin and g = DT (igsonnrin) @100 - bin. Let ag,b’
and af, bt be the corresponding leading terms. Since >z is a monomial order the leading
term of fg is az,a b1, This shows |fg|*" = [f[|*"|g|**". We omit the verification of the
strong triangle inequalities. Clearly, ||™" restricts to ||| on R[to, ..., t,)1 = (R™T1)* and

,C
|Sgn

the homothety class of |-|*" only depends on the homothety class of ||-||**". Thus, we have
T[] = [IFIP=* ). O

Remark 2.7.11. With minor amendments, the above proof can be generalized to any
non-Archimedean valued real closed field to show that each class of a diagonalizable signed
seminorm has a preimage. In particular, the image of the natural map 7 : P?" — RX,,(K)
always contains the diagonalizable locus.

2.8 Real Bergman Fans

The tropical linear space associated to a matroid has the structure of a fan, called the
Bergman fan. Recall that to each oriented valuated matroid one can associate a real tropical
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linear space. If the valuation is trivial, i.e., we have an oriented matroid, the corresponding
fan is called the real Bergman fan. This construction in the case of finite ground sets was
introduced in [Cel19, Chapter 2.3]. We will first discuss circuit axiomatization of infinite
oriented matroids and then recall the notion of covectors of an oriented matroid, which are
then used to define its real Bergman fan. In this section, we consider K to be a real closed
and trivially valued field.

2.8.1 Infinite Oriented Matroids

A signed subset is a function C : E — {0,4+1,—1}. We denote by Ct :={e € E | C(e) =
+1}, C~ =={e € E| C(e) = —1}, Supp(C) == Ct UC~, and C° := E \ Supp(C). The
separation set of two signed sets C, C’ is defined by S(C,C") :={e € E | C(e) = —C’(e) # 0}.
We quickly discuss the circuit axiomatization of infinite oriented matroids of finite rank. Fix
a possibly infinite ground set E. Recall that an oriented matroid is given by a chirotope (i.e.,
a Grassmann—Pliicker function) ¢ : E” — S = {0,+1, —1}. Equivalently, there is the same

circuit axiomatization as in Proposition 2.2.8 (replacing RT with S), with one additional
axiom, which ensures finite rank:

(C4) There is a positive integer n € N such that for all subsets A C E with |A| > n there
exists C' € C with Supp(C) C A.

By restricting and applying the finite case (e.g., [BLVST99, Theorem 3.2.5|) one obtains the
strong circuit elimination:

(C3) Forall C # —C"e€C,ec S(C,C"),and f € (CT\C'"™)U(C~\C'), there is C" € C
such that C”(e) =0, f € Supp(C"), and

cr'tC(Cctuct), ¢’ c(CTuc).

As a consequence, our notion of oriented matroids agrees with the characterization given in
[BF88, Theorem 3] with the additional requirement of finite rank.

2.8.2 Covectors
Let M be an oriented matroid given by a chirotope ¢ : E™ — {0,+1,—1}.
Definition 2.8.1. The set of signed cocircuits C* of M is given by the set of signed sets

C* = {*le— p(p,e)] | n€ E" 13\ {0}.

Note that the choice of the sign of the chirotope ¢ does not change the set of signed cocircuits.

Remark 2.8.2. In the case that F is finite, we have that C* is a set of signed circuits
of an oriented matroid, which is called the dual oriented matroid. As expected, dualizing
commutes with taking the underlying matroid. A crucial difference is, that the dual of an
infinite (oriented) matroid is not of finite rank and hence behaves inherently different from
our case. Hence, we will not consider any duals of infinite matroids.

The composition of two signed sets C,C" : E — {0,+1, —1} is defined by

oy O it #o,
KMCXQ_{O@ if C(e) = 0.

We write C' < C" if C"° C CY and C’|suppc = Clsuppc- In other words, this partial order is
induced by the partial order 0 < +1, —1, considered coordinate-wise.
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Definition 2.8.3.
(a) A wvector of M is a finite composition of signed circuits.

(b) Dually, a covector is a finite composition of cocircuits. We consider the set of covectors
Cov as a partially ordered set with the usual ordering of signed sets.

If F is finite, the covectors of the oriented matroid are exactly the vectors of its dual
[BLVS ™99, Definition 3.7.1].

Example 2.8.4. Let M be realizable and ¢ : K(¥) — K" be the corresponding realization.
Then the set of vectors is given by

{le = sgn(Ae)] | (Ac)eer € ker g}

For the covectors, consider the dual map ¢* : K™ — K¥. Then the set of covectors is given
by compositions of elements of

fsgnod"(v) | v e K"}
Proposition 2.8.5 (Covectors of Mpiy). For K = R and the vector space (R"*1)*  the
following sets of maps (R"*1)* — {0,+1,—1} are the same:
(a) The covectors of Muniy-
(b) Maps of the form X : (R"*1)* — {0, 41, -1}, e — sgn(||e||**") for some signed seminorm
I on .
(c¢) Signed seminorms with range {0,4+1, —1}.

(d) All maps such that X+, X~ are strictly convex cones without 0 and () # X° C (R"1)*
s a subspace.

Proof. We first show that the functions in (b) and (c) are exactly the covectors of Myyiy.
(b) Let X : (R™"*1)* — {0,+1,—1} be a cocircuit given by = (yo, ..., pn—1) € (R*TH)*)m.
Choose any p, € (R"™)* with X (u,) = +1. Using multilinearity of the determinant,
one can show
X =sen(|I5%)
for either for B = (tun, fto, -+ s pin—1) o8 B = (—pin, tio, - - -, in—1) and ¢ = (1,0,...,0).
Since the space of signed seminorms is closed under composition (c¢f. Proposition 2.4.4),
we obtain (a) C (b).

Vice versa, let ||-||**" be a signed seminorm. Then by Proposition 2.7.5 it is diag-
onalizable by an ordered basis B = (by,...,b,) with vector ¢ = (cop,...,c,). Let
Bi = ((—=1)"b, b1, ..., by and G := (¢;,0,...,0,...,0). Then [-[[5% = |55 0 - oll-I5%, -

As before we have that sgn(||||5%. ) is a cocircuit, hence the composition is a covector.
&

sgn

8" by the signed seminorm %

(¢) Follows immediately from part (b) by replacing |||

Now we show (c)=(d): From Lemma 2.7.3 we immediately deduce C.

For “27, let X : (R"*1)* — {0,+1,—1} be a function such that X, X~ are strictly convex
cones without 0 and () # X° C (R"*1)* is a subspace. Strict convexity of the cones
immediately implies axiom (i) from 2.4.1. Let v,w € (R"™1)* \ 0. By convexity and (i), if
X(v) = X(w) or X(v) = =X (w), then axiom (ii) is fulfilled. By symmetry, the only case
that remains to show is if X (v) = +1 and X (w) = 0. If X (v + w) = —1, then by convexity

and (i) we have
w voovtw
X(w):X(z):X(_2+ 2 ):_1’

which is a contradiction. O
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Remark 2.8.6 (Covector Axioms). The covector poset uniquely determines the oriented
matroid [BLVS199, §3.7]. If E is finite, any poset of signed sets is the covector poset of an
oriented matroid if and only if it fulfills:

(Covl) 0 € Cov,

(Cov2) X € Cov if and only if —X € Cov,

(Cov3) Cov is closed under composition,

(Cov4) For all X,Y € Cov and e € S(X,Y) there exists Z € Cov with Z(e) =0 and

Z()=(XoY)(e) for all ¢ & S(X,Y).
In other words, the covector axioms are a cryptomorphic definition of an oriented matroid.

If F is infinite, the covector axiom (Cov4) need not be true. For example, one can show that
the covector poset of the restriction of Mypiy to E’ in Example 2.8.9 does not fulfill (iv).

Proposition 2.8.7. The covector poset Cov of Muniyv fulfills the covector azioms for K = R.

Proof. Axioms (Covl)-(Cov3) are obviously true, so it remains to show (Cov4). Let
X,Y € Cov and e € S(X,Y) (in particular, neither X = 0 nor ¥ = 0). Without loss of
generality, assume X (e) = +1. Set

V = Span({e} U (X°NY?)) C (R"™)* and 7 : (R™T)* — (R™T1)*/V/
the projection map. We define
A= XoV)M\SX, V)= XTnYTuY)u(Xx’ny™).

Then (R™1)*\ S(X,Y) = AU-AU (X°NYY and Z € Cov fulfils axiom (iv) if and
only if Z|y = 0, Z|a = 41, Z|_4 = —1. We claim that 7(A) N 7(—A) = . Consider
a € A )€ Rw e X°NYY we have to show that a + e +w &€ —A. If A = 0, then
XoY(a+Xde+w)=XoY(a). If A >0, then

X(a+Xe4+w)=X(a+ re) =+1.
If A <0, then Y(Ae) = +1 and thus
Y(a+de+w)=Y(a+re)+1.

In either case, a + e + w ¢ —A. By symmetry, this implies m(A4) N 7(—A) = (. Since
A is convex, so is —A and hence also 7(A) and 7w(—A). Therefore, we can apply the
hyperplane separation Theorem [SW12, 3.3.9] in (R"*1)*/V to the sets 7(A), m(—A) to
obtain a separating hyperplane H' C (R"*1)*/V. The pull-back H = 7~ 1(H’) then separates
A,—A and V C H. By induction, on H there is a covector fulfilling (iv), given by the sign

of a diagonalizable seminorm, which in return is given by an ordered basis (b1,...,b,) of H
and (c¢; > -+ > ¢,). Choosing any by € A\ H and ¢y >> ¢; yields a signed seminorm |-||**"
on (R™*1)* such that Z = sgn(||-|™") fulfills (iv). O

The restriction M|g: of an oriented matroid to a subset £’ C F is the oriented matroid
whose signed circuits are the signed subsets of C whose support is contained in E’. One can
easily check that the axioms (C0)-(C4) hold and that restriction commutes with taking the
underlying matroid. This is equivalent to restricting a chirotope.

Lemma 2.8.8. Let M be an oriented matroid on a (possibly infinite) ground set E with
covector set Cov and let E' C E a finite subset. Then the restriction of M to E' has
covector set Cov' = {X|g: | X € Cov}. In particular, there is an order-preserving, surjective
restriction map Cov — Cov’.
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Proof. 1f E is finite, this follows from [BLVS'99, Proposition 3.7.11]. If E be infinite, since
composition of signed sets commutes with restriction, it suffices to consider cocircuits of M
and show that their restriction to E’ is a covector. Choose a chirotope ¢ and X be a cocircuit
given by X (e) = o(u1, ..., pin—1,€) for p1,..., pin—1 € E. Consider E” = E'U{p1, ..., ftn—1}-
Then surely, X |g~ is a covector (even a cocircuit), hence X = (X|g~)|g- is a covector on
E’ by the finite case. O

Consequences of the absence of duality leads to different behavior of the covector poset:

Example 2.8.9. The condition of £’ being finite in Lemma 2.8.8 is indeed necessary. Consider
the universal realizable matroid M,;, with ground set £ = R3. Let B/ = E\ H U {v},
where H C R? is any hyperplane and v € H \ 0. Let X be a cocircuit of M,u;, which is
given by a basis p of H as in Definition 2.8.1 with any chirotope. Then one can show that
X|g is not a covector of the restriction to E'.

Proposition 2.8.10. Let M be an oriented matroid of rank n with covector poset Cov, and
let F be the lattice of flats of the underlying matroid. The assignment

Cov — F
X — X0

s well-defined, surjective, and strictly monotonic. In particular, any chain in Cov has length
at most n.

Proof. Let C* € C* be a cocircuit that is given by u € E"~! as in Definition 2.8.3. Then
(C*)? equals the closure of y in the underlying matroid, hence it is a flat. Now the zero
set of a covector equals the intersection of the zero sets of the circuits which appear in the
composition, hence it is also a flat.

Let F' € F be any flat of rank d < n. Choose a basis f1,..., f4,b1,...,by,—q of M such that
F' is the closure of f1,... fq. Define

Cz*(e) :@(fl?"'afd)bla"'abi7"'abn—dae)a

thenforX::C{‘O---OC’:;_dWehaveonF. O

2.8.3 Real Bergman Fans

Let M be an oriented matroid of rank n + 1 on any ground set E with poset of covectors
Cov. We define its real Bergman fan 7%, to be given by the collection of cones

(X1,... X1)r., C RP¥

for each chain of non-zero covectors X; < --- < X;. This is, as in the non-oriented case, a fan
of pure dimension n. If E is infinite, 3%, may have infinitely many cones and is embedded
into an infinite-dimensional real projective space.

Remark 2.8.11. (a) In his thesis [Cel19], Celaya considered finite oriented matroids and
showed that the real Bergman fan shares many of the same features of a Bergman fan.
After taking the componentwise logarithm, the real Bergman fan restricted to the positive
orthant coincides with the positive Bergman fan considered in [AKWO06].

(b) The real Bergman fan arises naturally from the perspective of matroids over hyperfields.
The oriented matroid M can be interpreted as a matroid over the real tropical hyperfield
RT, with trivial valuation. In [And19], the author introduces the notion of vectors of a
matroid over a hyperfield where the RT- covectors are the signed covectors of the oriented
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matroid M. The set of RT-vectors of M coincides exactly with the support of ¥7%,. In
unsigned tropical geometry, the Bergman fan of a matroid M arises by considering it as
a matroid over the Krasner hyperfield K and taking the set of K-vectors of M.

(¢) In [RRS22], the authors showed that real phase structures on the Bergman fan of a
finite matroid are in one to one correspondence with orientations of that matroid. In
particular, the datum of the real Bergman fan is cryptomorphic to that of the Bergman
fan and a choice of a real phase structure.

For finite oriented matroids, the notions of its real Bergman fan and its associated real
tropical linear space agree:

Proposition 2.8.12 (|Cell9, Proposition 2.4.7, Corollary 2.4.8]). Let M be an oriented
matroid on a finite ground set. Then

Trop, (M) = £},

Corollary 2.8.13 ([Cell9, Proposition 2.5.4]). Let t = (fo: -+ : fm) : P™ < P™ be a linear
embedding for any real closed and trivially valued field K. Let M, be the associated realizable
oriented matroid on {fo,..., fm} C (K"TH)*. Then

Trop,. (P", 1) = ¥}, -
Proposition 2.8.14 (c¢f. [Cell9, 3.3.3], [BLVST99, Theorem 5.2.1]). The real Bergman fan
Trop, (M) of a finite oriented matroid M of rank n is homeomorphic to RP™.

Theorem 2.8.15. For K =R and the vector space (R"*1)*, there is a homeomorphism
RA,(R) = X5, -

Proof. We can make the correspondence very explicit as follows. Let z € ¥%, . Then
there are a; > 0 and a flag of covectors Xy < --- < X,, of Myniv such that x = Z?:o uex;.
Hence there are signed cocircuits Yy ...,Y, such that Xg = Yy, X7 = Yo Yq,..., X, =
Yyo---oY,. The signed cocircuits are given by Y; = sgn(]|-||;*") for signed seminorms ||-||*"
on (R™1)*. As in the proof of Proposition 2.8.5 these signed seminorms are diagonalized by
an ordered basis B = (b, ..., b,) and coordinate vectors e; = (0,...,0,1,0,...,0) such that

15" = 5%, Then, 2 = (a1 + -+ an)ey; o (az + -+ + ap)ey, 0+ 0 agey, . Setting
co=ap+ - +an,...,c, =, we obtain z = ||-| 5. Conversely, a signed seminorm ||-||5"%
yields coordinates «; and a flag of covectors of M i by reversing the construction. ]

Remark 2.8.16. (a) The interpretation of Remark 2.6.4 (b) becomes even more clear in
the case of real numbers with trivial valuation. For any finite subset {fo,..., fm} =
E' C E = (R""1)* there is a restriction map from the covector poset of My, to the
one of Mypiv|g by Lemma 2.8.8. The induced map of the respective order complexes is
exactly the map R, (R) — Trop, (P™,¢) for v = (fo : -+ : fm)-

(b) Proposition 2.8.10 gives us a map from the covectors poset of M,y;, to the lattice of
flats of the underlying matroid, the universal realizable matroid. The continuous map on
the corresponding order complexes is exactly the map ® : R&,,(R) — X, (R) induced by
taking absolute values.

(¢) Combining (a) and (b), we can reprove Theorem 2.5.6 for real numbers with trivial
valuation. Let Cov be the covector lattice of My, F the lattice of flats of the underlying
matroid, and E’ C F a finite generating subset. We observe that the following diagram
comimutes:
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Cov —— Cov |E"

| |

F—— Flo

If now ¢ : P"* — ]P’(RE/) is the corresponding embedding, we obtain commutativity for

RX,(R) —— Trop, (P™,¢)

! |

X, (R) —— Trop(P",1).

(d) Following the proof of Theorem 2.8.15, if we replace R by any other trivially valued real
closed field K, the real Bergman fan agrees with the diagonalizable locus in RX,, (K).
The existence of non-diagonalizable signed seminorms (cf. 2.4.7) shows, that the real
Bergman fan is then a proper subspace.

2.8.4 Tropical Convexity and Signed Tropical Convexity

In this section we describe the relationship of Goldman-Iwahori space X, (K) and the signed
Goldman-Iwahori space RX,,(K) to tropical convexity (see [Jos21] for details) and signed
tropical convexity [LS22].

Let K be a non-Archimedean field. Tropical linear spaces are tropically convex, i.e. closed
under taking tropical addition and tropical multiplication. By [YY06, Theorem 16|, a
tropicalized linear space is the tropical convex hull of all valuated cocircuits. A similar
result extends to the tropicalization of the universal realizable valuated matroid wyyiy. The
space X, (K) = Trop(wuniy) is tropically convex, since the maximum of two seminorms is
again a seminorm. Further, we can interpret the locus of diagonalizable seminorms B, (K)
as the tropical convex hull of all valuated cocircuits. Explicitly, these valuated cocircuits
arise as follows: Let u be a n-subset of E = (K™*!)*. This defines a seminorm |||, via
[1fllp = exp(—wuniv(p U f)) = |det(p U f)|x for f € E. Given a diagonalizable seminorm
|||,z we can express ||-||p,z as a tropical linear combination of ||f||,, where p; = B\ 1.
By a small computation we obtain ||f|| .z = max; ¢;| det(B)|%'[|f||..- In particular, if K is
spherically complete, then Trop(wuniv) = Xn(K) is the tropical convex hull of the valuated
cocircuits.

Let K be a real closed field with a compatible absolute value. In [LS22] the authors introduce
TC-convexity as a notion of signed tropical convexity which is used to study oriented (valuated)
matroids. The real tropicalization of a linear space is the TC-convex hull of all RT-cocircuits
of the associated RT—matroid [LS22, Theorem 7.8]. As in the unsigned case, we give an
interpretation of this result for the locus of diagonalizable signed seminorms in KA, (K).

A n-ordered subset p = (pu1,.. ., pn) of E = (K"™)* defines a signed seminorm [|-|*" via
||f||ign = Guniv(fyp1, -+ pin) for f € E. Let ||-|5% be a diagonalizable signed seminorm
where B = (b, ..., b,) is an ordered basis and ¢g > ... > ¢, > 0. As in the proof in 2.8.5, we

can write [|-||': as a composition of scalar multiples of ||-||7 .. and hence as a composition of
: i

scalar multiples of the signed seminorms || f|[?8" where p; = (bo, ..., biy..., by,). In particular,

for K = R we have that Trop,(Muniv) = R, (K) is the TC-convex hull of the signed
valuated cocircuits.

