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Introduction

Der Anfang ist die Hilfte des Ganzen.

Atristoteles (384-322 BC)

1.1 Outline

Schedulingandrouting are classical fields of theoretical computer science which in the last
decades gained a lot of flourish attention as tools for improving the performance of large-scale
computer systems. The aim of both scheduling and routing is to ensure an efficient use of such
a computer system. The objective of scheduling is to determinpi@mum assignmenof jobs
to (one or moreprocessorwith respect to some performance measure, whereas the goal of
routing is to efficiently ship (splittable or unsplittablejcketshrough a common processor
network.

The theory of scheduling and routing is characterized by a virtually unlimited number
of problem types. In this thesis, we analyze three of them. Since they are independent, we
extensively study them in three self-contained chapters and only briefly introduce them here.

1.1.1 Scheduling Identical Malleable Jobs

Multiprocessor scheduling a well-known scheduling problem which has been studied ex-
tensively in many different variations. If the number of processors on which a specific job
has to be executed is part of the input, then the jobs are qatlednalleable Otherwise they
are calledmalleable If the jobs may be interrupted while being executed, then the resulting
schedule is callepreemptive otherwise it is callechon-preemptive Furthermore, the defi-
nition of the multiprocessor scheduling problem dependprenedence constraintetween
jobs, and on thebjective

In Chapter 2, we consider the problem of findingan-preemptiveschedule foindepen-
dent malleable identical jobsnidentical processorsith minimum total completion timéhe
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so-calledmakespan Since the jobs are identical, the execution time on any certain number
of processors is the same for all jobs. We assume that the execution of the jobs achieves
some speed-up, but no super-linear speed-up. Our research is motivated by the fact that this
scheduling problem arises while using tbescartes methotd isolate real roots in parallel.

Up to now, it is not clear whether a schedule with minimum makespan in this setting can be
computed in polynomial time. There only exists an algorithm which computes a schedule with
minimum makespan using time polynomial in the number of jobs if the number of processors
is constant. In order to approximate an optimum schedule, we introgliase-by-phase
schedules, consisting of phases in which each job uses the same number of processors. A new
phase can not be started until the last phase has finished. We illustrate with the help of an
example that the quotient of the makespan of an optimum phase-by-phase schedule and the
makespan of an optimum schedule carﬁbéurthermore, we give eonstant-timelgorithm

which only uses certain phase-by-phase schedules providing an approximation f%:tor of

1.1.2 Flow Scheduling

Load balancings an essential task for the efficient use of parallel computer systems. In many
parallel applications, the work loads have dynamic behavior and may change dramatically
during runtime. In order to efficiently use the parallel computer system, the work load has to
be balanced among the processors during runtime. Clearly, the balancing scheme is required
to be highly efficient itself in order to ensure an overall benefit.

In Chapter 3, we considesynchronous distributed processor networks each round, a
processor of the network can send and receive messages to/from all its neighbors simultane-
ously. Furthermore, the situationssatic i.e., no load is generated or consumed during the
balancing process, and the network does not change. We assume that the load on the pro-
cessors consists of independent load units, catikdns In order to balance the network, it
IS necessary to migrate parts of the processors’ loads during runtime. We migrate the load
according to a givemalancing flow The goal is to use the minimum number of rounds to
reach the balanced state.

We show that for every distributed scheduling strategy there exists a flow graph on which
this strategy requires at Iea%ttimes the minimum number of rounds. Then, we present
a distributed algorithm for flows in tree networks. In contrast to the known local greedy
algorithms, this algorithm investigates the structure of the flow graph before sending tokens.
We prove that this algorithm requires at most twice the minimum number of rounds, and we
show that this bound is tight. To the best of our knowledge, this is the first distributed flow
scheduling algorithm (even though forestrictedclass of balancing flows) which is optimum
up to a constant factor.

1.1.3 Selfish Routing in Non-Cooperative Networks

Large-scale traffic and communication networks, like e.g. the internet, telephone networks, or
road traffic systems often lack a central regulation for several reasons: The size of the network
may be too large, the networks may be dynamically evolving over time, or the users of the
network may be free to act according to their private interest, without regard to the overall
performance of the system. Besides the lack of central regulation even cooperation of the



1.2 Publications 3

users among themselves may be impossible due to the fact that the users may not even know
each other. Motivated by such non-cooperative systems, combining ideas from game theory
and theoretical computer science has become increasingly important. Here, the concept of
Nash equilibrium has become an important mathematical tool for analyzing the behavior of
selfish users.

In Chapter 4, we consider a routing game, widely known a¥tenodel In this model,
non-cooperative users wish to route their unsplittatdéics through a very simple network
of parallel links with capacitiesfrom source to destination. Each user is allowed to route
its traffic along links from itsstrategy seand employs a mixed strategy, trying to minimize
its expected latencyA stable state in which no user has an incentive to unilaterally change
its strategy is called &lash equilibrium There is also a global objective function called
social cost However, users do not attend to it. The ratio of the maximum social cost of a
Nash equilibrium over the minimum social cost of an assignment is catled of anarchyor
coordination ratio

We consider two different definitions of social cost, nantaBkespan social cqddefined
as themaximum expected laten@ndpolynomial social costdefined as the expectation of
the weighted sum of @olynomial cost functionevaluated at the incurred link loads. We
prove a multitude of interesting results on the various algorithmic, combinatorial, structural
and optimality properties of Nash equilibria in the KP-model and its variations. In order to
simplify the evaluation of these results, we integrate them in a thorough survey.

1.2 Publications

The results described in this thesis are published in parts as joint work in the Proceedings of
theInternational Colloquium on Automata, Languages, and Programming (ICA%)58],

the Proceedings of thigalian Conference on Theoretical Computer Science (ICTIGS),

the Proceedings of thaternational Symposium on Mathematical Foundations of Computer
Science (MFCY®7, 57, 103, 104], the Proceedings of théernational Symposium on The-
oretical Aspects of Computer Science (STA{A82], the Proceedings of th&nnual ACM
Symposium on Theory of Computing (STQ&B)], and the Proceedings of theternational
Workshop on Approximation and Online Algorithms (WAC34).
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Scheduling Identical Malleable Jobs

Entscheide lieber ungefihr richtig, als genau falsch.

Johann Wolfgang von Goethe (1749-1832)

2.1 Introduction

2.1.1 Motivation and Framework

The multiprocessor scheduling problefor identical processors is well-known and has been
studied extensively in many different variations. If the number of processors on which a spe-
cific job has to be executed is part of the input, then the jobs are cadlesnalleable Other-

wise they are callechalleable If the jobs may be interrupted while being executed, then the
resulting schedule is callggteemptive otherwise it is callechon-preemptive Furthermore,

the definition of the multiprocessor scheduling problem depends on precedence constraints
between jobs, and on the objective. For an overview of a multitude of models and works, we
recommend the book of Brucker [16] and the paper of Veltetzad. [143].

We now consider the problem of finding a non-preemptive schedula fodependent
malleable identical job®n m identical processor&ith minimum total completion timehe
so-callednakespanWe assume that the same properties for the execution time as in [13] hold.
This implies that the execution of the jobs achieves some speed-up, but no super-linear speed-
up. Since the jobs are identical, the time function is equal for all jobs, that is, the execution
time on any certain number of processors is the same for all jobs. Figure 2.1 illustrates a
possible schedule far= 11 jobs andn= 10 processors.

Using the branch & bound or the divide & conquer strategy to solve a problem, the prob-
lem is split into smaller subproblems which have to be solved, that is, jobs which have to
be executed. In many cases, the parallelism given by the branch & bound tree or by the di-
vide & conquer tree is sufficient to yield a good speed-up. However, in many other cases this
is not true and we have to parallelize the computations performed at the tree nodes. All these
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makespan

Figure 2.1: Schedule fan = 11 jobs andm = 10 processors. The vertical axis shows the
time whereas the horizontal axis shows the processors (ordered by their numbers,
that is, processor 1 on the left-most position and processor 10 on the right-most
position). Every rectangle represents the execution of a job, where the width corre-
sponds to theetof used processors, the number within the rectangle corresponds
to thenumberof used processors, and the height corresponds to theemsedtion
time

computations are of the same type, so we may assume that they are identical. In this case,
the scheduling problem we consider applies. Our motivation for carrying out research on this
problem is that this scheduling problem arises while usingDlascartes methotb isolate

real roots in parallel [33]. Here, the time function can be computed by analyzing the parallel
algorithm in the LogRmodel(see e.g. [25]).

2.1.2 Contribution

As a matter of course, reading the input and returning the output by an algorithm takes time.
However, in the following, we only give time bounds on the execution time in order to simplify
the readability of our results. Moreover, we assume that the manipulation of numbers can be
done in constant time.

Up to now, it is not clear whether a schedule with minimum makespan in the setting which
we consider here can be computed in polynomial time. Deekat. [34] gave an algorithm
which computes a schedule with minimum makespan with execution time exponential in the
numberm of processors. Though this yields an algorithm polynomial in the numbéjobs
if mis constant, the algorithm is not suitable for practical purposes. In order to approximate
an optimum schedule, we introdupbase-by-phase schedulétere, schedules have a simple
structure. They consist of phases in which each job uses the same number of processors.
A new phase can not be started until the last phase has finished. Trystram [141] illustrated
with the help of an example that the quotient of the makespan of an optimum phase-by-phase
schedule and the makespan of an optimum schedule c%nWe obtain the following results:

e We give aconstant-timealgorithm (Algorithm 1, page 12) which only uses certain
phase-by-phase schedules providing an approximation facl%;l('ﬂheorem 2.6, page
11).
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e In order to prove this approximation factor, we prove two technical lemmas, providing
good lower bounds on the makespan of an optimum schedule as well as restricting the
set of schedules which have to be considered (Lemmas 2.8 and 2.9, page 14).

Since there exists arapproximation algorithm in the case that the speed-up is optimum up
to a constant factor, this indicates that approximating an optimum schedule is easy when the
speed-up is near-optimum. In general, we do not know which class of instances is easy to
optimize.

2.1.3 Related Work

Du and Leung [39] showed that both decision problems corresponding to the problems of
scheduling non-malleable and malleable jobs on identical processors with minimum makespan
are/\ P-hard. So, researchers are interested in approximation algorithms. If the jobs are non-
malleable, then the scheduling problem is a special case of the resource constraint scheduling
problem. Hence, an optimum schedule can be approximated up to a factor of 2 using list
scheduling [60].

Krishnamurti and Ma [94] were the first to study approximation algorithms for the schedul-
ing problem with malleable jobs. Belkhale and Banerjee [13] introduced an algorithm with
approximation factor o%, assuming that execution time decreases with the number of pro-

cessors while the compu{national work increases. Tatelt.[142] improved this result, using

no assumptions, and showed an approximation factor of 2. Using the same assumptions for
the execution time as Belkhale and Banerjee [13], Blazeetiet. [14] gave an approximation
algorithm with performance guarantee 2, starting from the continuous version of the problem
and using rounding techniques. The latest result is from Moetra¢ [113]. They proved that

an optimum schedule for malleable jobs can be approximated up to the fagt8; obtained

by a direct constructing method. A proof for the factor%dfas been submitted for publication
[114].

The best known approximation algorithm for schedules where jobs are only allowed to be
executed on processors with successive indices is from Steinberg [140]. He showed an ap-
proximation factor of 2. This scheduling problem is closely related to the orthogonal packing
problem of rectangles, first investigated by Bakeal.[10]. See [9, 40, 80] for a typology of
cutting and packing problems, and results on approximation algorithms.

Jansen and Porkolab [77] invented the first polynomial time approximation algorithm for
a constant number of processors using linear programming. This problem is related to orthog-
onal strip packing of rectangles [31, 79]. Furthermore, Jansen [76] proposed an asymptotic
fully polynomial time approximation schement is part of the input, that is, for any fixed
€ > 0, the approximation algorithm computes a schedule with makespan atInes} times
the optimum (plus an additive term), using time polynomiah,im and%.

2.1.4 Organization

The rest of this chapter is organized as follows. After a formal definition of our model in
Section 2.2, we introduce an algorithm to compute an optimum schedule in Section 2.3. In
Section 2.4, we show how phase-by-phase schedules can be used to approximate an optimum
schedule within factof—1 using constant execution time. The proof of this result is given in
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Sections 2.5 - 2.7. In Section 2.8, we giveaapproximation algorithm in the case that the
speed-up is optimum up to a constant factor. We close, in Section 2.9, with a discussion of
our results and some open problems.

2.2 Model

For allk € N, we denotek] = {1,...,k}.

2.2.1 Instance

For the malleable scheduling problem, the input ignstance(n, m,t), wheren is the number

of identical jobs which can be executed on a different number of processors in pamnliiel,
the number ofdentical processorson which the jobs are to be scheduled, amslthetime
function given byt : [m] — R*. Here,t(j) is the running time needed to compute a job on
j processors. We choo$e" for our theoretical analysis since it is the most general possible
image. As a matter of course, all results also hold if the imagei®fQ ™. In this caset

can be encoded. For gl j2 € [m] with j; < jo, the time functiort must have the following
properties:

e monotonicity: t(j2) <t(j1)
e speed-up property. j1-t(j1) < j2-t(j2)

These properties imply that the execution of the jobs may achieve some speed-up, but no
super-linear speed-up.

2.2.2 Schedule

A schedule S= {(0i,T)) | i € [n]} assigns a set; of processors and a starting timeo every

jobi such that all jobs are executed and every processor executes at most one job at any time.
We call (o, i) theplan for job i. Associated with an instan¢a,m,t) and a schedul8is the
makespan defined by

T(nmt,S) = max{{Tt+t(|ai|]) | (0i,Ti) € S}.

The optimum makespan associated with an instan¢a, m,t), denotedTop(n,m,t), is the
least possiblanakespan among all schedules. A schedule with optimum makespan is called
anoptimum schedule

2.3 Optimum Schedules

Deckeret al.[34] proposed an algorithm to compute an optimum schedule. In order to prove
the correctness of this algorithm, they showed that for each schedule there exists another
schedule with at most the same makespan which also exhibits additional properties. One of
these properties is that each job in a schedule starts either at #n@eor directly subsequent

to another job. We now define this property formally.
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Fix any instancgn, m,t) and associated schede DenoteA|(S) thelatency on a pro-
cessorj € [m|, that is,

Ai(S) = max{ti+t(|oi|) | (0,1i)) € Sandj € oi}.

Define them x 1 latency vector/A(S) in the natural way, and define thex 1 sorted latency
vector A(S) by Aj(S) = A (S) for all j € [m], whereTtis a permutation with\;,)(S) <
Nrjp)(S) forall jg, j2 € [m] with T(j1) < 11(j2). Note that

T(nmt,S = An(S).

The schedul& is packedif for all plans (o,1) € Seithert = 0 holds, or there exists another
pair (o/,7') € Swith cna’ # 0 andt' +t(|0’|) = 1. The schedule§y,...,S,-1 are called
intermediary schedules of Sf S; C ... C §,_1 C Sand|S§| =i foralli € [n—1].

Lemma 2.1 (Deckeret al.[34]) For any instancgn,m,t) and associated schedu® there
exists a schedul§, and intermediary schedul&, .. ., S,_1 of S, with the following proper-
ties:

(1.) The makespan d&, is bounded by the makespan $fthat is,
T(nmt,Sy) < T(nh,mt,S).
(2.) All (intermediary) scheduleS, i € [n], are packed.

(3.) For all (intermediary) scheduleS, i € [n], the latencies on the processors differ by at
most (1), that is,

Am(S)—Ma(S) < t(D).
(4.) The finishing time of each job &, is bounded by its finishing time &

In general, we can compute a schedule for2 jobs by using a schedule for 1 jobs and
assigning a set of free processors to ithejob. This fact can be used to give an algorithm.
Every step leads to a set of intermediary schedules. We get optimum schedules by computing
intermediary schedules of optimum schedules iteratively. By Lemma 2.1, we can restrict our
search to packed schedulsvith a sorted vector for whichn,(S) — A1(S) <t(1) holds. By
definition, packed schedules have the following property:

Proposition 2.2 (Deckeret al.[34]) Consider an arbitrary instancén,m;t) and associated
schedules. If Sis packed, then, for all ¢ [m],

Ai(S) € {rit(Q)+-+rm-t(m) | ry,---,rme [NU{0}} .
This observation leads to the following result:
Theorem 2.3 (Deckeret al.[34])

(1.) If the range of the time function t ®", then there exists an algorithm which computes
an optimum schedule using @n+ 1)’“22”‘) time.

(2.) If the range of the time function t 18, then there exist algorithms which compute an
optimum schedule using(@gn-t(1)%™) or O(n-t(1)™- 2™) time.
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2.4 Phase-By-Phase Schedules

We have seen that it is possible to compute an optimum schedule with execution time expo-
nential in the numbem of processors, yielding an algorithm polynomial in the numipef

jobs if mis constant. We now ugehase-by-phase schedule® approximatean optimum
schedule. Here, a schedule consists of phases in which each job uses the same number of
processors. A new phase can not be started until the last phase has finished. Hence, we do
not have to store plans for all jobs but may write a phase-by-phase schedulephiéises as

P = (my,...,m), wherem; denotes the number of processors used in phasg|. Clearly,

the makespan is

T(hmtP) = % t(m).
i€

Decker and Krandick [33] introduced an algorithm which computes an optimum phase-by-
phase schedule usir@(n?) time. The execution time of this algorithm can be improved to
O(n-min{n,m}). We now show that there exists an algorithm which computes an optimum
phase-by-phase schedule us@n®) time.

Theorem 2.4 There exists an algorithm which computes an optimum phase-by-phase sched-
ule using @m?) time.

Proof: Fix any instancén,m;t) and associated optimum phase-by-phase schétjudad
denoter the number of phases using: [m| processors if. Due to the speed-up property,

ri < j—1 holds for allj > 2. Furthermore, at mos{t”]ij jobs are executed during such a
phase. Therefore, the total number of jobs executed in phases using more than one processor
Is at most

0[5 < s a-0[F] < moum

J 2<=m J

The algorithm works as follows: i > (m—1)m, then compute the minimute N such
thatn—k-m < (m—1)m. This can be done in constant time. The schedule startskvith
sequential phases. Then, the improved algorithm from [33] is used to compute the schedule
for the remaining — k- mjobs. This need®(nmin{n,m}) = O(n?) time. |

Decker [32] showed that the makespan of an optimum phase-by-phase schedule is at most
twice as large as the makespan of an optimum schedule. Trystram [141] gave the following
example illustrating that computing an optimum phase-by-phase schedule can not lead to an
approximation factor lower thai’].

Example 2.5 (Trystram [141]) Consider the following instand@, 5,t): We have = 3 jobs,
m =5 processors, and the time function t defined {¥) & 1, t(2) = % and t(i) = % for all
i € [5]\ [2]. The optimum phase-by-phase schedlie (2,5) has makespan

T(3,5t,P) = t(2)+t(5) = :
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whereas the optimum schedylg 1, 2,3},0), ({1, 2,3}, %), ({4,5},0)} has makespan
2
Top’[(g, 5,t) = 2t(3) = §

(see Figure 2.2). So, the approximation factor via phase-by-phase schedélet&ldﬂe that
this example can be extended te-r2k + 1 jobs and m= 3k + 2 processors for all ke N.

T(@3,5,t,P)--- -
§ 5 e Topt(3,5,t)
6 3 2
3
2 2 3 2
optimum phase—by—phase schedule optimum schedule

Figure 2.2: Optimum phase-by-phase sche@ue(2,5) (left hand side) and optimum sched-
ule {({1,2,3},0), ({1, 2,3},%),({4,5},0)} (right hand side) for the instance in
Example 2.5 (page 10).

We now present the algorithm PPS, stated as Algorithm 1 (page 12), using the following
idea: Since we do not know anything about the time function (up to the monotonicity and the
speed-up property), we compute a phase-by-phase schedule depending only on the relation
betweenn andm. For the sake of readability, we only return the makespan of the phase-
by-phase schedule which we choose. Note that the phase-by-phase schedule is (implicitly)
returned. In the following, we prove that PPS always computes a phase-by-phase schedule
which approximates an optimum schedule up to a factc& ibfn < m, and up to a factor of
g if n> m(Theorem 2.6). Clearly, Example 2.5 (page 10) implies that the factor for the first
case is tight. For the latter case, we think that by using a more complex algorithm we could
get a better result. However, the approximation factor of PPS is at%e(Estample 2.7).

Theorem 2.6 PP Scomputes a phase-by-phase schedule which is an optimum schedule up to
a factor ofi—s1 if n < m, and up to a factor og if n > m, using constant time.

Proof: In Section 2.5, we prove lower bounds on the makespan of an optimum schedule.
Moreover, we show that we only have to consider a rather small set of phase-by-phase sched-
ules to prove an approximation factor. By case analysis, we then prove the claim for the case
m < nin Section 2.6, and for the casg> n in Section 2.7. [ |

Example 2.7 Consider the following instancg2,11,t): We have n= 12 jobs, m= 11 pro-
cessors, and the time function t defined iy t= 1, t(2) =  and t(i) = 1 for alli € [11]\ [2].
The optimum phase-by-phase schedrute (1,3) has makespan

T(1211t,P) = t(1)+t(3) = 2
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Algorithm 1 (PPS)

Input: an instancén, m,t)
Output: a phase-by-phase schedile

1) begin

) if n> mthen

(3) |fm<n<Lg m| then

) = [

(5) retum t(1) +t(a)

(6) if [3m] < n< 2mthen

@) a= {H%mjj

8) return min{t(1) +t(2) +t(a),2t(1)}

9) if 2m<n< |3m| then

(10 a= [0 ]

1) return 2t(1)+t(a)

(12) if |3m] < n< 3mthen

(14) return min{2t(1) +t(2) +t(a),3t(1)}

(15) else

(16) a= | o)

17) return |]-t(1)+t(a)

(18) else

(19) if [3] <n<mthen

(20) a= | Ty

(21) if 2| 3] <n<mthen

(22) return min{t(1),t(2) +t(a)}

(23) if [3]+19]<n<2|F]|then

(24) return min{t(1),t(2) +t(a),2t(3)}
(25) else

(26) return min{t(1),t(2) +t(a),t(3) +t(4)}
27) if 3] <n<|3]then

@9 = [

(29) if Zm<n< |7 then

(30) return min{t(2),t(3) +t(a)}

(31) if 2/ T] <n< Zmthen

(32) if m< 17then

(33) return min{t(2),t(3) +t(a),t(4) +t(6)}
(34) else

(35) return min{t(2),t(3) +t(a),t(4) +t(5)}
(36) else

(37) return min{t(2),t(3) +t(a),2t(5)}
(38) if [F]<n<|% j then

(39) a= n*LKJ

(40) if Zm<n< |7 then

(41) return min{t(3),t(4) +t(a)}

(42) if 2/ 2] <n< Zmthen

(43) if rem(m,7) =5and m< 36then

(44) return min{t(3),t(4) +t(a),t(5) +1t(9),t(6) +t(7)}
(45) if rem(m,7) = 6 and m< 37then

(46) return min{t(3),t(4) +t(a),t(5) +t(11),t(6) +t(7)}
47) else

(48) return min{t(3),t(4) +t(a),t(6) +t(7)}
(49) else

(50) return min{t(3),t(4) +t(a),2t(7)}
(51) if ] <n<| ) andk>5then

(52) a= [ﬁﬂ

(53) return min{t(k—1),t(k) +t(a)}

(54) end
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whereas the optimum schedyld 1,2,3},0), ({4,5,6},0), ({7,8,9},0), ({10},0), ({11},0),
({1|,<2,3},%), ({4,5,6},3), ({7,8,9},3), ({1.2},5), ({3,4},5). ({5,6},5). ({7,8},3)} has
makespan

(see Figure 2.3). So, the approximation factor via phase-by-phase schedglles is

TA2,11,4,P) - - -
4 SEE - e e e Tope(12,11,8)
} 2 2 2 2 %
1(1|1{1(1{1{1|1|1|1]|1 3 3 3 1)1
3 3 3
optimum phase—by—phase schedule optimum schedule

Figure 2.3: Optimum phase-by-phase scheéue(1,3) (left hand side) and optimum sched-
ule {({1,2,3},0), ({4.5,6},0), ({7,8,9},0), ({10},0), ({11},0), ({1,2,3},3),

({4,5.6},3), ({7.8,9},3), ({1,2},5), ({3,4},5). ({5.6}.5), ({7.8},5)} (right
hand side) for the instance in Example 2.7 (page 11).

2.5 Technical Lemmas

In order to prove Theorem 2.6 (page 11), we mainly consider the quotient of the upper
bound provided by PPS and a lower bound Tgg:(n,m,t). We first prove lower bounds

on Topt(n,m,t) (Lemmas 2.8 and 2.9, page 14). Unfortunately, these lower bounds do not
always suffice to prove the factér In these cases, we have to consider all makespans of pos-
sible schedules. Since the number of such makespans can become very large, we introduce
the following definition which helps us to restrict the number of makespans which have to be
taken into account. N

_ Consider two packed schedul®sindS for n jobs andm processors. Therg dominates

S if for all valid time functionst, that is, time functions for which the monotonicity and
the speed-up property hold, it §(n,mt,S) < T(n,m,t,S). We show that we only have to
consider the makespans of dominating schedules forv@]igm rj- Tm >n(Lemma 2.8, page

14). In order to find another way to get a lower boundTgp(n,mt), we use the speed-up
property as follows: If each job in the schedule uses at [ppsbcessors, then each job needs

at leastj -t(j) area. This leads to the lower bound

TOpt(n7 m>t> >

-(1-t(0) -

3>

This technique will be beneficial.
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Lemma 2.8 Consider an arbitrary instancén, m,t), and let ke R™ with k< n. Then

m

jelm

Topt(n,mt) > min{ > rj-t(i)

je[m
Proof: Fix any instancén, m,t) with optimum makespan

TOpt(n7m7t) = % r]t(J) .
j€

m

Assume, by way of contradiction, th&(n,m,t) <k. Clearly, at most

m
ri-— < k<n
jelm

jobs can be executed in an optimum schedule, a contradiction to solvability. [

Lemma 2.9 Consider an arbitrary instancén, m,t) and associated optimum sched8leith
makespan

T(n,mt,S) = Topt(n,mt) = Z ri-t(j)

and ¥ jeim j > 2. Let u, up € [m] with up < uz such thatu—“l + u—”; <n.

(1.) Ifry, > 1, then Bpr(n,mt) > t(ug) +t(up).
(2.) fuy<ui+1landr=0forall j € [up—1], then Bpr(n,mt) >t(ug) +t(up).

Proof:

(1.) Assume thaty, > 1. If ry, > 2 orrj > 1 for somej € [u — 1], then monotonicity
implies that the claim holds. Otherwise,

ru1:1

Topt(n,m ) = t(ug) + rj-t(i)

speed-up property Uo
>

Lemma2.8 uo m
> t(u —-t(u2)- (N——
0w+ E ) (n- 1)

m m
N2y T,

as needed.
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(2.) Assume thati, <uy+1andrj=0forall j € [up—1]. If ry, > 1, then we are done by
(1.). Otherwise, we havg = 0 for all j € [u], and we get

Topt(n,m,t) = ri-t(j)
j€[m]
= z rj-t
up+1<j<m
speed-up property Uo
> 12 rj-—-t(up)
up+1<j<m J
05) m
= —2.t(up) - 12 r-—
m ut+fZj<m
Lemma2.8, pagelsd Uo
> —-t(U2)-n
> 2 1(up)
m m
n2q+@ U m m
> —t(up) | —+—
m up U

u
— t(Up) + —2 - t(Up)
Ua

speed-up property
> t(ugp) +t(up),

as needed. ]

2.6 Proof forthe Case m<n

We prove Theorem 2.6 (page 11) by case analysis in Lemmas 2.10 - 2.14. The dominating
schedules used in the proofs are listed in Table 2.1.

Case m<n< [3m] [3m/ <n<2m 2m<n< [3m]
a=|5ml a= I.ﬁn%ﬂJ a= |5/
t(1) +t(a) 2t(1)
t(2) +t(3) +t(5) t(1) +t(2) +t(a) t(1)+t(1) +t(a)
t(1) +t(3) +t(5)
t(2) +t(3) +t(7) +1(41) t(1)+t(3)+t(7)+t(41) | t(1)+t(2)+t(3)+t(5)
t(2) +1(3) +1(8) +t(23) t(1) +t(3) +t(8) +1(23)
t(2) +t(3)+1t(9) +t(17) t(1) +t(3) +t(9) +1(17)
Makespan | t(2)+13)+1(10)+1(14) | t(1)+t(3)+1(10)+t(14)
t(2) +t(3) +t(11) +t(13) | t(1)+t(3)+t(11) +t(13)
t(2) +t(4)+t(5)+t(19) t(1) +t(4) +t(5)+1(19)
t(2) +t(4) +t(6) +t(11) t(1) +t(4) +t(6) +t(11)
t(2) +t(4) +t(7) +t(9) t(1) +t(4) +t(7) +1(9)
t(2) +t(5) +t(5) +t(9) t(1) +t(5) +t(5)+1(10)
t(2) +t(5) +1(6) +t(7) t(1) +t(5) +t(6) +t(7)
t(3) +t(3)+t(4)+t(11)
t(3)+1(3) +t(5) +t(7)

Table 2.1: Makespan of dominating schedules for the nasen < Lgmj.

Lemma 2.10 Let m< n < L%mj. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to a factgxr
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Proof: In this interval, PPS returns the phase-by-phase sch&leig1,a), wherea =
|2 Sincen < |3m|, we havea > 2.

If t(a) < (1) then the trivial lower bound(1) on the makespan of an optimum schedule
implies

T(n,mt,P) < t(1) +t(a)
Topt(n,m;t) - t(1)

So lett(a) > %t(l), and consider the makespan of an optimum schedule.
First case: There exist no more tham jobs each being executed on at magirocessors.
We have

speed-up property
>

Topt(n,m,t) m-t(1) + ( m)-(a+1)-t(a+1))

a+1)-t(a+1)

i
: H“mmqnmmJ s
)

speed-up pro perty
>

Due to monotonicity of the time function, we get

TOmtP)  _ tD+i@)
Topt(n, m,t) N t(1) + %t(a)
a2 t(1)+t(a)
<
t(1)+ 3t(a)
@<t t(1)+t(1)
<
Tt +3t(D
B 6
=

Second caseThere exist at leagh+ 1 jobs each being executed on at m@grocessors.

Clearly, we only have to consider dominating schedules for wtiighis the smallest addend
which appears in the makespan. Sint® > it(1), we haveTop(n,mt) > 6t(a) > t(1) +

t(a) for all makespans of a schedule with more than 5 addends. If we have 5 addends, then
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Topt(n,m;t) > 5t(a) > 2t(1) +t(a), and we get

TLmtP) D) +tE)

Topt(N,m,t) 2t(1) +t(a)
t@>Et0) (1) + £t(1)

at(1) + £t(1)

6

z-

Hence, we only have to consider makespans with at most 4 addends. The dominating sched-
ules are those corresponding to the makespgl)st-t(a), t(2) +t(3) +t(a), t(2) +t(5) +

2t(a) fora> 4, and 2(3) + 2t(a) for a > 3 (see Table 2.1, page 15).
t(1) +t(a): We immediately get

T(n,mt,P) < t(1)+t(a)

= 1.
Topt(n,mt) — t(1)+t(a)
t(2) +t(3)+t(a): Fora=1, we get
T(nmt,P) § 2(1)
speed-up property 2{(1)
= 1+ 3+ Hta
(1+3+3)t1)
.
N 11°
Fora= 2, we have
T(nmt,P) g t(1)+t(2)
speeetug property t(]_) _|_t(2)
- t(1) +t(3)
speed-up property t(]_) —H(Z)
- t(1)+35t(2)
t(2)<t(1) 2(1)
<
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Fora = 3, we get

T(n,mt,P) < t(1)+t(3)
speedug property t(]_) +t(3)
- (D +2@3)
speed—ug property t(l) + %t(]_)
- $t(1)+5t(1)
_ 8
= 7 -
Fora> 4, we have
T(n,m;t,P) - t(1) +t(a)
Topt(n,m,t) - t(2) +t(3) +t(a)

speedrug property t(l) +t(a)
- (3+ 3D+t
t(a)>4t(1) t(1)+it(1)

(1) + £t(1)
_ 6 30
B 5 31°
t(2) +t(5) + 2t(a): We have
T(n,mt,P) < t(1) +t(a)
Topt(n,m,t) - t(2)+t(5) +2t(a)
speed—ug property t(l) +t(a)
a (3+8)tD) +2(a)
&> &) t(1)+5t(1)
1ot (1) + (1)
_ 610
N 5 11°
2t(3) +2t(a): It follows that
T(n,mt,P) t(1) +t(a)
speed-up property t(]_) +t(a)
- %t(l) +2t(a)
t(a)><%t(1) t(1)+2t(1)
2t(1) + 2t(1)
_ 615
a 5 16°

This completes the proof of the claim.
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Lemma 2.11 Let L%mj < n<2m. ThenPPScomputes a phase-by-phase schedule which is
an optimum schedule up to a fact@.r

Proof: Inthis interval, PPS returns a phase-by-phase sché&twiéh

T(n,mt,P) = min{2t(1),t(1)+t(2)+t(a)},

wherea = [ﬁj. If a= 1, thenn = 2mand thusTopi(n,m,t) > 2t(1), proving the claim.
So leta > 2. i
If t(a) < %t(l), then the trivial lower bound(1) +t(2) on the makespan of an optimum

schedule implies

T(n,mt,P) < t(1)+t(2) +t(a)
Topt(n,m,t) - t(1)+t(2)
@i 51 +1(2)
= t(1)+t(2)
speedug property %t(]_) + %t(l)
- t(1)+3t(1)

7
— 5

So lett(a) > %t(l), and consider the makespan of an optimum schedule.
First case: There exist no more thaLrng jobs each being executed on at magrocessors.

If more thanmjobs are executed by one processor, thggn,m,t) > 2t(1), and we are done.
So, assume that at mastjobs are executed by one processor. [ then

speed-up property 1
To pt(na m,t) > —

m-t(1) +g-2t(2) + (n— gm> (a+1) t(a+ 1))

speed-up property

> {(1) +(2) + %t(a)
T W+ %t(a) .
Thus, we get
T(n,mt,P) < t(1)+t(2)+t(a)
Topt(n,m,t) - t(1)+t(2) + %t(a)
221@<@ 1(1) 4+ 24(2)
- t(1)+3t(2)
@ 31
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So, assume 2m. If m= 3, then we only have to consider phase-by-phase schedules to find
an optimum schedule. if= 6, thenTopt(n,m,t) = 2t(1), and we are done. So, assume 5.
Thena = 3, and we geTypt(n,m,t) > t(1) +2t(3). Thus,

T(n,mt,P) < t(1) +t(2)+1t(3)
Topt(n,m,t) - t(1) + 2t(3)
speedrug property t(l) + gt(3)
- t(1)+2t(3)
@ g
- 3t(1)
B 7
= 6
If m> 5, it follows that
Topt(N,m,t)
speed—ug property %(m-t(l) + {gJ 2t(2) + (n_ {ng) -(a+1)-t(a+ 1))
B 1 n—|3m| m
= t(1) + (1_E>t(2)+ — Qn_ [%mJJ +1> -t(a+1))
speedruiproperty ¢ )+ (1—%)1:(2)—1— (1_'_%) F3_1 t(a)
T w4 @+ @
= t(1)+g'(t(2)+t(a))
We get
T(n,mt,P) < t(1)+t(2) +t(a)
Topt(n,m,t) t(1)+2(t(2) +t(a))

Second caseThere exist at Ieas{l%mj + 1 jobs each being executed on at m@grocessors.
Clearly, we only have to consider dominating schedules for wtighis the smallest addend
which appears in the makespan. Sib@@ > 7t(1), we haveTop(n,m,t) > 7t(a) > 1t(1) for
all makespans of a schedule with more than 6 addends. So,

T(mtP) _ 2

Topt(n,mat) o %t(l)
8
7
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If we have 6 addends, then at least one addend)is < 3, due to feasibility. This yields

T(n,mt,P) t(1)+t(2) +t(a)
Topt(n,m,t) - t(3) 4 5t(a)
t(a)>3t(1) t(1) +t(2) +t(a)
< {1 +t3) +ta)
speed-up property t(l) _|_t(2) _|_t(a)
- t(1)+ %t(Z) +t(a)
t(2)<t(1) 2t(1) +t(a)
= 2t(1) +t(a)
3
t(a)>5t(1) 2t(1) + 3t(1)
3t(1) +3t(D)
B 27
- 23
6
< £

If we have 5 addends, then at least one addend)is < 2, or 3(3) is an addend. In the first
case, we get

T(n,mt,P) < t(1)+t(2)+t(a)
Topt(n,m,t) - t(2) +4t(a)
t(@)>3t(1) t(1) +t(2) +t(a)
%t(l) +1(2) +t(a)
speed-up property %t(]_) +t(a)
- 2t(1) +t(a)
t(a)>3t(1) 3t(1)+ 3t(1)
2t(1) + 5t(1)
7
= 5
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In the second case,

T(n,mt,P) - t(1) +t(2) +t(a)
Topt(n,m,t) - 3t(3)+2t(a)
speedru2 property t(]_) +t(2) _|_t(a)
- (1) +t(2) + 2t(a)
t(@)>3t(1) t(1) +t(2) +t(a)
%t(l) +1(2) +t(a)
speed—ug property %t(]_) _|_t(a)
B 2t(1) +t(a)
t(a)>3t(1) 3t(1) + 3t(1)
2t(1) + 5t(1)
B 7
B 6

Hence, we only have to consider makespans with at most 4 addends. The dominating sched-
ules are those corresponding to the makesp#(is,2(1) +t(3) +t(a) for a> 3, andt(1) +

t(5) 4+ 2t(a) for a > 3 (see Table 2.1, page 15).

2t(1): We immediately get

T(n,mt,P) < 2t(1)

Topt(n,mit) — 2t(1) - L
t(1)+t(3) +t(a): Fora= 3, we get
T(n,mt,P) < t(1)+t(2)+1t(3)
Topt(n,m,t) - t(1) + 2t(3)
speed—ug property t(]_) + gt(s)
- t(1)+2t(3)
t(3<t(y) 2t(1)
: %0
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Fora> 4, we have

T(n7 m?t’ P)

<
Topt(n7m,t) -

speed-up property

t(2)<t(1)
<
t(a)>3t(1)
<
t(1) +t(5) + 2t(a): It follows that
T(n,mt,P)
— <
TOpt<n> m,t)

speed-up property

This completes the proof of the claim.
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Lemma 2.12 Let2m < n < | 3m|. Then,PPScomputes a phase-by-phase schedule which is

an optimum schedule up to a fact@.r

Proof: In this interval, PPS returns the phase-by-phase sché&dw€1, 1, a), wherea =

|-™-]. Sincen < |3m|, we havea > 2.

If t(a) < %t(l), then the trivial lower boundt?1) on the makespan of an optimum schedule

implies
T(n,mt,P)
Topt(n, m,t)
t(a)<3t(1)

2t(1) +t(a)
2t(1)

2t(1) + 5t(2)
2t(1)

7
5"
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So lett(a) > %t(l), and consider the makespan of an optimum schedule.
First case: There exist no more tham®jobs each being executed on at magirocessors.

We have
speed-up property 1
Topt(n,m,t) > a(2m-t(1)+(n—2m)-(a-|— 1)-t(a+1))
n—2m
= 2-1(1)+ -(a+1)-t(a+1)
n—2m m
= 2:4(1) + — 'Qn—sz +1>t(a+1)
speed-up property a
> 2 t(l)—l—m (a)
We get
2t(1) +t(a
Topt(N,mM,t <
oM. M) 2(1) + 225t (a)
a>1, t(<a)§t(1) Zt(l)—H(l)
B 20(1) + 5t(1)
_ 6
= c-

Second caseThere exist at least?2+ 1 jobs each being executed on at magrocessors.
Clearly, we only have to consider dominating schedules for wtighis the smallest addend
which appears in the makespan. Sin@® > %t(l), we haveTop(n,mt) > 6t(a) > %t(l) +
t(a) for all makespans of a schedule with more than 5 addends. So,
T(n,mt,P) - 2t(1) +t(a)
Topt(N, M, t) 3t(1) +t(a)
t@>3t1) 2t(1)+it(1)

2t(1)
-
= X
If we have 5 addends, then the adde( yields Topt(n, m,t) > t(1) +4t(a) > 2t(1) +t(a).
So,
T(n,mt,P) 2t(1) +t(a)
S S i kS G S i
Topt(n,mt) —  2t(1)+t(a)
Otherwise, at least two addends §(2) due to feasibility. We get
T(n,mt,P) < 2t(1) +t(a)
Topt(n,m,t) N 2t(2) +3t(a)
speed—ug property 2t(1) +t(a)
- t(1)+3t(a)
t(a)>3t(1) 2t(1) + 3t(1)
t(1)+t(1)

7
6"
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Hence, we only have to consider makespans with at most 4 addends. The dominating sched-
ules are those corresponding to the makesp#fis 2 t(a) andt(1) +t(2) + 2t(a) fora >3

(see Table 2.1, page 15).

2t(1) +t(a): We immediately get

T(n,mt,P) < 2t(1)+t(a)

= 1.
Topt(n,mt) — 2t(1)+t(a)
t(1)+t(2) +2t(a): We have
T(n,mt,P) < 2t(1)+t(a)
Topt(n,m,t) - t(1)+t(2)+2t(a)
speed—ug property Zt(l) _|_t(a>
- %t(l) + 2t(a)
t<a>><%t<1> 2t(1) + 3t(1)
3t(1) + %t(1)
_
N 13°
This completes the proof of the claim. [

Lemma 2.13 Let Lgmj < n<3m. ThenPPScomputes a phase-by-phase schedule which is
an optimum schedule up to a factgxr

Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh

T(n,mt,P) = min{3t(1),2t(1)+t(2)+t(a)},

wherea = [n_[%mjj. If a= 1, thenn = 3mand thusTopt(n,m,t) > 3t(1), proving the claim.

So, leta > 2. The trivial lower bound21) +t(2) on the makespan of an optimum schedule
implies

T(nmt,P) _ (1)
speed-up property 3t(]_)
B 21(1) + 3t(1)
_ 6
= 5
This completes the proof of the claim. [

Lemma 2.14 Let km< n < (k+1)m with ke N, k> 3. Then,PPScomputes a phase-by-
phase schedule which is an optimum schedule up to a féctor
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Proof: In this interval, PPS returns the phase-by-phase sch&dulh
n
T(nmt,P) = h]t(l)ﬂ(a),

wherea= | = |.
If t(a) < %t(l), then the trivial lower boun#-t(1) on the makespan of an optimum schedule

implies
TmtP) k)@
TOPt(na m7t) B kt(l)
1
t(a)§<§t(1) kt(1) + 3t(1)
= kt(1)
3 3(1) +3t(1)
= 3t(1)
_ 7
= 5"

So lett(a) > %t(l), and consider the makespan of an optimum schedule.
First case: There exist no more thatmjobs each being executed on at magtrocessors.

We have
speed-up property 1
Topt(n,m,t) > E(km-t(l) +(n—km)-(a+1)-t(a+1))
n—km
= K-t(1)+ -(a+1)-t(a+1)
n—km m
= kt(D) +— -Qn_kaﬂ)t(aH)
speed-up property a
> -
> t(1)+—t@
We get
T(n,mt,P) k-t(1)+t(a)
Topt(n> mvt) kt(l)+ %t(a)
a>1, t(<a)§t(1) (k—|— l)t(l)
N (k+3)t(1)
k>3 8
< =.
- 7

Second caseThere exist at lea®tm—+ 1 jobs each being executed on at m@grocessors.
Sincet(a) > %t(l), (K+ %) -1(1) is a trivial lower bound on the makespan of an optimum
schedule, and we get

T(nmt,P) _  (k+1)-t(1)
Topt(n,mt) = (k+2)-t(1)
k>3 8
< .

- 7

This completes the proof of the claim. [
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Case

Makespan

bound on the makespan of an optimum schedule (Lemma 2.17, page 28). We then prove the
approximation factor by case analysis (Lemmas 2.18 - 2.30). The dominating schedules used

be considered (Observations 2.15 and 2.16, page 28). In addition, we prove a helpful lower
in the proofs are listed in Table 2.2.

Unfortunately, the proof of this case is more technical. In order to simplify the reading, we
investigate some smaller sub-intervals separately. We first restaod m which have to

2.7 Proof forthe Case m>n

2.7 Proof for the Case m>n

1,
2.

if n
if n

t(2
t(1

Topt(n, m,t)

1, then Bpt(n,m,t) =t(1).

Table 2.2: Makespan of dominating schedules for the ¢gge< n <m.
2, then

Observation 2.15

(1) Ifm
(2) Ifm
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(3.) Ifm=3, then

t(3) ifn=1

Topt(n,mt) = { min{t(1),2t(3)} ifn=2,

t(1) ifn=3.

