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1
Introduction

Der Anfang ist die Hälfte des Ganzen.

Aristoteles (384–322 BC)

1.1 Outline

Schedulingandrouting are classical fields of theoretical computer science which in the last
decades gained a lot of flourish attention as tools for improving the performance of large-scale
computer systems. The aim of both scheduling and routing is to ensure an efficient use of such
a computer system. The objective of scheduling is to determine anoptimum assignmentof jobs
to (one or more)processorswith respect to some performance measure, whereas the goal of
routing is to efficiently ship (splittable or unsplittable)packetsthrough a common processor
network.

The theory of scheduling and routing is characterized by a virtually unlimited number
of problem types. In this thesis, we analyze three of them. Since they are independent, we
extensively study them in three self-contained chapters and only briefly introduce them here.

1.1.1 Scheduling Identical Malleable Jobs

Multiprocessor schedulingis a well-known scheduling problem which has been studied ex-
tensively in many different variations. If the number of processors on which a specific job
has to be executed is part of the input, then the jobs are callednon-malleable. Otherwise they
are calledmalleable. If the jobs may be interrupted while being executed, then the resulting
schedule is calledpreemptive, otherwise it is callednon-preemptive. Furthermore, the defi-
nition of the multiprocessor scheduling problem depends onprecedence constraintsbetween
jobs, and on theobjective.

In Chapter 2, we consider the problem of finding anon-preemptiveschedule forindepen-
dent malleable identical jobson identical processorswith minimum total completion time, the
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so-calledmakespan. Since the jobs are identical, the execution time on any certain number
of processors is the same for all jobs. We assume that the execution of the jobs achieves
some speed-up, but no super-linear speed-up. Our research is motivated by the fact that this
scheduling problem arises while using theDescartes methodto isolate real roots in parallel.

Up to now, it is not clear whether a schedule with minimum makespan in this setting can be
computed in polynomial time. There only exists an algorithm which computes a schedule with
minimum makespan using time polynomial in the number of jobs if the number of processors
is constant. In order to approximate an optimum schedule, we introducephase-by-phase
schedules, consisting of phases in which each job uses the same number of processors. A new
phase can not be started until the last phase has finished. We illustrate with the help of an
example that the quotient of the makespan of an optimum phase-by-phase schedule and the
makespan of an optimum schedule can be5

4. Furthermore, we give aconstant-timealgorithm
which only uses certain phase-by-phase schedules providing an approximation factor of5

4.

1.1.2 Flow Scheduling

Load balancingis an essential task for the efficient use of parallel computer systems. In many
parallel applications, the work loads have dynamic behavior and may change dramatically
during runtime. In order to efficiently use the parallel computer system, the work load has to
be balanced among the processors during runtime. Clearly, the balancing scheme is required
to be highly efficient itself in order to ensure an overall benefit.

In Chapter 3, we considersynchronous distributed processor networks. In each round, a
processor of the network can send and receive messages to/from all its neighbors simultane-
ously. Furthermore, the situation isstatic, i.e., no load is generated or consumed during the
balancing process, and the network does not change. We assume that the load on the pro-
cessors consists of independent load units, calledtokens. In order to balance the network, it
is necessary to migrate parts of the processors’ loads during runtime. We migrate the load
according to a givenbalancing flow. The goal is to use the minimum number of rounds to
reach the balanced state.

We show that for every distributed scheduling strategy there exists a flow graph on which
this strategy requires at least3

2 times the minimum number of rounds. Then, we present
a distributed algorithm for flows in tree networks. In contrast to the known local greedy
algorithms, this algorithm investigates the structure of the flow graph before sending tokens.
We prove that this algorithm requires at most twice the minimum number of rounds, and we
show that this bound is tight. To the best of our knowledge, this is the first distributed flow
scheduling algorithm (even though for arestrictedclass of balancing flows) which is optimum
up to a constant factor.

1.1.3 Selfish Routing in Non-Cooperative Networks

Large-scale traffic and communication networks, like e.g. the internet, telephone networks, or
road traffic systems often lack a central regulation for several reasons: The size of the network
may be too large, the networks may be dynamically evolving over time, or the users of the
network may be free to act according to their private interest, without regard to the overall
performance of the system. Besides the lack of central regulation even cooperation of the
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users among themselves may be impossible due to the fact that the users may not even know
each other. Motivated by such non-cooperative systems, combining ideas from game theory
and theoretical computer science has become increasingly important. Here, the concept of
Nash equilibrium has become an important mathematical tool for analyzing the behavior of
selfish users.

In Chapter 4, we consider a routing game, widely known as theKP-model. In this model,
non-cooperative users wish to route their unsplittabletraffics through a very simple network
of parallel links with capacitiesfrom source to destination. Each user is allowed to route
its traffic along links from itsstrategy setand employs a mixed strategy, trying to minimize
its expected latency. A stable state in which no user has an incentive to unilaterally change
its strategy is called aNash equilibrium. There is also a global objective function called
social cost. However, users do not attend to it. The ratio of the maximum social cost of a
Nash equilibrium over the minimum social cost of an assignment is calledprice of anarchyor
coordination ratio.

We consider two different definitions of social cost, namelymakespan social cost, defined
as themaximum expected latency, andpolynomial social cost, defined as the expectation of
the weighted sum of apolynomial cost function, evaluated at the incurred link loads. We
prove a multitude of interesting results on the various algorithmic, combinatorial, structural
and optimality properties of Nash equilibria in the KP-model and its variations. In order to
simplify the evaluation of these results, we integrate them in a thorough survey.

1.2 Publications

The results described in this thesis are published in parts as joint work in the Proceedings of
the International Colloquium on Automata, Languages, and Programming (ICALP)[46, 58],
the Proceedings of theItalian Conference on Theoretical Computer Science (ICTCS)[59],
the Proceedings of theInternational Symposium on Mathematical Foundations of Computer
Science (MFCS)[47, 57, 103, 104], the Proceedings of theInternational Symposium on The-
oretical Aspects of Computer Science (STACS)[102], the Proceedings of theAnnual ACM
Symposium on Theory of Computing (STOC)[56], and the Proceedings of theInternational
Workshop on Approximation and Online Algorithms (WAOA)[34].
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2
Scheduling Identical Malleable Jobs

Entscheide lieber ungefähr richtig, als genau falsch.

Johann Wolfgang von Goethe (1749–1832)

2.1 Introduction

2.1.1 Motivation and Framework

Themultiprocessor scheduling problemfor identical processors is well-known and has been
studied extensively in many different variations. If the number of processors on which a spe-
cific job has to be executed is part of the input, then the jobs are callednon-malleable. Other-
wise they are calledmalleable. If the jobs may be interrupted while being executed, then the
resulting schedule is calledpreemptive, otherwise it is callednon-preemptive. Furthermore,
the definition of the multiprocessor scheduling problem depends on precedence constraints
between jobs, and on the objective. For an overview of a multitude of models and works, we
recommend the book of Brucker [16] and the paper of Veltmanet al. [143].

We now consider the problem of finding a non-preemptive schedule forn independent
malleable identical jobson m identical processorswith minimum total completion time, the
so-calledmakespan. We assume that the same properties for the execution time as in [13] hold.
This implies that the execution of the jobs achieves some speed-up, but no super-linear speed-
up. Since the jobs are identical, the time function is equal for all jobs, that is, the execution
time on any certain number of processors is the same for all jobs. Figure 2.1 illustrates a
possible schedule forn = 11 jobs andm= 10 processors.

Using the branch & bound or the divide & conquer strategy to solve a problem, the prob-
lem is split into smaller subproblems which have to be solved, that is, jobs which have to
be executed. In many cases, the parallelism given by the branch & bound tree or by the di-
vide & conquer tree is sufficient to yield a good speed-up. However, in many other cases this
is not true and we have to parallelize the computations performed at the tree nodes. All these
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Figure 2.1: Schedule forn = 11 jobs andm = 10 processors. The vertical axis shows the
time whereas the horizontal axis shows the processors (ordered by their numbers,
that is, processor 1 on the left-most position and processor 10 on the right-most
position). Every rectangle represents the execution of a job, where the width corre-
sponds to thesetof used processors, the number within the rectangle corresponds
to thenumberof used processors, and the height corresponds to the usedexecution
time.

computations are of the same type, so we may assume that they are identical. In this case,
the scheduling problem we consider applies. Our motivation for carrying out research on this
problem is that this scheduling problem arises while using theDescartes methodto isolate
real roots in parallel [33]. Here, the time function can be computed by analyzing the parallel
algorithm in the LogP-model(see e.g. [25]).

2.1.2 Contribution

As a matter of course, reading the input and returning the output by an algorithm takes time.
However, in the following, we only give time bounds on the execution time in order to simplify
the readability of our results. Moreover, we assume that the manipulation of numbers can be
done in constant time.

Up to now, it is not clear whether a schedule with minimum makespan in the setting which
we consider here can be computed in polynomial time. Deckeret al. [34] gave an algorithm
which computes a schedule with minimum makespan with execution time exponential in the
numbermof processors. Though this yields an algorithm polynomial in the numbern of jobs
if m is constant, the algorithm is not suitable for practical purposes. In order to approximate
an optimum schedule, we introducephase-by-phase schedules. Here, schedules have a simple
structure. They consist of phases in which each job uses the same number of processors.
A new phase can not be started until the last phase has finished. Trystram [141] illustrated
with the help of an example that the quotient of the makespan of an optimum phase-by-phase
schedule and the makespan of an optimum schedule can be5

4. We obtain the following results:

• We give aconstant-timealgorithm (Algorithm 1, page 12) which only uses certain
phase-by-phase schedules providing an approximation factor of5

4 (Theorem 2.6, page
11).
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• In order to prove this approximation factor, we prove two technical lemmas, providing
good lower bounds on the makespan of an optimum schedule as well as restricting the
set of schedules which have to be considered (Lemmas 2.8 and 2.9, page 14).

Since there exists anε-approximation algorithm in the case that the speed-up is optimum up
to a constant factor, this indicates that approximating an optimum schedule is easy when the
speed-up is near-optimum. In general, we do not know which class of instances is easy to
optimize.

2.1.3 Related Work

Du and Leung [39] showed that both decision problems corresponding to the problems of
scheduling non-malleable and malleable jobs on identical processors with minimum makespan
areN P -hard. So, researchers are interested in approximation algorithms. If the jobs are non-
malleable, then the scheduling problem is a special case of the resource constraint scheduling
problem. Hence, an optimum schedule can be approximated up to a factor of 2 using list
scheduling [60].

Krishnamurti and Ma [94] were the first to study approximation algorithms for the schedul-
ing problem with malleable jobs. Belkhale and Banerjee [13] introduced an algorithm with
approximation factor of 2

1− 1
m

, assuming that execution time decreases with the number of pro-

cessors while the computational work increases. Tureket al. [142] improved this result, using
no assumptions, and showed an approximation factor of 2. Using the same assumptions for
the execution time as Belkhale and Banerjee [13], Blazewiczet al.[14] gave an approximation
algorithm with performance guarantee 2, starting from the continuous version of the problem
and using rounding techniques. The latest result is from Mouniéet al.[113]. They proved that
an optimum schedule for malleable jobs can be approximated up to the factor of

√
3, obtained

by a direct constructing method. A proof for the factor of3
2 has been submitted for publication

[114].
The best known approximation algorithm for schedules where jobs are only allowed to be

executed on processors with successive indices is from Steinberg [140]. He showed an ap-
proximation factor of 2. This scheduling problem is closely related to the orthogonal packing
problem of rectangles, first investigated by Bakeret al. [10]. See [9, 40, 80] for a typology of
cutting and packing problems, and results on approximation algorithms.

Jansen and Porkolab [77] invented the first polynomial time approximation algorithm for
a constant number of processors using linear programming. This problem is related to orthog-
onal strip packing of rectangles [31, 79]. Furthermore, Jansen [76] proposed an asymptotic
fully polynomial time approximation scheme ifm is part of the input, that is, for any fixed
ε > 0, the approximation algorithm computes a schedule with makespan at most(1+ε) times
the optimum (plus an additive term), using time polynomial inn, m and 1

ε .

2.1.4 Organization

The rest of this chapter is organized as follows. After a formal definition of our model in
Section 2.2, we introduce an algorithm to compute an optimum schedule in Section 2.3. In
Section 2.4, we show how phase-by-phase schedules can be used to approximate an optimum
schedule within factor54 using constant execution time. The proof of this result is given in
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Sections 2.5 - 2.7. In Section 2.8, we give anε-approximation algorithm in the case that the
speed-up is optimum up to a constant factor. We close, in Section 2.9, with a discussion of
our results and some open problems.

2.2 Model

For allk∈ N, we denote[k] = {1, . . . ,k}.

2.2.1 Instance

For the malleable scheduling problem, the input is aninstance(n,m, t), wheren is the number
of identical jobs which can be executed on a different number of processors in parallel,m is
the number ofidentical processorson which the jobs are to be scheduled, andt is thetime
function given byt : [m] −→ R+. Here,t( j) is the running time needed to compute a job on
j processors. We chooseR+ for our theoretical analysis since it is the most general possible
image. As a matter of course, all results also hold if the image oft is Q+. In this case,t
can be encoded. For allj1, j2 ∈ [m] with j1≤ j2, the time functiont must have the following
properties:

• monotonicity: t( j2)≤ t( j1)

• speed-up property: j1 · t( j1)≤ j2 · t( j2)

These properties imply that the execution of the jobs may achieve some speed-up, but no
super-linear speed-up.

2.2.2 Schedule

A schedule S= {(σi ,τi) | i ∈ [n]} assigns a setσi of processors and a starting timeτi to every
job i such that all jobs are executed and every processor executes at most one job at any time.
We call(σi ,τi) theplan for job i. Associated with an instance(n,m, t) and a scheduleS is the
makespan, defined by

T(n,m, t,S) = max{τi + t(|σi |) | (σi ,τi) ∈ S} .

The optimum makespan associated with an instance(n,m, t), denotedTopt(n,m, t), is the
least possiblemakespan among all schedules. A schedule with optimum makespan is called
anoptimum schedule.

2.3 Optimum Schedules

Deckeret al. [34] proposed an algorithm to compute an optimum schedule. In order to prove
the correctness of this algorithm, they showed that for each schedule there exists another
schedule with at most the same makespan which also exhibits additional properties. One of
these properties is that each job in a schedule starts either at timeτ = 0 or directly subsequent
to another job. We now define this property formally.
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Fix any instance(n,m, t) and associated scheduleS. DenoteΛ j(S) the latency on a pro-
cessorj ∈ [m], that is,

Λ j(S) = max{τi + t(|σi |) | (σi ,τi) ∈ S and j ∈ σi} .

Define them×1 latency vectorΛ(S) in the natural way, and define them×1 sorted latency
vector Λ̃(S) by Λ̃ j(S) = Λπ( j)(S) for all j ∈ [m], whereπ is a permutation withΛπ( j1)(S) ≤
Λπ( j2)(S) for all j1, j2 ∈ [m] with π( j1)≤ π( j2). Note that

T(n,m, t,S) = Λ̃m(S) .