64



Chapter 3

Tropical Reductive Groups and
Principal Bundles on Metric
Graphs

Introduction

Denote by T = (R U {oo}, min, +) the semifield of tropical numbers. It is an elementary fact
(see for example [All12, Lemma 1.4]) that the group GL,, (T) of invertible n x n matrices over
T is the group of generalized tropical permutation matrices. In other words, it is isomorphic
to the semidirect product R™ x S,,. In [GUZ22]| this observation was used to build a theory
of tropical vector bundles on metric graphs, expanding on [All12], that is to say, principal
bundles with structure group GL,,(T).

We observe that the two terms in the semidirect product GL,(T) ~ R™ x S, have the
following interpretation: S,, is the Weyl group of the reductive algebraic group GL,,, while
R™ is the tropicalization of the diagonal torus G}, € GL,. In this article, we expand on
this observation and introduce an elementary theory of tropical reductive groups in other
Dynkin—Lie types, and an associated theory of principal bundles on metric graphs.

Tropical reductive groups

Let G be a reductive algebraic group over an algebraically closed field £ with a maximal
torus T C G. Then G is uniquely determined (up to isomorphism) by its root datum

® = (M,R,M,R),

where M and M are the character and cocharacter lattices of T, and R C M and RCM
are the sets of roots and coroots, respectively (see Definition 3.1.1). The Weyl group Wy is
the group of automorphisms of M generated by the reflections corresponding to the roots
in R and naturally acts on the dual space Mg = M @z R. We define the tropical reductive
group associated to the root datum & as

Gtrop = MR X Wq>.

This construction depends only on the root datum ® and, in particular, does not depend on
the ground field k.
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For G = GL,,, this construction recovers the matrix group GL,(T) ~ R™ x S,, described
above. In Section 3.1, we expand on this observation and describe tropical analogues of
other classical groups in terms of tropical linear algebra, closely mirroring their classical
counterparts.

Theorem A (Propositions 3.1.4, 3.1.9, 3.1.13, and 3.1.16). The tropical reductive groups as-
sociated to the root data of SLy,, PGL,,, Sp,y,,, SO2n+t1, S04, and Ga admit natural descriptions
as matriz groups over T that are analogous to the matrix descriptions of the corresponding
algebraic reductive groups.

It would be interesting to determine matrix-theoretic descriptions of the tropical reductive
groups associated to the remaining exceptional root systems.

Principal G"°P-bundles on metric graphs

Let I be a compact metric graph and denote by Hr the sheaf of continuous real-valued
harmonic functions with integer slopes on I'. We define a tropical principal G*°P-bundle as
a (M ®z Hr) x We-torsor on I'. In [GUZ22| the authors described an equivalence of the
category of tropical principal GL, (T)-bundles on I' to the category of free covers IV — T'
together with a tropical line bundle on I'V. In Section 3.2.2, we provide an explicit description
of tropical principal bundles in the classical Lie types as line bundles on covers of I" with
suitable Weyl group symmetries together with extra data, generalizing the GL,,(T)-case
described in [GUZ22].

Theorem B (Corollaries 3.2.6, 3.2.7, 3.2.8, and Example 3.2.9). Let G = Mg x Wy be a
tropical reductive group associated to a root datum ®. Then the category of tropical principal
G-bundles on T is equivalent to the category of data consisting of

(i) a free cover I' — T determined by the associated We-torsor, and

(i) a tropical line bundle on T equipped with additional structure reflecting the action of
Ws.
Specifically, for the classical Lie types this equivalence specializes to the following explicit
descriptions:
GL,,: a multi-line bundle (I — T, L), consisting of a free degree n cover I' — T and a tropical
line bundle L on I" ([GUZ22, Prop 3.2]);
SL,: as for GL,, with a trivialization of the determinant line bundle det(L);
Spay, - multi-line bundles (I — T, L), where I — T is a degree 2n cover and L a tropical line
bundle on I together with a fized-point-free involution v on the cover and a trivialization
of (L®171L) 1
SOant1: as for Spy,,
SOaqp: as for Sps,, with a trivialization of the orientation double cover;
Ga: a degree 6 cover I — T with a locally trivial identification of each fiber with the vertices
of the Star of David, a tropical line bundle L on T", and trivializations of (L ® 1=*L)/1
where the involution 1 : TV — T exchanges the opposite vertices in each star, and a

t-invariant trivialization of the line bundle on the domain of the associated Spo(T)-cover
whose fibers correspond to the two triangles.

Let G = Mg x W be a tropical reductive group associated to a root datum ®, where W = W
is the Weyl group. The moduli space Mg (T") of isomorphism classes of G-bundles on T'
decomposes as a finite disjoint union

Mq(T) = H Mg - (T)
re€Muw (T)
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indexed by the isomorphism type of the associated W-torsor. For a W-torsor 7 on I' we show
that Mg ; is the quotient of a disjoint union of torsors under tropical abelian varieties by
the finite group Aut(7) (see Theorem 3.4.12 below). In the case where 7 = Wr is the trivial
W-torsor on I', we obtain Mg w, = (Pic(I‘) ®z M)/W (see Proposition 3.4.10 below), which
allows classifying G-bundles on metric graphs of genus zero in analogy with the classical
theorems of Grothendieck [Gro57] (for vector bundles) and Harder [Har68| (in general). We
refer the reader to Example 3.4.11 below for details.

Tropicalization of G-bundles

In [GUZ22| we observed that GL,,(T) should be viewed as an incomplete tropicalization of
GL,,, since, for example, the former has dimension n while the latter has dimension n2. For
this reason, we cannot expect the moduli space of principal GL,,(T)-bundles on the skeleton
I'x of an algebraic curve X to be the tropicalization of the moduli space of GL,,-bundles on
X. The same problem exists for almost all other reductive groups. Nonetheless, it turns out
that the tropicalization map is defined for semistable bundles on an elliptic curve.

Let X be a Tate elliptic curve over an algebraically closed and complete non-Archimedean
field K of equicharacteristic 0. Fratila [Fral6, Fra2l] provides an explicit description of

the moduli spaces ME™(X) and ME*(X) of stable and semistable G-bundles of degree
Ag € m1(G) on X, respectively. We recall this description, which generalizes work of Atiyah
[Ati57], Tu [Tu93], and Laszlo [Las98|, in Section 3.3. We prove an analogous tropical
statement describing the moduli spaces of semistable and stable G'*°P-bundles on a metric
circle, see Section 3.4. Finally, in Section 3.5, we tropicalize stable G-bundles on X by
reducing them to Ng(T)-bundles, where Ng(T) C G is the normalizer of a fixed maximal
torus T of G, and semistable bundles by passing to a Levi subgroup. Our main result can
be summarized as follows:

Theorem C (Theorem 3.5.18). Let X be a Tate elliptic curve over an algebraically closed and
complete non-Archimedean field K of equicharacteristic 0, so that we have a non-Archimedean
uniformization X** = G*/q* and the minimal skeleton of X is given by the metrized
circle T'x = R/ val(q)Z. Moreover, let G be a reductive algebraic group over K and denote

by M)C‘;’SS(X) the moduli space of semistable principal G-bundles of degree X € m(G).
There is a natural continuous tropicalization map Trop : (Méss (X)) — Métmp’ind (Tx)
together with a homeomorphism between the moduli space Métmp’ind (I'x) of indecompos-
able principal G™°P-bundles on I'x of degree \ and the essential skeleton Z(MéSS(X)) of
(./\/lé\_iss(X))"m that makes the diagram

/E(Mé“(X))
(ME™(X))™

Mé;:rop ,ind (FX)

1R

commute.

Theorem C fits into a sequence of results establishing relationships between tropical moduli
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spaces and non-Archimedean skeletons/tropicalizations of their algebraic counterparts that
started with [BR15] in the case of the Jacobian of an algebraic curve and [ACP15] for the
moduli space of curves. It generalizes [GUZ22, Theorem D], which covers the case of vector
bundles, i.e. the case G = GL,,.

Further discussion and remarks

We expect that, in order to generalize Theorem C to moduli spaces of semistable bundles on
Mumford curves of higher genus, we will need a more refined theory of tropical principal
bundles than the one proposed in this article. The underlying deeper reason for this seems
to be that the tropical reductive groups proposed here are relatively sparse matrix groups,
so that there is no good way to directly tropicalize a reductive algebraic group G onto its
tropical counterpart G¥°P. For example, the dimension of G%™°P is usually strictly less than
that of G, and the same holds for the dimensions of the corresponding moduli spaces. On
a Tate curve, strong classification results for algebraic principal bundles on elliptic curves
allow us to circumvent this problem.

In [GKUZ25], the authors expand on the elementary framework of tropical vector bundles
developed in [GUZ22| and show in [GKUZ25, Theorem B| how the essential skeletons of the
moduli spaces of (semi-)homogeneous bundles (in the sense of [Muk78|) on abelian varieties
with maximally degenerate reduction can be identified with suitable moduli spaces of tropical
semi-homogeneous vector bundles on the tropicalized abelian variety. We believe that a
common generalization of Theorem C and [GKUZ25, Theorem B] to homogeneous principal
bundles on abelian varieties is, in principle, possible. Thanks to the comparative lack of
moduli-theoretic classification results on the classical side, this could, however, turn out to
be technically quite demanding.

In two parallel articles [KM24b| and [KM24a|] Khan and Maclagan as well as Kaveh and
Manon propose a seemingly quite different approach to the tropical geometry of vector
bundles. Their central idea is a definition that abstracts the combinatorial data coming
from Klyachko’s classification of toric vector bundles. By its very nature, this approach
leads to rather satisfying results when studying the tropicalization of toric vector bundles on
toric varieties (and restrictions thereof to subvarieties of toric varieties). At this point, the
framework proposed in [KM24a| and [KM24b] does not seem to be able to encode monodromy
phenomena on tropical varieties with nontrivial fundamental group and, hence, seems to lead
to results different from ours in the case of the Tate curve. The generalization of Klyachko’s
classification to the setting of torus-equivariant principal bundles on toric varieties (see e.g.
[KM22]) could be the starting point of a satisfying theory of tropical toric principal bundles
that generalizes [KM24b| and [KM24a).

An alternative approach to understand the nature of tropical (vector) bundles might arise
from the work of Kennedy-Hunt and Ranganathan [KH25| on the construction of logarithmic
Quot schemes, where the authors build upon ideas introduced in [MW22] for the logarithmic
Picard variety. The central objects in [KH25] are coherent sheaves on suitable logarithmic
modifications of a given logarithmic curve. The combinatorial shadow of a generalization
of the chip-firing equivalence of line bundles (see [BJ16, Sect. 2 and 3]) would be another
contender for an object that could be named "tropical vector bundle".

Essential skeletons of non-Archimedean analytic spaces were introduced and studied in
[MN15, NX16, NXY19] in order to make precise ideas of Kontsevich and Soibelman [KS06]
for a non-Archimedean approach to the SYZ-fibration in mirror symmetry. Our Theorem C
may be seen as an explicit example of a non-Archimedean SYZ-fibration. Our approach is
indebted to the results in [BM19], which allow us to study the behaviour of essential skeletons
of finite group quotients.
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3.1 Tropical reductive groups

In this section, we describe tropical versions of the classical reductive groups by means of
canonical real extension of the corresponding Weyl groups. We show that these groups have
natural descriptions as matrix groups over the tropical semifield. The theory developed in
this section may be seen as a generalization of an analogy proposed by Tits [Tit57], namely
that Weyl groups should be seen as analogues of the classical groups over the field F; with
one element. In a certain sense, we obtain the corresponding tropical reductive groups by a
base change to T. While we do not explicitly make use of any of the various approaches to
Fi-geometry, our treatment is informed and inspired by the work of Lorscheid in [Lorl8],
which provides a theoretical foundation for Tits’ analogy using the perspective of blueprints,
as introduced in [Lor12]. For more background on tropical matrix groups we also refer the
reader to [IJK18].

3.1.1 Root systems and tropical reductive groups

According to a classical result of Chevalley, split reductive algebraic groups over a fixed field
are classified by their root data (for example, see Theorems 9.6.2 and 10.1.1 in [Spr98]). We
recall the definition.

Definition 3.1.1. A root datum is a quadruple ® = (M, R, M, R) consisting of

e free abelian groups M and M of finite rank with a duality pairing (-,-) : M x M — Z,
and
e finite subsets of roots R € M and coroots R C M together with a bijection (T): R— R
subject to the following two axioms:
(i) For all @ € R we have {(a, &) = 2.

(ii) The reflection homomorphisms s,: M — M and s4: M — M given by
ur— u— {u, &) and v— v — {, V)&

satisfy

sa(R) =R and sa(R)=R
for all o € R.
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A root datum ® = (M, R, M, R) is said to be reduced, if for all @ € R we have 2a ¢ R. From
now on, all of our root data will be assumed to be reduced and the term root datum will
mean a reduced root datum.

The Weyl group W of the root datum @ is the (necessarily finite) automorphism group of
M generated by the reflections s, for all & € R. The action of Wg on the lattice M defines
a dual action on the dual lattice M, which extends to the vector space Mr = M ®7 R.

Definition 3.1.2. The tropical reductive group associated to the root datum ® = (M, R, M, R)
is the semidirect product Go = Mr X We.

We emphasize that the Weyl group Ws of a root datum @ is not defined as an abstract
group, but is explicitly presented via its action on the lattice M. We use this presentation to
construct our tropical reductive group, hence we do not simply associate a tropical object to
an abstract group.

We now define homomorphisms of tropical reductive groups.

Definition 3.1.3. Let G, = M17R><1Wq>1 and G, = MQ,RXIW% be tropical reductive groups
associated to root data ®; = (Ml,Rl,Ml,Rl) and $, = (MQ,RQ,MQ,RQ), respectively.
Let f : M; — M, be a Z-linear homomorphism and let ¢ : We, — Wy, be a group
homomorphism such that for any m € M; and any g € Wg, we have ¢(g)(f(m)) = f(g(m)).
The pair (f, ¢) defines a homomorphism of tropical reductive groups

F: MI,R X W<I>1 — MQR X W¢>2

(m, g) — (f(m), ¢(9)).

3.1.2 Type A,: the tropical general, special, and projective linear
groups

We now calculate the tropical reductive groups associated to the classical root data and show
that they admit natural descriptions as matrix groups over the tropical semifield T. We start
with type A,,.

Recall that T = R U {oo} with operations
z@®y=min(z,y) and zOy=z+y.

The additive and multiplicative identities are co and 0, respectively. We note that T contains
no nontrivial roots of unity,

pn(T) ={z €T:2°" =0} ={z € T: nz =0} = {0},

hence the element 0 plays the role of both +1 and —1. The semifield operations on T extend
to a matrix product on the set Mat(n x n, T) of (n X n)-matrices with entries in T:

(A® B)ij = @ ai © by
k=1

The multiplicative identity in Mat(n x n,T) is the matrix

0 00 00
I, = 00 0 00
00 0 0



We first describe the tropical general linear group, which is the group of invertible elements
in Mat(n x n, T). Allermann shows (see Lemma 1.4 in [All12]) that these elements are the
products of diagonal and permutation matrices:

GL,(T)={AcMat(nxn,T): A© A = A" © A = I, for some A~! € Mat(n x n,T)}

:{D(yla"'7yn)®PO':ylv'-'7yn€RaU€Sn}
=R" % S,.

Here D(yi,...,yn) is the tropical diagonal matrix with finite entries y1,...,y, € R on the
diagonal and oo everywhere else, and P, for o € S,, is the tropical permutation matrix

(B)ss = {0, if i = o(j),

o0, otherwise.

To define SL,, (T), we recall that the tropical determinant [MS15] of a matrix A € Mat(nxn,T)
is
det A = @ Alg(l) [ORERNO) Am,(n).
o€eSy,

We note that the tropical determinant is the same as the tropical permanent, because both
+1 and —1 tropicalize to 0 in T. The determinant of an invertible matrix is finite (the
converse is not true in general), is equal to the sum of the finite entries, and restricts to a
homomorphism det : GL,,(T) — R = T* given by

det(D(y1,- -, Un) © Po) =y1 + -+ + Yn-

We now define the tropical special linear group as

SL,,(T) = {A € GL,(T) : det A = 0}
={DW1,- - Yn) O Py iy ERyy + - +yn,=0,0 € S}
=R{ % S,.

Finally, we define the tropical projective linear group as the quotient of GL,,(T) by its center,
which is the subgroup of scalar matrices:

PGL,(T) = GL,(T)/T* = (R"/R) % Sy..

We now recall the root data of GL,, SL,, and PGL,. The root datum (M, R, M, R) of
GL,, has lattices M = M = Z" with the standard pairing, and the roots and coroots are
R=R={e;i—e¢j:i# j}, where the ¢; are the standard basis vectors. The root datum
of SL,, has the same roots and coroots, but the lattices are M = Z"/(e; + - -+ + ¢,)Z and
M = Zgy, where Z§ C Z™ is the set of vectors whose coordinates sum to zero. Finally, the
root datum of PGL,, is the same as for SL,,, but with the lattices exchanged. Reflection
through e; — e; exchanges the ith and jth coordinates and fixes the rest, so the Weyl group
in all three cases is the symmetric group .S,, acting by permutation matrices.

We therefore obtain the following result.

Proposition 3.1.4. The tropical reductive groups associated to the root data of GL,, SL,,
and PGL,, are respectively GL,,(T), SL,(T), and PGL, (T).

This proposition explains why we define the tropical reductive group of a root datum
® = (M, R, M, R) as My x Wg and not Mg x We: exchanging M and M would exchange
SL,(T) and PGL,(T). We now consider two basic examples of homomorphisms of tropical
reductive groups.
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Example 3.1.5. Let f : Z™ — Z and ¢ : S,, — S1 be respectively the sum map and the
trivial map. Then the induced homomorphism of tropical reductive groups F' = (f, ¢) :
GL,(T) — GL1(T) = R is the tropical determinant.

Example 3.1.6. Let Z(, Z", and Z"/Z(1,...,1) be the cocharacter lattices of SL,,, GL,,,
and PGL,,, respectively. The canonical maps Z} — Z" — Z"/Z(1,...,1) and the trivial
maps on S, induce homomorphisms

SL,,(T) — GL,(T) — PGL,(T)

of tropical reductive groups. We note that the composed map SL,(T) — PGL,(T) is an
isomorphism of abstract groups but not an isomorphism of tropical reductive groups, since
the lattice map Z§ — Z"/7Z(1,...,1) is not surjective. This may be seen as a characteristic
one shadow of the fact that for an algebraically closed field k of characteristic p, the map
SL, (k) — PGL, (k) is a bijection on the k-points, but not an isomorphism of schemes.

3.1.3 Type C,: the tropical symplectic group

We now define the tropical symplectic group in complete analogy with the algebraic setting,
which we now recall (see Section 5.3.3 in [Lor18]). Let J be the 2n x 2n block matrix with
off-diagonal blocks I,, and —I,, and zero diagonal blocks. For any ring R, the set Sp,,, (R) of
R-rational points of the symplectic group is the set of 2n x 2n-matrices A with entries in R
satisfying A'JA = J.

In the semifield T, 0 plays the role of both 1 and —1, hence we replace J with the matrix
oo I,
=(n %)

Definition 3.1.7. The tropical symplectic group is

and make the following definition.

Spo,(T) = {A € GLy,(T) : A0 J O A= J}.

We now give an explicit description of Sp,,, (T). We label the columns of a 2n x 2n-matrix
using the index set [+n] = {1,...,n,—1,...,—n}, which carries the fixed-point-free sign
involution

t:[£n] — [£n] given by (k) = —k.