(4.) If m=4, then

t(4) ifn=1,
t(2) ifn=2
Top(MM ) = 0 \Hinft(1),t(2) +t(4)} ifn=3
t(1) ifn=4.

In all cases,PPScomputes a phase-by-phase schedule with the same makespan. Thus, we
only have to consider i 5.

Observation 2.16

(1.) Ifn=1, then Bpt(n,mt) =t(m), and PP Sreturns a phase-by-phase schedule with the
same makespan.

(2.) If n= 2, then the makespan of the phase-by-phase sch&dcbenputed byPPSis at
most (| 7]). On the other hand, each job is executed by at l¢g5tprocessors in an
optimum schedule. Thus,

—~
—

T(n,mt,P) Speed—ug property t
Topt(n, m, t)

=l
=
N3
| I—

—+
P

n;Z 1

3N
31N
s

<

3N
3 N‘%
H

m>5 (Observation2.15, page27)
<

INFO I

Thus, we only have to considePn3.

Lemma 2.17 Letke N, k> 2, with | ] <n< | ], leta= LnTT"ﬂJ’ and let r=rem(m, k).
If there exist no more thapfY | jobs each being executed on at least k processors and at most
a processors, then

Top(nmt) > (1— im) a0+ 2 M )
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Proof: We have

speed-up property
TOpt(na mat) Z

=1
VN
-
~| 3
| E—
~
—
—
=
N—
+
P
-
|
-
~|
| I
N———

'_\
|

>

T
31= 31~ 3=

S—— ~—
3
+
[ERN

/N 7/ N

speed-up property
> (1-

This completes the proof of the claim. [

2.7.1 TheCase |F| <n<m

In the following, leta = LnTT%ﬂ' Before we start to prove Theorem 2.6 (page 11) in this
interval, we show that we can assumg 4.

Lemma2.18Let [T <n<m. If a< 3, thenPPScomputes a phase-by-phase schedule
which is an optimum schedule up to a facﬁor

Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) < min{t(1),t(2)+t(a)}.

a< 2: Thisimpliesn > [ 7] + 3, and we get

o> |45

Thus,

T(n,mt,P) speed—uz property
Topt(n, mvt) -

—
~—~

=
~—

~—*
~

=
~—

=]

[
ol
[ERN

olon
|
il

m>5 (Observation2.15, page27)
<

'_\

M| O oo
&
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proving the claim for this case.
a=3: This impliesn > | 7| + %, and we get

n > | 2]+ 5] +1

2 4
> §m_}_§+1
- 4 2 4
_ 3t
4 4

If more than?! jobs are executed on 2 processors, thga(n,m,t) > t(1), and we are done.
Otherwise,

T(n,mt,P) Speeekug property t(2) +1t(3)
Topt(n,m,t) - 2(T-22+ (n-5)3(3)
nzim-d t(2) +t(3)
- t(2)+ imi-% g(3)
_ t(2) +t(3)
t2)+§(1-2)td)
m>5 (Observation2.15, page27) t(Z) +t 3)
= (@) +3 403
_ t(2) +1t(3)
t(2) + %t(S)
t(3)§t(2) t(2) +t(2)
- t(2)+2t(2)
_ >
= 1
This completes the proof of the claim. [

Lemma2.19Let 7| <n< [T]+|F]. Then,PPScomputes a phase-by-phase schedule
which is an optimum schedule up to the facior

Proof: In this interval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(1),t(2)+t(a),t(3)+t(4)}.

If t(a) < %t(Z), then the trivial lower boundi(2) on the makespan of an optimum schedule
implies

T(n,mt,P) < t(2) +t(a)

Topt(n,m,t) B t(2)

t(a)s<%t(2) t(2) + %t(Z)
B t(2)

MO
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So lett(a) > %t(Z), and consider the makespan of an optimum schedule.

First case: There exist no more tham jobs each being executed on at magtrocessors.

If there exists a job which is executed by 1 processor, Mgfn,m,t) > t(1), and we are
done. So, assume that all jobs are executed by at least 2 processors. @Iga@m and
n> 3 impliesm> 6. Thus,

T(I”I, m,t, P) Lemma2.1<77 page28 I(Z) +t(a)
Topt(n,m,t) - (1-t@+(1+3) 2t
a>4 (Lemma%l& page29) t(2)+t(a)
- (1-Ht@2)+(1+3) 2-t(a)
m=6 t(2) +t(a)

Second caseThere exist at leasty | + 1 jobs each being executed on at magrocessors.
Clearly, we only have to consider dominating schedules for wt{ghis the smallest addend
which appears in the makespan. Sih@ > %t(Z), we haveTgpe(n,m,t) > 4t(a) > %t(z) +
t(a) for all makespan of a schedule with more than 3 addends. This yields

T(n,mt,P) - t(2) +t(a)

Top(nmt) = 3t(2)+t(a)
t@ﬁ@)t&ﬂ&ua
3t(2)+3t(2)

B 5

_ >

Hence, we only have to consider makespans with at most 3 addends. The dominating sched-
ules are those corresponding to the makesp@rst(2) +t(a), t(3) +t(a) fora < 5,t(4) +

2t(a), 2t(5) +t(a), andt(5) +t(6) +t(a) for a < 7 (see Table 2.2, page 27).

t(1): We immediately get

T(n,mt,P) < t(1)

AL AAIRA = = 1.
Topt(n,mit) — t(1)
t(2) +t(a): We immediately get
T(n,mt,P) < t(2)+t@@ 1

Topt(n,mt) — t(2)+t(a)
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t(3) +t(a): Sincea < 5 we have

T(n,m;t,P) t(3) +t(4)
Topt(n, m,t) - t(3) +t(a)
a<5, t(<a)zt(5) t(3)+t(4)
- t(3) +t(5)
speed-up property t(3) _|_t(4)
<
- t(3)+2t(4)
t(4)<t(3) t(3) +t(3)
= t(3) + 2t(3)
5
B 10
= 5
t(4)+ 2t(a): We get
T(n,mt,P) < t(2)+t(a)
Topt(n,m,t) - t(4) + 2t(a)

speed—ug property  t(2) +t(a)
)

_ >
= 1
2t(5) +t(a): We have
TmtP) )@
speed—ug property t(2) _|_t(a)
- 2t(2) +t(a)
t(a)jt(@ t(2)+3t(2)
2t(2)+3t(2)
5 20

4 21
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t(5)+1t(6) +t(a): Sincea < 7 we get

T(n,mt,P) - t(3) +t(4)
Topt(N,m,t) - t(5) +t(6) +t(a)
a<7, t(<a)2t(7) t(3) +t(4)
- t(5) +1t(6)+t(7)
spee@ug property %’t (4) _|_t(4)
- 2t(4) + 2t(4) + 5t(4)
245
- 214
< 6
5
This completes the proof of the claim. [

Lemma2.20Let [T|+|F] <n< 112m. Then,PPScomputes a phase-by-phase schedule
which is an optimum schedule up to the facgor

Proof: In this interval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(1),t(2)+t(a),2t(3)} .

There exists anwith | T] + [ 7] < n< &mif and only if 3 - rem(m,3) + % - rem(m,4) > 1.
This implies that > 112m— 1% Furthermore, we hava € {7} UN-q. Consider the makespan
of an optimum schedule.

e t(1) is the largest addend in the makesplarthis case, we are done.

e t(2) is the largest addend in the makesplagt b = min{m, [n—ﬂ“%ﬂ }. SinceZ 4+ § <n,
we get

Lemma2.9, pagel4
Topt(n,m,t) > t(2) +t(b).

(1.) Ifrem(m,3) =2 and renim,4) = 2, then 2 m. Thus,b <a-+1, and we get

b a+1 @ax4(Lemma2l8 page29) 5
- < —= < .
a a 4

(2.) Ifrem(m,3) =2 and renim,4) = 3, then 2mandn= | |+ | 7|+ 1= £Lm— 3.
Furthermore, we can writen= 129+ 11,q > 0. Thus,

0 m B m B {12q+11J
—g+1] ~ |B+3 art ]’

b = min{m, m = minq 129+ 11 Mq—_i_zz i
B2 29+1
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If g=0, thena=b=11. Otherwiseq > 1 implies

129+ 11 1 1
a — — |12——| > J12—-Z| = 11
L q+1 J L q+1J - L ZJ ’
240+ 22 10 10
< = _— < it = .
o< [2002) [ 10] Tl L g

(3.) Ifrem(m,3) =1andrenim,4) =3, then 2mandn= 3|+ 7| +1
Furthermore, we can writen= 12q+7,q > 0. Thus,

Q= m B m B {12q+7J
-3+3) T B3R art ]

R m B . 249+ 14
b = mln{m,{lmz_%j} = m|n{12q+7,[ 2q+1—‘}'

If g=0, thena=b=7. Otherwiseq > 1 implies

[
R~
3
!

12q+7 5 5
= J12—- 2| > |12-2| = o9
L q+1 J L CI+1J - L ZJ ’
240+ 14 2 2
< = - < = = .
o< [Z95) L [ 2] < [202) -

Thus,g < %6[ in all cases, and we get

T(n,mt,P) - t(2) +t(a)
Topt(n, M, t) - t(2) +t(b)
speed—ug property  t(2) +t(a)
- t(2) + 15t (a)
a>2, t(a)<t(2) 2t(2)
< 77
6t(2)
_ 32
N 27
< §
7

e t(3) is the largest addend in the makespém = 7, thenn = 4, and we get

T(n,mt,P) speed—ug property 2t (3)
TOpt(na mat) - . 3t(3)
(3

7
~
T
N
ny ==

~—
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Otherwisem> 9 implies T + T < 5m— 35 < n. Thus,

T(n,mt,P) Lemmazg pagel4 2t(3)
Topi(.m.1) RCRC
speed-up property 2t(3)
S —3
t(3)+5t3)

INNS

e t(i), i > 4,is the largest addend in the makesgam = 7, thenn = 4, and we get

T(n,mt,P) SpeeGFuEproperty 2t(3)

speed-up property Zt(g)
- w33
m=7, n=4 2t(3)
7(3)
B 7
= 5"
Otherwise,
T(n7 m,t, p) speedruz property 2'[(3)
Topt(n7 m7t> - % : 4t(4)
nzl%<m—1% 2t(3)
12 = 12 4t(4)
_ 2(3)
(53— am)t4)
m>9 2t(3)
< 58
7t(4)
speed-up property 2'[(3)
= 29
5t (3)
_ %
B 29
- 5
1
This completes the proof of the claim. [

Lemma 2.21 Let 112m <n<2|%|. ThenPPScomputes a phase-by-phase schedule which is
an optimum schedule up to the facr
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Proof: In this interval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(1),t(2)+t(a),2t(3)}.
Consider the makespan of an optimum schedule.

e t(1) is the largest addend in the makesplarthis case, we are done.

e t(2) is the largest addend in the makesplagt b = min{m, [n—[“%ﬂ}. Sinced + ¢ <n,
we get

Lemma2.9, pagel4d
Topt(n,m,t) > t(2) +t(b) .

We have

—
>
\Jg
N
_ 1

[Vl ey
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—
7
ISE{ =
+
NI
| I

g
7
NE]
N
|
NI =

IN
T
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5| T
[+ |
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+
NI =

7
[ERNE]NE]
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I
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NI
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NIw
3
|
=

35
N
|
~3

- —
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|
SE!
~
—~
Nlw

|

>
~—

~—~
=]
~—

The functionf (n) is strictly increasing im since its first derivative is

8m gm>n>fom
/
= 0
Ay (2n—3m)2 ~
Hence,
n<2m 2
fn) < f(5m)
2w
_ (5m) -7
sm—3) (3m—3m)
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37

Thus,2 < £, and we get

T(nmtP) P (2 +t(@)
Topt(n,m,t) N t(2) +1t(b)
speed—ug property t(2) _|_t(a)
- t(2) + 5t(a)
a2 1@<t 2(2)
< 12
2(2)
_ !
= 5

e t(i),i > 3, is the largest addend in the makespgincen

IV
NI~
3
I
w|3
_|_
A3
s
1)
«
@

T(n,mt,P) Lemmazg, pagel4 2t(3)
Topt(n, m,t) - t(3)
speed-up property 2'[(3

This completes the proof of the claim.

Lemma2.22 Let2[T| <n< %m. Then PP Scomputes a phase-by-phase schedule which is

an optimum schedule up to the facﬁ:r
Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh

T(n,mt,P) = min{t(1),t(2)+t(a)} .

There exists anwith 2| 7| < n < Zmif and only if rem(m, 3) = 2. This impliesn = Zm-—

Furthermore, we can writ®= 3q-+2,q> 1. Consider the makespan of an optimum schedule.

e t(1) is the largest addend in the makesplarthis case, we are done.

e t(2) is the largest addend in the makesplagt b = min{m, [-Tx|}. SinceZ + T <n,

we get 2
Lemma2.9, pagelsd
Topt(n,m;t) > t(2) +t(b).
We have
m m 60+ 4
@2 \pZmr1| T |mpr| T {—J !
n-3+3 55 q-+

a2} - el
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If g=1,thena>b=m=>5. If g= 2, then 2 m. Thus,b < a+ 1, and we get

b at+tl a4 (Lemma2.18, page?29) 5
- < — < —.
a a - 4
So, assumg > 3. Then
69+ 4 2 1
a > |—| = |6-—— 6-=-| = 5
N LqHJ { qHJ B { ZJ ’
b < ’VM'—‘ = ’764_&—‘ < ’V ﬂ'-‘ = 8
q 3
Thus,g < % in all cases, and we get
speedrug property t(Z) +t(a)
- t(2) + %t(a)
a>2, t(a)<t(2) 2t(2)
< 13
st(2)
_ 16
N 13
< 5
1

e t(i),i > 3, is the largest addend in the makesgémore thanj jobs are processed by
3 processors, thefype(n, m,t) > 2t(3), and we have

T(n,mt,P) - t(2) +t(a)
Topt(n7m,t) - 2t(3)
a>3, t(<a)§t(3) t(2) +t(3)
- 2(3)
speedrug property %t (2)

Nl OTwn
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Otherwise,
T (n’ m,t, p) speed—ug property t(Z) + t(a)
n=§m-3 t(2) +t(a)
t(3)+ (53— 55)t(4)
m>5 (Observat?nz.ls., page27) t(2) +t(a)
. t(3)+ 12t(4)
a>4, t(<a)§t(4) t(2) +t(4)
. t(3) + et(4)
speed-up property %’[(Z)
<
(5+ 12
_ >
= 1
This completes the proof of the claim. [

Lemma 2.23 Let %m <n<m. ThenPPScomputes a phase-by-phase schedule which is an
optimum schedule up to the fac@)r

Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(1),t(2)+t(a)}.
Consider the makespan of an optimum schedule.

e t(1) is the largest addend in the makesplarthis case, we are done.

e t(2) is the largest addend in the makesptimmore than’ jobs are executed by 2 or 3
processors, thefppt(n, mt) > 2t(3), and we have

Tmt) @4t
Topt(n, m,t) - 2t(3)
=3B 1(2)+1(3)
< ECN
speed-up property 2t(2)
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Otherwise,
T(n,m,t,P) speed—ug property t(2) —H(a)
"2 5m t(2) +t(a)
S 31320+ (Gm-3)-40)
B t(2) +t(a)
t(2)+5t(4)
A 1(2) 4 14)
B t(2)+5t(4)
t4)<t(2) 2t(2)
< 5
3t
_ 6
= c-

e t(i),i > 3, is in the makesparBincen > %m, we get

T(mtP) Lemma2s pageid 1(2) +t(a)

Topt(n,mt) - 2t(3)
3@ 4(2)+1(3)

- 2(3)

speed-up property 2
p % property 2:8

3
B 5
= 7

This completes the proof of the claim.

2.7.2 TheCase |J| <n< |7

In the following, leta = LnTTgﬂ' We have

a . m J
- m
Ln—%]
“S>"7" m J
= m m
2 — 3]
> m J
- m, 2
613
m>5 (Observation2.15, pageZ27) 5
= 5,2
613

= 4.
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Lemma 2.24 Let| T | <n<2[T|. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the facﬁ)r

Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(2),t(3)+t(a),2t(5)} .

If t(a) < %t(3), then the trivial lower boundi(3) on the makespan of an optimum schedule
implies
TnmtpP) 13+

So lett(a) > %t(3), and consider the makespan of an optimum schedule.
First case: There exist no more tha[r{gj jobs each being executed on at magirocessors.
Clearly,n < 2[%’] andn > 3 impliesm > 10. Thus,

T(n,mt,P) Lemn"'aZ-1<77 page28 t(3)+t(a)
Topt(n,mt) - (1-2)t3)+ (1+3) 32 t(a)
az4 t(3) +t(a)
- 1-AtB)+(1+7) -2 t@)
m-10 t(3) +t(a)
- (1-HtR) + (1+45) - 2-t(a)
< s

Second caseThere exist at leagty | + 1 jobs each being executed on at magrocessors.
Clearly, we only have to consider dominating schedules for wt{ghis the smallest addend
which appears in the makespan. SinGg > %t(S), we haveTgpe(n,m,t) > 4t(a) > %t(B) +
t(a) for all makespans of a schedule with more than 3 addends. This yields

T(n,mt,P) < t(3)+t(a)

TOpt(n7m7t) a %t(?:) +t(a)
t@j@)t@ﬂ&u@
2(3)+3t(3)
_ >
- 7

Hence, we only have to consider makespans with at most 3 addends. The dominating sched-
ules are those corresponding to the makesp@st(3) +t(a), t(4) +t(a) fora<11,t(5) +
t(a) fora<7,t(6)+2t(a), t(7)+t(9)+t(a),t(7)+t(10)+t(a) fora< 11, and(8) +t(9) +
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t(a) for a< 10 (see Table 2.2, page 27).
t(2): We immediately get

T(n,mt,P)
TOpt(n7 mat)

t(2

~—

t(3) +t(a): We immediately get
T(n,mt,P)
t(4)+t(a): Sincea < 11 we get
T(n,mt,P)

speed-up property
<

a<11l t(a)>t(11)
<

speed-up property
<

t(5) +t(a): The fact that < 7 implies

T<n7 m7t7 P)
-I-(:)pt<n7 m,t)

a<7, t(a)>t(7)
<

speed-up property
<

t(6) + 2t(a): We have

T(n,mt,P)
Topt(n, m,t)

speed-up property

13) +t(a)
3(3) +
<

)
3
)
3) +t(11)
) +
3

tB¥ +t@
t(4) +t(a)
(@)
t(a)

3)+

+1(12)
il

t(3) +13t(3)

3t( )+1—31t(3)

56
5

Moobd
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t(7)+t(9) +t(a): We have

T(n,mt,P)
Top’[(n, m,t)

speed-up property

t(7)+t(10) +t(a): Sincea < 11 we get

T(n,mt,P)
Topt(n, m,t)

t(8) +t(9) +t(a): Sincea < 10 we have

T(n,mt,P)
Topt(n, m,t) -
a<10, t(a)>t(10)
<
speed-up property
<
<

This completes the proof the claim.

t(3)+t(a)
t(7)+t(9) +t(a)
t(3)+t(a)
3+t +t(a)
t(3) +t(a)
%—?t(3)+t(a)
t(3) + 3t(3)
%—‘ft(3)+%1t(3)
5 84
4 85

Lemma 2.25 LetZL%J <n< %m. ThenPPScomputes a phase-by-phase schedule which is

an optimum schedule up to the factr
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Proof: In this interval, PPS returns a phase-by-phase schedule with

min{t(2),t(3) +t(a),t(4) +t(6)} if m<17,
T(nmt.pP) = {min{t(2),t(3)+t(a),t(4)+t(5)} otherwise.

There exists anwith 2| T | < n < Zmif and only if rem(m,5) > 3. This impliesn > Zm— 3.

Furthermore, we haven € {8,13 14} UN>1g due ton > 3. Consider the makespan of an
optimum schedule.

e t(2) is the largest addend in the makesplarthis case, we are done.

e t(3) is the largest addend in the makespaet b = min{m, (n—,mgﬂ- If m= 8, then
Topt(n,m,t) > t(3) +1(8), and we get

T(nmtP) . (2)
Topt(n,m,t) N t(3) +1(8)
speed-up property t(2)
B (3+31t®2
B 1
B 11

Now letm > 13.

(1.) If rem(m,5) = 3, thenn = 2m— . Furthermore, we can write = 5¢q+ 3, q > 2.

Thus,
m m 15q+9J
a > _ = = ,
B {“—%+%J L%+%J {Q+2
b = mm{nymeTw} - mm{5q+a[uﬂ+91}.
n 1 q
15 5

If q=2,thenb=13anda>9. Ifq=3,then3 m, and we havb<a-+1,a>11.
Otherwiseg > 4 implies

a > {15q+9J _ {15_ 2 J > {15_ 2_1J _ a1,
q+2 q+2 6
1
b < ’V 5q+9-‘ = ’715-1- 9—‘ < ’7154- g—‘ = 18.
q q 4
(2.) If rem(m,5) = 4, thenn= Zm— 2. Furthermore, we can write = 5q+ 4, q > 2.
Thus,
m m 1 12
e - sl - 12
n—=+3 BT 18 q

R m B . 159+ 12
b = mln{m,{%_%w} = mln{5q+4,[ q-1 W}
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If g=2, thena>b=14. Ifg= 3, thenb =19 anda > 14. If =4, then 3 m,
and we havéd < a+1,a > 14. Otherwiseq > 5 implies

150+ 12 3 1

> = |15—-——| > |15-2| = 14

4= L q+1 J L CI+1J - L ZJ ’
15q+12] 27 271

b < [ -1 ] — [15+ﬁw < [15+ﬂ - 22.

b _ 18;
Thus,3 < 17 in all cases, and we get

T(n,mt,P) < t(3) +t(a)
speed—uz property t(3) _|_t(a)
- t(3) + rgt(a)
a3, t@<t(d  2(3)
< 29
st (3)
_ %
N 29
< >
7

e t(4) is the largest addend in the makespém = 8, then we hav@gpi(n,m,t) >t(4) +
t(8), and we get

T(n,mt,P) < t(4)+t(5)
Topt(n,m,t) B t(4)+1(8)
speed-up property t(4) + t(5)
- t(4) + gt(S)
(&< t(4) +t(4)
- t(4)+ 3t(4)
B 16
B 13
5
< 1

Now letm > 13. Since this implie§ + f§ < Zm— 2 <n, we get

Lemma2.9, pagel4d
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If me {1314}, thena= m. Otherwise,

a = m J
n— 0]
n<gm-g m
- m+J
B 15m
- _m+7J
m>18 270
> —
el
= 10

Thus,a> 10 in all cases, and we get

T(n,mt,P) < t(3)+t(a)
=10 1@<U10 1(3) +1(10)
- t(4) +1t(10)
speed-up property t(
<

speed-up property 13t (3)
<
- 21
5(3)

T(n7m7t,P) speed—ug property t(4)+ (5)
Topt(n, mvt) -
n=3, m=8 t(

If me {1314}, thenn = 5. If more than 2 users are executed by 5 processors, then
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Topt(n,m,t) > 2t(5), and we get

T(n,mt,P) < t(4) +t(5)
Topt(n,mt) - 2t(5)

a 2t(4)

Otherwise, we get

T(n,m;t,P) Speet*uz property t(4) +1(6)
Topt(N,m,t) - 2-5t(5) +3-6t(6))
4) +1(6)
5) + 2t(6)
(4)+5t(4)
t(4)+5t(4)

2~ Rl
—~ |

speed-up property
<

Ol N NR| ~+ ~O

2 3
If m> 18, then%jt% < eém-—:Z. Thus,

Lemma2.9, pagelsd
>

and we get
T(n,mt,P) < t(4)+t(5)
speed—ug property '[(4) —|—t(5)
- 2t(4) +t(5)
speed-up property 91; (4)
< >
5t(4)
B 27
N 22
< S
e
This completes the proof of the claim. [

Lemma 2.26 Let %m <n< [2]. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the facﬁ)r
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Proof: In this interval, PPS returns a phase-by-phase sché&twiéh
T(n,mt) = min{t(2),t(3)+t(a)}.

Sincen > Zm,
T(n7m’t7p) speed-up property t(2)
Topt(N, Mt - Zm
opt( ) 52 (2)
B 5
= 1
This completes the proof of the claim. [
m m
2.7.3 TheCase |7] <n<|3].
In the following, leta = Lnfr[‘mﬂ. We have
4
a _ m J
[n— 7]
n<3 m J
>
N L3 7]
> m J
= 3
|53-313
B m
- 3
|12+ 3]
m>5 (Observation2.15, page27) 5
Z 5 3
[ 1273
= 4.

Lemma 2.27 Let| 7| <n< 2| T|. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the facﬁar

Proof: In this interval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(3),t(4)+t(a),2t(7)} .

If t(a) < %t(4), then the trivial lower bounti(4) on the makespan of an optimum schedule
implies
T(n,mt,P) < t(4) +t(a)
Topt(n,m,t) - t(4>
1
t@<at® t(4)+3t(4)
B t(4)

MO
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So lett(a) > %t(4), and consider the makespan of an optimum schedule.
First case: There exist no more thai} | jobs each being executed on at magrocessors.
Sincen < ZL% andn > 3, we havan > 14. If m= 14, then

T(nmt,P) Lemmazi7 page2s t(4)+t(a)
Temy T A= B)@ (L ) 1(a)
a4 t(4) +t(a)
- (1-Dt@+ (1+4) -2t
B t(4)+t(a)
N St(4)+5St(a)
]
— 5
Otherwise, we get
T(n,mt,P) Lemma2-1<77 page28 t(4)+t(a)
Topt(n,m.t) - (1-3)t@+(1+3) 21t
m215 t(4) +t(a)
- (1-$)t@d)+(1+4%) -2 -t(@
az4 t(4) +t(a)
- (1-Ht@+ (1+4)-2-t(@)
B t(4) +t(a)
B 4+ 1-2-ta)
<2

Second caseThere exist at leasty | + 1 jobs each being executed on at magrocessors.
Clearly, we only have to consider dominating schedules for wt{ghis the smallest addend
which appears in the makespan. Sin@ > %t(4), we haveTgpe(n,m,t) > 4t(a) > %t(4) +
t(a) for all makespans of a schedule with more than 3 addends. This yields

T(n,mt,P) < t(4)+t(a)

Topt(n, M, t) - 3t(4)+t(a)
H@-30 14+ (4
3t(4)+ 3t(4)
_ 03
= 7

Hence, we only have to consider makespans with at most 3 addends. The dominating sched-
ules are those corresponding to the makespg)jst(4) +t(a), t(5) +t(a) fora < 9,t(6) +
t(a)fora<11,t(7)+t(a) fora<9,t(8)+2t(a),t(9)+t(13)+t(a), andt(11) +t(13) 4-t(16)
(see Table 2.2, page 27).
t(3): We immediately get

T(n,mt,P) < t(3)

—_—— — = 1.
Topt(n,mt) = t(3)
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t(4) +t(a): We immediately get

T(n,mt,P) < t(4)+t(a)

- = 1.
t(5) +t(a): We get
T(n,m,t,P) < t(4) +t(a)
Topt(n,m,t) N t(5) +t(a)
speedrug property  t(4) +t(a)
S b
- >
1
t(6) +t(a): The fact thata < 11 yields
T(n,mt,P) - _am
Topt(n,m,t) N t(6) +t(a)
t(6)§t(7) 2(7)
- t(7)+t(a)
a<1l t(a)>t(11) 2t(7)
<
= t(7) +t(10)

_u
N 9
- >
1
t(7)+t(a): Sincea < 9 we have
T(n,mt,P) 2(7)
B S et Rk R < — N7
a<9, t(a)>t(9) 2t(7)
< N7
- t(7)+t(9)
speed-up property 2t(7)
< N T
t(7) + £t(7)
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t(8) + 2t(a): We get

T(n,m;t,P) t(4)+t(a)
~ 0/ < N7 N
Topt(n,m,t) - t(8) + 2t(a)
speedruz property t(4) _|_t(a)
- %t(4) +2t(a)
M@-30  t4)+ 7t(4)
$t(4) + 3t(4)
_ >
= 1
t(9) +t(13) +t(a): We have
T(n,mt,P) < t(4)+t(a)
TOpt(n7m7t) - t(9)+t(13)+t(a)
speed—ug property t(4) _|_t(a)
B (5+ 2t +t(a)
t(a)>3t(4) t(4) + %t(4)
< 8 1
114 (4) + 7t(4)
_ 5468
N 4 469
t(11) +t(13) +t(16): It follows that
T(nmt,P) . 24(7)
Topt(n,m,t) - t(11) +t(13) +t(16)
speed-up property 24(7)
= 7 7, 7
(11t 13+ 16)t(7)
B 4576
B 3689
< >
1
This completes the proof of the claim. [

Lemma2.28 Let2[ 7| <n< %m. ThenPPScomputes a phase-by-phase schedule which is
an optimum schedule up to the facﬁ)r

Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh
T(nmt,P) < min{t(3),t(4) +t(a),t(6) +1(7)} .

There exists am with 2| ] < n < %m if and only if remm,7) > 4. By Observation 2.15
(page 27), we only have to considar> 5.
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If rem(m, 7) = 4, then we haven> 11, and we can write = 2| 7| + 1= Zm— 3. If there
exists a job being executed on 3 processors, then we are done. Otherwise, we get

T(n,m,t,P) speedrug property  t(3)

Topt(n7 mut) o % : 4t(4)
n=m-3 t(3)
- 2m_1
M7 4t(4)
_ t(3)
- 8_ 4
(7 —7m)t(4)
m>11 t(g)
< P
11t(4)
speed-up property t(g)
< 9
11t(3)
_
n 9
< >
R

If rem(m, 7) = 5, then we can writea = 2| | + 1= 2m— 3. If m> 37, then this implies

T(n,mt,P) Speee#uzpmperty t(3)

Top’[(n,m,t) - % 3t(3)
nfm-3 (3)
- im=3
m 3t(3)
_ t(3)
CRFILE)
m>37 t(3)
= 23(3)
259
< S
1

If rem(m,7) = 6, then we can writa =2| 2| + 1= %m— 2. If m> 38, then this implies

T(n,m,t,P) speed—uz property  t(3)

TOpt(n7mat) N % 3t(3>
n=sm-> t(3)
- fm
m 3t(3)
_ t(3)
(5—mt@®)
m>38 t(3)
< 21
6ot (3)
- >
7
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So, we only have to prove the claim far < 36 and renim,7) = 5, and form < 37 and
rem(m,7) = 6, that is,m € {19,26,33} U {27,34}. Consider the makespan of an optimum
schedule.

e t(3) is the largest addend in the makesplarthis case, we are done.

e t(4) is the largest addend in the makesplagtb = min{m, [n—f“%ﬂ}.

SinceZ + § < n, Lemma 2.9 (page 14) impli€ky(n,mt) > t(4) +t(b). Note that
me {19,26,33} U{27,34} yieldsa= b= m. Thus, we are done.

e t(5) is the largest addend in the makesplet rem(m,7) = 5, and letm = 19. In this
case,n = 5. If the makespan consists only of one addend, then we are done. If the
makespan consists of at least 3 addends, then

Tmtp) @
Topt(n,m,t) a t(5) +2(19)
speed-up property  (3)
< 87
g5t (3)
- >
1

So, assume that the number of addends in the makespan is two, that(is,m,t) =
t(5) +1(c). Due to feasibilityg + T > n. This yieldsc < | ;%] = |15 ] = 15. We
-5

get

T(n,mt,P) t(3)

— 2 2 7 < YT T

Topt(n, m,t) - t(5) +t(15)

speed-up property t(3)

B &3 +5t(3)
_ >
— 7

2 3_
If m> 26, thenT + {2 < m— 3 =n. Thus

T(nmt,P) Lemmaz9. pageld  {(5)+(9)

Topt(n,m,t) N t(5) +1(15)
speed-up property t(5) _|_t(9)
- t(5) + 15t(9)
H9)<t(5) 2t(5)
< 24
=t(5)
_ °
= 1

Let rem(m,7) = 6. Then we haven € {27,34}. Sincem > 27, we havef + {5 <
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~IN
3
\IIO‘I

=n. We get

T(nmt,P) Lemma29 pageld {(5) +t(11)
Topt(n,m,t) - t(5) +t(17)
speed-up property t(5) +t(11)
- t(5) + 3t(11)
t(11)<t(5) 2t(5)
< 28
t(5)
B 17
B 14
< >
1

e t(6) is the largest addend in the makesgarem(m,7) =5, thenrm> 19. Ifremm,7) =
6, thenm > 27. In both case$) > § + 17, and we get,

T(n, m,t,P) Lemmazg, pagel4d ( ) (7)

Topt(n,m;t) N t(6) +(11)
g t
spee u%propery ( ) 7(7)
t(6) + 13t(7)
t(7)<t(6) 2t(6)
< 18
11t(6)
_u
B 9
- >
1

e t(i),i > 7, is the largest addend in the makesdamore than? jobs are executed on 7
processors, thefype(n,m,t) > 2t(7), and we get

T(n,mt,P) < t(6) +t(7)
Topt(n, m7t) - 2t(7)
speedrug property t(6) + %(6)
- ¥1(6)
13

1_2 .
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Otherwise, we get

T(n m.t p) speed-up property t<6)_|_t<7>
9 7 S 1 2 5
_ t(6) +1t(7)
t@)+(5—7m) t(8)
m219 t(6) +t(7)
B t(7) + 18t(8)
speedrug property t(6) +t(7)
B 184(6) +1(7)
speedrug property t(6) + gt(G)

- 15t(6) + 5t(6)

B 247
B 198
- 5
e
This completes the proof of the claim. [

Lemma 2.29 Let %m <n< |3]. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the facﬁ)r

Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(3),t(4)+t(a)}.

We get
T(n’ m7t7 P) speed-up property t(3)
Topt<n, m,t) - %3‘:(3)
nzjm 2 t(3)
< Zm
= - 3t(3)
B 7
= 5
This completes the proof of the claim. [

2.7.4 The Case n< | Q.

In the following, consider somlee N, k > 5, and leta= LHTT%TJ .

Lemma2.30 Let | ] < n< [ %;]. Then,PPScomputes a phase-by-phase schedule which
is an optimum schedule up to the facfpr
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Proof: Inthisinterval, PPS returns a phase-by-phase sché&twiéh
T(n,mt,P) = min{t(k—1),t(k)+t(a)} .

The trivial lower bound (k) on the makespan of an optimum schedule implies

T(n,mt,P) < t(k—1)
Topt(n, m,t) - t(k)
speedrug property kal -t(k)
B t(k)
k>5 5
< —.
- 4
This completes the proof of the claim. [

2.8 An &g-Approximation Algorithm

In the previous sections, we proved that there exists a constant-time algorithm with an approx-
imation factor of%. Deckeret al.[34] showed that if the speed-up is good enough arid

large enough, then an optimum phase-by-phase schedule (which can be com@ited)in

time as seen in Theorem 2.4, page 10) approximates an optimum schedule up to a factor of
1+¢foranye > 0. They proceeded as follows: Let

r--n—.]zn.
2 i

IBIN

Tk = min{ Z r-t(j)
j€lk

Note thatTy, is a lower bound on the makespan of an optimum schedule (see Lemma 2.8,
page 14). For ak € [m], itis Ty > Ty —t(k) (Lemma 2.31). If the speed-up is optimum up

to a constant factor, then this yields an approximation algorithm (Theorem 2.32). Combining
Theorem 2.3 (page 9), Theorem 2.4 (page 10) and Theorem 2.32 leads-&pproximation

algorithm: Ifm> 4. S—Z then use the optimum phase-by-phase algorithm, otherwise use the
optimum algorithm from Theorem 2.3 (page 9). Theorem 2.32 can be generalized to other
time functions fulfillingt(j) — O for j — oo.

Lemma 2.31 (Deckeret al[34]) Tm > Tk —t(K) for all k € [m].

Theorem 2.32 (Deckeret al[34]) Forall ji, j2 € [m], lett(j1-j2) < J£1 -t(j2) for some con-

stant c. Then, the optimum phase-by-phase schedule is optimum up to a fak:%o»f}éﬁjncf.

2.9 Conclusion and Directions for Further Research

We considered the problem of finding a non-preemptive schedule for independent malleable
identical jobs on identical processors with minimum makespan. We assumed that the same
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properties for the execution time as in [13] hold. This implies that the execution of the jobs
achieves some speed-up, but no super-linear speed-up.

We have seen that we can compute an optimum schedule with execution time exponential
in the number of processors. This yields to an algorithm polynomial in the number of jobs
if the number of processors is constant. In order to approximate an optimum schedule, we
introduced phase-by-phase schedules. We illustrated with help of an example that the quotient
of the makespan of an optimum phase-by-phase schedule and the makespan of an optimum
schedule can b% Furthermore, we gave a constant time approximation algorithm which only
uses certain phase-by-phase schedules matching this bound. Finally, we observed that there
exists are-approximation algorithm in the case that the speed-up is optimum up to a constant
factor.

Though we gave a thorough analysis of the considered scheduling problem, some of the
fundamental problems still remain tantalizingly open:

e Is it possible to significantly improve the approximation factor by adding a constant
number of non-phase-by-phase schedules?

e Which class of instances is easy to optimize? Clearly, the existencesedjproxima-
tion algorithm in case of time functions with near-optimum speed-up indicates that ap-
proximating an optimum schedule is easy for this class of instances. However, in general
we can not give an answer to this question.

e What is the time complexity of computing an optimum schedule? Is it possible to
compute an optimum schedule in polynomial time, or is there no such algorithm?
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Flow Scheduling

Fiir den Unwissenden ist alles moglich.

Christoph Martin Wieland (1733-1813)

3.1 Introduction

3.1.1 Motivation and Framework

Load balancings an essential task for the efficient use of parallel computer systems. In many
parallel applications, the work loads have dynamic behavior and may change dramatically
during runtime. To achieve an efficient use of the parallel computer system, the work load
has to be balanced among the processors during runtime. Clearly, the balancing scheme is
required to be highly efficient itself in order to ensure an overall benefit.

One major field of application are parallel adaptive finite element simulations where a
geometric space, discretized using a mesh, is partitioned into sub-regions. The computation
proceeds on the mesh elements in each sub-region independently [52]. As the computation is
carried out, the mesh refines and coarsens, depending on the problem characteristics such as
turbulence or shocks (in the case of fluid dynamics simulations, for example). Thus, the size
of the sub-regions (in terms of the numbers of elements) has to be balanced. The problem of
parallel finite element simulation has been extensively studied — see the text book [52] for an
excellent selection of applications, case studies and references.

Much work has been done on the topiclo&d balancing The approaches depend on
the model used to describe the interprocessor communication. We consider synchronous dis-
tributed processor networks. In each round, a processor of the network can send and receive
messages to/from all its neighbors simultaneously. Furthermore, we assume that the situation
is static, i.e., no load is generated or consumed during the balancing process, and the network
does not change. In order to balance the network, it is necessary to migrate parts of the pro-
cessors’ loads during runtime. We assume that the load consists of independent load units,
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Figure 3.1: An unbalanced partition of a mesh (left hand side), the balancing flow graph (cen-
ter), and the obtained balanced partition (right hand side).

calledtokens One possible approach to balance the network is based on a two-step approach
(illustrated with help of an example in Figure 3.1):

(1.) First, a balancindglow graphis calculated, putting the network into a balanced state
where all processors keep the same load up to one token. The flow graph is represented
by a directed acyclic grap8 = (V, E) with |V| vertices andE| edges, combined with
aload functiond and aflow function f

(2.) Second, the load items aregratedaccording to this flow graph. The goal is to use the
minimum number of rounds to reach the balanced state.

In this chapter, we consider step (2.) of this approach.

3.1.2 Contribution
We obtain through a thorough analysis the following results:

e For every distributed scheduling strategy, there exists a flow graph on which this strategy
requires at IeaS} times the minimum number of rounds (Theorem 3.1, page 63).

e We present a distributed algorithm for flow graphs in tree networks. In contrast to
the known local greedy algorithms, this algorithm investigates the structure of the flow
graph before sending tokens. We show that the algorithm requires at most twice the
minimum number of rounds, and we show that this bound is tight (Theorem 3.4, page
69). To the best of our knowledge, this is the first distributed flow scheduling algorithm
(even though for aestrictedclass of flow graphs) which is optimum up to a constant
factor.

3.1.3 Related Work

Computing a balancing flow graph can be done efficiently with heghifédsion(see [26] for
detailed description), yielding a balancing flow graph optimum with respect tttherm
[35, 41].

The migration of items according to a balancing flow has been considered in [35, 36, 144].
The goal to use the minimum numbebf rounds to reach the balanced state trivially leads
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to a formulation as a linear program with|E| + |V|) unknowns andE| + 2r|V| equations.

Such a system is solvable @(r>(|E| + |V|)®) rounds using Karmarkar’s algorithm [137].
Diekmannet. al. [35] showed that thér — 1)-commodity flow problem in bipartite graphs

can be reduced to the problem of deciding whether there exists a schedule for a given flow
graph requiring at mostrounds.

Diekmannet al. [35] introduced a special class of distributed algorithms, calibedl
greedy flow scheduling algorithmsiere, the algorithm determines for each vertex and each
round how much of the available load to send to which of the outgoing edges. Dielanalnn
[35] defined local greedy heuristics as follows:

(1.) The scheduling only depends on local information about the flow and the available load.

(2.) Ifin a certain round a vertex contains enough load to fulfill all outgoing edges, then it
immediately saturates all of them.

(3.) If a vertex does not contain enough load, then it distributes all available load to its
outgoing edges according to some tie-breaking.

Moreover, Diekmanret al. [35] introduced two memory-less local greedy algorithms where
the decision only depends on the current situation and not on the histaryN&R ROBIN
GREEDY chooses a subset of edges which are filled up to saturation (one edge of the subset
might not be saturated completely)RE®PORTIONAL GREEDY sends load via all edges of a
vertex in parallel, and the amount of load is chosen proportional to the current demand of
the edges. Diekmarnet al.[35] showed that RUND-ROBIN GREEDY is O(1/|V])-optimum

whereas the factor of ®OPORTIONAL GREEDY lies in betweer2(log|V|) andO(/|V|).

3.1.4 Organization

The rest of this chapter is organized as follows. After a formal introduction of our model in
Section 3.2, we show that for every distributed scheduling strategy there exists a flow graph on
which this strategy requires at Iea}stimes the minimum number of rounds in Section 3.3. In
Section 3.4, we introduce and analyze a distributed algorithm for flow graphs in tree networks.
We close, in Section 3.5, with a discussion of our results and some open problems.

3.2 Model

For allk € N, we denotgk] = {1,...,k}.

3.2.1 Network

We consider aynchronous processor netwotk order to describe this network formally, we

use the model defined in [105]. Tietwork N = (V,C) consists ofV | processorsand |C]|
undirectedchannels Execution of the entire system begins with all processors in arbitrary
start states, and all channels empty. Then, the processors, in lock-step, repeatedly perform the
following two steps:
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(1.) Generate the messages to be sent to the neighbors. Put these messages in the appropriate
channels.

(2.) Compute the new state from the current state and the incoming messages. Remove all
messages from the channels.

A round is the combination of these two steps.

For our distributed algorithm in Section 3.4, we restrict our discussidreeonetworks.
Furthermore, we assume that the networfosted, that is, exactly one processor is assigned
to be the root of the tree, and each other proceskoows itsparent with respect to this root,
denotedparent(v) (if the processor network is not rooted, then parents can be determined
successively, starting at the leaves; the number of required rounds is bounded by half the
diameter oiN).

3.2.2 Flow Graph

The load situation imN is given by thdoad function & : V — Ng, representing the number of
unit sizedtokenson the processors. flow network is a directed acyclic subgragh= (V,E)

of N with |E| edges Denotes: E — V andt : E — V functions, defining source and target of
each edge. The flow netwofkis adirected treeif each edge o is directed away from the
root of N, i.e.,s(e) = parent(t(e)) for eache € E. For every € V, denote

in(v) = {ecE|t(e)=V},
outlv) = {ecE]|s(e)=v}

the set of incoming edgesand theset of outgoing edge®f v, respectively. Aflow is a
functionf : E — N. For everyv € V, theflow property holds, that is,

O(v) + z()f(e) > zt()f(e).

A flow graph Fis a triple(G, 9, f).

3.2.3 Schedule

A schedule S= (G, 3, f) for a flow graphF is a decomposition of the flow into flows f',
determining the flow in rounde [rs(F)], wherers(F) is the number of rounds required By
Thus,S= (f1,..., f's(F)) with

forallee E, and

(V) + fle) > fl(e) (3.1)

for all ve V andi € [rg(F)]. Inequality (3.1) ensures that every processor has sufficient load
in each round € [rs(F)] to fulfill f' on its outgoing edges.