The scheduleS is packed if for all plans(σ,τ) ∈ S eitherτ = 0 holds, or there exists another
pair (σ′,τ′) ∈ S with σ∩σ′ 6= /0 andτ′+ t(|σ′|) = τ. The schedulesS1, . . . ,Sn−1 are called
intermediary schedules of Sif S1⊆ . . .⊆ Sn−1⊆ S and|Si |= i for all i ∈ [n−1].

Lemma 2.1 (Deckeret al. [34]) For any instance(n,m, t) and associated scheduleS, there
exists a scheduleSn and intermediary schedulesS1, . . . ,Sn−1 of Sn with the following proper-
ties:

(1.) The makespan ofSn is bounded by the makespan ofS, that is,

T(n,m, t,Sn) ≤ T(n,m, t,S) .

(2.) All (intermediary) schedulesSi , i ∈ [n], are packed.
(3.) For all (intermediary) schedulesSi , i ∈ [n], the latencies on the processors differ by at

most t(1), that is,

Λ̃m(Si)− Λ̃1(Si) ≤ t(1) .

(4.) The finishing time of each job inSn is bounded by its finishing time inS.

In general, we can compute a schedule fori ≥ 2 jobs by using a schedule fori−1 jobs and
assigning a set of free processors to theith job. This fact can be used to give an algorithm.
Every step leads to a set of intermediary schedules. We get optimum schedules by computing
intermediary schedules of optimum schedules iteratively. By Lemma 2.1, we can restrict our
search to packed schedulesS with a sorted vector for which̃Λm(S)− Λ̃1(S)≤ t(1) holds. By
definition, packed schedules have the following property:

Proposition 2.2 (Deckeret al. [34]) Consider an arbitrary instance(n,m, t) and associated
scheduleS. If S is packed, then, for all j∈ [m],

Λ̃ j(S) ∈ {r1 · t(1)+ · · ·+ rm · t(m) | r1, · · · , rm∈ [n]∪{0}} .

This observation leads to the following result:

Theorem 2.3 (Deckeret al. [34])

(1.) If the range of the time function t isR+, then there exists an algorithm which computes
an optimum schedule using O(n(n+1)m2

2m) time.
(2.) If the range of the time function t isN, then there exist algorithms which compute an

optimum schedule using O(logn· t(1)3m) or O(n· t(1)m ·2m) time.
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2.4 Phase-By-Phase Schedules

We have seen that it is possible to compute an optimum schedule with execution time expo-
nential in the numberm of processors, yielding an algorithm polynomial in the numbern of
jobs if m is constant. We now usephase-by-phase schedulesto approximatean optimum
schedule. Here, a schedule consists of phases in which each job uses the same number of
processors. A new phase can not be started until the last phase has finished. Hence, we do
not have to store plans for all jobs but may write a phase-by-phase schedule withk phases as
P = (m1, . . . ,mk), wheremj denotes the number of processors used in phasej ∈ [k]. Clearly,
the makespan is

T(n,m, t,P) = ∑
j∈[k]

t(mj) .

Decker and Krandick [33] introduced an algorithm which computes an optimum phase-by-
phase schedule usingO(n2) time. The execution time of this algorithm can be improved to
O(n ·min{n,m}). We now show that there exists an algorithm which computes an optimum
phase-by-phase schedule usingO(m3) time.

Theorem 2.4 There exists an algorithm which computes an optimum phase-by-phase sched-
ule using O(m3) time.

Proof: Fix any instance(n,m, t) and associated optimum phase-by-phase scheduleP, and
denoter j the number of phases usingj ∈ [m] processors inP. Due to the speed-up property,
r j ≤ j − 1 holds for all j ≥ 2. Furthermore, at mostbm

j c jobs are executed during such a
phase. Therefore, the total number of jobs executed in phases using more than one processor
is at most

∑
2≤ j≤m

r j

⌊
m
j

⌋
≤ ∑

2≤ j≤m

( j−1)
⌊

m
j

⌋
≤ (m−1)m .

The algorithm works as follows: Ifn > (m−1)m, then compute the minimumk∈ N such
that n− k ·m≤ (m− 1)m. This can be done in constant time. The schedule starts withk
sequential phases. Then, the improved algorithm from [33] is used to compute the schedule
for the remainingn−k ·m jobs. This needsO(nmin{n,m}) = O(m3) time.

Decker [32] showed that the makespan of an optimum phase-by-phase schedule is at most
twice as large as the makespan of an optimum schedule. Trystram [141] gave the following
example illustrating that computing an optimum phase-by-phase schedule can not lead to an
approximation factor lower than54.

Example 2.5 (Trystram [141]) Consider the following instance(3,5, t): We have n= 3 jobs,
m= 5 processors, and the time function t defined by t(1) = 1, t(2) = 1

2 and t(i) = 1
3 for all

i ∈ [5]\ [2]. The optimum phase-by-phase scheduleP = (2,5) has makespan

T(3,5, t,P) = t(2)+ t(5) =
5
6
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whereas the optimum schedule{({1,2,3},0),({1,2,3}, 1
3),({4,5},0)} has makespan

Topt(3,5, t) = 2t(3) =
2
3

(see Figure 2.2). So, the approximation factor via phase-by-phase schedules is5
4. Note that

this example can be extended to n= 2k+1 jobs and m= 3k+2 processors for all k∈ N.

6
5 T    (3,5,t)opt

2
3

3

3 22 2

5

optimum phase−by−phase schedule optimum schedule

T(3,5,t,P)

Figure 2.2: Optimum phase-by-phase scheduleP= (2,5) (left hand side) and optimum sched-
ule {({1,2,3},0),({1,2,3}, 1

3),({4,5},0)} (right hand side) for the instance in
Example 2.5 (page 10).

We now present the algorithm PPS, stated as Algorithm 1 (page 12), using the following
idea: Since we do not know anything about the time function (up to the monotonicity and the
speed-up property), we compute a phase-by-phase schedule depending only on the relation
betweenn and m. For the sake of readability, we only return the makespan of the phase-
by-phase schedule which we choose. Note that the phase-by-phase schedule is (implicitly)
returned. In the following, we prove that PPS always computes a phase-by-phase schedule
which approximates an optimum schedule up to a factor of5

4 if n≤m, and up to a factor of
6
5 if n > m (Theorem 2.6). Clearly, Example 2.5 (page 10) implies that the factor for the first
case is tight. For the latter case, we think that by using a more complex algorithm we could
get a better result. However, the approximation factor of PPS is at least8

7 (Example 2.7).

Theorem 2.6 PPScomputes a phase-by-phase schedule which is an optimum schedule up to
a factor of 5

4 if n≤m, and up to a factor of65 if n > m, using constant time.

Proof: In Section 2.5, we prove lower bounds on the makespan of an optimum schedule.
Moreover, we show that we only have to consider a rather small set of phase-by-phase sched-
ules to prove an approximation factor. By case analysis, we then prove the claim for the case
m< n in Section 2.6, and for the casem≥ n in Section 2.7.

Example 2.7 Consider the following instance(12,11, t): We have n= 12 jobs, m= 11 pro-
cessors, and the time function t defined by t(1) = 1, t(2) = 1

2 and t(i) = 1
3 for all i ∈ [11]\ [2].

The optimum phase-by-phase scheduleP = (1,3) has makespan

T(12,11, t,P) = t(1)+ t(3) =
4
3
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Algorithm 1 (PPS)
Input: an instance(n,m, t)
Output: a phase-by-phase scheduleP

(1) begin
(2) if n > m then
(3) if m< n≤ b 3

2mc then
(4) a =

⌊
m

n−m

⌋
(5) return t(1)+ t(a)
(6) if b 3

2mc< n≤ 2m then

(7) a =
⌊

m
n−b 3

2 mc

⌋
(8) return min{t(1)+ t(2)+ t(a),2t(1)}
(9) if 2m< n≤ b 5

2mc then
(10) a =

⌊
m

n−2m

⌋
(11) return 2t(1)+ t(a)
(12) if b 5

2mc< n≤ 3m then

(13) a =
⌊

m
n−b 5

2 mc

⌋
(14) return min{2t(1)+ t(2)+ t(a),3t(1)}
(15) else

(16) a =
⌊

m
n−b n

mc·m

⌋
(17) return b n

mc · t(1)+ t(a)
(18) else
(19) if bm

2 c< n≤m then

(20) a =
⌊

m
n−bm

2 c

⌋
(21) if 2bm

3 c< n≤m then
(22) return min{t(1), t(2)+ t(a)}
(23) if bm

3 c+ b
m
4 c< n≤ 2bm

3 c then
(24) return min{t(1), t(2)+ t(a),2t(3)}
(25) else
(26) return min{t(1), t(2)+ t(a), t(3)+ t(4)}
(27) if bm

3 c< n≤ bm
2 c then

(28) a =
⌊

m
n−bm

3 c

⌋
(29) if 2

5m≤ n≤ bm
2 c then

(30) return min{t(2), t(3)+ t(a)}
(31) if 2bm

5 c< n < 2
5m then

(32) if m≤ 17 then
(33) return min{t(2), t(3)+ t(a), t(4)+ t(6)}
(34) else
(35) return min{t(2), t(3)+ t(a), t(4)+ t(5)}
(36) else
(37) return min{t(2), t(3)+ t(a),2t(5)}
(38) if bm

4 c< n≤ bm
3 c then

(39) a =
⌊

m
n−bm

4 c

⌋
(40) if 2

7m≤ n≤ bm
3 c then

(41) return min{t(3), t(4)+ t(a)}
(42) if 2bm

7 c< n < 2
7m then

(43) if rem(m,7) = 5 and m≤ 36 then
(44) return min{t(3), t(4)+ t(a), t(5)+ t(9), t(6)+ t(7)}
(45) if rem(m,7) = 6 and m≤ 37 then
(46) return min{t(3), t(4)+ t(a), t(5)+ t(11), t(6)+ t(7)}
(47) else
(48) return min{t(3), t(4)+ t(a), t(6)+ t(7)}
(49) else
(50) return min{t(3), t(4)+ t(a),2t(7)}
(51) if bm

k c< n≤ b m
k−1c and k≥ 5 then

(52) a =
⌊

m
n−bm

k c

⌋
(53) return min{t(k−1), t(k)+ t(a)}
(54) end
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whereas the optimum schedule{({1,2,3},0), ({4,5,6},0), ({7,8,9},0), ({10},0), ({11},0),
({1,2,3}, 1

3), ({4,5,6}, 1
3), ({7,8,9}, 1

3), ({1,2}, 2
3), ({3,4}, 2

3), ({5,6}, 2
3), ({7,8}, 2

3)} has
makespan

Topt(12,11, t) = t(2)+2t(3) =
7
6

(see Figure 2.3). So, the approximation factor via phase-by-phase schedules is8
7.

1 1 1 1 1 1 1 1 1 1 1

T    (12,11,t)opt4
3 7

6

3

1 1

3 3 3

3 3 3

2 2 2 2

T(12,11,t,P)

optimum phase−by−phase schedule optimum schedule

Figure 2.3: Optimum phase-by-phase scheduleP= (1,3) (left hand side) and optimum sched-
ule {({1,2,3},0), ({4,5,6},0), ({7,8,9},0), ({10},0), ({11},0), ({1,2,3}, 1

3),
({4,5,6}, 1

3), ({7,8,9}, 1
3), ({1,2}, 2

3), ({3,4}, 2
3), ({5,6}, 2

3), ({7,8}, 2
3)} (right

hand side) for the instance in Example 2.7 (page 11).

2.5 Technical Lemmas

In order to prove Theorem 2.6 (page 11), we mainly consider the quotient of the upper
bound provided by PPS and a lower bound forTopt(n,m, t). We first prove lower bounds
on Topt(n,m, t) (Lemmas 2.8 and 2.9, page 14). Unfortunately, these lower bounds do not
always suffice to prove the factor5

4. In these cases, we have to consider all makespans of pos-
sible schedules. Since the number of such makespans can become very large, we introduce
the following definition which helps us to restrict the number of makespans which have to be
taken into account.

Consider two packed schedulesS andS̃ for n jobs andm processors. Then,S dominates
S̃ if for all valid time functionst, that is, time functions for which the monotonicity and
the speed-up property hold, it isT(n,m, t,S) ≤ T(n,m, t, S̃). We show that we only have to
consider the makespans of dominating schedules for which∑ j∈[m] r j · mj ≥ n (Lemma 2.8, page
14). In order to find another way to get a lower bound onTopt(n,m, t), we use the speed-up
property as follows: If each job in the schedule uses at leastj processors, then each job needs
at leastj · t( j) area. This leads to the lower bound

Topt(n,m, t) ≥ n
m
· ( j · t( j)) .

This technique will be beneficial.
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Lemma 2.8 Consider an arbitrary instance(n,m, t), and let k∈ R+ with k< n. Then

Topt(n,m, t) ≥ min

{
∑

j∈[m]
r j · t( j)

∣∣∣∣∣ ∑
j∈[m]

r j ·
m
j

> k

}
.

Proof: Fix any instance(n,m, t) with optimum makespan

Topt(n,m, t) = ∑
j∈[m]

r j · t( j) .

Assume, by way of contradiction, thatTopt(n,m, t)≤ k. Clearly, at most

∑
j∈[m]

r j ·
m
j
≤ k < n

jobs can be executed in an optimum schedule, a contradiction to solvability.

Lemma 2.9 Consider an arbitrary instance(n,m, t) and associated optimum scheduleSwith
makespan

T(n,m, t,S) = Topt(n,m, t) = ∑
j∈[m]

r j · t( j)

and∑ j∈[m] r j ≥ 2. Let u1,u2 ∈ [m] with u1≤ u2 such thatmu1
+ m

u2
≤ n.

(1.) If ru1 ≥ 1, then Topt(n,m, t)≥ t(u1)+ t(u2).
(2.) If u2≤ u1 +1 and rj = 0 for all j ∈ [u1−1], then Topt(n,m, t)≥ t(u1)+ t(u2).

Proof:

(1.) Assume thatru1 ≥ 1. If ru1 ≥ 2 or r j ≥ 1 for some j ∈ [u2− 1], then monotonicity
implies that the claim holds. Otherwise,

Topt(n,m, t)
ru1=1
= t(u1)+ ∑

u2≤ j≤m
r j · t( j)

speed−up property
≥ t(u1)+ ∑

u2≤ j≤m
r j ·

u2

j
· t(u2)

= t(u1)+
u2

m
· t(u2) ∑

u2≤ j≤m
r j ·

m
j

Lemma2.8
≥ t(u1)+

u2

m
· t(u2) ·

(
n− m

u1

)
n≥ m

u1
+ m

u2
≥ t(u1)+ t(u2) ,

as needed.
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(2.) Assume thatu2≤ u1 +1 andr j = 0 for all j ∈ [u1−1]. If ru1 ≥ 1, then we are done by
(1.). Otherwise, we haver j = 0 for all j ∈ [u1], and we get

Topt(n,m, t) = ∑
j∈[m]

r j · t( j)

= ∑
u1+1≤ j≤m

r j · t j

speed−up property
≥ ∑

u1+1≤ j≤m

r j ·
u2

j
· t(u2)

=
u2

m
· t(u2) · ∑

u1+1≤ j≤m

r j ·
m
j

Lemma2.8, page14
≥ u2

m
· t(u2) ·n

n≥ m
u1

+ m
u2

≥ u2

m
· t(u2) ·

(
m
u1

+
m
u2

)
= t(u2)+

u2

u1
· t(u2)

speed−up property
≥ t(u1)+ t(u2) ,

as needed.