In terms of this identification, the matrix J = P, is the tropical permutation matrix associated
to . We recall that the signed permutation group SE = S¢ is the set of permutations of
[£n] commuting with ¢:

SB — {0 € Son:0(—k) = —0o(k) for all k € [£n]} C Say,.

An element of SZ permutes the set of pairs {1, —1},...,{n, —n} and acts inside each pair,
hence SP is an extension of S, by (Z/27Z)".

Proposition 3.1.8. The tropical symplectic group is the semidirect product
Spa, (T) = {D(yl,...,ym—yl,...,—yn)@Pg io € Sf,yl,...,yn ER} =R" x Sf.

We note that det A =0 for A € Sp,,,(T), as one would expect.
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Proof. Let A = D(y1,.-,Yn,Y=15---,Y—n) © Py € GLg,(T) be an invertible matrix with
o€ Sopand y1,...,Yn,Y—1,...,Y_n € R. Plugging this into A' ® J ® A = J, we obtain

Po’*1 @D(yla"'vynay—la"'ay—n)QPL@D(yla'"7yn7y—1a"'ay—n)GPU :PL7
which is equivalent to
D(y]~7"'7y/n/7y_17'"7y_n)®D(y—17"'7y_n7y17""yn)®P[/®PO':PO'QPL'

This is satisfied if and only if y_; = —y; for all i = 1,...,n and furthermore 1o = o1, so that
o€ S5 O

We now compute the tropical reductive group associated to the root datum (M, R, M, R)
of Sp,,,- The lattices of this root datum are M = M = Z" with the standard pairing. The
roots R C M are the vectors +2e; and +e; & e; for ¢ # j, while the coroots R C M are +e;
and +e; £ e; for i # j. Reflection in e; — e; exchanges the ith and jth coordinates, while
reflection in e; changes the sign of the ith coordinate, so the Weyl group of this root datum
is the signed permutation group SZ. Hence we have the following result.

Proposition 3.1.9. The tropical reductive group associated to the root datum of Sp,,, is

We note that the embedding Sp,, (T) — GLs,(T) described above is a homomorphism
= (f, ¢) of tropical reductive groups, given by the Z-linear homomorphism

fiZ™ = T2 f(@1ye o @n) = (T1, ey Ty =T,y ey — L)

on the lattices that is compatible with the embedding ¢ : SZ — S,,.

3.1.4 Types B, and D,: the tropical orthogonal and special orthog-
onal groups

Our description of the tropical orthogonal groups is likewise inspired by Lorscheid’s integral
models (see Section 4.3.4 in [Lorl8]). In the algebraic setting, given a ring R, the orthogonal
group ,,,(R) is defined as the group of m x m invertible matrices over R preserving the
standard split quadratic form, a notion that we can tropicalize directly. Defining the special
orthogonal group in a characteristic-independent manner requires additional work. Namely,
if m is odd, then the subgroup SO,,(R) C ,,(R) is defined as the kernel of the determinant
map. If m is even, however, then SO,,(R) C ,,(R) is instead defined to be the kernel of the
Dickson homomorphism D,, : ,,(R) — Z/27Z, which counts the number (mod 2) of terms in
any factorization of an orthogonal matrix as a product of reflection matrices.

Let T™ be a semimodule over T of dimension m with coordinates * = (x1,...,Tp, T—_1,...,T_p)
when m = 2n and = = (xg,...,Zp,T—1,...,T_y) when m = 2n + 1. We define the standard
split tropical quadratic form ¢, : T™ — T by the formulas

qon( @kux poand  ganga () = g Ga@xk@x k-
k=1

Definition 3.1.10. The tropical orthogonal group ,,(T) is
m(T) ={A4 € GL(T) : gn(A® x) = g (x) for all z € T™}.

We defined the signed permutation group SZ C Sy, as the group of permutations of the
set [4n] preserving the fixed-point-free sign involution. We also view SZ as a subgroup of
Son+1, consisting of those permutations of the set [+n]U{0} that preserve the sign involution
(which now has the unique fixed point 0).
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Proposition 3.1.11. For m = 2n+ 1, the tropical orthogonal group is the semidirect product

2n+1(T) - {D(07y17“'aynv_yla"'a_yn) QPO' YLy Yn S R,O’ S SE g 52n+1}
=R" x S5.
For m = 2n, the tropical orthogonal group is the semidirect product
Qn(T):{D(ylv"'7yn7_y17"'a_yn)QPO':y17"'5yn€Ragesf gSQna}
=R" x S5,

Proof. We consider the case m = 2n + 1, the case of even m being similar. Let
= (T, Tny X1y, T—pn) ET™ and A=DWo,--sYnsY—1,--,Y—n)OPs € GL,,,(T),

then we have

an(AOx) = (Yo © T5-1(0)) @@%@fﬂ (k) OY—k O To-1(_p)-
k=1
Suppose that ¢ € S5 so that o(—k) = —o(k) and also o~ !(—k) = —o~1(k) for all
k= 0,...,n, and that y_x = —y for all ¥ = 0,...,n. In particular, o(0) = 0 and
yo = 0. It follows that ¢, (A ® z) = gm(x) for all z € T™, i.e. A € O, (T). Conversely,
assume that A € O,,(T). Choose z € T™ such that zp € R and z; = oo for all ¢ # 0. From
Gm(AG®Z) = g (x) we obtain o(0) = 0 and yo = 0. Now let j # 0 and choose 2z € T™ such that
zj,x_; € Rand x; = oo for all i € [+n]U{0}\ {j, —j}. Since ¢n(AOx) = gm(z) =2; Ox_;
it follows that y; © To-1(;) @ Yy—i © T5—1(—y) = x; © x_; for i such that o~ 1(i) = j. Hence,
o71(—i) = —o71(i) and y_; = —y,. Since j # 0 was arbitrary, it follows that c~! € S and
thus o € SZ and y_;, = —y; for all i € [£n] U {0}. O

We now define the tropical special orthogonal groups, informed by the characteristic-
independent algebraic definitions. First, we note that the determinant of a tropical orthogonal
matrix is zero, reflecting the fact that T has no nontrivial roots of unity. For m = 2n+1 odd,
we define SOg,,4+1(T) to be the kernel of the determinant on 9,41 (T), which is all of ,,41(T).
For m = 2n even, we define SO5,(T) as the kernel of the tropical Dickson invariant,

on(T) — {£1} given by D(y;, —yi) ® P, — sgn(o),
which, in our setting, is simply the parity of the permutation.
Definition 3.1.12. For m = 2n + 1, the tropical special orthogonal group is
SO02/,41(T) = 2,,41(T) = R"™ x SE.
For m = 2n, the tropical special orthogonal group is
SO, (T) = {D(ys, —yi) ©® Py € 2n(T) : 0 € SP = SP N Ay} =R" x SP,
where Sf,? = Sf N A, C Ssy, is the even signed permutation group.

We now compute the tropical reductive groups associated to the root data of SOg,41 and
SOs,, respectively. The root datum (M, R, M, R) of SOs, 1 is dual to that of Sp,,,: the
lattices are M = M = Z™ with the standard pairing, the roots R C M are the vectors +e;
and +e; + e; for i # j, and the Weyl group is the signed permutation group S5 The root
datum (M, R, M, R) of SOy, has lattices M = M = Z" with the standard pairing and roots
R =R = {+e; +¢;|i # j}. Reflection in e; — e; exchanges the ith and jth coordinates, while
reflection in e; + e; switches e; to —e; and e; to —e;. Hence the Weyl group consists of all
permutations of n elements that switch an even number of their signs, hence it is isomorphic
to the even signed permutation group S2. Therefore, we have the following result.
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Proposition 3.1.13. The tropical reductive groups associated to the root systems of SOop11
and SOa,, are SOa,11(T) and SO4,(T), respectively.

3.1.5 Tropical G5

As our last example, we define the tropical analogue of the group Go. We recall (see [CH88|
and references therein) that the reductive group G3(F') over an algebraically closed field F'
(of characteristic # 2, 3) can be constructed as the isotropy group of a generic alternating
trilinear form on a seven-dimensional vector space. Specifically, let V = F7 with standard
basis eg,...,e7r. The group GL(V) acts on the vector space /\3(F*) with a unique open
orbit, which contains the 3-form

w=e]NesNet+esNejNe+el Ney ANes+es Nel Nes +ex Neg Aes.
We then define
G2(F) ={A € GL(V) : w(Auvy, Avs, Avs) = w(v1,v2,v3) for all vy,ve,v3 € V}.

We now translate this definition into the tropical setting. Since T has no subtraction, we
replace w with a cubic form using the same formula, in the same manner that a symmetric
bilinear form may be replaced with the associated quadratic form:

Definition 3.1.14. Define the tropical cubic form ¢ : T? — T by the formula

(X1, 7)) =21 Q230 L3P T2 QX4 QL DT Oy O Ly DT Qx5 O Ty DXy O a6 O Ty.

We define
Go(T) = {A € GL7(T) : ¢(Ax) = c(z) for all x € T"}.

We first describe Go(T) explicitly. Let Dg C Sg be the group of symmetries of the regular
hexagon, whose vertices are labeled 1 through 6 in order. The action of Dg on RS by
permutation of coordinates preserves the two-dimensional subspace

U={(1,.-,y6) €ER® :yn+ys+ys = Y2+ va+¥s = y1+vya = Y2 +y5 = ys+ys = 0} C RC,
where we note that either of the two relations y1 +y3 +ys = 0 and y2 + y4 + y¢ = 0 is
redundant. We extend the embedding Dg C Sg to Dg C S7 by acting trivially on the 7.
Proposition 3.1.15. The group Go(T) is isomorphic to

GQ(T) = {D(yl,...,y7) o P, € GL7(T) : (yl,...,yﬁ) e U,y; =0,0 € Dg C 57}
=R? x Dg.

Proof. Let A= D(y1,...,96,0)® Py with (y1,...,y6) € U and o € Dg. The verification that
c(Az) = c(x) for any x € T" is straightforward and left to the avid reader. For the converse
implication, denote by T the set of three-element subsets of {1,...,7}, and let Ty C T be
the five-element subset indexing the monomials in ¢:

To = {{1,3,5},{2,4,6},{1,4,7},{2,5,7},{3,6,7} }.

It is elementary to verify that a permutation o € S7 lies in Dy if and only if o(I) € T} for all
IeTy.

Now let A = D(y;) ® P, € Go(T). If 0 ¢ Dg, then there exists I € Ty such that o=1(I) ¢ Tp.
Define x = (z1,...,27) by ; = 0 if ¢ € I and oo otherwise, then z, ® z, ® z. = 0 if
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{a,b,c¢} = I and oo otherwise. Hence ¢(z) = 0 but ¢(Az) = oo # c(z), since each monomial
in ¢c(Az) has at least one infinite coordinate. Therefore o € Dg.

We similarly verify that (y1,...,y6) € U and y7 = 0. Since we already know that P,-1 €
G4o(T), we may replace A with D(y1,...,ys,y7). If y; # 0, then setting 1 =--- =24 =0
and z7 = 2|y7| we get ¢(r) = 2|yr| and c(Ax) = 2|y7| + y7 # c(z). Similarly, the five linear
expressions in the y; defining U correspond to the five monomials in ¢. If any of these
expressions are nonzero, we can pick x such that c¢(z) is minimized at the corresponding
monomial and such that ¢(x) # ¢(Axz). This concludes the proof.

O

We now recall the root datum (M, R, M, R) of Go. The lattices M and M are the hexagonal
lattices embedded in R? with the standard Euclidean product, the roots are the 12 lattice
points closest to the origin, and the Weyl group is Dg, acting by symmetries of the lattice.
Comparing with the description of Ga(T) given above, we obtain the following result.

Proposition 3.1.16. The tropical reductive group associated to the root system of Go is

Go(T).

This concludes our study of tropical reductive matrix groups.

3.2 Tropical principal bundles

We now define the tropical analogue of a principal bundle on an algebraic curve. A metric
graph T is a metric space obtained by identifying the edges of a finite graph, called a model
of T', with real intervals of given positive lengths. A free cover I — T' of metric graphs is a
covering space in the topological sense that preserves the metric structure; equivalently, a
free cover is a harmonic morphism having local degree one at all points of I'V. Free covers are
the only maps between metric graphs that we will consider (our restricted framework does
not allow us to consider dilated harmonic morphisms).

3.2.1 Tropical G-covers and torsors over the Weyl group

Let T' be a metric graph and let G be a sheaf of (possibly non-abelian) groups on I'. We
recall that a G-torsor on I is a sheaf of G-sets F' such that I' can be covered by open subsets
U for which F|y and Gy = G|y are isomorphic as sheaves of Gy-sets. Note that G-torsors
are classified up to isomorphism by the non-abelian cohomology set H*(I',G), which is a
pointed set with a distinguished element given by the trivial torsor on T'.

We now define principal bundles on I' whose structure group G = (M ®z R) x Wg is the
tropical reductive group associated to a root datum ® = (M, R,M ,R). We recall that
a metric graph I' comes equipped with a sheaf of harmonic functions Hr; these are the
continuous real-valued piecewise linear functions with integer slopes whose outgoing (or
incoming) slopes at every point add up to zero. Taking the tensor product, we obtain the
sheaf Gr = (M ®z Hr) x W of G-valued harmonic functions on T'.

Definition 3.2.1. A tropical G-bundle on I' is a torsor over the sheaf Gr = (M ®zHr) X Ws.

In Section 3.4 below, we investigate the set H*(I', Gr) of isomorphism classes of G-bundles on
I', which we interpret as the moduli space of G-bundles on I'. The purpose of this section is to
describe G-bundles on I' in terms of line bundles on certain covers of I' that are determined
by their associated Wg-torsors.

We first recall from [GUZ22]| this description for the vector bundle case G = GL,(T) = R" % S,,.
Let E be a GL,,(T)-bundle on a metric graph I'. Projecting onto the second component defines
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an S,-torsor on I'; which in turn defines a free cover f : IV — T of degree n. In [GUZ22|,
it was shown that the R™-part of the torsor F is canonically determined by a tropical line
bundle L on I, so that E is the direct image of L along f. We now extend this description
to other tropical reductive groups.

First, we explain how to construct the covers. Let G = Mg x W be a tropical reductive group
corresponding to the root datum ® = (M, R, M, R), where W = Wg is the Weyl group. We
choose a finite set T' with n elements and an injective homomorphism p : W — S, where
St is the permutation group of T. For every metric graph I'; we have an induced functor
from the category of W-torsors on I' to the category of Sp-torsors on I'; which, in turn, is
equivalent to the category of degree n covers of I'. We now discuss what additional structure
is necessary to put on a degree n cover to recover from it a W-torsor.

Definition 3.2.2. A p-cover of I is a free degree n cover I — T" together with an element
& € Bij(T,T,)/W

for each « € T, where I" is the fiber over 2 € T" and W acts on the set Bij(7,T") of bijections
between T' and I”, via p, such that each z € T has an open neighborhood U on which there
is a trivialization

¢:UxT =Ty,
for which ¢, represents &, for every y € U.
A morphism of two p-covers (I" — T, (£,),) and (I — T, (£,),) is a morphism f: IV — T of

covers such that f, o0&, =¢&, forall x € T.

Proposition 3.2.3. The category of p-covers of I is equivalent to the category of W -torsors
onI'.

Proof. The trivial cover I = T" x T becomes a p-cover by choosing &, = idp for all z € T.
Since p-covers are locally isomorphic to I, the category of p-covers is equivalent to the
category of torsors over the sheaf of automorphisms of I. Hence it suffices to prove that the
morphism
W — Aut(I) given by w+— id xp(w) ,

of sheaves on I' is an isomorphism'. The automorphism group of the cover I;; (ordinary
cover, not p-cover for now) of a connected open subset U of T" is precisely Sr. So it suffices
to show that o € St defines a morphism of p-covers if and only if o € p(W). To see this, we

observe that o defines a morphism of p-covers if and only if o is in the same W-orbit as the
identity in Bij(7T,T), which happens if and only if there exists a w € W with

o =idpop(w) = p(w) .
O

We now work out this correspondence for the tropical reductive groups that we considered in
Section 3.1.

Example 3.2.4.

SL,: Here we choose T = [n] and an isomorphism p: W — S,,, so that Bij([n],T,)/W is a
singleton for every fiber I'”. Therefore, the category of W-torsors on I is equivalent to
the category of degree n covers on I'.

PGL,: As for SL,,, the Weyl group W is isomorphic to S,, and W-torsors are equivalent to
degree n covers.

IThe two categories in question are neutral gerbes with global objects I and W, respectively
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Sps,, : Here T' = [£n] is the 2n-element set with a fixed-point-free sign involution ¢ : [£n] —
[+n]. The Weyl group W of Sp,,, is the signed permutation group SZ, which comes
with a natural embedding p : SZ < Sr. Let Inv(S) denote the set of fixed-point-free
involutions of a set S of size 2n. Then there is a natural isomorphism

Bij([£n], S)/W == Inv(S) given by &+ Eoroé ! .

It follows that the category of W-torsors is equivalent to the category of degree 2n
covers together with a fixed-point-free involution.

SOs,: Here T = [£n] as above, the Weyl group W is the even signed permutation group
SP " and the image of the embedding p : SP < S7 lies in the alternating group Ar.
Because we have

SD = 88N 4,, ,

we obtain, for every 2n-element set S, a natural bijection
Bij(T, S)/W — Inv(S) x Bij(T, S)/Ar .

We recall that, given a degree m free cover I' — T defined by an S,,-torsor, the
orientation cover O(I") — T is the degree 2 free cover defined by taking the quotient
by A,,. In other words, if I' is the fiber of a cover I' — T" over a point 2 € T', then
Bij([£n],T",)/As, is the fiber over z of the associated orientation cover. We thus obtain
an equivalence of categories between the category of W-torsors and the category of
degree 2n covers together with a fixed-point-free involution and a trivialization of the
orientation cover.

SOgp,+1: In this case, T = {—n,...,n} and the sign involution acts with a fixed point. The
Weyl group W of SOs,,. 1 is SZ, the same as for Sp,,, (T) but now viewed as lying in
the larger group Sp. The category of W-torsors on I is equivalent to the category of
degree 2n + 1 covers of I' together with an involution having a unique fixed point in
every fiber. Removing the fixed points (which form a copy of T'), we obtain a degree
2n cover together with a fixed-point-free involution, as for Sp,,,.

Go: Here T = {1,...,6} and the image of p: W — Sg is the dihedral group Dg. There-
fore, for every 6-element set S, the set Bij(T,S)/W is identified with the possible
arrangements of six distinct keys on a keychain, in other words the set of labelings of
the vertices of a regular hexagon by elements of T', modulo rotations and reflections.
Hence a W-torsor on I' is a degree 6 free cover I — T" together with a locally trivial
identification of the points of each fiber with the keys on a fixed keychain.

