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1. INTRODUCTION

We consider the wave equation
Ov = ¢ ?(x) 9fv — Av = 0,

on R; x R2. This is the prototype of the class of hyperbolic operators,
which describe wave-like propagation phenomena.
To find solutions to the wave equation, one can try the classical
ansatz of geometrical optics: Consider a function
o
v(t,z) = a(z,w) PO gz w) = Z(iw)’kak(aj). (1.1)
k=0
with amplitude a. Here the principal part a¢ of the amplitude should
be unequal to 0.
By inserting (1.1) into the wave equation, an elementary calcula-
tion yields the following two conditions: ¢ needs to solve the eikonal
equation,

c|Vol =1,
and ag needs to solve the transport equation,
0=2 (V@b . V)(lo + Agbao,

here V is the formal differential operator (0, , Or,, O, ); V@ is the gra-
dient of X\, V¢ - V is the derivation in V¢-direction and so forth.
If these two equations are satisfied, one has that Ov = O(w*™?) =
O(w?) for w — 0.

The linear transport equation can be solved by reduction to ordinary
differential equations along rays, which are the orthogonal trajectories
of the wavefronts ¢ = constant. By iterating this method with special
inhomogeneous equations, one gets an asymptotic solution v such that
forall k € N

Ov = O(w*™") for w — oo. (1.2)

In general, the ansatz of geometrical optics does not provide global
solutions. In so-called caustics this method breaks down, cf. for exam-
ple Duistermaat [2, section 5.2].

The ansatz (1.1) translates into special Lagrangian distributions u €
I°(X,A): Here X :=R; x R? and u is of the form

u(t,x) = (27T)3/2/eiw(‘p(‘”)t)a(x,w) dw.

A is the Lagrangian submanifold

{(t,l’,T, 5) S T*X\O ‘ t= 90(3:)7 7= —w and 5 = —TV¢(3§')},
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where T*X is the cotangent bundle of X. The solvability condition
(1.2) translates into

COu € C™(X,Q32). (1.3)

A solution to the caustics problem was first given by Maslov [8] in
1965. His ideas were included in the development of general Lagrangian
distributions, which sense no difficulties with caustics. This is part of
the modern theory of linear partial differential equations; the most
extensive presentation of this is by Hormander [6]. In the set-up of
this theory, it is natural to look for solutions in the larger class of
Lagrangian distributions.

The wave equation belongs to the class of (scalar) real-principal-type
operators. The solution theory of these operators has been thoroughly
treated by Hormander and Duistermaat in 1972, see for example their
original work [3, section 6] or Hérmander [6, section 26.1]. Their results
did not cover systems of equations.

In 1982 Dencker [1] generalized the real-principal-type property to
systems of pseudodifferential operators and studied their propagation of
singularities. Several important equations from physics classify as such
systems of real-principal type, for example the Maxwell-equations of
electrodynamics and the Lamé-equations of isotropic elastodynamics.

In this thesis, we investigate Lagrangian solutions to general sys-
tems of real-principal type. In particular, we derive the generalized
transport equation for these systems, which comprises a quantitative
description of the propagation of amplitudes along rays, the bicharac-
teristic curves. We shall show the necessity and the sufficiency of the
transport equation, for Lagrangian solutions. Many of the techniques
we use come from Dencker’s paper.

This is the structure of the following sections: The preliminaries are
given in section 2: In subsections 2.1 and 2.2, we state some facts about
systems of pseudodifferential operators and Lagrangian distributions.
Subsection 2.3 deals with systems of real-principal type, according to
Dencker. We shall show that the system of isotropic elastodynamics is
of real-principal type.

The reader who is familiar with the topics of section 2 might directly
head to section 3: The statement of the main results is to be found
in subsection 3.1. Subsection 3.2 deals with special inhomogeneous
equations. The results are required for the proof of the main theorems
in subsection 3.3.
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Finally, in section 4, we apply the results to the elastodynamics sys-
tem. We determine the transport equation and we show that it corre-
sponds to a result of Karal and Keller [7], if applied to the geometrical
optics ansatz.

I wish to thank my supervisor, Professor Sonke Hansen, for his ex-
cellent support and guidance during the work on this thesis.



2. PRELIMINARIES

The purpose of this section is to state definitions, notations and re-
sults, to make this treatise more self-contained. It is practical if the
reader has some knowledge about the modern theory of linear partial
differential operators, namely about distributions, (scalar) pseudodif-
ferential operators, Fourier integral operators and generally the meth-
ods of microlocal analysis. The most extensive presentation of this
theory is by Hoérmander [6].

Manifolds and vector bundles are always meant to be C'**.

2.1. Systems of Pseudodifferential Operators. We assume that
the pseudodifferential operators we use are properly supported and
polyhomogeneous; the latter means that their full symbol is an asymp-
totic sum of homogeneous terms.

Hormander [6][Definition 18.1.32] defines systems of pseudodifferen-
tial operators, that act between sections of vector bundles. We restate
his definition using frames of the bundles:

Definition 2.1. Let F and F be complex vector bundles over a man-
ifold X. A pseudodifferential operator of order m, from sections of F
to sections of F'| is a continuous linear map

P:C(X,E) = C®(X,F),
that satisfies the following local condition: For every open Y C X,
with local frames
€1,...,€ENg IY—>E|Y and fl,... 7fNF IY—>F|y,

there is an Npx Ng-matrix of pseudodifferential operators P;; € ™ (Y),
such that for all u € C3°(Y, E), u(x) = >_; u;(v)e;(x)

(Pu(a)) = 3 (Pyu))(a). zeY. (2.1)

i
We shall then write P € U™ (X; E, F).

We call the matrix (P;;) the trivialization of P, according to the
chosen frames.

Example 2.1. The special case of trivial vector bundles.

A pseudodifferential operator P € U™ (X;CN CM) corresponds to
its trivialization, an M x N-matrix of operators P;; € ¢™(X). The
image of u = (uy,...,uy) € Cg°(X,C") is given by

(Pu)i =) Pju;.
j
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Example 2.2. Operators P € V" (X; Q%, Q%), which act between the
half-density bundle. For a definition of the one-dimensional half-density
bundle, cf. Hérmander [6, vol. III, page 92].

Let Y C X with local coordinates z = (z1,...,2,) : Y — R™ The
corresponding frame of the half-density bundle is usually denoted by

]d:l:]% Y — Q%‘y

Now P € \Ifm(X;Q%,Q%) if and only if, for every such choice of
local coordinates, there exists a P’ € U™ (Y") such that for every u €
C(Y, Q2), u(z) = u'(x) |dz]z,

Pu(z) = P'u/(z) |dz]z.