2.6 Proof for the Case m< n

We prove Theorem 2.6 (page 11) by case analysis in Lemmas 2.10 - 2.14. The dominating
schedules used in the proofs are listed in Table 2.1.

m< n≤ b 3
2mc b 3

2mc< n≤ 2m 2m< n≤ b 5
2mcCase

a = b m
n−mc a = b m

n−b 3
2 mc
c a = b m

n−2mc
t(1)+ t(a) 2t(1)

t(2)+ t(3)+ t(5) t(1)+ t(2)+ t(a) t(1)+ t(1)+ t(a)
t(1)+ t(3)+ t(5)

t(2)+ t(3)+ t(7)+ t(41) t(1)+ t(3)+ t(7)+ t(41) t(1)+ t(2)+ t(3)+ t(5)
t(2)+ t(3)+ t(8)+ t(23) t(1)+ t(3)+ t(8)+ t(23)
t(2)+ t(3)+ t(9)+ t(17) t(1)+ t(3)+ t(9)+ t(17)
t(2)+ t(3)+ t(10)+ t(14) t(1)+ t(3)+ t(10)+ t(14)
t(2)+ t(3)+ t(11)+ t(13) t(1)+ t(3)+ t(11)+ t(13)
t(2)+ t(4)+ t(5)+ t(19) t(1)+ t(4)+ t(5)+ t(19)
t(2)+ t(4)+ t(6)+ t(11) t(1)+ t(4)+ t(6)+ t(11)
t(2)+ t(4)+ t(7)+ t(9) t(1)+ t(4)+ t(7)+ t(9)
t(2)+ t(5)+ t(5)+ t(9) t(1)+ t(5)+ t(5)+ t(10)
t(2)+ t(5)+ t(6)+ t(7) t(1)+ t(5)+ t(6)+ t(7)
t(3)+ t(3)+ t(4)+ t(11)

Makespan

t(3)+ t(3)+ t(5)+ t(7)

Table 2.1: Makespan of dominating schedules for the casem< n≤ b5
2mc.

Lemma 2.10 Let m< n≤ b3
2mc. Then,PPScomputes a phase-by-phase schedule which is

an optimum schedule up to a factor6
5.
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Proof: In this interval, PPS returns the phase-by-phase scheduleP = (1,a), wherea =
b m

n−mc. Sincen≤ b3
2mc, we havea≥ 2.

If t(a) ≤ 1
5t(1), then the trivial lower boundt(1) on the makespan of an optimum schedule

implies

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(a)
t(1)

t(a)≤ 1
5t(1)
≤

t(1)+ 1
5t(1)

t(1)

=
6
5

.

So lett(a) > 1
5t(1), and consider the makespan of an optimum schedule.

First case: There exist no more thanm jobs each being executed on at mosta processors.
We have

Topt(n,m, t)
speed−up property

≥ 1
m

(m· t(1)+(n−m) · (a+1) · t(a+1))

= t(1)+
n−m

m
· (a+1) · t(a+1)

= t(1)+
n−m

m

(⌊
m

n−m

⌋
+1

)
t(a+1)

> t(1)+ t(a+1)
speed−up property

≥ t(1)+
a

a+1
t(a) .

Due to monotonicity of the time function, we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(a)
t(1)+ a

a+1t(a)
a≥2
≤ t(1)+ t(a)

t(1)+ 2
3t(a)

t(a)≤t(1)
≤ t(1)+ t(1)

t(1)+ 2
3t(1)

=
6
5

.

Second case:There exist at leastm+1 jobs each being executed on at mosta processors.
Clearly, we only have to consider dominating schedules for whicht(a) is the smallest addend
which appears in the makespan. Sincet(a) > 1

5t(1), we haveTopt(n,m, t) ≥ 6t(a) > t(1)+
t(a) for all makespans of a schedule with more than 5 addends. If we have 5 addends, then
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Topt(n,m, t)≥ 5t(a) > 4
5t(1)+ t(a), and we get

T(n,m, t,P)
Topt(n,m, t)

<
t(1)+ t(a)
4
5t(1)+ t(a)

t(a)> 1
5t(1)

<
t(1)+ 1

5t(1)
4
5t(1)+ 1

5t(1)

=
6
5

.

Hence, we only have to consider makespans with at most 4 addends. The dominating sched-
ules are those corresponding to the makespanst(1) + t(a), t(2) + t(3) + t(a), t(2) + t(5) +
2t(a) for a≥ 4, and 2t(3)+2t(a) for a≥ 3 (see Table 2.1, page 15).
t(1)+ t(a): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(a)
t(1)+ t(a)

= 1 .

t(2)+ t(3)+ t(a): For a = 1, we get

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)
t(1)+ t(2)+ t(3)

speed−up property
≤ 2t(1)

(1+ 1
2 + 1

3)t(1)

=
12
11

.

For a = 2, we have

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)
t(2)+ t(2)+ t(3)

speed−up property
≤ t(1)+ t(2)

t(1)+ t(3)
speed−up property

≤ t(1)+ t(2)
t(1)+ 2

3t(2)
t(2)≤t(1)
≤ 2t(1)

5
3t(1)

=
6
5

.
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For a = 3, we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(3)
t(2)+2t(3)

speed−up property
≤ t(1)+ t(3)

1
2t(1)+2t(3)

speed−up property
≤

t(1)+ 1
3t(1)

1
2t(1)+ 2

3t(1)

=
8
7

.

For a≥ 4, we have

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(a)
t(2)+ t(3)+ t(a)

speed−up property
≤ t(1)+ t(a)

(1
2 + 1

3)t(1)+ t(a)
t(a)> 1

5t(1)
<

t(1)+ 1
5t(1)

5
6t(1)+ 1

5t(1)

=
6
5
· 30
31

.

t(2)+ t(5)+2t(a): We have

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(a)
t(2)+ t(5)+2t(a)

speed−up property
≤ t(1)+ t(a)

(1
2 + 1

5)t(1)+2t(a)
t(a)> 1

5t(1)
<

t(1)+ 1
5t(1)

7
10t(1)+ 2

5t(1)

=
6
5
· 10
11

.

2t(3)+2t(a): It follows that

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(a)
2t(3)+2t(a)

speed−up property
≤ t(1)+ t(a)

2
3t(1)+2t(a)

t(a)> 1
5t(1)

<
t(1)+ 1

5t(1)
2
3t(1)+ 2

5t(1)

=
6
5
· 15
16

.

This completes the proof of the claim.
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Lemma 2.11 Let b3
2mc< n≤ 2m. Then,PPScomputes a phase-by-phase schedule which is

an optimum schedule up to a factor6
5.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{2t(1), t(1)+ t(2)+ t(a)} ,

wherea = b m
n−b 3

2mcc. If a = 1, thenn = 2m and thusTopt(n,m, t)≥ 2t(1), proving the claim.

So leta≥ 2.
If t(a) ≤ 1

4t(1), then the trivial lower boundt(1) + t(2) on the makespan of an optimum
schedule implies

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
t(1)+ t(2)

t(a)≤ 1
4t(1)
≤

5
4t(1)+ t(2)
t(1)+ t(2)

speed−up property
≤

5
4t(1)+ 1

2t(1)
t(1)+ 1

2t(1)

=
7
6

.

So lett(a) > 1
4t(1), and consider the makespan of an optimum schedule.

First case: There exist no more thanb3
2mc jobs each being executed on at mosta processors.

If more thanm jobs are executed by one processor, thenTopt(n,m, t)≥ 2t(1), and we are done.
So, assume that at mostm jobs are executed by one processor. If 2|m, then

Topt(n,m, t)
speed−up property

≥ 1
m

(
m· t(1)+

m
2
·2t(2)+

(
n− 3

2
m

)
· (a+1) · t(a+1)

)
speed−up property

≥ t(1)+ t(2)+
a

a+1
t(a)

a≥2
≥ t(1)+ t(2)+

2
3

t(a) .

Thus, we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
t(1)+ t(2)+ 2

3t(a)
a≥2, t(a)≤t(2)
≤ t(1)+2t(2)

t(1)+ 5
3t(2)

t(2)≤t(1)
≤ 3t(1)

8
3t(1)

=
9
8

.
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So, assume 2- m. If m= 3, then we only have to consider phase-by-phase schedules to find
an optimum schedule. Ifn= 6, thenTopt(n,m, t) = 2t(1), and we are done. So, assumen= 5.
Thena = 3, and we getTopt(n,m, t)≥ t(1)+2t(3). Thus,

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(3)
t(1)+2t(3)

speed−up property
≤

t(1)+ 5
2t(3)

t(1)+2t(3)
t(3)≤t(1)
≤

7
2t(1)
3t(1)

=
7
6

.

If m≥ 5, it follows that

Topt(n,m, t)
speed−up property

≥ 1
m

(
m· t(1)+

⌊m
2

⌋
·2t(2)+

(
n−
⌊

3
2

m

⌋)
· (a+1) · t(a+1)

)
= t(1)+

(
1− 1

m

)
t(2)+

n−
⌊3

2m
⌋

m
·

(⌊
m

n−
⌊3

2m
⌋⌋+1

)
· t(a+1))

speed−up property
≥ t(1)+

(
1− 1

m

)
t(2)+

(
1+

1
m

)
a

a+1
· t(a)

a≥2, m≥5
≥ t(1)+

4
5

t(2)+
6
5
· 2
3

t(a)

= t(1)+
4
5

(t(2)+ t(a)) .

We get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
t(1)+ 4

5(t(2)+ t(a))
t(2)≤t(1), t(a)≤t(1)

≤ t(1)+2t(1)
t(1)+ 4

5 ·2t(1)

=
15
13

<
6
5

.

Second case:There exist at leastb3
2mc+1 jobs each being executed on at mosta processors.

Clearly, we only have to consider dominating schedules for whicht(a) is the smallest addend
which appears in the makespan. Sincet(a) > 1

4t(1), we haveTopt(n,m, t)≥ 7t(a) > 7
4t(1) for

all makespans of a schedule with more than 6 addends. So,

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)
7
4t(1)

=
8
7

.
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If we have 6 addends, then at least one addend ist(i), i ≤ 3, due to feasibility. This yields

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
t(3)+5t(a)

t(a)> 1
4t(1)

<
t(1)+ t(2)+ t(a)
t(1)+ t(3)+ t(a)

speed−up property
≤ t(1)+ t(2)+ t(a)

t(1)+ 2
3t(2)+ t(a)

t(2)≤t(1)
≤ 2t(1)+ t(a)

5
3t(1)+ t(a)

t(a)> 1
4t(1)

<
2t(1)+ 1

4t(1)
5
3t(1)+ 1

4t(1)

=
27
23

<
6
5

.

If we have 5 addends, then at least one addend ist(i), i ≤ 2, or 3t(3) is an addend. In the first
case, we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
t(2)+4t(a)

t(a)> 1
4t(1)

<
t(1)+ t(2)+ t(a)
3
4t(1)+ t(2)+ t(a)

speed−up property
≤

3
2t(1)+ t(a)
5
4t(1)+ t(a)

t(a)> 1
4t(1)

<
3
2t(1)+ 1

4t(1)
5
4t(1)+ 1

4t(1)

=
7
6

.
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In the second case,

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
3t(3)+2t(a)

speed−up property
≤ t(1)+ t(2)+ t(a)

1
2t(1)+ t(2)+2t(a)

t(a)> 1
4t(1)

<
t(1)+ t(2)+ t(a)
3
4t(1)+ t(2)+ t(a)

speed−up property
≤

3
2t(1)+ t(a)
5
4t(1)+ t(a)

t(a)> 1
4t(1)

<
3
2t(1)+ 1

4t(1)
5
4t(1)+ 1

4t(1)

=
7
6

.

Hence, we only have to consider makespans with at most 4 addends. The dominating sched-
ules are those corresponding to the makespans 2t(1), t(1)+ t(3)+ t(a) for a≥ 3, andt(1)+
t(5)+2t(a) for a≥ 3 (see Table 2.1, page 15).
2t(1): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)
2t(1)

= 1 .

t(1)+ t(3)+ t(a): For a = 3, we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(3)
t(1)+2t(3)

speed−up property
≤

t(1)+ 5
2t(3)

t(1)+2t(3)
t(3)≤t(1)
≤

7
2t(1)
3t(1)

=
7
6

.
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For a≥ 4, we have

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)+ t(2)+ t(a)
t(1)+ t(3)+ t(a)

speed−up property
≤ t(1)+ t(2)+ t(a)

t(1)+ 2
3t(2)+ t(a)

t(2)≤t(1)
≤ 2t(1)+ t(a)

5
3t(1)+ t(a)

t(a)> 1
4t(1)

<
2t(1)+ 1

4t(1)
5
3t(1)+ 1

4t(1)

=
27
23

<
6
5

.

t(1)+ t(5)+2t(a): It follows that

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)
t(1)+ t(5)+2t(a)

speed−up property
≤ 2t(1)

(1+ 1
5)t(1)+2t(a)

t(a)> 1
4t(1)

<
2t(1)

(1+ 1
5 + 2

4)t(1)

=
20
17

<
6
5

.

This completes the proof of the claim.

Lemma 2.12 Let 2m< n≤
⌊5

2m
⌋
. Then,PPScomputes a phase-by-phase schedule which is

an optimum schedule up to a factor6
5.

Proof: In this interval, PPS returns the phase-by-phase scheduleP = (1,1,a), wherea =
b m

n−2mc. Sincen≤
⌊5

2m
⌋
, we havea≥ 2.

If t(a) ≤ 1
3t(1), then the trivial lower bound 2t(1) on the makespan of an optimum schedule

implies

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)+ t(a)
2t(1)

t(a)≤ 1
3t(1)

<
2t(1)+ 1

3t(1)
2t(1)

=
7
6

.
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So lett(a) > 1
3t(1), and consider the makespan of an optimum schedule.

First case: There exist no more than 2m jobs each being executed on at mosta processors.
We have

Topt(n,m, t)
speed−up property

≥ 1
m

(2m· t(1)+(n−2m) · (a+1) · t(a+1))

= 2· t(1)+
n−2m

m
· (a+1) · t(a+1)

= 2· t(1)+
n−2m

m
·
(⌊

m
n−2m

⌋
+1

)
t(a+1)

speed−up property
≥ 2· t(1)+

a
a+1

t(a) .

We get

Topt(n,m, t) ≤ 2t(1)+ t(a)
2t(1)+ a

a+1t(a)
a≥1, t(a)≤t(1)
≤ 2t(1)+ t(1)

2t(1)+ 1
2t(1)

=
6
5

.

Second case:There exist at least 2m+1 jobs each being executed on at mosta processors.
Clearly, we only have to consider dominating schedules for whicht(a) is the smallest addend
which appears in the makespan. Sincet(a) > 1

3t(1), we haveTopt(n,m, t) ≥ 6t(a) > 5
3t(1)+

t(a) for all makespans of a schedule with more than 5 addends. So,

T(n,m, t,P)
Topt(n,m, t)

<
2t(1)+ t(a)
5
3t(1)+ t(a)

t(a)> 1
3t(1)

<
2t(1)+ 1

3t(1)
2t(1)

=
7
6

.