3.2.2 Tropical G-bundles via line bundles on covers

We now upgrade the injective homomorphism p : W — S, to a representation of tropical
reductive groups
F= (fvp) G — GL"(T) )

where G = Mg x W is our tropical reductive group, GL,(T) = R” x S,,, and the lattice
map f : M — Z" is injective. We obtain, for any metric graph I', a morphism from the
category of (M ® Hr) x W-torsors on I to the category of (Z" @ Hr) x S,,-torsors on T'; that
is to say, tropical vector bundles on I". As described in [GUZ22], the category of tropical
vector bundles on T' is equivalent to the category of free covers IV — T' together with a
tropical line bundle on I; we refer to such a pair as a multi-line bundle on I'. In particular,
a (M ® Hr) x W-torsor on T induces a cover IV — I' and a line bundle on IV. We now
describe the extra structure needed on the multi-line bundle to recover the category of
(M ® Hr) x W-torsors.
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First, we temporarily consider a broader category of tropical groups. Let W be a finite
group acting on a lattice M. We call the semidirect product Mg x W a tropical linear group.
Similarly, a Z-linear homomorphism f : M; — M5 and a group homomorphism ¢ : W, — Ws
satisfying ¢(g)(f(m)) = f(g(m)) define a homomorphism of tropical linear groups

F=(f9): Ml,R X Wy — M2,R x Wa  given by F(m,g) = (f(m),¢(g)) .
Given a metric graph I' and a tropical linear group G = Mg x W, we consider torsors over
the sheaf Gr = (M ®z Hr) x W as in Section 3.2.1.
Given a morphism F': G — H of tropical linear groups and a Gp-torsor F on I', we define
the induced Hr-torsor, denoted by F.(E) or Ey if F' is clear from the context, by

F*<E) = EH = (E X HF)/GF y

where Gr acts by the rule g.(e,h) = (ge, hF(g)™1).
Proposition 3.2.5. Let G; = MmR x W; fori=1,2,3 be tropical linear groups and let

GGy Gy

be morphisms of tropical linear groups. Assume the following:
1. F s injective.

2. There is a sublattice IZVQ Ms and a subgroup Y C W3 such that YL C [V/,v the image of
the map Ml x W1 — My > Wg is the preimage of L XY, and such that L XY and the
image of My x Wy generate Ms x Wiy,

Moreover, let I be a metric graph and let K = Ly Y C Gy be the tropical linear group
determined by L and Y. Then there is an equivalence of categories between the category
of Gy r-torsors on I and the category of triples (T, T', $) consisting of an Gar-torsor T,

a Kr-torsor T" and an isomorphism (T")q, v 2, Tayr, where (T")q,r and Tg, . are the
G3 r-torsors induced by the homomorphisms K — Gs and H : Gy — G, respectively.

Proof. Let I = (Gq, K, Kg, = G3 , G3 = (G2)g,) be the trivial element. By definition of
the category, we have
Aut(I) = Aut(G2) X aut(Gq) Aut(K) .

As we have Aut(L;) = L; and Aut(K) = K it follows that
Aut(l) =Gy xg, K2 H 'K =G, .
It thus suffices to prove that every object (7,7, ¢) is locally isomorphic to I. Working
locally, we may assume that we are given trivializations
Gy LT and K257

These induce trivializations
Ya. .
Gy = (GQ)G3 FCs, T, and G3= Kg, Xcs, Té;3 .

Let 6 = 1/)531 0 ¢ oXg,- This is a section of Aut(G3) = G5, and by assumption we can locally
decompose it as § = H(a) - 37! for some a € G5 and 8 € K. Denote by r, : Go — Go,
TH(a) : G3 — G3, and rg : K — K right multiplication by «, H(«), and 3, respectively. We
claim that (¢ o rq,x o 73) defines an isomorphism I — (T',7",¢). And indeed, we have

po(xors)as = @0 Xas 0 (T8)Gs = VGs 000 (Tp)as = Va5 0 TH(a) = (Y oTa)as ©iday -
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Let G; = (M;,W;) for i = 1,2,3 be tropical linear groups. We say that a sequence of
morphisms F = (f,¢) : G1 — G2 and H = (H,v) : G2 — G35 is a short exact sequence of

tropical linear groups if 0 — M ER M, LN Ms; — 0and 1 — W, 2, Wo 9, W3 — 1 are short
exact sequences.
Corollary 3.2.6. Let
1— G — Gy — Gy —1
be a short exact sequence of tropical linear groups and let I' be a metric graph. Then there is

an equivalence of categories between the category of Gi r-torsors on I' and the category of

pairs (T, ¢) consisting of an Gy r-torsor T on I' and a trivialization G 2, Ta,-
Proof. This follows directly from Proposition 3.2.5 with K = 1. O

We now describe G-covers on a metric graph I' in terms of line bundles, in the case when
the lattice map f: M — Z" associated to the chosen representation F' : G — GL,(T) is the
identity map.

Corollary 3.2.7. Let p: W — S, be an injective homomorphism and let I be a metric
graph. Then there is an equivalence of categories of Hi x W-torsors on I' and degree n
multi-line bundles on T' together with the structure of a p-cover on the underlying cover.

Proof. This follows directly from Proposition 3.2.3 combined with Proposition 3.2.5 applied
to the sequence
R"xW —R"%xS, — 5,

with K = W. O
We also consider the more general setting where the map f : M — Z"™ associated to
F : G — GL,(T) is injective. Let T be a metric graph and let G = Mg x W be a tropical
reductive group. Since the inclusion W — G splits canonically, every Gp-torsor T has an

associated W-torsor Ty, which in turn has an associated Gp-torsor (Tw ), that we denote
by T°.

Corollary 3.2.8. Let

MI,R x W —>F:(f7¢) MQJR x W —>H:(h7¢) M37]R X W’

be a sequence of tropical reductive groups with the following properties:
1. The kernel of ¥ contains the image of ¢.

2. The sequence 0 — Ml L Mg LR M3 — 0 s exact.

For any metric graph T', there is an equivalence of categories between the category of (M, @z
Hr) x W -torsors on T and the category of pairs (T, £) consisting of an (Ms®zHr) x W -torsor

. . 0 3
T and an isomorphism T(MQ,@HF)X]W’ = Tty @mr)aw -

Proof. This follows directly from Proposition 3.2.5 when taking K = W’. O

We now explicitly describe G-bundles on a metric graph I' in terms of line bundles on covers
of I, in the case when G is one of the tropical reductive groups described in Section 3.1.

Example 3.2.9.
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SL,,:

SPay,:

SO2pn+1:

SOQnZ

GQZ

The standard representation SL,,(T) — GL,(T), where the map S,, — S,, on the Weyl
groups is the identity but the lattice map is Zg — Z", fits into the short exact sequence
of tropical reductive groups

1 — SL,(T) — GL,(T) — R —0

where the second map GL,(T) — R = GL1(T) is the tropical determinant. Denote by
det(T') the tropical line bundle on I" associated to a GL,(T)-bundle T. By Corollary
3.2.6, there is an equivalence of categories between SL, (T)-bundles on I'" and pairs
(T, ¢) consisting of a GL,(T)-torsor T on I' and a trivialization ¢ : Hr — det(T).
The GL,(T)-bundle T may be represented by a multi-line bundle on a degree n cover
I — T, whose fiber over x € T is the disjoint union of R-torsors L1, ..., L,. Under this
identification, the fiber of det(T) over x can be naturally identified with L; ® - - - ® L,,.

The description of Sp,,(T) as a matrix group over T gives a representation (f,p) :
Sp2,(T) — GLpju—[r)(T), which determines a sequence of tropical linear groups

Sp,,, (T) — RMU=I 5 6B L R™ % S, = GL,(T) .

Here the first morphism is the identity map SZ — SB on the groups and the diagonal
embedding f : Z" — Z"U=" ¢, e; —e_; on the lattices, while the second morphism
is the natural quotient map SZ — S,, on the groups and the map (%i)icin)u—[n] —
(@ + 2 _;)ie[n on the lattices. By Corollary 3.2.8 the category of Spy, (T)-bundles on
T is equivalent to the category of pairs (T, ¢) consisting of a RIMY=" » SB_bundle T
on I' and an isomorphism ¢ : TCO;Ln — T. By Corollary 3.2.7, a RMU=[n SE_bundle
T on T is equivalent to a line bundle on a p-cover I — I'. We have seen in Example
3.2.4 that p-covers are in turn equivalent to pairs (I — T',¢) consisting of a degree 2n
cover and a fixed-point-free involution ¢ of the cover. Hence the RIMU=[" x SB_bundle
is equivalent to a multi-line bundle (I — T', L) with a fixed-point-free involution ¢
of IV — T'. The associated GL,(T)-torsor on I' corresponds to the degree n cover
I"/t — T equipped with the line bundle (L ® ¢~*L)/t, whose fiber over T € I/ is
Ly ® L,(z). In summary, the category of Spy, (T)-bundles on I' is equivalent to the
category of quadruples (f : TV — I',«, L, ¢) consisting of a degree 2n free cover f, a
fixed-point-free involution ¢ of f, a tropical line bundle L on IV, and a trivialization
¢ :Hriy — (L@ 'L)/i. Figure 3.1 below illustrates this in the case n = 2: an
Sp,(T)-bundle on a tropical elliptic curve I", represented by a degree 4 cover I — T’
with a fixed-point-free involution ¢ : I — T of the cover and a compatible tropical line
bundle L on IV. Concretely, the line bundle L can be represented by a divisor D on I"
such that (D +:71D)/1 ~ 0.

Since SOg,,41(T) and Sp,,,(T) are isomorphic as tropical linear groups, we obtain the
same description as for Sp,,, (T)-bundles.

We have a short exact sequence of tropical linear groups
1 — 802, (T) — Spy,(T) — Sy — 1.

By Corollary 3.2.6, the category of SOs,(T)-bundles on a metric graph I is equivalent
to the category of quintuples (f : TV — T',¢, L, ¢, ), where (f : TV — T',¢, L, ¢) is as in
the Sps,, (T)-case and ® is a trivialization of the orientation double cover O(I') — T'
associated to f (compare with the SOg,-case in Example 3.2.4).

In Subsection 3.1.5 we gave an explicit presentation of G3(T) inside GL7(T), which
restricts to a homomorphism F' = (f, p) : Go(T) — GLg(T). Here p: W = Dg — S is
the standard embedding and the image of f : Z2 — Z5 is the sublattice M given by
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Figure 3.1: An Sp,(T)-bundle on a tropical elliptic curve.

the four relations
1 +x4=0, xo+ax5=0, x3+26=0, 21+23+25=0.

Let V be the lattice between M and Z6 given by the first three of these relations. Then
there is a sequence of tropical linear groups

GQ(T) — VR X D6 — SpQ(T) s

where the second map sends ((z;);,0) to (z1 + 23 + x5,sgn(0)). We note that an
element o € Dg is odd (as a permutation in Sg) if and only if it exchanges the sets
{1,3,5} and {2, 4,6}, hence this map is a group homomorphism. Applying Corollary
3.2.8, we see that the category of Ga(T)-bundles on a metric graph T' is equivalent to the
category of Vg X Dg-bundles on I' together with an involution-invariant trivialization
of the line bundle of the associated Sp,(T)-cover.

To describe Vg x Dg-bundles in terms of covers, we note that the image of Dg in
Sg is contained in S¥, the signed permutation group that preserves the involution
corresponding to reflecting the hexagon through the origin. Hence we consider the
sequence

Vg x Dg — Spg(T) — Sf

of tropical linear groups, where the first map on the lattices is the identity. We
apply Proposition 3.2.5 with L trivial and Y = Dg and obtain that the category of
Vr X Dg-torsors is equivalent to the category of Spg(T)-covers, together with an order
6 cycle graph structure on the fibers such that opposite vertices in the cycle graph
are interchanged by the involution of the Spg(T)-cover. The associated Spy(T)-cover
has one branch for each of the distinguished triangles, which are interchanged by the
involution, and the fibers of the line bundle on the domain of the Sp,(T)-cover are the
tensor products of the line bundles on the branches in each triangle.

In summary, the category of G5(T)-bundles on a metric graph I' is equivalent to the
category of quadruples (I" — T', L, ¢,v), where IV — T is a degree 6 free cover with a
locally trivial identification of each fiber with the Star of David, L is a line bundle on I,
whereas ¢ is a trivialization of (L ® t=*L)/t on I'" /i, where the involution ¢ : IV — T
exchanges the opposite vertices in each star, and 1 is an -invariant trivialization of
the line bundle on the domain of the associated Sp,(T)-cover whose fibers correspond
to the two triangles.
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3.3 Degree and stability in the algebraic setting

Let G be a reductive linear algebraic group over an algebraically closed field k, and let X
be a smooth projective curve over k. In this section, we recall the notions of degree and
stability for G-bundles on X and the associated stratification on the moduli space Bung(X)
of G-bundles on X, following [Sch15]. We also review the explicit description of the moduli
spaces of stable and semistable G-bundles on an elliptic curve, following [Fral6] and [Fra2l].

3.3.1 Degree

We fix T € B C G a maximal torus and a Borel subgroup. We denote by M = X*(T) and
M= X, (T) the character and cocharacter lattices of T and denote by R C M and RCM
the roots and coroots. The algebraic fundamental group of G is defined as the quotient of
the lattice of cocharacters by the lattice generated by the coroots: m (G) = M/(d : & € R).
For \ € M, we denote the corresponding element of the fundamental group by Ag € m1(G).
With these definitions, we have:

m1(GL,)
m1(SLy,) ,
71 (PGL,) = Z/nZ
71(SP2,)

)

(z/2Z)* , ifn even .
The choice of B determines a partition R = R™ LI R~ into positive and negative roots, as
well as a set of simple positive roots {«; : i € D} C RT, where D is the set of vertices of the
Dynkin diagram. Hence B gives us a partial order on the cocharacter lattice M: we say that
AN<pifp—XNisa nonnegative linear combination of positive coroots. This order extends
naturally to real coefficients Mg = M @5 R.
For a parabolic subgroup P C G, we denote by L = P/U(P) its Levi quotient, where U(P)
is the unipotent radical. A parabolic subgroup P of G containing B corresponds to a subset
Dp C D of the simple roots (the Dynkin diagram of L), in particular G itself corresponds to
D. We denote the algebraic fundamental group of P by my(P) := 7, (L) = M /{&; : i € Dp),
and for A € M we denote by Ap the corresponding element of 7, (P).
We denote by Bung (X) the moduli stack of G-bundles on X, that is to say, étale G-torsors
on X. It is well-known that the connected components of Bung (X) are in bijection with
7m1(G) (see [Hofl0, Theorem 5.8] for a proof). We call elements of m1(G) degrees, and
for Ag € 71(G) we denote the corresponding connected component by Buné;G (X). For a
parabolic subgroup P C G with Levi quotient L, the moduli spaces Bunp (X) and Bung,(X)
have the same connected components and are in bijection with 71 (P) = 71 (L).

3.3.2 The slope map and semistability

We now define the slope map ¢p : m (P) — Mg for a parabolic subgroup B C P C G, for
details we refer to [Sch15]. We recall that the center of a reductive group L with maximal
torus T is the intersection

ZL)= () ker()CT.

« root of L
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The natural map Z(L) — T induces a map on the cocharacters. Taking the quotient by the
coroots, we obtain a map

X.(Z(L)) = X.(T) = M — M /(& coroot of L) = 7 (L) = 7 (P) ,
which becomes an isomorphism X, (Z(L))r ~ 71 (P)g after tensoring with R.

Definition 3.3.1. For a parabolic subgroup B C P C G with Levi subgroup L we define
the slope map ¢p : 71 (P) — Mg as

m(P) — m(P)r 2 X.(Z(L))r — Mg .

The slope of a P-bundle Fp € Bunéf' (X) is the element ¢p(Ap). We say that a G-bundle

Fe Bunéf' (X) on X is (semi)stable if for any proper parabolic subgroup P C G and for
any reduction Fp of F' to P of degree Ap we have

op(Ap) (S da(la) -

For G = GL,, these notions reduce to the standard notions of slope and stability for vector
bundles on X (see [Schl5, Section 2.2.4]).

We will use the following result of Fritila (see Lemma 2.12 in [Fril6]). First, we note that
for a parabolic subgroup B C P C G, taking the quotient by the remaining roots defines a
natural quotient map p : 71 (P) — 71 (G).

Theorem 3.3.2 ([Fril6, Lemma 2.12]). Let G be a reductive group and let Ag € 71(G) be
a degree. Then there exists a parabolic subgroup P C G and a degree Ap € w1 (P) such that
op(Ap) = ¢a(Ag) and p(Ap) = Mg, and which is minimal with this property. The parabolic
subgroup P is unique up to conjugation.

We note that P is explicitly given by the set of roots {i € D : (wi, da(Ag) — A) ¢ Z}, where
A € M is a lift of A\g and the w; are the fundamental weights.

3.3.3 Stable and semistable G-bundles over an elliptic curve

We now recall Fratila’s description of the moduli space of semistable G-bundles on an elliptic
curve X (see [Fral6] and [Fra21]). For Ag € 71(G) we denote by ./\/l>‘G *(X) and MAG *(X)
the moduli spaces of semistable and stable G-bundles on X of degree Aa, respectlvely, and
we usually suppress the X from the notation.

We recall that the derived subgroup G4* = [G,G] of G is semisimple with the same
Weyl group W. The intersection T N G9°* is a maximal torus in G and its character
and cocharacter lattices are given by M/R* and (R)***, respectively (see [Spr98, Corollary
8.1.9]). The cocenter Z¢(G) of G is the quotient G/ G4 which is a torus with character
and cocharacter lattices R+ and M/(R)*'. The quotient map G — Z°(G) is called the
determinant (for G = GL,, we have Z°(G) = G,, and this map is the usual matrix
determinant).

First, we have the following explicit description of the moduli space of stable G-bundles on
X:

Theorem 3.3.3 ([Fral6, Corollary 4.3], [Fra2l, Theorem 1.4]). Let G be a reductive group
and let g € 71 (G).

1. The moduli space MéG’St is nonempty only if G is of type [[; An,—1-
2. Suppose that G is of type [[, An,—1, so that

G* =G/Z(G HPGLHT, 1(G™) = HZ/n,
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Then ./\/lf:‘;c’st is nonempty if and only if the image of Ag in 71 (G2 s of the form
(d;)i, where ged(d;,n;) =1 for all i. Furthermore, in this case the determinant map

Aa,st det(Ag),ss
M — M

is an isomorphism.

Definition 3.3.4. A degree \g € 7 (G) satisfying condition (2) above is called stable.

This description generalizes to semistable bundles.

Theorem 3.3.5 ([Fra2l, Theorem 1.2]). Let e € m(G). Let L = Ls. € G be the Levi
subgroup corresponding to the parabolic subgroup P C G given by Theorem 3.5.2, and let
AL = Ap € mi (L) = w1 (P) be the corresponding degree. Then

1. the inclusion L C G induces a map 7: Mé’“’ss — /\/lé\f’ss, and all semistable L-bundles

in My are stable.
2. m is finite and generically Galois with Galois group Wi, ¢ = Na(L)/L, where Ng(L)
is the normalizer of L in G.
3. the quotient map ) )
M£L7St/WL,G N M)ég,ss

is an isomorphism.

3.4 Moduli spaces of tropical principal bundles

Let T be a metric graph and let G be a tropical reductive group. In this section, we define
tropical notions of degree and stability for G-bundles on I' and describe the connected
components of the moduli space of tropical G-bundles on I'. On a tropical elliptic curve
(that is to say, a metric circle) we describe the main components of the moduli spaces of
stable and semistable bundles, establishing tropical analogues of Theorems 3.3.3 and 3.3.5.

3.4.1 Degree and stability in the tropical setting

Let ® = (M, R, M, R) be a root datum and let G = (M ®z R) x Wy be the corresponding
tropical reductive group. In analogy with the algebraic setting, we define the fundamental

group of ® as o
m(®)=M/(R) .

In a slight abuse of notation we refer to m (®) as the fundamental group of G and denote
it by m1(G). We denote the image of a cocharacter A € M in the fundamental group by
Ag €™M (G)

To define the degree of a tropical G-bundle, we first show that there is a natural projection
from M x Wg to the fundamental group of G.

Lemma 3.4.1. The group (R) x Wy is normal in M x Wg. Hence there exists a well-defined
surjective homomorphism

M x Wg — M/(R) = m1(G) given by (m,w) — 7 .