Given a flow grapli, each processor initially knows its parent, its load, and the flow on its
ingoing and outgoing edges, respectively. The problem of (distributedly) finding a scl&dule
requiring the minimum number of rounds,(F) is calledflow scheduling problem
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3.3 General Distributed Scheduling Strategies

We now show that for every distributed scheduling strategy there exists a flow graph on which
this strategy requires at Ie%ﬁimes the minimum number of rounds. Note that this result is

a lower bound on the worst-case performancalbtiistributed scheduling strategies. For a
certainstrategy, there might exist a flow graph on which it performs much worse.

Theorem 3.1 Let d e N with d > 2. Then, for every distributed scheduling strategy, there
exists a flow graplr = (G, d, f) with directed tree Gdeg G) = d + 1, on which this strategy
requires at Ieasl% -Topt(F) rounds.

Proof: Fix anyd € Nwith d > 2, and lek be a power ofl. Consider the following balancing
flow graphF = (G, 9, f) (illustrated in Figure 3.2):

IVI - (k-1) -

k
[ ]
[ ]
[ ]
complete
d-ary tree log, k
with k leaves
k

complete
d-ary tree

complete
d-ary tree

Figure 3.2: Flow graplF used in the proof of Theorem 3.1. The terms on the left of vartex
and vertexu, give their initial loads. The expressions on the right hand side of the
graph denote the lengths of the paths or depths of the trees.
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The graphG consists of a path of lengthfrom vertexu; to vertexu,, followed by a
completed-ary tree of depth logk with rootu, andk leaves. To each of the firkt— 1
leaves, a path of lengthis attached whose last vertex is the root of a compliesey
tree of depth logk. To the remaining leafs, a path of length R+ logy k— 1 is attached.
Clearly,G is a directed tree with déG) = d+ 1.

The load on the processors is
V|—(k—1) if v=uy,
o(v) = (k—1) if v=up,
0 otherwise.

So, only verticesl; andu, have non-zero load. Clearly, the total number of tokens is
|V|. Thus, in a balanced state, all vertices have load 1.

The flow f is uniquely determined and therefore als@ptimum since the network is a
tree.

We proceed as follows: We first derive an optimum schedule for the given flow draph
We then prove a lower bound on the number of rounds, required in the worst-case by any
distributed scheduling strategy.

(1)

(2)

Clearly, the minimum number of migration rounds is attained if the initial load of vertex
up is sent toward the path belaw. At the same timel;’s load is sent downward. After

2k+ 2logy k rounds each processor holds one token, and the migration phase is finished.
Thus,

ropt(F) = 2k+2logyk.

When using a distributed scheduling strategy, each vertex initially only knows its own
load and the flow on its incident edges. Among all vertices with distance atkrest
logy k to up, the incoming edges of those being at the same distanog have equal
flow. Hence, all subtrees below each inner vertex of the complete tree withiyaoé
equal up to a depth d€. Thus, during the firsk rounds these vertices cannot gather
information that helps to decide in which direction to send the load they might get.

As no helpful information is available during the fikstounds, we can assume that

is the leaf to which the least amount of load has been sent. The only source of load in
a distance of at mostfrom thek leaves isu, with loadk — 1. Hence, the least amount

of load cannot excee@;—1 < 1. Thus, in the worst-case none of the tokens reaches the
path atuz during the firsk rounds of any distributed scheduling algorithm, and the path
has to be filled up by tokens fromy. One of these tokens has to travel a distance of
3k+2logyk—1 (fromuj to ug, the last vertex of the path). Hence, the number of rounds
required by a worst-case sched@es at least

rs(F) > 3k+2loggk—1.

Combining these bounds, we get

rs(F) < 3k+2loggk—1
ropt(F) = 2k+2loggk ’

and this ratio converges %)ask increases. [
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3.4 The Distributed Algorithm

We proceed by giving a distributed scheduling algorithm for flow graphs in tree networks. We
start with a distributed algorithm for flow graphs with directed t@m Subsection 3.4.1. In
Subsection 3.4.2 (page 69), we then use this result to give a distributed algorithm for arbitrary
treesG.

3.4.1 Directed Trees

Consider a flow graplf = (G, 9, f) with directed treeG. For everye € E, we recursively
define for alli € Ny

f(e) if i =0,

di(e) = max{ )3 dil(é)_a(t(e)),o} otherwise.
écout(t(e))

(3.2)

Note thatd; (e) is the number of tokens that have to be sent along edgeertices at distance
of at least from vertext(e).

Theorem 3.2 LetF = (G, 9, f) be a flow graph with directed tree G, and le€kNg be mini-
mum such thatide) = Ofor all e € E. Then, ppt(F) = k.

Proof: We proceed as follows. We first show that there exists a schedule kisingds. We
then prove that any schedule requires at |&astunds.

(1.) There exists a schedule usikgounds.
To prove the existence of a schedule usikngounds, we construct a schedue=
(f1,..., %) as follows. In round € [K], every vertew € V sends

'8 = oki(8)—diza(8) (3.3)
tokens along each edge="out(v). After i rounds,
> HE = 5 (dej(®)—dcj+1(8)
j€li] j€li]
= de-i(&)
tokens have been sent along edgfrall & c E. Denoted' (v) the load on vertex
before round, and denote the (unique) incoming edge of For alli € [k], we have

%i(V) = BdV)+di-n(®— > di-1)(8
&cout(v)
(3.2) N 3
= 6(v)+max{ dk—(i—l)—l(e)_é(v)70}_ > Ok i-1)(€)
écout(v) &cout(v)
> Y (ke 1)-1(8) —di-1)(8))
écout(v)
= > (Oi(®) —dit1(8))
&cout(v)
3 fi(@) .
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This shows that in every rourict [K], all vertices have enough load to fulfill the floid/
on their outgoing edges. Hence, the described schedule is feasible. Clearly, it requires
k rounds.

(2.) Any schedule requires at led&stounds.
We show by induction ofmopi(F), ropt(F) > 1, thatd, ) (e) = 0 for alle€ E. By
definition ofk, this impliesropt(F) > k. As our basis case, leppt(F) = 1. Clearly,
every vertex has sufficient load to fulfill all its outgoing edges at once. This implies that
di(e) = O for all e € E, showing that the claim holds for the basis case.

For the induction step, latnt(F) > 2, and assume that the claim holds for all flow
graphsF’ with ropi(F') < ropt(F). LetS= (f1,..., f's(F)) be a schedule withg(F) =
ropt(F), and letf’ = f1 and

=3y f.

2<i<ropt(F)
Clearly, f(e) = f'(e) + f”(e) for all e€ E. For allv e V, denote

v = sv+ ¥ r@- Y 1@ (3.4)

écin(v) écout(v)

the load onv after the first round, and Ie¥’ = (G,9, f') andF” = (G,d, f”). By
induction hypothesis, applying the schedule construction to the flow gfepdrsd F”
yields schedule§' andS” and, for alle € E, valuesd/(e) andd/’(e), i > 0, with

di(e) = 0, (3.5)
d! F-1(8) = 0. (3.6)

We now show by induction one [rqpt(F)] U {0} that applying the schedule construction
to F yields

| d’(e)+ f'(e) if0 <i<rop(F)—1,
di(e) < {o otherwise

for all e E. As our basis case, let= 0. We have

do(e) =

which proves that the claim holds for the basis case. For the induction step; let
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[ropt(F)], and assume that the claim holds for 1). If i <rqp(F) —1, then we get

di(e) = max{ di-1(8) — 5('[(6))’0}

Induction
< max{ > ({’_1(é)+f’(é))—6(t(e)),0}

3.4), page66
34 i 9 max{

% (d”1(8)+1'(8)
{iti(e)

—(6’(t(e))—f/(e)+ 2 f’(é)),o}
écout(t(e))

(3.2), page65 ” ,
< max{d(e) + f'(e),0}

= d’(e)+f'(e)

for all e € E. Otherwise,

dropt(F) (E) = max

(3.6), page66

Induction
< max{ > (dr )28+ 1'(®) - 6<t<e>>,o}
Ecout(t(e

(3.2),gage65 d’l(e)

3.5), page66
(35), pag 0

for allec E. Sinced;, ) > 0, this impliesd, ) = O, proving the inductive clainm

We now use Theorem 3.2 (page 65) to give a distributed algoritbrESULEDIRECT-
EDTREES stated as Algorithm 2 (page 68), which (implicitly) computes a schedule for flow
graphsk = (G, §, f) with directed treé>. The algorithm works in two phase:

(1.) In the first phase, every vertex V keeps a variableinitialized with 0. Theny suc-
cessively sends the valudg(e), j € [ke], along its incoming edge = (parent(v),V) to
its parentparent(v), whereke is minimum withdy,(e) = 0. Clearly,d;(e) can be com-
puted from the flows on the outgoing edges, dp@), j € [k \ {1}, can be computed
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Algorithm 2 (SCHEDULEDIRECTEDTREESON vertexv € V)
Input: a flow graphF = (G, d, f) with directed trees

(1) begin

(2) e« (parent(v),v);
/I phase 1

@) <0

(4) do(e) < f(e);
(5) whiled(e) #0do

(6) J—i+1
(7) dj(e) < max{ Y scoutt(e)) dj-1(8) — At (€)),0};
(8) sendd; (e) alonge;
9) received; (€) from all € € out(v);
(10) ke« 1;
/l phase 2
(11) i< O0;
(12) whilei <kedo
(13) if 8(V) > 3 acout(v) (Gie—i-1(€) — di-i(€)) then
(14) sendd,_i_1(&) — dx.—i(€) tokens along eacd € out(v);
(15) i —i4+1;
(16) receive tokens from adl € out(v);
a7) updated(v);
(18) end

in round j from the values received in the previous rourd- 1). The valued;(€) of
an outgoing edge is assumed to be 0 if no information has been sent a®nBy
Theorem 3.2 (page 65), we hake< ropt(F) forallec E.

(2.) Inthe second phasesendsdy,_i_1(&) — di,—i(€) tokens via each of its outgoing edges
é € out(v) and incrementsif the number of tokens omin the current round is at least

> (Oie-i-12(8) —di-i(€)) -

écout(v)
Otherwise, no tokens are sent. This step is repeatedi uati.

We now prove that the schedule (implicitly) computed byHE DULEDIRECTEDTREESTre-
quires at mostpt(F) rounds.

Corollary 3.3 Consider a flow graplir = (G, 9, f) with directed tree G. TherSCHEDULE-
DIRECTEDTREES(implicitly) computes a schedule férrequiring at mos@rqt(F) rounds.

Proof: Letk =maxcg ke. Fix an arbitrary €V, and denot& the value of afterr rounds of
ScHEDULEDIRECTEDTREESONV. Clearly,v has sent an overall amount df,_;, (€) tokens
along each edge€< out(v) afterr rounds.

We now show by induction on r > 0, thatke — ix;r < k—r. Sinced;(€), j € [k U{0},
is monotonically decreasing ipfor all & € E, this impliesd,_,,, (€) > dk_r(€), showing
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that SSHEDULEDIRECTEDTREESdelays the optimum schedule by at mksbunds. Since
Theorem 3.2 (page 65) impliés< ropt(F), this proves the claim.

As our basis case, let= 0. In this case, no load has been sent, showing that the claim
holds for the basis case. For the induction stepr, let0 and assume that the claim holds for
r.If ke—ikyr <k—r, then we immediately gé& — iy, (r4.1) < k— (r +1), proving the claim.

So, assumée — ix;r = k—r. We proceed by showing that in this cage ;1) = ikir + 1.
Clearly, the load' (v) kept by vertexv afterk+r rounds is

V) = W) tOe i, (®— 3t (®
&cout(v)
(3.2), page65 ~ s
= max{ z dke_ik+r_1(e),6(v)}— z dke—ik+r(e)
&cout(v) &cout(v)
> Y Okeig—1(8) = Y i, (8)
écout(v) écout(v)
= Y (demiper—1(8) — Ohemir . (8)) -
écout(v)

Thus, vertexv has sufficient load to sendl,_j,,,1(€) — di.i,,, (€) tokens via each of its
outgoing edges & out(v). Thereforejy ;1) = ik:r + 1, as needed. [

3.4.2 Arbitrary Trees

We now show how SHEDULEDIRECTEDTREEScan be used to give a distributed algorithm
for flow graphsF = (G, d, f) with arbitrary treeG.

Theorem 3.4 LetF = (G, 9, f) be a flow graph with arbitrary tree G. Then, there exists a
distributed algorithm which (implicitly) computes a scheduleRaequiring at mos@rqpt(F)
rounds.

Proof: In order to prove the claim, we construct an algorith@HEDULEARBITRARY-

TREES In this algorithm, we distinguish betweepward edgesanddownward edges An
edgee € E is called upward ifparent(s(e)) = t(e) holds, otherwise it is called downward.
Since the underlying network is a tree, every vertex has at most one outgoing edge which is
upward. EHEDULEARBITRARY TREESworks as follows:

(1.) In each round, every vertexc V sends all available load via its outgoing upward edge
until it is saturated. Note that a vertex with an outgoing upward edge receives load via
all its incoming edges while sending load only via its sole outgoing upward edge. As a
consequence, all upward edges are saturated after atsg@dst) rounds.

(2.) Simultaneously, as iInCHEDULEDIRECTEDTREES every vertex € V connected with
its parent by a downward edgesends the valuedj(e), j € [ke|, alonge, whereke is
minimum withd,, = 0. Heredo(e),...,dk,(e) are calculated according to the remaining
flow with saturated upward edges. Therefarbdas to know the load'(v) it will have
when all upward edges are saturated. This load can easily be computed by

v = dv+ Y fe- Y f(e.

ecin(v) ecout(v)
v=parent(s(e)) t(e)=parent(v)
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(3.) After a vertexv € V has received;(€), j € [ks], for all outgoing downward edges ~
and all incoming upward edges are saturated, which is the case after atgm@s}
rounds,v sends tokens along its outgoing edges in the same way asHALBJLEDI-
RECTEDIREES

Similar to the proof of Corollary 3.3 (page 68), it can be proved that the total number of rounds
required by SHEDULEARBITRARYTREESIs at most 2,t(F) rounds, as needed. [

Figure 3.3: Flow graph for which GHEDULEARBITRARYTREESneeds twice the minimum
number of rounds.

Note that the proof of Theorem 3.4 (page 69) does not depend on the choice of the root of
the tree network. The following example shows that the bound proved in Theorem 3.4 (page
69) is tight.

Example 3.5 Consider the flow grapk = (G, d, f) with root u; (illustrated in Figure 3.3).
Applying SCHEDULEARBITRARYTREES vertex @ sends its k tokens to its parent. UAs a
result, one of the tokens from, lhas to be sent along the path from 10 uz of length2k.
However, sending the k tokens oftoward 1 leads to k+ 2 rounds. So, the ratio between
the number of rounds used ISCHEDULEARBITRARYTREESand the minimum number of

rounds is%, and this ratio converges t®as k increases.

3.5 Conclusion and Directions for Further Research

We considered the problem of scheduling items in synchronous processor networks according
to a given flow graph, trying to minimize the required number of rounds. We first analyzed
general distributed scheduling strategy. In particular, we showed that for every distributed
scheduling strategy there exists a flow on which this strategy requires a%lebiansdas the
minimum number of rounds. Furthermore, we presented a distributed algorithm for flows in
tree networks. In contrast to the known local greedy algorithms, this algorithm investigates
the structure of the flow graph before sending tokens. We showed that the algorithm requires
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at most twice the minimum number of rounds. To the best of our knowledge, this is the first
distributed flow scheduling algorithm (even though feestrictedclass of flow graphs) which
is optimum up to a constant factor.

Though we gave a thorough analysis of the considered flow scheduling problem on tree
networks, some of the fundamental problems still remain open:

e Close the gap between the lower bo@dnd the upper bound 2 on tree networks.

e Can the proposed approach be adapted to more general networks (like e.g. networks
with bounded treewidth)?

e What is the best possible approximation factor for general networks?
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Selfish Routing in Non-Cooperative
Networks

Aller Eigensinn beruht darauf, dal3 der Wille
sich an die Stelle der Erkenntnis gedringt hat.

Arthur Schopenhauer (1788-1860)

4.1 Introduction

4.1.1 Motivation and Framework

Large-scale traffic and communication networks, like e.g. the internet, telephone networks,
or road traffic systems often lack a central regulation for several reasons: The size of the
network may be too large, the network may be dynamically evolving over time, or the users of
the network may be free to act according to their private interest, without regard to the overall
performance of the system. Besides the lack of central regulation even cooperation of the
users among themselves may be impossible due to the fact that the users may not even know
each other. Networks with non-cooperative users have already been studied in the early 1950s
in the context of road traffic systems [11, 30, 145]. Recently, motivated by non-cooperative
systems like the internet, combining ideas from game theory and theoretical computer science
has become increasingly important [45, 75, 119, 120, 124].

An environment, which lacks a central control unit due to its size or operational mode, can
be modeled as a non-cooperative game [123]. Users selfishly choose their private strategies,
which in our environment correspond to paths (or probability distributions over the paths)
from theirsourcedo theirdestinationsWhen routing theitrafficsaccording to the strategies
chosen, the users will experienceexpected latencyaused by the traffics of all users sharing
edges. Each user tries to minimizeptsvate costexpressed in terms of its expected latency.
This often contradicts the goal of optimizing teecial costwhich measures the global per-
formance of the whole network. Such networks are call@a-cooperative network88] (see
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Figure 4.1 for an illustration of such a network). The degradation of the global performance
due to the selfish behavior of its users is often terqece of anarchy[124, 130] and mea-
sured in terms of theoordination ratio The theory of Nash equilibria [95, 117, 118] provides

us with an important tool for environments of this kind:Nash equilibriums a state of the
system such that no user can decrease its private cost by unilaterally changing its strategy.

[ i source 2
atency

: destination 2

Figure 4.1: A non-cooperative network.

The concept of Nash equilibrium [95, 117, 118] has become an important mathematical
tool for analyzing the behavior of selfish users in non-cooperative systems. It has been shown
by Nash that a Nash equilibrium exists under fairly broad circumstances. Many algorithms
have been developed to compute a Nash equilibrium in a general game (see [108] for an
overview). Although the celebrated result of Nash [95, 117, 118] guarantees the existence of
a Nash equilibrium for any finite strategic game, the complexity of computing a Nash equi-
librium in general games is wide open even if only two users are involved. This problem has
been advocated as one of the most important open problems in theoretical computer science
today [124].

In this chapter, we consider a routing game introduced by Koutsoupias and Papadim-
itriou [93], widely known as th&KP-model In this model,n non-cooperative users wish to
route their unsplittablé&affics wi, . . ., w, through a very simple network pfrallel linkswith
capacities g, ..., Cy from source to destination. In the modelidéntical usersall users have
equal traffic whereas the traffics may be different in the moderbitrary users Depending
on how the latency of a link is defined we distinguish between three variations of the model.
In the model ofdentical links all links have equal capacity. In the modelrefated links the
latency for a link|j is defined to be the quotient of the sum of the traffics thropgind the
capacityc;. In the most general model ahrelated linksthere exists neither an ordering on
the traffics nor on the capacities, that is, useduces loadv;j on link j.

Each user is allowed to route its traffic along links fromgtgategy set If the strategy
sets of all users contain all links, then we hawveestricted strategy setetherwiserestricted
strategy setsA pure strategyor a user corresponds to some specific link in its strategy set. A
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mixed strategyor a user is a probability distribution over pure strategies. Each user employs
a (mixed) strategy, trying to minimize iexpected latencyA pure assignmens ann-tuple

of pure strategies. Mixed assignmemg ann x m probability matrix. A mixed assignment is
fully mixedif every user chooses each link with non-zero probability.

There is also a global objective function calleatcial cost We investigate the KP-model
with respect to two different definitions of social cost. The first one, catlalespan social
cost is defined as thenaximum expected laten[88] over all links, whereas the second one,
calledpolynomial social costis defined as the expectation of the weighted sum dlgno-
mial cost functiorof degreed > 1, evaluated at the incurred link loads [57, 102]. However,
users do not attend to social cost. The ratio of the maximum social cost of a Nash equilibrium
over the minimum social cost of an assignment is cafiede of anarchyor coordination
ratio.

4.1.2 Contribution

In this chapter, we prove a multitude of results on the KP-model and its variations. In order to
simplify the evaluation of these results, we integrate them in a thorough survey. We continue
to state oumainfindings here.

4.1.2.1 Makespan Social Cost

Computation of Pure Nash Equilibria. Itis easy to see that, for any given pure assignment,

the lexicographical orderingf the vector of link latencies decreases if allowing exactly one
user at a time to decrease its private cost by changing its strategy. Such an improvement step
is calledselfish stepThus, starting with any pure assignment, every sequence of selfish steps
eventually ends in a pure Nash equilibrium, and we can use any such sequence to compute a
pure Nash equilibrium. However, a priori it is not clear how many selfish steps are necessary
to reach a pure Nash equilibrium. For identical links, we obtain through a thorough analysis
the following results:

e The length of a sequence of selfish steps can'& 23, that is, exponential in the
number of users, before reaching a pure Nash equilibrium (Theorem 4.13, page 99).

e The length of a sequence of selfish steps is at mbst Rif the users always choose
their best link (Theorem 4.16, page 101).

e There exists an algorithm, calledaNHIFY-IDENTICAL (Algorithm 4, page 102), using
selfish steps to compute a Nash equilibriunOinlogn) time. NASHIFY-IDENTICAL
first orders the users according to their traffics and then one after another reassigns the
users to their best link, starting with the user with largest traffic. The length of the used
sequence of selfish steps is at mogtheorem 4.21, page 102).

e Clearly, selfish steps do not increase makespan social cost. Thus, combiniihghe
of Hochbaum and Shmoys [70] for schedulingobs on m identical machineswith
NASHIFY-IDENTICAL yields aPTAS for computing a pure Nash equilibrium with min-
imum social cost (Theorem 4.25, page 106).
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Price of Anarchy.  For pure Nash equilibria, we prove an extensive collection of bounds on
the price of anarchy. In particular, we show:

For the model of arbitrary users and identical links, the price of anarchwi%
(Theorem 4.28, page 106).

For the model of arbitrary users and related links, the price of anardhylign) up to
an additive constant (Corollary 4.63, page 131, and Proposition 4.65, page 131), where
—1is the inverse of the well-knowBamma functiorfsee Subsection 4.2.2).

For the model of arbitrary users with restricted strategy sets and identical links, the
price of anarchy i$"~(m) up to an additive constant (Theorem 4.91, page 147, and
Theorem 4.92, page 148).

For the model of identical users with restricted strategy sets and related links, the price
of anarchy is bounded from above by (n) + 1 (Theorem 4.96, page 152). This bound
is tight up to an additive constantif= m(Theorem 4.91, page 147).

For the model of arbitrary users with restricted strategy sets and related links, the price

of anarchy lies in betweem— 1 andm (Theorem 4.98, page 155).

For the model of unrelated links, the price of anarchg—%% if wij < oo for all
€ [n], j € [m] (Theorem 4.107, page 162). 7

Complexity Results.  We also give a comprehensive collection of complexity results. In
particular, we prove:

For the model of arbitrary users and identical links, ifN&’-complete to decide for a
given instance and associated pure Nash equilibrium whether there exists another pure
Nash equilibrium with less social cost (Theorem 4.24, page 104).

For the model of arbitrary users with restricted strategy sets and identical links, a pure
Nash equilibrium with minimum social cost is n@— €)-approximable for ang with
0 < € < 1 unless? = AP (Theorem 4.89, page 145).

For the model of arbitrary users and identical links, a pure Nash equilibrium with max-

imum social cost is not2 — ~2; — €)-approximable for ang with 0 <& < 1— -2;

unless? = AP (Theorem 4.29, page 108).

For the model of arbitrary users with restricted strategy sets and related links, a pure
Nash equilibrium with maximum social cost is noh— 2 — €)-approximable for ang
with 0 < € < m— 3 unlessP = AP (Theorem 4.99, page 157).

4.1.2.2 Polynomial Social Cost

Computation of Pure Nash Equilibria. We consider the computation of pure Nash equi-
libria under the assumption that the polynomial cost function isithgoower. We prove:
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e For the model of arbitrary users and identical links, selfish steps do not increase so-
cial cost (Proposition 4.114, page 166). Thus, combiningPti%s of Alon et al. [3]
for schedulingobs on identicalmachineswith respect to thel-norm with NASHIFY-
IDENTICAL Yyields aPTAS for computing a pure Nash equilibrium with minimum social
cost (Theorem 4.120, page 168).

e For the model of identical users and related links, a pure Nash equilibrium with min-
imum/maximum social cost can be computedOtmlognlogm+ m) time if d > 2
(Theorem 4.146, page 194, and Theorem 4.149, page 198).

Price of Anarchy.  We prove an extensive collection of bounds on the price of anarchy. In
particular, we show:

e For the model of arbitrary users and identical links, restricted to pure Nash equilibria,

the price of anarchy i{;(#)zz;f)—g)d_—l (d%l)d if the polynomial cost function is thdth

power,d > 2 (Theorem 4.126, page 171).

e For the model of identical users and two identical links, we prove that the fully mixed
Nash equilibrium has maximum social cost (Theorem 4.134, page 178). Equipped with
this result, we prove that the price of anarchy in this modgl(i8%-1 + 1) if the poly-
nomial cost function is thdth power (Theorem 4.136, page 182). This implies that the
price of anarchy is bounded from above 12‘)(/2" +d-— 1) for general polynomial cost
functions (Corollary 4.137, page 183).

e For the model of identical users and identical links, we prove that the fully mixed Nash

equilibrium has maximum social cost up to fac(dr+ rll)d (Theorem 4.138, page
184). Equipped with this result, we prove that the price of anarchy in this model is

bounded from above bﬁ/l+ nfll)d - By if the polynomial cost function is théth power,
whereBy is the dth Bell number(Theorem 4.140, page 189). This implies that the
price of anarchy is at mogtc (g (1+ nfll)t - B; for general polynomial cost functions
(Corollary 4.137, page 183).

e For the model of identical users and related links, the price of anarchy is bounded by
Q(m?-2) if the polynomial cost function is thdth power,d > 2 (Proposition 4.151,
page 198). Thus, the price of anarchy is polynomiahiwhereas it is independent of
min the previous cases.

4.1.3 Related Work and Comparison

We now give a brief survey on areas of game theory closely related to the KP-model. For a
general introduction to game theory, we recommend [106, 115, 122, 123].

4.1.3.1 Congestion Games

Congestion games were introduced by Rosenthal [127, 128]. In such a game, a finite number
of users chooses a non-empty subset of a finite set of resources. The private cost of a player is
the sum of the cost of the resources it uses. Here, the cost of a resource only depends on the
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number of playersharing it. By constructing gootential functiorfor such congestion games,

the existence of pure Nash equilibria can be established. Moreover, Monderer and Shapley
[110] showed that everffinite) potential games isomorphic to a congestion game. In case

of identical users, the KP-model is a special case of congestion games in which each link
corresponds to a resource. Otherwise, the KP-model is a special casegbted congestion
gameq109].

4.1.3.2 Selfish Unsplittable Routing

In the remainder of this chapter, we present our results on the KP-model and its variants,
included in a thorough survey. Other surveys are in [27, 47, 91].

Libman and Orda [99, 100], Czumej al.[28] and Gairinget al. [58] studied the network
of parallel links withgeneral latency functiond-otakiset al. [51] considered selfish unsplit-
table routing in general networks. They showed that there exist single-commodity (weighted)
network congestion games without pure Nash equilibrium. Moreovetaj@red networks
they showed that for delays equal to the congestions, there always exists a pure Nash equilib-
rium, and it can be computed in pseudo-polynomial time. The price of anarchy for this type
of game is9(poRr).

Selfish unsplittable routing is closely related to unsplittable flows. The first constant-
factor approximation algorithms for tiengle-sourceunsplittable flow problem were already
obtained by Kleinberg [81]. Further polynomial time approximation algorithms based on
rounding techniques were presented by Kolliopoulos and Stein [86]. [@nékz[37] showed
how to turn a splittable flow into an unsplittable flow in polynomial time. This yielded an
approximation factor of 2. For other publications on unsplittable routing, we refer to [8, 18,

82, 83, 84, 85, 87, 139].

4.1.3.3 Selfish Splittable Routing

The earliest model for non-cooperative networks, den@tadirop-modelwas already stud-

ied inthe 1950’s [11, 30, 145] in the context of road traffic systems. Here, traffisphitable

into arbitrary pieces. Wardrop [145] introduced the concept of equilibrium to describe user
behavior in this kind of traffic networks. For a survey of the early work on this model, see
[12]. In this environment, unregulated traffic is modeledhasvork flow Given an arbitrary
network with edge latency functions, equilibrium flows have been classified as flows with all
flow paths used between a given source-destination pair having equal latency. Equilibrium
flows are optimum solutions to a convex program if the edge latencies are given by convex
functions.

A lot of subsequent work (see [135, Section 1.2] for a brief survey) on this model was
motivated by Braess’s Paradox [15]. An equilibrium in this model can be interpreted as a
Nash equilibrium in a game with infinitely many users, each carrying an infinitesimal amount
of traffic from a source to a destination. The private cost of a user is defined to be the sum of
the edge latencies on a path from the user’s source to its destination, the social cost is defined
to be the sum over all edge latencies in the network. In contrast to the KP-model, the social
costs of all Nash equilibria are equal.

Ordaet al. [121] investigated equilibria when restricting to a network of parallel links.
Inspired by the new interest in the coordination ratio, the Wardrop-model was re-investigated
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[20, 101, 129, 130, 131, 132, 134, 135, 136]. Recently, the influence of taxes to the selfish
behavior of the users were considered [22, 23, 49]. The practical relevance of the Wardrop-
model is underpinned by its use by traffic engineers, who utilized equilibria in route-guidance
systems to prescribe user behavior. Recent analysis of this framework have been done by
Correaet al.[24, 112] for capacitated networks. Algorithms and experimental benchmarking
on real-world problems were given by Jadiral. [74].

4.1.3.4 Stackelberg Games

In a Stackelberg gamene user acts aslaader, and the remaining users &dlowers The
problem is then to compute a strategy for the leader, a so-c8li@ckelberg strategythat
induces the followers to react in a way that they attend to social cost.

Korilis et al.[89, 90] started considering Stackelberg strategies for the Wardrop-model re-
stricted to parallel links. Roughgarden [133] showed that computing an optimum Stackelberg
strategy is\(P-hard, and he introduced an algorithm, computing a Stackelberg strategy that
leads to a Wardrop equilibrium with social cost at most a constant factor away from the opti-
mum. Moreover, Kumar and Marathe [96] gavERTAS to compute an optimum Stackelberg
strategy.

4.1.3.5 Network Design

Pigou’s example [125] and the well known Braess’s Paradox [15] show that there exist net-

works such that strict sub-networks perform better when users are selfish. If the goal is to
construct a network where the coordination ratio of the network is small, then an interesting

network design problem arises: Given a network and the corresponding routing tasks, de-
termine a set of edges which should be removed from the network to obtain a best possible
routing at Nash equilibrium. Such network design problems arise e.g. in the routing of road

traffic, when traffic engineers want to determine roads that should be closed, or changed to
one-way roads, in order to obtain an optimum traffic flow. See [4, 5, 43, 67, 88, 129] for recent

publications on this topic.

4.1.4 Organization

The rest of this chapter is organized as follows. After some preliminary remarks in Section 4.2,
we formally introduce the KP-model and its variants in Section 4.3, and investigate these
variants in Sections 4.4 - 4.9. We conclude, in Section 4.10, with a discussion of our results
and some open problems.

4.2 Preliminaries

After the introduction of some basic notations in Subsection 4.2.1, we defiGstinena func-

tion, a generalization of factorials to non-integer values, and state some of its basic properties
in Subsection 4.2.2. In Subsection 4.2.3, we introdafleng factorials Stirling numbers of

the second kindndBell numbersand we show how they are related. We then define and
investigate ainomial cost functionn Subsection 4.2.4. We close, in Subsection 4.2.5, by
giving a list of decision problems.
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4.2.1 Notation

For all integersk > 0, we denotek] = {1,...,k}. For a random variablX with associated
probability distributionP, denoteEp(X) theexpectationof X.

4.2.2 The Gamma Function

For any integek > 1, theGamma function I is defined by

rk+1) = ki, (4.1)
while for any arbitrary real number> 0,
rx — /O Cpletdt 4.2)
We notice that
Fx+1) = x-x. (4.3)

The Gamma function is invertible, and bdtrand its inversé —! are monotonic increasing.
Moreover, it is well known (see e.g. [62]) that for any integer 1, it is

1 _ logk B logk
r—k = loglogk-(1+o(1)) = e(loglogk)' (4.4)

For a textbook introduction to the Gamma function, see [66, 68].

4.2.3 Falling Factorials, Stirling Numbers and Bell Numbers
For any pair of integerk > 1 andi > 0, denotek! theith falling factorial given by
K=k (k=1)---(k—i+1).

For any pair of integersl > 1 andi € [d] U {0}, the Stirling number of the second kind
S(d,i) counts the number of partitions of a set wittelements into exactly blocks (non-
empty subsets). In particulad, 0) is taken to be 0, while

Sd,1) = Sd,d) = 1. (4.5)
Also, for alld > 2,
Sd,2) = 201-1. (4.6)

Furthermore, Stirling numbers of the second kinddor 2 andi € [d — 1] satisfy the recur-
rence

Sd,i) = Sd-1,i—1)+i-Sd-1,). 4.7)

It is known that for all integerd > 1, it holds that

kK = ;S(d,i)-ki. (4.8)
ield]
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This implies that the Stirling numbers of the second kind arectivenecting coefficientse-
tween the sequence of powers and the sequence of falling factorials. For any thteder
thedth Bell number By counts the number of partitions of a set witlelements into blocks.
Thus, we have

By — d.i). (4.9)
d ie%]S( )

For a textbook introduction to falling factorials, Stirling numbers of the second kind and Bell
numbers, see [2, Chapters Il & III].

4.2.4 Binomial Cost Functions

We now introduce th&éinomial cost function kb, g), wherep = (pa,..., pr) is a probability
vector andg : R — R is a function. Gairinget al. [58] proved that in case thatis convex,

the binomial cost function increases by replacing all probabilities by the average probability

(Lemma 4.2). We prove how binomial cost functions, Stirling numbers of the second kind,
and falling factorials are relateddgfis just thedth power (Proposition 4.3).

Definition 4.1 For any integer re [n], consider a probability vectgp = (ps, ..., pr), and fix
a function g R — R. Thebinomial cost function H(p, g) is defined by

HP,9) = > []r[]@—p)-9(lA]).
AC|r]ke kgA

If all probabilities have the same value p, then we write

Hprg) = 3 ()ra-pr o, (4.10)

Lemma 4.2 (Gairing et al. [58]) For a probability vectop = (p,...,pr), letp= w If
the function g is convex, then(p,g) < H(p,r,g).

Proposition 4.3 For the binomial cost function Fp,r,xd), d > 1, we have

Hiprx®) = 3 p-s(d,i)-r.

ie(d]
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Proof. Clearly,
(4.10), page81

= (D p(1—p)
kelr]

H(p,r,x%)

Resolving this recurrence leads to
H(p,r,x7)

I
™M
T.

Q
—~
o
=
i

for somea(d,i) > O with
a(d,1) = §d,1) = 1,
a(d,d) = §(d,d) = 1.
We proceed to show that(d,i) = S(d,i) foralli € [d—1]\ {1}. We have

wprd)  pe s (T2
o<t<d-1 t

= p'r'H(par_:L?l)—'_p'r ; (d_]-)H(par_laXt)
teld—1] t
MY prgpr Y (d_l)wp,r—l,xt)
te[d—1] t
(4.12) d-1

= p-r+pr 3 Z(dt_l)pi-a(t,i)-(r—l)i

teld—1]ielt]

d—1\ -
= p-r+ ptl.a(t,i) rtt
s 5 (%)

teld—1ieft

= p-r+ pi—i-l.rﬂ % (d_l)a(tJ)
ie[d-1] i<t<d-1 t

. d-1
= p-r+ p'-rt < )u(t—l,i—l).
Z i<t<d t-1

2<i<d
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Thus, comparison with Equation (4.12) (page 82) implies

We proceed to show by induction @h d > 2, thata(d,i) =a(d—1,i—1)+i-a(d—1,i)
for all i € [d—1]. As our basis case, let=2. We only have to considér= 1. Since
a(1,1)=0a(2,1)=1anda(1,0) =0, we haven (2,1) = a(1,0)+ 1-a(1,1) = 1, proving that
the claim holds for the basis case. For the induction step, fe2, and assume that the claim
holds for(d — 1). On the one hand,

a(d,i—1)+i-a(d,i)

- ilgtéd ((tj:ll)a(t SZS ( ) Bl
— (?__21>0((i—2,i |<t<d< )O(t—ll—

+i .igtzgd (?:i)a(t—l,i ~1)

_ ((_j_21>a(i—2,i—2)+i<t<d (?:11) a(t—1i—2)+ (i— Daft—1i—1)

+i<tz<d (?__Da(t —1,i—-1)

— -1 .
= (d 1) + % (d )a(t,|—1)+
-2 i<t<d—1 t—-1 i<t<d—1

[ I=L=
(?__21> * (?__1) +0((d,i—1)+iStS 1{(?:11> + (dzl)] at,i—1)
- (?__21>+(?__1>+G(d,i—1)+i§t§ l(?)a(t,i—l)
( i)

-

=
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On the other hand,

a(d+1,i) =

i<t<

- 2 (e
(), g (o

_|_
=
N\
~—+
| o
[
~_
—
|
[
N

This proves the inductive claim. Thug,d,i) is defined in the same way &d,i) (see
Equation (4.7), page 80), as needed. [

4.2.5 List of Decision Problems

We conclude this section with a list some decision problems used in the remainder of this

chapter. The definitions are given in the style of Garey and Johnson [61].

3-DIMENSIONAL MATCHING

INSTANCE: Afinite set7? C X xY x Z, whereX, Y, andZ are disjoint sets
with |X| =|Y| = |Z| = g elements.

QUESTION: DoegI contain a matching, i.e., a subsetC 7 such that7’| = q
and no two elements af’ agree in any coordinate?

BIN PACKING

INSTANCE: A finite setU of items, and a sizg(u;) € N for each itemu; € U,
i € [|U|], a numbeK of bins, and a positive integer capacBy

SOLUTION: Isthere a partition ofl into disjoints set¥/s, ..., Uk such that
the sum of the sizes of the items in eatdh, j € [K], isB or less?

MULTIPROCESSOR SCHEDULING

INSTANCE: Afinite setZ of tasks, a numbef of processors, a lengtft, j) € N
for eacht € 7 on maching € [K], and a positive integer deadlime

QUESTION: Is there &-processor schedule faF that meets the overall dead-
line?

PARTITION

INSTANCE: A finite set of items, a sizes(u;) € N for each itemu; € U, i €
[|U|], and a numbeK.

QUESTION: Isthere a partition ol into disjoint setst/s, . .., Uk such that
Suety S(U) = ey S(u) for alli, j € [K]?

If K is not part of the input, then the problem is calledPARTITION.




4.3 KP-Model 85

4.3 KP-Model

We now formally introduce th&P-model and its variants considered in the remainder of
this chapter. The definitions are patterned after those in [46, Section 2], [50, Section 2], [57,
Section 2], [59, Section 2], [103, Section 2], and [107, Section 2], which, in turn, were based
on those in [93, Sections 1 & 2].

4.3.1 Instance

We consider a simpleetwork consisting of a set ahparallellinks 1,2, ... mfrom asource
node to adestination node. Each of usersl,2,...,nwishes to route a particular amount of
traffic along a (non-fixed) link from source to destination. Assume throughouttbka® and

n > 2. Denotew; > 0 thetraffic of useri € [n]. Define then x 1 traffic vector w in the natural
way. Without loss of generality, assume that>w, > ... > w,. LetW = YicnWi- In the
model ofidentical users all user traffics are equal to 1, whereas traffics may vary arbitrarily
in the model ofarbitrary users.

Denotec; > 0 thecapacityof link j € [m], representing the rate at which the link processes
traffic. Define them x 1 capacity vector cin the natural way. Assume throughout, without
loss of generality, that; > ... > ¢y LetC = > iemCj- In the model ofidentical links, all
link capacities are equal to 1, whereas link capacities may vary arbitrarily in the model of
related links. In the model ounrelated links, there exists neither an ordering on the traffics
nor on the capacities, and we denwig > 0 thetraffic of useri € [n] on link j € [m]. We
setwjj = o if useri is not allowed to choose link. Define then x m traffic matrix w in
the natural way. Clearly, link capacities are not necessary as a problem input when links are
unrelated. However, to obtain common expressions in the following definitions, we assume
that the link capacities are equal to 1. Astanceis a pair(w,c). If the users are identical,
then we replace by n. Similarly, we replace by mif the links are identical. An illustration
of an instance with arbitrary users and related links is given in Figure 4.2.

W. C1

3 ‘ ‘
°
.
.

Wh Cm

Figure 4.2: The KP-model with arbitrary users and related links.
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4.3.2 Strategy and Assignment

Each user € [n] is allowed to route its traffic along links from issrategy setR; C [m|. Define
then x 1 strategy set vector Rin the natural way. LeR= <y |[R|. If Ri = [m] for all users
i € [n], then we havenrestricted strategy sets otherwisaestricted strategy sets Note that
restricted strategy sets can be interpreted as a special case of the unrelated links model where,
for all users € [n], wij = w; for all j € R andw;j = « otherwise. Thus, it is not necessary to
explicitly stateR, and we will omit it in the sequel.

A pure strategy for useri € [n] corresponds to some specific link. rAixed strategy
for useri € [n] is a probability distribution over pure strategies. Thus, it is a probability
distribution over the set of links. We definedicator variables lij € {0,1}, i € [n] and
j € [m], such that;; = 1 if and only if p;; > 0.

A pure assignment Lis ann-tuple (¢1,02,...,¢y) € [m". A useri € [n] is soloin L if
no other user is assigned to lidk A mixed assignmentis ann x m probability matrix
P = (pij) of nm probabilitiespij, i € [n] and j € [m], wherepjj is the probability that user
I chooses linkj. Throughout, we will cast a pure assignment as a special case of a mixed
assignment in which all strategies are pure. $tapport of the mixed strategy for usee [n],
denotedsupportp(i), is the set of those pure strategies (links) to which usesigns positive
probability:

supportp(i) = {j € [m|pj >0}
= {iem[hj=1}.
For each linkj € [m], define theview of link j, denotedviewp(j), as the set of useisc [n]
that potentially assign their traffics to link
viewp(j) = {i€[n]|pj>0}.

A mixed assignmerf = (fjj) is fully mixed [107, Section 2.2] iffj; > O for all users € [n]
and linksj € [m|. It is generalized fully mixed[50, Section 2] if there exists a subst [m|
such thatfij > 0 for all i € [n] and j € S, and fjj; = 0 otherwise. Thus, the fully mixed
assignment is a special generalized fully mixed assignment verfn|.