If we have 5 addends, then the addendt(1) yieldsTopt(n,m, t) ≥ t(1)+4t(a) > 2t(1)+ t(a).
So,

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)+ t(a)
2t(1)+ t(a)

= 1 .

Otherwise, at least two addends aret(2) due to feasibility. We get

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)+ t(a)
2t(2)+3t(a)

speed−up property
≤ 2t(1)+ t(a)

t(1)+3t(a)
t(a)> 1

3t(1)
<

2t(1)+ 1
3t(1)

t(1)+ t(1)

=
7
6

.
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Hence, we only have to consider makespans with at most 4 addends. The dominating sched-
ules are those corresponding to the makespans 2t(1)+ t(a) andt(1)+ t(2)+2t(a) for a≥ 3
(see Table 2.1, page 15).
2t(1)+ t(a): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)+ t(a)
2t(1)+ t(a)

= 1 .

t(1)+ t(2)+2t(a): We have

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(1)+ t(a)
t(1)+ t(2)+2t(a)

speed−up property
≤ 2t(1)+ t(a)

3
2t(1)+2t(a)

t(a)> 1
3t(1)

<
2t(1)+ 1

3t(1)
3
2t(1)+ 2

3t(1)

=
14
13

.

This completes the proof of the claim.

Lemma 2.13 Let
⌊5

2m
⌋

< n≤ 3m. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to a factor6

5.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{3t(1),2t(1)+ t(2)+ t(a)} ,

wherea = b m
n−b 5

2mcc. If a = 1, thenn = 3m and thusTopt(n,m, t)≥ 3t(1), proving the claim.

So, leta≥ 2. The trivial lower bound 2t(1)+ t(2) on the makespan of an optimum schedule
implies

T(n,m, t,P)
Topt(n,m, t)

≤ 3t(1)
2t(1)+ t(2)

speed−up property
≤ 3t(1)

2t(1)+ 1
2t(1)

=
6
5

.

This completes the proof of the claim.

Lemma 2.14 Let km< n≤ (k+ 1)m with k∈ N, k≥ 3. Then,PPScomputes a phase-by-
phase schedule which is an optimum schedule up to a factor6

5.
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Proof: In this interval, PPS returns the phase-by-phase scheduleP with

T(n,m, t,P) =
⌊ n

m

⌋
· t(1)+ t(a) ,

wherea = b m
n−kmc.

If t(a)≤ 1
2t(1), then the trivial lower boundk · t(1) on the makespan of an optimum schedule

implies

T(n,m, t,P)
Topt(n,m, t)

≤ k · t(1)+ t(a)
k · t(1)

t(a)≤ 1
2t(1)
≤

kt(1)+ 1
2t(1)

kt(1)
k≥3
≤

3t(1)+ 1
2t(1)

3t(1)

=
7
6

.

So lett(a) > 1
2t(1), and consider the makespan of an optimum schedule.

First case: There exist no more thankm jobs each being executed on at mosta processors.
We have

Topt(n,m, t)
speed−up property

≥ 1
m

(km· t(1)+(n−km) · (a+1) · t(a+1))

= k · t(1)+
n−km

m
· (a+1) · t(a+1)

= k · t(1)+
n−km

m
·
(⌊

m
n−km

⌋
+1

)
t(a+1)

speed−up property
≥ k · t(1)+

a
a+1

t(a) .

We get

T(n,m, t,P)
Topt(n,m, t)

≤ k · t(1)+ t(a)
k · t(1)+ a

a+1t(a)
a≥1, t(a)≤t(1)
≤ (k+1)t(1)

(k+ 1
2)t(1)

k≥3
≤ 8

7
.

Second case:There exist at leastkm+1 jobs each being executed on at mosta processors.
Sincet(a) > 1

2t(1), (k+ 1
2) · t(1) is a trivial lower bound on the makespan of an optimum

schedule, and we get

T(n,m, t,P)
Topt(n,m, t)

≤ (k+1) · t(1)
(k+ 1

2) · t(1)
k≥3
≤ 8

7
.

This completes the proof of the claim.
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2.7 Proof for the Case m≥ n

Unfortunately, the proof of this case is more technical. In order to simplify the reading, we
investigate some smaller sub-intervals separately. We first restrictn and m which have to
be considered (Observations 2.15 and 2.16, page 28). In addition, we prove a helpful lower
bound on the makespan of an optimum schedule (Lemma 2.17, page 28). We then prove the
approximation factor by case analysis (Lemmas 2.18 - 2.30). The dominating schedules used
in the proofs are listed in Table 2.2.

bm
2 c< n≤m bm

3 c< n≤ bm
2 c bm

4 c< n≤ bm
3 cCase

a = b m
n−bm

2 c
c a = b m

n−bm
3 c
c a = b m

n−bm
4 c
c

t(1) t(2) t(3)
t(2)+ t(a) t(3)+ t(a) t(4)+ t(a)
t(3)+ t(5) t(4)+ t(11) t(5)+ t(19)

t(5)+ t(7) t(6)+ t(11)
t(7)+ t(9)

t(3)+ t(7)+ t(41) t(4)+ t(13)+ t(155) t(5)+ t(21)+ t(419) t(7)+ t(10)+ t(39)
t(3)+ t(8)+ t(23) t(4)+ t(14)+ t(83) t(5)+ t(22)+ t(219) t(7)+ t(11)+ t(61)
t(3)+ t(9)+ t(17) t(4)+ t(15)+ t(59) t(5)+ t(23)+ t(153) t(7)+ t(12)+ t(41)
t(3)+ t(10)+ t(14) t(4)+ t(16)+ t(47) t(5)+ t(24)+ t(119) t(7)+ t(13)+ t(33)
t(3)+ t(11)+ t(13) t(4)+ t(17)+ t(40) t(5)+ t(25)+ t(99) t(7)+ t(14)+ t(27)
t(4)+ t(5)+ t(19) t(4)+ t(18)+ t(35) t(5)+ t(26)+ t(86) t(7)+ t(15)+ t(24)
t(4)+ t(6)+ t(11) t(4)+ t(19)+ t(32) t(5)+ t(27)+ t(77) t(7)+ t(16)+ t(22)
t(4)+ t(7)+ t(9) t(4)+ t(20)+ t(29) t(5)+ t(28)+ t(69) t(7)+ t(17)+ t(20)
t(5)+ t(5)+ t(9) t(4)+ t(21)+ t(27) t(5)+ t(29)+ t(64) t(7)+ t(18)+ t(19)
t(5)+ t(6)+ t(7) t(4)+ t(22)+ t(26) t(5)+ t(30)+ t(59) t(8)+ t(9)+ t(71)

t(4)+ t(23)+ t(25) t(5)+ t(31)+ t(56) t(8)+ t(10)+ t(39)
t(5)+ t(9)+ t(44) t(5)+ t(32)+ t(53) t(8)+ t(11)+ t(29)
t(5)+ t(10)+ t(29) t(5)+ t(33)+ t(50) t(8)+ t(12)+ t(23)
t(5)+ t(11)+ t(23) t(5)+ t(34)+ t(48) t(8)+ t(13)+ t(20)
t(5)+ t(12)+ t(19) t(5)+ t(35)+ t(46) t(8)+ t(14)+ t(18)
t(5)+ t(13)+ t(17) t(5)+ t(36)+ t(44) t(8)+ t(15)+ t(17)
t(5)+ t(14)+ t(16) t(5)+ t(37)+ t(43) t(9)+ t(9)+ t(35)
t(6)+ t(7)+ t(41) t(5)+ t(38)+ t(42) t(9)+ t(10)+ t(25)
t(6)+ t(8)+ t(23) t(5)+ t(39)+ t(41) t(9)+ t(11)+ t(20)
t(6)+ t(9)+ t(17) t(6)+ t(13)+ t(155) t(9)+ t(12)+ t(17)
t(6)+ t(10)+ t(14) t(6)+ t(14)+ t(83) t(9)+ t(13)+ t(16)
t(6)+ t(11)+ t(13) t(6)+ t(15)+ t(59) t(9)+ t(14)+ t(14)
t(7)+ t(7)+ t(20) t(6)+ t(16)+ t(47) t(10)+ t(10)+ t(19)
t(7)+ t(8)+ t(15) t(6)+ t(17)+ t(40) t(10)+ t(11)+ t(16)
t(7)+ t(9)+ t(12) t(6)+ t(18)+ t(35) t(10)+ t(12)+ t(14)
t(7)+ t(10)+ t(11) t(6)+ t(19)+ t(32) t(10)+ t(13)+ t(13)
t(8)+ t(8)+ t(11) t(6)+ t(20)+ t(29) t(11)+ t(11)+ t(14)
t(8)+ t(9)+ t(10) t(6)+ t(21)+ t(27) t(11)+ t(12)+ t(13)

t(6)+ t(22)+ t(26)

Makespan

t(6)+ t(23)+ t(25)

Table 2.2: Makespan of dominating schedules for the casebm
4 c< n≤m.

Observation 2.15

(1.) If m= 1, then Topt(n,m, t) = t(1).

(2.) If m= 2, then

Topt(n,m, t) =
{

t(2) if n = 1,
t(1) if n = 2.
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(3.) If m= 3, then

Topt(n,m, t) =


t(3) if n = 1,
min{t(1),2t(3)} if n = 2,
t(1) if n = 3.

(4.) If m= 4, then

Topt(n,m, t) =


t(4) if n = 1,
t(2) if n = 2,
min{t(1), t(2)+ t(4)} if n = 3,
t(1) if n = 4.

In all cases,PPScomputes a phase-by-phase schedule with the same makespan. Thus, we
only have to consider m≥ 5.

Observation 2.16

(1.) If n= 1, then Topt(n,m, t) = t(m), andPPSreturns a phase-by-phase schedule with the
same makespan.

(2.) If n = 2, then the makespan of the phase-by-phase scheduleP computed byPPSis at
most t(bm

2 c). On the other hand, each job is executed by at leastbm
2 c processors in an

optimum schedule. Thus,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤

t(bm
2 c)

n
mb

m
2 ct(b

m
2 c)

n=2=
1

2
mb

m
2 c

≤ 1
2
m

m−1
2

=
m

m−1
m≥5 (Observation2.15, page27)

≤ 5
4

.

Thus, we only have to consider n≥ 3.

Lemma 2.17 Let k∈N, k≥ 2, with bm
k c< n≤ b m

k−1c, let a= b m
n−bm

k c
c, and let r= rem(m,k).

If there exist no more thanbm
k c jobs each being executed on at least k processors and at most

a processors, then

Topt(n,m, t) ≥
(

1− r
m

)
· t(k)+

a
a+1

·m+1
m
· t(a) .



2.7 Proof for the Case m≥ n 29

Proof: We have

Topt(n,m, t)
speed−up property

≥ 1
m

(⌊m
k

⌋
·k · t(k)+

(
n−
⌊m

k

⌋)(⌊ m
n−bm

k c

⌋
+1

)
· t(a+1)

)
≥

(
1− r

m

)
· t(k)+

n−bm
k c

m
· m+1
n−bm

k c
· t(a+1)

=
(

1− r
m

)
· t(k)+

m+1
m
· t(a+1)

speed−up property
≥

(
1− r

m

)
· t(k)+

(
m+1

m

)
·
(

a
a+1

)
· t(a) .

This completes the proof of the claim.

2.7.1 The Case
⌊m

2

⌋
< n≤m

In the following, leta = b m
n−bm

2 c
c. Before we start to prove Theorem 2.6 (page 11) in this

interval, we show that we can assumea≥ 4.

Lemma 2.18 Let bm
2 c < n≤ m. If a≤ 3, then PPScomputes a phase-by-phase schedule

which is an optimum schedule up to a factor5
4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) ≤ min{t(1), t(2)+ t(a)} .

a≤ 2: This impliesn > bm
2 c+

m
3 , and we get

n ≥
⌊m

2

⌋
+
⌊m

3

⌋
+1

≥ 5
6

m− 1
2
− 2

3
+1

=
5
6

m− 1
6

.

Thus,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(1)

n
mt(1)

n≥ 5
6m− 1

6
≤ 1

5
6−

1
6m

m≥5 (Observation2.15, page27)
≤ 1

5
6−

1
30

=
5
4

,
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proving the claim for this case.
a = 3: This impliesn > bm

2 c+
m
4 , and we get

n ≥
⌊m

2

⌋
+
⌊m

4

⌋
+1

≥ 3
4

m− 1
2
− 3

4
+1

=
3
4

m− 1
4

.

If more thanm
2 jobs are executed on 2 processors, thenTopt(n,m, t) ≥ t(1), and we are done.

Otherwise,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(2)+ t(3)

1
m

(
m
2 ·2t(2)+

(
n− m

2

)
3t(3)

)
n≥ 3

4m− 1
4

≤ t(2)+ t(3)

t(2)+
3
4m− 1

4−
m
2

m ·3t(3)

=
t(2)+ t(3)

t(2)+ 3
4

(
1− 1

m

)
t(3)

m≥5 (Observation2.15, page27)
≤ t(2)+ t(3)

t(2)+ 3
4 ·

4
5t(3)

=
t(2)+ t(3)

t(2)+ 3
5t(3)

t(3)≤t(2)
≤ t(2)+ t(2)

t(2)+ 3
5t(2)

=
5
4

.

This completes the proof of the claim.

Lemma 2.19 Let bm
2 c < n≤ bm

3 c+ b
m
4 c. Then,PPScomputes a phase-by-phase schedule

which is an optimum schedule up to the factor5
4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(1), t(2)+ t(a), t(3)+ t(4)} .

If t(a) ≤ 1
4t(2), then the trivial lower boundt(2) on the makespan of an optimum schedule

implies

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
t(2)

t(a)≤ 1
4t(2)
≤

t(2)+ 1
4t(2)

t(2)

=
5
4

.
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So lett(a) > 1
4t(2), and consider the makespan of an optimum schedule.

First case: There exist no more thanm jobs each being executed on at mosta processors.
If there exists a job which is executed by 1 processor, thenTopt(n,m, t) ≥ t(1), and we are
done. So, assume that all jobs are executed by at least 2 processors. Clearly,n≤ 7

12m and
n≥ 3 impliesm≥ 6. Thus,

T(n,m, t,P)
Topt(n,m, t)

Lemma2.17, page28
≤ t(2)+ t(a)(

1− 1
m

)
t(2)+

(
1+ 1

m

)
· a

a+1 · t(a)
a≥4 (Lemma2.18, page29)

≤ t(2)+ t(a)(
1− 1

m

)
t(2)+

(
1+ 1

m

)
· 4

5 · t(a)
m≥6
≤ t(2)+ t(a)(

1− 1
6

)
t(2)+

(
1+ 1

6

)
· 4

5 · t(a)

=
t(2)+ t(a)

5
6t(2)+ 14

15t(a)

<
5
4

.

Second case:There exist at leastbm
2 c+1 jobs each being executed on at mosta processors.