Next, we observe how the definition of the principal symbol carries
over to systems of pseudodifferential operators:

Theorem 2.1. Let P € V™(X; E, F); the principal symbol o°(P) of
P is invariantly defined as an element of

S™(T*X, Hom(E, F)).

Here E,F are the vector bundles over T*X with fiber at v € T*X
equal to the fiber of E, F at w(y); m : T*X — X is the projection of
the cotangent bundle.

Proof. Let v € T*X and z := 7(y) € X. Let v € E,, the fiber of £
over x; we need to define p(v)v € F,.
We choose frames

61,...,€NEIY—>E’y, fl,...,fNFiY—>F’y.

in a neighbourhood Y C X of z and write v in the form v = ), v; e;(z).
Let (P;;) be the trivialization of P, according to these bases and let
pij € S(TyX) be the principal symbol of any P;; € ¢ (Y'). We define

(p(y)v)i = ZPU‘(V) Uj- (2.2)

The following calculation shows that this definition is invariant under
changes of the frames: We choose an u € C3°(Y, E') with v = u(z) and
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¢ € C*°(X) such that v = ¢(z), then
lim =™ e~ #*(®@) P(efy) (x)

P
=l 7T 3O P

—Z " lim e —W D Py(e"uy)) fi (2.3)
—Z Zpu

:p(’y) :

Here we used a formula for the principal symbol of the scalar oper-
ators Pj;, which follows from the so-called Fundamental Asymptotic
Expansion Lemma, that is for example treated by Taylor [10, page 184

Now the invariance of the principal symbol follows from the invari-
ance of the first term in (2.3). O

We shall write S™(T* X, Hom(E, F)) instead of S™(T*X, Hom(E, F')),
for ease of notation.

Let (P;;) be the trivialization of P, according to an arbitrary choice
of local frames. Then equation (2.2) means that the trivialization of
o%(P), according to the same choice of local bases, is equal to the
matrix (p;;).

Operators A € ™ (X) have an asymptotic expansion of its full sym-
bol o(A) in the form

o(A) ~am+am 1+ amo+...,

with unique, i-homogeneous symbols a; = 0;(A). In general, the prin-
cipal symbol a,, is the only one of these which is invariantly defined as
an element of S™(1T*X).

Operators A € p™(X; Oz, Q%) have a unique principal symbol a €
S™(T*X), too. In addition one gets an invariant subprincipal symbol
o¥(A) € S™H(T*X) for them, which is, in local coordinates (z,£) on
T* X, given by

1 n
A1 — % jzl 0,0, a,

cf. Hormander [6, Theorem 18.1.33] or Duistermaat [2, Proposition
4.3.1].
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In section 3 we shall calculate with the trivializations of systems of
pseudodifferential operators. Therefore, we need the following, easy
consequence of the calculus of scalar pseudodifferential operators.

Lemma 2.2. Let X C R" open. Let A = (A;;) € v™(X;CV,CV),
B = (By;) € ¢"(X;CN,C") be pseudodifferential operators with prin-
cipal symbols a = (a;;), b = (b;;) and matrices of subprincipal symbols
a® = (0°(4;5)), b° = (0°(B;;)) respectively. Then

AB € ™ (X;CV, CN),

its principal symbol is equal to ab and its matriz of subprincipal symbols

1
0®(AB) = ab® + a’b + ?{a, b}. (2.4)

7

Here {-,-} is the Poisson bracket

{a.0} = 0c,a0,,b— 0,,a0¢b.
J
Proof. The operator AB is given by the matrix with the entries

(AB);; = Z Ak Bij;
k

every entry is an element of ¢™*"(X).

The expansion-formula for the full symbol of a product of scalar
pseudodifferential operators, cf. Hormander [6, Theorem 18.1.8] or
Folland [4, Theorem 8.37], easily carries over to these special systems:

o(AB) ~ 3~ 080(A)(x, ) D30(B) (),

>0

here the differentiations are component-wise. As a direct consequence
we get that ab is the principal symbol of AB.



An elementary calculation then yields equation (2.4):

1
b*+a’b+ —{a,b
b + 0%+ -{a, b}

1 1
= aby1 + amo1b— o ;(a(axjafjb) + (0,05, a)b) + 5-{a, b}

1 n
= | ab,_ m—10+ = Oc.a 0y b
(CL 1+CL 1 +ZZ gja j )

j=1

n

1 o 1
T ]Zl O,0.00,b = o= > (a(Ds, 05,b) + (O, 0, a)b)

J=1

1 n
+ 5 ]Zl(agjaaij —0,,a 0,b)

= Om+n—1 (ab)
1 n
~ 5 (a(0z,0¢,b) + (00, 0¢,;0)b + Oy;0.0¢,b + ¢, 0,,b)
j=1
1 n
= Opmyn_1(ab) — % ; Oy, O, (ab)
= 0°(AB)

0

The formula for the principal symbol of AB above remains valid in the
general case of operators between sections of vector bundles.

2.2. Lagrangian Distributions. Lagrangian distributions are invari-
antly defined by Hormander [6, Definition 25.1.1]:

Definition 2.2. Let X be a manifold, A C T*X\0 a closed, conic
Lagrangian submanifold and F a complex vector bundle over X. The
space I"™(X, A; E) of Lagrangian distribution sections of E, of order m,
is the set of all u € ®'(X, E), such that

Ll .. LKU c OOH%ng,n/zl)(Xa E)?

for all K € N and all properly supported L; € ¢'(X;E, E), with
principal symbols ¢°(L;) vanishing on A.

These distributions are characterized microlocally, as oscillatory in-
tegrals, in [6, Theorem 25.1.5]:
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Theorem 2.3. Let ¢(x,0) be a non-degenerate phase function in an
open, conic neighbourhood of (zy,0) € R™ x (RN¥\0), such that

(.To,@o) €eC= {(33',(9) ‘ ¢/9($,9) = O}
We set & = ¢,.(xo,00). Let ¢ parametrize the Lagrangian manifold A
in a neighbourhood U of (xq,&):
ANU ={(,8) | £ = ¢,(x,0) for any (z.0) € C}.

Ifa € SmT=2N)/4(Rn xRN has support in the interior of a sufficiently
small, conic neighbourhood I of (o, 6y), then the oscillatory integral

u(x) = (27r)("+2N)/4/ei¢(‘”’9)@(x,9) de (2.5)

defines a distribution u € I"™(R™, A).