Proof. Let (r,w) € (R) x Wy with r € (R) and w € Wg. Then for (m,v) € M x Wy we have
(m,v)-(r,w)-(m,v)~! = (m+v.r—vwo™ .m, vwv~"). To show that m+v.r—vwo=t.m € (R)
we observe that R is invariant under the Wg-action, i.e., v.r € (R) and that w.m — m € (R)
for every w € Wg and m € M. The latter fact we show by induction on the length of w.
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Indeed, if w = s, for a root a, then w.m —m = (o, m)a € (R). Let l(w) > 1, and write
w = sow’ with [(w") = {(w) — 1. Then w.m —m = s (w'.m —m) + sq.m —m € (R). This
shows that (R) x Wg is normal in M x Wg. Hence there is a homomorphism

M x We — (M x Wg)/((R) x Wg) = M/(R) = m1(G) . O

We recall that the set of isomorphism classes of G-bundles on I is the non-abelian cohomology
set H'(T, Gr), where G is the sheaf (M ®7 H) x Wy of G-valued harmonic functions on T'.
We define a degree map

Hl(F,GF) — 7T1(G)

as follows. Recall that the sheaf Q of harmonic 1-forms on I' is the cokernel of the map
R — H, where R is the constant sheaf. The quotient map H — 2 (which sends a harmonic
function to its derivative) and the homomorphism of Lemma 3.4.1 induce maps of sheaves

Gr = (M @z H) x Wg — (M ®79Q) x We — Q&7 m(G) ,

which in turn induce a map of pointed sets H*(I',Gr) — H*(I',Q ®z 71(G)) in cohomology.
Since Q ®z 71 (G) is a sheaf of abelian groups, its H' is a group that we can compute using
the universal coefficient theorem. On a graph, all cohomology groups vanish in dimensions 2
and above. By Lemma 1.4 in [GUZ22| there is a natural isomorphism H(T',Q) =2 Z, hence
we obtain

HY(T,Q @z m(G)) = HYT, Q) @z m1(G) 2 Z @z m(G) = m(G) .

The degree map is obtained by composing all of the above maps.

Definition 3.4.2. Let F € HY(T',Gr) be a G-bundle on a metric graph I'. The degree
A¢ € m1(G) of F is the image of F in 71 (G).

The degree is closely related to the determinant map, which is the quotient morphism
det: G — Mg/(R)g, which is well-defined by Lemma 3.4.1. The induced morphism

M/(R) = m1(G) 2% (M /(R)g) = M/(R)*

is the quotient map that divides out the torsion of 71 (G). It follows that if F' is a G-bundle,
then the degree of det(F) is the torsion-free part of deg(F'). In particular, if 71 (G) is
torsion-free, as for example in the case G = GL,(T), the degree of F' coincides with the
degree of det(F). Consequently, Definition 3.4.2 agrees with the notion of degree for tropical
vector bundles introduced in Section 2.4 of [GUZ22] in the case G = GL,(T).

To define stability, we first define parabolic subgroups in the tropical setting. Fix a splitting
R=RY"UR and let {o; € RT : i € D} be the set of simple roots. Let Dp C D be a
subset of the simple roots and let Wg p C Wy be the subgroup generated by the reflections
in {a; :7 € Dp}.

Definition 3.4.3. The standard parabolic subgroup corresponding to Dp C D is the tropical
reductive group 5 5
PZ(M@ZR)NW@7PQG=(M®ZR)NW@ .

We note that there is no notion of unipotent groups in the tropical setting, hence a parabolic
subgroup is the same as its associated Levi subgroup. In particular, parabolic subgroups are
reductive, contrary to the algebraic situation.

We now define slope in analogy with the algebraic setting. First, we compute the center of a
tropical reductive group.
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Lemma 3.4.4. The center of a tropical reductive group G = Mp x W is
Z(G) = R+ ={(m,1) € Mg x Wg : (R,m) =0} .

In particular, we have § §
Z(G) = Mg /(R)r = m(G)r -

Proof. Let (k,w) € Z(Mg xWg). Then for all m € Mg we have (k,w)-(m,1) = (m,1)-(k,w)
which is equivalent to (k 4+ w.m,w) = (m + k,w). Now, w.m = m for all m € M implies
w = 1 since the action of W on M is free. To see that (k,1) € Z(Mg x We) if and only
if k € Rt =, crker(a), let & € R and m € M. Then (k,1) - (m,s,) = (m,sq4) - (k, 1) is
equivalent to k +m = m + s,.k. The latter is equivalent to k = s,.k = k — («, k)cv which is
equivalent to k € ker({(«, -)) = ker a.

The “in particular” statement follows from the decomposition Mg = R+ @ (R)g. O
We note that by definition, the fundamental group of a standard parabolic subgroup is
7T1<P>:M/<OZZ‘Z7:EDP> .

Definition 3.4.5. Let P be a standard parabolic subgroup corresponding to Dp C D, and
let Fp be a P-bundle on I' of degree Ap € 71 (P). The slope of Fp is the image of Ap under
the map

¢p2 7T1(P) :M/<OZZ 11 GDP> —>M]R/<dl RS DP>R gZ(MR X W@yp) —>MR s
where the second map is the isomorphism given in Lemma 3.4.4.

Let F be a G-bundle on I" and let P C G be a parabolic subgroup. We say that ' admits a
reduction to P if there exists a P-bundle Fp on I' such that i, (Fp) = F, where i : P — G is
the inclusion.

Definition 3.4.6. Let G = (M ®z R) x Wy be a tropical reductive group and let F be a
G-bundle on T' of degree A¢ € 71(G). We say that F is (semi)-stable if for every subset
Dp C D and for every element Ap € Mp such that F admits a reduction Fp to P of degree
Ap € 71 (P) we have § .

or(Ap) () dc(Aa) -

For G = GL,(T), this definition agrees with the notion of slope semi-stability for tropical
vector bundles introduced in [GUZ22]. Recall that the slope of a tropical vector bundle £
on a metric graph T’ of degree A\g € 71(G) = Z is defined to be the quotient u(E) = rlf‘(%).

The slope of F is given by the formula

QSG()‘G) = (:U’(E)v cee vﬂ(E)) eR"

where My, is canonically identified with R™ (see Section 2.2.4 in [Sch15]). More generally, let
Fp be a P-bundle of degree Ap € 71(P) forvsome parabolic P C GL,(T). Let E4,...,E,,
be the summands of E. Then the slope ¢p(Ap) is given as

¢P(5‘P) = (IU‘(El)a s nU'(El)a v 7M(Em)7 cee 7.“(Em)) € R" )

where each p(E;) is repeated rk(E;) times. Using the same arguments as in the algebraic
setting, it is then elementary to show that Definition 3.4.6 is equivalent to Definition 5.1
of [GUZ22].
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3.4.2 Moduli of tropical G-bundles

We now interpret the set H'(T', Gr) of isomorphism classes of G-bundles on I' as a moduli
space.

Definition 3.4.7. Let I' be a metric graph and let G be a tropical linear group. The moduli
space of G-bundles on T is the set Mg (T') = H'(I', Gr) of isomorphism classes of G-bundles
on I'. If G is reductive, then for a degree Ag € m(G), we denote by Méc (T") the set of
isomorphism classes of G-bundles having degree Ag. As in the algebraic setting, we normally
suppress I' from the notation.

We now describe Mg as the non-abelian Cech cohomology set H'(U(T), Gr), computed
using a canonical (except when T is a circle) acyclic cover U(T") of T (in Theorem 3.4.12,
we give a more explicit description of M as a disjoint union of finite quotients of torsors
under tropical abelian varieties). We fix an oriented simple loopless model for I, also denoted
by I" by abuse of notation, by placing a vertex at the midpoint of each loop, and similarly
splitting all multiedges. For an edge e € E(T') denote by U. C T" the corresponding open
subset (not containing the root vertices of e). Similarly, for a vertex v € V(T'), denote by U,
the star around v, which is the union of v and the U, for all edges e incident to v. We call
UT) = {Uy}vev(r) the star cover of T

First, we explicitly describe the sections of Gr. For an oriented edge e € E(T), identify U,
with the interval (0, ¢(e)). A section g. € Gr(U,) is an affine linear function with integer
slopes valued in G:

ge : U. = (0,4(e)) — G given by g.(t) = At + B, ,

where A, € M x Wy and B, € Mg x Wg. Similarly, let v € V(I') be a vertex with incident
edges e1, ..., e oriented outwards. Identifying each U, with (0,4(e;)), a section f, € Gr(Uy)
is a k-tuple of functions

Joe,(t)=Apet+ B, for i=1,...,k,

where A, ., € M x Wg and B, € Mg x Wg, such that the Apey + -+ Ay, =0.

We now explicitly describe the set H'(T', Gr) using the star cover. For v,w € V(T), the
intersection U, NU,, is U, if there is an edge vw € E(T"), and empty otherwise. Furthermore,
all triple intersections are empty. Since each U, is contractible, the star cover is acyclic for
the sheaf Gr. Therefore

Hl(rvGF) = f{l(U(F)’GF) = {(ng) € vaeE(F)GF(va)}/ ~

where (guw) ~ (gi,,) if there exists a tuple (f,) € ey (c)Gr(Uy) such that gy = fodhyfu
We note that all triple intersections are empty, hence the cocycle condition is trivially satisfied.

Example 3.4.8 (G-bundles on a metric circle). Let j > 0 be a real number, and let I' = R/jZ
be a circle of length j. Let (G,l) be an oriented model with two vertices vi,ve € V(G)
and consider the associated cover U(G) = {U,,,U,, }. Note that here U(G) is not the star
cover since the intersection U,, NU,, = e; Ll ey is the disjoint union of the two open edges
e1,e2. An element in H(e;) is an affine linear function with integer slope valued in G, hence
Gr(e;) = (M x Mg) x Wg, where the Weyl group acts diagonally. Thus,

GYF([]U1 N Uvz) = G[‘(el) X Gp(eg) = ((M X MR) X Wq>) X ((M X MR) X W@) R
and hence H'(U(G),Gr) is the set of tuples

(a,b) € (M x Mg) x Wg) x (M x Mg) x W)
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modulo the relation (a,b) ~ (file,afs ler, filesbfs 'es) for fi € Gr(Uy,). Let
f1 = (k,ﬁ,w) S GF(le) = (M X MR) X W@

and denote the translated function by f; = (k, 8 + kj,w). By setting fo = f{b, the map
(a,b) — ab~! yields an isomorphism of pointed sets

HY(T,Gr) = Gr(e1)/ ~
where ¢ ~ fi|e,cfi e, for ¢ € Gr(ey) = (M x Mg) x Wa, fi € Gr(Uy, ).
Explicitly, let (m, o, w), (k, B,w) € (M x Mg) x Wg. Then
HYT,Gr) = (M x Mg) x Wg)/ ~
where

(m, a,w) ~ (k, B,v)(m, o, w)(k, B+jk,v) "' ~ (k+v.m—vwv™tk, B+v.a—vwo ™. (B+jk), vwo ™) .

The isomorphism class of a W-torsor 7 on a metric circle I' corresponds to the conjugacy
class of w € W. The automorphism group Aut(7) can then be identified with the centralizer
Cw (w).

We recall that in Section 3.2.2 we defined the pushforward of a G-bundle along a homomor-
phism of tropical reductive groups.

Lemma 3.4.9. Let F = (f,¢): G — H be a morphism of tropical linear groups such that
both f and ¢ are surjective. Then the induced morphism

F* : MG I MH
18 surjective.

Proof. Let U be the star cover of I'. Then, since triple intersections of sets in U are empty
and the cocycle condition is trivially satisfied, the surjectivity of f implies that the map

Mg = H'U,Gr) 2 B U, Hr) = My
which agrees with Fj, is surjective as well. O

Let G = Mg x W be a tropical reductive group. The quotient morphism ¢: G — W yields a
map

gs: Mg — Mw .
For 7 € My, the fiber under this map

Mg = q*_l{T}

is the set of isomorphism classes of G-bundles F on I" whose associated W-torsor q.(E) = Ew
is isomorphic to 7. We denote by M ; the set of isomorphism classes of pairs (E, @), where
E is a G-bundle and ¢: Eyw — 7 is an isomorphism. For a degree Ac € m1(G), we denote

by M)C‘;GT and MvéGT the corresponding moduli spaces of bundles with degree Ag. There

is a canonical right action of Aut(7) on /f\\/ljgﬁ coming from postcomposing ¢ with an
automorphism of 7, and by definition we have

Mg, = Mg,/ Aut(r) .
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Proposition 3.4.10. Denoting the trivial W -torsor on I' by Wr, we have natural bijections
Me.wy = Pic(T') @z M,
My = (Pic(T) @z M) /W .

Proof. By Corollary 3.2.6, the short exact sequence
00— Mg —G—W—1

yields an equivalence of categories between Mg-bundles and pairs (E, ®) consisting of a

G-bundle E and an isomorphism Ey 2, Wr. Therefore, there is a natural bijection

We note that R = GL;(T) as a tropical reductive group, hence Mg (T") = Pic(T'). Since M is
free, we have a canonical bijection

My, —> Pic(T) ®z M |

showing the first isomorphism. For the second, we note that Aut(Wr) = W because T is
connected. 0

Example 3.4.11. (G-bundles on metric trees) Let T be a compact and connected metric
tree. Recall that up to isomorphism, there is exactly one line bundle Hr(d) of degree d on T,
i.e., Pic(T') 2 Z. Let G = Mg x W be a tropical reductive group and let E be a G-bundle
on I'. Since the fundamental group of I' is trivial, the associated W-torsor Eyy is isomorphic
to the trivial torsor Wp. Hence, by Proposition 3.4.10 we obtain a natural bijection

Mg = (Pic(T) @z M) /W = MW .

This is a tropical analogue of a theorem of Grothendieck which states that given a split
reductive group G and a maximal split torus T, any G-bundle on P! has a reduction of
structure group to the maximal torus T unique up to the action of the Weyl group W (see
[Gro57], [Har68], or [MT12, Theorem 0.3]). If G = GL,(T), this means that every vector
bundle on a metric tree splits as a direct sum of line bundles (see [GUZ22, Example 3.3]).

Our next goal is to describe the moduli space of G-bundles on a metric graph I' as a rational
polyhedral space. We first note that the moduli space M decomposes as a finite disjoint
union by the isomorphism type of the associated W-torsor:

Me= ] Ma-.

TEMw

We now describe these moduli spaces.

Theorem 3.4.12. Let 7 be a W-torsor on I'. Then /f\/lvG’T is a disjoint union of torsors
under tropical abelian varieties. Therefore, Mq ; is the quotient of a disjoint union of torsors
under tropical abelian varieties by the finite group Aut(r).

We note that the ./K/IVG,T are rational polyhedral spaces, but the M ,, and hence the moduli
space Mg, are only finite group quotients of rational polyhedral spaces. We first prove
several preliminary lemmas.

Let 7 be a W-torsor on I'. Then its total space 7 — I is a free finite covering of graphs, and
we can pull back 7 itself and obtain a W-torsor on 7. Of course, the total space of 7 has a
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W-action and so it makes sense to talk about W-equivariant objects in a category of torsors
over 7. Recall that for a tropical reductive group H, a W-equivariant H-bundle on 7 is an
H-bundle E together with morphisms m,,: E — [ E' of H-bundles, one for each w € W,
where [, is multiplication by w on the left on 7 and which satisfy the obvious compatibility.

Lemma 3.4.13. There is a W -equivariant isomorphism 7 Xp 7 = W X 7, where we equip
W x 7 with the W-action as follows:

w.(v,t) = (vw™, wt) .

Proof. The map
TXrT—= W x71 given by (t1,t2) — (tltgl,tz)

on total spaces is clearly a morphism of torsors and W-equivariant. O
Consider the short exact sequence
0>Mg—>G—-W—1

By Corollary 3.2.6, there is an induced bijection between M ; and /’\\/IJQWF. In particular,
the Aut(Wr)-action on Mg w; induces a right Aut(Wr)-action on My, . Embedding W
into Aut(Wr) via right multiplication, we obtain a right W-action on My, . On the other
hand, W acts on Mg by conjugation, and thus there exists an induced action

My, xW — My, (Lyw) — LY = (cw)«L ,

1

where ¢y, : Mg — Mg is given by ¢, (m) = m* = w'mw. We now show that the two

W -actions on M M coincide.

Lemma 3.4.14. Let w € W. Under the bijection J,\\/lJG’WF = My, if a pair (E, ¢) corre-
sponds to an Mg-bundle L, then the pair (E,¢pow™1) corresponds to L¥. Here, we embed
W in Aut(Wr) via right multiplication.

Proof. We consvider the induced morphisms of sheaves of groups MR,F AR Gr and Gr = W.
Let L be an Mg-bundle and let £ = Lg,. be the induced G-bundle under the bijection
M wr = My, We recall that E is the sheaf associated to the presheaf

U (Gr(U) x LU))/ ~

where the equivalence relation is (g - i(m)_17m -x) ~ (g,x) for m € Mg(U), g € Gr(U),
and z € L(U). Now, for w € W, the Mg-bundle L" as a sheaf is L = L but with left
Mg r-action m -+, x = ¢y’ (m) -z = wmw™! - z. The induced G-bundle E¥ = (L")g,. is the
sheaf associated to

U+— (GF(U) X Lw(U))/ ~w
but now the equivalence is (g - i(m) ™, wmw =" - ) ~,, (g,) for m € Mg(U).
For both E' and E", the associated W-torsors Ey and Ejj, have canonical trivializations

Gcan : Wr = Ey and ¢¥,, : Wpr = EY,. Explicitly, ¢can is the unique map such that the
composite

. -1
E — B/Mgr = Ew 2= Wy

maps the equivalence class [(g,x)] to 7(g), and similarly for E*.
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In the bijection MVG,WF = My, , the bundle L corresponds to (E, ¢can) and L* corresponds

to (B, ¢ ). The following Gr-equivariant map is an isomorphism of G-bundles

Y: E—5EY and [(g,2)]~ [(gw,2)] .