Clearly, we only have to consider dominating schedules for whicht(a) is the smallest addend
which appears in the makespan. Sincet(a) > 1

4t(2), we haveTopt(n,m, t) ≥ 4t(a) > 3
4t(2)+

t(a) for all makespan of a schedule with more than 3 addends. This yields

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
3
4t(2)+ t(a)

t(a)> 1
4t(2)

<
t(2)+ 1

4t(2)
3
4t(2)+ 1

4t(2)

=
5
4

.

Hence, we only have to consider makespans with at most 3 addends. The dominating sched-
ules are those corresponding to the makespanst(1), t(2)+ t(a), t(3)+ t(a) for a≤ 5, t(4)+
2t(a), 2t(5)+ t(a), andt(5)+ t(6)+ t(a) for a≤ 7 (see Table 2.2, page 27).
t(1): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(1)
t(1)

= 1 .

t(2)+ t(a): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
t(2)+ t(a)

= 1 .
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t(3)+ t(a): Sincea≤ 5 we have

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(4)
t(3)+ t(a)

a≤5, t(a)≥t(5)
≤ t(3)+ t(4)

t(3)+ t(5)
speed−up property

≤ t(3)+ t(4)
t(3)+ 4

5t(4)
t(4)≤t(3)
≤ t(3)+ t(3)

t(3)+ 4
5t(3)

=
10
9

.

t(4)+2t(a): We get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
t(4)+2t(a)

speed−up property
≤ t(2)+ t(a)

1
2t(2)+2t(a)

t(a)> 1
4t(2)

<
t(2)+ 1

4t(2)
1
2t(2)+ 1

2t(2)

=
5
4

.

2t(5)+ t(a): We have

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
2t(5)+ t(a)

speed−up property
≤ t(2)+ t(a)

4
5t(2)+ t(a)

t(a)> 1
4t(2)

<
t(2)+ 1

4t(2)
4
5t(2)+ 1

4t(2)

=
5
4
· 20
21

.
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t(5)+ t(6)+ t(a): Sincea≤ 7 we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(4)
t(5)+ t(6)+ t(a)

a≤7, t(a)≥t(7)
≤ t(3)+ t(4)

t(5)+ t(6)+ t(7)
speed−up property

≤
4
3t(4)+ t(4)

4
5t(4)+ 4

6t(4)+ 4
7t(4)

=
245
214

<
6
5

.

This completes the proof of the claim.

Lemma 2.20 Let bm
3 c+ b

m
4 c < n < 7

12m. Then,PPScomputes a phase-by-phase schedule
which is an optimum schedule up to the factor5

4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(1), t(2)+ t(a),2t(3)} .

There exists ann with bm
3 c+ b

m
4 c < n < 7

12m if and only if 1
3 · rem(m,3)+ 1

4 · rem(m,4) > 1.
This implies thatn≥ 7

12m− 5
12. Furthermore, we havem∈ {7}∪N≥9. Consider the makespan

of an optimum schedule.

• t(1) is the largest addend in the makespan:In this case, we are done.

• t(2) is the largest addend in the makespan:Let b = min{m,d m
n−m

2
e}. Sincem

2 + m
b ≤ n,

we get

Topt(n,m, t)
Lemma2.9, page14

≥ t(2)+ t(b) .

(1.) If rem(m,3) = 2 and rem(m,4) = 2, then 2|m. Thus,b≤ a+1, and we get

b
a
≤ a+1

a

a≥4 (Lemma2.18, page29)
≤ 5

4
.

(2.) If rem(m,3) = 2 and rem(m,4) = 3, then 2- mandn= bm
3 c+b

m
4 c+1= 7

12m− 5
12.

Furthermore, we can writem= 12q+11,q≥ 0. Thus,

a =

⌊
m

n− m
2 + 1

2

⌋
=

⌊
m

m
12 + 1

12

⌋
=

⌊
12q+11

q+1

⌋
,

b = min

{
m,

⌈
m

m
12−

5
12

⌉}
= min

{
12q+11,

⌈
24q+22
2q+1

⌉}
.
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If q = 0, thena = b = 11. Otherwise,q≥ 1 implies

a =
⌊

12q+11
q+1

⌋
=

⌊
12− 1

q+1

⌋
≥

⌊
12− 1

2

⌋
= 11 ,

b ≤
⌈

24q+22
2q+1

⌉
=

⌈
12+

10
2q+1

⌉
≤

⌈
12+

10
3

⌉
= 16 .

(3.) If rem(m,3) = 1 and rem(m,4) = 3, then 2- mandn= bm
3 c+b

m
4 c+1= 7

12m− 1
12.

Furthermore, we can writem= 12q+7, q≥ 0. Thus,

a =

⌊
m

n− m
2 + 1

2

⌋
=

⌊
m

m
12 + 5

12

⌋
=

⌊
12q+7
q+1

⌋
,

b = min

{
m,

⌈
m

m
12−

1
12

⌉}
= min

{
12q+7,

⌈
24q+14
2q+1

⌉}
.

If q = 0, thena = b = 7. Otherwise,q≥ 1 implies

a =
⌊

12q+7
q+1

⌋
=

⌊
12− 5

q+1

⌋
≥

⌊
12− 5

2

⌋
= 9 ,

b ≤
⌈

24q+14
2q+1

⌉
=

⌈
12+

2
2q+1

⌉
≤

⌈
12+

2
3

⌉
= 13 .

Thus,b
a ≤

16
11 in all cases, and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
t(2)+ t(b)

speed−up property
≤ t(2)+ t(a)

t(2)+ 11
16t(a)

a≥2, t(a)≤t(2)
≤ 2t(2)

27
16t(2)

=
32
27

<
5
4

.

• t(3) is the largest addend in the makespan:If m= 7, thenn = 4, and we get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ 2t(3)

n
m ·3t(3)

m=7,n=4
=

2t(3)
12
7 t(3)

=
7
6

.
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Otherwise,m≥ 9 implies m
3 + m

5 ≤
7
12m− 5

12 ≤ n. Thus,

T(n,m, t,P)
Topt(n,m, t)

Lemma2.9, page14
≤ 2t(3)

t(3)+ t(5)
speed−up property

≤ 2t(3)
t(3)+ 3

5t(3)

=
5
4

.

• t(i), i ≥ 4, is the largest addend in the makespan:If m= 7, thenn = 4, and we get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ 2t(3)

n
m ·4t(4)

speed−up property
≤ 2t(3)

n
m ·3t(3)

m=7, n=4
=

2t(3)
12
7 t(3)

=
7
6

.

Otherwise,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ 2t(3)

n
m ·4t(4)

n≥ 7
12m− 5

12
≤ 2t(3)

7
12m− 5

12
m ·4t(4)

=
2t(3)(7

3−
5

3m

)
t(4)

m≥9
≤ 2t(3)

58
27t(4)

speed−up property
≤ 2t(3)

29
18t(3)

=
36
29

<
5
4

.

This completes the proof of the claim.

Lemma 2.21 Let 7
12m≤ n≤ 2bm

3 c. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.
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Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(1), t(2)+ t(a),2t(3)} .

Consider the makespan of an optimum schedule.

• t(1) is the largest addend in the makespan:In this case, we are done.

• t(2) is the largest addend in the makespan:Let b = min{m,d m
n−m

2
e}. Sincem

2 + m
b ≤ n,

we get

Topt(n,m, t)
Lemma2.9, page14

≥ t(2)+ t(b) .

We have

b
a
≤

⌈
m

n−m
2

⌉
⌊

m
n−m

2 + 1
2

⌋

≤
m+(n−m

2 )− 1
2

n−m
2

m−(n−m
2 + 1

2)+ 1
2

n−m
2 + 1

2

=

(
n+(m

2 −
1
2)
)(

n− (m
2 −

1
2)
)(

n− m
2

)(3
2m−n

)
<

n2− m2

4(
n− m

2

)(3
2m−n

)
= f (n) .

The functionf (n) is strictly increasing inn since its first derivative is

f ′(n) =
8m

(2n−3m)2

2
3m≥n> 7

12m
> 0 .

Hence,

f (n)
n≤ 2

3m
≤ f (

2
3

m)

=

(2
3m
)2− m2

4(2
3m− m

2

)(3
2m− 2

3m
)

=
7
5

.
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Thus,b
a ≤

7
5, and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
t(2)+ t(b)

speed−up property
≤ t(2)+ t(a)

t(2)+ 5
7t(a)

a≥2, t(a)≤t(2)
≤ 2t(2)

12
7 t(2)

=
7
6

.

• t(i), i ≥ 3, is the largest addend in the makespan:Sincen≥ 7
12m= m

3 + m
4 , we get

T(n,m, t,P)
Topt(n,m, t)

Lemma2.9, page14
≤ 2t(3)

t(3)+ t(4)
speed−up property

≤ 2t(3)
7
4t(3)

=
8
7

.

This completes the proof of the claim.

Lemma 2.22 Let 2bm
3 c< n < 2

3m. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(1), t(2)+ t(a)} .

There exists ann with 2bm
3 c< n < 2

3m if and only if rem(m,3) = 2. This impliesn = 2
3m− 1

3.
Furthermore, we can writem= 3q+2,q≥ 1. Consider the makespan of an optimum schedule.

• t(1) is the largest addend in the makespan:In this case, we are done.

• t(2) is the largest addend in the makespan:Let b = min{m,d m
n−m

2
e}. Sincem

2 + m
b ≤ n,

we get

Topt(n,m, t)
Lemma2.9, page14

≥ t(2)+ t(b) .

We have

a ≥

⌊
m

n− m
2 + 1

2

⌋
=

⌊
m

m
6 + 1

6

⌋
=

⌊
6q+4
q+1

⌋
,

b = min

{
m,

⌈
m

m
6 −

1
3

⌉}
= min

{
3q+2,

⌈
6q+4

q

⌉}
.
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If q = 1, thena≥ b = m= 5. If q = 2, then 2|m. Thus,b≤ a+1, and we get

b
a
≤ a+1

a

a≥4 (Lemma2.18, page29)
≤ 5

4
.

So, assumeq≥ 3. Then

a ≥
⌊

6q+4
q+1

⌋
=

⌊
6− 2

q+1

⌋
≥

⌊
6− 1

2

⌋
= 5 ,

b ≤
⌈

6q+4
q

⌉
=

⌈
6+

4
q

⌉
≤

⌈
6· 4

3

⌉
= 8 .

Thus,b
a ≤

8
5 in all cases, and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
t(2)+ t(b)

speed−up property
≤ t(2)+ t(a)

t(2)+ 5
8t(a)

a≥2, t(a)≤t(2)
≤ 2t(2)

13
8 t(2)

=
16
13

<
5
4

.

• t(i), i ≥ 3, is the largest addend in the makespan:If more thanm
3 jobs are processed by

3 processors, thenTopt(n,m, t)≥ 2t(3), and we have

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
2t(3)

a≥3, t(a)≤t(3)
≤ t(2)+ t(3)

2t(3)
speed−up property

≤
5
3t(2)
4
3t(2)

=
5
4

.
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Otherwise,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(2)+ t(a)

1
m

(
m
3 ·3t(3)+

(
n− m

3

)
·4t(4)

)
n= 2

3m− 1
3=

t(2)+ t(a)
t(3)+

(4
3−

4
3m

)
t(4)

m≥5 (Observation2.15, page27)
≤ t(2)+ t(a)

t(3)+ 16
15t(4)

a≥4, t(a)≤t(4)
≤ t(2)+ t(4)

t(3)+ 16
15t(4)

speed−up property
≤

3
2t(2)

(2
3 + 8

15)t(2)

=
5
4

.

This completes the proof of the claim.

Lemma 2.23 Let 2
3m≤ n≤m. Then,PPScomputes a phase-by-phase schedule which is an

optimum schedule up to the factor5
4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(1), t(2)+ t(a)} .

Consider the makespan of an optimum schedule.

• t(1) is the largest addend in the makespan:In this case, we are done.

• t(2) is the largest addend in the makespan:If more thanm
2 jobs are executed by 2 or 3

processors, thenTopt(n,m, t)≥ 2t(3), and we have

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)+ t(a)
2t(3)

a≥3, t(a)≤t(3)
≤ t(2)+ t(3)

2t(3)
speed−up property

≤
5
3t(2)
4
3t(2)

=
5
4

.
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Otherwise,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(2)+ t(a)

1
m

(
m
2 ·2t(2)+

(
n− m

2

)
·4t(4)

)
n≥ 2

3m
≤ t(2)+ t(a)

1
m

(
m
2 ·2t(2)+

(2
3m− m

2

)
·4t(4)

)
=

t(2)+ t(a)
t(2)+ 2

3t(4)
a≥4, t(a)≤t(4)
≤ t(2)+ t(4)

t(2)+ 2
3t(4)

t(4)≤t(2)
≤ 2t(2)

5
3t(2)

=
6
5

.

• t(i), i ≥ 3, is in the makespan:Sincen≥ 2
3m, we get

T(n,m, t,P)
Topt(n,m, t)

Lemma2.9, page14
≤ t(2)+ t(a)

2t(3)
a≥3, t(a)≤t(3)
≤ t(2)+ t(3)

2t(3)
speed−up property

≤
5
3t(2)
4
3t(2)

=
5
4

.

This completes the proof of the claim.

2.7.2 The Case bm
3c< n≤ bm

2c.
In the following, leta = b m

n−bm
3 c
c. We have

a =
⌊

m
n−bm

3 c

⌋
n≤m

2
≥

⌊
m

m
2 −b

m
3 c

⌋
≥

⌊
m

m
6 + 2

3

⌋
m≥5 (Observation2.15, page27)

≥

⌊
5

5
6 + 2

3

⌋
= 4 .
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Lemma 2.24 Letbm
3 c< n≤ 2bm

5 c. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(2), t(3)+ t(a),2t(5)} .

If t(a) ≤ 1
4t(3), then the trivial lower boundt(3) on the makespan of an optimum schedule

implies

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(3)

t(a)≤ 1
4t(3)
≤

t(3)+ 1
4t(3)

t(3)

=
5
4

.

So lett(a) > 1
4t(3), and consider the makespan of an optimum schedule.

First case: There exist no more thanbm
3 c jobs each being executed on at mosta processors.

Clearly,n≤ 2bm
5 c andn≥ 3 impliesm≥ 10. Thus,

T(n,m, t,P)
Topt(n,m, t)

Lemma2.17, page28
≤ t(3)+ t(a)(

1− 2
m

)
t(3)+

(
1+ 1

m

)
· a

a+1 · t(a)
a≥4
≤ t(3)+ t(a)(

1− 2
m

)
t(3)+

(
1+ 1

m

)
· 4

5 · t(a)
m≥10
≤ t(3)+ t(a)(

1− 1
5

)
t(3)+

(
1+ 1

10

)
· 4

5 · t(a)

<
5
4

.

Second case:There exist at leastbm
3 c+1 jobs each being executed on at mosta processors.

Clearly, we only have to consider dominating schedules for whicht(a) is the smallest addend
which appears in the makespan. Sincet(a) > 1

4t(3), we haveTopt(n,m, t) ≥ 4t(a) > 3
4t(3)+

t(a) for all makespans of a schedule with more than 3 addends. This yields

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
3
4t(3)+ t(a)

t(a)> 1
4t(3)

<
t(3)+ 1

4t(3)
3
4t(3)+ 1

4t(3)

=
5
4

.