4.3.3 Load and Latency

Fix now a mixed assignmei Theexpected loadd;(P) on a linkj € [m] is defined by
5j(P) = > Ppijwij -
ie[n|
Theexpected latency\(P) on a link j € [m] is the ratio between the expected load on ljnk
and the capacity of link. Thus,

| W
N %
J J

Themaximum expected latency\ (P) is the maximum, over all links, of the expected latency
Aj(P)onalinkj € [m], that s,

AP) = maxAj(P).

je[m
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4.3.4 Individual Cost

Theexpected individual cosffor useri € [n] on link j € [m], denoted\;j (P), is the expectation
of the latency for usergiven that its traffic is assigned to link Thus,

Wij + ke ki PkiWkj
Cj

Oj(P) + (1— pij )Wij
Cj

Aij(P) =

For each usere [n], theminimum expected individual cost denoted\; (P), is the minimum,
over all linksj € [m], of the expected individual cost for usesn link j. Thus,

Ai(P) = ]ré‘['n})\u()

DenotelC(w,c,P) the maximum expected individual cost defined as the maximum, over
all users, of the minimum expected individual cost, that is,

IC(w,c,P) = maxjAi(P).

ie[n|

4.3.5 Social Cost Measures
4.3.5.1 Makespan Social Cost

In their seminal work, Koutsoupias and Papadimitriou [93] introduced the following measure-
ment for the social welfare. Associated with an instafwec) and a mixed assignmeft

is themakespan social costor social cost[93, Section 2] for short, denote&f.(w,c,P),

which is defined as the expected maximum latency on a link, where the expectation is taken
over all random choices of the users. Thus,

SCo(w,c,P) = Ep (maxw>
jem Cj
i Wi
- > <|_| Pk - maxz'eL'_—‘”> .
(01,05,....Ln)E[M]" je[m Cj

ke[n|

Note thatSC.(w,c,P) reduces to the maximum latency through a link in the case of pure
strategies. Moreover, by definition of the social cost, there always exists a pure assignment
with minimum social cost. So, treptimum [93, Section 2] associated with an instatiaec),
denotedOPT(w,C), is theleast possiblenaximum (over all links) latency through a link,

that is,

OPTw(w,c) = min maxw.
(l1,L2,...tn) €M™ j€[m] Cj

Note thatOP T (w,c) refers to aroptimumpure assignment.
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4.3.5.2 Polynomial Social Cost

We also consider a measurement for global welfare introduced by Gairadg57]. Let

) = 5 ax

0<t<d

be a polynomial of degred > 1 with non-negative coefficients, that ig, > 0 for all t €
[d] U {0}. Associated with an instancev, ), apolynomial cost functiond(x), and a mixed
assignmenP is thepolynomial social cost[57, Section 2], osocial costfor short, denoted
SCraw (W, ¢, P), which is the expectation of the weighted sum of the polynomfiéx) evalu-
ated at the incurred link loads. Thus,

T[d(Zie[n]:éi—jWij)>

SCraxy(W,C,P) = Ep(Z c
jelm| :

T (Sicm:—j Wi ))

B jngEP< Ci
T (SicaWi)
- i 1-pj) | —=———.
3,2 (1) (ne-w) 2%

If we restrict to the polynomial cost functiarf!(x) = x¢, then we writeSC,q« (w, P). Note that

SCrpo(W,C,P) = a-SC (W, P) . (4.13)

Moreover, if we restrict to identical users, then the formula for social cost reduces to

(A
SC.ay (N,C,P = Pij 1=pi
0 (N, €, P) ,-ez[mmgzm <|Ie—l J) (iDA< J)) ci
De finition il (page8l) z H ((plj e pnj>7 Tldcix)) ) (4.14)
je[m

For the polynomial cost functior?(x) = x?, Rode [126] showed that social cost reduces to

SCpe(w,c,P) = %Wi ; pijAij (P) . (4.15)
ieln  jelm)

Theoptimum [57, Section 2] associated with an instarfeec) and a polynomial cost func-
tion 1(x), denotedOPT 4, (W,C), is theleast possibleveighted sum of the polynomial

m(x) evaluated at the incurred link latencies, that is,
T(Sicmn:o—j Wij)

oPT c) = min |
(%) (w,c) <gl,£27...,|€n)€[m]” jez[m] “

Note again thaOPTnd(X) (w, c) refers to aroptimumpure assignment.
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4.3.6 Nash Equilibria

We are interested in a special class of (mixed) assignments called Nash equilibria [117, 118]
that we describe here. Given an instarfgec) and associated mixed assignménta user
i € [n] is satisfiedif Ajj(P) = Ai(P) for all links j € supportp(i), andAjj(P) > Ai(P) for
all j & supportp(i). Otherwise, user is unsatisfied The mixed assignmermR is a Nash
equilibrium [93, Section 2] if and only if all userse [n| are satisfied. Thus, each user
assigns its traffic with positive probability only to links (possibly more than one of them)
for which its expected individual cost is minimized. This implies that there is no incentive
for a user to unilaterally deviate from its mixed strategy in order to avoid links on which its
expected individual cost is higher than necessary. Depending on the type of assignment, we
differ betweerpure, mixed and (generalizedully mixed Nash equilibria.

Note that the definition of Nash equilibriaiisdependenbf the definition of social cost.
Let x € {oo, TE(x)}. A priori, it is not clear how to efficiently compute the social cost of a
given Nash equilibrium:

NASH EQUILIBRIUM SOCIAL COST

INSTANCE: A problem instancéw,c) and an associated Nash equilibritin
OUTPUT: The social cosC, (w,c,P).

4.3.7 Price of Anarchy

Fix an instancéw,c). A best (worst) Nash equilibriumis a Nash equilibriun® that mini-
mizes (maximizesyC,(w,c,P). Thebest social cosis the social cost of a best Nash equi-
librium and is denoted bBC, (w,c). Theworst social costis the social cost of a worst Nash
equilibrium and is denoted byC,(w,c). In the sequel, we (among others) consider the fol-
lowing three decision problems, given in the style of Garey and Johnson [61]:

BEST PURE NE

INSTANCE: Aninstancé€w,c), and a positive integes.
QUESTION: Isthere a pure Nash equilibridmwith SC, (w,c,L) < B?

If mis constant, then the problem is call@eBEST PURE NE.

BETTER PURE NE

INSTANCE: Aninstancéw,c), and an associated pure Nash equilibrium
QUESTION: Is there a pure Nash equilibriurh’ with SC,(w,c,L') <
SCy(w,c,L)?

WORST PURE NE

INSTANCE: Aninstancéw,c), and a positive integes.
QUESTION: Isthere a pure Nash equilibridmwith SC, (w,c,L) > B?

If mis constant, then the problem is call@eWVORST PURE NE.
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Theindividual price of anarchy, also calledndividual coordination ratio , is the worst-case
ratio

IC(w,c,P)

OPT,(w,c)’
over all instancegw, c) and associated Nash equilibifa The price of anarchy, denoted
PoA and also calledoordination ratio [93, Section 2], is the worst-case ratio

WC, (w,c)
OPT,(w,c)’

over all instanceéw,c).

4.3.8 Fully Mixed Nash Equilibrium Conjecture

A natural goal is to identify a Nash equilibrium with worst social cost for a given instance.
For the model of related links, Gairirg al. [59] conjectured that, in case of its existence,
thefully mixed Nash equilibriumwhich is unique (see Theorem 4.67, page 133), is the worst
Nash equilibrium with respect to makespan social cost. Recently, this conjecture was also
consider with respect to polynomial social cost [57, 102]. We will investigate the conjecture
for the most general model of unrelated links and with respect to both definitions of social
cost.

Conjecture 4.4 (Fully Mixed Nash Equilibrium Conjecture (Gairing et al.[59]))
Consider the model of unrelated links. Then, for any instgmce) such that a fully mixed
Nash equilibriumF exists, and for any associated Nash equilibriBm

SCi(w,c,P) < SCy(w,c,F).

In the following, we denote this conjecture BBINE Conjecture. The FMNE Conjecture is
a simultaneously intuitive and natural conjecture:

e To support intuition, observe that the fully mixed Nash equilibrium favors collisions
between different users (since each user assigns its traffic with positive probability to
every link). This increased probability of collisions favors an increase to social cost.

e To support significance, note that tABRINE Conjecture identifies the actuabrst-case
Nash equilibrium for the selfish routing game we consider. We stress that, in sharp
contrast, the worst-case measure of price of anarchy only determines how far the worst-
case Nash equilibrium is from optimum performance. Since it does not identify the
worst-case Nash equilibrium, it fails to provide a basis of comparison between different
Nash equilibria on the basis of their social costs.

The ultimate settlement of tHreMNE Conjecture may also reveal an interesting complexity-
theoretic contrast between the worst-case pure and the worst-case mixed Nash equilibria. On
one hand, identifying a worst-case pure Nash equilibriufif 8-complete (see Theorem 4.26,

page 106, and Theorem 4.121, page 169). On the other handF¥ttkE Conjecture is valid,
identification of the worst-case mixed Nash equilibrium is immediate in the cases where the
fully mixed Nash equilibrium exists. In addition, the characterization of the fully mixed Nash
equilibrium shown in Theorem 4.67 (page 133) implies that such existence can be checked in
polynomial time.
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4.3.9 Sequence of Greedy Selfish Steps

In contrast to general strategic games, there always exists a pure Nash equilibrium in the
KP-model. A proof can be given with help séquences of greedy selfish steps

In a selfish step exactly one unsatisfied user is allowed to improve by changing its pure
strategy. A selfish step isgreedy selfish stepf the user chooses a best pure strategy. Even-
Dar et al. [42] considered differentules for sequences of selfish steps, listed in Table 4.1.

RANDOM . Choose each unsatisfied user with the same probability
FIFO . Choose user who is unsatisfied for the longest time
MAX WEIGHT JOB :  Choose unsatisfied user with maximum traffic

MIN WEIGHT JOB :  Choose unsatisfied user with minimum traffic

MAX LOAD MACHINE : Choose unsatisfied user on a link with maximum latency

Table 4.1: Rules for Sequences of Greedy Selfish Steps

Itis easy to see that thexicographical orderingf the latency vector decreases in each selfish
step. Thus, starting with any pure assignment, every sequence of selfish steps eventually ends
in a pure Nash equilibrium.

Theorem 4.5 (Fotakiset al.[50]) Consider the model of unrelated links. Then, for any in-
stance, there exists at least one pure Nash equilibrium.

Though the existence of a pure Nash equilibrium can be proved with help of selfish steps,
it is not clear how many selfish steps are necessary to reach a pure Nash equilibrium. We
address this question in the following decision problem:

NASHIFY

INSTANCE: A problem instancéw,c), an associated pure assignment
and a positive integek.

QUESTION: Isthere a sequence of at mselfish steps
that transform4. into a pure Nash equilibrium?

If kis not part of the input, then the problem is calleNASHIFY.

4.3.9.1 Makespan Social Cost

In case of makespan social cost, selfish stepsaddncreasehe social cost of the initial pure
assignment. Thus, selfish steps can be useddshification [46], that is, to compute a pure
Nash equilibrium from any given pure assignment without altering the social cost. Starting
with any pure assignment with minimum social cost, this also shows that there always exists
a pure Nash equilibrium with optimum social cost.

Theorem 4.6 (Fotakiset al.[50]) Consider the model of unrelated links. Then, for any prob-
lem instancéw, c), there exists a pure Nash equilibriumwith SCe (W, c,L) = OPTw (W, C).
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4.3.9.2 Polynomial Social Cost

We will see later that, in contrast to makespan social cost, we can not (at least directly) use
selfish steps tmashify a given pure assignment since a selfish stepimenreasepolynomial

social cost. Moreover, though there always exists a pure Nash equilibrium with optimum

social cost in the model of identical links, this is not always the case in the model of related

links.

4.3.10 Relation to Multiprocessor Scheduling

Due to the simple structure of its routing network, the KP-model is closely relateuito
tiprocessor scheduling Here,n jobs (users) have to be scheduled mmachines(links),

and the quality of sschedule(assignment) is measured in termsnofkespan(makespan
social cost). Note that the corresponding decision prot®mTIPROCESSOR SCHEDUL-

ING is A\ P-complete in the strong sense [61]. We now give some results on multiprocessor
scheduling that will turn out to be useful in the remainder of this chapter.

4.3.10.1 Identical and Related Machines

There exists a large number of algorithms to approximate an optimum schedule on identical
and related machines. Some of them are listed in Table 4.2, together with their performance
guarantees.

Identical Machines Related Machines
Algorithm Upper Bound | Lower Bound | Upper Bound| Lower Bound
LIST SCHEDULING | 2—%  [64] | 2— 1 [64] unknown
LPT 4—4 [65] | 4—5 [65]| 3 [54] 3 [54]
MULTIFIT 12 [53] %—i [53] | 14 [55] | 1.341 [55]
PTAS 1+¢ [70] — 1+¢ [71] —

Table 4.2: Performance guarantees of algorithms for multiprocessor scheduling.

For our purposes, the LPT-algorithm, introduced by Graham [65] and further studied in [38,
54, 63, 116], and th®TAS, introduced by Hochbaum and Shmoys [70, 71] are the most
important algorithms. The LPT-algorithm is stated as Algorithm 3 (page 93).

Another way to approximate an optimum schedule is through local search heuristics [17,
21, 48, 138]. The simplest form of local searchteyative improvement, also calledocal
improvement or, in case of minimization problemdescent algorithms This method itera-
tively chooses a better solution in theighborhood of the current solution. It stops when no
better solution is found. We say that the current solutionleal optimum.

In the literature, many different definitions of neighborhood can be found. jdrne
neighborhoodis closely related to selfish steps. Here, we move a job from a machine with
maximum latency to another machine. We say that we arguma optimal solution, if no
jump can decrease the makespan or the number of machines with maximum latency without
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Algorithm 3 (LPT)
Input: n jobs with sizeswy, ..., w,, andmrelated machines with speeds...,cm
Output: a schedulé

(1) begin
(2)  sortthe job sizes in non-increasing order so tat ... > Wpy;
(3) foreachjobi+« 1ltondo

4) assign joh to the machine where it causes minimum latency;
(5) return the resulting schedule;
(6) end

increasing the makespan. A list of performance guarantees of jump optimal solutions is given
in Table 4.3. Since each pure Nash equilibrium is also jump optimal, the bounds also hold for
pure Nash equilibria. For an overview on local search heuristics, we recommend the paper by
Schuurman and Vredefeld [138].

Identical Machines | Related Machines

Upper Bound | 2— +2; [48] Lom3 - [21]

Table 4.3: Performance guarantees for jump optimal solutions.

4.3.10.2 Unrelated Machines

Computing an optimum schedule on unrelated links was first considered by Horowitz and
Sahni [73]. They presented an exponential time, dynamic programming algorithm. They also
gave anFPTAS to approximate the optimum schedule for the case itiné constant. For
generalm, Lenstraet al. [97] proved that an optimum schedule is r@t— €)-approximable
foranye with 0 < € < % unless? = A_P. This holds even if all processing times are taken
from {1,2,}. In contrast, an optimum assignment can be computed in polynomial time if all
processing times are taken froft, 2}. Lenstraet al. [97] also presented a polynomial time
approximation algorithm with approximation factor 2, which is based on linear programming.

4.3.11 Tabular Overview

Before we start to give a thorough survey on the KP-model, we illustrate some of the results
on pure Nash equilibria in table form.
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Identical Users Arbitrary Users
Upper Bound Lower Bound Upper Bound ‘ Lower Bound
1 2 _2_
. . m+1
Identical Links
(Proposition 4.8, page 96) (Theorem 4.28, page 106)
Unrestricted 1 1 (l) -1 (;) 3
P P

Related Links

(Proposition 4.42, page 113) (Corollary 4.64, page 131)| (Proposition 4.65, page 131

r-(m) r-(m -2 r-1(m r-(m -2

Identical Links

(Theorem 4.92, page 148) (Theorem 4.91, page 147) (Theorem 4.92, page 148) (Theorem 4.91, page 147)

Restricted
r-i(n)+1 r-(m -2 m—1 m

Related Links

(Theorem 4.96, page 152) (Theorem 4.91, page 147) (Theorem 4.98, page 155) (Theorem 4.98, page 155)

Upper Bound ‘ Lower Bound
o <s+ 'i)
Unrelated Links log(1+757)
(Theorem 4.106, page 162)

Table 4.4: Bounds on the price of anarchy for pure Nash equilibria in the KP-model with
makespan social cost.

Identical Users Arbitrary Users
Best Pure Worst Pure Best Pure Worst Pure
2
_ _ o(n) PTAS 2— gt ¢
Identical Links
(Proposition 4.8, page 96) (Theorem 4.25, page 106] (Theorem 4.29, page 108
Unrestricted 2
_ O(mlognlogm) PTAS 2— 1€
Related Links
(Proposition 4.42, page 113, & Theorem 4.43, page 114)Theorem 4.52, page 120) (Theorem 4.29, page 108
3 2
‘ _ O(Ry/N) 5—¢€ 2— ¢
Identical Links unknown
(Theorem 4.72, page 134, (Theorem 4.89, page 145) (Theorem 4.29, page 108
Restricted
O(nmlogm) 3¢ m—2—¢
Related Links unknown
(Theorem 4.73, page 134 (Theorem 4.89, page 145) (Theorem 4.99, page 157
Best Pure Worst Pure
3¢
i 2
Unrelated Links unknown
(Theorem 4.89, page 145)

Table 4.5: Computational complexity of best and worst pure Nash equilibria in the KP-model
with makespan social cost. If there is an entryOinotation, then this means that
a best/worst pure Nash equilibrium can be computed in the given running time.
The entryPTAS states that the problem admit®@AS. Terms ing indicate that the
problem is inapproximable within the given bound.
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Identical Users Arbitrary Users
Upper Bound Lower Bound Upper Bound ‘ Lower Bound
T2(X) = X2 1 g
(Proposition 4.115, page 167) (Corollary 4.127, page 176)
Identical Links @18 41,0
e (x) = x 1 @1 @-29T ()
d>2 (Proposition 4.115, page 167) (Theorem 4.126, page 171)
T(X) = X2 4 4
unknown
(Theorem 4.150, page 198) (Theorem 4.150, page 198)
Related Links
(x) = x Q(mf-2) Q(mf-2)
unknown unknown
d>2 (Proposition 4.151, page 198 (Proposition 4.151, page 198

Table 4.6: Bounds on the price of anarchy for pure Nash equilibria in the KP-model with
polynomial social cost.

Identical Users Arbitrary Users

Best Pure Worst Pure Best Pure Worst Pure
T2 (X) = X2 o(n) PTAS
unknown
Proposition 4.115, page 167) (Theorem 4.120, page 168
Identical Links
(x) =xd o(n) PTAS
unknown
d>2 Proposition 4.115, page 167) (Theorem 4.120, page 168;
T (X) = X2 O(mlognlogm)

(Theorem 4.146, page 194, & Theorem 4.149, page 198)

Related Links unknown

O(mlognlogm)

d>2 (Theorem 4.146, page 194, & Theorem 4.149, page 198)

Table 4.7: Computational complexity of best and worst pure Nash equilibria in the KP-model
with polynomial social cost. If there is an entry@inotation, then this means that
a best/worst pure Nash equilibrium can be computed in the given running time. The
entry PTAS states that the problem admit®aAS.
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4.4 Makespan Social Cost and Identical Links

In this section, we consider the KP-model with makespan social cost and identical links.
Clearly, for any instancéw, m) and associated assignméhthe expected latency on a link is
equal to its expected load, that #5;(P) = &;(P) for all j € [m]. Subsection 4.4.1 deals with

pure Nash equilibria only, whereas the results quoted in Subsection 4.4.2 hold for general (i.e.
mixed) Nash equilibria. Subsection 4.4.3 concentrates on the fully mixed Nash equilibrium.
In order to illustrate the results, we use the following instance from [65, 69].

Example 4.7 Consider the following instancéw,3): We have n= 7 arbitrary users and
m = 3 identical links. There are two users with traffics w wo = 5, two users with traffics
w3 = Wy = 4, and three users with trafficssw= wg = wy = 3.

4.4.1 Pure Nash Equilibria

4.4.1.1 Computation of Nash Equilibria

We first turn our attention to the problem of computing a pure Nash equilibrium. Basically,
two different approaches can be found in the literature. The first approach is to directly com-
pute a pure Nash equilibrium. The second one isashify a given pure assignment, that is,

to convert a given pure assignment into a Nash equilibrium without increasing the social cost.
Since selfish steps do not increase the social cost and any sequence of selfish steps eventually
reaches a pure Nash equilibrium, selfish steps seem to be suitable for nashification. However,
we will see that we have to use them carefully since the length of some sequences of selfish
steps is exponential in the number of users before reaching a pure Nash equilibrium.

Identical Users.  We first consider the model of identical users. For any instange) and
associated pure assignméntwe can writed;(L) = n;(L ) for all j € [m], wheren;j(L) is the

number of users assigned to lipkThis is possible since all users are identical, thatjss 1

for all i € [n]. In this model, all pure Nash equilibria have optimum social cost, and such a
pure Nash equilibrium can be computed(n) time (Proposition 4.8). Moreover, we can

use sequences of (not necessarily greedy) selfish steps to convert any given pure assignment
into a Nash equilibrium. The length of such a sequence maQ (ogin{nm nlogn, ~23M_1)

> loglogn
(Theorem 4.9, page 97), but not more tH§r(Proposition 4.10, page 97).

Proposition 4.8 Consider the model of identical users and identical links. Then, for any
instance(n,m) and associated pure Nash equilibrium it is SCe(n,m,L) = OPTw(n,m),
and such a pure Nash equilibriumcan be computed in @) time.

Proof: Fix any instancgn,m). Clearly, the users are evenly distributed to the links in an
optimum assignment, that is,
n

OPTw(n,m) = H

Assume, by way of contradiction, that there exists a pure Nash equilitariwith SCe (n,m, L)
> OPTw(n,m). Then, there exist link$y, j2 € [m] with nj, (L) > [&1] andnj,(L) <[], re-
spectively. Thus,

nj(L) > [%—‘4‘1 > np(L)+1,
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showing that all users on link are unsatisfied, a contradiction to the assumptionlthiata
Nash equilibrium.

In order to compute a pure Nash equilibrium, (1.) assifn users to each of the links,
and then (2.) evenly distribute the remaining users to the links. This takes aOfrogtme,
as needed. [

Theorem 4.9 (Even-Daret al.[42]) Consider the model of identical users and identical links.
Then, there exists an instan@® m) and associated pure assignment for which the maximum
length of a sequence of (not necessarily greedy) selfish steps is at least

. logm
Q <m|n {nm nlogn, iog Iogn})

before reaching a Nash equilibrium.

Proposition 4.10 Consider the model of identical users and identical links. Then, for any
instance(n,m) and associated pure assignment, the length of a sequence of (not necessarily

greedy) selfish steps is at m@%tbefore reaching a Nash equilibrium.

Proof: Fix any instancén, m) and associated pure assignmentaind consider the potential
function

Clearly,n? is a trivial upper bound and 0 is a trivial lower bound[@fL ). In order to prove
the claim, it suffices to show that a selfish step decreld¢ks by at least 2. Consider a selfish
step of a user from linky € [m] to link j> € [m]. Clearly,nj, (L) > nj,(L)+1, and thus

(L) > nj(L)+2 (4.16)
sincen;, (L) andn;, (L) are integers. We get
(N (L) =D+ (L) +1)* = njy(L)?+njy(L)%+2(nj,(L) —njy (L)) +2
< ni(L)2+n,L)?-2.

Thus,lNM(L) decreases by at least 2 in every selfish step, as needed. [

Arbitrary Users.  For the model of arbitrary users, things are more complicated. The first
approach to directly compute a pure Nash equilibrium was given by Fattkis[50]. They
showed that the LPT-algorithm (see Algorithm 3, page 93) yields a pure Nash equilibrium.
Graham [65] proved that the computed assignment approximates an optimum assignment
within factor% — %1 (see Table 4.2, page 92). We use the instance in Example 4.7 (page 96)
to show tightness of this upper bound far= 3. Note that this instance can be generalized to
show tightness for alin > 3 (see e.g. Hochbaum [69]).
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Theorem 4.11 (Fotakiset al.[50], Graham [65]) Consider the model of arbitrary users and
identical links. Then, for any instan¢e/, m), LPT computes a pure Nash equilibriumwith

4 1
00 < A A 0
SCw(Ww,mL) < <3 3m) OPTw(w,m),

using @ (n+m)logm) time.

Example 4.7 (continued) For the given instancel.PT returns a pure Nash equilibrium
L =(1,2,3,3,1,2,1) with social costl1 whereas the optimum assignmemt2,1,2, 3,3, 3)
has social cos® (see Figure 4.3). Thus,

SCor(W,3,L) 11 m3 4 1

OPTo(w,3) 9 3 3m’
SCeW3,L) ...
11 3 - ___ OPT,(w,3)
3 9
3 3 N 4 4
3
5 5 5 5
< 3
LPT optimum

Figure 4.3: Pure Nash equilibriuin= (1,2,3,3,1,2 1) returned by LPT applied to the in-
stance in Example 4.7 (page 96) (left hand side), and an optimum assignment
(1,2,1,2,3,3,3) of this instance (right hand side).

Since every sequence of (not necessarily greedy) selfish steps eventually ends in a pure
Nash equilibrium, we can use any such sequence to compute a pure Nash equilibrium. Un-
fortunately, the length of such a sequence can be exponential in the number of users before
reaching a pure Nash equilibrium (Theorem 4.12, page 99, and Theorem 4.13, page 99). Note
that these results were found independently. The number of links of the instance used to prove
Theorem 4.13 isn= /n+ 7 — 1. For this case, the lower bound in Theorem 4.12 is strictly
larger than the lower bound in Theorem 4.13.

On the other hand, if all traffics are integers, then the length of a sequegediselfish
steps is at most/ +n (Theorem 4.14, page 101), and in general at mbst2(Theorem 4.16,
page 101). The proof of the latter result is based on the observation that a greedy selfish step
of a user with traffiov makes no users with traffic at mostunsatisfied (Lemma 4.15, page
101). This observation was independently made by EvenebDal{42].

Instead of the maximum length we may ask about the minimum length of a sequence
of greedy selfish steps. In particular, we may ask whether a given pure assignment can
be transformed into a pure Nash equilibrium using at nkoselfish steps. This problem,
calledNASHIFY (see Subsection 4.3.9, page 91Y\i®-complete (Theorem 4.17, page 102).



4.4 Makespan Social Cost and Identical Links 99

The proof relies on a reduction fromPARTITION. This reduction implies thatASHIFY is

A P-complete in the strong sensenfis part of the input [61]. Thus, there is no pseudo-
polynomial-time algorithm foNASHIFY (unless®? = A'P). In contrast, there is a natural
pseudo-polynomial-time algorithm f&NASHIFY which exhaustively searches all sequences
of k selfish steps. Since a selfish step involves an (unsatisfied) user and a link for anotal of
choices, the running time of such an algorithr®i§mn)¥) (Proposition 4.18, page 102).

Though there exist sequences of greedy selfish steps of exponential length, and though
NASHIFY is A P-complete, it is possible to use greedy selfish steps to compute a Nash equi-
librium in polynomial time (Theorem 4.19, page 102, and Theorem 4.20, page 102). In par-
ticular, NASHIFY-IDENTICAL, stated as Algorithm 4 (page 102) and independently found by
Even-Daret al.[42], solvesNASHIFY whenn selfish steps are allowed ASHIFY-IDENTICAL
is based on the rule MAX WEIGHT JOB. First, it sorts the user traffics in non-increasing or-
der so thatvy > ... > w,. Then, for each usar< 1 ton, it moves user to its best link if
useri is unsatisfied. With help of Lemma 4.15 (page 101), it is possible to show that this
approach yields a pure Nash equilibrium, using at nmagteedy selfish steps a@nlogn)
time (Theorem 4.21, page 102).

Theorem 4.12 (Even-Daret al.[42]) Consider the model of arbitrary users and identical
links. Then, there exists an instan@&, m) and associated pure assignment for which the
maximum length of a sequence of greedy selfish steps is at least

()™
2(m—1)!

Theorem 4.13 Consider the model of arbitrary users and identical links. Then, there exists an
instance(w, m) and associated pure assignment for which the maximum length of a sequence

of greedy selfish steps is at lestn+7-3,

Proof: We construct an instance withdifferent classes of traffics.
e ClassUy: |Uj| =2 users with trafficig = 1

e ClassU: |U| = 2i+ 3 users with traffic

X = (|U-1]+1)-x-1 = 2(+1)%-1
foralli e [r]\ {1}.
The number of users is
no= ||+t |
= 2+2§Z§r(2I+3)
= r244r-3.

Furthermore, we considen =r + 1 links. In the following, we denotg(i) the maximum
length of a sequence of greedy selfish stepisiohlinks, starting with all users iy U- - -U T

on the same link and the saruad offset, that is, the same additional load onialt 1 links.
We proceed as follows: In part (1.), we show a lower bound on the trafficxsdea user in
4 foralli € [r]\ {1}. In part (2.), we then use this result to prove a lower bount{ign
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(1)

(2)

We first show by induction one [r]\ {1} that

X > ; Ul - %
jeli-1]

As our basis case, let= 2. Since
X2 = (||+1)-x1 > |U|-x,

this proves that the claim holds for the basis case. For the induction step; &tand
assume that the claim holds for— 1). We get

Xi = (|Ui-1|+1)-Xi—1
Induction
> Ul xicat+ Y [U[x
j€li-2

= PRLLIRSE

jeli—1]
proving the inductive claim.

We now use this property to prové) > 2~ by induction oni € [r]. As our basis
case, let = 1. Starting with both users ifi; on the same link and the same load offset
on both links, we can do one greedy selfish step. Thereftig—= 1, proving that the
claim holds for the basis case. For the induction step 32, and assume that the claim
holds for(i — 1). Consider the assignment in which all userginu---U U;_1 are on

the same link, and ail+ 1 links have the same load offset. We construct a sequence of

at least 21 greedy selfish steps in the following way:

e Move all users inli1 U---U Uj—1 to the other links using greedy selfish steps.
This is possible sincg& > ¥ ci_1 | Uj| - xj. Every user with traffic less thax
who shares the link with a user i, can improve by moving to a link to which no
user inq; is assigned.

e For each of — 1 users intj;, do one greedy selfish step. Singe> Y jci_y | Uj|-
Xj, alli — 1 users with traffic; choose different links. Then, we move all users in
UL U---U U;_1 to the remaining link to which no user ity; is assigned. Finally,
moving a user ing; to this link, we get the following assignment: On each of
links there is exactly one user with traffic Additionally, all users ity U---U
U;—1 are on one of theselinks. On the(i + 1)th link there ard + 3 users with
traffic X > ¥ jci—1|U;j| - Xj. This shows that, by only moving users with traffic
less tharx;, no user with traffic less thaq wants to move to thé + 1)th link. So,
we exactly have the starting assignment for ddifig- 1) greedy selfish steps.

After t(i — 1) greedy selfish steps have been carried out, we collect all users in
mJ---JU_1, again, using users inj. This can be done for the following
reason: A user with traffig; is unsatisfied as long as at least 3 more users with
traffic x; are on the same link. Since initially-2 3 users intj; are on the same link,

this is the case foriusers. As in the previous step, by moving only users with
traffic less tharx;, no user with traffic less thax wants to move to thé + 1)th

link. Then, we restart the sequence @f— 1) greedy selfish steps.
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Allin all we gett(i) > 2t(i — 1). By induction hypothesis, this shows thét) > 21,
proving the inductive claim.

Sincen=r2+4r — 3, we hava = v/n+ 7— 2. Thus, starting with the pure assignment where
all users are assigned to the same link, we get

t(r) 2 2r—1 — 2V n+7-3 .
It remains to show that the traffics are polynomiahinThe bitlength of the largest traffig is

logx: < log(2(r+1)")
< r-log(2(r+1))

(VAT7-2) log (2vnT7-2),

as needed. ]

Theorem 4.14 (Even-Daret al.[42]) Consider the model of arbitrary users and identical
links. Then, for any instandev, m) with w; € N for all i € [n] and associated pure assignment,
the length of a sequence of greedy selfish steps is at mashWefore reaching a Nash
equilibrium.

Lemma 4.15 Consider the model of arbitrary users and identical links. Then, a greedy selfish
step of an unsatisfied userd [n] with traffic w, makes no satisfied userd [n] with traffic
wi, > Wi, unsatisfied.

Proof: See Lemma 4.48 (page 117) for a generalization of this result. [

Theorem 4.16 Consider the model of arbitrary users and identical links. Then, for any in-
stance(w, m) and associated pure assignment, the length of a sequence of greedy selfish steps
is at most2" — 1 before reaching a Nash equilibrium.

Proof: Fix any instancéw, m) and associated pure assignment. We prove by induction on

i € [n] that usei can make at most 2! greedy selfish steps. As our basis casé,4el. Since

w is the largest of all traffics, Lemma 4.15 implies that user 1 can make at most one greedy
selfish step. This proves that the claim holds for the basis case. For the induction step, let
i > 2, and assume that the claim holds for 1). By Lemma 4.15, usdrcan only become
unsatisfied by a move of a user with larger traffic. By induction hypothesis, the number of
greedy selfish steps made by user§ inl] is at most

2t = 2711,
keli—1]

This shows that usdrcan become unsatisfied at most2— 1 times. Since usercan be
unsatisfied in the initial pure assignment, usean make at most 2! greedy selfish steps,
proving the inductive claim. Summing up over all users, the total number of greedy selfish
steps is at most

y 2t = 21,

ieln|

as needed. ]
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Theorem 4.17 (Gairinget al. [59]) Consider the model of arbitrary users and identical links.
Then,NASHIFY is A P-complete even if r 2.

Proposition 4.18 (Gairinget al. [59]) Consider the model of arbitrary users and identical
links. Then, there exists a pseudo-polynomial algorithm fNASHIFY.

Theorem 4.19 (Even-Daret al.[42]) Consider the model of arbitrary users and identical
links. Then, for any instangev,m) and associated pure assignment, the length of a sequence
of greedy selfish steps using the rél¢-O is at most@ before reaching a Nash equilib-

rium.

Theorem 4.20 (Even-Daret al.[42]) Consider the model of arbitrary users and identical
links. Then, for any instandev, m) and associated pure assignment, the expected length of a
sequence of greedy selfish steps using theRABIDOM is at most@ before reaching a

Nash equilibrium.

Algorithm 4 (NASHIFY-IDENTICAL)

Input: an instancéw, m) and associated pure assignment
Output: a pure assignmemt’

(1) begin
(2)  sortthe user traffics in non-increasing order sothat ... > wy;
(8) foreachuseri— 1tondo

(4) if useri is unsatisfiedhen

(5) let useri carry out a greedy selfish step;
(6) return the resulting pure assignmdnf;

(7) end

Theorem 4.21 Consider the model of arbitrary users and identical links. Then, for any in-
stance(w, m) and associated pure assignméntalgorithmNASHIFY-IDENTICAL computes

a Nash equilibriumL’ from L with SCe(w,m,L’) < SCe(w,m,L) using at most n greedy
selfish steps and @logn) time.

Proof: Clearly, SCo(w,m,L") < SCo(w,m,L) since greedy selfish steps do not increase
social cost. Moreover, in every iteratidore [n], useri becomes satisfied and stays satisfied in
the subsequent iterations by Lemma 4.15 (page 101). THus a Nash equilibrium.
NASHIFY-IDENTICAL needO(nlogn) time for sorting then user traffics an@(mlogm)
time for the construction of a heap containing all lodgd.), j € [m]. Moreover, in each
iteration NASHIFY-IDENTICAL needsO(logm) time find the minimum element in the heap,
and to update the heap after the greedy selfish step. Thus, the total running@itnéoign +
mlogm+ nlogm). The interesting case is whem< n (since otherwise, a single user can be
assigned to each link, achieving an optimum Nash equilibrium). Thus, in the interesting case,
the total running time of WSHIFY-IDENTICAL is O(nlogn). ]

Example 4.7 (continued)For the given instance and associated pure assigninent1,1,1,
1,1,1,1) where all users are assigned to the first lifkaSHIFY-IDENTICAL needs4 greedy
selfish steps before reaching a pure Nash equilibrium (see Figure 4.4).
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NASHIFY-IDENTICAL
SCu(W,3, L) .

4 3
4 3
3
5 44/\' 4344
[ 3
5\' a5 s R

Figure 4.4: MSHIFY-IDENTICAL, applied to the pure assignment= (1,1,1,1,1,1,1) of
the instance in Example 4.7 (page 96). Each small arrow corresponds to a greedy
selfish step.

4.4.1.2 Computation of Best Nash Equilibria

Now that we have seen that a pure Nash equilibrium can be computed in polynomial time,
we might ask for a polynomial time algorithm to compute a pure Nash equilibriummiith

imum social cost. For the model of identical users, this problem is solvable in polynomial
time (Proposition 4.8, page 96). For arbitrary users, however, Fagalkik [50] showed by
reduction fromBIN PACKING that BEST PURE NE is A_P-hard. Since this problem can

be formulated as an integer program, it follows that i\i$’>-complete (Theorem 4.22, page
104). SinceBEST PURE NE is A P-complete in the strong sense [50], there also exists no
pseudo-polynomial algorithm to solve it. However, we can give such an algorithm for con-
stantm (Theorem 4.23, page 104). Moreover, it is eWgrP-complete to decide for a given
instance and associated pure Nash equilibrium whether there exists another pure Nash equilib-
rium with less social cost even on two identical links (Theorem 4.24, page 104). However, the
algorithm NASHIFY-IDENTICAL enables us to use any approximation algorithm for schedul-
ing n jobson midenticalmachineqsee Table 4.2, page 92, for a list of such approximation
algorithms) to get an approximation algorithm BEST PURE NE. For example, MULTIFIT
combined with MSHIFY-IDENTICAL yields an approximation factor (gf Moreover, we can

give aPTAS for BEST PURE NE (Theorem 4.25, page 106) by proceeding as follows:

(1.) First run thePTAS of Hochbaum and Shmoys [70] for schedulmgpbson midentical
machinesThis yields a pure assignmentsuch that

SCo(w,mL) < (14+€)-OPTew(w,m).
(2.) Then, apply the algorithm AsHIFY-IDENTICAL onL. This yields a Nash equilibrium
L’ such thaCe (W, m,L") < SCe(w,m,L). Thus,
SCo(W,mL") < (1+€)-OPTw(w,m).
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We cannot expect to find afPTAS sinceBEST PURE NE is A_P-complete in the strong
sense [50].

Theorem 4.22 (Fotakiset al.[50]) Consider the model of arbitrary users and identical links.
Then,BEST PURE NE is A_P-complete even if m 2.

Theorem 4.23 Consider the model of arbitrary users and identical links. Then, there exists a
pseudo-polynomial-time algorithm for-BEST PURE NE.

Proof: See Theorem 4.104 (page 161) for a generalization of this result. [

Theorem 4.24 Consider the model of arbitrary users and identical links. ThHBBTTER
PURE NE is A P-complete even for m 2.

Proof: Clearly,BETTER PURE NE € A/P. We now prove)\ P-hardness by reduction from
2-PARTITION, that is, we employ a polynomial time transformation fronPARTITION to
BETTER PURE NE. Consider an arbitrary instance ofPARTITION with at least 2 items
(otherwise, the instance of PARTITION is a trivial no instance), and l1e6= 3, c¢;S(Ui).
Clearly,S> 1 sinces(u;) € N for all u; € U. From this instance, we construct an instance of
BETTER PURE NE as follows:

e There aren = |U| + 2 users with

.

e There aran= 2 identical links.

N

u) ifie[|ul,
L ifie{n-1n}.

N

e The pure assignmettt is defined as follows: All userse [|U|] are assigned to link
1, and usersi — 1 andn are assigned to link 2. Clearl§; (L) = 3, c¢S(ui) = Sand
O2(L) = Wn_1+Wy, =S+ 1. Sincedi(L) < &(L), all usersi € [|U|] are satisfied.
Moreover, since

O1(L)+Wn_1 = &1(L)+wn
S+1

usersn— 1 andn are satisfied. Sd, is a pure Nash equilibrium, and

SCw(W,2,L) = S+1.

Clearly, this is a polynomial time transformation. We prove that this is a transformation from
2-PARTITION to BETTER PURE NE.
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(1)

(2.)

The instance of PARTITION is positive:

Consider a partition oft into disjoint subsets

Uy, Uz such thaty e ¢, S(Ui) = 5 yea, S(Ui). Use g+l
this partition to define a pure assignméenfor the
instance oBETTER PURE NE as follows: PARTITION

e For each itemy; in Uy, useri is assigned
to I|_nk 1. Fo_r each itemy; € U, useri is S+1 S+1
assigned to link 2. 2 2

e Usersn—1 andn are assigned to link 1 and
2, respectively.

Clearly,

61(L/) = Z S(Ui)—FWn,l
ui€ Uy
S+S+1
2 2
1
= S4 =
—|—2,

and similarlyd;(L’) = S+ % So,L’ is a pure Nash equilibrium. Moreover,

1
SCo(W,2,L") = S+ >
< S+1
= SCo(w,2,L),
as needed.
The instance of PARTITION is negative:

For every partition ofl into disjoint subsets
Uy, Uz, LIS 3 ey S(Ui) # Yyew,S(Ui). It fol-
lows that eithefy ,  ¢;, S(Ui) < 5 0OF Y 4z, S(Ui) <
)

éonsider any pure Nash equilibriuoi for the in-
stance oBETTER PURE NE. If usersn— 1 andn
are assigned to the same link, then the social cost
of L' is at leastvp_1+Wp =S+ 1=SCu(w,2,L),

as needed. So, assume that usersl andn are
assigned to different links, say link 1 and 2, re-
spectively.

PARTITION

Assume, without loss of generality, tha, < ¢, S(Ui) < % Sinces(u;) € N for all u; € U,
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So,
L) = &(L)
= S(Ui) +Wn

it follows thaty , ¢, S(Ui) > 5 + 3.
SCo(W,

N I\JII—‘

ui €U

S 1 St1
2t 2
S+1
SCa(W,2,L)

as needed. ]

Theorem 4.25 Consider the model of arbitrary users and identical links. Then, there exists a
PTAS for BEST PURE NE.

4.4.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

We now turn our attention to worst pure Nash equilibria. For identical users, such a Nash
equilibrium can be computed in polynomial time (see Proposition 4.8, page 96). For arbitrary
users, Fotakigt al. [50] proved by reduction fromBIN PACKING thatWORST PURE NE is
A P-hard. Since this problem can be formulated as an integer program, it follows that it is
A P-complete (Theorem 4.26). Sing¢ORST PURE NE is A P-complete in the strong sense
[50], there also exists no pseudo-polynomial algorithm to solve it. However, we can give such
an algorithm for constanh (Theorem 4.27).

For identical users, the price of anarchy is 1 (see Proposition 4.8, page 96). For arbitrary
users, the price of anarchy is bounded from above byﬁg—l, and this bound isight (The-
orem 4.28). It is worth noticing that Finn and Horowitz [48] proved the same upper bound
for jump optimal schedulesSchuurman and Vredeveld [138] showed that this bound is tight
(see Table 4.3, page 93). Since every pure Nash equilibrium is also jump optimal, the upper
bound follows directly. Greedy selfish steps on identical links can only increase the minimum
load over all links. Thus, we can transform every jump optimal schedule into a Nash equi-
librium without altering the makespan proving tightness. Since the social cost of any Nash
equilibrium is at most the factor2 %= m+1 away from the social cost of an optimum Nash equi-
librium, this also implies that every Nash equilibrium approximates the social cost of the worst
Nash equilibrium within this factor. We establish that we can not do better ufless\?
(Theorem 4.29, page 108).

Theorem 4.26 (Fotakiset al.[50]) Consider the model of arbitrary users and identical links.
Then,WORST PURE NE is A P-complete even for m 3.

Theorem 4.27 (Gairinget al.[59]) Consider the model of arbitrary users and identical links.
Then, there exists a pseudo-polynomial-time algorithm fW@RST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result. [
Theorem 4.28 Consider the model of arbitrary users and identical links, restricted to pure
Nash equilibria. Then,

2

Po A = 2——.
© m+1
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Proof:

Upper boundFix any instancdw, m) and associated pure Nash equilibrilmand letj €
Im] be a link withd;(L) = SCew(w,m,L). Clearly, if there is only one user on link then
SCeo(W,m,L) = OPTw(w,m). So, assume that there are at least two users onjlirdnd
denotewmi, the minimum traffic of these users. By definition of Nash equilibrium,
forall £ € [m]. So,

W > &(L)+(m—1)(&j(L) — Wmin) ,

and we get
OPTe(w,m) > Vﬁv
> 6j(l—)‘*‘(m_l>(6j(|—)_Wmin)
— m .
This implies
SCo(W,m,L) < md; (L)
OPTo(w,m) — mdj(L)— (m—1)Wmin

Clearly, this expression is strictly increasingWmin. Sincewmin < %, we get

SCo(w.mL) _ md; (L)
OPTeo(W,m)  ~ mgi(L)— (m—1).3L)
j 2
m
= pom
B 2
T mrl

proving the upper bound.
Lower bound:To establish the lower bound, consider the following instance: Therenare
identical links anch = m(m— 1) + 2 users with trafficsv; = w, = 1 andw; = 1 fori € [n]\ [2].

(1.) Consider the pure assignménthat assigns user 1 to link 1, user 2 to linki@m— 2)
users to the remaining— 2 links in a uniform way, and each of the remainmgisers
tolinks 1,2,...,m, respectively. Clearly, the load on every lipk [m]isd;(L ) =1+ %
Thus,

OPTo(w,m) < SCe(w,m,L)

1
= 1+—. 4.17
+= (4.17)

(2.) Consider now the pure assignméritthat assigns users 1 and 2 to link 1, and the re-
mainingm(m— 1) users to the remaining— 1 links in a uniform way. The load on link
1is®1 (L") = 2 whereas the load on each remaining ljnk [m] \ {1} is

mm-1) 1

) = o m - b
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Clearly,L’ is a Nash equilibrium with

SCo(W,mL’) = 2. (4.18)

Combining Equation (4.17) (page 107) and Equation (4.18), we get

SCo (W, m,L") 2
>
OPTo(w,m) ~— 1421

m

2

m+-1

)
as needed. ]

Theorem 4.29 Consider the model of arbitrary users and identical links. If, for anyith
0<e<1— -2 WORST PURE NE is (2— 21 —¢&)-approximable, ther? = (.