The isomorphism v induces an isomorphism of the associated W-torsors ¢y : Ey — LBy,
such that ¢eanow ™' = z/;;vlogbé‘jm, i.e., the line bundle L* corresponds to the pair (EY, ¢¥, ) =

can
(E7¢Can0w71)' D
Lemma 3.4.15. Let 7 be a W-torsor and let f: TV — T be a free Galois cover, for which
there exists an isomorphism f*T X Wro. Then there is a natural bijection

M -(D) = My (DA

where on the right side we take Aut(f)-invariants under the following action: every auto-
morphism a : I — TV of the cover f induces an automorphism

-1 *
WF/ X—> f*T = a*(f*T) u> a*Wp/ = WF/ 5

so that we obtain a morphism o: Aut(f) — Aut(Wr/). The group Aut(Wr) in turn acts by
conjugation on My (I'). The action on Aut(f) on My (IV) is given by (a, E) — o(a) (a*E).
Furthermore, there is a map 6: Aut(r) — Aut(Wr/) induced by the trivialization x such that
the natural Aut(7)-action on ./’\/IVGJ(F) is given by

My, (DA 5 Aut(r) — My (T7)AMD)
(E,t) — E°®)

Proof. Let Be (') be the category of pairs (E, ¢) consisting of a G-bundle E on I" and an

isomorphism ¢: 7 — Ey . By definition, MVG,T (T) is the set of isomorphism classes of the
objects of Bg (T'). Because f is a free cover, a function on I is harmonic if and only if its
pullback to I'V is harmonic. Therefore f*Gr = Grv, and hence the pullback f*F of a G-bundle
E on T is a G-bundle on I. Moreover, this pull-back is naturally an Aut(f)-equivariant
bundle via the canonical morphisms

for a € Aut(f). Because f is Galois, the category of G-bundles on I is in fact equivalent
to the category of Aut(f)-equivariant G-bundles on I (one recovers E as f*E/ Aut(f)).
Arguing similarly for W-torsors, we obtain an equivalence of Bg (') with the category

Bé?}gi)(lﬂ) of pairs (E’,¢’) consisting of an Aut(f)-equivariant G-bundle E’ on I'' and

an Aut(f)-equivariant isomorphism f*r 2, Ei,,, where similarly f*r is a W-torsor on I".
Let Wg denote the trivial W-torsor Wp together with the Aut(f)-equivariant structure
induced by o. By construction of o, the trivialization y defines an equivariant isomorphism
*r % WZ,, and therefore induces an equivalence of categories
Aut(f Aut(f
BG‘,Jf*(‘T) (') — BG?VIEIQ’,)(F/) :

The objects of the target category are objects (E, ¢) of Ba,w,, (I'), together with compatible
morphisms

(E,¢) — (a"E,a"'$o0(a))
for a € Aut(f).
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Let By, (I') be the category of Mg-bundles on I" (note that the corresponding Weyl
group is trivial). By Lemma 3.4.14, the category By, (I') is equivalent to the category
Baw,., (I'), in such a way that if F' € By, (I") corresponds to (E, ¢) then 7@ corresponds
to (E,¢ o o(a)). Composing all of the equivalences above, we conclude that Bg ,(T) is

equivalent to the category Bf;[it(f)(f") of twisted Aut(f)-equivariant Mg-bundles, that is
to say, Aut(f)-equivariant objects of By, (I') with respect to the Aut(f)-action given by
a.F = J(a)(a_lF). We can also track the action of Aut(7) through this equivalence. The
Aut(7)-action on Bg,,(I") corresponds to the Aut(7)-action on Bé?&é;:/) (T) induced by the

morphism §, which in turn corresponds to the action F.t = F%() on twisted equivariant
Aut(f)-bundles by Lemma 3.4.14.

Forgetting the twisted equivariant structure and taking isomorphism classes assigns to

every object of gAAZ;t(f) (I'") an Aut(f)-invariant element of M (I”). To finish the proof,

it suffices to show that every element [S] € M, (I") that is fixed by Aut(f) determines
a unique isomorphism class of twisted Aut(f)-equivariant Mg-bundles on I". Because the
isomorphism class [S] of S is Aut(f)-invariant, there are isomorphisms m?: § — g(a)(a’lg)
for all a € Aut(f). Chosen at random, these will, in general, not define a twisted Aut(f)-
equivariant structure. The obstruction for this is the triviality of the automorphisms

a(al)(a1—1mo

az) olaia 1
(@192) ((a1a,) 71 3)

0 )71

0
~ m (ma1a2

P(ar,az): § —2 7@ (a1 S)

S, (3.1)

Note that because M is abelian, we have Aut(g) = HO(I, M), and because I' is compact
this is a finite-dimensional R-vector space. Every other choice of isomorphism S — o(a) (a=19)

is of the form m? o n(a) for some n(a) € Aut(S). Replacing all m by m? o n(a) in Equation
(3.1), we see that (mQ o n(a))wew defines a twisted Aut(f)-equivariant structure if and only
if

(dn)(a1, az) = ain(az) — n(araz) + n(w1)

is equal to —t)(ay, az) in Aut(S) for all (a1, az). The notation dn is not an accident: 7 defines
an inhomogeneous 1-cochain, which is an element in C*(Aut(f), Aut(g)), and dn is precisely
its differential. One also checks that ¢ (and hence —1), is an inhomogeneous 2-cocycle.
Together, this shows that the obstruction for finding a twisted Aut(f)-equivariant structure
on S is the vanishing of 1 in the second group cohomology H?(Aut(f), Aut(§ )). We already
pointed out that S is a finite-dimensional R-vector space, so as a consequence of Maschke’s

theorem we have H?(Aut(f), Aut(S)) = 0. We conclude that a twisted Aut(f)-equivariant

structure exists. The vanishing of H!'(Aut(f), Aut(S)) tells us that if we are given two

twisted Aut(f)-equivariant structures on S, there exists an a € Aut(f) such that S Lo, Sis
an Aut(f)-equivariant isomorphism (domain and target being equipped with the two given
twisted Aut(f)-equivariant structures). O

Example 3.4.16. Let I' = R/IZ be a metric circle of length . Let f : IV =R/nlZ — T
be the connected free Galois cover of degree n that corresponds to 1 € Z/nZ under the
identification HY(T',Z/nZ) = Z/nZ. Let T be the S,,-torsor on I' that arises as the image of
f under the map

HY(T,Z/nZ) — H'(T,S,) .
induced by the morphism Z/nZ — S, mapping 1 to (12---n).
Note that this determines an isomorphism y : f*7 — (S, )r+ of S,-torsors on I".

In this example, we compute /,\\/l/GLmT(I’), /T/l/SLmT(I’) and MPGL",T (T).
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(a)

(c)

We show that MGLH,T(F) 2 Pic(I"). Using the standard identification M = Z™, by the
previous lemma there is a natural bijection

Aut(f)
ot~ (T) & My, (F)NH0) = (Pie(I™) o N = (@pm )

The group Aut(f) is the cyclic group of order n generated by the automorphism
g: TV =T givenby z—xz+1.
The morphism o : Aut(f) — Aut((S,)rr) = S, is given by mapping g to the n-

cycle (12---n). Hence the action of Aut(f) on @, Pic(I") is given as follows: For
(L1,...,Ly,) € @, Pic(I'") we have

g (Liyeo o L) =" (Lr, . L) = " g" Lo 9" Do) = (9" L2y -1 g* Ly 9" L1)

Thus, (L1,...,L,) € (P;_, Pic(I")A"*) if and only if L; = g*L;—1 = (¢*)"**L; for
i=2,...,n. We obtain a bijection

Aut(f)
Pic(T (@ Pic(T ) given by L (L,g*L,...,(g")" " 'L) .

In particular, since Aut(r) = Aut(f), we obtain
Mecr, (T) = Pic(I”)/ Aut(f).

We show that ./K/IVSLT“T(I‘) consists of the n-torsion points of I''. The short exact sequence

0—2zZr — 7" 2% 7 0

induces an exact sequence
0 — (Pic(I") ®z Z1)AW) s (Pic(I") @z Z")A) 24 (Pic(T7) @y Z)A00 ()

We show that the kernel of the induced map det is isomorphic to the n-torsion points of
I'. Let (L,g*L,...,((g*)""'L)) be in the kernel of det for L € Pic(I'"). Then

L®g'L® @ (¢*)" 'L =Hp (3.2)

which implies that deg L = 0. We observe that for L € Pic’(I") we have ¢g*L = L.
Therefore (3.2) shows that LE" = Hp,. Conversely, if L € Pic’(I") is an n-torsion point,
then (L,g*L,...) = (L,L,...) lies in ker(det).

In summary, .
Msr, -(T) 2 (Pic(I") @7 Z2)A) = Pic(1)[n] .

Since Aut(7) = Aut(f) acts trivially, we obtain Mgy, (') = ./T/I/SL,M(F). In particular,
we have

(M, +(D)| = |Mst, (T)| = | Pic(I")[n]| = .
We show that /K/lvaLmT(l") & Z/nZ. The short exact sequence

0—-Z—-7Z"—-7"]7(1,...,1) =0
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induces a short exact sequence
0 — (Pic(I")®zZ)A" ) — (Pic(I")@zZ")A ) - (Pic(I)®zZ" JZ(1, . .., 1)) — .

It is right exact because the last map ./K/IVGLMT(F) — //\/lvaLmT(F) is surjective. This
follows from Lemma 3.4.9 since the underlying morphism of GL,(T) — PGL,(T) on
the lattices is surjective. Hence, .//\/IVPGLWT(F) is the cokernel of the map Pic(I")Aut(/)
Pic(I”). Since Pic(I")A"() = Pic"Z(I"), the cokernel is identified with Z/nZ, and

likewise MpcrL,, - (T') = Mpar, - (T).

—

We are now ready to prove our main result.

Proof of Theorem 3.4.12. Let f: TV — T be the éspace étalé of 7, which is a Galois cover
because T is a torsor over a discrete group. We equip IV with the induced sheaf of harmonic
functions to make f a free cover. By Lemma 3.4.13, the pull-back f*r has a canonical
trivialization. We can thus apply Lemma 3.4.15 and obtain a bijection

M, = (Pic(I”) @z M)A

Since Aut(f) acts by pulling back and conjugation, the group action of Aut(f) on the
components is by translates of morphisms of tropical abelian varieties. Therefore, (Pic(I') ®z
M)Au(f) is a union of torsors over tropical abelian varieties as well.

The statement for M¢ ; follows immediately, as it is the Aut(7)-quotient of /,\\/IJGJ. O

We note that the proof shows that each /,\;l/G,T is in fact a group, not simply a torsor.

3.4.3 Stable bundles on tropical elliptic curves

In this section, we prove a tropical analogue of Theorem 3.3.3, which classifies stable G-
bundles on an elliptic curve. We restrict our attention to tropical reductive groups of type
[T1An,—1, since in the algebraic setting there are no stable G-bundles of other types. Our
main result is Theorem 3.4.20, which classifies stable tropical G-bundles of type [] An,-1
on a metric circle. The analogous tropical statement is not true on the nose, but one has
to restrict to tropical bundles whose degree is stable and whose underlying W-torsor is
indecomposable in the sense defined below.

Definition 3.4.17. Let W =[], Sy, be a Weyl group of type [[, An,—1. An element of W
is called indecomposable if it is a product of n;-cycles. A W-torsor on a metric circle is called
indecomposable if it is defined by an indecomposable element of W.

We note that an S,-torsor on a metric circle I' is indecomposable if and only if the associated
degree n cover is connected. Furthermore, all indecomposable elements of W = [], S,
are conjugate to each other, hence there is a unique (up to isomorphism) indecomposable
W-torsor on I', which we denote by ind € H*(T', W).

Let ® = (M, R, M,IEZ) be a root datum. Its associated adjoint root datum is given by
o3 = ((R), R, M*, R), where

M = {m € Mg : (r,m) € Z for all r € R} .

The tropical reductive group G* = G gaa associated to the adjoint root datum of a tropical
reductive group G' = G is the adjoint group of G, and the inclusion M — M?? induces a
canonical morphism G — G4,
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Lemma 3.4.18. Let G = My X Sy, be a tropical reductive group of type An+1 and suppose
that (R) is saturated in M. Let A¢ € m1(G) be a stable degree (see Definition 3.5.4) and let

E € Mvgﬁrld. Then the stabilizer group Aut(ind)g =1 is trivial.

Proof. Let Zgr = Z(G) be the center, which is the vector space associated to the lattice
Z = Z(M x W). Then G/Zg is simple of type A,_; and the natural map G/Zg — G4
induces an inclusion 71 (G/Zg) — 1 (G*1). The degree Ag can only be stable if its image
generates 71 (G®%), which implies that G/Zg = G*! = PGL,,. We now reduce to the case
where Z has rank 1. Note that because (R) is saturated, we cannot have Z = 0, because
that would imply M = (R) and hence G = SL,,, which is a contradiction to G/Zg = PGL,,.
Consider the morphism ¢: Z — M /(R). It is injective and its cokernel equals 71 (G) = Z/nZ.
Because ¢ has cyclic cokernel, all but one of the invariant factors in its Smith normal form
are 1, so there is a rank rk Z — 1 sublattice K of Z such that ¢(K) is saturated. In particular,
the image of (R) is saturated in the quotient H = G/Kg. If f: G — H denotes the quotient
map, then f,E has degree Ay = A\g € m(H) = m1(G). As

. MAa A H
f* : MG,ind MH,ind

is Aut(ind)-equivariant, it suffices to prove the statement for f,FE and H, which satisfy all
the hypotheses of the assertion, and H has center equal to Z/K, which has rank 1.

Now assume Z has rank 1. We compute /K/lvgyind similarly as in Example 3.4.16. Let f: IV — T
be a connected cyclic degree n cover with W-torsor ind, then by Lemma 3.4.15 we have

Meg.ina = (Pic(I") @z M)A

As <R> is saturated, the degree map factors through the determinant map, which is given by
the morphism

Aut(f) Aut(f)

(Pic(I'") @z M) — (Pic(I") ®z M /(R)) = Pic(I") ®z M /(R)

The element L € (Pic(IV) ®z M) Autf) corresponding to F satisfies ”(a)(a*L) = L for all
a € Aut(f), where o: Aut(f) — Aut(Wr/) as in Lemma 3.4.15. On the other hand,
t € Aut(ind) acts by L.t = L°®) where §: Aut(ind) — Aut(Wr) is as in Lemma 3.4.15. But
in our case, Aut(ind) and Aut(f) are identified because I is the total space of ind, hence

o = §. We conclude that for a € Aut(ind) = Aut(f) we have
L7 = ¢* L

As pulling back along a leaves degrees invariant, it follows that the degree of L is invariant,
so it is contained in MAu(nd) — 7 where for the equality we use that (R)Aut(rd) — (. So
we have

L € Pic’(I") @z M + Pic(I") @z Z .
Let 2 € Z and m € M/(R) be generators. As Z + (R) has index n in M, the map
Z=Z7Z — M/(R) = Z maps z to £nm. So if deg(L) = k - z, then deg(det(E)) =k -m. As
the degree factors through the determinant, Ag can only be stable if ged(k,n) = 1.
It now suffices to prove that for 1 # a € Aut(f), we have a*L®L~! # 0. Since a*L®L ™ 20

for all L € Pic’(I'") @ M, we see that a*L ® L' # 0 only depends on deg(L) and we may
replace L by any element of Pic(T') ®z Z. With the chosen isomorphism

7Z—27Z, 1—z,

we have Pic(I") ®z Z = Pic(I”) and the set of elements in Pic(I") ®z Z of degree k - z
corresponds to Pic¥(I"). But because ged(k,n) = 1, the Aut(f)-action on PicF(I") is free,
concluding the proof. O
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Recall that by Lemma 3.4.1 there is a natural map M x W — M/(R) = 71(G). Tensoring
with R, we obtain the determinant map

det: G — MR/<R>R = 7T1(G)]R .
By abuse of notation, we also use det to denote the corresponding map on degrees:
det : 7 (G) — 7 (Mg /(R)g) = M /(R)** = 71 (G)".

Lemma 3.4.19. Let G = Mg x W be a tropical reductive group of type Hle An,—1 such
that (R) is saturated in M, and let Aq € m1(G) be a stable degree. Then the determinant
induces a homeomorphism

det: Mé‘find — MdTet(AG) ,
where T = Mg /(R)g.

Proof. Let ind be an indecomposable W-torsor and let f: IV — T be a cyclic degree
lem(nq,...,ng) cover. Consider the short exact sequence

0 — Pic(T") ®z (R) — Pic(I") ®z M — Pic(I") @ M /(R) — 0 .

Proposition 3.4.10 identifies each term with a moduli space of bundles on I'V with trivial
W-torsor W = f*(ind). Taking Aut(f)-invariants and applying Lemma 3.4.15, we obtain a
left exact sequence of abelian groups

det

0 — Megee ind(T) — M@ ina(T) =% Mp(T) — 0,

where we denote G = [[ SL,,,. By Lemma 3.4.9 applied to the surjective map G — T x W,
the second map is surjective and therefore the sequence is also exact on the right. Because
the degree factors through the determinant, it follows that the determinant map induces a
bijection

A vi let (A

Mefina(T) [ M na(T) — M O(T)

where we do not write the degree in the quotient because w1 (G*°) is trivial. The determinant
map is also invariant under action of Aut(ind) and we need to show that we also have

Mefina(D) = Me,a(D)/ Aut(ind) = MO (r) .
As we have seen in part (2) of Example 3.4.16, we have
|Mszc,ind(F)’ = H |MSLni,ind(F)| = an )

which coincides with ‘ Aut(ind) ‘ Therefore, it suffices to show that Aut(ind) acts freely on
Mv’c\,cind(F). To show this, consider for 1 < i < k the quotient morphism

¢':G— G :=MpgxS8, gvenby M = M/Z(]%) ,
[m

where R; is the set of coroots of the factor SL,,, of G%¢. The induced push-forward
i A 9
¢o: Mcna(l) — MqGi,tzind(F)
respects the Aut(ind)-action. In particular, for

t = (t1,...,tx) € [ [ Aut(glind) = Aut(ind) ,
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and E € Mvéf’ind(F), we have
G (Et) = (¢.E).t; .

Because ¢%\g is stable, Aut(qlind) acts freely on .//\/lvgi):zind(F) by Lemma 3.4.18 and it

follows that F.t 2 F if and only if t = (1,...,1). O

We are now ready to prove the tropical counterpart to Theorem 3.3.3.

Theorem 3.4.20. Let G = Mg x W be a tropical reductive group of type Hle An,—1 and
let Ag € m1(G) be a stable degree. Then the determinant induces a homeomorphism

det: Mé‘find — MdTet(;\G) ,
where T = Mg /{(R)g.

We first prove the following algebraic fact.
Lemma 3.4.21. Let G be a reductive linear algebraic group. Then there is a morphism
p: G’ — G of reductive groups with the properties that

1. ker(p) € Z(GY),

2. p s surjective,

3. ker(p) is connected,

4. m(G') is torsion-free.

Proof. Choose a maximal torus T C G and let (M, R, M, R) denote the root datum corre-
sponding to (G, T). Choose a family (n;)1<;<x generating M, let A = (R) @ ZF, let A = AV,
and consider the morphism
7: A — M

that is the inclusion on (R) and maps the ith generator of Z* to n;. Let ® = R C A and let
® = 7*(R). Then (A, ®, A, ®) is a root datum and 7 defines a morphism of root data. By
the existence theorem for reductive groups [Spr98, Theorem 10.1.1] and the isogeny theorem
[Spr98, Theorem 9.6.5], there is a reductive group G’ with maximal torus T’ corresponding
to (A, D, A, ti>) and a central isogeny p: G’ — G mapping T’ to T and inducing 7 on the
level of root data. As 7 is surjective, p is surjective and ker(p) is connected. Because (®)

is saturated in A, 71(G’) is torsion-free. We observe that G’ has the same Weyl group as
G. O

Proof of Theorem 3.4.20. By Lemma 3.4.21, there exists a morphism
¢=(mid): G =Ag x W — Mz x W

of tropical reductive groups (having the same Weyl group) such that the map = : A — M is
surjective and <<i>) is saturated in A, where ® denotes the set of coroots in A. Denote by K
the kernel of the morphism A — M; we have K C Z(Ag x W). Let f: I” — T be the cyclic
and connected degree lem(ny, ..., ng) cover of I' and consider the short exact sequence

0 — Pic(T") ®z K — Pic(I") @z A — Pic(I") @z M — 0 .

Because the pullback along f of an indecomposable W-torsor trivializes, Lemma 3.4.15
implies that taking Aut(f)-invariants in the sequence above yields a left exact sequence

0 — Mg, — Mg/ ind — Mcgina — 0.
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The sequence is also right exact by Lemma 3.4.9 applied to the surjective morphism ¢ : G/ —
G, which is also surjective on the cocharacter lattices. We also have a commutative diagram

0 K AJ(®) —— M/(R) —— 0

FooE o,k

0 —— m(Kp) — m(G) —2= m(G) —— 0.