Conversely, every Lagrangian distributionu € I"™(R"™, A) with W F (u)
in a small conic neighborhood of (zg,0y) can, modulo C*, be written
in the form (2.5).

Here, the case N = 1 corresponds to the ansatz of geometrical optics.

The amplitude a, in the microlocal representation (2.5), leads to an
invariant definition of principal symbols; cf. Hérmander [6, Theorem
25.1.9] or Duistermaat [2, Definition 4.1.1]:

Theorem 2.4. There exists an isomorphism
1 1
I XA Q% @ E)/I™ (X, A;Q% @ E)
n i n SRR
— SN, My ®QF @ E)/S™T a7 A, My @ QF @ F),

where E is the lifting of the bundle E to A. The image under this map
15 called the principal symbol.

M, is the Maslov bundle on A; cf. Héormander [6, Definition 21.6.5].
The principal symbol of u € I"™(X, A; 0 ® E) is given by
A>pr—<u, e WOy >
Here y € C°(X; Q2 ® E*) and ¢ € C®(X, A) with ¢(x(p), p) = 0 and
W (m(p), p) = p, m is the projection of the cotangent bundle. We shall
abbreviate
n 1
S™FI(A, My ® Q2 @ F)

to S™HE (A, M @ Q2 @ E).

The next two theorems have been derived from the calculus of Fourier
integral operators, to the special case of pseudodifferential operators
and Lagrangian distributions. Theorem 25.2.3 in Hérmander [6] and
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Theorem 4.2.2 in Duistermaat [2] comprise the behavior of Lagrangian
distributions, under operation with pseudodifferential operators:

Theorem 2.5. Let P € ™ (X O2®F,Q: ®F) be a pseudodifferential
operator with principal symbol p € S™(T*X, Hom(E, F)) and let u €
I“(X,A;Q% ® E) be a Lagrangian distribution with principal symbol
oO(u) =w e S*TH (A, M ® Q2 ® E). Then
Pu e I"*(X,A;Q2 @ F)
and its principal symbol is
o’ (Pu) = pw.

To be strict, we had to write ¢°(Pu) = id iy ®id 3 @ p[a (w) above,

but the given short form is common.

Theorem 25.2.4 in Hérmander [6] comprises the next Theorem, which
is essential for the derivation of the transport equation in section 3:

Theorem 2.6. Let P € 1/)m(X;Q%,Q%) be a pseudodifferential op-
erator with principal symbol p € S™(T*X) and subprincipal symbol

p* € S™HT*X). Let u € T X, A; Q%) be a Lagrangian distribution
with principal symbol w € S*i(A, M ® Q%). If
A C CharP = {y e T*X\0 | p(y) =0},
then
Pu € I (X, A; Q)

and its principal symbol, of this lower order, is
1
;Epr + piw. (2.6)

Here, £y, is the Lie derivative of half densities, with respect to the

vector field H, on A: Let a € C>®(T*X,02) be a section of the half
density bundle. Let (x,&) = ((«/,2"),(¢,¢")) : U — R* be local
coordinates in 7*X such that (2/,£") : UNA — R™ are arbitrary local

coordinates in A. Then aly = a' |da’ d€”|2, with a suitable trivialization
a' € C>*(U), and

1 1 1
Ly, (a |de’ dE"|2) = (Hpa' + §div (Hp)d') |da" dg"|z.

For the invariance of this definition under changes of coordinates cf.
Hormander [6, vol. IV, page 22].

The notation of the principal symbol in (2.6) is abbreviated; to be
precise, one would write id p;, ® £, | (w) instead of Ly w.
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2.3. Systems of Real-Principal Type. Let X be an n-dimensional
manifold. A scalar pseudodifferential operator ) on X is of real-
principal type, if its principal symbol ¢ is real and, in canonical local
coordinates (x, ) on T*X, its Hamilton field

Hy = Zaquaxj — 02,4 O

j=1

is never proportional to the radial vector

Z & 8§j,
j=1

on the characteristic set {q(z,£) = 0, £ # 0}. The last condition on ¢
implies that dq # 0, if ¢ = 0.

The most important special case of scalar real-principal-type opera-
tors are those, whose principal symbol ¢ satisfies ¢; # 0 on {g = 0}.

Dencker [1] expanded the real-principal-type property to systems
P € ¢™(X;CN C") and noted that his results immediately carry over
to the somewhat more general case of operators P € ¢ (X; E, F), with
complex vector bundles E, F' over X. We formulate things directly in
the latter case.

Definition 2.3. Let F and F' be complex vector bundles over X. An
operator P € ¥ (X; E, F') with homogeneous principal symbol

p € S™(T*X, Hom(E, F)),

is of real-principal type at v € T*X\0 if it satisfies the following two
conditions:

1. For [ € N arbitrarily, there exist symbols p € S(T*X, Hom(F, F))
and g € S (T*X), q of real-principal type, such that, in a neigh-
bourhood U of 7,

pp = qf,

where [ is pointwise the identity on the fibers.
2. The conic, closed characteristic set

Char P = {y € T*X\0 | det p(y) = 0}
is, locally in U, equal to
{y € T"X\0 | q(v) = 0}.

We say that P is of real-principal type in Q C T*X\0, if it is so at
every v € .
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The condition on Char P implies that it is locally a hypersurface
with non-radial Hamilton field.

Since p is homogeneous, p and ¢ can be chosen homogeneous, too.
Therefore the set where P is of real-principal type is conical and open
in 7% X\0.

If P is elliptic, i.e. detp # 0, it is trivially of real-principal type;
take p = gp~!. Thus, in general, we only have to check the existence
of p, ¢ microlocally on Char P.

The condition pp = ¢l is equivalent to pp = ¢l: This is trivial if
q # 0, since then p = gp~! holds, and follows from continuity in the
case ¢ = 0, because dq # 0.

Dencker [1, Proposition 3.2] gives a more geometric characterization
of real-principal-type operators, which is independent from the choice
of symbols p and ¢:

Theorem 2.7. A pseudodifferential operator P € V™(X; E, F) is of
real-principal type at v € Char P if and only if the following two con-
ditions are satisfied in a neighborhood of ~:

1. Char P is a hypersurface with non-radial Hamilton field; the di-
mension of Kerp is constant on Char P.
2. Let w be the quotient bundle-mapping

7w F — F/Imp = Cokerp

and p € N(Char P), the normal bundle of CharP. Then
T Opp|kerp : Kerp — Cokerp

s a bijection, on CharP.