Proof: We prove the claim by reduction froRARTITION, that is, we employ a polynomial
time transformation fronPARTITION to WORST PURE NE. For anye with 0 < & < 1— -2,
given an instance dPARTITION, we construct an instance WORST PURE NE such that
if we had a polynomial-timé2 — m%l — g)-approximation algorithm fowwORST PURE NE,
then we could decide whether an instancBARTITION is positive in polynomial time. From
this construction the theorem then follows. Consider an arbitrary instarReRafi TION with

S . 2 m+1 m+1 2
su) < & < ~-min - _ Mt me -(1———£>
K 2——m+1—g m m m+1

for all uj € U, whereS= 5, ¢ S(uj). Clearly, we can make this property hold by adding a
multiple of K of items ofsulfficiently largesize. From this instance we construct an instance
for the stated problem as follows:

e There aren = |U| + 2 users with

W (W el
K

ifie{n—1n}.

e There aran= K + 1 identical links.

Clearly, this is a polynomial time transformation. We prove that this is a transformation from
PARTITION to WORST PURE NE.

(1.) The instance dPARTITION is positive:
Consider a partition of/ into disjoint subsetd1s,..., Uk such thatzuiefai s(u) = %
for all j € [K]. Use this partition to define a pure assignmierats follows:

e For each itemy; € Uj, j € [K], useri is assigned to link.
e Usersn— 1 andn are assigned to linkn.
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We have

_04
—
=
N—
Il
)]
—~
f=
SN—
[l
N

forall j € [K], and

Om(L) = Wh_1+Whn = %S
Clearly, all users iri| U|] are satisfied. Since
Om(L) = Jj(L)+Wn1 = 0j(L)+wn
for all j € [K], usersn— 1 andn are also satisfied. Sa, is a pure Nash equilibrium.
Moreover,
SCo(W,mL) = %S

Now, consider any pure Nash equilibridrhin which the userse [| U|] are not assigned
to K links such that they cause Io@ on each of these links. Assume, by way of
contradiction, that users— 1 andn are assigned to the same link. Say that werenmk
Clearly, there exists a link, say 1, with(L') < % Hence,

5m(|-l) > Wp_1+Wn
S
= —+Wn

K
> O1(L") +Wn,

showing that usersa — 1 andn are unsatisfied, a contradiction to the fact thais a

Nash equilibrium. It follows that users— 1 andn are assigned to different links in

the Nash equilibriunk.’. Now, assume, by way of contradiction, tf#.(w,m,L") >

(m+1)2 , , ,

—m +&. Clearly, there exists a links, say, with

(Mm+1)2
m

dm(L)) = SCw(w,mL’) > 3

Since users— 1 andn are assigned to different links, this implies that a usef| ||
is assigned to linkn. Moreover, since the total load s+ 1)%, there exists a link, say
1, with

(m+ 1)%
/ N K
o1(L7) e
So,

1
o) > MEUR,
w<& (m+1)
m
> (L) +wi,

(%)

X

+ W
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showing that user is unsatisfied, again a contradiction to the fact thats a Nash
equilibrium. We get

m+1)2
SCo(won L) < MEUK ¢
m
Hence,
SCo(w,m,L) S 2.2
SCo(W,mL’") — (m+ml)%+z
2.3
S K
S (m+1)+§_( 2 m+1)
K m K z,ﬁ,g m
B 2
B m+1

Thus, no such Nash equilibriuta’ approximates the worst pure Nash equilibrium
within the claimed factor.

(2.) The instance dPARTITION is negative:
For any partition ofl into disjoint subset€1, ..., Uk, there exists g € [K] such that
Sue; S(Ui) < % Thus, the userise [| U|] can not be assigned kolinks such that they

cause IoacE on each of these links. As seen in the previous case, this implies that the
social cost of any pure Nash equilibriumis bounded by

m+1)3
SCo(W,mL) < QH.
m
Moreover,
w
OPTeo(w,m) > —
m
o (m+D)R
— - 7
and we get
S
SCo(w,m,L) - (m+ml)K+E
OPTo(w,m) —  (m+1)$
m
(M) | (M) 2
< mK+ mK(l_ml_E)
- (m+1) R
m
1+1 m-zkl_‘g
N 1
JR— — 2 —
N m+1

Thus, all Nash equilibria approximate the worst pure Nash equilibrium within the claim-
ed factor.
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Therefore, if we had a polynomial-tim@ — m%rl — €)-approximation algorithm fowWORST
PURE NE, we could use it to decide whether an instancBARTITION is positive in the fol-
lowing way: We apply the approximation algorithm to the corresponding instant®©&ST
PURE NE and we answeyesif and only if it returns a solution with social co%. [

4.4.2 Mixed Nash Equilibria

Fotakiset al. [50] showed that, in contrast to pure Nash equilibria, it B-¢domplete to

compute the social cost for a mixed Nash equilibrium (Theorem 4.30). However, there ex-

ists a fully polynomial randomized approximation schemeNasH EQUILIBRIUM SOCIAL

COST (Theorem 4.31). In contrast to these results, for a given instance and given indicator

variables, a Nash equilibrium can be computed in polynomial time (Theorem 4.32).
Fortwoidentical links, the price of anarchy %(Theorem 4.33). For an arbitrary number

of links, Czumaj and Voécking [29] and Koutsoupias al. [92] independently proved the

upper boundD(Iogﬁ’)rgm) (Theorem 4.34, page 112). This bound is asymptotically tight since

throwingm ballsinto m binsresults in an expected maximum number of balls in a bin of the

same order of magnitude (Theorem 4.35, page 112).

Theorem 4.30 (Fotakis et al.[50]) Consider the model of arbitrary users and identical links.
Then,NASH EQUILIBRIUM SOCIAL COST is #P-complete.

Theorem 4.31 (Fotakiset al.[50]) Consider the model of arbitrary users and identical links.
Then, there exists a fully polynomial randomized approximation schenhafgi EQUILIB-
RIUM SOCIAL COST.

Theorem 4.32 (Monien [111]) Consider the model of arbitrary users and identical links.
Then, for any instancéw, m) and indicator variablesij| € {0,1} for alli € [n] and je [m],
there exists a Nash equilibriumif and only if the system of inequalities

Oi(P)+wi > Ai(P) foralli € [n],je[m|
i (P) = Z lij (0;(P) +w; —Aj(P)) forall j € [m]|

i€[n|
W, = Z lij (8;(P)+w; —Ai(P)) foralli € [n]

JEm]

has a solution. For every solutid; (P),...,0m(P),A1(P),...,An(P)),

6j (P)+w; —Ai(P)
bij = Wi
0 otherwise

foralli € [n], j € [m with ljj =1,

defines a Nash equilibrium.

Theorem 4.33 (Koutsoupias and Papadimitriou [93]) Consider the model of arbitrary us-
ers and two identical links. Then,

3
PoA — >,
© 2
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Theorem 4.34 (Czumaj and Vocking [29], Koutsoupia®t al.[92]) Consider the model of
arbitrary users and identical links. Then,

I
PoA < I im+01) = of_—2M ),
loglogm
Theorem 4.35 (Gonnet [62], Koutsoupias and Papadimitriou [93])Consider the model of
identical users and identical links. Then,

PoA = Q( logm )
loglogm
4.4.3 Fully Mixed Nash Equilibria

In the remainder of this section, we consider fully mixed Nash equilibria. Mavronicolas and
Spirakis [107] showed that in the model of identical links there always exists a unique fully
mixed Nash equilibrium (Theorem 4.36). Thus, we can compare it to a worst Nash equilib-
rium. The following results provide evidence for tR®INE Conjecture. In particular, the
FMNE Conjecture holds for pure Nash equilibria (Theorem 4.37, page 113). Moreover, the
conjecture is valid in case of two arbitrary users and identical links (Theorem 4.38, page
113), and in case of an even number of identical users and two identical links (Theorem 4.39,
page 113). In contrast to the yet unproved claim of the FMNE Conjecture, each user indeed
experiences the worst expected individual cost in the fully mixed Nash equilibrium (Proposi-
tion 4.40, page 113).

Theorem 4.36 (Mavronicolas and Spirakis [107])Consider the model of arbitrary users
and identical links. Then, for any instan¢e, m), there exists a unique fully mixed Nash
equilibriumF with fjj = % for all users i€ [n] and links je [m].

Example 4.7 (continued)For the given instance, Theorem 4.36 implies that in the fully mixed
Nash equilibrium if = % for alli € [7] and j€ [3]. Thus, every assignment is equiprobable
(with probability 3z = »75-), and the social cost df reduces to

SCo(W,3,F) = L z (maxM)
2187, b, Tyerr NIEB G
1163
81 -

Recall thatOP T (w, 3) = 9 for the given instance. Theorem 4.11 (page 98) implies that

4 1
o < (=z=—=— )" o
SCo(W,3,L) < <3 3m> OPTw(wW,3)

11
- —-.9
9

~ 11
1163

81
= SCw(3,mF)

for the pure Nash equilibriurh computed by PT.

<
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Theorem 4.37 (Gairinget al.[59]) Consider the model of arbitrary users and identical links,
restricted to pure Nash equilibria. Then, tRMINE Conjecture is valid.

Theorem 4.38 (Fotakiset al.[50]) Consider the model of two arbitrary users and identical
links. Then, th&MNE Conjecture is valid.

Theorem 4.39 (Luckinget al.[103]) Consider the model of an even number of identical
users and two identical links. Then, tABRINE Conjecture is valid.

Proposition 4.40 (Gairinget al.[59]) Consider the model of arbitrary users and identical
links. Then, for any instandgv, m) and associated Nash equilibriuRy it is A; (P) < Ai(F).

4.5 Makespan Social Cost and Related Links

In this section, we are engaged in the KP-model with makespan social cost and related links.
Often the termuniform linksis used to refer to this model in literature. Subsection 4.5.1
deals with pure Nash equilibria only, whereas the results quoted in Subsection 4.5.2 hold for
general (i.e. mixed) Nash equilibria. Subsection 4.5.3 concentrates on the fully mixed Nash
equilibrium. In order to illustrate the results, we use the following instance.

Example 4.41 Consider the following instancew,c): We have n= 5 arbitrary users and
m= 4 related links. There are one user with traffig w 4, two users with traffics w=wz =3
and two users with trafficsww= ws = 2. The capacities of the links arg e 5, co =4, c3 =3
and ¢ = 2.

4.5.1 Pure Nash Equilibria
45.1.1 Computation of Nash Equilibria

Identical Users.  We first consider the model of identical users. For any instéangg and
associated pure assignméntwe can writedj(L) = nj(L) for all j € [m], wherenj(L) is

the number of users assigned to lipk This is possible since all users are identical, that
is, wy =1 for all i € [n]. In this model, all pure Nash equilibria have optimum social cost
(Proposition 4.42). In a more general setting, Gairataal. [58] gave an algorithm which
computes a pure Nash equilibrium@{mlognlogm) time (Theorem 4.43, page 114). Again,

we can also use selfish steps to convert any given assignment into a pure Nash equilibrium.
The length of such a sequence mayh@m) (Theorem 4.44, page 114). However, since a
pure assignment is a Nash equilibrium if and only if the users assigned to links with maximum
latency are satisfied (Lemma 4.45, page 115), the length of a sequegreedyselfish steps
using the rule MAX LOAD MACHINE is at mosh (Proposition 4.46, page 115).

Proposition 4.42 Consider the model of identical users and related links. Then, for any in-
stance(n,m) and associated pure Nash equilibriumit is SCe(n,c,L) = OPT«(n,C).

Proof: Fix any instancén,c) and associated pure Nash equilibritnwith SCe(n,c,L) =
OPTw(Nn,c). Such a Nash equilibrium exists by Theorem 4.6 (page 91). Assume, by way of
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contradiction, that there exists a pure Nash equilibrit/mwvith SCe(n,c,L’) > SCe(n,c,L).
Then, there exist link$y, j2 € [m] with

nj, (L")
Cjy
nix (L)
Cia
= SCw(n,c,L).

SCoo(n7C,LI) -

If nj,(L") <nj,(L), then,
njz(l-l)
Cj,
njz('—)
Cj,
nj1<|—)
Cja
= SCw(n,c,L)
< SCx(n,c,L’),

SCoo(n,C,L/) —

IN

<

a contradiction. So, assumg,(L’) > nj,(L). Then, there exists a linke [m] with n,(L") <
ny(L), thatis,n,(L") < ny(L)— 1. It follows that

SCw(n,c,L") =

v

v

implying that
nj, (L") > n(L")+1
Cj, Cy

This shows that all users assigned to ljgkn L’ are unsatisfied, a contradiction to the defini-
tion of Nash equilibrium. [

Theorem 4.43 (Gairinget al.[58]) Consider the model of identical users and related links.
Then, a pure Nash equilibrium can be computed (m@gnlogm) time.

Theorem 4.44 (Even-Daret al.[42]) Consider the model of identical users and related links.
Then, there exists an instan@e c) and associated pure assignment for which the maximum
length of a sequence of (not necessarily greedy) selfish steps is a@lgen) before reaching

a Nash equilibrium.
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Lemma 4.45 Consider the model of identical users and related links. Then, a pure assign-
mentL associated to an instand@, c) is a Nash equilibrium if and only if all users on links

j € [m] with % = SCw(N,c,L) are satisfied.
]

Proof: Fix any instancén,c) and associated pure assignmentf L is a Nash equilibrium,

then, by definition of Nash equilibrium, all users are satisfied. So, assume, by way of contra-
diction, that all users on a linf € [m] with n'éf(") = SCw(N,c,L) are satisfied, and that there

1
exists a user on alink € [m|, j2 # j1, who is unsatisfied, that is,

CJ' 2 Cy

neL) L)+l

for somel € [m]. This implies

nj, (L) > nj,(L) > n(L)+1

Cjy Cj, Cy

showing that all users on link are unsatisfied, a contradiction to our assumption. Thus,
a Nash equilibrium. [

Proposition 4.46 Consider the model of identical users and related links. Then, for any in-
stance(n, c) and associated pure assignment, the length of a sequence of greedy selfish steps
using the ruldMAX LOAD MACHINE is at most n before reaching a Nash equilibrium.

Proof: Fix any instancén,c) and associated pure assignmentBy Lemma 4.45, we have
to apply the rule MAX LOAD MACHINE as long as users on links with maximum latency
are unsatisfied. We proceed by showing that such a greedy selfish step of a user from a link
j1 € [m] with n'éf(l‘) = SCw(n,c,L) to alink j2 € [m] makes no satisfied user unsatisfied.
1

Denotel’ the pure assignment after this greedy selfish step. Assume, by way of con-
tradiction, that a satisfied usee [n] became unsatisfied. Clearly, all users on linkstay
satisfied, showing tha # j». Moreover, since only the load on link decreased, usercan

only improve by moving to linkj;. We have

Aig (L") > Aijy (L)

= SCw(n,c,L)
)‘ifi(l-)
= }\ifi(l-/)a

v

a contradiction. Thus, selfish steps make no satisfied user unsatisfied, proving that the number
of selfish steps is bounded byas needed. [

Arbitrary Users.  We now examine arbitrary users. Fota&tsal.[50] showed that the LPT-
algorithm (see Algorithm 3, page 93) can also be used to compute some pure Nash equilibrium
in the model of related links. Friesen [54] proved that the computed assignment approximates
an optimum assignment within fact@r (see Table 4.2, page 92). We use the instance in
Example 4.41 (page 113) to illustrate the LPT-algorithm.
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Theorem 4.47 (Fotakiset al.[50], Friesen [54]) Consider the model of arbitrary users and
related links. Then, for any instanée, m), LPT computes a pure Nash equilibriumwith

SCw(w,c,L) < g-OPTm(w,c),

using Q(n+m)logm) time.

Example 4.41 (continued) For the given instancel P T returns a pure Nash equilibrium
L =(1,2,3,4,1) with social costg whereas the optimum assignmét3,1,1,4) has social
costl (see Figure 4.5). Thus,

SCw(W,c,L) 6
OPTw(W,C) 5
SCo(Woe, L) .
g 5 - OPTy(w,c)
5 1
3 2 4 3 2
4
3 3
5 4 3 2 5 4 3 2
LPT optimum

Figure 4.5: Pure Nash equilibrium= (1,2, 3,4,1) returned by LPT applied to the instance in
Example 4.41 (page 113) (left hand side), and an optimum assigrithént, 1, 4)
of this instance (right hand side).

Although each sequence of selfish steps eventually ends in a pure Nash equilibrium, it is
unknown whether there always exists such a sequence of length polynomial in the number
of users and links, respectively. Fabrikantal. [44] showed that the local computation of a
pure Nash equilibrium (i.e. with help of selfish steps) in general networsiS-complete
(see [78] for a definition of the clagBLS). For the KP-model, however, the complexity is
unknown.

Feldmannret al. [46] introduced another approach to nashify a pure assigninesso-
ciated to a given instandav,c). Their algorithm, called NSHIFY-RELATED and stated as
Algorithm 5 (page 117), does not only use selfish steps butats@sin which the individual
costs of users increase. A crucial observation for the proof of the correctnegssefifN-
RELATED is stated in Lemma 4.48 (page 117) (which is a generalization of Lemma 4.15, page
101). It shows that a greedy selfish step of a user from its current link to a link with at least
the same capacity can only make users with smaller traffic unsatisfiegHINY-RELATED
works in two phases:
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(1.) Inthe first phase, NsHIFY-RELATED fills up links with small capacities with users with
small traffic as close t6C.(W,c, L) as possible (but without exceedif@.(w,c,L)),
and it collects all these users in $et

(2.) In the second phase ANHIFY-RELATED performs greedy selfish steps for unsatisfied
users inS,

Algorithm 5 (NASHIFY-RELATED)

Input: an instancéw, c) and associated assignmént
Output: an assignmerit’

(1) begin
/l phase 1
2) i<n
(3) S {nk
(4) whilei>1do
(5) move user to link with highest possible index without exceedi®@. (w, C,L );
(6) if i was moveddr i € Sor ¢ < 41 then
(7) S sufi};
(8) i—i—1;
9) else
(20) move user to link with smallest possible index without exceedB1G., (w,c,L );
(1) if i was movedhen
(12) S— Su{i};
(13) i —n;
(14) elsebreak;
/l phase 2
(15) while Ji € Sdo
(16) make greedy selfish step for user min(S);
a7) S—S\{i};
(18) return the resulting assignmeht;
(19) end

Note that, whenever useg [n] is moved, its strategy; has to be updated, which is not
explicitly mentioned in the pseudo-code. Applying Lemma 4.49 (page 118) and implementing
the algorithm in a proper way yields the correctness a§NIFY-RELATED and running time
O(m?n) (Theorem 4.50, page 119).

Lemma 4.48 Consider the model of arbitrary users and related links. Then, for any instance
(w,c) and associated pure assignment, a greedy selfish step of an unsatisfiedaggmith
traffic wi, from a link jp € [m] to alink j> € [m] with ¢j, < ¢j, makes no satisfied user¢ [n|

with traffic w, > w;, unsatisfied.

Proof: Fix any instancéw,c) and associated pure assignmengand denoté.’ the assign-
ment after the greedy selfish step of uger Assume, by way of contradiction, that user
becomes unsatisfied due to the greedy selfish step ofius8ince only the load on link;
and j> changed, we have to distinguish between two cases:
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(1.) First, assume thdt, # jo, and that useir can improve by moving to link;. Since user
i1 improved by moving from linkj; to link j2, we know that

Ob) o Bpplb)+wh, (4.19)

Therefore,

6]1<L)_Wi1 + W,
Cjs
611<L)+Wi2_wi1
Cj, Cjs
(4.19) 5j2(L)+Wil+Wi2—Wi1
Cj, Cjs
¢j, <Cj, 5j2(L)+Wil+Wi2—Wi1

So, if useri; can improve by moving to link; after the greedy selfish step of user
then usei; could already improve by moving to link before the greedy selfish step
of useri1. This is a contradiction to the assumption that usevas satisfied.

(2.) Now, consider the cagg = jo. For allZ € [m]\ {j2}, we have

Oo(L) + Wi, Wizi""il Op(L") + Wi,

Cy Cy

> dj, (L") '
Cj2

Therefore, usen, is satisfied after the greedy selfish step of ugea contradiction to
the assumption that userbecomes unsatisfied. [ ]

Lemma 4.49 (Feldmannet al.[46]) Consider the model of arbitrary users and related links.
Then, after phase 1 dfIASHIFY-RELATED,

(1.) all unsatisfied users are in S,
(2.) S={n,(n—-1),...,(n+1—19)}, thatis, S contains thiS users with smallest traffics,
(3.) ifi,i+1e€ S, thery; </ 1, and

(4.) every user € S can only improve by moving to a link with smaller index.
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Theorem 4.50 (Feldmanret al.[46]) Consider the model of arbitrary users and related links.
Then, for any instancéw, c) and associated pure assignméntNASHIFY-RELATED com-
putes a pure Nash equilibriuta’ from L with SCe(w,c,L") < SCo(w,c,L) using at most
(m41)n moves and(n?n) time.

Example 4.41 (continued) For the given instance and associated pure assignrhesat
(2,1,1,1,1), NASHIFY-RELATED (in phase 1) first moves usefsand 5 to link 4 and then
users?2 and3to link 3without exceedin§C.(w,c,L ). Then, (in phase 2YASHIFY-RELATED
uses selfish steps to reach a Nash equilibrium (see Figure 4.6).

NASHIFY-RELATED

SCy(wee, L) . .
2
2
2% 3 2
2
Phase 1:
3 3 /\
4 4 2 4 3 2
3 3
5 4 3 2 5 4 3 2 5 4 3 2
SCy(wye, L) ..
2
3 2 2
Phase 2:
q q 2
4 3 2 4 3 2 4 3 2
3 3
‘ 5 4 3 2 5 4 3 2 5 4 3 2

Figure 4.6: MSHIFY-RELATED, applied to the instance in Example 4.41 (page 113) and asso-
ciated pure assignmeht= (2,1,1,1 1). In phase 1, each small arrow corresponds
to amove(top) whereas in phase 2, each small arrow correspondgreeay self-
ish step(bottom).

4.5.1.2 Computation of Best Nash Equilibria

In contrast to the model of identical users where it is trivial to compute a best pure Nash
equilibrium (see Proposition 4.42, page 113, and Theorem 4.43, page 114), Theorem 4.22
(page 104) implies tha®EST PURE NE is A\ P-complete for arbitrary users. Clearly, there
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exists no pseudo-polynomial algorithm to SOBREST PURE NE sinceBEST PURE NE is

A P-complete in the strong sense. For constanhowever, we can give such an algorithm
(Theorem 4.51). Moreover, the algorithmaBHIFY-IDENTICAL enables us to use any ap-
proximation algorithm for scheduling jobson m relatedmachinegsee Table 4.2, page 92,
for a list of such approximation algorithms) to get an approximation algorithnBEST
PURE NE. In particular, using th®TAS of Hochbaum and Shmoys [71], this approach yields
aPTAS for BEST PURE NE (Theorem 4.52). We cannot expect to find=RTAS SinceBEST
PURE NE is A/ P-complete in the strong sense [50].

Theorem 4.51 Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for-BEST PURE NE.

Proof: See Theorem 4.104 (page 161) for a generalization of this result. [

Theorem 4.52 (Feldmanret al.[46]) Consider the model of arbitrary users and related links.
Then, there exists ATAS for BEST PURE NE.

4.5.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

We next turn our attention to worst pure Nash equilibria. For the model of identical users,
such a Nash equilibrium can be computed in polynomial time (see Proposition 4.42, page
113, and Theorem 4.43, page 114). For arbitrary users, Theorem 4.26 (page 106) implies that
WORST PURE NE is A_P-complete. Again, there exists no pseudo-polynomial algorithm to
solveWORST PURE NE sinceWORST PURE NE is A/P-complete in the strong sense, but
for constanim, we can give such an algorithm (Theorem 4.53).

For identical users, the price of anarchy is 1 (see Proposition 4.42, page 113). For ar-
bitrary users, Czumaj and Vdcking [29] showed the asymptotically tight b&aidm) + 1
on the price of anarchy (Theorems 4.54 and Theorem 4.56, page 121). We will see later
(Corollary 4.63, page 131) that the upper bound in Theorem 4.54 can be slightly improved to
~1(m). Clearly, Theorem 4.29 (page 108) implies that, for amyith 0 < & < 1— m% we
can not hope to find a polynomial-tin{@ — m—%l — €)-approximation algorithm foWwORST
PURE NE. Up to now, no other result is known.

Theorem 4.53 Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for-WiORST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result. [

Theorem 4.54 (Czumaj and Vocking [29]) Consider the model of arbitrary users and re-
lated links, restricted to pure Nash equilibria. Then,

PoA < min{l“l(m)+1,2-Iog<§—1)+0(1)}

m

= O min Ioﬂ,log a .
loglogm Cm
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Figure 4.7: Instance and associated pure assignment in Example 4.55.

Example 4.55 Fix any ke N, and consider the following instan¢e, ¢) and associated pure
assignment (illustrated in Figure 4.7):

e We have k disjoint subset$, ... Uy with | ;| = k users with traffic<1 and

w| = 270 k-1) ] k-]
jeli—1]

users with traffic@< ' for all i € [K]\ {1}.

e We havedk-+ 1) disjoint subsetg, . .., % with | P| = 1 links with capacity_zkfl, |P| =
| 1| — 1 links with capacity2k—1, and || = | ;| links with capacity2<~" for all i €

K\ {1}

e The assignmerit is defined as follows: All users ifi; are assigned to the link ify;
on each link inA, i € [k— 1], there are2(k—i) users from 1, respectively; the links
from B remain empty.

Theorem 4.56 For every ke N, there exists an instanc@v,c) and associated pure Nash
equilibriumL with
SCw(W,c,L)

k = OPTa(W.0) > T im)-(1+0(1)).

Proof: Consider the instandav, c) and associated pure assignmiemgfiven in Example 4.55.
We first show in Claim 4.57 th&@PT.(w,c) = 1, and that is a pure Nash equilibrium with
SCe(W,c,L) = k. We then show the lower bound &n

Claim 4.57 Consider the instancéw,c) and associated pure assignméngiven in Exam-
ple 4.55. Then,
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(1.) OPTw(w,c) =1, and
(2.) the assignmertt is a pure Nash equilibrium with social cdS€.(w,c,L) = k.
Proof:

(1.) The traffic of a user irtJ; is equal to the capacity of a link i, and| ;| = | B for all
i € K]\ {1}. Moreover, the traffic of each user #h is equal to the capacity of a link in
PoU P, and|Po| + |P1| = |U4|. So, each user can be assigned to a link with a capacity
equal to its traffic such that all users are solo. TIQBT . (w,c) = 1.

(2.) The latency of all linkg € A&, i € [k U{0}, is

ML) = e,
Thus,
k-1 e
oi(b) = (k=i)-¢j = {l((kii)-z"—i :Hii.o,’ie[k]. (4.20)

Clearly, inL every user is assigned to exactly one link, &id,(w,c,L) = k. Thus,L
is a valid assignment. We proceed to prove that a pure Nash equilibrium.

Assume, by way of contradiction, thatis not a pure Nash equilibrium. Then, there
exists an unsatisfied user with trafficon a link j1 € #, who wants to move to a link
j2€ B,,i2> I3, that is, we have

%j,(L) > 9j,(L) "‘W.
Cis Ciz

(4.21)

We proceed by case analysis:
i, = 0: In this casew = 2k-1, and we get

Ou(L) (420
Cjx
429 8j,(L) +w
Cj>
(420 (K—ip)-cj, +2¢71
Cj2
2t
= (k—i2)+ KTz
= (k—ip) 42271

VN
—
=
|
Ny
N—
+
Ny
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a contradiction. .
i1 > 1: In this casew = 2~ (1+1) and we get

a contradiction. Thus, the pure assignmiems a Nash equilibrium, as needed.

Oj, (L) (4.20), page122

Cj, (k—i1)
(4.21), gagelzz M
Cj,
(4.20), page122 (k—i2) - cj, 4 2K (i1+1)
- Cj, i
k—(i1+1
= (k—i2) + 22k 5
= (k—ip) 4 22~ (1)
| —Ilzl
2 (k |2) (2—|1)
= (k—i1),

We proceed by proving the lower bound knWe have

m

IA A CIA

A
0<i<k
kt(k=1)- 5 275 [ (k=1])
20k jeli—1]
1 1
kt (k—1)- 2 (k=11 [ 1+ S
( ) ( ) ( & _12k—| (k—1)

k4 (k—1)-2%. (k—1)!
2K ki
o - KK

for some constard € R™. Letr = a -kX. Since

and

this implies

as needed.

logr = k-logk+loga
k-logk-(1+0(1))

loglogr = logk+loglogk+ o(1)
= logk-(1+40(1)),

(4.4), page80 logr
< .
loglogr (1+0(1))

= K-(1+0(1)),

rH(m)
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4.5.2 Mixed Nash Equilibria

We now state upper bounds on the price of anarchy and on the individual price of anarchy for
mixed Nash equilibria on related links. The first upper bounds were proved by Koutsoupias

and Papadimitriou [93]. For two links, they showed that the price of anarcﬁ*yz—‘/lg, that
is, thegolden ratio(Theorem 4.58). It is interesting to note that this bound (with respect to
mixedNash equilibria) matches the upper bound jilomp optimal schedule@vith respect
to pure jump optimal schedules) proved by Cho and Sahni [21] (see Table 4.3, page 93).
For an arbitrary number of links, Czumaj and Vocking [29] proved the asymptotically tight
bound@(logllg%) by first bounding the maximum expected latency on the links, and then
using this result to bound the expected maximum latency by applykhgedfding inequality
(Theorem 4.59, page 125).

All these bounds depend either on the number of links or on the relation between the fastest
and slowest link. We now introduce a new structural paranggtdefined as the ratio of the
sum of link capacities of links to which the largest traffic can be assigned causing latency at
mostOP T (w,c) and the sum of all link capacities. More formally, let

My = {je[m|wy<cj-OPTw(w,cC)}.
Then,

ZjGMl Cj

p: C

With help ofp we are able to prove an upper boU’ntll(%) on the individual price of anarchy
(Theorem 4.60, page 125). Clearlgll, < OPTw(w,c) andC < m-c;, implying thatp > %
This allows us to bound the maximum expected latendy by(m) - OPT(w, ) improving on
the best known upper bourfi—1(m) + 1) - OPT«(w, c) of Czumaj and Vécking [29] (Corol-
lary 4.62, page 131), and the individual price of anarchyrby(m) (Corollary 4.63, page
131). Moreover, since the individual price of anarchy and the price of anarchy coincide when
restricting to pure Nash equilibria, the generalized bound directly leads to an improved bound
F_l(%) on the price of anarchy in this setting (Corollary 4.64, page 131). The generalized
bound is tight up to an additive constant fdt m (Proposition 4.65, page 131) whereas the
upper bound —1(m) is tight only forlarge m(see Theorem 4.56, page 121).

Feldmannet al. [46] showed that the individual price of anarchy is also bounded from

above by*™A™=3 (Theorem 4.66, page 132). For pure Nash equilibria, this matches the
upper bound fojump optimal schedulest Cho and Sahni [21] (see Table 4.3, page 93). The
bound isnot asymptotically tight, but for small numbers of linke1 19) better than the
asymptotically tight bound ~1(m).

Theorem 4.58 (Koutsoupias and Papadimitriou [93]) Consider the model of arbitrary us-
ers and two related links. Then,

PoA = o,

wherep = 145 is thegolden ratio.
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Theorem 4.59 (Czumaj and Vécking [29]) Consider the model of arbitrary users and re-
lated links. Then,

PoA = ©|mind —1°9m _ logm
logloglogm logm
99| iog( %)

Theorem 4.60 Consider the model of arbitrary users and related links. Then, for any instance
(w,c) and associated Nash equilibriu® it is

o 3. /128 iti<p<1
7 r—l(%> if p< .

Proof: Without loss of generality, 1eDPT.(w,c) =1 andC = 1. For any integek € N,
consider an instandav, c) and associated mixed Nash equilibrighwith

k < ICuo(w,c,P) < (k+1).

In part (1.) and (2.), we give a lower bound on the total expected load that is necessary for
such a mixed Nash equilibriuf In part (3.), we then use this lower bound to prove an upper
bound ork. Denotet;j (P) the expected load on linkexcludingthe traffic of user.

(1.) Letj; be the maximum index of a link i3, that is,M; = [j1]. Moreover, let; € [n]
be a user and let; € M be a link withp;,s, > 0 and

his(P) = Tl
= 1Co(w,mP).

By the definition of Nash equilibrium, we have

Tilsl(P) + Wi;
Cs

Tiyj (P) +wi,
Cj

Tij(P) +wy
Cj

k <

(4.22)

for all j € ;. Moreover, by definition ofif;, we have
Wi

< OPTo(w,c)
Cj

-1 (4.23)
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for all j € M;. This implies thatwv, < c;j for all j € M, and thus

T,j(P)+¢c; (429 gagelZS T, (P) +wq

Cj Cj
(4.22), pagel25
>
Therefore,
6J(P) = Tilj(P) + Pigj - Wiy
> T,j(P)
> (k=1)-¢ (4.24)

forall j € M. LetCy = ¥ cq4Cj- Summing up all expected loadg(P) on links in
M, the total expected loaty; (P) of links in 2 is

A1(P) = > 5(P)
jeMy
(4.24)
> (k=1)-C
definiti)n ofp (k— 1) C
= pk—-1). (4.25)

(2.) We show the following claim by induction dn

Claim 4.61 For all | € [k—1]\ {1}, there exists a se¥; = [j;] \ [ji—1] # O such that

(a.) the total capacity Cof links in 9, is at least

G (k—2)- k—j),
> P >2§J|;l—1( i)

(b.) forall jin 9, the expected load is bounded by
oj(P) > (k—=1I)-cj,
(c.) the total expected loatd (P) on links in%M; is at least

NP) > p-(k-2)- [ k=),

2<j<l

(d.) and the difference between the total expected load on linRgio --- U M and
the capacity of those links is bounded by

S @i(P)=Cj) > p-(k=2)- ] (k=j)-

jell] 2<j<l
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Proof: As our basis case, lét=2. Letw;, be the smallest traffic of a user who
chooses a link imVf; with positive probability, and les, € A3 be a link in M7 with
Pi,s, > 0. In an optimum assignment, at most load

definition of p

C1 p-C

p (4.26)

0
I

1

can be assigned to links ;. Therefore, in an optimum assignment, the remaining
expected load which is greater or equal to

4.26
mP - Y (AP —p)
(4.25), page126
> o (k—2) (4.27)

is assigned to links not iffy. This implies that there exists a set of link% = [j2] \
[j1] # 0, j2 minimum, with total capacitf; at least

C > Al(P) -C

(4.27)
> p(k=2), (4.28)

proving (a.). Moreover, by definition of Nash equilibrium, we have

(4.24), page126 552(p>

(k—=1) < =2
Cs,
< Tizsz(P) + Wi,
< - —
< lelﬁ& (4.29)
j

forall j € M>. Since all links inM; have expected latency larger thaR T (w,c) =1,
there exists a link € [m]\ [j2 — 1] to which a user with traffic at least, is assigned in
an optimum assignment. We get

Wi,

< OPTe(w,c)
Cj

= 1 (4.30)
for all j € M>. This implies thati, < c;j for all j € M>, and thus
Tipj(P)+¢j 439 Tiyi(P) +wi
Cj B Cj

(4.29)
> (k—1).

Therefore,
3j(P) = Tipj(P)+ pipj - Wi,

Tizj(P)
(k—=2)-c;

vV 1V
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for all j € Mo, proving (b.). Summing up all expected loasigP) on links in M, the
total expected loady(P) of links in M is

Az (P) = > 5i(P)
jedM;
> (k—2)-Cy (4.31)
(4.28), pagel27
> p- (k_ 2)2 )

proving (c.). In an optimum assignment, at most expected@®agC, can be assigned
to links in M1 U M>. So, the remaining expected load on linksiifs U M, which has to
be assigned to other links in an optimum assignment is at least
> (Bj(P)-Cj)
j€l2]
= A(P)+02(P)—C1—Cy
(4.25), page126 (4.31)
> (k—l)-C1+(k—2)~C2—C1—C2
(k=2)-C1+(k=3)-C
4.28), pagel27
p-(k=2)+p-(k=3)-(k—2)
p- (k_ 2)2 )

proving (d.), and thus the claim holds for the basis case.

For the induction step, ldt> 3, and assume that Claim 4.61 (page 126) holds for
(—1). Letw;, be the smallest traffic of a usgrwho assigns its traffic to a link in
My U---U M _1 with positive probability, and le§ € M U---U M;_1 be a link with

pi;s > 0. By induction hypothesis,

Y (Bj(P)-Cj) > p-<k—2>-2SJ|;|1<k—j>.

e

definition of p,

vV

This implies that there exists a set of link§ = [j;] \ [ji—1] # 0, j} minimum, with total
capacity at least

G > [Z](Aj(P)—Cj)
jell-1
(k—2). k—1j), 4.32
> p( )Zggl( j) (4.32)

proving (a.). This holds since it is possible to assign all users to links with latency at
mostOPT«(w,c) = 1. Moreover, by definition of Nash equilibrium, we have

95 (P)
Cs
Tijg (P) + W,
Cy
Ti,j (P) +w
Cj

k—(1-1) <

<

< (4.33)
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for all j € M. Since all links inM;U---U M _; have expected latency larger than
OPTw(w,c) =1, there exists a link € [m]\ [j; — 1] to which a user with traffic at least
wj, is assigned in an optimum assignment. We get

% < OPTw(w,c)
j
=1 (4.34)
for all j € M. This implies thawy, < c; for all j € 94, and thus
Tilj(P)—l—Cj (4§4) Tilj(P)—l—Wil
Cj B Cj
(4.33), pagel128
> k—(1-1).

Therefore,
3j(P) = Tj(P)+pij- Wi
> Tj(P)
= (k=1)-c

for all j € M, proving (b.). Summing up all expected loa®gP) on links in 94, the
total expected load, (P) of links in 44 is

A (P) = > 3i(P)
jeMm
> (k=1)-G (4.35)
(4.32), page128
> p (k-2 [] k=),
2<j<l

proving (c.). In an optimum assignment, at most Iggd;;;Cj can be assigned to links
in MyU---UM,. So, the remaining expected load on linksify U - - - U M, which has
to be assigned to other links in the optimum solution is at least

_Zm(Ai(P) -Cj)
j€
= [Z ](Aj(P)—Cj)+A|(P)—C|
jell—-1
(4.35)
> (Aj(P)=Cj) + (k=1)-G =G
jel

Induction (4.32), page128 ]
> p-(k=2)- |T (k—=1J)
2<)<l-1

+(k—1-1)-p-(k=2)- |1 (k—1)
2<j<l-1
— k—1)-p-(k—2)- K—
(k=1)-p- (k=2 2§[J_1( )

- p-(k-2)- ] k—1).

2<j<l

129
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proving (d.). This completes the proof of the inductive claim. [

(3.) We proceed by showing an upper boundkorSsumming up over al (P) we get the

lower boundy ¢ 14 (P) <W on the total loadV. The strict inequality follows from

the fact that there exists at least one user with expected individual cost &.|eksshg

this lower bound, we now prove the upper bounds for the three cases of the claim by
showing that a larger upper bound implies

a contradiction. Note that™ ( ) is also an upper bound on the ratio fo> 317 How-

ever, in the range% <p<l1 and 7 <p<j3 the given upper bounds are better. Now,
consider the three cases of the claim:

(@) 3 <p<1:Assumek= 3+ /5 — 3. This impliesk > 2 in the given range of.
Then,

w

|
ge)

O -

(b) 5 <p < §: Assumek = 2+ ¢/£ — 2. This impliesk > 3 in the given range of.
Then,

W > A(P) —’:—Az( )+A3(P)
(k= —2)%+(k—2)*(k—3))

(k- 1+k2)

v
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() p< 2 Assumek = F—l(%). Using the facts thalt (x+ 1) = x-I'(x) for all real
numbers< > 0 andl" (x) < x for all 1 < x < 3, we get

wWo> S AP
lek—1]
> Dx_2(P)+Ak-1(P)

(k—2)- k—j K—
p-(k—-2) <2§J|;L2( J)+2§J|'L1( J))

> p-(k=2)- <3§J|;L_l(k—1)+2 [ _1(k—j)>

v

In each of the cases, we hawe> C, and this lower bound oW also holds for any real
numberx > k. This is a contradiction tOPT(w,c) = 1. ]

Corollary 4.62 Consider the model of arbitrary users and related links. Then, for any in-
stance(w, ¢) and associated Nash equilibriuR it is

A(P) < T71(m)-OPTw(w,c).

Corollary 4.63 Consider the model of arbitrary users and related links. Then, for any in-
stance(w, ¢) and associated Nash equilibriuR) it is

ICo (W, C,P)

OPTw(W,C) rH(m).

Corollary 4.64 Consider the model of arbitrary users and related links, restricted to pure
Nash equilibria. Then,
PoA < 1 (3) :
P

Proposition 4.65 Consider the model of arbitrary users and related links. Then, for every
k € N there exists an instandav, ¢) and associated pure Nash equilibriumwith

SCo(W,c,L) (1
= — 777 > Z)1-3.
k OPTw(w,c) — r (p) 3
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Proof: Consider the instanc@v,c) and associated pure Nash equilibriitnfrom Exam-

ple 4.55 (page 121). As seen in Claim 4.57 (page 121),0f3 . (w,c) = 1, andL is a pure

Nash equilibrium witif5Ce (W, c,L ) = k. We now prove thal’*l(%) — 3 is a lower bound on
k. By definition,

0 |PoUPy|- 261
|Pol - 2514 Ficp | B - 2¢
This implies
1 1 _ i
o = kper [1B1270 5 1A )
ikl

definition of A 1 k1 i1 . Kei
k.2k-1 2§Z§k< I_l

jeli-1]
1
< k2Kt 2Tk (k—1>>
k261 2<|<kje|[i_11]
= 1+ (k=1)
2§|§kje|[i_|1]
_ 14+2(k—1)1 + M k-
2<iTk—2jeli~1
k—1)!
< 2k-pt y oL 2i—1)
2<i<k-2
< 3(k—1)!
k>1
< (k+2)!
— r(k+3).
This yieldsk > (%) — 3, as needed. m

Theorem 4.66 (Feldmanret al.[46]) Consider the model of arbitrary users and related links.
Then, for any instancéw, c) and associated Nash equilibriuR it is

|Ceo (W, C, P) < 1++/4m—3
OPTw(w,c) — 2 ’

This bound is tight if and only if | 5. For pure Nash equilibria, the bound is tight if and
only if m< 3.

4.5.3 Fully Mixed Nash Equilibria

Mavronicolas and Spirakis [107] showed that, in contrast to the model of identical links, there
does not necessarily exist a fully mixed Nash equilibrium. In fact, there exist instances with-
out a fully mixed Nash equilibrium (Example 4.41, page 113). Furthermore, they proved
that if a fully mixed Nash equilibrium exists, then it is unique and can be computed effi-
ciently (Theorem 4.67, page 133). In case of its existence, we can compare the fully mixed
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Nash equilibrium to a worst Nash equilibrium. The following results provide evidence for the
FMNE Conjecture. In particular, theMNE Conjecture holds for pure Nash equilibria (Theo-

rem 4.68). Moreover, for the model of identical users, the conjecture holds up to a constant
factor (Theorem 4.69) for generalized fully mixed Nash equilibria, which, in contrast to fully
mixed Nash equilibria, always exist. For a thorough analysis of fully mixed Nash equilibria
for the model of identical users and links with non-decreasing, non-constant latency functions,
we refer to [58]. Finally, the conjecture is valid in case of two identical users (Theorem 4.70).
In contrast to the yet unproved claim of the FMNE Conjecture, each user indeed experiences
the worst expected individual cost in the fully mixed Nash equilibrium (Proposition 4.71).

Theorem 4.67 (Mavronicolas and Spirakis [107])Consider the model of arbitrary users
and related links. Then, for any instan@®, c), there exists a fully mixed Nash equilibritfn

if and only if
MGy (oW VLG
(1-) (1 (n—l)wi)+C € 01

foralli € [n] and je€ [m|. If F exists, therF is unique and

for all users i€ [n] and links je [m)].

Example 4.41 (continued)According to the formula in Theorem 4.67, the probability of user
4onlink4is

4.2 14 2 5

By Theorem 4.67, this implies that there exists no fully mixed Nash equilibrium.

Theorem 4.68 (Gairinget al.[59]) Consider the model of arbitrary users and related links,
restricted to pure Nash equilibria. Then, tRBMINE Conjecture is valid.

Theorem 4.69 (Fotakiset al.[50]) Consider the model of identical users and related links.
Then, for any instancéw,c), associated Nash equilibriuf@ and generalized fully mixed
Nash equilibriunt, it is

SCo(w,c,P) < 49.02-SCu(w,c,F).

Theorem 4.70 (Luckinget al.[103]) Consider the model of two identical users and related
links. Then, th&MNE Conjecture is valid.

Proposition 4.71 (Gairinget al.[59]) Consider the model of arbitrary users and related links.
Then, for any instancéw, c) and associated Nash equilibriuRy it is Aj(P) < Ai(F).