Hence, we only have to consider makespans with at most 3 addends. The dominating sched-
ules are those corresponding to the makespanst(2), t(3)+ t(a), t(4)+ t(a) for a≤ 11, t(5)+
t(a) for a≤ 7, t(6)+2t(a), t(7)+ t(9)+ t(a), t(7)+ t(10)+ t(a) for a≤ 11, andt(8)+ t(9)+
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t(a) for a≤ 10 (see Table 2.2, page 27).
t(2): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)
t(2)

= 1 .

t(3)+ t(a): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(3)+ t(a)

= 1 .

t(4)+ t(a): Sincea≤ 11 we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(4)+ t(a)

speed−up property
≤ t(3)+ t(a)

3
4t(3)+ t(a)

a≤11, t(a)≥t(11)
≤ t(3)+ t(11)

3
4t(3)+ t(11)

speed−up property
≤

t(3)+ 3
11t(3)

3
4t(3)+ 3

11t(3)

=
56
45

<
5
4

.

t(5)+ t(a): The fact thata≤ 7 implies

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(5)
t(5)+ t(a)

a≤7, t(a)≥t(7)
≤ 2t(5)

t(5)+ t(7)
speed−up property

≤ 2t(5)
t(5)+ 5

7t(5)

=
7
6

.

t(6)+2t(a): We have

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(6)+2t(a)

speed−up property
≤ t(3)+ t(a)

1
2t(3)+2t(a)

t(a)> 1
4t(3)

<
t(3)+ 1

4t(3)
1
2t(3)+ 1

2t(3)

=
5
4

.
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t(7)+ t(9)+ t(a): We have

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(7)+ t(9)+ t(a)

speed−up property
≤ t(3)+ t(a)

(3
7 + 3

9)t(3)+ t(a)

=
t(3)+ t(a)

16
21t(3)+ t(a)

t(a)> 1
4t(3)

<
t(3)+ 1

4t(3)
16
21t(3)+ 1

4t(3)

=
5
4
· 84
85

.

t(7)+ t(10)+ t(a): Sincea≤ 11 we get

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(5)
t(7)+ t(10)+ t(a)

a≤11, t(a)≥t(11)
≤ 2t(5)

t(7)+ t(10)+ t(11)
speed−up property

≤ 2t(5)
(5

7 + 5
10 + 5

11)t(5)

=
308
257

<
6
5

.

t(8)+ t(9)+ t(a): Sincea≤ 10 we have

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(5)
t(8)+ t(9)+ t(a)

a≤10, t(a)≥t(10)
≤ 2t(5)

t(8)+ t(9)+ t(10)
speed−up property

≤ 2t(5)
(5

8 + 5
9 + 5

10)t(5)

=
144
121

<
6
5

.

This completes the proof the claim.

Lemma 2.25 Let 2bm
5 c< n < 2

5m. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.
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Proof: In this interval, PPS returns a phase-by-phase schedule with

T(n,m, t,P) =
{

min{t(2), t(3)+ t(a), t(4)+ t(6)} if m≤ 17,
min{t(2), t(3)+ t(a), t(4)+ t(5)} otherwise.

There exists ann with 2bm
5 c< n < 2

5m if and only if rem(m,5)≥ 3. This impliesn≥ 2
5m− 3

5.
Furthermore, we havem∈ {8,13,14} ∪N≥18 due ton≥ 3. Consider the makespan of an
optimum schedule.

• t(2) is the largest addend in the makespan:In this case, we are done.

• t(3) is the largest addend in the makespan:Let b = min{m,d m
n−m

3
e}. If m = 8, then

Topt(n,m, t)≥ t(3)+ t(8), and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(2)
t(3)+ t(8)

speed−up property
≤ t(2)

(2
3 + 2

8)t(2)

=
12
11

.

Now letm≥ 13.

(1.) If rem(m,5) = 3, thenn = 2
5m− 1

5. Furthermore, we can writem= 5q+3, q≥ 2.
Thus,

a ≥

⌊
m

n− m
3 + 2

3

⌋
=

⌊
m

m
15 + 7

15

⌋
=

⌊
15q+9
q+2

⌋
,

b = min

{
m,

⌈
m

m
15−

1
5

⌉}
= min

{
5q+3,

⌈
15q+9

q

⌉}
.

If q= 2, thenb= 13 anda≥ 9. If q= 3, then 3|m, and we haveb≤ a+1, a≥ 11.
Otherwise,q≥ 4 implies

a ≥
⌊

15q+9
q+2

⌋
=

⌊
15− 21

q+2

⌋
≥

⌊
15− 21

6

⌋
= 11 ,

b ≤
⌈

15q+9
q

⌉
=

⌈
15+

9
q

⌉
≤

⌈
15+

9
4

⌉
= 18 .

(2.) If rem(m,5) = 4, thenn = 2
5m− 3

5. Furthermore, we can writem= 5q+4, q≥ 2.
Thus,

a ≥

⌊
m

n− m
3 + 2

3

⌋
=

⌊
m

m
15 + 1

15

⌋
=

⌊
15q+12

q+1

⌋
,

b = min

{
m,

⌈
m

m
15−

3
5

⌉}
= min

{
5q+4,

⌈
15q+12

q−1

⌉}
.
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If q = 2, thena≥ b = 14. If q = 3, thenb = 19 anda≥ 14. If q = 4, then 3|m,
and we haveb≤ a+1, a≥ 14. Otherwise,q≥ 5 implies

a ≥
⌊

15q+12
q+1

⌋
=

⌊
15− 3

q+1

⌋
≥

⌊
15− 1

2

⌋
= 14 ,

b ≤
⌈

15q+12
q−1

⌉
=

⌈
15+

27
q−1

⌉
≤

⌈
15+

27
4

⌉
= 22 .

Thus,b
a ≤

18
11 in all cases, and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(3)+ t(b)

speed−up property
≤ t(3)+ t(a)

t(3)+ 11
18t(a)

a≥3, t(a)≤t(3)
≤ 2t(3)

29
18t(3)

=
36
29

<
5
4

.

• t(4) is the largest addend in the makespan:If m= 8, then we haveTopt(n,m, t)≥ t(4)+
t(8), and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(5)
t(4)+ t(8)

speed−up property
≤ t(4)+ t(5)

t(4)+ 5
8t(5)

t(5)≤t(4)
≤ t(4)+ t(4)

t(4)+ 5
8t(4)

=
16
13

<
5
4

.

Now letm≥ 13. Since this impliesm4 + m
10 ≤

2
5m− 3

5 ≤ n, we get

Topt(n,m, t)
Lemma2.9, page14

≥ t(4)+ t(10) .
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If m∈ {13,14}, thena = m. Otherwise,

a =
⌊

m
n−bm

3 c

⌋
n≤ 2

5m− 1
5

≥

⌊
m

2
5m− 1

5−
m
3 + 2

3

⌋

=
⌊

15m
m+7

⌋
m≥18
≥

⌊
270
25

⌋
= 10 .

Thus,a≥ 10 in all cases, and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)+ t(a)
t(4)+ t(10)

a≥10, t(a)≤t(10)
≤ t(3)+ t(10)

t(4)+ t(10)
speed−up property

≤ t(3)+ t(10)
3
4t(3)+ t(10)

speed−up property
≤

13
10t(3)
21
20t(3)

=
26
21

<
5
4

.

• t(i), i ≥ 5, is the largest addend in the makespan:If m= 8, thenn = 3, and we get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(4)+ t(5)

n
m ·5t(5)

n=3, m=8
=

t(4)+ t(5)
15
8 · t(5)

speed−up property
≤

t(4)+ 4
5t(4)

15
8 ·

4
5t(4)

=
6
5

.

If m∈ {13,14}, thenn = 5. If more than 2 users are executed by 5 processors, then
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Topt(n,m, t)≥ 2t(5), and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(5)
2t(5)

speed−up property
≤

t(4)+ 4
5t(4)

8
5t(4)

=
9
8

.

Otherwise, we get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(4)+ t(6)

1
14(2·5t(5)+3·6t(6))

=
t(4)+ t(6)

5
7t(5)+ 9

7t(6)
speed−up property

≤
t(4)+ 2

3t(4)
4
7t(4)+ 6

7t(4)

=
7
6

.

If m≥ 18, thenm
5 + m

6 ≤
2
5m− 3

5. Thus,

Topt(n,m, t)
Lemma2.9, page14

≥ t(5)+ t(6) ,

and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(5)
t(5)+ t(6)

speed−up property
≤ t(4)+ t(5)

2
3t(4)+ t(5)

speed−up property
≤

9
5t(4)
22
15t(4)

=
27
22

<
5
4

.

This completes the proof of the claim.

Lemma 2.26 Let 2
5m≤ n≤ bm

2 c. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.
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Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t) = min{t(2), t(3)+ t(a)} .

Sincen≥ 2
5m,

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(2)

2
5m
m ·2t(2)

=
5
4

.

This completes the proof of the claim.

2.7.3 The Case bm
4c< n≤ bm

3c.
In the following, leta = b m

n−bm
4 c
c. We have

a =
⌊

m
n−bm

4 c

⌋
n≤m

3
≥

⌊
m

m
3 −b

m
4 c

⌋
≥

⌊
m

m
3 −

m
4 + 3

4

⌋

=

⌊
m

m
12 + 3

4

⌋
m≥5 (Observation2.15, page27)

≥

⌊
5

5
12 + 3

4

⌋
= 4 .

Lemma 2.27 Letbm
4 c< n≤ 2bm

7 c. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(3), t(4)+ t(a),2t(7)} .

If t(a) ≤ 1
4t(4), then the trivial lower boundt(4) on the makespan of an optimum schedule

implies

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(a)
t(4)

t(a)≤ 1
4t(4)
≤

t(4)+ 1
4t(4)

t(4)

=
5
4

.
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So lett(a) > 1
4t(4), and consider the makespan of an optimum schedule.

First case: There exist no more thanbm
4 c jobs each being executed on at mosta processors.

Sincen≤ 2bm
7 c andn≥ 3, we havem≥ 14. If m= 14, then

T(n,m, t,P)
Topt(n,m, t)

Lemma2.17, page28
≤ t(4)+ t(a)(

1− 2
14

)
t(4)+

(
1+ 1

14

)
· a

a+1 · t(a)
a≥4
≤ t(4)+ t(a)(

1− 1
7

)
t(4)+

(
1+ 1

14

)
· 4

5 · t(a)

=
t(4)+ t(a)

6
7t(4)+ 6

7t(a)

=
7
6

.

Otherwise, we get

T(n,m, t,P)
Topt(n,m, t)

Lemma2.17, page28
≤ t(4)+ t(a)(

1− 3
m

)
t(4)+

(
1+ 1

m

)
· a

a+1 · t(a)
m≥15
≤ t(4)+ t(a)(

1− 1
5

)
t(4)+

(
1+ 1

15

)
· a

a+1 · t(a)
a≥4
≤ t(4)+ t(a)(

1− 1
5

)
t(4)+

(
1+ 1

15

)
· 4

5 · t(a)

=
t(4)+ t(a)

4
5t(4)+ 16

15 ·
4
5 · t(a)

<
5
4

.

Second case:There exist at leastbm
4 c+1 jobs each being executed on at mosta processors.

Clearly, we only have to consider dominating schedules for whicht(a) is the smallest addend
which appears in the makespan. Sincet(a) > 1

4t(4), we haveTopt(n,m, t) ≥ 4t(a) > 3
4t(4)+

t(a) for all makespans of a schedule with more than 3 addends. This yields

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(a)
3
4t(4)+ t(a)

t(a)> 1
4t(4)

<
t(4)+ 1

4t(4)
3
4t(4)+ 1

4t(4)

=
5
4

.

Hence, we only have to consider makespans with at most 3 addends. The dominating sched-
ules are those corresponding to the makespanst(3), t(4)+ t(a), t(5)+ t(a) for a≤ 9, t(6)+
t(a) for a≤ 11,t(7)+t(a) for a≤ 9, t(8)+2t(a), t(9)+t(13)+t(a), andt(11)+t(13)+t(16)
(see Table 2.2, page 27).
t(3): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)
t(3)

= 1 .
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t(4)+ t(a): We immediately get

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(a)
t(4)+ t(a)

= 1 .

t(5)+ t(a): We get

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(a)
t(5)+ t(a)

speed−up property
≤ t(4)+ t(a)

4
5t(4)+ t(a)

<
5
4

.

t(6)+ t(a): The fact thata≤ 11 yields

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(7)
t(6)+ t(a)

t(6)≥t(7)
≤ 2t(7)

t(7)+ t(a)
a≤11, t(a)≥t(11)

≤ 2t(7)
t(7)+ t(11)

speed−up property
≤ 2t(7)

t(7)+ 7
11t(7)

=
11
9

<
5
4

.

t(7)+ t(a): Sincea≤ 9 we have

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(7)
t(7)+ t(a)

a≤9, t(a)≥t(9)
≤ 2t(7)

t(7)+ t(9)
speed−up property

≤ 2t(7)
t(7)+ 7

9t(7)

=
9
8

.
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t(8)+2t(a): We get

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(a)
t(8)+2t(a)

speed−up property
≤ t(4)+ t(a)

1
2t(4)+2t(a)

t(a)> 1
4t(4)

<
t(4)+ 1

4t(4)
1
2t(4)+ 1

2t(4)

=
5
4

.

t(9)+ t(13)+ t(a): We have

T(n,m, t,P)
Topt(n,m, t)

≤ t(4)+ t(a)
t(9)+ t(13)+ t(a)

speed−up property
≤ t(4)+ t(a)

(4
9 + 4

13)t(4)+ t(a)
t(a)> 1

4t(4)
<

t(4)+ 1
4t(4)

88
117t(4)+ 1

4t(4)

=
5
4
· 468
469

.

t(11)+ t(13)+ t(16): It follows that

T(n,m, t,P)
Topt(n,m, t)

≤ 2t(7)
t(11)+ t(13)+ t(16)

speed−up property
≤ 2t(7)

( 7
11 + 7

13 + 7
16)t(7)

=
4576
3689

<
5
4

.

This completes the proof of the claim.

Lemma 2.28 Let 2bm
7 c< n < 2

7m. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) ≤ min{t(3), t(4)+ t(a), t(6)+ t(7)} .

There exists ann with 2bm
7 c < n < 2

7m if and only if rem(m,7) ≥ 4. By Observation 2.15
(page 27), we only have to considerm≥ 5.
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If rem(m,7) = 4, then we havem≥ 11, and we can writen = 2bm
7 c+ 1 = 2

7m− 1
7. If there

exists a job being executed on 3 processors, then we are done. Otherwise, we get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(3)

n
m ·4t(4)

n= 2
7m− 1

7=
t(3)

2
7m− 1

7
m ·4t(4)

=
t(3)(8

7−
4

7m

)
t(4)

m≥11
≤ t(3)

12
11t(4)

speed−up property
≤ t(3)

9
11t(3)

=
11
9

<
5
4

.

If rem(m,7) = 5, then we can writen = 2bm
7 c+1 = 2

7m− 3
7. If m≥ 37, then this implies

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(3)

n
m ·3t(3)

n= 2
7m− 3

7=
t(3)

2
7m− 3

7
m ·3t(3)

=
t(3)(6

7−
9

7m

)
t(3)

m≥37
≤ t(3)

213
259t(3)

<
5
4

.