Proof. The proof is rather technical. We first show the necessity of the
two conditions:

Let p € SYT*X,Hom(F, E)) and g € S""™(T*X), q of real-principal
type, be symbols with

Char P = {q =0}
and
pp=ql (2.7)

in an open neighbourhood U of v. We can assume that U is sufficiently
small, in order to get a chart

(2,6) = (x1,... , 00, &1, ..., &) TU — R*™
with g(z, &) = &,. We calculate in these local coordinates, on

Char P = {g(x,£) = &, = 0}.
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From (2.7) we get that Imp C Ker p and

Rank (p) + Rank (p) < N. (2.8)
We differentiate (2.7) in the ,-direction:

It follows that
Rank (p) + Rank (p) > N.
Together with (2.8), we have that
Rank (p) + Rank (p) = N and Im p = Ker p.
The rank of a symbol is lower semi-continuous, so
Rankp = N — Rankp

is continuous and integer valued. Thus the dimension of Ker p is locally
constant.
By equation (2.9)

D O, Plkerp = I and consequently p O, p(Ker p) = Ker p;
the equality Ker p = Im p therefore yields 0, p(Kerp) N\Imp = {0} and
Dim (Ker p) = Dim (7 0, p(Ker p)) < Dim (Coker p). (2.10)
Together with the fact that
Dim (Coker p) = Dim (F/Imp) = N — Dim (Im p) = Dim (Ker p),

we get equality in (2.10).

To prove the sufficiency of conditions 1 and 2, we can choose a symbol
q € S (T*X) of real-principal type, such that, in an open neighbour-
hood U of v, we have

Char P = {q = 0}.

Again, we can assume that U is sufficiently small, in order to get a
chart

(z,€) : U — R™,

where £ = (¢',&,) with ¢(z,£) = &,. We calculate in these local coor-
dinates and abbreviate (z, (¢/,0)) to (z,£’).
Taylor-expansion yields

p(z, &) = p(x,&) + & O, p(x, &) + O(E]). (2.11)
Condition 2 means that

7 Oe,,P|kerp : Ker p — Coker P
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is invertible, on Char P = {(z,¢’)}. Therefore we can define
(2, &) == [(7 O, plkerp) " 7] (2,&) : F — Kerp.

Then
P (x, &) pla,€)

0,
because mp = 0, and

P2, O, p(x,&)v =10 for v € Kerp(z,&).
The last equation implies that

0 if v e Kerp
v—p%x,&) 0, p(x,&)v ifvgKerp

and we can choose a p', defined in Char P, such that

1 — "0, pl(, &) v = {

p'p=1—7p"0,p.
Equation (2.11) yields
[0°(x,&) + & p' (2,€)] p(x,€)
= p(x, & )p(x, &) + & B(x, €)
= Q(.T, f)E(JL‘, 5)7
with
E(x,8) = p°0e,p + 1°0(&) + P'p + &b 0,0 + M O(E])

which is equal to p°0,p + p'p = I in Char P, so E is elliptic in a

neighbourhood. Without restriction, F is elliptic in U. Define

@, &) = E~(2,8) (0°(2, &) + q(x,€) ' (2,¢),
then pp = ql.

The following, easy consequence shows the connection between kernel

and image of p and p.

Corollary 2.8. Let P € V(X E, F) be of real-principal type, with

homogeneous principal symbol
pe S™T*X,Hom(E, F)).
Let
p € SHT*X, Hom(F, E))
and
g € S(TX),
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of real-principal type, be homogeneous symbols with
pp = ql and Char P = {q = 0},
in a conical, open set ' C T*X\0. Then
Kerp=Imp and Kerp=Imp in CharP NT. (2.12)

Proof. Let v € Char P N I'. The equality
Ker p(y) = Imp()

was shown in the proof of the necessity in Theorem (2.7). The symme-
try

pp=ql =pp
then yields the second equality. O

We turn towards some examples:

Example 2.3. Let P € U"(X;CY, C") be an operator, with principal

symbol
_ qlx 0
p - ( 0 IN—K ) )

where 0 < K < N and q is an arbitrary real-principal-type symbol. P
is of real-principal type in T*X\0; take

[ Ix 0
b 0 qly_x )

Every system of real-principal type can microlocally be transformed
to this form, by multiplication with elliptic systems, cf. Dencker [1,
page 359].

Dencker [1] also shows that Maxwell’s equations correspond to a
system of real-principal type. Another important example is the Lamé-
equation of isotropic elastodynamics; this is used by Rachele [9] and,
in the more general case with residual stress, by Hansen and Uhlmann

[5]:

Example 2.4. Let Q C R? be a bounded domain with smooth bound-

ary 09, let 0 < p € C*°(Q2); we consider an elastic medium with density
p in €). The linear differential operator

L:C®(R, x Q,C? — C=(R, x Q,C?
of isotropic elastodynamics is given by

Lv=—pdv+ A+ p)V(V-0)+uVv+ (V-0)(VN)
+ (V) x (Vxv)+2(Vu- V),
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with Lamé parameters A\, u € C®(Q), A > 0; these parameters repre-
sent the elasticity of the medium.

The displacement of the medium is a time-dependent vector field
v(t,-) on €. Small displacements satisfy, in a source-free medium, the
homogeneous equation

Lv =0.

We want to determine the full symbol of L. Let a € C3; an elemen-
tary calculation shows that

efi(TtJrfx)L(ei(TtJréx) CL)

=pria— (A +p)(a-§)&—pléfa

+i(§-a)VA+i(Vu-a)l+i(Vu-§)a.

Therefore the full symbol of L is
o(L)y=1+1
with principal symbol
L= (pr* = plé ) = A+ p) E® ¢

and

Lh=i(Vu-I+iVARE+iE@ V.

The elastodynamics operator is of real-principal type: We define two
scalar real-principal type symbols g,, gs by

Gs(t, 2,7, €) = p(a) 7 — p(x)[¢f
ap(t, 0, 7,€) = p(a) 78 — (M) + 2u(2)) €.
Further let
= £08 Ta= f-_a
§P2 §1°
be the orthogonal projection in ¢-direction, then

| =qs(I —7)+ qm.

If we take

[=gqp(I —7) + q.,
we get
Il = qsqpl.