134

4 Selfish Routing in Non-Cooperative Networks

4.6 Makespan Social Cost and Restricted Strategy Sets

We now consider the KP-model with makespan social cost and restricted strategy sets. Recall
that every user € [n] is only allowed to assign its traffic to links in its strategy Bet_ [m|.

Clearly, this restriction can change the set of possible Nash equilibria. Subsection 4.6.1 deals
with pure Nash equilibria only, whereas the results quoted in Subsection 4.6.2 hold for general
(i.e. mixed) Nash equilibria.

4.6.1 Pure Nash Equilibria
4.6.1.1 Computation of Nash Equilibria

Identical Users.  Since the model of identical users and identical links is a special case of
the unrelated links model where the traffics are either &,0iwve can compute a (best) pure
Nash equilibrium by solving a bipartite cardinality matching problem (Theorem 4.72). For
the model of identical users and related links, Even-&aal. [42] improved an upper bound

of Milchtaich [109], showing that sequences of (not necessarily greedy) selfish steps can be
used to compute a pure Nash equilibrium (Theorem 4.73).

Theorem 4.72 (Hopcroft and Karp [72], Lenstraet al.[97]) Consider the model of identi-
cal users with restricted strategy sets and identical links. Then, for any instan, a best
pure Nash equilibrium can be computed ifRy/n) time.

Theorem 4.73 (Even-Daret al.[42]) Consider the model of identical users with restricted
strategy sets and related links. Then, there exists an instance, an associated pure assignment
and a rule such that the maximum length of a sequence of (not necessarily greedy) selfish
steps is at most nm before reaching a Nash equilibrium usifrgr»gm) time.

Arbitrary Users.  For the model of arbitrary users and related links, no polynomial-time al-
gorithm to compute a pure Nash equilibrium is known. However, restricting to identical links,
a nashification algorithm, in the sequel called ¥IFY-RESTRICTED was given by Gair-

ing et al. [56] by identifying some natural connections between the problem of computing a
Nash equilibrium anahetwork flowproblems (see e.g. [1]). In the remainder of this subsec-
tion, we assume that all user traffics are positive integers. In order to present the algorithm,
we first show how to represent a (partial) pure assignment via a residual network. We then in-
troduce a blocking flow algorithm, calledN$PLITTABLE-BLOCKING-FLOW, and we show

how it can be used by algorithmeRURSIVEUBF to alter a pure assignment such that all
users with traffiovy are satisfied and the social cost does not increase. Finally, we show how
NASHIFY-RESTRICTED uses RECURSIVEUBF to nashify any given pure assignment. We
illustrate both the introduced definitions and algorithms with help of the following example.

Example 4.74 Consider the following instangev,c): We have n=5usersi,...,isand m=
4 identical links j,..., ja. We have yy =6 with R, = {]j1, j2}, wi, =5with R, = {j2, ja},
Wi, = 4 with R; = {j1, j2}, Wi, = 2 with R, = {js, ja}, and w, = 2 with R, = {]3, ja}.
Moreover, we consider the pure assignment (j1, j2, j1, j3, j3) (illustrated in Figure 4.8).
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1

Figure 4.8: Assignmentt = (j1, j2, J1, j3, j3) Of the instance given in Example 4.74 (page
134). Each small arrow points from an assigned user to the other link in its strategy
set.

Residual Network Representation. In the following, we present a (partial) pure assign-
ment with help of a residual network.

Definition 4.75 Given a (partial) pure assignmeht= (¢1,...,¢y), we define a directed bi-
partite graph G = (V,E, ), where V=M UU such that each link is represented by a node in
M and each user is represented by a node in U. Furthermare-E! UE? with

EL = {(ih]ieMicU.j=4} and

EZ = {(L,i)lieu,jeM jeR\{4}}.
Example 4.74 (continued) The residual network Gfor the pure assignmenht = (jq, jo, j1,
i3, j3) is illustrated in Figure 4.9.

Figure 4.9: The residual networ® for the pure assignmett = (j1, j2, j1, j3, J3) given in
Example 4.74 (page 134).

For a total pure assignmeht we use the grapfs_ from Definition 4.75 to define a graph
GL (w) whereV stays the same, but froE) we now only consider edges

EL(w) = B A{(,])[ieV,jeMwi>w}.

This means that all users [n] with w; > w stay assigned to their link. We u&g instead of
G (w) if it is clear from the context whiclwv is used.
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UNSPLITTABLE -BLOCKING-FLow. We now introduce an algorithm, calledN\SPLITTABLE-
BLOCKING-FLOW. Starting with any integew € N and any pure assignmeht we use an
integera to control the approximation of an optimum assignment. The intention is to find an
a which is a lower bound o®PT.(w,m), and then to compute a pure assignmiehtvith
SCo(W,m,L") < a-+w. For any integea, we partition the set of link® into three subsets:

M™ = {jeM[gj(L)<a}
MO = {jeM|at+1<§(L)<a+w}
MT = {jeM|g(L)=>a+w+1}

In this setting, we do not have a dedicated source or sink. However, at each time nbtes in
andM™ can be interpreted as source and sink nodes, respectively. Note, that those sets change
over time.

Example 4.74 (continued)Let w= 5 and a= 3. Then, the partition of the links for the given
pure assignmerit looks as follows: M = {j1}, M® = {j2, j3}, and M~ = {j4}.

UNSPLITTABLE-BLOCKING-FLOW combines ideas from blocking flows with the idea of
pushing users without splitting them. Roughly speaking, algoritms®LITTABLE-BLO-
CKING-FLOW shifts users so that the latencies of links fréhT are never decreased, the
latencies of links fromM* are never increased, and links fravtf remain inM°. The al-
gorithm is controlled by deight function h:V — No with h(j) = distg w)(j,M™) for all
j € V. We call an edgéu, v) admissibleif h(u) = h(v) + 1. In anadmissible path all edges
are admissible. For each node V with 0 < h(u) < o, defineS(u) to be theset of successors
of nodeu; this is the set of nodes to whiechhas an admissible edge, so that

Su) = {veV|(uv)eE andh(u) =h(v)+1}.

Note thatS(u) also defines the set of admissible edges leauiriget s(u) be the first node in
a list implementation of the s&u). We proceed to define:

Definition 4.76 Alink j € M with 0 < h(j) < e is calledhelpful if dj(L) > a+ 1+ wgj).

Lemma 4.77 (Gairinget al.[56]) Let b be a helpful link of minimum height. Then, there
exists a sequence@,\..,Vy, where g c Mforall 0<i <r/2and w1 €U forall 0<i<r/2
such that

(1.) (vi,vi+1) € EL and H(vi) = h(viy1) + 1,

(2) 5Vo(l-) 2 a+1+Ws(vo)a

(3) a+ 1<y, (L) +Wsyy ) —Wevy) <a+wforall0<i<r/2
(4. 5vr(|-> "‘Ws(vr_z) < a+w.

We are now ready to present the algorithms»LITTABLE-BLOCKING-FLOW, stated as
Algorithm 6 (page 137). Initially, the height functidnis computed as the distance@ (w)
of each node to the st~ of nodes. Then, the algorithm proceeds in phases. In each phase,
first the minimum heightl = h(v) of a nodev € M is computed. Inside each phase, we
do not update the height function, but we successively choose a helpfu 6hkninimum
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height and we push users along the helpful path inducedand adjust the pure assignment
accordingly. In order to updat®, (w), we have to change the direction of two arcs for each
user push. The phase ends when there exists no further admissible path fromvacridde
with h(v) = d to some node iM~. Before the new phase starts, we recomgusnd we
check whether we need to start a new phase or neSRUITTABLE-BLOCKING-FLOW stops
when eitheM~— = 0 or for allv € M™ we haveh(v) = c.

Algorithm 6 (UNSPLITTABLE-BLOCKING-FLOW)
Input: a pure assignmetht and positive integera, w
Output: a pure assignmeht’

(1) begin

(2) computeh;

(3) L'«L;

(4)  while M~ # 0 and there exists & € M with h(v) < « do
(5) d — minyey+(h(v));

(6) while there exists an admissible path frare M* h(v) =d, toM~ do
(7 choose helpful linkr of minimum height;

(8) push users along helpful path definedvby
9) updatel’, G/ (w);

(20) recomputédn;

(11) returnL’;

(12) end

Gairing et al. [56] showed that BSPLITTABLE-BLOCKING-FLOW decreases the maxi-
mum load and increases the minimum load on the links, respectively (Lemma 4.78). More-
over, they showed properties of the resulting pure assigniefitemma 4.79), and that
UNSPLITTABLE-BLOCKING-FLOW can be implemented to run@(mR) time (Theorem 4.80,
page 138).

Lemma 4.78 (Gairinget al.[56]) For the pure assignmeht computed bYJNSPLITTABLE-
BLOCKING-FLow(L,a,w), we have

maxd;(L) < maxdj(L), and

j€(m je(m
mind;(L") > ming;(L).
J€lm jelm

Lemma 4.79 (Gairinget al.[56]) For the pure assignmeht computed bYJNSPLITTABLE-
BLocCKING-FLow(L,a,w), one of the following conditions holds:

(1) M~ (L") =0.

(2.) MT(L")=0.

(3.) There exists some set of linksZBm| such that
(a.) oj(L") >a+1forall j € B, and
(b)) ¥j(L') <a+wforall j € [m\B, and
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(c.) 4 € Bimplies RC B for all i € [n] with w <w.

Theorem 4.80 (Gairinget al.[56]) UNSPLITTABLE-BLOCKING-FLOW can be implemented
to run in OQ(mR) time.

Example 4.74 (continued)On the left hand side of Figure 4.10, the height function jr{\@

for w=5and a= 3is illustrated with help of a layered network. Only linkig helpful, and
there exist two admissible pathsi, g, j2,i2, 3,14, j4 @nd j1,i3, j2,12, j3,is5, j4. On the right
hand side, the result of pushing users along the first admissible path is shown. Herg, link j
becomes helpful.

dj = 10 dj 1=6
height = 6 height = 6
height =5 height =5
8=

height = 4

height =3 height = 3
o i= 4 é j3=7
height =2 height = 2
height = 1 height = 1
) i 0 ) j4=2
height =0 height = 0

Figure 4.10: Height function i (w) for w =5 anda = 3 of Example 4.74 (page 134) il-
lustrated with help of a layered network before (left hand side) and after pushing
users along the admissible pgthis, j2,i2, j3,14, j4 (right hand side).

RECURSIVEUBF. We next show how NSPLITTABLE-BLOCKING-FLOW is used by algo-
rithm RECURSIVEUBF(B,L (B),[l,u],w), stated as Algorithm 7 (page 139).
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If 1 <dj(L(B)) <u+wforalllinks j € B prior to a call to RECURSIVEUBF(B, [I, u],w),
then it computes a pure assignment where no user with traffic atvelat is assigned to some
link in B can improve by moving to some other link B1 By a series of calls to NSPLIT-
TABLE-BLOCKING-FLOW(L'(B),a,w) we compute a pure assignment white andM™ are
either both empty or both non-empty. Parameterchosen by binary searee [I,u], a€ N,
as follows: If UNSPLITTABLE-BLOCKING-FLOW returns a pure assignment wikh~ = 0
andM™ £ 0, then we increasa. On the other hand, if NSPLITTABLE-BLOCKING-FLOW
returns a pure assignment with~ # 0 andM ™ = 0, then we decrease

Algorithm 7 (RECURSIVEUBF)

Input: a set of linksB, a pure assignmeit(B), an interval]l,u] and a traffic sizev
Output: a pure assignmenht' (B)

(1) begin

@ a—[(0+u/2;

(3) ifa=uthen

4) return L (B);

(5) L(B) <« UNSPLITTABLE-BLOCKING-FLOW(L (B),a,w);
(6) ifM (L(B))=0andM™(L(B))# 0then

(7) L'(B) «— RECURSIVEUBF(B, [a,u],w);

(8) elseifM~(L(B)) #0andM*(L(B)) =0then

9) L’(B) — RECURSIVEUBF(B,|l,a],w);

(10) elseifM~(L(B)) #0and M*(L(B)) # 0then

(12) splitB (according to Lemma 4.79 (3.), page 137) into &tandB/;
(12) L’(B') «— RECURSIVEUBF(B/, [a,u],w);

(13) L'(B') «+ RECURSIVEUBF(B/, [I,a],w);

(14) L’(B) « L'(B"YUL'(B);

(15) returnL’(B);

(16) end

If after the binary searctM~ = 0 andM™ = 0, then we have computed a pure assignment
where all users with traffic at leagtare satisfied. If neithem~ = 0 nor M* = 0 it follows
that condition (3.) from Lemma 4.79 (page 137) holds. Defthas the set of links still
reachable fronM* and letB’ be the complement &' in B. In this case, we split our instance
into two parts. One part with all links iB’ and all users that are currently assigned to a link
in B, the other part holds the complement. Whend¥é& split intoB’ andB’, condition (3.)
from Lemma 4.79 (page 137) implies that no usaiith w, < w, assigned to a link iB’, has
a link from B’ in its strategy set.

We recursively proceed with the binary searchaaon both parts of the instance. For the
part that corresponds &, we increasa, while in the other part we decreameThe recursive
splitting of B defines a partition of the links into seés, . .., Bp. Atthe end, all part8;,...,Bp
are put together to forrh’(B).

For eachBy, k € [p], define a lower bountow(Bg) on the load of all links fronBy as the
last value fora after the binary search anin By. This implies:

Lemma 4.81 (Gairinget al.[56]) If | < 8;(L(B)) < u+w for all j € B prior to a call to
RECURSIVEUBF(B,L (B), [l,u],w), thenRECURSIVEUBF(B,L (B),[l,u],w) returns a pure
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assignment.’(B) of users in B, a partition of B into p setg B. ., B, for some p, and (implic-
itly) numbersLow(By) for k € [p] such that

(1.) u>Low(B1) > ... > Low(Bp) > I for all k € [p],
(2.) Low(Bk) < dj(L'(B)) < Low(Byx) +w for all j € By and for all ke [p],

(3.) no user v with w< w that is assigned to a link in\ghas a link from B in its strategy
setRif £ > k.

By (3.) all users with traffiav are satisfied in the pure assignment computed bg URr-
SIVEUBF. In order to keep these users satisfied, we have to ensure that in further compu-
tations the lower bounds only increase and the upper bounds only decrease. We denote the
upper bound byp(By) for all links from By, and in coincidence with (2.) we s&p(Bx) =
Low(By) + w.

NASHIFY-RESTRICTED. We are now ready to present the algorithmdMiIFY-RESTRICTED
Letw; > ... > W, be all different user traffics frorw,...,w,. The idea is to compute a se-
guence of pure assignmetnts, ...,L, such that o =L, and such that for all pure assignments
Li with i € [r], all usersj with w; > w; are satisfied. We call the computationlgffrom L;_1
stagei. The aim in stageis to compute a pure assignméntfrom L;_1 such that in_; all
usersu with w, > w; are satisfied.

Algorithm 8 (NASHIFY-RESTRICTED)
Input: a pure assignmeihty
Output: a pure assignment,

(1) begin
// stage 1

(2) Li<—REeEcursIVEUBF(Im],Lo,[0,max; dj(Lo)],W1);
/l stage 2...,r

(8) fori+ 2tordo

(4) while there are sets of active link®

(5) execute $EEPover the active links;

/I L; is the current pure assignment
(6) returnL ;
(7) end

Algorithm 8 shows the high-level structure ofANHIFY-RESTRICTED We first use the
procedure RCURSIVEUBF to compute a pure assignmént where all users with traffia
are satisfied. Afterwards, we iteratively satisfy users with traffic. . ., w; making sure that
users with larger traffic remain satisfied. We do this by executiwg > over the sets of
active links. In the following, we define what we mean by sets of active links, and we describe
how a SVEEP over these sets of active links is executed.

Lemma 4.81 (page 139) implies that after stage 1, all users with tiaffare satisfied.
Furthermore, the links are partitioned inpg setsBy, ..., Bp, with Up(By) = Low(Bx) + W
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for all k € [p1], and no usey with wy < Wy, that is assigned to a link frol can be assigned
to a link fromBy if k < /.

We now describe stage> 1. The lower bound on the load of a link only increases and the
upper bound only decreases. This implies that fixed users remain satisfied. At the beginning
of stagei, we have a pure assignment_1, where the links are partitioned intg_; sets
Bi1,...,Bp_, with Up(By) = Low(Bk) +Wi_1 for all k € [pi—1], and no usev that is assigned
to a link fromBy can be assigned to a link froBy if k < /.

During each stage we always maintain a pure assignmentwhere the links are parti-
tioned intoq setsCy, ...,Cq for someq. They are ordered such thp(Cy) > Up(Cy,1) and
Low(Cyx) > Low(Cy41) for all k € [g—1].

Cx—l Cx Cx+1 Cy Cy+1
Up(C,)
P Up(Cyyp) Up(C,)
Wi
\'X}i
Low(C,) |Low(C,,) Low(Cy)

Figure 4.11: Sets of active links in staigat the beginning of a sweep

At the beginning of a %EEP, we have three classes of sets (see Figure 4.11):

e Some sets of link€, k € [x— 1], have not been considered yet and fulflp(Cy) —
Low(Ck) = Wi_1.

e Moreover, some sets of link, y < k < g, have beerlone in stage already and fulfill

Up(Ck) — Low(Cy) = Wi.

¢ Finally, we have setS,, ...,C, of active links with w; < Up(Cy) — Low(Cy) < Wi_1 and
Low(Cy) = Low(Cy) forallx <k <.

Initially, C; = B; for all j € [pi_1], the links fromCy,_, are active, and the remaining links have
not been considered. During &/&EP, the number of partitiong may change. We will see in
Lemma 4.84 (page 144) that at the beginning of eavlE &P, thesweep propertyintroduced
below holds.

Definition 4.82 (Sweep Property during stage)

(1.) There is a partition of the links into q sets,C .,Cq for some g withLow(Cy) > ... >
Low(Cq) andUp(Cy) > ... > Up(Cy).

(2.) Iflink j € Ck, thenLow(Cx) < 8;(L{) < Up(Cy).
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(3.) No user v with w< w; that is assigned to a link inthas a link from Cin its strategy
setR if /> k.

(4.) There exist integersywithl <x<y<qand

(a.) Up(Cx) — Low(Cx) =Wj_1 for k € [x—1],
(b.) Up(Cy) — Low(Cy) =w; fory < k<q, and
(c.) Wi < Up(Cy) — Low(Cy) <Wi—1 andLow(Cy) = Low(Cy) forallx <k <y.

We now use the definition of Sweep Property to define active links and links which are done
in stagel more formally.

Definition 4.83 Let xy be as in Definition 4.82 (page 141). Then, alink ¢, x< k <y, is
calledactive, and a link je Cy, y < k< q, is calleddone in stage.

SWEEPIs stated as Algorithm 9 (page 143) and works on active links as follows: At the
beginning of SVEEP, the sweep property holds. The aim ovBePis to process links iC,
such that they do not have to be considered again in this stage, or to make all l©ks in
active by increasing the lower bound of all active linkd.tov(Cy_1). In order to preserve the
structure of our pure assignment, we choasemin{Up(C,) — Wi, Low(Cx_1) }. We insert all
sets into a listC such thatl = [Cy,...,Cy]. Then, as long as there are at least two sets, in
we do the following: We extract the first element, €2y, of £ and apply WWSPLITTABLE-
BLOCKING-FLOW to the sub-instance defined by the Bgt UNSPLITTABLE-BLOCKING-
FLow(L (D1),a,W;) returns a pure assignmdntwhere one of the following conditions hold:

(1.) M (L") = 0: In this case, all links irD; have load at mosa+ Wi, and Lemma 4.78
(page 137) implies that this property is preserved. Dgtbe the next element id.
Before the callUp(D1) > Up(D2) > a+W; was true. After the call, the loads of all
links in D1 are bounded from above @+ w;. So, by settindJp(D1) < Up(D2), we
get a new upper bound on the loads of the link®in and we fulfill the requirement
that upper bounds can be only decreagdandD», are merged, and the union of both
sets is inserted inta. This way, the number of sets in the list is decreased by 1.

(2.) M~ (L") =0andM* (L") # 0: In this case, all links irD; have load at leass, and
Lemma 4.78 (page 137) implies that this property is preserved. Thus, we are allowed to
setLow(Cj) < a. We are done witlD; during this execution of BEEP.

(3.) M~(L") #0andM™(L’) # 0: In this case, we spliD; according to condition (3.) from
Lemma 4.79 (page 137) into sd§ andD_’l. Condition (3c.) implies that no user that
is assigned to a link i can be assigned to a link BY,. Since the load on each link in
D) is at least, we can setow(D}) « a. The load of each link i} is at most+ .
Thus, since the upper bound of the next element3ayn L is Up(D2) > a+ W;, we
again can extradd, from L, setUp(D_’l) — Up(D2), mergeD_’l andDy, and insert itin
L. We are done witD} during this execution of BEEP.




4.6 Makespan Social Cost and Restricted Strategy Sets 143

Algorithm 9 (SWEEP)

Input: alist £ = [Cy,...,Cy] of the sets of active links

(1)
(2)
3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)

(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)

begin
a— min{Up(Cy) —W;,Low(Cx_1)};
while |£| > 2do
D; « ExtractFirst(L);
L’ < UNSPLITTABLE-BLOCKING-FLOW(L (D1),a,W) ;
if MT(L") =0then
Dy « ExtractFirst(L);
Up(D1) < Up(D2);
D; +— D1UDgy;
Insert(Dq, £);
elseifM~ (L") =0and M*(L’) # 0 then
Low(D1) < a andoutput: "links in D1 aredone in this sweep"
else ifM~ (L") #0and M*(L’) # 0 then
splitD; (according to Lemma 4.79 (3.), page 137) into ﬁfsandﬁ;
Low(D}) < a andoutput: "links in D} aredone in this sweep"
D2 « ExtractFirst(L);
Up(D}) < Up(D2);
Dy « D, UDy;
Insert(D1, L);
/I Different handling of last set
Dj « ExtractFirst(L);
if a= Up(D1) —W; then
RECURSIVEUBF(D3,L (D1)[Low(D1),a],w;) andoutput: "links in D1 aredone in stage"j
else
L’ < UNSPLITTABLE-BLOCKING-FLOW(L (D1),a,W);
if M~(L") =0then
Low(D1) < a andoutput: "links in D1 aredone in this sweép
else ifM~ (L") #0and M* (L") = 0 then
Up(D1) < a+W;
ReECURSIVEUBF(D1,L’(D;), [Low(D1),a],W;) andoutput: "links in D1 aredone in stage'i
else ifM~ (L") #0and M*(L’) # 0 then
splitD; (according to Lemma 4.79 (3.), page 137) into mandﬁ;
Low(D}) < a andoutput: "links in D} aredone in this sweép
Up(Dill) — a+Wi;
RECURSIVEUBF(D),L’(D})[Low(D}),a], W) andoutput: "links in D} aredone in stage'i
end
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So, in each case, the number of sets infiss decreased by 1. Now, we consider the case
that there is only one set, sB\, in L. This case has to be handled differently.

If a= Up(D1) —W;, then we simply apply RCURSIVEUBF to the sub-instance defined
by D1 in the intervallLow(D1), a] with traffic sizew;. Otherwise, we apply NSPLITTABLE-
BLOCKING-FLOW to the sub-instance defined by the Bgt UNSPLITTABLE-BLOCKING-
FLow(L (D1),a,W;) returns a pure assignmentwhere one of the following conditions holds.

(1.) M~ (L") = 0: Here, we setow(D1) <+ a.

(2.) M~ (L") £#0andM™(L’) = 0: In this case, we sétp(D1) <— a+W; and apply RCUR-
SIVEUBF to the sub-instance defined Dy in the intervallLow(D1),a] with traffic size
Wi .

(3.) M~ (L") #0andM™(L’) # 0: Here, we spliD; according to condition (3.) from Lem-
ma 4.79 (page 137) into sel¥ andD}. For D/, we setLow(D}) « a, and forD) we
setUp(D_’l) — a+Ww; and we apply RCURSIVEUBF to the sub-instance defined @
in the interval[Low(DY), a] with traffic sizew.

After each sweep, by renumbering the partitions, we get a new pure assignment that again
has the same structure as in Definition 4.82 (page 141). This completes the description of
SWEEP. Gairinget al.[56] proved:

Lemma 4.84 (Gairinget al.[56]) The sweep property holds at the beginning of each execu-
tion of SWEEP. Moreover, in each execution, either a non-empty set of links is added to the
set of active links, or some non-empty set of links is stage-finalized.

Lemma 4.85 (Gairinget al.[56]) After stage i, every user v with traffig,w w; is satisfied.

Theorem 4.86 (Gairinget al.[56]) Consider the model of arbitrary users with restricted
strategy sets and identical links. Then, for any instafwem) and associated pure as-
signmentL, NASHIFY-RESTRICTED(L ) computes a pure Nash equilibriubt from L with
SCe(W,m,L’) < SCo(w,m,L) using QrmR(logW -+ n¥)) time, where r is the number of
distinct traffic sizes.

4.6.1.2 Computation of Best Nash Equilibria

If both users and links are identical, then a best pure Nash equilibrium can be computed in
polynomial time (see Theorem 4.72, page 134). For arbitrary users and identical links, The-
orem 4.22 (page 104) implies thBEST PURE NE is A P-complete. Sinc@EST PURE

NE is A\ P-complete in the strong sense [50], there also exists no pseudo-polynomial algo-
rithm to solve it. However, we can give such an algorithm for constaeten for related

links (Theorem 4.87). Moreover, in case of identical linky9NIFY-RESTRICTEDenables

us to approximate an optimum Nash equilibrium within facter %1 (Theorem 4.88, page
145). Lenstraet al. [97] showed thaMULTIPROCESSOR SCHEDULING is not approx-
imable within a factor% —eforanyewith 0 < e < % unless? = A(P. The same result can

be proved foBEST PURE NE in the model of arbitrary users with restricted strategy sets and
identical links by adapting the proof of Lensttal. [97] to this setting (Theorem 4.89, page
145).
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Theorem 4.87 Consider the model of arbitrary users with restricted strategy sets and related
links. Then, there exists a pseudo-polynomial-time algorithm {8E8T PURE NE.

Proof: See Theorem 4.104 (page 161) for a generalization of this result. [

Theorem 4.88 (Gairinget al.[56]) Consider the model of arbitrary users with restricted
strategy sets and identical links. Then, for any instafwem) a pure Nash equilibriuni
with SCo (W,m,L) < (2— V%l) -OPTo (W, m) can be computed in polynomial time.

Theorem 4.89 Consider the model of arbitrary users with restricted strategy sets and iden-
tical links. If, for anye with 0 < € < % BEST PURE NE is (% — g)-approximable, then

P = NP

Proof: We prove this result by reduction froBiDIMENSIONAL MATCHING, that is, we
employ a polynomial time transformation fra@rDIMENSIONAL MATCHING to BEST PURE
NE. For anye with 0 < £ < &, we construct an instance BEST PURE NE such that if we
had a polynomial-timég — €)-approximation algorithm foBEST PURE NE, then we could
decide whether an instance DIMENSIONAL MATCHING is positive in polynomial time.
From this construction the theorem then follows.

Consider an arbitrary instance ®DIMENSIONAL MATCHING. We call the triples that
containx; triples of type i. Let1; be the number of triples of type From this instance we
construct an instance for the stated problem as follows:

e There aran= |7 links. Each linkj € [m] corresponds to a tripleip € T.
e There aren = m+qusers.

— There are g element userswith traffic 1 that correspond to the2lements o¥ U
Z in the natural way. On link € [m], corresponding to the tripkg = (X,Ys,z) €
T, the users correspondingyeandz can be processed.

— There aret; — 1 dummy usersof typei with traffic 2 for alli € [g] (if m< q,
then we construct some triviabinstance oBEST PURE NE). Note that the total
number of dummy jobs im— Q.

Clearly, this is polynomial time transformation. We prove that this is a transformation from
3-DIMENSIONAL MATCHING to BEST PURE NE.

(1.) The instance a3-DIMENSIONAL MATCHING is positive:
Consider a matching, that is, a subgétC 7 with |'7’| = g such that no two elements
in 77 agree in any coordinate. Say that= {ti,...,tq}. Use this matching to define a
pure assignmerit as follows:

e For the tripletj = (x,ys,z) € 7', j € [g], the element users correspondingyto
andz are assigned to link.

e Each of the dummy users is solo on one of the linkgnh\ [q].
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Clearly,dj(L) =2 for all j € [m]. So,L is a Nash equilibrium. Moreover,

SCoo (W, m, L) — 2 .
Now, consider any pure Nash equilibriuni in which the element users and dummy
users are not assigned to the lifkg according to a matching. Thus, thg lement

users are assigned to more thalinks. This implies that there exists at least one link
j € [m] with §;(L") > 3. Hence,

SCo(w,mL") > 3,

and we get
SCo (W, m,L") - 3
SCo(w,mL) — 2
0 3
> 5~

Thus, no such Nash equilibriubif approximates the best pure Nash equilibrium within
the claimed factor.

(2.) The instance a3-DIMENSIONAL MATCHING is negative:
There exists no matching, that is, a subgetC 7 such that7’| = q and no elements
in 7’ agree in any coordinate. As seen in the previous case, the element users and the
dummy users can not be assigned to the liimkssuch that they cause load 2 on all of
these links, showing th&PT.,(w, m) > 3.

Consider an arbitrary pure Nash equilibrikm Assume, by way of contradiction, that
there exists a link € [m] with 8;(L ) > 4. Clearly, at least one dummy usés assigned
to link j. Since the total load of all users igRthere exists a link € [m] with §,(L ) < 2.
We get

(L) = 4
= 24w
> ég(L)—f—Wi .
This shows that useris unsatisfied, contradicting the fact thats a Nash equilibrium.
Thus,dj(L) < 3forall j € [m], and we get
SCo(w,mL) < 3.
Hence,
SCo(W,m,L)
OPTo (W, m)

[EEN

[\ IN
TS

—€.

NI W

Thus, all Nash equilibria approximate the best pure Nash equilibrium within the claimed
factor.

Therefore, if we had a polynomial-tir‘r@ — €)-approximation algorithm fOBEST PURE NE,
we could use it to decide whether an instanc8-GiMENSIONAL MATCHING is positive in
the following way: We apply the approximation algorithm to the corresponding instance of
BEST PURE NE and we answeyesif and only if it returns a solution with makespan 2.m
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4.6.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Identical Links.  For arbitrary users, Theorem 4.26 (page 106) impliesW@RST PURE

NE is A P-complete. Sinc&/ORST PURE NE is A\ P-complete in the strong sense [50],
there also exists no pseudo-polynomial algorithm to solve it. However, we can give such an
algorithm for constantn (Theorem 4.90).

In contrast to the case of unrestricted strategy sets, the price of anarchy for pure Nash
equilibria on identical links is not bounded from above by a constant. In particular, using
similar techniques as in [29], we can prove an upper bounddf{m) for arbitrary users
(Theorem 4.92, page 148). This upper bound is already tight up to an additive constant for
identical users (Theorem 4.91). Awerbuehal. [6] independently proved a more general
bound (Theorem 4.94, page 152). Clearly, Theorem 4.29 (page 108) implies that, for any
with0<e<1-— mél we can not hope to find a polynomial-tini@— m%l —€)-approximation
algorithm forwORST PURE NE. Up to now, no other result is known.

Theorem 4.90 Consider the model of arbitrary users with restricted strategy sets and identi-
cal links. Then, there exists a pseudo-polynomial-time algorithm fafr@RST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result. [

Theorem 4.91 Consider the model of identical users with restricted strategy sets and identi-
cal links, restricted to pure Nash equilibria. Then,

PoA > Mim-2 — of_%9M ).
loglogm

Proof: Fix anyk € N, and consider the following instan¢e, m) and associated pure assign-
mentL:

e We havek+ 1 disjoint subsets\y, . .., My of links with |Mp| = 1 and

M| = (k=1) [] (k=)
jeli—-1

foralli e [k \ {1}.

e We havek disjoint subsetsy, ..., Ux_1 of users. Uy containsk users with strategy
set Mo U My, and U; contains(k —i) - || users with strategy setf; U M; ., for all
iek—1].

e The pure assignmeft is defined as follows: To linkMy we assign alk users inp;
to each link in% we assignk—i) users in?; for all i € [k— 1]\ {1}; the links in M
remain empty.

Clearly, all links in94, i € [kK|U{0}, have latencyk—i), and all users assigned to linksg
are only allowed to choose links th; U A4 ;. Since the latencies on links i and 24 1
differ by 1, all users are satisfied, showing thas a Nash equilibrium. The social cost lof
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is SCw(N,m,L) = k. Note thatk = |Up| = |Mp| + | M| users are assigned to the link v,
and that for eache [k— 1], exactly

(k=0)- |2 = (k=1) [](k=1])
4
= |ﬁMi+1|

users are assigned to links . Thus, we can assign each usefigto a link in MpU M7, and
each user irti, i € [k—1], to alink in 94,1 such that all users are solo. S Tw(n,m) =1,
and we get

SCo(n,m,L)
OPTo(n,m)

We proceed by proving the lower bound karSince| Mp| < |M7| < ... <|My, it follows that

m < (k+1)
= (k+1)
< (k+1)!
= Nk+2).

| Mid
(k—1)- (k—1)!

Thus,k > I ~1(m) — 2, and we get

SCo (W, m,L)

_— _1 —
OPTo (W, m) ” rm=2
(4.4), page80 logm
= Q
loglogm
as needed. [

Theorem 4.92 Consider the model of arbitrary users with restricted strategy sets and identi-
cal links, restricted to pure Nash equilibria. Then,

PoA < Fim = of-_29m )
loglogm

Proof: For any integek € N, consider an instangev,m) and associated pure Nash equilib-
rium L with

k-OPTo(w,m) < SCo(w,mL) < (k+1)-OPTe(w,m).

We give a lower bound on the number of links that are necessary for such a pure Nash equi-
librium L. We then use this lower bound to prove an upper bountkanl). Denotef the
set of links with latency at leagt OPT.,(w, m), and let

Do(L) = > (L),
j€Mo
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Thus,

Do(L) = (L)
j€Mo
> k-OPTe(w,m)-|Mp| . (4.36)
We show the following claim by induction dn

Claim 4.93 For all | € [k— 1], there exists a set of link&;, M N (MoU...UM;_1) =0, such
that

(1.) the cardinality ofM, is at least
M| > (k-1 ﬂ (k—1j)- Mol
jell—1]

(2.) forall j € 9, the load on link j is bounded by
Oj(L) > (k—1)-OPTw(w,m),

(3.) the total loadA| (L) on links in%M] is at least

ML) > (k=1) [](k=])- M| OPTa(w,m),
jell]

(4.) and there exist users with total load at least

> (Bi(L) = [M]-OPTw(w,m)) > (k—1) [] (k—])-[Mo|-OPTe(W,m),

o<l jell]

assigned to links iMfp U ... U M, and containing links in their strategy sets not in
MoU---UM,.

Proof: As our basis case, lét= 1. Sinced;(L) > k- OPT(w, m) for all j € Mo, there exist
users with total load at leagk — 1) - |Mp| - OPTo(w, m) assigned to links i\ containing

links not in 24 in their strategy sets. This holds since it is possible to assign all users to links
such that the latency on each link is at mO$tT . (w, m). DenoteM;, M; N My = 0, the set

of these links. It follows that

(M| = (k=1)-[Mol, (4.37)

proving (1.). Since each user causes latency at @B3t.,(w,m) on each link, the definition
of Nash equilibrium implies

K-OPTw(w,m) < 0j(L)+OPTw(w,m)
forall j € ¢4. Thus, for all linksj € 24, the load on linkj is bounded by

Oj(L) > k-OPTw(w,m)—OPTe(w,m)
= (k—1)-OPTw(w,m), (4.38)
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proving (2.), and therefore

Ag(L) = z oj(L)
jemy

(4.38), page149
> (k—1)-|Mz|- OPTe(w,m) (4.39)

(4.37), page149
> (k—1)-[Mo| - OPTeo(w, m) ,
proving (3.). Moreover,

S (@i(L)—[96]- OPTu(w,m))

o<i<1
= No(L) — |Mp| - OPToo(w, m)+Ag(L) — |Mi|- OPT (W, m)

(4.36), page149 (4.39)
> K- |Mo| - OPTe (W, m) — |Mp| - OPTe (W, m)

+ (K= 1) - |My| - OPToo (W, m) — | M| - OPTeo (W, M)
= (k—1)-|Mp| - OPTeo(W,m) + (k—2) - | M| - OP T oo (W, M)

(4.37), page149
> (k—1)- |Mo|- OPTo(W,m) 4 (k—1)(k—2) - |Mp| - OPT (W, m)

= (k—1)%-[Mo| - OPTes(w,m) ,

proving (4.), and thus the claim holds for the basis case.
For the induction step, Iét> 2, and assume that Claim 4.93 (page 149) holdslferl). By
induction hypothesis,

Z (Qi(L) — [Mi]-OPTo(w,m)) > (k—1) ﬂ (k=) -|Mo| - OPTeo(w, m) .
o<i<l-1 jell-1]

Thus, there exist users with total load at least

(k—1) |I_| (k=) [Mo| - OPTe(w, m)
jell-1]

assigned to links il U ... U M,_41 containing links not ifMp U ... U M,_q in their strategy

set. This holds since it is possible to assign all users to links such that the latency on each
link is at mostOP T (W, m). DenoteM;, M N (MoU...UM _1) = 0, the set of these links. It
follows that

M| > (k-1 |I'| (k=)Mo , (4.40)
jell -1
proving (1.). Since each user causes latency at @B3t.(w, m) on each link, the definition
of Nash equilibrium implies
(k—=(1—=1))-OPTw(w,m) < 3j(L)+OPTw(w,m)
forall j € M. Thus, for all linksj € M, the load on linkj is bounded by

5i(L) > (k—1)-OPTuw(w,m), (4.41)
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proving (2.), and therefore
A(L) = 2 %)

(4.41), pagel150
> (K=1)-[M] - OPToo(w, m) (4.42)

(4.40), page150 )
> (k—1) |‘|(k—j)-|%\-OPTm(W,m),
jell]
proving (3.). Moreover,
(Qi(L) =[] - OP T (w, m))

o<il|

= A(L) = [Mi]- OPTo(w,m) + Z (Qi(L) = |94 - OPT o (W, m))
o<i<l-1

Induction
>

A(L) — M| OPTe(w,m) + (k—1) |I'| (k=) - |Mo| - OPTeo (W, m)
jell-1]

K1) |H6]- OPTw(w,m) — |36 OPTeu(w, m)
—|—(k—l). I_l (k=) |Mp|-OPTo (W, m)

j€ll-1]

(4.40), pagel50
> (k=1-1)(k—1) ||_| (k=) |Mo| - OPTe(w, m)
jell—1]

+(k=1) ||'| (k=) - |Mo| - OPTex (W, m)
jell-1]

(k=1) [ (k=) -|Mo| - OPTer(w,m),

jell]
proving (4.). This completes the proof of the inductive claim. [
We proceed by showing the upper boundkr-1). Sincem > |M_1| + | Mi_»| for all k> 2,
we get

m > | Myc—1| + [ Mi—2]
Claim 4.93(1.) (page149

> (k—1) |'| (k—1J) - | Mol +(k—1) |'| (k=) | Mol
jelk—2] j€lk=3]

= (k=1 K—j K— |

| Mol - ( )<j€|:|_2}( J)+je‘:|_3]( J))

> M| - (k— 1) (k—1)! + (k—2)1)

- o] - K

[#ol=1 M(k+1).

Thus,
k+1 < r—1(m)

(4.4), page80 logm
= 0] ,
loglogm
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as needed. ]

Theorem 4.94 (Awerbuchet al.[6]) Consider the model of arbitrary users with restricted
strategy sets and identical links, restricted to pure Nash equilibria. I;e@vw. Then,

logm
PoA = O :
<r : Iog(l+—'°§m)>

Related Links.  For arbitrary users, Theorem 4.26 (page 106) impliesW@RST PURE

NE is AP-complete. Sinc&/ORST PURE NE is A P-complete in the strong sense [50],
there also exists no pseudo-polynomial algorithm to solve it. However, we can give such an
algorithm for constantn (Theorem 4.95).

For identical users, we can prove the upper badunt{n) + 1 on the price of anarchy, using
similar techniques as in [29] (Theorem 4.96). This upper bound is tight up to an additive
constant ifn = m (see Theorem 4.91, page 147). For arbitrary users, the price of lies in
betweerm— 1 andm(Theorem 4.98, page 155). We can not hope to approximate a worst Nash
equilibrium withinm— 2 — ¢ for any € with 0 < € < m— 3 unless? = AP (Theorem 4.99,
page 157).

Theorem 4.95 Consider the model of arbitrary users with restricted strategy sets and related
links. Then, there exists a pseudo-polynomial-time algorithm fav@RST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result. [

Theorem 4.96 Consider the model of identical users with restricted strategy sets and related
links, restricted to pure Nash equilibria. Then,

PoA < Mim+1 — of_29n ).
loglogn

Proof: Since we consider identical users, the latency of a Jigk|m| is the number of users
assigned tg, divided byc;. For any integek € N, consider an instand@, ¢) and associated
pure Nash equilibriunh. with

K-OPTw(n,c) < SCwo(n,c,L) < (k+1)-OPTx(n,C).

We give a lower bound on the number of users that are necessary for such a pure Nash equi-
librium L. We then use this lower bound to prove an upper boungkenl).

Assume, without loss of generality, thgt> m for all links j € [m] except the links
with maximum latency. We can make this restriction, since in an optimum assignment no user
is assigned to a link € [m] with ¢; < m. Moreover, if we delete such a linkand all
users assigned to it froin, then the resulting pure assignment is still a pure Nash equilibrium
with the same social cost. Dendlé, the set of links with latency at leakt OP T (n,c), let

Uo(L) be the number of users assigned to a linkp and letCo = > jea, Cj- Then,
Uo(L) > k-OPTow(n,c)-Co. (4.43)

We show the following claim by induction dn
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Claim 4.97 For all | € [k— 1], there exists a set of link&, M N (MoU...UM_1) =0such
that

(1.) the total capacity Cof links in % is at least
G = (k=1) ﬂ (k—=1)-Co,
jell—1]

(2.) forall j € 94, the latency of link j is bounded by
Aj(L) > (k=1)-OPTw(n,c),

(3.) the number of users(L) on links in9 is at least

U(L) > (k=1) [](k=])-Co-OPTu(n.c).
j€ll]

(4.) and there exist at least
Z (Ui(L) —Ci-OPTw(n,c)) > (k—l).|_| (k—=1])-Co-OPTw(n,c)

o<i<l| jell]

users, assigned to links iMp U ... U M;, containing links in their strategy sets not in
MoU---UM,.

Proof: As our basis case, let= 1. Since)\j(L) > k-OPTw(n,c) for all j € Mp, there exist at
least(k— 1) - OPTw(n,c) -Co users assigned to links il containing links not inM in their
strategy sets. This holds since it is possible to assign all users to links such that the latency on
each link is at mosOP T (n,c). DenoteM;, My N Mo = 0, the set of these links. It follows
that
C = z Cj
jeMm
> (k=1)-Co, (4.44)

proving (1.). Sincej > m for all j € M3, the definition of Nash equilibrium implies
that ’

k-OPTw(n,c) < /\,-(L)+C—1j

< Aj(L)+OPTw(n,c)

forall j € My. Thus, for all linksj € M; the latency on linkj is bounded from below by
Aj(L) > (k—1)-OPTu(n,c), (4.45)

proving (2.), and therefore

Ul) = > AL)-C

jemy
(4.45)
>  (k—=1)-C1-OPTw(n,c) (4.46)
(4.44)

> (k—1)2-Cy-OPTw(n,C),
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proving (3.). Moreover,
(Ui(L) —=GCi-OPTw(n,C))

o<i<1

Uo(L) —Co-OPTw(n,c) +U1(L) —C1- OPTw(n,C)

gl

(4.43), pagel52 (4.46), pagel53

k-Co-OPTw(N,c) —Co-OPTw(n,cC)
—|—(k— 1) -Cp- OPToo(n,c) —Cz- OPTm(n,c)
k—1)-Co-OPTw(N,c)+ (k—2)-Cq-OPTw(n,C)

v

(k—

(4.44), page153

> (k—1)-Cp-OPTw(n,c)+ (k—1)(k—2)-Cy-OPTw(n,cC)
(k—

k—1)?.Co-OPTw(n,C),
proving (4.), and thus the claim holds for the basis case.