The top row, and hence the bottom one as well, is exact because $(®) = Rand (®)NZ(G") = 0.
It follows that for every Ags € 71 (G’) with ¢, g = Mg, the map ¢ induces a bijection

>‘G’ 0
G/ 1nd/M K MG ind °
Now consider the commutative diagram

Ao P A
MG” ind MG,ind

ldct J{det

det(Agr) ¢+ det(Aa)
MAR/(@R MMR/(R>R

By Lemma 3.4.19, the determinant map on the left is a homeomorphism. The morphism
A/(®) — M/(R)™

has finite index, and hence the lower morphism of the square is surjective. It follows that the
determinant map on the right is surjective. It remains to show that the determinant on the

right is injective. Let E, E’ € MG inq With det(FE) = det(E’). We can lift both E and E’
first to ./\/lG Lq and then to elements F, F’ € Mg?'md with ¢, det(F) = ¢, det(F’). The map

0
Mig, — MR, e e

is surjective because K — (K + (®))%* /(®) has finite index, and the sequence
0 0
0 — Ml — Miepwre — Mings — 0

is exact. Therefore, there exists L € MY, with det(F') = det(L ® F). As ¢.(L® F) = ¢, F
we may replace F' by L ® F' and assume that det(F’) = det(F'). By Lemma 3.4.19, there
exists an automorphism ¢ of the indecomposable W-torsor such that F’ = F.t. It follows that

G« (F') = ¢u(F'1) = ¢ (F).t

and hence E = E’, concluding the proof. O

3.4.4 Semistable bundles on tropical elliptic curves

We now give a tropical analogue of Theorem 3.3.5 that describes semistable bundles on an
elliptic curve.

Lemma 3.4.22. Let W’ be a Weyl group of a root datum and let W be a parabolic subgroup
of type [[ An,—1. Let w € W be indecomposable. Then we have
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Proof. Let g € Cyy(w), then we have w € WNg~1Wg. By |?, Lemma 2.25], the intersection
W N g~'Wyg is a parabolic subgroup of W. Now observe that no proper standard parabolic
subgroup of Hle Sp, contains an indecomposable element. As all indecomposable elements
are conjugate, it follows that no proper parabolic subgroup of Hf: Sp,, and hence of
W, contains an indecomposable element. We conclude that W N g~ 'Wg = W, that is
g~ 'Wg C W, which we needed to show. O

For the next lemma, we note that an element w € W of a Weyl group W of type [[ An,—1 is
indecomposable if and only if it has maximal reflection length, which is the minimum number
of reflections (not necessary simple) in a representation of w.

Lemma 3.4.23. Let W be a parabolic subgroup of type [ An,—1 of a Weyl group W’ of a
root datum, and let w € W be indecomposable. Then the natural homomorphism

Cw (w)/Cw (w) — Nw(W)/W,
which exists by Lemma 3.4.22, is an isomorphism.
Proof. Injectivity is clear from the fact that
Cw(w) =Cyr(w)NW .

For surjectivity, let g € Ny~ (W). The reflections in W are the reflections of W’ that are
contained in W (by [?, Lemma 2.25] applied with |K| = 1), so conjugation by g € Ny (W)
preserves reflection length of elements of W. As the indecomposable elements of W are
precisely those of maximal reflection length, g~ 'wg is indecomposable as well. But all
indecomposable elements of W are conjugate in W, that is g~ 'wg = h~'wh for some
h € W. It follows that gh~! € Cy(w) and thus that gW = (gh™!)W is in the image of
Cw (W) — Ny (W)/W. O

Given a parabolic subgroup W of type [ An,—1 of a Weyl group W’ and a metric circle T,
we denote by indy the W/-torsor induced by the indecomposable W-torsor ind on I' via
the inclusion W — W',

Corollary 3.4.24. Let T’ be a metric circle. Let W be a parabolic subgroup of type [ An,-1
of a Weyl group W' of a root datum ®. Moreover, let G' = Mg x W' be the tropical reductive
group corresponding to ® and let G = My x W. Then the action of Ny (W)/W on Mg (T')
induces an action on Mg ind,,, (I').

Proof. We have computed in Example 3.4.8 that isomorphism classes of W-torsors on I' are
in bijection with conjugacy classes of elements of W. The (unique) isomorphism class of
indecomposable covers corresponds to the conjugacy class of indecomposable elements of W.
By Lemma 3.4.23, this conjugacy class is fixed by conjugation by elements in Ny (W)/W,
which implies that the action of Ny (W)/W leaves the isomorphism class of the associated
W-torsor of an element in Mg jna,,, (I') invariant. O

Theorem 3.4.25. Let I" be a metric circle. Let W be a parabolic subgroup of type Hle An,—1
of a Weyl group W' of a root datum ®. Moreover, let G’ = Mg x W' be the tropical reductive
group associated to ® and let G = Mg x W. Then the natural map

M indy,, (T)/(Nw (W) /W) — Mg ina(T')

is a bijection.
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Proof. Let f: TV — T be a cyclic cover of degree lem(ny,...,ng). Let ind be an indecompos-
able W-torsor. Then f*ind is trivial, and so is f*(indy~). We can thus apply Lemma 3.4.15
and conclude that

M ina(T) = (Pic(I”) @z M)A 7 Aut(ind) |

; 3.3
M ina,,, (T) = (Pic(I") @z M)A / Aut(indw) . (33)

In this description, the automorphism group Aut(ind) (resp. Aut(indy/)) acts by conjugation
by elements in the image of a morphism

§: Aut(ind) — Aut(f*ind) = Aut(Wr ) =W ,

where the last morphism is induced by the trivialization of f*ind (and similarly, there
is a morphism ¢': Aut(indy,) — W’). We have seen in Example 3.4.8 that there is a
trivialization of ind on an open subset on which Aut(ind) can be identified with the right
action of the centralizer Cy (w) for some w € W whose conjugacy class determines the
isomorphism class of ind. Because ind is indecomposable, the element w is indecomposable
as well. The morphism § is not necessarily defined using the same trivialization, so the image
of § equals Cy (w) for some conjugate w of w, which is again indecomposable. Since we
can choose the trivialization of f*(indy-) = (f*ind)w- to be induced by the trivialization of
f*ind, we may assume that the image of §’ is given by Cy(w). Together with (3.3), we see
that

Mg ina(T) = (Pic(T') @7 M)A /Cyy (w)
M ina,,, (1) = (Pic(I") @z M)A /Cyr (w) |

where Cy (w) and Cy(w) act by conjugation. By Lemma 3.4.23, Cy (w) is normal in
Cw(w) so that there exists an induced Cyy (w)/Cw (w)-conjugation action on the quotient
Mc7ind(r), and

M indy,, (T') = Mg ina(T)/(Cw (w) /Cw (w)) -
Also by Lemma 3.4.23, we have Cy (w)/Cw (w) = Ny (W) /W, concluding the proof. [

3.5 Tropicalization of principal bundles

Let K be an algebraically closed field that is complete with respect to a nontrivial non-
Archimedean absolute value | -| of equicharacteristic 0, let G be a reductive group over K and
let X be a Mumford curve over K. In this section, we consider the process of tropicalization
for G-bundles on X together with a reduction of structure group to the normalizer of a given
maximal torus T in G. When X is a Tate curve, we show that every semistable G-bundle
on X is equivalent to one that admits such a reduction. This allows us to establish our
main result, Theorem 3.5.14, which identifies the essential skeleton of the moduli space of
semistable principal G-bundles on X with a moduli space of tropical semistable principal
GtoP_bundles on the minimal skeleton I'x of X.

Let T C G be a maximal torus with character lattice M = X*(T) and cocharacter lattice
M = X, (T). We denote the associated root datum by ® = (M, R, M, R). Let Ng(T) be the
normalizer of T in G and let W = Ng(T)/T be the Weyl group. The Weyl group acts on T
by conjugation and therefore there is an induced action of W on M. We define the tropical
reductive group G'™°P associated to G as

GUP = Mr x W .
Note that the isomorphism type of G"°P does not depend on the choice of T as all maximal

tori in G are conjugate.

101



3.5.1 Tropicalizing T-bundles over a Mumford curve

Let I'x be the minimal skeleton of the Berkovich analytic space X?". Given a T-bundle E
on X, we obtain for every character (T = G,,) € M an induced G,,-bundle m,(E) on X,
which we can tropicalize to a tropical line bundle Trop(m.(E)) on I'x. Since tropicalization
respects tensor products of line bundles, we obtain, for every non-Archimedean field extension
L/K, a bilinear map

Mo (X)(L) x M — Mg(I'x) given by (E,m) — Trop(m.(E)) .

Equivalently, by the tensor-hom adjunction, there is a linear map
M(X)(L) — Hom(M, Mg(I'x)) 2 Mg(I'x) ®z M.

If we choose a basis (m1,...,m,) of M, the map is given by E — Y. Trop((m;)+E) ® m,’.
As we have defined this for an arbitrary non-Archimedean field extension of K, we have
defined a map

(MT(X))an — MR(F)() ®Qz M . (3.4)

Similarly, there is a canonical bilinear map
My (Px) x M — Mg(Tx) given by (F,m) —— m.(F)
which induces an isomorphism
Mz (Tx) = Mg(Tx) @z M .

Composing the map in (3.4) with (the inverse of) this isomorphism yields a tropicalization
map
Trop: (Mx(X))™ — My, (Px).

Proposition 3.5.1. Let T be an algebraic torus with cocharacter lattice M. Then for every
A € m(T) there exists a homeomorphism

7 B(MA(X)) = MY, (Tx)

where Z(M%(X)) is the essential skeleton of (Mé(X))a“, that fits into a commutative
diagram

<
>
>
E
14

where p is the retraction map.

Proof. When dim T =1 and the degree is equal to zero, this is [BR15, Theorem 1.3]. This is
generalized to an arbitrary degree in a special case of [GUZ22, Theorem 6.2], by twisting by a
base point and its tropicalization. When dim T > 1, we observe that Mr(X) 2 Pic(X)®z M
in order to deduce the general case from the one-dimensional situation. We also note that
M (X) is a Calabi—Yau variety and hence has an essential skeleton. O
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3.5.2 Tropicalizing Ng(T)-bundles over a Mumford curve

Let p: X?* — I'x denote the retraction map to the skeleton. Then pulling back along p
defines a fully faithful functor from the category of W-torsors on I'x to the category of
W-torsors on X?". The éspace étalé of any W-torsor over X?" is a covering space of X"
which induces an analytic structure on the latter. In this way, we obtain a fully faithful
functor from the category of W-torsors on X" to the category of principal homogeneous
spaces for W over X" in the category of K-analytic spaces. Since W is finite, by the
GAGA-principle, this category is in turn equivalent to the category of principal homogeneous
spaces for W over X in the category of schemes. These in turn are all étale over X, and the
category of principal homogeneous spaces for W over X is thus equivalent to the category of
étale W-torsors on X [Mil80, III, Theorem 4.3]. Taking the composition of these embeddings
and equivalences, we obtain a fully faithful functor from the category of W-torsors on I'x to
the category of étale W-torsors on X. For a W-torsor 7 over I'x, we denote the associated
¢étale W-torsor on X by p*r. For a W-torsor ¥ on X, we denote by Bunyg (), (X) the
stack of Ng(T)-torsors on X whose associated W-torsor is ).

We can intrinsically characterize those W-torsors on X that are of the form p*7 as follows.
Consider the analytification of the total space of a W-torsor on X. This space comes with a
W-action. If this action is free, then the quotient is a W-torsor 7 on X", and the original
torsor on X is p*r7.

Let 7 be a W-torsor on 'y, let L/K be a non-Archimedean extension, and let F €
Bunyg (1),p++(X)(L) be a bundle defined over L. To tropicalize E, we view p*7 as a principal
homogeneous space for W over X in the category of schemes. Let 7: p*7 — X denote the
structure map. Then, exactly as in Lemma 3.4.13, the W-torsor 7*(p*7) on p*7 is canonically
trivial. Therefore, exactly as in Lemma 3.4.15, the pullback 7#*F is induced by a T-bundle
on p*r that is invariant under the Aut(w)-action, and this T-bundle is well-defined up to the
Aut(r)-action. More concisely, we obtain a map

Bun g (1),p (X) (L) — M (p*m)(L)*" / Aut(r) .

The skeleton of (p*7)2" is the total space of 7. Because the tropicalization of T-bundles on
p*T respects the actions of both Aut(w) and Aut(7), we obtain a tropicalization map

Me(pr)(LYAH ) Aut(r) — My, (1)A / Aut(r) .
As Aut(m) = Aut(7/T"), Lemma 3.4.15 yields an isomorphism
Mg, ()2 [ Aut () = Moo - (Dx) -

Composing the three maps defines a tropicalization map for Ng(T)-bundles defined over the
field extension L. Since the extension was arbitrary, we have in fact defined a tropicalization
map

Trop: | Bunyg (1), (X)™| — Mguor - (T'x),

where | Buny,, (1),,+7(X)*"| denotes the points of the stack Buny (1), -~ (X)*".

Example 3.5.2. In the case of G = GL,,, our construction of Trop differs from the one
given in [GUZ22]. To compare the two constructions, suppose we are given an G, x S,,-torsor

E on X as a line bundle L on p*I”, where I ER I'x is a free degree n cover of I'x. The
tropicalization Tropqyy(E) of E in the sense of [GUZ22] is given by the GL,(T)-bundle
represented by the tropical line bundle Trop(L) on the domain I" of the cover f.

Let 7 be the W-torsor on I'x that corresponds to the cover f. Since the pull-back of 7 to its
éspace étalé (which we also denote by 7) is canonically trivial, the cover

Txpy V=7
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is canonically trivial as well. The canonical trivialization determines n sections of this cover,
or equivalently n morphisms s;: 7 — IV over I'y. The twisted Aut(r)-equivariant R”-bundle
on 7 corresponding to Tropgyy(E) is given by

és:‘ Trop(L) .
i=1

Pulling the n sections back via the retraction p, we obtain n morphisms
t; = p*s;: ptr — p*TV
which induce the canonical trivialization of the cover
P xx pT' — p*r .

The twisted Aut(7)-equivariant G?,-bundle on p*7 corresponding to F is given by @@, t: L.

1=1"

Therefore, the tropicalization Trop(F) in the sense of the present paper is the GL,,(T)-bundle
on I'x corresponding to the twisted Aut(7)-equivalent R"-bundle

n
&P Trop(t; L) .
i=1

As this equals @@, s; Trop(L), we conclude that

i=1"°1
Trop(E) = Tropguz(£) -
Let us now return to the general situation. We have defined the tropicalization map using

the techniques from Lemma 3.4.15 applied to the cover p*r — X, which can be canonically
obtained from the Ng(T)-bundle we are tropicalizing. It is useful to also allow other covers.

Let f: TV — T'x be a free Galois cover such that there exists a trivialization f*7 = Wp/. Let
p*f: X' — X be the induced étale cover. Then, exactly as in our definition of tropicalization
above, we obtain, for every field extension L/K, a sequence of maps

BunNG(T)’p*T(X)(L) - BunT(X/)(L)AUt(f)/AUt(T) — MMR (FI)Aut(f)/Aut(T) —E—> MGtrOD}T(FX) )
and we denote by
Tropﬁxt ‘BUDNG(T)”D*T(X)&H‘ — Mguor (T'x)

the map induced by the composition. We note that, for 7 a W-torsor on I'x, we have
Trop = Trop,, .., where my : 7 — I'x is the total space and xo : 757 — W7 is the canonical
trivialization.

Lemma 3.5.3. With notation as above, we have
Trop; , (E) = Trop(£)
for every E € | BunNG(T)7p*T(X)an|.

Proof. 1t suffices to show that Trop;, = Trop, ,, for two covers f and g and trivializations
x and 1. First we treat the case where f = g are the same map I — I'x, but x and 1 are
allowed to differ. The two trivializations y and v differ by

QZJOX_IZWF/ —>WF/7
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which is given by right multiplication by some w € H°(I'', Wr~). By the algebraic analogue
of Lemma 3.4.14 (with analogous proof), if E € | Buny (1), (X)*"| is represented by L,
(resp. Ly) in the invariants of Mz (p* f) with respect to the Aut(f)-action induced by x
(resp. v), then L, is obtained from L, by conjugating with w, up to the Aut(7)-action.
Therefore, the Mg-bundle Trop(Ly) on I is obtained from Trop(L,) by conjugating with
w, up to the Aut(r)-action. Now using Lemma 3.4.14 on the tropical side shows that
Trop; \ (E) = Tropy ,(E).

Now we treat the case where f and g differ. Any two covers can be dominated by a common
cover, so we may assume that g factors through f, that is g = f o h for some free Galois
cover h. We already showed that Trop, ,, does not depend on the choice of 9, so we may
assume that ¢ = h*x. Using the same notation as above, the T-bundle L, on the domain
of p*g agrees with (p*h)*L, up to the Aut(7)-action. Therefore, the Mr-bundle Trop(L,,)
agrees with h* Trop(L,). Applying the algebraic argument backwards on the tropical side
then shows the desired equality

Trop; \ (E) = Trop, ,(E) . O

Let (M,R,M,R) and (A, ®, A, ®) be root data and let (G, T) and (G’, T') be the corre-
sponding reductive groups with maximal tori 7' and T", respectively. Recall that a surjective
morphism

¢: G — G’
with ¢(T) C T/ and ker(¢) C Z(G)
induces a morphism 5 §

f:M— A
whose image has finite index and that defines bijections R — ® and, dually, ® — R (we note

that the morphism p : G’ — G in Lemma 3.4.21 is of this type). Conversely, given f, the
morphism ¢ can be reconstructed up to conjugation by elements in T by [Ste99].

The pair (f,id) induces a morphism of the tropical reductive groups G"°P and (G')*°P
corresponding to our root data, and we denote this morphism by

¢trop — (f, ld) Gtrop N (G/)trop.

Lemma 3.5.4. Let ¢: (G, T) — (G, T') and ¢'*°P : Gt*P — (G/)¥°P pe as above. Let E
be a tropicalizable principal Ng(T)-bundle on X, in other words, assume that the associated
W -torsor of E is of the form p*r. Then we have

Trop(6., ) 2 7P Trop(E) .

Proof. We first treat the case where G = T and G’ = T’ are tori. Here, the statement
follows from the commutativity, for every extension L/K of non-Archimedean fields, of the
diagram

Mp(X)(L) — Pic(X)(L) @z M —220, Pic(Tx) @5 M —— M,y (Tx)

J@ lid ®f lid ®f angrov

Mo/ (X)(L) —=— Pic(X)(L) ®z A —22, Pic(Ty) @z A —— M, (Tx) .

For general G and G’ we denote by 7: p*7 — X the projection from the total space. For an
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extension L/K of non-Archimedean fields, consider the diagram

Bun g (1), - (X)(L) — M (p*7) A / Aut(r) —=5 My (7)A) / Aut(1) —— My (Tx)

o |- [@r1sg- [

Trop

Buny,,, (17,07 (X)(L) — M (p*7) AT/ Aut(1) —= M[\R(T)AUt(Tr)/AU.t(T) = M;, (Tx) -

The compositions of the arrows in the two rows are the tropicalizations maps for Ng(T)- and
Ng/(T')-bundles, respectively. To complete the proof, it suffices to show that the diagram
commutes. For the left and right square, commutativity follows from the compatibility of
push-forward with pull-backs along covers. The square in the middle commutes by the case
of tori that we treated first. O

Lemma 3.5.5. Let E be a tropicalizable principal Ng(T)-bundle. Then we have
Trop(det(E)) = det(Trop(E)) .