So we can choose ¢ := g,q,.
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3. LAGRANGIAN SOLUTIONS

In this section, let X be an n-dimensional manifold and E, F' be
complex, N-dimensional vector bundles over X. Let

PeU™(X;Q?®E Q@ F)
be a pseudodifferential operator of real-principal type, with principal
symbol
p e S™(T*X,Hom(E, F)).

3.1. Statement of the Results. Let A C T*X\0 be a closed, conic,
Lagrangian submanifold. We are looking for Lagrangian distributions

uwe "X, N\ Q2 @ E),
with non-zero principal symbol
we SHEANM® 0 ® E),
that solve the homogeneous equation
Pu € COO(X,Q% ® F)or Pu=0 mod I*OO(X,A;Q% ® F).

We always factor out a half-density bundle here, because this is appro-
priate for the symbol calculus of Lagrangian distributions, c¢f. Theorem
2.4.

In particular, we demand that u solves the equation to the highest
order, Pu = 0 mod I™"*~1 which means that the principal symbol
0%(Pu) = pw vanishes, cf. Theorem 2.5. That implies the condition

A CCharP ={yeT*X\0| detp(y) =0} and w € Kerp,
which generalizes the eikonal equation in the ansatz of geometrical
optics.

Next, we want to declare the generalized transport equation for P.

We express it microlocally, by using the real-principal-type property:
Let v € A arbitrarily. Then there exist homogeneous symbols

p=p, € S{T*X,Hom(F, E))
and
q=q, € S"™(T*X)
such that
pp = qf,
in a conical neighbourhood I' of 7. By choosing local frames of the

involved bundles, over a coordinate neighbourhood of v, we can trivi-
alize the operator P and the symbols p, p, ¢ and w. Let p* := o*(P) be
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the subprincipal-symbol matrix of P, according to such a trivialization.
We define a linear partial differential operator

T = Tp,ﬁ,q . SM+%(X,A; Q% ® E) N Sl+m+“_1+%(X,A; Q% ® E)
microlocally by
1 1 . 1 s
Tw = ~Hyw + o-div(Hy)w + o-{p, p}w + pp*w. (3.1)

Definition 3.1. Let r be the trivialization of a symbol in

Sl+m+ufl+%(A’ M ® Q% ® E)
We say that w satisfies the inhomogeneous, microlocal transport equa-
tion in v € A, with respect to the right side

re ST (XA Q2 ® E),

if, for every choice of p = p, and ¢ = ¢, and every choice of trivi-
alizations, over a coordinate neighbourhood of v, there exists a conic
neighbourhood I'y C T" of 7, such that w solves the linear pde

Tw=prin I'y.

We say that w satisfies the homogeneous, microlocal transport equa-
tion in ~, if it satisfies the inhomogeneous, microlocal transport equa-
tion in 7, with respect to the right side » = 0.

Let M C A. We say that w satisfies the homogeneous or inhomoge-
neous, microlocal transport equation in M, if w satisfies the respective
equation in every v € M.

Remark 3.1. If e € S'(X, A) is elliptic in I, then
T =el

p,ep,eq P9
That means, the transport equation is invariant under changes of the
choice of functions p and q.

Now we are able to state the main results. The first theorem shows
that the principal symbol of u must necessarily satisfy the transport
equation:

Theorem 3.1. Let A C CharP be a closed, conic, Lagrangian sub-
manifold. Let u € I"(X, A; 02 ® E) be a Lagrangian distribution, with
principal symbol w € Kerp, that solves

Pu=0 mod I_OO(X,A;Q% ® F).

Then, w satisfies the homogeneous, microlocal transport equation in A.

Conversely, the second theorem shows the sufficiency of the transport
equation, if A is the bicharacteristic flow-out of a suitable submanifold:
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Theorem 3.2. Let A C CharP be a closed, conic, Lagrangian sub-
manifold. Let Ao C A be a conic submanifold of codimension 1, such
that any bicharacteristic curve in A intersects Ay transversal and ex-
actly once. Let

n

we SN M0 ® E),

be a homogeneous symbol that maps into Kerp and satisfies the ho-
mogeneous, microlocal transport equation in A. Then there exists a
Lagrangian distribution uw € T"(X, A; 0 ® E), with principal symbol
w, that solves

Pu=0 mod I (X, A:Q2 ® F).
In particular, one can always find a non-trivial Lagrangian solution

u e "X, A; 0 ® E) to this equation.

The additional condition on A is used to assure the global solvabil-
ity of the transport equation. For that purpose, one can start with
arbitrary, homogeneous values on A.

The proof of Theorems 3.1 and 3.2 is given in section 3.3. We prepare
these proofs with several auxiliary results in section 3.2.

3.2. Special Inhomogeneous Equations. Let v € A arbitrarily.
Let p = p, € S{T*X,Hom(F,E)) and ¢ = ¢, € S (T*X) be ho-
mogeneous symbols, such that pp = ¢/ in a conical neighbourhood I'
of v. We choose an operator

P=P eV (X;Q ®FQ:®E)
with principal symbol p and define
Q:=PPc V(X0 ® E,Q ® E).

Let D7 € o™ (X; Q%, Q%) be a scalar pseudodifferential operator with
principal symbol ¢ and vanishing subprincipal symbol; let

DT € U (X0 @ CV, 02 @ CY)

be the diagonal operator which is defined by operating with D? on the
N half-density components of any

ve CE(X, 0 @ CN) = (C(X,02))N.
We transform () into the diagonal operator D[:
Lemma 3.3. There exists a pseudodifferential operator

Bey’(X:0: o CN, Q% @ E)
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such that
QB=BD' mod """ 2(X;Q:@CN Q2 ®E), (3.2)

and B is elliptic, in I'y N Char P, where I'y C T' is a conical neighbour-
hood of 7.

Proof. We translate (3.2) into an equation for the homogeneous prin-
cipal symbol

b e S*(T*X,Hom(C" E))

of B. We calculate in I'. The principal symbols of QB and of BDI
are both equal to gb; therefore equation (3.2) is equivalent to

o°(QB — B DI) = 0; (3.3)

the left side of this equation is meant to be the principal symbol of
QB — B D11, as operator of order [ +m — 1.

