
Abstract

In this thesiswe considersequentialandparallelalgorithmsfor thefactorizationof sparse,pos-
itive definite,linearsystems.We especiallyfocuson thecomputationof fill-reducingorderings
for ageneralsparsematrix

�
.

Chapter1 showstheimportanceof sparsedirectmethodsin thefield of ScientificComputing
andcomparesCholesky’smethodwith iterativealgorithms.Thenumberof iterationsperformed
by aniterativeschemehighly dependsonthenumericalcharacteristicsof

�
, whereastheperfor-

manceof adirectalgorithmis only determinedby
�

’s nonzerostructure.
Chapter2 introducestwo different schemesfor the computationof the factor matrix � ,��� ����� : thefan-inandthefan-outmethod.Both methodsperformthesamenumberof arith-

metic operations– they only differ in the way the matrix elementsareaccessed.Furthermore,
we show how thecolumnwisefactorizationof

�
canbemodeledby a sequenceof elimination

graphs.Finally, webriefly describethreegeneralclassesof orderingalgorithms:profilemethods,
bottom-upmethods,andtop-down methods.

In Chapter3 we considerfill-reducing algorithmsfor Laplacematricesthat correspondto�	��
 grid problemswith afivepointdifferenceoperator. If the � -shapedseparatorsconstructed
by aclassicalnesteddissectionschemearerotatedto form � -shapeseparators,theamountof fill
andfloatingpoint operationswill be reducedsignificantly. A detailedanalysisof the modified
nesteddissectionorderingshows that the shapeof the elementsformedduring the elimination
processis responsiblefor this improvement.

Chapter4 providesuswith a new fill-reducingorderingschemefor generalsparsematrices
that is basedon theobservationsmadein Chapter3. Most state-of-the-artorderingschemesfor
generalsparsematricesarea hybrid of a bottom-upmethodsuchasminimumdegreeanda top
down schemesuchasGeorge’s nesteddissection.In this chapterwe presentanorderingalgo-
rithm thatachievesa tightercouplingof bottom-upandtop-down methods.In our methodology
vertex separatorsare interpretedasthe boundariesof the remainingelementsin an unfinished
bottom-upordering. As a consequence,we are usingbottom-uptechniquessuchasquotient
graphsandspecialnodeselectionstrategiesfor theconstructionof vertex separators.Onceall
separatorshave beenfound, we are using them as a skeletonfor the computationof several
bottom-uporderings.Experimentalresultsshow that theorderingsobtainedby our schemeare
in generalbetterthanthoseobtainedby otherpopularorderingcodes.

In Chapter5 wedescribesequentialandparallelalgorithmsfor thesymbolicalandnumerical
factorization.We first introducetechniquesthat improve cacheefficiency andregisterre-useof
the numericalfactorizationprocess.To fully exploit thefloating-pointperformanceof modern
computersweimplementamultifrontalalgorithmthatis basedonLevel 3 BLAS operations.We
thendescribeour parallelalgorithmthatusesa 2-dimensionalmappingschemeof

�
to reduce

the comunicationoverhead.We show that theorderingsproducedby the new schemearealso
well suitedfor parallelfactorization.

Chapter6 summarizesthemethodsthataredescribedin this thesisanddiscussessomeopen
problems.
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