For the induction step, Iét> 2, and assume that Claim 4.97 (page 153) holdslferl). By
induction hypothesis,

Ui(L)—GCi-OPTw(n, > (k-1 K )-Co-OPTu(n.C) .
0<I;_1( (L) (nc) > ( )jeﬂl]( j):Co (n,c)

Thus, there exist at least

(k=1) [ (k=i)-Co-OPTa(n)

jell-1]

users assigned to links iftp U ... U M,_1 containing links not inMp U ... U M,_1 in their
strategy set. This holds since it is possible to assign all users to links such that the latency
on each link is at moDP T (n,c). DenoteM;, M N (MoU...U M _1) = 0, the set of these

links. It follows that

G = > ¢
jeMm
> (k=1 |I'| (k=1)-Co, (4.47)
jell-1]
proving (1.). Sincej > m for all j € 9, the definition of Nash equilibrium implies

(k—=141)-OPTw(n,c) < /\J-(L)+C—1_
j
< Aj(L)+OPTw(n,c)

forall j € 4. Thus, for all linksj € M, the latency on linkj is bounded by

Aj(L) > (k—=1)-OPTw(n,c), (4.48)
proving (2.), and therefore
UL) = Y AL)G (4.49)
jeMm
(4.48)
> (k=1)-C-OPTw(n,c) (4.50)
(4.47)

> (k=1) [ (k=1)-Co-OPTu(n.c),

jell]
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proving (3.). Moreover,

(Ui(L) —GCi-OPTw(n,cC))

o<il

= Ui(L)—GC -OPTo(n,C) + Z (Ui(L) =G - OPT«(n,c))
o<i<l-1

Induction

Ui(L) =G -OPTe(n,c) + (k— 1) |I‘| (K= j)-Co-OPTw(n,c)
jell-1]

(4.50), page154
> (k—1—=1)-C -OPTw(n,c)+ (k—1) I|_| (k—1j)-Co-OPTw(n,C)
jell=1]

(4.47), page154
> (k=1=1)(k=1) [] (k—j)-Co-OPTa(n,c)
jell-1]

+(k—1) ﬂ (k—1])-Co-OPTw(n,c)
jell-1]

= (k=1 ] (k=1)-Co-OPTu(n,0),
jell]

proving (4.). This completes the proof of the inductive claim. [

We proceed by proving an upper bound(&r-1). SinceSCy(n,c) < (k+1)-OPTw(n,C),
we haveAj(L) < (k+1)-OPTw(n,c) for all j € Mp. Since at least one user is assigned to
each link inMp, this impliesc;j > WM forall j € Mp. Thus,

1

C > K1) 0PTamo) (4.51)
Sincen > Uy_1(L) +Ux_2(L ) for k> 3, we get
n > Uk-1(L) +Uk_2(L)
Claim 4.97(3.) (page153)
> 2-(k—1)-(k—1)!-Cp-OPTw(n,cC)
(4.51)
> (k—1)!
= (k).
Thus,
k+1 < rim+1
(4.4), page80 logn
pu— O ,
loglogn
as needed. [

Theorem 4.98 Consider the model of arbitrary users with restricted strategy sets and related
links, restricted to pure Nash equilibria. Then,

m—1 < PoA < m.
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Proof: For any integek € N, consider an instandgv,c) and associated pure Nash equilib-
rium L with

k-OPTo(w,c) < SCo(w,c,L) < (k+1)-OPTe(w,cC).
Upper boundWe show by induction one [K] that there exist link, ..., I; with latencies
A;(L) > (k—i41)-OPTx(w,cC).

As our basis case, lét= 1. SinceSCw(W,c,L) > k- OPT«(w,C), there exists a link; € [m]
with latency/\|, (L) > k- OPTw (W, c), proving the basis case. For the induction step, te®,
and assume that the claim holds for- 1). By induction hypothesis, there exist 1 links
l1,...,li_1 with

A(L) > (K—j+1)-OPTw(w,c)
> OPTu(W,c)

forall j € [i —1]. Thus, there exists a user bru. .. Ul;j_1 that is assigned to some other link
li in an optimum assignment, and the latencyljas at least

AL) > (k—i+1) OPTaw(w,c)

by definition of Nash equilibrium. This completes the proof of the inductive claim. Since there
exists at least one additional link with latency smaller tR&T ,(w,c), we havem > k41,
proving the upper bound.

Lower bound:Consider an instandav, c) with capacities

(m—1)!

Cj = ———r

b (-
for all j € [m], andn = m— 1 users with traffiev; = ¢; and strategy sd® = {i,i + 1} for all
i € [m—1]. The assignmerit is defined as follows: We assign useo link i 41 for alli € [n].

Note that each usér= [n]\ {1} experiences Iatencg"% =i onits linki+ 1, and that moving
to the other link in its strategy set would lead to latency

Wii+w 1 /(m-1)! (m-1)
S a((i—a!*(i—l)!)

: =

Furthermore, since; = ¢y, user 1 experiences the same latency on link 1 and 2 and has no
incentive to move from link 2 to link 1. This implies thatis a Nash equilibrium. In an
optimum assignment, each user [n| chooses link as its strategy, yieldinQPT.(w,c) = 1.

This implies

SCe(W,cC,L)

-1
OPTw(W,C) m==

which completes the proof of the lower bound. [
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Theorem 4.99 Consider the model of arbitrary users with restricted strategy sets and related
links. If, for anye with 0 < € < m— 3, WORST PURE NE is (m— 2 — g)-approximable, then
P =N\P.

Proof: We prove this result by reduction fromPARTITION, that is, we employ a polynomial
time transformation from ZARTITION to WORST PURE NE. For anye with 0 <€ <m-—3,
we construct an instance WORST PURE NE such that if we had a polynomial-tinen—
2 — g)-approximation algorithm foWORST PURE NE, then we could decide whether an
instance of 2ZPARTITION is positive in polynomial time. From this construction the theorem
then follows.

Consider an arbitrary instance ofPARTITION, and letS= 3, ¢ S(uj). From this in-
stance we construct an instance for the stated problem as follows:

e There arenlinks with capacity

. (m=2)!+1)-3 if je[2],

i — —2)!1 PP

‘ T3 it jem\[2.
e There aren = |U|+ (m— 2) users with traffic

s(uy) if i e [|Ul],
wi=< -3 ifi=|U+1,
i1 ifien\[lul+1],

and strategy set
{1,2} ifi e[|,

R = { {123 if i = || +1,
{i—|Uu+1i—|ul+2} ifiem\[u+1].

Clearly, this is a polynomial time transformation. We prove that this is a transformation from
2-PARTITION to WORST PURE NE.

(1.) The instance of PARTITION is positive:
Consider a partition of! into disjoint subsetgiy, U, With 3, c ¢, S(Ui) = ¥y e, S(Ui)-
Use this partition to define a pure assignmiergtllustrated in Figure 4.12) as follows:

e For each itemy; € U, useri is assigned to link 1. For each itame U, useri is
assigned to link 2.

e Eachuser e [n]\ [|U]], is assigned to link— | U| + 2.
Clearly, A1(L) = Ma(L) = gy andAj(L) = j—2for all j € [m]\ [2]. So, all
users in[|U|] are satisfied. Moreover, usgtl| + 1 experiences latency 1 on its link
3, and moving to link 1 or 2 would also lead to latency 1. Furthermore, every user
i € [n]\ [|U| + 1] experiences latency

Wi Ci—|a|+1

Ci—|u+2 Ci—|u|+2
= i—|Ul+2
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/ 2
(m_z)!. ® 0 00 00 0 00

3!

S

(m—Z)Z.%

PARTITION

i AN} i AV} i A\
((m-2)!+1)§ ((m—2)!+1)% (m-Z)Z-% (m2!2)..% (“‘3!2)-.2 (m4!2)-.%

($Y]7)

Figure 4.12: Assignment of the instanceWORST PURE NE constructed from a positive
instance ofPARTITION in the proof of Theorem 4.99 (page 157). Each small
arrow points from an assigned user to another link in its strategy set.

on its linki — | U| 4+ 2, whereas moving to the other link- ||+ 1 in its strategy set
would lead to latency

Wi1+W Gt G+
Ci—|u/+1 Ci—|u|+1
C-|u
Ci—|a|+1
= i—|U+2.

This shows that the users jn] \ [| U|] are also satisfied. Sa&, is a Nash equilibrium.
Moreover,

SCo(w,mL) = m-2.

Now, consider any pure Nash equilibriuni in which the users € [|U|] are not as-
signed to link 1 and 2 such that they cause |(§a0h both links. Assume, by way of
contradiction, that useri| + 1 is assigned to link 3. Clearly, one of the links 1 and 2,
say 1, has load less thagn We get

)\\u|+1(|—/) =

Y

NIl INIWL
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showing that usefU| + 1 is unsatisfied, a contradiction to the fact thatis a Nash
equilibrium. Thus, usefd|+ 1 is assigned to link 1 or link 2. By definition of Nash
equilibrium, this implies that all userse [n] \ [|U| + 1] are assigned to link— | U| + 1.

Hence,
SCo(w,mL") = 1,
and we get
SCo (W, m,L)
Pt el Al Rl )
SCo(W,m,L7) m
>0
> m-—2-¢.

Thus, no such Nash equilibriutn’ approximates the worst pure Nash equilibrium
within the claimed factor.

(2.) The instance of PARTITION is negative:
For any partition oft/ into disjoint subset$ly, U, we havey , c ¢, S(Ui) # 3 e, S(Ui).-
This implies that eitheF , ¢, S(Ui) < 5 0r Sy, S(Ui) < 5. Thus, the userse (||,
can not be assigned to links 1 and 2 such that they caus§loaéach of these links. As
seen in the previous case, this implies that the social cost of any pure Nash equilibrium
L isSCe(w,m L) =1. Clearly,OPTo(w,m,L) > 1, and we get

SCo (W, m,L)
OPTe(W,m)

This shows that all Nash equilibria approximate the worst pure Nash equilibrium within
the claimed factor.

Therefore, if we had a polynomial-timgn— 2 — €)-approximation algorithm foWORST
PURE NE, we could use it to decide whether an instance BARTITION is positive in the fol-
lowing way: We apply the approximation algorithm to the corresponding instant®©&ST
PURE NE and we answeyesif and only if it returns a solution with social cost— 2. [

4.6.2 Mixed Nash Equilibria

Awerbuchet al.[6] gave the only result on mixed Nash equilibria for restricted strategy sets.
Using similar techniques as Czumaj and Vdcking [29], they showed an asymptotically tight
bound on the price of anarchy.

Theorem 4.100 (Awerbuchet al.[6]) Consider the model of arbitrary users with restricted
strategy sets and identical links. Lei:rOPT+§W’““). Then,

logm
PoA = O .
(r-loglog(l+ k’%“))
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4.7 Makespan Social Cost and Unrelated Links

In this section, we consider the KP-model with makespan social cost for the most general case
of unrelated links. In the following, let

W =5 max{wj |wij <} .

i) J€l

Subsection 4.7.1 deals with pure Nash equilibria only, whereas the results quoted in Subsec-
tion 4.7.2 hold for general (i.e. mixed) Nash equilibria. Subsection 4.7.3 concentrates on the
fully mixed Nash equilibrium. In order to illustrate the results, we use the following instance.

Example 4.101 Consider the following instandav, 2): We have n= 3 users and m-= 2 links.
Itis W11 =Wo1 =10, Wio =Woo =1, W31 =1, and wgo = 19,

4.7.1 Pure Nash Equilibria
4.7.1.1 Computation of Nash Equilibria

Up to now only little attention has been payed to Nash equilibria in the model of unrelated
links. The problem of computing pure Nash equilibria for unrelated links appears to be in-
tractable in the current state-of-the-art. Of course, a pure Nash equilibrium can be computed
by performing sequences of (not necessarily greedy) selfish steps. However, up to now it is
unknown whether, starting with any pure assignment, there always exists a sequence of length
polynomial in the number of users and links ending in a pure Nash equilibrium. A trivial
upper bound on the number of selfish steps before reaching a pure Nash equilibntlm is
Other bounds for special instances were given by EveneDatl. [42].

Theorem 4.102 (Even-Daret al.[42]) Consider the model of unrelated links. Then, for any
instance(w, m) with wj € N for all i € [n] and je€ [m| and associated pure assignment, the

length of a sequence of (not necessarily greedy) selfish steps is af—;lvmbetore reaching a
Nash equilibrium

Theorem 4.103 (Even-Datret al.[42]) Consider the model of unrelated links. Then, for any
instance(w, m) with wj € N for all i € [n] and j€ [m| and associated pure assignment, the
length of a sequence of (not necessarily greedy) selfish steps using tHdAXd. OAD
MACHINE is at most w
AmW -+ mm M efn], je[m Wij
2

before reaching a Nash equilibrium.

4.7.1.2 Computation of Best Nash Equilibria

Again, Theorem 4.22 (page 104) implies tlBEST PURE NE is A P-complete. Clearly,

there exists no pseudo-polynomial algorithm to s@&ST PURE NE sinceBEST PURE

NE is A_P-complete in the strong sense [50]. However, for constamte can give such an
algorithm (Theorem 4.104, page 161). In general, we can not hope to approximate a best pure
Nash equilibrium within a factor lower tha%lby Theorem 4.89 (page 145).
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Theorem 4.104 Consider the model of unrelated links. Then, there exists a pseudo-polyno-
mial-time algorithm for rBEST PURE NE.

Proof: Assume, without loss of generality, thag; € NU {e}. We start with a state s&
in which all links are empty. After inserting the firstusers, the state s& consists of all
(mx m)-tuples

([5j,W1,...,Wj_1,Wj+1,...,Wm])je[m] ,
wherewy, k € [m]\ {]j}, is the smallest traffic of a user on lirjke [m] if he moves to linkk.
We need at mosh|S | steps to creat§ 1 from §, and

m—1\ M
5] < Wm<( max Wij) )
i€[n],je[m]

me
< Wm( max Wij) )

i€[n],je[m|

Thus, the total number of steps is bounded by

mZ

nm\/\/’“( max Wij) :
ie[n],je[m|

Moreover, we at most have to store the assignmen& ahdS . 1, respectively, needing at

most space

mZ
2Wm< max Wij) .

ien],je[m)

Checking all assignments # to be a Nash equilibrium and finding the pure Nash equilibrium
with minimum social cost takes at most time

m?
rr12Wm< max Wij) .

ien],je[m)

This completes the proof of the claim. [

4.7.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Again, Theorem 4.26 (page 106) implies ti&®ORST PURE NE is A_P-complete. The fact
that WORST PURE NE is A_P-complete in the strong sense [50] implies that there exists
no pseudo-polynomial algorithm to solve it. For constanhowever, we can give such an
algorithm (Theorem 4.105).

Awerbuchet al. [6] showed an asymptotically tight bound on the price of anarchy (The-
orem 4.106, page 162). #ight bound for the case that; < o for all i € [n] andj € [m] is
given in Theorem 4.107 (page 162).

Theorem 4.105 Consider the model of unrelated links. Then, there exists a pseudo-polyno-
mial-time algorithm for "WORST PURE NE.
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Proof. Clearly, the proof of Theorem 4.104 (page 161) can be adaptedMORST PURE
NE. [ |

Theorem 4.106 (Awerbuchet al.[6]) Consider the model of unrelated links, restricted to

pure Nash equilibria. Let s maXc [y i, ircm {VW% VWV'—jl < oo}. Then,
»J1 ijp

|
POA = © S—I—LT .
Iog<1+%“>

Theorem 4.107 Consider the model of unrelated links, restricted to pure Nash equilibria.
Then, for any instancewv, m) with wi; < oo for alli € [n] and je [m)], itis

MaXen],je[m Wij

MiNi n] je[m] Wij

PoA =

Proof:
Upper boundFix any instancéw, m). Without loss of generality, assume mif jcm Wij =
1. In the following, let

MaXe n],je[m Wij max W
: - o
MINic ) je[m Wij icin,jem

Assume, by way of contradiction, that there exists a pure Nash equililriwmh

SCoo(W,m,L)

OPTw(w,m) ~ =

and assume, without loss of generality, tha{L ) = SCo(w,m,L). Then, there exists an
integerk € N with

SCoo(w,m,L)

-~ ' ' 7 < -T.
OPTo(w,m) — (k+1)-1

Clearly, every user causes at most laaon each linkj € [m]. Thus, by definition of Nash
equilibrium, we get
Aj(L) > (k=1)-1

for all j € [m]\ {1}. This implies that at leagk+ 1) users are assigned to link 1 and at least
k users are assigned to each link [m]\ {1}. Thus, the total number of usersns> mk+ 1,
proving thatOP T« (W, m) > (k+ 1) and therefore

SCo(W,m,L) < (k+1)-t
OPTo(w,m) —  (k+1)

a contradiction.
Lower bound:Consider the following instance: There are- 2 users anan= 2 links. Itis
w1 = Wo2 = 1 andwio = wp1 = k. On the one hand/1,2) is an optimum assignment with
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social cosOPT.(w,m) = 1. On the other hand, the pure assignniert (2,1) is a pure Nash
equilibrium with social cossC(w,m,L) = k. We get

SCo(w,mL) M) jelm Wij
OP T (W, m) MiNic (] je[m Wij

b

as needed. ]

Example 4.101 (continued) For the given instance, the pure assignment (1,1,2) is
clearly a pure Nash equilibrium with social coS€(w,2,L) = 20 whereas the optimum
assignment2,2,1) has social cosOP T« (w,2) = 2 (see Figure 4.13). Thus,

SCo(w,2,L) _ M&%e(3),jef2 Wij
OPTw(W,2) MiNic(3) jef2 Wij

SC(W,2,L) -----——— """ ------
20

10

19

10

,,,,,,,,,,,,,,, i ---- OPT4(W,2)
2
[ 1 1

Figure 4.13: Pure Nash equilibriuin = (1,1,2) (left hand side) and optimum assignment
(2,2,1) (right hand side) for the instance in Example 4.101 (page 160).

4.7.2 Mixed Nash Equilibria
The only result on mixed Nash equilibria was proved by Awerbeichl. [6]. They showed
the following asymptotically tight bound on the price of anarchy.

Theorem 4.108 (Awerbuchet al.[6]) Consider the model of unrelated links. Moreover, let

— S Wijg | Wijy
S= M&Xeln]jy,j2€[m] {w_,z Wi, < °°}- Then,

s-logm
PoA = Of s+ .
( |og(1+s-|og('°%‘))>
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4.7.3 Fully Mixed Nash Equilibria

We now consider fully mixed Nash equilibria. For any instaf\vem) with n < m, the min-
imum individual cost of any usdre [n] in a pure Nash equilibriunh. is smaller than the
minimum expected individual cost of usein the fully mixed Nash equilibriunk (Proposi-
tion 4.109). Clearly, the social cost of any pure Nash equilibriura equal to the maximum
of the expected latencies, while the social cost of a fully mixed Nash equililffitsrat least
the expected individual cost of any user. Hence, Proposition 4.109 implies thetfarthe
social cost of every pure Nash equilibrilums at most the social cost of the fully mixed Nash
equilibriumF (Theorem 4.110). Moreover, tHMNE Conjecture holds fon=m= 2 (The-
orem 4.111). However, for the case= 3 andm = 2 there exist instances (Example 4.101,
page 160) for which theMNE Conjecture does not hold (Theorem 4.112, page 165).

Proposition 4.109 (Lickinget al.[103]) Consider the model of unrelated links. Then, for
any instancgw, m) with n < m and associated pure Nash equilibridmfor which a fully
mixed Nash equilibriunf exists, itishi(L) < Ai(F) for alli € [n].

Theorem 4.110 (Luckinget al.[103]) Consider the model of unrelated links, restricted to
pure Nash equilibria. If i< m, then th&=MNE Conjecture is valid.

Theorem 4.111 (Luckinget al.[103]) Consider the model of unrelated links. IE1m= 2,
then theFMNE Conjecture is valid.

Example 4.101 (continued) For the given instance, first consider the pure assignrent
(1,1,2). Since

ML) = wii+we; = 20,
A2(L) = wip+ws, = 20,
Aa(L) = wor+wyp = 20,
A(L) = wa+wsp = 20, 10
)\32(L) = W32 = 19, 19
Aza(l) = Wai+wii+wy = 21, 1
we haveh11(L) < A1p(L), A21(L) < Az(L), and

A32(L) < Az1(L). Thus,L is a pure Nash equilib-
rium, and its social cost is

SCo(W,2,L) = max{A1(L),A2(L)} = max{20,19} = 20.
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Now, consider the fully mixed assignménwith fi1 = fo1 = 19, fio= foo = 4, far = %,

and f, = 33. Since

Mi(F) = wi+ fawor + fagwgy = %101,
4211
A2(F) = wia+ foowoo+ faows, = 520
A21(F) = wor+ fuwin+ fawes = %101 ;
Ao2o(F) = wap+ frowpp+ faowgy, = %101 ;
Azi(F) = war+ fuwin+ fawer = 21i11’
A31(F) = waa+ frowio+ foowpe = 21—111 :

it follows thatF is a fully mixed Nash equilibrium. Its social cost is

SCo(W,2,F) =

f1121f31(W11+ W1 +W31) + f11 21 faomax{wi + wo1, wao}
+ f11 oo faamax{wi 1+ wsa, Woo} + f11 2o faomax{wig, woo + wao}
+f12f21 far max{wio, Wo1 +Ws1} + f1221 faomax{wio + waz, Wo1 }

+f12f2ofar max{wia + Woo, Wa1} + f12f22 faomax{wio + woo, wso}
10 10 1 21 10 10 19

1120 Tl.l_l.Z)-max{20,19}
1_2.1&1.2_0.max{11,1} g-%-%-max{lo,m}
1il.i_cl).2_10.m;,1x{11,1} + 1il.i_i);—g-max{l,ZO}
RN I N

48283

2420 20.

Thus,SCe(W,2,L) > SCw (W, 2,F), showing that th&MNE Conjecture is not valid.

Theorem 4.112 (Luckinget al.[103]) Consider the model of unrelated links. 1&n3 and
m = 2, then theFMNE Conjecture is not valid.

4.8 Polynomial Social Cost and Identical Links

In this section, we consider the KP-model with polynomial social cost and identical links.
Clearly, for any instancéw, m) and associated assignméhthe expected latency on a link is
equal to its expected load, that 5;(P) = 6;(P) for all j € [m]. Subsection 4.8.1 deals with
pure Nash equilibria only, whereas the results quoted in Subsection 4.8.2 hold for fully mixed
Nash equilibria. In order to illustrate the results, we use the following instance.
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Example 4.113 Consider the following instandgv, 3): We have = 7 arbitrary users, m=3
identical links and the polynomial cost functioR(x) = x2. There are two users with traffics
wp = Wy = 5, two users with traffics w= ws = 4, and three users with trafficsgw= wg =
W7 = 3.

4.8.1 Pure Nash Equilibria
4.8.1.1 Computation of Nash Equilibria

Clearly, the usage of polynomial social cost as the cost measure of social welfare alters neither
the definition of individual cost nor the set of Nash equilibria. This implies that all results on
the convergence of sequences of selfish steps in Section 4.4 also hold in this model. Moreover,
we can use selfish steps to nashify any given pure assignment since selfish steps do notincrease
social cost (Proposition 4.114). If the users are identical, then Proposition 4.8 (page 96)
implies that all pure Nash equilibria have optimum polynomial social cost, and such a pure
Nash equilibrium can be computed@in) time (Proposition 4.115, page 167). For arbitrary
users, we can still use the LPT-algorithm (see Algorithm 3, page 93) to compute a pure Nash
equilibrium. Chandra and Wong [19] proved an upper bound on the performance quality of
LPT with respect to thd-norm (Theorem 4.116, page 167). This bound reducé%in‘od =2

(for this special case, Leung and Wei [98] gave tighter bounds).

Proposition 4.114 Consider the model of arbitrary users and identical links. Then, for any
instance(w, m) and associated pure assignménta selfish step yields a pure assignmeht
With SCra ) (W,m, L") < SCrap (W, m,L).

Proof: Fix any instancgw,m) and associated pure assignméntand leti € [n] be an
unsatisfied user who can improve by moving from lipke [m] to link j, € [m], yielding a
pure assignmerit’. Clearly,

O, (L) > dj(L)+w, (4.52)

andd,; (L") =&,(L) forall £ € [m|\ {j1, j2}. Since, by definition of polynomial social cost, all
coefficients are non-negative, Equation (4.13) (page 88) implies that it suffices to show

3i (LN +3j,(LNY < &), (L) +3j,(L)

for all t € [d]. Fix any sucht € [d]. If t = 1, then equality follows. So assunhe> 2, and
consider the function

f(wi) = 6]1(L/)t+612(|—,)t
= (Bj,(L) =)'+ (B, (L) +wi)",
Fw) =t (L) +w)' =t (L) —w)' .
We proceed by case analysis:

e §j,(L)—w >dj,(L)+w: Inthis casef’(w;) < 0. Thus,f(w;) is monotonic decreas-
Ing In w;, showing that

flw) < f(0) = 611(L)t+612(|—)t'
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e Jj,(L)—w; <dj,(L)+wi: Inthis casef’(w;) > 0. Thus,f(w;) is strictly increasing in
wi. Thus, we get

(4.52), page166 t t
f(wi) < f(0j, (L) —dj,(L)) = dj (L) +0j,(L) .
Thus,dj, (L") +38j,(L")! <8, (L)t +8j,(L) in both cases, as needed. m

Proposition 4.115 Consider the model of identical users and identical links. Then, for any in-
stance(n, m) and associated pure Nash equilibridmit is SCya, (n,m,L) = OPT gy (N, M),
and such a pure Nash equilibriumcan be computed in @) time.

Theorem 4.116 (Chandra and Wong [19], Fotaki®t al.[50]) Consider the model of arbi-
trary users, identical links and polynomial cost functiof(x) = x4. Then, for any instance
(w,m), LPT computes a pure Nash equilibriumwith

SCuw,mb) _ (302 4/ d-1 \4!?
OPT,a(w,m) =~ d 2.39_3.2d ’
using Q(n+ m)logm) time.

Example 4.113 (continued) For the given instancd, PT returns a pure Nash equilibrium
L =(1,2,3,3,1,2,1) with social cost

SCo(w,3,L) = 112+8+8 = 249
whereas the optimum assignméht2,1 2, 3, 3, 3) has social cost
OPT.(w,3) = 9%+92+9> = 243

(see Figure 4.14). Thus,

SCw(w,3,L) 249
OPTo(Ww,3) 243’

Note that for this instance, the bound in Theorem 4.116 reduc%} to

4.8.1.2 Computation of Best Nash Equilibria

Clearly, it is easy to compute a best pure Nash equilibrium in case of identical users (see
Proposition 4.115). For arbitrary users, the fact that selfish steps do not increase social cost
(see Proposition 4.114, page 166) enables us to prove that for any inStangehere always

exists a pure Nash equilibriumwith SCya ) (W,m,L) = OPT 4, (W, m) (Proposition 4.117,

page 168). In the same way as in Theorem 4.22 (page 104), we can show by reduction from
BIN PACKING thatBEST PURE NE is A P-complete even fom = 2 links (Theorem 4.118,

page 168). This shows thBEST PURE NE is A\ P-complete in the strong sense, proving
that there exists no pseudo-polynomial algorithm to s8E8T PURE NE. However, we can

give such an algorithm for constamt(Theorem 4.119, page 168). Moreoverrtf(x) = x4,

then we can use any approximation algorithm for schedythgon identicalmachineswith

respect to thel-norm [3, 7], and then nashify via rule MAX WEIGHT JOB, usijnm)

time (see Proposition 4.46, page 115), in order to get an approximation algorithm of the same
guality forBEST PURE NE. In particular, thé°TAS of Alon et al.[3] yields aPTAS for BEST

PURE NE (Theorem 4.120, page 168).



168 4 Selfish Routing in Non-Cooperative Networks

3
3

303, 4 | 4
3

5| 5 5| 5
4 3
SC(W,3,L) = 249 OPT,(w,3) = 243

Figure 4.14: Pure Nash equilibrium= (1,2,3,3,1,2,1) returned by LPT applied to the in-
stance in Example 4.113 (page 166) (left hand side), and an optimum assignment
(1,2,1,2,3,3,3) of this instance (right hand side).

Proposition 4.117 Consider the model of arbitrary users and identical links. Then, for any
instance(w, m), there exists a pure Nash equilibriunwith SCa ) (W, m,L) = OPT g, (W, m).

Proof: Fix any instancéw, m). By Proposition 4.114 (page 166), selfish steps do not increase
social cost. Thus, starting with an optimum assignment, every sequence of (not necessarily
greedy) selfish steps ends in a pure Nash equilibtiumwith SCe,(W,m,L) < OPTs (W, m), as
needed. [

Theorem 4.118 Consider the model of arbitrary users and identical links. TheBBST
PURE NE is A P-complete even for m 2.

Theorem 4.119 Consider the model of arbitrary users and identical links. Then, there exists
a pseudo-polynomial-time algorithm forBEST PURE NE.

Proof: The proof of Theorem 4.104 (page 161) can easily be adapted to this settingm

Theorem 4.120 Consider the model of arbitrary users, identical links and polynomial cost
functiontd(x) = xd. Then, there exists RTAS for BEST PURE NE.

4.8.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Clearly, it is also easy to compute a worst pure Nash equilibrium in case of identical users
(see Proposition 4.115, page 167). In the same way as in Theorem 4.26 (page 106), we can
show by reduction fronBIN PACKING that WORST PURE NE is A P-complete even for
m = 3 links (Theorem 4.121, page 169). Clearly, this also showsWw@RST PURE NE is
A P-complete in the strong sense. Thus, there exists no pseudo-polynomial algorithm to solve
WORST PURE NE. For constanin, however, we can give such an algorithm (Theorem 4.122,
page 169).

For identical users, the price of anarchy is 1 (see Proposition 4.115, page 167). We now
shed light on the price of anarchy for the case of arbitrary users. For a given inStamag
call auser € [n] bursty if w; > Vm" Intuitively, the traffic of a bursty user exceeds the fair share
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of traffic for a link. Say that an instandev, m) is bursty if some usei € [n] is bursty; else,
(w,m) is non-bursty. We first prove that a bursty user is solo in both optimum assignments
and pure Nash equilibria (Lemma 4.123). Then, roughly speaking, we prove that link loads are
balanced in a non-bursty Nash equilibrium (Lemma 4.124, page 170). After proving a third

technical but simple result (Proposition 4.125, page 171), we proceed by using these three

results to prove that the price of anarchy for pure Nash equilibrﬁ% (d%l)d if

the polynomial cost function iad(x) = x9 (Theorem 4.126, page 171). This generalizes a
result in [102] where this bound is proved for the cdse 2 (Corollary 4.127, page 176).

Theorem 4.121 Consider the model arbitrary users and identical links. TNORST PURE
NE is A P-complete even for m 3.

Theorem 4.122 Consider the model of arbitrary users and identical links. Then, there exists
a pseudo-polynomial-time algorithm forWiORST PURE NE.

Proof: The proof of Theorem 4.105 (page 161) can easily be adapted to this settingm

Lemma 4.123 Consider the model of arbitrary users and identical links. Then, a bursty user
is solo in both optimum assignments and pure Nash equilibria.

Proof: Since, by definition of polynomial social cost, all coefficients are non-negative, Equa-
tion (4.13) (page 88) implies that it suffices to show the claim for all polynomial cost functions
Tt (x) = X with t € [d]. So, lett € [d] be arbitrary, and fix an instan¢e, m) with bursty user

i1 € [n]

(1.) Consider first an optimum assignméht= (ds, . ..,qn). Note that

fgs

6CIi1(Q) > W >

3.| =

Sincey jeim 8j(Q) =W, there is some other linke [m] with j # ¢, such that

5Q < V.

m

Assume, by way of contradiction, that some use¥ i, is assigned to linkj,. Modify
Q to obtainQ’ by switching users to link j. Then,

SCyx(w,m, Q") —SCyt (W, m,Q)
= (30,@) + (3(Q@)) - (8,(@)
< W (8(Q) ) — (W, + )~ (3(Q))

3j(Q)<wi, ¢ ¢
< M1+(Wi1 +Wi2) _(Wi1+wi2> — W

1
0.

() Q)

t

SinceQ is optimum,SCy (w,m, Q") > SCyx (W, m,Q), a contradiction.
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(2.) Consider now any arbitrary pure Nash equilibriuma= (¢1,...,¢,). Note that
W
o, (L) = wy, > e

Sincey jcim 8j(L) =W, there is some other linke [m] with j # ¢, such that

w
Oj(L) < e

Assume, by way of contradiction, that some uset i1 is assigned to linkj,. Then,
w
Ai,(L) > wi, +w, > E+wi2.
However, if usei, switches to linkj, its individual cost becomes
w
Oj(L)+wi, < —+Ww,.
m
SincelL is a Nash equilibrium,
w
61<L)+Wi2 > )‘iz(L) > E"*‘Wiz?
a contradiction. [ |

Lemma 4.124 Consider the model of arbitrary users and identical links. Then, for any non-
bursty instancéw, m) and associated pure Nash equilibriumit is

(L) < Zzgﬁ{éé(LH (L) >0}

for each link je [m|.

Proof: Fix any non-bursty instandev,m) and associated pure Nash equilibriumAssume,
by way of contradiction, that there is some lipk [m] such that

oj(L) > erg[irg{@('—ﬂ O(L) > 0}

Take link j so that it maximize$, (L ) over all links¢ € [m]. Clearly,d;(L) > V—n‘1’ Moreover,
if 3j(L) =, thend,(L) = ¥ for all links ¢ € [m] and the claim follows. Hence, assume that
oj(L) > V—n‘q’ We proceed by case analysis.

(1.) Assume first that there is a solo usey [n] on link j, so thatd;(L ) = w;. Since link]j
maximizes latencywy; > &,(L ) for all links ¢ € [m]. Moreover, our assumption implies
that

wi > e@{imn] {&¢(L) | &(L)>0}.

It follows that

orw > Vm" Since(w, m) is a non-bursty instancey < vﬁv a contradiction.
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(2.) Assume now that at least two users are assigned td lidlonsider the smallest traffic
w; of some user € [n] among all users assigned to link Then, clearlyw; < %.

Hence, by assumption,
Oj(L)—wi > —— > min{d(L)| &(L)>0}.
2 ee[m]
So,

min{8(L) | 3i(L) >0 +wi < (L)

SincelL is a Nash equilibrium,
min {&(L) | &(L) >0} +w > (L),
Le[m|

a contradiction.

Since we obtained a contradiction in all possible cases, the proof is now complete. =

Proposition 4.125Let xy1,y2> € Rwith0 < x<y; <y», and let d> 2. Then,

(1—X)%+(y2+x% > yi+y5.
Proof: Let
fx) = (y1—x%+(y2+%?,
() = —diyr—% " +d(y2+x?.

Sincey, +x > y; — X, it follows that f’(x) > O for all x within the given range. Thud,(x) is
strictly increasing irx, and we get

fx) > f(0) = yi+y5,
as needed. [}

Theorem 4.126 Consider the model of arbitrary users, identical links and polynomial cost
functiontd(x) = x4 with d > 2, restricted to pure Nash equilibria. Then,

B (24 - 1)d d—1\¢
Poht = <d—1><2d—2>d1< d ) |

Proof: In the proof, we make use of the following notation. Consider an instance)
and associated pure assignmentFix a set of links?/, inducing a set of usergl that are
assigned by the assignménto links in 4. Then,w\ U andm\ M denote the vector and the
number of links resulting fromv andm, respectively, by eliminating the entries corresponding
to users inU and links in, respectively.L \ (U, M) denotes the assignment induced by
these eliminations. Let

A(L) = min{&(L)| &(L)>0}.
Le[m]

We first prove the upper bound. Consider any arbitrary inst@wce) with associated pure

Nash equilibriumL = (¢1,...,¢,) and optimum assignme@ = (qy, ..., qn). If N < m, then

every user is solo ik, showing that. is optimum. So, assunre> m. Clearly,d,(L ) > O for

all ¢ € [m]. We distinguish between two cases:
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(1.) The instancéw, m) is non-bursty:

Recall that in this case, by Lemma 4.124 (page 170), for each linkm),
dj(L) < 2A(L)

So, transform the set of load$,(L ) | ¢ € [m]} into a new set of Ioad@ | £ € [m|} as
the output of the following repetitive procedure:

(1) for each link¢ € [m] do;

) 8 Bi(L); -

(3)  while there are distincjy, jo € [m with A(L) < §j, < &j, < 2A(L) do
4 §11 <_/6\]1_min{/éle_A(L)azA(l—)_/6\J'2};

(5) 0j, < Oj, +min{dj, —A(L),2A(L) — &, };

Intuitively, our transformation procedure chooses at each step two intermediate loads
Sjl and sz (that is, two loads that are not yet pushed either to the upper or to the
lower end of the interval of link loads). It transfers the (strictly) positive quantity
min {8]’1 —A(L),2A(L) —sz} from the small Ioacﬁjl to the large |Oa£j2. Clearly,

each step of the procedure either pushes the smallﬁganb the lower endA(L) of

the interval of link loads, or pushes the large Ic?s}g to the upper endZ(L) of the
interval of link loads (or both). So, clearly, when the procedure terminates, there is at
most one intermediate load. Hence, by reordering links, we obtain that for some integer
k € [m— 1)U {0} for each linkj € [m],

- 2A(L) if j €K,
5 = { (1+xA(L) if j=k+1,
A(L) if e [m\ [k+1],

where 0< x < 1.

Consider any individual step of our repetitive procedure. Then, clearly,

(35— min {3}, - A(L),2(L) —8,—2}>d + (3, +min{3;, ~A(L),28(L) —sz})d
Proposition4.125 (page17l) ,~ \d ~ \d
> ( j1> . (6j2>

Note that this transformation procedure maps a set of loads to a new set of loads, without
explicitly mapping an instance to a new instance. However, for the sake of our analysis,
we will also consider that the transformation procedure maps an instanog and a

Nash equilibriunL to a new instancéw, m) and a new Nash equilibriut. Note also

that this transformation preserves (at each of its steps) the sum of loads. Hence, it also
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preserves the total load so that= W. Hence,

)

d

)

SCua(w,mL) < SCua(W,m,
&(L)

I
/N
——

j€[m]
= KAL)+ ((1+X)AL )+ (m—k—1)A(L)*
- (m+@¢—nk—LH1+mﬂAaJ¢

_I_

On the other hand,

~—
o

312

OPTya(w,m) >

%

-1

.\ d
3 jefm Oj (L)>
- T
(m-+k+x)9A(L)d
md-1 '

|
2

/N

It follows that

(M+ (29 — 1)k — 1+ (1+x)9)mr-1

PoA <
o= (m+k+x)d

Define the real function

(Mm-+ (29 — 1)k — 1+ (1+x)%)m-2

f (m+k+x)d

of a real variabl& (the quantityx is taken as a parameter, whiteis a fixed constant).
To maximize the functiorf (k), observe that the first and second derivative$§(&f are

f/(k) _ (Zd—l)mdfl_(m—|—(2d_1)k_1+(1+x)d>rnd71d

(m+k+x)d (m+k+x)d+1
and
e 229 —Dmd1d  (m+ (29— 1)k— 1+ (14+x)Dmd-1(d? +d)
( ) - (m+k+x)d+l + (m+k+x)d+2
o ld[—2(29 — 1) (m+k+Xx) + (m+ (29 — D)k — 1+ (1+x)9)(d + 1)]
B (M+x+1)d+2
~ o d[(29 - 1)(d — 1)k —2(29 — 1) (m+x) + (M— 1+ (1+x)9)(d + 1)]
B (M+x+1)d+2 ’

respectively. The only root of (k) is

(29 —1)(m+x)+d(—m+1— (1+x)9)
(29-1)(d-1) '

r
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Fork =r, the second derivative evaluates to
mf-1d [(29 —1)(d — 1)r —2(29 — 1)(m+x) + (M— 1+ (1+x)9)(d + 1)]
(M- +x)d4+2
md—1d [—(29 — 1)(m+X) + m— 1+ (1+x)9]
(m+r +x)4+2
mA=1d [-m(29 — 2) — (29 — 1)x+ (1 +x)¢ — 1]
(M- +x)d+2 '

f'(r) =

Since—(29 —1)x+ (1+x)¥ < 29 holds for all 0< x < 1, and sincen > 2, it follows that
f”(r) < 0. Thus is a local maximum of the functiofi(k). Sincef (k) is a continuous
function with a single extreme point that is a local maximum, it follows that

f(k) < f(r)
[m+ 2L (m+x) + g% (— m+1—(1+x)d)—1+(1+x)d} md-1

[m+d%(m+x)+m,—l)(—m —(1+ )d)+x}
- [mzdd X3 — (14x) dieri]mdfl
o d
M~ ) Hat - (0 g+ wae)

<2d_1d(d_1)d_[m(zd—2>+x(2d_1) (1+x +1] mf-1
d [m(2d —2) +x(29 — 1) — (14x)9+1]

(d—l)d' md—1
d (m(29 —2) +x(29 — 1) — (14+x)9+1] 4

Note that the minimum value of the functitiix) = x(24 — 1) — (14-x)9 for x€ [0,1] is

h(0) = h(1) = —1. Thus,
(2d —1)d (d—l)d' me-1
(d-1) \ d [m(2d —2)]%*
B (24 -1y d—1\¢
B (d—l)(Zd—Z)d‘1< d ) ’

(2.) The instancéw, m) is bursty:
Denote U the (non-empty) set of bursty users. Recall that, by Lemma 4.123 (page
169), U induces sets of solo link84 and Mq for the Nash equilibriunL and the
optimum assignmer, respectively, so thatM, | = |U| and|Mg| = |U|. Since links
are identical, we assume thaf. = Mg = M, with |M| > 1. So,

IN

f(k)

as needed.

SCaw.mL) = ¥ (§(L))"+SCa(w\ 1m\ 9 L\ (2 M))
jeM
= 5 W +SCa(W\ 2,m\ M, L\ (U, M))

ieu
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and
OPTa(w,m) = SCyu(w,mQ)
= Y (3(L))"+5Ca(w\ Um\ M, Q\ (U M))
jeEM
= 3 W +SCa(w\ UM\ M,Q\ (U, M)).
ieu

Note first that the assignmeht\ (U, M) is a Nash equilibrium for the instances \
U,m\ M). Moreover, since is an optimum assignment for the instar{ee m), it
follows thatQ \ (U, M) is an optimum assignment for the instarfee\ U, m\ M), so
that

SCa(W\ U,m\ M,Q\ (U,M)) = OPTa(w\Um\M).
Thus,
OPTa(w,m) = 5 wil+OPT,a(w\ U m\M).
ieu
It follows that
SCua(w,mL) _ Zie‘llm,?+sc)<d(w\u7m\ﬂ/[7l-\(u7M>)

OPTa(w,m) SicaWd + OPT,a(W\ U, m\ M)
SCa(W\ U,m\ ML\ (UM))
- OPT,a(w\ U,m\ M) '
So, consider the instan€e \ U,m\ M) and the associated pure Nash equilibrium
(U, M). There are two possibilities depending on whether the instem&et, m\ M)
is bursty or not.

e Assume first that the smaller instan@e\ U, m\ M) is non-bursty. Then, we are
reduced to the previous case of non-bursty instances, and the upper bound follows
inductively.

e Assume now that the smaller instange\ U, m\ M) is bursty. We repeatedly
identify the set of bursty users for the smaller instance, and we reduce this smaller
instance to an even smaller instance that may be bursty or non-bursty. This proce-
dure eventually yields a non-bursty instance (even the trivial one with one user),
and the claim for the original bursty instance follows inductively.

The proof of the upper bound is now complete. We continue to prove the lower bound. Let
r=(29—d—1), and considem= (29— 1)(d — 1) links, 2 identical users with traffic 1 and
m(m—r) users with traffic%. Clearly, the users with traffif% can be evenly distributed to

m—r links. Thus, the pure assignmdnin which users with traffic 1 are evenly distributed to

r links, and the remaining users are evenly distributed to the remaiming links, is a Nash
equilibrium with social cost

SCa(w,mL) = 29.r4+19. (m—r)
= 2920 d-1)+(2-1)d-1) - (2 -d-1)
= (9-1)(2¢-2).
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Moreover, we can evenly distribute the total traffict-r to the links in the following way:
assign the Rusers with traffic 1 to 2distinct links (it is easy to see that 2 mfor all d > 2),
evenly distributem(m— 2r) users with traffic%] to the remainingn— 2r links, and evenly

distribute the remainingnr users with traffic% to all mlinks. We get

d
OPTya(w,m) = (mTH> m

(20— 1(d-1)+ (2 ~d-1)°
(2 -1)(@-1)]""
(2~ 2)d)

(2 -1)(d-1)]"*

_ (d—l)(2d—2)d.< d )d.