We evaluate this equation locally: Let U C T*X be an open coordi-
nate neighbourhood of v, with local frames of Q2 and E over U. Then
we calculate with the corresponding trivializations of the operators und
symbols. Lemma 2.2 yields that (3.3) is equivalent to

0=0°(QB)—c*(BDI)
= 40°(B) + 0°(Q) b+ 5-{al, b} — (h0°(DT) + 40°(B) + o-{b,aT})

1
~ 7" (Qb+ {al.b)
1
= 0" Q)b+ —Hp.
Here we used the fact that o°(D) = 0.
Therefore (3.2) is equivalent to the following linear, first-order pde,
in a conical neighbourhood of ~:

Hyb— % Q) b. (3.4)

We get a 0-homogeneous, elliptic C* solution b to this equation
in the intersection of Charq with a conical neighbourhood of 7, by
locally solving linear, first-order ordinary differential equations along
the bicharacteristic curves. For that purpose, one can start with arbi-
trary, elliptic 0-homogeneous values on a suitable, conical hypersurface
transversal to H,. O

Transformation (3.2) enables us to deduce the principal symbol of @
applied to a Lagrangian distribution. Later, this provides the transport
equation.
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Lemma 3.4. Let A C Char P be a closed, conic, Lagrangian subman-
ifold. Let u € I“(X,A;Q% ® E) be a Lagrangian distribution with
principal symbol w € Kerp. Then

Qu € I 1 (X A, 0z ® E).

and, after choosing local frames of the bundles over a coordinate neigh-
bourhood of 7y, the trivialization of its principal symbol is equal to

1 1 ) ~ 1 ~
Tw = —Hyw + —div(Hy)w + ppw + -{p. phw,

in the intersection of Char P with a conical neighbourhood of .

Proof. Let B be the transformation operator of Lemma 3.3, B~! its
microlocal parametrix and b, b=! their principal symbols accordingly.
Without restriction we can assume that (3.2) is valid in Char P N T
Then the principal symbol of Qu is

0" (Qu) = o (QB (B™'u))
= o"(B(DI)(B™!u))
=bo"((DI)(B™'u))

1
—= ;b ,QHq (b_lw)7

For the last equation, notice that we’ve got the scalar operator D?
acting on the N components of

B~lu € I"(X, A; Q2 @ CY) = (I*(X, A;22))".

In this situation, we can apply Theorem 2.6 to get a formula for the
required principal symbol of one order lower; take into account that
D1 has vanishing subprincipal symbol.

We choose local frames of the involved bundles, over a coordinate
neighbourhood U C T*X of ~, and calculate with the corresponding
trivializations of the symbols in a conical, open neighbourhood I'y C T"
of ~:

We eliminate b and b~! from the last term. Observe that

0=H,(bb™") = Hbb " +bHb ™"

Together with equation (3.4) we get

1 1
“bHbp 'w=iHbb 'w = o*(Q)w = pp*w + ?{ﬁ,p} w;
i i
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the last equation is Lemma 2.2 and w € Ker p. Therefore

O(Qu) = Sb(H, (b w) + %div (H,)bw)

i
1 1

= —b(Hb ' w+ b Hw) + gdiv (Hy)w)
i i

1 1. . I
= s Hqw + o-div (Ho)w + pp*w + - {p, p}w.
O
The transport equation has non-zero solutions in the Lagrangian
manifold A, if A is the bicharacteristic flow-out of a suitable submani-
fold:

Lemma 3.5. Let f € I™™Y(X \;Q2 @ F). Let A C CharP be a
closed, conic, Lagrangian submanifold. Let Ag C A be a conic sub-
manifold of codimension 1, such that any bicharacteristic curve in A
intersects Ny transversal and exactly once. Then there exists a non-zero
symbol

we SN M®0:®E)

that maps into Kerp and solves the inhomogeneous, microlocal trans-
port equation in A, with respect to the right side o°(f).

Proof. We get a p-homogeneous C'*° solution w of the transport equa-
tion by solving linear, first-order ordinary differential equations along
the bicharacteristic curves. For that purpose, we can start with arbi-
trary p-homogeneous values in Ker p, on the conic submanifold Ay C A.

To verify that this method yields a solution w which maps into Ker p,
let v = ~v(¢) be a bicharacteristic curve of H, in Char P and assume
that w € Kerp at 79 = v(ty9) € Ag. We shall show that w maps into
Ker p, on all of v:

0=qo’(f)=ppo’(f) =pTw
1

1 . s R
= —pHyw + - div (Hy) (pw) + gpw + = p{p, p}uw
1 1 . 1
= ~pHgw + o div (Hy)(pw) + o p{p, phw.
Dencker [1, page 366] shows that
p{p,p} = 2Hqp + {p, p}p,

which yields

1

0= THy(pw) + o div () o) + o (5.1} (o)
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This means that pw solves a first-order ordinary differential equation
along « with initial value pw(~y) = 0; by uniqueness we get that pw = 0
on 7. U

The next result is an easy consequence of Lemma 3.4. It implies
Theorem 3.1 in the special case f = 0.

Theorem 3.6. Let A C CharP be a closed, conic, Lagrangian sub-
manifold. Let f € I (X, A; 0z ® F) and u € I"( X, A; 02 @ E) be
Lagrangian distributions, the latter with principal symbol w € Kerp. If
u solves

Pu=f mod I™*2(X A; Q2 @ F) (3.5)

then w satisfies the inhomogeneous, microlocal transport equation in A,
with respect to the right side o°(f).

Proof. By applying P to both sides of equation (3.5) we get
Qu=Pf mod I'""™2(X,A; Q% @ E).
Therefore
o*(Qu) = o°(Pf) = po°(f)
and Lemma 3.4 yields the claim. O

We will iterate the following converse result, in the proof of Theorem
3.2.

Theorem 3.7. Let A C CharP be a closed, conic, Lagrangian sub-
manifold. Let f € I (X, A; 0z @ F) be a Lagrangian distribution
and

we STEAM®0 ®E)

a homogeneous symbol that maps into Kerp and satisfies the inhomo-
geneous, microlocal transport equation in A, with respect to the right
side o°(f). Then there exists a Lagrangian distribution

we "X, A\ Q2 ® E)
with principal symbol w that solves
Pu=f mod I 2(X,A; Q2 @ F). (3.6)
Proof. Let u' € I"(X,A; 0 ® E) be a Lagrangian distribution with

principal symbol w. We shall show that an v/ € I""1(X,A; Q% @ E)
exists, such that

P/ +u")=f mod I 2(X,\; Q2 ® F).
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From the assumptions on w and Lemma 3.4, we get that microlocally
a?(Qu') = po®(f), which is equivalent to

Qu — Pf e I 2(X A Q2 @ E)
& P(Pu — f) e I 2(X A Q2 @ F
& o' (Pu' — f) € Ker p;