Proof. Let 7 be W torsor on I'y with E € Bunyg(r) - (X), let mg: 7 — I'x be the
projection from the total space and let xo: 757 — W, be the canonical trivialization. Then
exactly as in Lemma 3.5.4, we see that

det(Trop(E)) = Trop,, (det(E)) ,

where Trop,, = is missing the datum of the trivialization of the torsor because det(E) is a
torus bundle and tori have trivial Weyl groups (and hence all torsors over those Weyl groups
are canonically trivial). Applying Lemma 3.5.3 finishes the proof. O

Recall that for a reductive group G with fixed maximal torus T, there is a natural identification
mo(Bung (X)) = 71 (GQ) defined as follows: every principal G-bundle can be degenerated to a
principal T-bundle, so the natural map

X (T) & 7p(Bunr (X)) — mo(Bung (X))

is a surjection. Moreover, two elements of X,(T) have the same image precisely if they agree
modulo the sublattice generated by the coroots. We refer to [Hof10] for details.

Recall that for a principal G-bundle E we denote by deg(E) the element of m1(G) corre-
sponding to the component of Bung(X) containing E and call it the degree of E.

Proposition 3.5.6. Let Eg be a G-bundle induced by a tropicalizable principal Ng(T)-
bundle E. Then
deg(Ec) = deg(Trop(E)) .

Proof. For line bundles, that is if G = G,,,, the statement is well-known. This implies it is
also true for products of G,,, that is for algebraic tori (note that all tori are split because
the base field is algebraically closed).

Now assume that 7 (G) is torsion-free. Then (R) is saturated and the determinant induces
an isomorphism of 7 (G) with the cocharacter lattice of the cocenter Z¢(G) (see §3.3.3). As
tropicalization commutes with determinants by Lemma 3.5.5 and taking degrees of tropical
principal bundles is functorial, the assertion is reduced to the case G = Z¢(G), which we
have already established because Z¢(G) is an algebraic torus.

For G arbitrary, let p: G’ — G be as in Lemma 3.4.21 and let T' = p~!(T). Since ker(p) is
connected and central in G/, it is an algebraic torus, and so is T’. So by [Hof10, Proposition
3.1, Remark 3.3 ii)|], the morphism Buny,, (r) — Bunyg(r) is surjective and we can lift
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E to a principal Ng/(T’)-bundle E’. Of course, E’ is tropicalizable as well. As m(G’) is
torsion-free, we have already seen that deg(Eg,) = deg(Trop(E’)). Using Lemma 3.5.4, we
conclude that

deg(Trop(E)) = deg(Trop(p.E’)) = deg(m« Trop(E")) = 7, deg(Trop(E")) = 7, deg(Eg,) = deg(Eg) -
O

3.5.3 Tropicalizing stable G-bundles over a Tate curve

We now assume the Mumford curve X is a Tate curve over K, i.e. a smooth projective curve
of genus one, whose analytification is given by X2 = G2 /¢ with val(q) > 0. Then the
minimal skeleton I'x is isometric to a metric circle of circumference val(g). Theorems 3.3.3
and 3.3.5 describe the moduli spaces M’C\;G’St (X) and M)(‘;G’SS(X) of stable and semistable
G-bundles on X, respectively. In this section and the next, we explain how to tropicalize
these moduli spaces: stable bundles are tropicalized by reducing them to Ng(T)-bundles,
and semistable bundles are reduced to stable bundles by passing to a Levi subgroup.

First, let Ag € 71(G) be a degree for which the moduli space M)(‘;G’St(X ) is nonempty.
By Theorem 3.3.3, this only happens if G* = [, PGL,,, so that the Weyl group is
W =11, Sn.. We recall from §3.4.3 that since I'x is a circle, up to isomorphism there is a
unique indecomposable W-torsor ind on I'y, which induces a W-torsor on X that we also
denote ind by abuse of notation.

Proposition 3.5.7. Let E be a stable principal G-bundle on X. Then E can only be in the
image of
Buny, (1),p++(X) — Bung(X)

if T is indecomposable.

Proof. For every stable G-bundle the induced G®-bundle is stable as well. This reduces
to the case where G = [[, PGL,,,. Treating each factor individually, we further reduce
to the case G = PGL,,. Denote by D,, C GL,, the diagonal torus and D,,/G,, C PGL,
the corresponding torus in PGL,. Let E € Bunngg, (D, /G,.),0*7(X) be such that the
associated PGL,-torsor Epgr, is stable, and assume that 7 is decomposable. Then 7 is

induced by an Sk, x...x Sk,-torsor for some nontrivial partition Zle k; = n. The preimage
of Sk, X ... x Sk, in NpgL, (D,/Gy,) is the normalizer N of the maximal torus D,,/G,, in

the Levi subgroup (Hle GLki) /Gy, of PGL,,. By [BHI10, Lemma 2.2.1] (see also [BH23]),
the structure group of E can be reduced to V. In particular, the structure group of Epgr,,
can be reduced to (ngl GLki) /G, Lifting EpgL, to a GL,-bundle, which is possible by

[Hof10, Corollary 3.4], we obtain a stable GL,-bundle whose structure group can be reduced
to Hle GLy,. But this is absurd, because stable vector bundles are indecomposable.  [J

We now study the morphism Bunyg (1),ina(X) — Bung(X).
Example 3.5.8. Let G = GL,,. Then Ng(T) & G, x S,, W = S,,, and the stack

Buny (1) (X) is equivalent to the stack of pairs (X' ER X, L), where f is a finite étale
cover of degree n and L is a line bundle on X’. The associated W-torsor of a pair (f, L) is
represented by f; the stack of S,,-torsors is equivalent to the stack of finite étale covers of
degree n. We can describe the cover f corresponding to the S,-torsor ind on X defined by
the unique indecomposable S,,-torsor ind on I'x explicitly by using a uniformization of X&".
Indeed, if X" = G2 /¢” then p*ind is represented by the quotient map

i G /g™ — G
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If X,, is the unique elliptic curve with X% = G2 /¢"Z, we conclude that
Bun g (1),ind (X) = Pic(Xy,)/ Aut(r,) H Pict(X,,)/ Aut(r,) .
deZ

Note that 7, is a Galois cover and Aut(m,) is cyclic of degree n. We denote the connected
component Pic?(X,,)/ Aut(r,) of Bun g, (1),ina(X) by BunﬁlvG(T)’ind(X).

The morphism
BUHNG (T),ind (X) — BUHG (X)

maps the Ng(T)-torsor corresponding to (m,, L) to the GL,-torsor corresponding to the
vector bundle (7, ).L. This vector bundle has degree d = deg(L). If d and n are coprime,
then the argument in [Tu93, Appendix A| shows that (m,).L is stable. In particular, for d
coprime to n we obtain an induced map

d,s
BuntIiVGL" (T),md(X) - BunGI‘j (X) 9
where Bundslf (X) denotes the open substack of Bungr, (X) consisting of stable bundles of
degree d.
Lemma 3.5.9. Let d and n be coprime. Then the morphism
d,s
Bun‘]iVGL"(Dn%ind(X) — BunGIf (X)

is an isomorphism of algebraic stacks.

Proof. Consider the composition
Pict(Xn) — Bunf, (p,),ma(X) — Bungy (X), (3.5)

which we denote by ¢. Since Pic?(X,,) is an Aut(r,, )-torsor over Bunyg, (p,)(X), it suffices
to show that ¢ is an Aut(m,)-torsor. Given line bundles £ and £ on (X,)s = X,, xx S for

some test K-scheme S and an isomorphism (7, ).L Y, ()<L on Xg, there is an induced
isomorphism

D oLemm)l )L P oL (3.6)

ocAut(my) ocAut(my,)

on (X,)s. Note that because Aut(m,,) acts freely on Pic?(X,,), it follows that there is a unique
o € Aut(m,)(S) such that the morphism £ — ¢*£" induced from (3.6) is an isomorphism.
This shows that the morphism

Aut(m,) X i Pict(X,)(S) — Pict(X,)(S) X Bunds! (X)(5) Pict(X,)(S)
(0, L) — (L,0"L)

is essentially surjective. It is also fully faithful, because ¢g is already fully faithful: as stable
bundles are simple, we have, for £ a degree d line bundle on X,,, that

Aut((mn)2 L) = G (S) = Aut(L) .

To conclude the proof, it suffices to show that ¢ is faithfully flat. By [GUZ22, Theorem
7.1], ¢ is surjective. Both factors of ¢ in (3.5) are representable and locally of finite type
by [Hof10, Fact 2.3]. Moreover, we have already shown that the fibers of ¢ are finite (they
are Aut(m,)-torsors), and both the target Bung ’“ (X) and the source are smooth [Hof10,
Proposition 4.1], so we are done by miracle ﬂatness O

108



Definition 3.5.10. We define Bun?f,c(T) (X) as the preimage of Bung (X) in Bunyg (1y,ina (X)
under the map Buny (1) (X) — Bung(X).

Theorem 3.5.11. The morphism
Bun?\t,G(T) (X) — Bung (X)
is an isomorphism.

Proof. If there are stable G-bundles, then G?d = [, PGL,, by Theorem 3.3.3. Moreover, if
X € m1(G) is such that Buny™(X) is nonempty, then A*! € [],(Z/n;Z)*. The component
Bun’c\::d (X) consists of a single point corresponding to a stable G#-bundle. In particular,

the map
Bung(X) — Bungad(X)

maps Bung (X) to Bung.a(X). Let T = T/Z(G) denote the maximal torus of G4
induced by T. Then Ng(T) = Ngaa(T?!) xgaa G. Applying [BH10, Lemma 2.2.1] (see also
[BH23]), we obtain a 2-cartesian diagram

Buny,, (p) (X) — Buny_ g (X)

J l (3.7)

Bun@(X) ———— Bunfi.a(X) .

Therefore, we reduce to the case where G is a product of PGL’s. This in turn can be directly
reduced to the case G = PGL,,. In that case, we again use the cartesian diagram (3.7), but
with reversed roles: we set G = GL,, in which case G® = PGL,. Then the left vertical
morphism is an isomorphism by Lemma 3.5.9. Moreover, the lower horizontal morphism is
smooth by [Hof10, Corollary 4.2] and surjective. Since being an isomorphism is local on the
target in the smooth topology and the vertical morphisms are representable by [Hof10, Fact
2.3], we are done. O

Definition 3.5.12. Let E be a stable G-bundle. Then we define the tropicalization of E by
Trop(E’) (see Section 3.5.2), where E’ is the unique indecomposable principal Ng (T)-bundle
corresponding to E under the isomorphism of Theorem 3.5.11.

Corollary 3.5.13. Let E € Bun&(X). Then we have
deg(FE) = deg(Trop(F)) .
Proof. This follows directly from Proposition 3.5.6. O

Theorem 3.5.14. Let G be a reductive group of type [| A,, and let A € 71(G) be a stable
degree. Then there exists a commutative diagram

/E(Mé“(}f))
(MG (X))

m

MGaer jna(l'x)

1R
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where p denotes the retraction map to the essential skeleton E(MéSt(X)) of (./\/lé;’St(X))a“.

Proof. Consider the diagram

(M)ést (X))an det (M%ect((é)) (X))an

[rer oor ™2

A e det(X det(X
Métrop,ind(l—‘x) L) MZect((G)trop)(FX) T E(Mzect(((})) (X)) .

The square on the left is commutative by Lemma 3.5.5. By Theorem 3.3.3, the algebraic
determinant map on the top of the square is an isomorphism. By Theorem 3.4.20, the tropical
determinant map on the bottom of the square is an isomorphism. It thus suffices to show
the existence of the lower right isomorphism such that the triangle on the right commutes.
But this is Proposition 3.5.1. O

3.5.4 Tropicalizing semistable G-bundles over a Tate curve

In this section, we continue our study of the tropicalization of principal bundles on a Tate
curve X by reducing the semistable case to the case of stable bundles from the previous
section.

Given a semistable bundle F € MEG’SS(X ), let L be the Levi subgroup determined by
Theorem 3.3.5, corresponding to the degree Ag = deg(F) € m1(G) and chosen such that
T C L. Reducing the structure group, we obtain an L-bundle Fy, on X of degree Ay,, unique up
to the Wy, g-action and stable by Theorem 3.3.5. We then use Definition 3.5.12 to tropicalize
F1, to an L¥°P_bundle on I'x of degree S\L. The inclusion L HiG induces a morphism
Ltrop — GUOP of tropical reductive groups and the induced map Mi%l.op (Tx) — Mé‘;‘fmp(l" x)
is W1, ,g-equivariant. We then extend scalars to G*™°P to obtain the tropicalization of F.

Example 3.5.15. Let F € Mésfn (X) be a semistable GL,,-bundle of degree d € Z. Note
that in this case the Levi subgroup L C GL,, from Theorem 3.3.5 is given by L = (GL%)h
and Wi, ¢ = Sk, where h = ged(n, d). Then one can show that F' is equivalent to a direct
sum @®F_, F; of stable vector bundles of the same slope (see [GUZ22, §7]) which is unique up
to the Si-action. In the more general framework, this is the same as a stable L-bundle Fy, on
X of degree ( %, e %) € Z". Tropicalizing the stable L-bundle, as explained in the previous
section, corresponds to tropicalizing each summand F; individually, which is precisely what
is done in [GUZ22|. In this sense, this section generalizes the tropicalization construction of
semistable GL,-bundles on X of [GUZ22].

First, we prove a lemma that bridges the gap between the algebraic structure group L and
its tropical counterpart L°P,

Lemma 3.5.16. Let G be a reductive group, and let L be a Levi subgroup containing the
(fized) mazimal torus T with Weyl group Wi, C Wq. Then there exists a natural isomorphism

Wrg = Ne(L)/L = Nuwg (Wr)/ Wi, .
Moreover, if L and A € mi(L) are as in Theorem 3.3.5, then Nwo(WL)/Wy acts on
M}\J‘;mp’ind (T'x) and the tropicalization map

Trop: My (X) — Mﬁfmpymd(rx)
is Ng(L)/L-equivariant.
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Proof. We first show that the quotient map
Ng(L) N Ng(T) — Ne(L)/L

is surjective. If nL € Ng(L)/L, then n=!Tn is a maximal torus of L. As L is reductive, all
maximal tori in L are conjugate, that is there exists [ € L with (nl)~!T(nl) = T. Then we
have nl € Ng(L) N Ng(T) and nlL = nL. Since Ng(L) N Ng(T) "L = Ni,(T) we obtain a
natural isomorphism

N (L) 1 No(T)/Ny(T) == No(L)/L .

As W, = NL(T)/T and Ny (WL) = Nyg (1) (NL(T))/T we have
Nwe (WL)/Wr = Nng(t)(NL(T))/NL(T)
by the third isomorphism theorem. Therefore, it suffices to show that
Ng(L) N Ng(T) = Nyg (1) (NL(T)) .

The inclusion from left to right is clear, as any automorphism of L that fixes T also fixes the
normalizer of T. For the reverse inclusion let n € Ny (1)(NVNL(T)). We need to show that n
normalizes L. Let Z be the connected component of the identity of [ . ker(a), where ¥ is
the set of roots of L. By [Hum81, Section 30.2|, we have

acV¥

L=Cc(2),

so it suffices to show that n normalizes Z. As n normalizes N, (T), it suffices to show that
Z is the connected center of Ni,(T). Because G is reductive, we have Cg(T) = T and hence
Z(Np(T)) C T. So Z(N,(T)) is precisely the subset of T fixed by all reflections in W, which
is precisely (,c¢ ker(a), the identity component of which is Z.

The normalizer Ny (Wry,) is contained in Nguopr (L™°P) and acts on Mi\,frov,ind(FX) by
conjugation. Conjugation with inner automorphisms of L¥°P leaves L*°P-bundles unchanged,
so Wy, is in the kernel of the action and we obtain an action of Ny (Wy,)/Wy. Moreover,
conjugation by an element in Ny (1) (NvL(T)) tropicalizes to the conjugation by its image in
Wea. Therefore, the equivariance of Trop follows from Lemma 3.5.4. O

Let G = Mg x W be a tropical reductive group and let A € 7 (G). In general, it is not yet
clear what it means for a principal G-bundle to have an indecomposable degree. But, by
Theorem 3.3.2 there exists a parabolic subgroup P = Mg x W’ in G such that there exists
Ap € 1 (P) with ¢p(Ap) = ¢c()) and which is minimal with respect to that property. The
parabolic P is unique up to conjugation and of type [[; An,—1 by [Fral6, Cor. 4.2]. Let 7 be
an indecomposable W’ -torsor. Then we denote

M naTx) = M, (Tx) .

Definition 3.5.17. Let G be a reductive group and let F be a semi-stable principal G-
bundle of degree A € m(G). By Theorem 3.3.5, there exists a Levi subgroup L C G,
uniquely determined up to conjugation, and a degree A, € (L), such that L is of type
Hi An,—1, the degree ;\L is stable, and E can be reduced to a stable L-bundle Ey, of degree
AL, uniquely up to the action of Ng(L)/L. By Lemma 3.5.16, tropicalizing yields an object
Trop(EL) € Mi‘lh.op’ind(l"x), well-defined up to the Ny (W1, )-action. Pushing forward to

Mgerop ina (I x) then yields a uniquely determined element Trop(E) € Métmp imaTx)-
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Theorem 3.5.18. Let X be a Tate elliptic curve over an algebraically closed complete
nontrivially valued non-Archimedean ﬁelde of equicharacteristic 0 with minimal skeleton
I'x, let G be a reductive group and let A € m1(G). Denote by p the retraction map to

the essential skeleton E(./\/lé’ss(X)) of (MgSS(X))an. Then there exists a homeomorphism
DMEGH (X)) = Mé\;tmpyind(ljx) that makes the diagram

///j@@ﬂ@)
(M=)

w

Mé}“oP,ind(FX)

1R

commute.

Proof. Let L and A, be as in Theorem 3.3.5. Consider the diagram of solid arrows

(M=) (Mg (x)
XL) /
P
Trop SMPH(X)) —— SME(X)) Trop
- E \\\\\\} e
MEIE‘"OPJHd (Fx) Métrop’ind (FX) )

X an
where pr, is the retraction to the essential skeleton of (./\/li“L’St (X )) . The triangle to the

left exists by Theorem 3.5.14. The retraction py, is equivariant with respect to the action of
WL.e = Ng(L)/L = Nwg (Wr,)/Wy by functoriality of the essential skeleton, and the map
Trop in that triangle is Wi, g-equivariant by Lemma 3.5.16.

To show that the solid trapezoid on top exists, we first note that Mi‘JL’St is isomorphic
to a product of elliptic curves by Theorem 3.3.3, and hence its canonical bundle is trivial.

Therefore, all pluricanonical forms on Mi“’“ (X) define the same skeleton [MN15, Proposition
4.4.5 (5)], namely the essential skeleton E(M;“L’St (X)). Let w be a pluricanonical form on
M (X). The group Wi, q acts on w by

w.w = x(w)- w

for some character y. If k is the order of y, then w®* is Wh, g-invariant, and hence there exist
WL, g-invariant pluricanonical forms. By [BM19, Proposition 6.1.9], everyWy, g-invariant

X an
pluricanonical form induces the same skeleton of (M()‘;’SS(X )) , namely the essential skeleton

Z(Mé’SS(X)), and we have
SME(X)) /Wi = SMES(X)) .
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The outer square is commutative by the construction of the tropicalization map for semistable
bundles. Since we also have

Mi%rop,ind(FX)/WLyG = Mé”of’,ind(rx)'

by Theorem 3.4.25, it follows that the dashed arrow can be filled in uniquely by a homeo-
morphism that makes the whole diagram commutative. O
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