If rem(m,7) = 6, then we can writen = 2bm
7 c+1 = 2

7m− 5
7. If m≥ 38, then this implies

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(3)

n
m ·3t(3)

n= 2
7m− 5

7=
t(3)

2
7m− 5

7
m ·3t(3)

=
t(3)(6

7−
15
7m

)
t(3)

m≥38
≤ t(3)

213
266t(3)

<
5
4

.
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So, we only have to prove the claim form≤ 36 and rem(m,7) = 5, and form≤ 37 and
rem(m,7) = 6, that is,m∈ {19,26,33}∪ {27,34}. Consider the makespan of an optimum
schedule.

• t(3) is the largest addend in the makespan:In this case, we are done.

• t(4) is the largest addend in the makespan:Let b = min{m,d m
n−m

4
e}.

Since m
4 + m

b ≤ n, Lemma 2.9 (page 14) impliesTopt(n,m, t) ≥ t(4)+ t(b). Note that
m∈ {19,26,33}∪{27,34} yieldsa = b = m. Thus, we are done.

• t(5) is the largest addend in the makespan:Let rem(m,7) = 5, and letm= 19. In this
case,n = 5. If the makespan consists only of one addend, then we are done. If the
makespan consists of at least 3 addends, then

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)
t(5)+2t(19)

speed−up property
≤ t(3)

87
95t(3)

<
5
4

.

So, assume that the number of addends in the makespan is two, that is,Topt(n,m, t) =
t(5)+ t(c). Due to feasibilitym

5 + m
c ≥ n. This yieldsc≤ b m

n−m
5
c = b 19

5− 19
5
c = 15. We

get

T(n,m, t,P)
Topt(n,m, t)

≤ t(3)
t(5)+ t(15)

speed−up property
≤ t(3)

3
5t(3)+ 1

5t(3)

=
5
4

.

If m≥ 26, thenm
5 + m

15 ≤
2
7m− 3

7 = n. Thus,

T(n,m, t,P)
Topt(n,m, t)

Lemma2.9, page14
≤ t(5)+ t(9)

t(5)+ t(15)
speed−up property

≤ t(5)+ t(9)
t(5)+ 9

15t(9)
t(9)≤t(5)
≤ 2t(5)

24
15t(5)

=
5
4

.

Let rem(m,7) = 6. Then we havem∈ {27,34}. Sincem≥ 27, we havem
5 + m

17 ≤
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2
7m− 5

7 = n. We get

T(n,m, t,P)
Topt(n,m, t)

Lemma2.9, page14
≤ t(5)+ t(11)

t(5)+ t(17)
speed−up property

≤ t(5)+ t(11)
t(5)+ 11

17t(11)
t(11)≤t(5)
≤ 2t(5)

28
17t(5)

=
17
14

<
5
4

.

• t(6) is the largest addend in the makespan:If rem(m,7)= 5, thenm≥19. If rem(m,7)=
6, thenm≥ 27. In both cases,n≥ m

6 + m
11, and we get,

T(n,m, t,P)
Topt(n,m, t)

Lemma2.9, page14
≤ t(6)+ t(7)

t(6)+ t(11)
speed−up property

≤ t(6)+ t(7)
t(6)+ 7

11t(7)
t(7)≤t(6)
≤ 2t(6)

18
11t(6)

=
11
9

<
5
4

.

• t(i), i ≥ 7, is the largest addend in the makespan:If more thanm
7 jobs are executed on 7

processors, thenTopt(n,m, t)≥ 2t(7), and we get

T(n,m, t,P)
Topt(n,m, t)

≤ t(6)+ t(7)
2t(7)

speed−up property
≤

t(6)+ 6
7t(6)

12
7 t(6)

=
13
12

.
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Otherwise, we get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(6)+ t(7)

1
m

(
m
7 ·7t(7)+

(2
7m− 5

7−
m
7

)
·8t(8)

)
=

t(6)+ t(7)
t(7)+

(8
7−

40
7m

)
· t(8)

m≥19
≤ t(6)+ t(7)

t(7)+ 16
19t(8)

speed−up property
≤ t(6)+ t(7)

12
19t(6)+ t(7)

speed−up property
≤

t(6)+ 6
7t(6)

12
19t(6)+ 6

7t(6)

=
247
198

<
5
4

.

This completes the proof of the claim.

Lemma 2.29 Let 2
7m≤ n≤ bm

3 c. Then,PPScomputes a phase-by-phase schedule which is
an optimum schedule up to the factor5

4.

Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(3), t(4)+ t(a)} .

We get

T(n,m, t,P)
Topt(n,m, t)

speed−up property
≤ t(3)

n
m ·3t(3)

n≥ 2
7m
≤ t(3)

2
7m
m ·3t(3)

=
7
6

.

This completes the proof of the claim.

2.7.4 The Case n≤ bm
4c.

In the following, consider somek∈ N, k≥ 5, and leta =
⌊

m
n−bm

k c

⌋
.

Lemma 2.30 Let bm
k c < n≤ b m

k−1c. Then,PPScomputes a phase-by-phase schedule which

is an optimum schedule up to the factor5
4.
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Proof: In this interval, PPS returns a phase-by-phase scheduleP with

T(n,m, t,P) = min{t(k−1), t(k)+ t(a)} .

The trivial lower boundt(k) on the makespan of an optimum schedule implies

T(n,m, t,P)
Topt(n,m, t)

≤ t(k−1)
t(k)

speed−up property
≤

k
k−1 · t(k)

t(k)
k≥5
≤ 5

4
.

This completes the proof of the claim.

2.8 An ε-Approximation Algorithm

In the previous sections, we proved that there exists a constant-time algorithm with an approx-
imation factor of5

4. Deckeret al. [34] showed that if the speed-up is good enough andm is
large enough, then an optimum phase-by-phase schedule (which can be computed inO(m3)
time as seen in Theorem 2.4, page 10) approximates an optimum schedule up to a factor of
1+ ε for anyε > 0. They proceeded as follows: Let

Tk = min

{
∑
j∈[k]

r j · t( j)

∣∣∣∣∣ ∑
j∈[k]

r j ·
m
j
≥ n

}
.

Note thatTm is a lower bound on the makespan of an optimum schedule (see Lemma 2.8,
page 14). For allk ∈ [m], it is Tm≥ Tk− t(k) (Lemma 2.31). If the speed-up is optimum up
to a constant factor, then this yields an approximation algorithm (Theorem 2.32). Combining
Theorem 2.3 (page 9), Theorem 2.4 (page 10) and Theorem 2.32 leads to anε-approximation
algorithm: If m≥ 4 · c3

ε6 , then use the optimum phase-by-phase algorithm, otherwise use the
optimum algorithm from Theorem 2.3 (page 9). Theorem 2.32 can be generalized to other
time functions fulfillingt( j)→ 0 for j → ∞.

Lemma 2.31 (Deckeret al.[34]) Tm≥ Tk− t(k) for all k ∈ [m].

Theorem 2.32 (Deckeret al.[34]) For all j1, j2 ∈ [m], let t( j1 · j2)≤ c
j1
· t( j2) for some con-

stant c. Then, the optimum phase-by-phase schedule is optimum up to a factor of1+ 6
√

4c3

m .

2.9 Conclusion and Directions for Further Research

We considered the problem of finding a non-preemptive schedule for independent malleable
identical jobs on identical processors with minimum makespan. We assumed that the same
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properties for the execution time as in [13] hold. This implies that the execution of the jobs
achieves some speed-up, but no super-linear speed-up.

We have seen that we can compute an optimum schedule with execution time exponential
in the number of processors. This yields to an algorithm polynomial in the number of jobs
if the number of processors is constant. In order to approximate an optimum schedule, we
introduced phase-by-phase schedules. We illustrated with help of an example that the quotient
of the makespan of an optimum phase-by-phase schedule and the makespan of an optimum
schedule can be54. Furthermore, we gave a constant time approximation algorithm which only
uses certain phase-by-phase schedules matching this bound. Finally, we observed that there
exists anε-approximation algorithm in the case that the speed-up is optimum up to a constant
factor.

Though we gave a thorough analysis of the considered scheduling problem, some of the
fundamental problems still remain tantalizingly open:

• Is it possible to significantly improve the approximation factor by adding a constant
number of non-phase-by-phase schedules?

• Which class of instances is easy to optimize? Clearly, the existence of anε-approxima-
tion algorithm in case of time functions with near-optimum speed-up indicates that ap-
proximating an optimum schedule is easy for this class of instances. However, in general
we can not give an answer to this question.

• What is the time complexity of computing an optimum schedule? Is it possible to
compute an optimum schedule in polynomial time, or is there no such algorithm?
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3
Flow Scheduling

Für den Unwissenden ist alles möglich.

Christoph Martin Wieland (1733–1813)

3.1 Introduction

3.1.1 Motivation and Framework

Load balancingis an essential task for the efficient use of parallel computer systems. In many
parallel applications, the work loads have dynamic behavior and may change dramatically
during runtime. To achieve an efficient use of the parallel computer system, the work load
has to be balanced among the processors during runtime. Clearly, the balancing scheme is
required to be highly efficient itself in order to ensure an overall benefit.

One major field of application are parallel adaptive finite element simulations where a
geometric space, discretized using a mesh, is partitioned into sub-regions. The computation
proceeds on the mesh elements in each sub-region independently [52]. As the computation is
carried out, the mesh refines and coarsens, depending on the problem characteristics such as
turbulence or shocks (in the case of fluid dynamics simulations, for example). Thus, the size
of the sub-regions (in terms of the numbers of elements) has to be balanced. The problem of
parallel finite element simulation has been extensively studied – see the text book [52] for an
excellent selection of applications, case studies and references.

Much work has been done on the topic ofload balancing. The approaches depend on
the model used to describe the interprocessor communication. We consider synchronous dis-
tributed processor networks. In each round, a processor of the network can send and receive
messages to/from all its neighbors simultaneously. Furthermore, we assume that the situation
is static, i.e., no load is generated or consumed during the balancing process, and the network
does not change. In order to balance the network, it is necessary to migrate parts of the pro-
cessors’ loads during runtime. We assume that the load consists of independent load units,
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Figure 3.1: An unbalanced partition of a mesh (left hand side), the balancing flow graph (cen-
ter), and the obtained balanced partition (right hand side).

calledtokens. One possible approach to balance the network is based on a two-step approach
(illustrated with help of an example in Figure 3.1):

(1.) First, a balancingflow graph is calculated, putting the network into a balanced state
where all processors keep the same load up to one token. The flow graph is represented
by a directed acyclic graphG = (V,E) with |V| vertices and|E| edges, combined with
a load functionδ and aflow function f.

(2.) Second, the load items aremigratedaccording to this flow graph. The goal is to use the
minimum number of rounds to reach the balanced state.

In this chapter, we consider step (2.) of this approach.

3.1.2 Contribution

We obtain through a thorough analysis the following results:

• For every distributed scheduling strategy, there exists a flow graph on which this strategy
requires at least32 times the minimum number of rounds (Theorem 3.1, page 63).

• We present a distributed algorithm for flow graphs in tree networks. In contrast to
the known local greedy algorithms, this algorithm investigates the structure of the flow
graph before sending tokens. We show that the algorithm requires at most twice the
minimum number of rounds, and we show that this bound is tight (Theorem 3.4, page
69). To the best of our knowledge, this is the first distributed flow scheduling algorithm
(even though for arestrictedclass of flow graphs) which is optimum up to a constant
factor.

3.1.3 Related Work

Computing a balancing flow graph can be done efficiently with help ofdiffusion(see [26] for
detailed description), yielding a balancing flow graph optimum with respect to thel2-norm
[35, 41].

The migration of items according to a balancing flow has been considered in [35, 36, 144].
The goal to use the minimum numberr of rounds to reach the balanced state trivially leads
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to a formulation as a linear program withr(|E|+ |V|) unknowns and|E|+ 2r|V| equations.
Such a system is solvable inO(r5(|E|+ |V|)5) rounds using Karmarkar’s algorithm [137].
Diekmannet. al. [35] showed that the(r − 1)-commodity flow problem in bipartite graphs
can be reduced to the problem of deciding whether there exists a schedule for a given flow
graph requiring at mostr rounds.

Diekmannet al. [35] introduced a special class of distributed algorithms, calledlocal
greedy flow scheduling algorithms. Here, the algorithm determines for each vertex and each
round how much of the available load to send to which of the outgoing edges. Diekmannet al.
[35] defined local greedy heuristics as follows:

(1.) The scheduling only depends on local information about the flow and the available load.

(2.) If in a certain round a vertex contains enough load to fulfill all outgoing edges, then it
immediately saturates all of them.

(3.) If a vertex does not contain enough load, then it distributes all available load to its
outgoing edges according to some tie-breaking.

Moreover, Diekmannet al. [35] introduced two memory-less local greedy algorithms where
the decision only depends on the current situation and not on the history: ROUND-ROBIN

GREEDY chooses a subset of edges which are filled up to saturation (one edge of the subset
might not be saturated completely); PROPORTIONAL GREEDY sends load via all edges of a
vertex in parallel, and the amount of load is chosen proportional to the current demand of
the edges. Diekmannet al. [35] showed that ROUND-ROBIN GREEDY is Θ(

√
|V|)-optimum

whereas the factor of PROPORTIONALGREEDY lies in betweenΩ(log|V|) andO(
√
|V|).

3.1.4 Organization

The rest of this chapter is organized as follows. After a formal introduction of our model in
Section 3.2, we show that for every distributed scheduling strategy there exists a flow graph on
which this strategy requires at least3

2 times the minimum number of rounds in Section 3.3. In
Section 3.4, we introduce and analyze a distributed algorithm for flow graphs in tree networks.
We close, in Section 3.5, with a discussion of our results and some open problems.

3.2 Model

For allk∈ N, we denote[k] = {1, . . . ,k}.

3.2.1 Network

We consider asynchronous processor network. In order to describe this network formally, we
use the model defined in [105]. Thenetwork N = (V,C) consists of|V| processorsand|C|
undirectedchannels. Execution of the entire system begins with all processors in arbitrary
start states, and all channels empty. Then, the processors, in lock-step, repeatedly perform the
following two steps:
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(1.) Generate the messages to be sent to the neighbors. Put these messages in the appropriate
channels.

(2.) Compute the new state from the current state and the incoming messages. Remove all
messages from the channels.

A round is the combination of these two steps.
For our distributed algorithm in Section 3.4, we restrict our discussion totree networks.

Furthermore, we assume that the network isrooted, that is, exactly one processor is assigned
to be the root of the tree, and each other processorv knows itsparent with respect to this root,
denotedparent(v) (if the processor network is not rooted, then parents can be determined
successively, starting at the leaves; the number of required rounds is bounded by half the
diameter ofN).