(2d —1)d-1 d-—1
Thus,
d_1\d _and
PoA > SCa(w,m,L) _ (2°—-1) d-1 7
OPT,a(w,m) (d—1)(2d —2)d-1 d
as needed. ]

Corollary 4.127 Consider the model of arbitrary users and identical links, restricted to pure
Nash equilibria. Then,

o

8"

Example 4.128 Consider the following instandev, 3): We have = 8 arbitrary users, m=3
identical links and polynomial cost functianf(x) = x?. There are two users with traffics

wy = W = 3, and six users with trafficsiw= 1 for all i € [8]\ [2]. The pure Nash equilibrium
L =(1,1,2,2,2,3,3,3) has social cost

PoA =

SCe(W,3,L) = 62+3°+32 = 54
whereas the optimum assignméht2, 1,2, 3,3, 3,3) has social cost

OPT,.2(Ww,3) = 42442442 = 48.
(see Figure 4.15). Thus,

SCy2(w,3,L)
OPT,2(w,3)

ool ©

4.8.2 Fully Mixed Nash Equilibria

We now turn our attention to fully mixed Nash equilibria. We first investigate the polyno-
mial cost functionr?(x) = x? in Subsection 4.8.2.1. In Subsection 4.8.2.2, we then consider
arbitrary polynomial cost functions.
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3
1 1 1
1 1 1
3 1 1 3 3 1
1 1 1
SCye:(w,3,L) = 54 OPT,(w,3) = 48

Figure 4.15: Pure Nash equilibriutn = (1,1,2,2,2,3,3,3) (left hand side), and optimum
assignmentl,2,1,2,3,3,3,3) of the instance in Example 4.128 (page 176) (right
hand side).

4.8.2.1 Polynomial Cost Function T(X) = X

For the polynomial cost functior?(x) = x2, Liicking et al. [102] gave a closed formula for

the social cost of the (unique) fully mixed Nash equilibrium (Theorem 4.129). If the users are
also identical, then this formula simplifies significantly (Corollary 4.130). Moreover, Luck-
ing et al.[102] proved that for identical users tR&INE Conjecture is valid (Theorem 4.131).
Combining these results yields a tight bound on the price of anarchy (Theorem 4.132).

Theorem 4.129 (Lickinget al.[102]) Consider the model of arbitrary users, identical links
and polynomial cost functior?(x) = x2. Then,

2
SCX2<W7m7 F) = W1‘|'EIVV2 s

where W = Yy w? and W = 2.0 ke [n]:i<k Wi Wk-

Corollary 4.130 (Lticking et al.[102]) Consider the model of identical users, identical links
and polynomial cost functior?(x) = x?. Then,
-1
SCe(w,mF) = nn+m-1) :
m
Theorem 4.131 (Luckinget al.[102]) Consider the model of identical users, identical links
and polynomial cost functior?(x) = x2. Then, theeMNE Conjecture is valid.

Theorem 4.132 (Luckinget al.[102]) Consider the model of identical users, identical links
and polynomial cost functior?(x) = x?. Then,

PoA = 2—max{},l} .
n’'m
Example 4.113 (continued) For the given instance, the social cost of the fully mixed Nash

equilibriumF by Theorem 4.129 (page 177) is

SCo(W,3,F) = 109+§-310 — 9%7
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whereas the social cost of the worst pure Nash equilibriiusm (1,2,3,2,1,2,1) is

SCo(W,3,L) = 249 < SCpo(w,3,F).

4.8.2.2 Arbitrary Polynomial Cost Functions

Identical Users and Two Identical Links. We next turn our attention to arbitrary polyno-
mial cost functions, identical users and two identical links. We first use Proposition 4.3 (page
81) and Lemma 4.133 to prove tIRMNE Conjecture (Theorem 4.134). Making use of this
result, we then prove the tight bouédZ‘*l + 1) on the price of anarchy for the special case
where the polynomial cost function 7'(x) = xd (Theorem 4.136, page 182). We close by
showing the upper boun%i(Zd +d-— 1) on the price of anarchy for general polynomial cost
functions (Corollary 4.137, page 183).

Lemma 4.133 (Luckinget al.[102]) Consider the model of arbitrary users and identical
links, and fix any instanc@v, m) and associated Nash equilibriufn If viewp(j1) C viewp(j2)
for j1, j2 € [m], thenAj, (P) > Aj,(P).

Theorem 4.134 Consider the model of identical users and two identical links. Then, the
FMNE Conjecture is valid.

Proof: Fix any instancén, 2), associated Nash equilibriumand fully mixed Nash equilib-
rium F. We can identify three sets of usershin

W = {i[n|supportp(i) = {1}}
W = {icn]|supporte(i) = {2}} ) { U |t ers
pure users

Uz = {i€[n]|supportp(i) = {1,2}}

Without loss of generality, Igtt; | < |L|. Up I mixed users
Letu= ||, v=|Uz| —uandr = |Uj|. | .

The proof of the theorem is structured as follows: We first prove that the claim holds if

P is a pure Nash equilibrium. Then, we consider the case whetr®. By Equation (4.13)
(page 88), it suffices to show that the claim holds for all polynomial cost functigms = xt

with t € [d]. For the case whene> 0, we introduce a Nash equilibriu@ as a perturbation

of F with a special structure that is similar to the structuré>afuch thaBCT[d(X)(n,Z,Q) <
SCnd(X)(n,2, F). Due to this special structur€ can be compared witR more easily. To
compare the two, we use the fact that the claim holdsufer0. We now continue with the
details of the formal proof.

(1.) Pis a pure Nash equilibriumn this caser = 0. Clearly, by definition of Nash equilib-
rium, | ;| and| | differ by 1 if nis odd, and ;| = | Uz| otherwise. Thus, each pure
Nash equilibriumP has unique social coSiC g, (n,2,P) = OPT 4y (N, 2), proving
the claim for pure Nash equilibria. So, assuR® be a (non-pure) Nash equilibrium.
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(2.) Casau=0: Clearly, viewp(1) C viewp(2). By Lemma 4.133 (page 178), this implies
A1(P) > N\2(P). If r =1, then, by definition of Nash equilibriunil| = |Ui| =u=0.
Thus, the total number of usersns= 1, a contradiction to the assumption timat 2.
So, assume thate [n— 1]\ {1} mixed users are assigned to both links, and thar
pure users are assigned to link 2.

Consider any arbitrary mixed usee Uj». The definition of Nash equilibrium implies

A1(P) —pi1+1 = N2(P) — pi2+1
pi,=1-pi
=0 NP -(1-pi)+1
= N2(P)+pi1 .
Thus,
N1(P)—=N2(P)+1
pip. = .

2

Since this holds for every mixed user, we wrggand p, for the probabilities of every
mixed user on link 1 and 2, respectively. The definition of Nash equilibrium implies

(r—1)-p1+1 = (r—=1)-p2+n—-r+1
PP (1) (1—py)n—r+1.

Thus,

n—r
B
n—r
S 2(r—1)°

N
—
-
|
|_\
N—r
NI N

P2 = (1-p1) =

and we can write

|
-

1 n—r
'(§+2u—n>
n n—r nr—r2
272 Tor-y
n n—r
2
a

T
+B,

where
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with 0 < B < 3. Moreover,
/\z(P) = n—/\l(P) = G—B.

Since, by definition of polynomial social cost, all coefficients are non-negative, Equa-
tion (4.13) (page 88) implies that it suffices to show the claim for all polynomial cost
functionstt (x) = X' with t € [d]. Fix any suctt € [d]. Denote

. A1(P) a+p
pl g g ,
r r
’p’ _ /\Z(P) o a _B
27 T N n

the average probability on link 1 and 2, respectively. Sikide convex, we get

4.14), 88
SCyx(n,2,P) (4.14), page H((p1,...,p1),X)+H((p2,...,p2,1,...,1),xX)
—_—— —_——— ——

r r n—r

Lemma4.2 (page81) _ t ~
< H(pl,r,X)+H(p27na)(t)

i€lt] i€lt]
definition of Py, Py a+pB ! o oa—B ! o
= ZH( r ) 'S(t7|>'r’+z <T) 'S(t7|)'n
ielt

ielt]

Proposition4.3 (page81)

= ZS(I'I [a+[3) +(a—B)- i]. (4.53)

ielt]
Moreover, we have
SCe(n2F) I () )+ H (B fr2) X)
Theorem43:6 (pagell2) 2.H (%7 n, Xt)
_ 2.H (%7 n,x)
Proposition4.3 (page81) . oot
4 > S [20(' . H} | (4.54)
ieft

By Equations (4.53) and (4.54), it suffices to show the following claim:

Claim 4.135 For all i > 1,
i

A = 2a'- : {(G+B) —: +(a —B)i-;—ﬂ > 0.

Proof: We prove the claim by induction ani > 1. For the basis case, let= 1. We
have

A = 20-[a+B+a—-B] = 0,
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proving that the claim holds for the basis case. For the induction step>l@; and
assume that the claim holds far— 1). We have

>0
-l —(i— . i1
A - 2a'-;—ﬁ—[(a+ﬁ>-r('r—1)-<a+s>'—l-[i—l
n—(i—1) ., n=L
+(G—B)'T'(0‘—B> F]
Clearly,
r—(@i-1)  ((h=Dr\ r—(i—-1)
(R — - (2(r—1)>' r
o on=1r—(i—-1)
2 r—1
is monotonic increasing infor all i > 2. Thus,
N Zai-%—[a-—n_(i_l)-(aJrB)i1~:;
n—(i—1) i, n=t
+(0(—l3)\ n (a—P) n'__l,]
>0
B;o ZGiE
nl
—(i—-1 i—1 —(i—1 i—1
_ n (I ) (a_i_B)lfl :i_1+a n (I )( B)Il::]
_ i n' n_(l_l) i—1 = i—1 nﬂ
— - foa " ey e
Induction i nt n—(i-1 ., nt
= g (n ) ' ni—1
= 0,
proving the inductive claim. [

(3.) Casau > 0: Setn=r +v=n—2u. Moreover, denotgi, ..., pr1 the probabilities of
ther mixed users on link 1, and dengbey, . . ., Pre the probabilities of the mixed and
v pure users on link 2. Consider the following mixed Nash equilibr@mOn both
links, there arai pure users, and the remaining= n— 2u users are assigned to link 1
and 2 with probabilitys. Clearly, sincet(x) is convex,

Lemma4.2 (page81)
SCTld(X)<n,2,Q) < SCTp(X)(n, 2, F) .

Again, it suffices to show th&Cyx (n,2,P) < SCyx(n,2,Q) for all t € [d]. Fix any such
te[d]. If n=1, then

SCx(n,2,P) = SCx(n,2,Q)
= (U+1)'+u,
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proving the claim. So, assunme> 2. We have

(4.14), page88

SCXt(n7 27Q) H ((CI117 .. -aCInl)aXt) + H((quv s »QnZ),Xt)

= 2HGA (W)

4.14), 88 =
(4.14), page SCherut (M 2,Q)

and

(4.14), page88

SCXt(n527 P) H (<p117 AR pn1)7xt) + H((plza RN pn2)axt)

- H((P1y,- - Bra), (x+u)") +H((Pr2...., Prz), (x+u)")

DL SChrun(A2P),

whereQ is the fully mixed Nash equilibrium associated to the instafic&), andP is

a mixed Nash equilibrium associated to the instafic@) with the same structure as
in case 1, that is, there are no pure users on linkdyre users on link 2, andmixed
users on both links. Singe+ u)t is a polynomial of degree< [d] with non-negative
coefficients, we can apply the first case, proving the claim. [

Theorem 4.136 Consider the model of identical users, two identical links and polynomial
cost function®(x) = x4. Then,

PoA = %<2d—1+1) .

Proof: Fix any instancén,2). In Theorem 4.134 (page 178), we showed that the social cost
of any Nash equilibrium is bounded from above by the social cost of the fully mixed Nash
equilibrium. Thus, we only have to prove the claim for the (unique) fully mixed Nash equi-
librium F. By Theorem 4.36 (page 112), we hafye= fi, = % foralli € [n].

Upper boundOn the one hand,

SCa(n2,F) (9P H(%,n,xd)
. i
Pr0p03|t|oni3(page81) 9. Z (1.) -S(d,i)-ﬁ'.
ield] 2

On the other hand, since social cost is minimum if the users are evenly distributed to the two
links, a trivial lower bound on the optimum is

OPTa(n2) > 2 (g)d .
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Thus, we get

SCXd(n;27F> (Z)d (1>I |
SCu(n,2,F) < < - d,i)-nm
OPT,(n,2) N & \2 3
2)"' 1 1
- ) (58,02 S oSdi)nt
(n <2 42524
d
(4.8), page8o (%) (%-S(d,l) n+ S - s(d, 1) ”))
(45), pages0 (g)d (g+ 1a. 9)
n 2 4 4
i 1, 1 2\
n>2 1 d—1
< (@

This completes the proof of the upper bound.
Lower boundletn= 2. Then, the social cost of the fully mixed Nash equilibrium is

SCo(n.2,F) - 3 (;) Sd,i)-rd

- 2. S(d,1)+%-8(d,2))

(45), page80, (4.6), page80 5. (l—l— % ‘ (Zd_l _ 1>)

1

= 2. E-(2‘1—1+1)) ,

whereas the social cost of an optimum assignment is 2, proving the lower bound. =

Corollary 4.137 Consider the model of identical users and two identical links. Then,

PoA < %(2d+d—1> .

Proof: Fix any instanc€n,2). By Theorem 4.134 (page 178), we only have to prove the
claim for the (unique) fully mixed Nash equilibriufa. Using the fact thag; > O for all
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t € [d]u {0}, we get

Scrﬁ(x)(na 2,F) (4.13), page8s8 a0+ Yte[d @ - SCx (N, 2,F)
OPTra( (N, 2) a0+ Yieg @ - OPTx(n,2)
- Stejd) & - SCx(n,2,F)
B Yted @ OPTx(n,2)
< S 'SCXt(n727 F)
- te%} a-OPTyx(n,2)
B SCx(n,2,F)
=) OPTx(n,2)
Theorem4.136 (page182) 1
< ; (2714
teld] 2
1 d
= =(2 -1
S +d-1),
proving the claim. [
Identical Users and an Arbitrary Number of Identical Links. We proceed to prove the

validity of an approximate version of tH@8MNE Conjecture for the model of identical users

and anarbitrary numberof identical links (Theorem 4.138). Equipped with this result, we
then prove the upper bour(d+ rll)d - Bg on the price of anarchy for the special case where
the polynomial cost function isf(x) = x4 (Theorem 4.140, page 189), using similar tech-

niques as in [58]. We close by showing the upper bojipgy (1+ rll)t - Bt on the price of
anarchy for general polynomial cost functions (Corollary 4.141, page 191).

Theorem 4.138 Consider the model of identical users and identical links. Then, for any
instance(n,m) and associated Nash equilibriuR) it is

d
1
SCo(n,mP) < (1+nTl> -SCra(x (NMF).
Proof: Fix any instancén, m), associated Nash equilibriumand fully mixed Nash equi-
librium F. Since, by definition of polynomial social cost, all coefficients are non-negative,
Equation (4.13) (page 88) implies that it suffices to show the claim for all polynomial cost
functionstt (x) = x' with t € [d]. Fix any suctt € [d]. Leta = .. Moreover, let

Bi = INj(P)—al,
ri = |viewp(j)|,
L i o >0
o ifg[lr?{pu|pu> }

forall j € [m], and

My = {ie[m[0<Aj(P)<aj,
Mz = {je[m[A;P)>a}.
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Clearly, for allj € MU M>, we haverj > 1 and

q < Ajr(_P) . (4.55)
J

On the one hand,

SCe(n,m,P)
(4.14), page88

% H((pliv"'7pnj>7xt)
JE[m]

Lemma4.2 (page8l) o+ B
S z H rlaxt)+ Z H(TBJJJ'?Xt)
jea jeMo J
- R\ , A\ .
Proposition4.3 (page81) Z Z <O‘_BJ> (i) ()t + (a—l-.BJ) S(t,i) - ()t
i&agiem \ T EAGRN

_ ieZMS('[,i). [ 3 (G:jﬁj)i.(rj)i+ 3 (G;L.Bj)i,(rj)i] _ (4.56)

jen i€ ]
On the other hand,

(4.14), page88

SCy(n,mF) > H((fyj,..., fnj),X)
je[m]
Theorem4.3£ (pagel112) m. H (1, n,xt)
m .
Proposmon43 page8l) nt
Z S(t,i) { n} . (4.57)

By Equations (4.56) and (4.57), it suffices to show:
Claim 4.139 Foralli > 1,
n i . r’# (X—B' i ; G+B' ! i
A = (—> .|:m.a'.__:|_[ (—J) .(rj)l_|_ (—J> .(rj)L
n—1 n jele I jez% r
> 0.

Proof: We prove the claim by induction dni > 1. For the basis case, et 1. We have

A - (n%l)-m-a—[z @B+ 3 (@B

jEMl jEMz

= " m-a—m-a
 \n-1

> 0,

proving that the claim holds for the basis case.
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For the induction step, lét> 2, and assume that Claim 4.139 (page 185) holdgiferl).
Since(rj)' =0forall j € MU M, withrj = 1, we may assume thgt> 2 for all j € My U M.
Let B = maX;cq, Bj. By definition of Nash equilibrium,

ANi(P)—qgj+1 < a—-B+1

for all j € M, which implies

Thus,
(4.55), pagel85 A (P o+ Bj
Bj+[3 < aj < Jr<.) _ - J,
j j
showing that
a-—rip
P < —F. .
B < = (4.58)
We proceed by case analysis.
(1) Bj < (n—rj)/(m(r; —1)) for all j € Mo: In this case, we have
n n—rj
o< — I B
arPi < m+m(rj—1)
_on(rj—=1)+n-—r;
m(rj—1)
_ (n=Jrj
forall j € M>. We get
>0
A>1 [ -1 SR\ i1 h
a "3 mu'-ﬁi—[Zm—Bj)-” (BB
n . ri
jemy
ri—(@i—-1) fa+pi\'"t
+ 5 (a+Bj)-~ ( )'( - J) (H)'ll
jEMz J J
>0
Bj=0 . (-1 /a—B \i1 A
]2 m- o r_T_[Z rJ (I- 1).((] BJ) (r])d
n S r r
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Clearly, the functior{# is monotonic increasing in; for all i > 2. Thus,

rj<n . nl (i .\ i-1 _
A > m~a'-%—[.z a.l (i 1).<°‘ .BJ> (rj)=

jEMy n ']
o N _
+ 3 (a+Bj)- ﬁl. 1)'<aJrF-BJ) '(rj)ll]
i€t ’ .
(4.59), page186 on n—(i-1) fa—B\'"" i1
> m- o ._i_[jezﬂ/[la. - ( - > -(I'J)i

R () ]

jeM ) _

~~

Clearly,

((n—l)rj)r,-—(i—l) n—-1rj—(-1)

m(rj —1) r m ri—1

is monotonic increasing in; for all i > 2. Thus,

A rj>§n m-aiﬁ—lza-n_(i_l)-(G_Bj)l_l‘(ri)i_l

n & n rj
ny n—(i—1) (a+B\'"* .,
+J.GZMZ<E> n ( ] ) (rl)]
_ o n—(i-1) a-Bi\"" i
— m-d H_ o [Jezm/[l( rJ > .(rj)i
ISR
AN J
Induction : n n—(i—1) - ni=1
> ma:——0o ————-ma -
n n n

proving the inductive claim for the case wh@e< (n—r;)/(m(r; — 1)) for all j € M.

(2) FjeM:Bj > (n—rj)/(m(rj—1)): We first show thaf3 < n% Assume, by way of
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contradiction, tha > % Then, for anyj € Mo with 3j > (n—r;)/(m(r; — 1)),

(4.58), page186 (o — r B

By = ri—1
p>1 n_ T
m m
< rj—l
_ n—rj
B m(rj — 1)
< B,
a contradiction. So, assunfie< % We get
>0
_(n T N - T S
t T (m)‘m'“ﬁ—[.im—ﬁﬂ' o\ ) W
jemy
ri—@(i—-1 fa+B\t .
3 () I (SR -<rj>'1]
jEMz J J
>0
Bi>0 i ) i (1 g _R: i-1 . X
12 (Ll) 'm'al'Ei_[Z a-” (|. 1).((1 BJ> -(Fj)i
n— n & r| r|
ri—(i—-1) fa+B\ 1 .
+ Y (B T < ;- J> (rp) = -
jeMZ J J

Clearly,w is monotonic increasing in; for all i > 2. Thus,

- (n%l)i-m-a‘-;—*:_[z q.”‘(;‘l).(“;jﬁi)il.(rj)i—l

jeM
© 3 e T (S8
We have

and the functiorf (r;) is monotonic increasing in sincea = = > %1 > 3 and therefore

n
m

ri) = R s

o
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foralli > 2. Thus,

—h
N
-
—
N——
IN
—
~~
=)
S~—

(4.60)

Induction n o\ o nt
> [ .m.a' . —
n—-1 n

proving the inductive claim for this case and completing the proof of Claim 4.139 (page
185). [

Combining Claim 4.139 (page 185) with Equation (4.56) (page 185) and Equation (4.57)
(page 185) shows that

t
SCk(n,mP) < (1+r11> -SCx(n,m,F)

for allt € [d], as needed. ]



190 4 Selfish Routing in Non-Cooperative Networks

Theorem 4.140 Consider the model of identical users, identical links and polynomial cost
functiont®(x) = x¢. Then,

1 \¢
PoA < (1+—) ‘Bqg.
o= (+n—l) d

Proof: Fix any instancén, m), associated Nash equilibriumand fully mixed Nash equilib-
rium F. Clearly,

SCXd(n’ m, p) Theorem4.128(page184) 1 1 d SCXd<n7 m, |:)
OPT,a(n,m) - i "OPT,e(n,m)

Thus, it suffices to prove

SCa(n,m,F) 5
OPT,4(n,m) d-

We proceed by case analysis:

n > m: Since social cost is minimum if the users are evenly distributed to the links, a trivial
lower bound on the optimum is

ny\d
OPT,(n,m) > m- (E) :
Thus,
SCua(n,m,F) 1 ,/md
e S S A A < Z (=
OPT,a(n,m) - m (n) SCy (M. M,F)
(4.14), page88 1 /m
= —\ = Z H((f117 ,fnj),x)
Loy
d
Theorem4.36 (page112) % (?) m-H( ,n,Xd)
Proposition4.3 (page81) (T)d ‘ (1)' .5(d,i)- Al
n ield] m ’
_ i
= %md"-S(d,l) rz
ield]
ni<n my d—i
< N S(dvl)
2 ()
n>m _
< > S(d,i)
ield]
(4.9), page8l
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n < m: In this case, we hav®PT,q4(n,m) = n. Thus

SCy(n,m,F) _ - F
OPT,a(n,m) n S
(4.14), page8s 1 H((faj, ..., fnj),x9)
n jgml
Theorem4.36 (page112) T-H(l n,x%)
— n m? ) .
Proposition4.3 (page81) M (l)IS(d i) nt
n ie%} m |
i-1 i
_ (1) Sd,i)-~
i&a \M n
ni<nf nyi-1
ie%] m>
mzn S(d,')
i€[d]
4.9), 81
( )gage By
Note that
SCa(nmF) g
OPTXd(n7m) ‘
forn=m-— oo, -

Corollary 4.141 Consider the model of identical users and identical links. Then,

1 t
PoA < Z <1+m) Bt .
teld]

Proof: Fix any instancén,m) and associated Nash equilibridPn Using the fact tha#y > 0
forallt € [d]U {0}, we have
Scnd(x) (n,m,P) (4.13), page88 a0+ Yte[d) & SCx(n,m,P)
OPTrd(x (N, M) a a0+ Ycjd) @& - OPTx (n,m)
Sted) @ - SCx(n,m,P)

<
- S te(d] @& - OPTx (n,m)
< e 'SCXt(na m, P)
- & a - OPTy(n,m)
B SCyx(n,m,P)

& OPTyx(n,m)

Theorem4.140 (page 189) 1 \!
-1
teld]

proving the claim. [
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4.9 Polynomial Social Cost and Related Links

In this section, we consider the KP-model with polynomial social cost and related links. Sub-
section 4.9.1 deals with pure Nash equilibria only, whereas the results quoted in Subsection
4.9.2 hold for general (i.e. mixed) Nash equilibria. Subsection 4.9.3 concentrates on the fully
mixed Nash equilibrium. In order to illustrate the results, we use the following instance.

Example 4.142 Consider the following instand@, c): We have n= 4 identical users, m- 4
related links and the polynomial cost functiof(x) = x2. There are one link with capacity
c1 = 4 and three links with capacitiegse=c3 =c4 = 1.

4.9.1 Pure Nash Equilibria
4.9.1.1 Computation of Nash Equilibria

As already mentioned, the usage of polynomial social cost as the cost measure of social wel-
fare alters neither the definition of individual cost nor the set of Nash equilibria. Clearly, this
implies that all results on the convergence of sequences of selfish steps in Section 4.5 also hold
in this model, but selfish steps might increase polynomial social cost (Proposition 4.143). The
LPT-algorithm (see Algorithm 3, page 93) still yields a pure Nash equilibrium for the case of
related links (see Theorem 4.47, page 116). However, up to now there exists no performance
analysis of this algorithm with respect to polynomial cost functions or even td-tiem.

Proposition 4.143 Consider the model of arbitrary users and related links. Then, a selfish
step of a user from a linkgje [m] to a link jo € [m] with ¢j, > ¢;j, can increase polynomial
social cost.

Proof: Consider the following instandev, c):

There are 2 users with traffieg = 3 andw, = 2, and two links
with capacitiex; = 6 andc, = 3. LetL = (2,1) be the pure
assignment in which user 1 is assigned to link 2 and user 2 is
assigned to link 1. Clearly, user 2 can improve by moving to
link 1, yielding the pure assignmeht = (1,1). We have

22 32 11 r/\ 3

SCXZ(W,C,L> = €+§ = 3 2
whereas
, 6 3
5 25 11
SCXZ(W, C, |_/> = E = E > 3 .
This proves the claim. [

4.9.1.2 Computation of Best Nash Equilibria

Identical Users.  In contrast to the case of identical links, there does not always exist a
pure Nash equilibrium with optimum social cost even in case of identical users (Proposi-
tion 4.144, page 193). Moreover, it is not clear how selfish steps can be used to approxi-
mate a best pure Nash equilibrium since selfish steps can increase polynomial social cost (see
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Proposition 4.143, page 192). However, for the case of identical users and polynomial cost
functionTd(x) = x4, d > 2, Lemma 4.145 enables us to use algorithesBPURENASHE-
QUILIBRIUM, stated as Algorithm 10 (page 195), to compute a best pure Nash equilibrium in
O(mlognlogm) time (Theorem 4.146, page 194). Note that this result can not be generalized
to arbitrary polynomial cost functions since Lemma 4.145 does not holdi fof..

Proposition 4.144 Consider the model of identical users, related links and polynomial cost
functiontd(x) = xd. Then, for anye with 0 < & < 2—; — 1, there exists an instandev, ¢) with

BC,q(W,C) . (20' )

OPT,q4(w,c) R

Proof: Consider the following instand@, c):

There are 2 identical users with traffieg = wo = 1, and two
links with capacitiex; = 2 andc, = 1— &, where

3¢ 1
& = oo -
3 TE L
LetL = (1,1) be the pure assignment in which both users are 1

assigned to link 1, and &' = (1,2) be the pure assignmentin 2 1-¢
which user 1 is assigned to link 1 and user 2 is assigned to link
2. Note that_ is the only pure Nash equilibrium for the given

instance. We have
2d L’ 1
2cl) = —
Scxd( L) 2 1
whereas > 1—&
19 qd 3.2d
2 L/ = —_— S = _—
SCaell) = S+13 201 _6g
Thus,
BC,a(w,cC) S SCu(2,c,L)
OPT,(w,c) — SCu(2,c,L")
2d
_ 2
- 3.2d
20+1 g
2d
fd 3—8’
as needed. [

Lemma 4.145 Let ¢j,,cj, € N with ¢j, > cj,. Then, for all integers & 2 and ke N,

(ou =10 (ke _ (ko) (k-1
Ciy Cj, Cjy Cj,
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Proof: We show by induction od, d > 2, that
(k-cj, — 1)d 4 (k'Cjz)d _ (k- le)d _ (k-cj, — l)d

A = < 0.
Cjy Cj, Cjy Cjz
For the basis case, ldt= 2. Then,
A - (k~le—1)2+(k‘Cjz)2_ (k-cjy)®  (k-cj,—1)?
Cjs Cj, Cjy Cjz

1 1

= (koo 17— (kecp)?) + - ((kecip)” — (k- — 1))
J1 )2
1 1

= —_(—2k-le—|—1)+—_(2k-Cj2—l)
CJl CJz

B 1 B 1
Cip  Cj,

Cj1>Cjy 0.

proving that the claim holds for the basis case. For the induction stegh 168, and assume
that the claim holds fofd — 1). Then,

A — (k'le—l)d+(k~Cjz)d_(k'le)d_(k-Cjz—l)d

Cjy Cj, Cja Cj,
_ (kg 1) e DT (R
j1 i2
k-ci d-1 k-c..—1 d-1
—k-cj, (k-cjy) —(k'Cjz—l)'%
Cja Cj2
k-cj, —1)91  (k-cj,)d? k-cj,)d 1 (k-cj,—1)9°2
_ w-[( 17 (s ]+k'%[< )" (0= }
J1 J1 J2 J2
(k'cjl_l)d_l 4 (k'ciz_l)d_l
Cja Cj, .
(k-cj —1)01’l . . . . .
Clearly,2q+2 is strictly increasing irtj,. Thus,
Cj, >C;j k-ci. —1 d-1 k.c: d-1 K-.C: d-1 k-ci. —1 d-1
N kcﬁ{( e —1? (k-cpy) }“'C”[( cip)* ! (k-cj— 1) }
Cja Cjs Cj, Cj,
leZCjz k'Cjz' {(k'ch_l)dl_ (k'ch)dil_f_ (k'cjz)dil_ (k-Cjz_l)dl]
Cja Cja Cj, Cj,
Induction
<
This completes the prove of the inductive claim. [

Theorem 4.146 Consider the model of identical users, related links and polynomial cost
functiont® (x) = x4 with d > 2. Then, BESTPURENASHEQUILIBRIUM computes a pure Nash
equilibrium with minimum polynomial social cost usingm@ognlogm) time.
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Algorithm 10 (BESTPURENASHEQUILIBRIUM)
Input: an instancén, c)
Output: a pure assignmeht’

(1) begin

(2) compute a pure Nash equilibrium

@) S—{jem[AjlL)=0PTx(nc)};
(4) S {jem|AjL) =000,

(5)  while there exist linkg; € S and j> € $ with ¢j, > ¢j, do

(6) move one user from link to link jo;
(7) S S\ {1}

(8) S — S\ {i2);

(9) return the resulting pure assignmdnf;
(10) end

Proof: Fix any instance€n,c). Assume, without loss of generality, that all capacities are
integers. LeL be the pure Nash equilibrium computed in line (2) of the algorithm. Proposi-
tion 4.42 (page 113) and the definition of Nash equilibrium imply that

AL) € {OPToo(n,c) -Cj — 1, OPTw(Nn,C)- CJ}

Cj Cj

for all j € [m|. Clearly, by moving a user from alink € S; to alink j; € S, this property is
preserved. Thus, all users in the resulting pure assignbieare satisfied, showing that is
a Nash equilibrium. We proceed by showing tB&tq(n,c,L’) = OPT,a(n,c). Let

S = {iem|Aj(L")=0PTx(n,Cc)},
g - {je[m] ‘AJ(L,>:OPTW(I’],C)-CJ—1}.

Cj

Assume, by way of contradiction, th&€,q4(n,c,L’) > OPT,q(n,c), and letQ be an optimum
assignment, that i$C,qa(n,c,Q) = OPT,qa(n,c). Then, there exist link$; € S, and j; € S,,
Cj, > Cj,, with

N, (Q) = OPTw(n,c),
ALQ) = OPTm(n,c)-cj—l,

Cj

Lemma 4.145 (page 193) shows that by moving a user fromjlirtk link j> we get a pure
assignmen@’ with

SCu(n,c,Q") < SCa(n,c,Q) = OPT,(n,c),

a contradiction.
By Theorem 4.43 (page 114), we can compute a pure Nash equilibri@gmiognlogm)
time. The computation d& andS, takesO(m) time. Moving the users to the right-most links
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also need®(m) time. This proves the running time. ]

Example 4.142 (continued)For the given instance, each pure Nash equilibrium is of one of
the following types: Either all users are assigned to linkr three users are assigned to link

1 and one user is assigned to one of the remaining links (note that all pure Nash equilibria of
the second type have the same social cost). Consider1,1,1,1) andL’ = (1,11 2) as
representatives of these two types (see Figure 4.16). We have

42
SCe(4cL) = — = 4
4
whereas
3?2 12 13
/ > - — -~
SCye(4,c,L") ) + 1 7 SCye(4,c,L) .

BESTPURENASHEQUILIBRIUM returns the pure Nash equilibriuix'.

1

1 1

1 1

1 1 1

4 11 T 4 1 11
SC,:(3,c,L) = 4 SC,:(3,c,L") = %

Figure 4.16: Non-optimum pure Nash equilibrium= (1,1,1,1) of the instance in Exam-
ple 4.142 (page 192) (left hand side), and optimum pure Nash equilibrium
L' =(1,1,1,2) returned by BESTPURENASHEQUILIBRIUM (right hand side).

Arbitrary Users.  Since, for the case of arbitrary useBEST PURE NE is A\ P-complete

even for the model of identical links (see Theorem 4.118, page 168), this of course also holds
for the more general model of related links. Up to now, no approximation algorithm is known.
Since BEST PURE NE is A_P-complete in the strong sense, there also exists no pseudo-
polynomial algorithm to solve it. However, we can give such an algorithm for constant
(Theorem 4.147). Moreover, we can give a lower bound on the social cost of an optimum
pure assignment in case th#&tx) = x> (Proposition 4.148, page 197).

Theorem 4.147 Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for-BEST PURE NE.

Proof: The proof of Theorem 4.104 (page 161) can easily be adapted to this settingm
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Proposition 4.148 Consider the model of arbitrary users, related links and polynomial cost
functiont?(x) = x2. Then,

W2

? .

Proof: Fix any instancgw, c) and associated optimum assignm@ntClearly,SC,.(w,c, Q)
is symmetric in all load$;(Q), and

w (%)

OPT,2(w,c) >

C z Cj

jelm)

Thus, it suffices to show th&C,2(w,c,Q) does not increase by replacing two loads, say
3j,(Q) anddj,(Q), j1, j2 € [m], j1 # j2, by

Sjl = (5,(Q)+95;,(Q))-cjy ’
Cj1 +Cj,
3, = (9,(Q)+95,(Q)) - Cj
Cj1 +Cj,
On the one hand,
CO2 8 (O)2
611(2(5) +512C(j(2?) _ cjlcjz(cjj-ﬁ—cjg) [Ciz(cil+C12)511(Q)2+0j1(0j1+Cj2)6j2(Q)2} '
On the other hand,
: . N2 _ _ 2
%jL% . ((611(Q();I§>rjéj(2Q)) C11> . <(6]1(Qc):zi2:,-(f)) cJZ>
Cjy Cj Cj, Ci,
_ (611<Q) +612(Q))2'CJ‘1 + (611(Q) —|—6j2(Q))2.Cj2
(Cjy +Cj2)? (Cj, +Cj,)?
_ (81,(Q)+3j2Q)?
B (Cj; +Cj,)
B leciz(chl-l‘FCjz) (012012812 (Q)° + 26131812 (Q)812Q + €1, 1,81>(Q)°] -

Since

[Ci,(Cj, +Cj,) 81, (Q)? + ¢, (Cj, +€1,)31,(Q)?]
— [€111,81,(Q)? +261,¢1,81,(Q)3},(Q) + €1,¢1,81,(Q)?]

= Cj,(Cj, 1,8}, (Q)%+Cj, (Cj, +€j,)1,(Q)°
—Cj;€1,81; (Q)% — 2¢},¢1,8, (Q)3},(Q) — €,€1,0},(Q)?
(¢i,85,(Q))* — 2(c;,8},(Q))(€},8,(Q)) + (¢},8,(Q))?
(€i291,(Q) — €}, 8},(Q))?
0,

v

this proves the claim. [



198

4 Selfish Routing in Non-Cooperative Networks

4.9.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Identical Users.  For identical users and polynomial cost functimff(x) = xd with d > 2,

Lemma 4.145 (page 193) also enables us to compute a worst-case pure Nash equilibrium. The
algorithm WoRSTPURENASHEQUILIBRIUM works in the same way aseEB TPURENASHE-
QUILIBRIUM, but moves users from linkg € S to links j» € $ with ¢j, < ¢j,. This shows

that a worst-case pure Nash equilibrium can be computed(imlognlogm) time (Theo-

rem 4.149).

Bounds on the price of anarchy are only known when restricting to polynomial cost func-
tions Td(x) = xd. In particular, ifd = 2, then the price of anarchy & (Theorem 4.150).
Moreover, for arbitrand > 2, we can give the lower bour@(m?-2) on the price of anarchy
which, in contrast to the constant bound for the cdse 2, is polynomial inm (Proposi-
tion 4.151).

Theorem 4.149 Consider the model of identical users, related links and polynomial cost
functiontd(x) = x4 with d > 2. Then,WoRSTPURENASHEQUILIBRIUM computes a pure
Nash equilibrium with minimum polynomial social cost usingrgnlogm) time.

Theorem 4.150 (Luckinget al.[102]) Consider the model of identical users, related links
and polynomial cost functior?(x) = x?, restricted to pure Nash equilibria. Then,

4

PoA = —.

° 3

Example 4.142 (continued) For the given instance, the worst-case pure Nash equilibrium
L =(1,1,1,1) has social cos# whereas the optimum assignméttl, 2, 3) has social cos8

(see Figure 4.17). Thus,
SCy2(n,c,L)
OPT,2(n,c)

Wi s

Proposition 4.151 Consider the model of identical users, related links and polynomial cost
functiontd(x) = x4, restricted to pure Nash equilibria. Then,

PoA — Q(md‘2>.

Proof: Consider the following instande, c): There aran links with capacitiex; = m—1
andcj =1forall j € [m]\ {1}, andn= midentical users. On the one hand, assigning all users
to link 1 yields a pure Nash equilibriuin with social cost
md
SCa(ncl) = — = oL,

xd< & ) m
On the other hand, evenly distributing the users to the links such that all users are solo yields
a pure assignmemt’ with social cost

1d

L) — A [
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1 1

1 1 1 1

4 1 1 1 4 1 1 1
SC(3,c,L) =4 OPT,.: 3,c) = 3

Figure 4.17: Worst-case pure Nash equilibribre= (1,1,1,1) (left hand side), and optimum
assignmentl,1 2, 3) of the instance in Example 4.142 (page 192) (right hand

side).
Thus,
PoA > SCu(n,c,L)
SCyu(n,c,L’)
mi—1
- 4., 1
m— 1+ m1
= Q (md‘2> :
as needed. [

Arbitrary Users.  Clearly, WORST PURE NE is A\ P-complete (see Theorem 4.121, page
169). SinceWORST PURE NE is A/P-complete in the strong sense, there also exists no
pseudo-polynomial algorithm to solve it. However, we can give such an algorithm for constant
m (Theorem 4.152). Up to now, no upper bound on the price of anarchy is known, but it is at
leastQ (m?~2) (see Proposition 4.151, page 198).

Theorem 4.152 Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for-wiORST PURE NE.

Proof: The proof of Theorem 4.105 (page 161) can easily be adapted to this settingm

4.9.2 Mixed Nash Equilibria

As seen in Theorem 4.30 (page 111), the computation of makespan social cost for any given
mixed assignment is®-complete. For the polynomial social cost functimf(x) = x?, Liic-

king et al. [102] showed that its computation is possible in pseudo-polynomial time, that is,

in O(nmW) time. Recently, Rode [126] showed that for this special polynomial cost function,
polynomial social cost can be expressed as a weighted sum of the expected individual costs
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of the users, where the weights are the user traffics (see Equation (4.15), page 88). This
observation allows to prove the following result:

Theorem 4.153 (Rode [126])Consider the model of arbitrary users, related links and poly-
nomial cost function®(x) = x2. Then, for any instance and associated assignment, polyno-
mial social cost can be computed if{1@n) time.

4.9.3 Fully Mixed Nash Equilibria

We now concentrate on instances for which the fully mixed Nash equilibrium exists. We
first consider the case of identical users and polynomial cost funafipr) = x2. We start

by giving a closed formula for the social cost of the (unique) fully mixed Nash equilibrium
(Theorem 4.154). We proceed by showing that the social cost of any pure Nash equilibrium is
bounded from above by the social cost of the fully mixed Nash equilibrium, provirfgMine
Conjecture for pure Nash equilibria (Theorem 4.155). Recently, Gadtiat) [58] proved the

FMNE Conjecture for the model of identical users, links with non-decreasing convex latency
functions and social cost defined as the sum of minimum expected individual cost of the users.
Since this model and our model coincide for the polynomial cost funetiox) = x?, related

links and Nash equilibria (see Equation (4.15), page 88), this also proves the conjecture in
our model (Theorem 4.156, page 201). We conclude by showing that for the polynomial
cost functionr(x) = x3, the FMNE Conjecture does not hold even for= 3 identical users
(Theorem 4.157, page 201).

Theorem 4.154 (Luckinget al.[102]) Consider the model of identical users, related links
and polynomial cost functior?(x) = x2. Then,

n(n+m-—1)
—c

Theorem 4.155 Consider the model of identical users, related links and polynomial cost
functiont®(x) = x2. Then, for any pure Nash equilibriulm itis SC,2(n,c,L) < SC.2(n,c,F).

SCe(n,c,F) =

Proof: Fix any instanc¢n, c) and associated pure Nash equilibriumwWe can writed; (L) =
nj(L) for all j € [m], wheren;(L ) is the number of users assigned to lipkThis is possible
since all users are identical, thatvg,= 1 for alli € [n]. By definition of Nash equilibrium,

niz(l—) njl(L)+1
Cj, N Cjs
for all j1, j2 € [m]. Thus,
C.
nJ1(L) 2 C_J_l'nlz(L) 1
12

for all j1, j2 € [m]. Hence, for any fixed link, € [m], we have

n = % njl(L)
j1€ m]
Cll

ng ; (_ nlz )_1)
jrem\{jz2}

- § njp(L) — (M—1).

v
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and we can write

o
Me(b) = g (nHm-1).
It follows that
()2
SCXZ(n’C,L) frd % nj<)
& ©
n+(m-1
< ( > nJ<L)> %
IS
_ nemeoy
= C
Theoremm.154 (page200) SCy2(n,c,F),
as needed. :

Theorem 4.156 (Gairinget al.[58]) Consider the model of identical users, related links and
polynomial cost functiom?(x) = x°. Then, theeMNE Conjecture is valid.

Theorem 4.157 Consider the model of identical users, related links and polynomial cost
functionm®(x) = x4 with d > 3. Then, theeMNE Conjecture is not valid.

Proof: Consider the following instance. There are- 3 identical useran= 50 related links
with ¢; = ‘2‘—2 andc;j = 1 for all j € [50]\ {1}, and the polynomial cost function®(x) = x3.
By Theorem 4.67 (page 133), there exists a (unique) fully mixed Nash equilibfiwith

probabilities
50- 42 3 2 1
fin = (1_ 259) <1_§>+ 2549 = 5
49+ 5 49+ 52
50 3 1 1
0o () () g - B
49+ 32 2) 49+ 32 98

foralli € [3] andj € [50]\ {1}. On the one hand, the social costrois

1\? /1 23
(O E|(E )5
2 08 49
1\ / 1\?| /18 13
+( 5[ 5 o +2.1)|-3-49-48+ | == +2%|3-49
2) \ o8 49 49

3
+ (%) [(3-1)-49-48-47+ (22 +1) -3-49-48+ (3%) - 49]

24183
4802

1\* 3?
SCX3(3,m,F) = (é) E
25
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On the other hand, consider the mixed assignrifemhere users 1 and 2 are assigned to link
1, and user 3 is assigned to all links [50] \ {1} with probability pzj = 4i9. Clearly,Pis a
Nash equilibrium with social cost

23 249 24183
SC,3(3,m,P) g_g + 9 > 2802 SCs(3,mF)
This proves the claim. ]

4.10 Conclusion and Directions for Further Research

We gave a thorough analysis of a routing game introduced by Koutsoupias and Papadim-
itriou [93], widely known as th&P-model Though it has received a lot of flourishing interest
and attention resulting in many interesting results, some fundamental problems still remain
tantalizingly open. We state only the most important of them:

e Though the&eMNE Conjecture has been validated for numerous special cas¢dvyittie
Conjecture in general remains open.

e Up to now, no polynomial-time algorithm to compute a pure Nash equilibrium in the
model of unrelated links is known. This problem appears to be intractable in the current
state-of-the-art. However, finding such an algorithm for the special case of arbitrary
users with restricted strategy sets and related links might be possible.

e Though the structure of the network in the KP-model is rather simple, it turned out to
be adequate to investigate the influence of selfish behavior to the global performance
of the system. A next step is to try to apply the gained results to prove results in more
general settings, that is, general networks or/and general latency functions.
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