~—

here ¢ is the principal-symbol mapping for Lagrangian distributions
in I™t=1(X, A; Q2 @ F). Corollary 2.8 yields

Ker p=1Imp
microlocally in A, which implies that
o’ (Pu' — f) €Im p
on all of A. So we find an u” € I"*~1(X,A; Q2 ® E) with
o’(Pu' — f) = p(=0’(u")) = o°(=Pu"),
which implies the desired equation. O

The inhomogeneous equation (3.6) is always solvable if A is the
bicharacteristic flow-out of a suitable submanifold:

Corollary 3.8. Let A C CharP be a closed, conic, Lagrangian sub-
manifold. Let Ao C A be a conic submanifold of codimension 1, such
that any bicharacteristic curve in A intersects Ay transversal and ex-
actly once. Let f € ™1 X A; Q2 ® F) be a Lagrangian distribution.
Then there exists a Lagrangian distribution
we (X, A Q2 @ E)
that solves
Pu=f mod I (X, A; Q% @ F).
Proof. This is Theorem 3.7 combined with Lemma 3.5. O

3.3. Proof of the Theorems.
Proof of Theorem 3.1. Follows from Theorem 3.6, with f = 0. O

We iterate the results of Theorem 3.7 and Corollary 3.8 in the next
proof:

Proof of Theorem 3.2. Taking f = 0, we get from Theorem 3.7 a La-
grangian distribution u; € I*(X, M ® 0 @ FE) with principal symbol
w, that solves

Puy € I 2(X. M ® Q% @ F).
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We set fi := —Pu;. An application of Corollary 3.8, with v = u — 1,
yields an uy € "X, M ® Q2 @ E) with

P(uy + up) = Puy — f1 € "™ 3(X, M ® Q7 ® F).

By iteration we get a sequence of such u; with

<Z u> e [t (X M@ Q@ F).

From these u;, we can compose an u € I*(X, M ® 03 ® E), whose
full symbol is the asymptotic sum

o(u) ~ Z o(u;).

Then the principal symbol ¢°(u) is equal to 0°(u;) = w and

Puecl (X, M®Q:@F).
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4. APPLICATION TO THE ELASTODYNAMICS EQUATION

We use the notations of example 2.4.
To apply the results of section 3, we interpret the differential operator

L:C®[RxQ,C* — C®R x Q,C?
of isotropic elastodynamics,

Lv=—pd}v+ A+ pu) V(V-v)+u V0 + (V- 0)(VA)
+ (Vi) x (Vxv)+2(Vp- V),

as the trivialization of an operator P € 2(R x ; Q2 @ C? Q2 @ C3).
In example 2.4, we have seen that the full symbol of L is

o(L)y=1+1
with principal symbol
L= (pr* = plg) = A+ ) €@¢
and
L=i(Vu-I+iVARE+iER V.

Recall that L is of real-principal type: If we define ¢, := p 7% — u|¢|?
and g, := p72 — (A + 2u)|€]*> we get | = q,(I — 1) 4+ g,m. Then Il = ¢I
holds for [ := q,(I — ) + g7 and ¢ := qsq,.

First, we evaluate the terms of the transport equation in this special
case, namely the matrix [°* = 0®(L), of subprincipal symbols, the term
[1° and the Poisson-bracket {I,1}:

Lemma 4.1. The subprincipal-symbol matriz I* of L is given by
208 =@V AN—pu) — V(A —p) ®E. (4.1)
Proof. From the equation
0u, 06, (1) = ~2(0u, )& T = 0oy A+ 1) (¢ D E+E D ey),

where e; = (d;5)1<i<s is the j-th unit vector of the canonical basis of
R3, we get

> 05,06,(1) = =2(Vu- I — (VA+ Vi) @ — £ @ (VA+ V).
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Therefore

= i(Vp - I +iVIRE+IER Vi
—z’(vu-g)l+2i2,(VA+Vu)®£+%§®(VA+VM)

= (€@ (VA= Vi)~ (VA- V) @0).
0

Lemma 4.2. The subprincipal-symbol term of the transport equation
satisfies

7 =0 on Charg,
and
I1* (I — ) =0 on Chargs.
Proof. On Char g,
= q(I =) +qm =qom
and, with the abbreviation b := VA —Vu, we get from Lemma 4.1 that
2% = qm(ERb—b®E)m.
The matrix £ ® b — b ® £ is skew-symmetric and

et
€17
is symmetric; therefore m(§ @ b — b ® &) is skew-symmetric, too. The
rank of the latter matrix is even and < 1, because the rank of 7 is
equal to 1; therefore it has to be 0. So lI* 7 = 0 on Char p-
Analogous, we get that [ = ¢y (I — m) holds on Char ¢, and

200°(I —7m)=q(I —m)(Rb—bRE)(I — )
== ([ —m) (b —).
The last equation implies that the rank of the skew-symmetric matrix

(I =m)((@b—b®&)(I —m) is < 1; then it has to be 0. In consequence,
I1* (I —m) =0 on Char g;. O

Lemma 4.3. The Poisson-bracket term of the transport equation sat-
isfies

(1,37 = —2q, Hy w7 + {qs, g, }7 on Charg, (4.2)
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and

{I,I}(I — ) = 2q, Hy (I — 70) 4 {qp, s }(I — 7) on Chargs.

Proof. We calculate on Char g,:
From 72 = 7 we get

{rl,7} ={rl,7*} = {rI,7}7 + n{rl, v},
which implies the following two equations:

m{rl,n} ={rl,n}(I — ),
(I —m){rl,n} ={rl,n}r.

Then we get

{11} = {gp(I —7) + g, qs(I — ) + gy}
={gp(I =), qs(I —m)} +{gp(1 —
+ {7 ¢;(I — )} + {gm, gpr}.
{ep(I = m),qs(I —7)}m = qs(I —m){qy], I — 7}m
= —qs(I —m){gpl,m}m
= —qs{gI,m}m
qsHy,mm.
{g,(I — 7),qm}m =0, because ¢, = 0.
{gsm,qs(I — )} = qsm{qsl, I — 7}
= —qsm{qsl, m}m
= —qs{gs ], 7} (I —m)m
=0.
{gsm, qpm}m = {qs, o}y + qs{m, g1}
={¢s, @p}m — g Hy 7.

Summed up this gives equation (4.2).

(4.3)

), gp}

Equation (4.3) follows by symmetry if we exchange 7 with [ — 7 and

qp With gs.

Now we are able to derive the transport equation:

O

Theorem 4.4. The transport equation of isotropic elastodynamics, for

symbols w € Kerl on a Lagrangian manifold A C Chargq, is

1
TH, w + §div (Hg,)w =0 on AN Charg,,

(4.4)
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and 1s
1
(I —m)Hy,w+ adiv (Hy )w =0 on AN Chargs. (4.5)
Or, in a more compact form, it is
1
Hyw + édz’v(Hq)w + Hmw =0 on AN Chargq, forq= gs.- (4.6)

Proof. We calculate on Charg,: There | = ¢,(/ — 7) and ¢5 # 0.
The condition w € Kerl therefore yields (I — m)w = 0 and 7w = w.
Together with Lemma 4.2, we get

[Pw=10F7w=0.

Then
1~

—Dl =q,I
()i =g,

yields the transport equation

1 . 1 (1=
0 :quw =+ 5 div (qu) w + 5 {gl, l} w
1 . 1 - 1
=Hg,w + ) div (Hg,) w + Q—qs{l, Hw — 2—(18{(13, qpw.

The last equation follows from a formula in Dencker [1, page 366]:

{f.0} = F{L.1} + {f.q} T on Charg.
Now we apply equation (4.2) an get:
1
0=H,w+ idiv (Hg,)w — Hymw.
By using the fact that mw = w we get the transport equation:
1
0=mH,w+ §div (Hy,)w.
The transport equation on Char g, follows analogous. O

Karal and Keller [7] calculated solutions to the isotropic elastody-
namics equation on the basis of the classical ansatz of geometrical op-
tics: Consider solutions of the form

v(t,z) = a(z,w)e® @D gz, w) ~ Z(iw)_kak(x). (4.7)

00
k=0

with amplitude a.
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These special solutions translate into the theory of Lagrangian distri-
butions as the trivializations, with respect to the half-density bundle,
of distributions u € I°(R; x R2, A, Q%),

u(t,xz) = (27r)3/2/eiw(‘p(x)t)a(x,w) dw |dz dw]%.

Here, the Lagrangian manifold A, corresponding to the special phase
function

¢(t’wi) = w(@(l‘) - t),

is equal to

{(t,x,7,8) | ¥ (t,x,w) =0 and (1,§) = w;x(t,x,w)}
={(t,z,7,8) [t =¢(z), 7= —w and { = —7V(z)}
={(¢(z), 2,7, =7Vo(x))}.
We choose coordinates (z,7) on A. The trivialization of the principal
symbol of u is equal to the principal part ay of the amplitude.

We'll show that our method, if applied to these special Lagrangian
distributions, results in the same eikonal- and transport equation as
the elementary calculations of Karal and Keller. But in contrast to
their result, the generalized transport equation in Theorem 4.4 is in
addition correct and meaningful at caustics.

First, we evaluate the eikonal equation:

Theorem 4.5. The conditions A C CharL and ag € Kerl are equiva-
lent to

IVol? = p/(A+2u) and ag x Vo =0  on Charg,
and
\Vo|> = p/p and ag -V =0  on Chargs.
Proof. The characteristic set Char L is
{(t,z,7,6) | qp(t,x,7,&) =0 or gs(t,x,7,§) =0}

={<t,x,r,£> 16 = 7 g or [eP :g}

Therefore the condition A C Char L is equivalent to

P
IVo|? = o on Char g,

and

Vo|* = E on Char g¢,.
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Next, we evaluate the condition ag € Ker .

First we calculate on Char g,: We saw in the proof of Theorem 4.4
that the condition ay € Kerl is equivalent to mag = ag. With £ =
—17V¢ on A we get that ag x V¢ = 0.

On Char g,, the condition ag € Ker! is equivalent to mag = 0, which
implies ag - Vo = 0. O

This corresponds to equations (9) to (12) in Karal and Keller [7].

Theorem 4.6. Assume that the eikonal equation holds. The transport
equation for ag on Charg,, expressed in og such that ag = agV e, is
equal to

1
and on Charqs it is

0 =2(Y6 - V)ao-+ V- (F¢)an -+ 2 (a0 - V(o) V.

Proof. On Char g, the transport equation is (4.4); we evaluate the com-
ponents:
In the coordinates (z,7) on A, the Hamiltonian H,, is

Z aqupaivj - at(]paT
J

=—2A+20) ) 0., —0

=—2(A+2u) (£ V)
=21(A+2p) (Vo - V).
The divergence div H,, is therefore equal to
V27 (A4+2u) Vo]l =27V - [(A+2u) V.
By using that

IVo|? = S f2u and € = —7V¢

on A N Char g, we get that the projection
A+ 20

V6@ V.
We insert this into equation (4.4):
0= rHyao+ %div (H,,)ao

=2T(A+2u) 7 [(Vo - V)ag] + 7V - [(A+ 2u) V] ap.
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Division by 7(A 4 2u) yields

0=27 [(qu . V)CL()] +

5 V020 Vol
— 22296 (Vo V)ao)) Vo +

)\+2MV'[(/\+QM)V¢]6L0

We next use equation (120) of Karal and Keller [7],

1 _
Vo -[(Vo-V)a] =5 Vo - [V(p (A +2p)7]
P
A+ 2p
and eliminate V¢ in the transport equation:

ap(A + 2p)

+

(V@b . V) Qp,

0=2(Vo-V)ap+ Vo [V(p(A+2p)7"]

+

A+2uv'[(A+2u)V¢]ao

=2(Vo-V)ap+ % V- (pV o) ayp.

The derivation of the transport equation on Char ¢, works likewise:
In coordinates (z,7) on A, the Hamiltonian H,, is

HQS = QT/’L (V¢ ' v)?
the divergence div H,, is equal to 27V - (1 V¢) and the projection is

™= % Vo V.
On insertion into equation (4.5), we get
0 = (I —m)Hy,a + div (H,)ao
=21 (I —7)(Vop-V)ag+7V - (Vo) ag
We divide by 7 and get
0=2(Ve¢-V)ag—2n(Vo-Vag) + % V- (u Vo) ag.
Now, we use Karal and Keller [7, equation (69)],
Vo (V6 V)ao) = — lao - Vo))
to get that

T(Vé - Vag) = % (Vo-[(Vo- V)ag)) Vo = —2—‘; la - Vipu™)] V.
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That yields the transport equation
1
0=2(Vé-V)ag + % (a0 V(o) Yo+ V- (196) ap,
O

This result corresponds to equations (116) and (72), in Karal and Keller
[7].
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