3.2.2 Flow Graph

The load situation inN is given by theload function δ : V→ N0, representing the number of
unit sizedtokenson the processors. Aflow network is a directed acyclic subgraphG= (V,E)
of N with |E| edges. Denotes : E→V andt : E→V functions, defining source and target of
each edge. The flow networkG is adirected tree if each edge ofG is directed away from the
root ofN, i.e.,s(e) = parent(t(e)) for eache∈ E. For everyv∈V, denote

in(v) = {e∈ E | t(e) = v} ,

out(v) = {e∈ E | s(e) = v}

the set of incoming edgesand theset of outgoing edgesof v, respectively. Aflow is a
function f : E→ N. For everyv∈V, theflow property holds, that is,

δ(v)+ ∑
e∈in(v)

f (e) ≥ ∑
e∈out(v)

f (e) .

A flow graph F is a triple(G,δ, f ).

3.2.3 Schedule

A schedule S= (G,δ, f ) for a flow graphF is a decomposition of the flowf into flows f i ,
determining the flow in roundi ∈ [rS(F)], whererS(F) is the number of rounds required byS.
Thus,S= ( f 1, . . . , f rS(F)) with

f (e) = ∑
i∈[rS(F)]

f i(e)

for all e∈ E, and

δ(v)+ ∑
j∈[i−1]

∑
e∈in(v)

f j(e) ≥ ∑
j∈[i]

∑
e∈out(v)

f j(e) (3.1)

for all v∈V andi ∈ [rS(F)]. Inequality (3.1) ensures that every processor has sufficient load
in each roundi ∈ [rS(F)] to fulfill f i on its outgoing edges.

Given a flow graphF, each processor initially knows its parent, its load, and the flow on its
ingoing and outgoing edges, respectively. The problem of (distributedly) finding a scheduleS
requiring the minimum number of roundsropt(F) is calledflow scheduling problem.
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3.3 General Distributed Scheduling Strategies

We now show that for every distributed scheduling strategy there exists a flow graph on which
this strategy requires at least3

2 times the minimum number of rounds. Note that this result is
a lower bound on the worst-case performance ofall distributed scheduling strategies. For a
certainstrategy, there might exist a flow graph on which it performs much worse.

Theorem 3.1 Let d∈ N with d≥ 2. Then, for every distributed scheduling strategy, there
exists a flow graphF = (G,δ, f ) with directed tree G,deg(G) = d+1, on which this strategy
requires at least32 · ropt(F) rounds.

Proof: Fix anyd∈N with d≥ 2, and letk be a power ofd. Consider the following balancing
flow graphF = (G,δ, f ) (illustrated in Figure 3.2):

u1

u2

u3

u4

log  kd

log  kd
with k leaves

d−ary tree
complete

k

k−1

k

k−1

|V| − (k−1)

complete complete
d−ary tree d−ary tree

Figure 3.2: Flow graphF used in the proof of Theorem 3.1. The terms on the left of vertexu1

and vertexu2 give their initial loads. The expressions on the right hand side of the
graph denote the lengths of the paths or depths of the trees.
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• The graphG consists of a path of lengthk from vertexu1 to vertexu2, followed by a
completed-ary tree of depth logd k with root u2 andk leaves. To each of the firstk−1
leaves, a path of lengthk is attached whose last vertex is the root of a completed-ary
tree of depth logd k. To the remaining leafu3, a path of length 2k+ logd k−1 is attached.
Clearly,G is a directed tree with deg(G) = d+1.

• The load on the processors is

δ(v) =


|V|− (k−1) if v = u1,
(k−1) if v = u2,
0 otherwise.

So, only verticesu1 andu2 have non-zero load. Clearly, the total number of tokens is
|V|. Thus, in a balanced state, all vertices have load 1.

• The flow f is uniquely determined and therefore alsol2-optimum since the network is a
tree.

We proceed as follows: We first derive an optimum schedule for the given flow graphF.
We then prove a lower bound on the number of rounds, required in the worst-case by any
distributed scheduling strategy.

(1.) Clearly, the minimum number of migration rounds is attained if the initial load of vertex
u2 is sent toward the path belowu3. At the same timeu1’s load is sent downward. After
2k+2logd k rounds each processor holds one token, and the migration phase is finished.
Thus,

ropt(F) = 2k+2logd k .

(2.) When using a distributed scheduling strategy, each vertex initially only knows its own
load and the flow on its incident edges. Among all vertices with distance at mostk+
logd k to u2, the incoming edges of those being at the same distance tou2 have equal
flow. Hence, all subtrees below each inner vertex of the complete tree with rootu2 are
equal up to a depth ofk. Thus, during the firstk rounds these vertices cannot gather
information that helps to decide in which direction to send the load they might get.

As no helpful information is available during the firstk rounds, we can assume thatu3

is the leaf to which the least amount of load has been sent. The only source of load in
a distance of at mostk from thek leaves isu2 with loadk−1. Hence, the least amount
of load cannot exceedk−1

k < 1. Thus, in the worst-case none of the tokens reaches the
path atu3 during the firstk rounds of any distributed scheduling algorithm, and the path
has to be filled up by tokens fromu1. One of these tokens has to travel a distance of
3k+2logd k−1 (fromu1 to u4, the last vertex of the path). Hence, the number of rounds
required by a worst-case scheduleS is at least

rS(F) ≥ 3k+2logd k−1 .

Combining these bounds, we get

rS(F)
ropt(F)

≥ 3k+2logd k−1
2k+2logd k

,

and this ratio converges to32 ask increases.
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3.4 The Distributed Algorithm

We proceed by giving a distributed scheduling algorithm for flow graphs in tree networks. We
start with a distributed algorithm for flow graphs with directed treeG in Subsection 3.4.1. In
Subsection 3.4.2 (page 69), we then use this result to give a distributed algorithm for arbitrary
treesG.

3.4.1 Directed Trees

Consider a flow graphF = (G,δ, f ) with directed treeG. For everye∈ E, we recursively
define for alli ∈ N0

di(e) =


f (e) if i = 0,

max

{
∑

ẽ∈out(t(e))
di−1(ẽ)−δ(t(e)),0

}
otherwise. (3.2)

Note thatdi(e) is the number of tokens that have to be sent along edgee to vertices at distance
of at leasti from vertext(e).

Theorem 3.2 Let F = (G,δ, f ) be a flow graph with directed tree G, and let k∈ N0 be mini-
mum such that dk(e) = 0 for all e∈ E. Then, ropt(F) = k.

Proof: We proceed as follows. We first show that there exists a schedule usingk rounds. We
then prove that any schedule requires at leastk rounds.

(1.) There exists a schedule usingk rounds.
To prove the existence of a schedule usingk rounds, we construct a scheduleS =
( f 1, . . . , f k) as follows. In roundi ∈ [k], every vertexv∈V sends

f i(ẽ) = dk−i(ẽ)−dk−i+1(ẽ) (3.3)

tokens along each edge ˜e∈ out(v). After i rounds,

∑
j∈[i]

f j(ẽ) = ∑
j∈[i]

(
dk− j(ẽ)−dk− j+1(ẽ)

)
= dk−i(ẽ)

tokens have been sent along edge ˜e for all ẽ∈ E. Denoteδi(v) the load on vertexv
before roundi, and denotee the (unique) incoming edge ofv. For all i ∈ [k], we have

δi(v) = δ(v)+dk−(i−1)(e)− ∑
ẽ∈out(v)

dk−(i−1)(ẽ)

(3.2)
= δ(v)+max

{
∑

ẽ∈out(v)
dk−(i−1)−1(ẽ)−δ(v),0

}
− ∑

ẽ∈out(v)
dk−(i−1)(ẽ)

≥ ∑
ẽ∈out(v)

(
dk−(i−1)−1(ẽ)−dk−(i−1)(ẽ)

)
= ∑

ẽ∈out(v)
(dk−i(ẽ)−dk−i+1(ẽ))

(3.3)
= ∑

ẽ∈out(v)
f i(ẽ) .
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This shows that in every roundi ∈ [k], all vertices have enough load to fulfill the flowf i

on their outgoing edges. Hence, the described schedule is feasible. Clearly, it requires
k rounds.

(2.) Any schedule requires at leastk rounds.
We show by induction onropt(F), ropt(F) ≥ 1, thatdropt(F)(e) = 0 for all e∈ E. By
definition of k, this impliesropt(F) ≥ k. As our basis case, letropt(F) = 1. Clearly,
every vertex has sufficient load to fulfill all its outgoing edges at once. This implies that
d1(e) = 0 for all e∈ E, showing that the claim holds for the basis case.

For the induction step, letropt(F) ≥ 2, and assume that the claim holds for all flow
graphsF′ with ropt(F′) < ropt(F). Let S= ( f 1, . . . , f rS(F)) be a schedule withrS(F) =
ropt(F), and let f ′ = f 1 and

f ′′ = ∑
2≤i≤ropt(F)

f i .

Clearly, f (e) = f ′(e)+ f ′′(e) for all e∈ E. For allv∈V, denote

δ′(v) = δ(v)+ ∑
ẽ∈in(v)

f ′(ẽ)− ∑
ẽ∈out(v)

f ′(ẽ) (3.4)

the load onv after the first round, and letF′ = (G,δ, f ′) and F′′ = (G,δ′, f ′′). By
induction hypothesis, applying the schedule construction to the flow graphsF′ andF′′

yields schedulesS′ andS′′ and, for alle∈ E, valuesd′i (e) andd′′i (e), i ≥ 0, with

d′1(e) = 0 , (3.5)

d′′ropt(F)−1(e) = 0 . (3.6)

We now show by induction oni ∈ [ropt(F)]∪{0} that applying the schedule construction
to F yields

di(e) ≤
{

d′′i (e)+ f ′(e) if 0 ≤ i ≤ ropt(F)−1,
0 otherwise,

for all e∈ E. As our basis case, leti = 0. We have

d0(e) = f (e)
= f ′(e)+ f ′′(e)
= f ′(e)+d′′0(e) ,

which proves that the claim holds for the basis case. For the induction step, leti ∈
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[ropt(F)], and assume that the claim holds for(i−1). If i ≤ ropt(F)−1, then we get

di(e) = max

{
∑

ẽ∈out(t(e))
di−1(ẽ)−δ(t(e)),0

}
Induction
≤ max

{
∑

ẽ∈out(t(e))

(
d′′i−1(ẽ)+ f ′(ẽ)

)
−δ(t(e)),0

}
(3.4), page66

= max

{
∑

ẽ∈out(t(e))

(
d′′i−1(ẽ)+ f ′(ẽ)

)
−

(
δ′(t(e))− f ′(e)+ ∑

ẽ∈out(t(e))
f ′(ẽ)

)
,0

}

= max

{
∑

ẽ∈out(t(e))
d′′i−1(ẽ)−δ′(t(e))+ f ′(e),0

}
(3.2), page65
≤ max

{
d′′i (e)+ f ′(e),0

}
= d′′i (e)+ f ′(e)

for all e∈ E. Otherwise,

dropt(F)(e) = max

{
∑

ẽ∈out(t(e))
dropt(F)−1(ẽ)−δ(t(e)),0

}
Induction
≤ max

{
∑

ẽ∈out(t(e))

(
d′′ropt(F)−1(ẽ)+ f ′(ẽ)

)
−δ(t(e)),0

}
(3.6), page66

= max

{
∑

ẽ∈out(t(e))
f ′(ẽ)−δ(t(e)),0

}

= max

{
∑

ẽ∈out(t(e))
d′0(ẽ)−δ(t(e)),0

}
(3.2), page65

= d′1(e)
(3.5), page66

= 0 .

for all e∈ E. Sincedropt(F) ≥ 0, this impliesdropt(F) = 0, proving the inductive claim.

We now use Theorem 3.2 (page 65) to give a distributed algorithm SCHEDULEDIRECT-
EDTREES, stated as Algorithm 2 (page 68), which (implicitly) computes a schedule for flow
graphsF = (G,δ, f ) with directed treeG. The algorithm works in two phase:

(1.) In the first phase, every vertexv∈V keeps a variablei initialized with 0. Then,v suc-
cessively sends the valuesd j(e), j ∈ [ke], along its incoming edgee= (parent(v),v) to
its parentparent(v), whereke is minimum withdke(e) = 0. Clearly,d1(e) can be com-
puted from the flows on the outgoing edges, andd j(e), j ∈ [ke]\{1}, can be computed
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Algorithm 2 (SCHEDULEDIRECTEDTREESon vertexv∈V)
Input: a flow graphF = (G,δ, f ) with directed treeG

(1) begin
(2) e← (parent(v),v);

// phase 1
(3) j ← 0;
(4) d0(e)← f (e);
(5) while d j(e) 6= 0 do
(6) j ← j +1;
(7) d j(e)←max

{
∑ẽ∈out(t(e)) d j−1(ẽ)−δ(t(e)),0

}
;

(8) sendd j(e) alonge;
(9) received j(ẽ) from all ẽ∈ out(v);
(10) ke← j;

// phase 2
(11) i← 0;
(12) while i ≤ ke do
(13) if δ(v)≥ ∑ẽ∈out(v) (dke−i−1(ẽ)−dke−i(ẽ)) then
(14) senddke−i−1(ẽ)−dke−i(ẽ) tokens along each ˜e∈ out(v);
(15) i← i +1;
(16) receive tokens from all ˜e∈ out(v);
(17) updateδ(v);
(18) end

in round j from the values received in the previous round( j −1). The valued j(ẽ) of
an outgoing edge ˜e is assumed to be 0 if no information has been sent along ˜e. By
Theorem 3.2 (page 65), we haveke≤ ropt(F) for all e∈ E.

(2.) In the second phase,v sendsdke−i−1(ẽ)−dke−i(ẽ) tokens via each of its outgoing edges
ẽ∈ out(v) and incrementsi if the number of tokens onv in the current round is at least

∑
ẽ∈out(v)

(dke−i−1(ẽ)−dke−i(ẽ)) .

Otherwise, no tokens are sent. This step is repeated untili = ke.

We now prove that the schedule (implicitly) computed by SCHEDULEDIRECTEDTREES re-
quires at most 2ropt(F) rounds.

Corollary 3.3 Consider a flow graphF = (G,δ, f ) with directed tree G. Then,SCHEDULE-
DIRECTEDTREES(implicitly) computes a schedule forF requiring at most2ropt(F) rounds.

Proof: Let k = maxe∈E ke. Fix an arbitraryv∈V, and denoteir the value ofi afterr rounds of
SCHEDULEDIRECTEDTREESon v. Clearly,v has sent an overall amount ofdke−ir (ẽ) tokens
along each edge ˜e∈ out(v) afterr rounds.

We now show by induction onr, r ≥ 0, thatke− ik+r ≤ k− r. Sinced j(ẽ), j ∈ [ke]∪{0},
is monotonically decreasing inj for all ẽ∈ E, this impliesdke−ik+r (ẽ) ≥ dk−r(ẽ), showing
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that SCHEDULEDIRECTEDTREESdelays the optimum schedule by at mostk rounds. Since
Theorem 3.2 (page 65) impliesk≤ ropt(F), this proves the claim.

As our basis case, letr = 0. In this case, no load has been sent, showing that the claim
holds for the basis case. For the induction step, letr ≥ 0 and assume that the claim holds for
r. If ke− ik+r < k− r, then we immediately getke− ik+(r+1) ≤ k− (r +1), proving the claim.
So, assumeke− ik+r = k− r. We proceed by showing that in this caseik+(r+1) = ik+r + 1.
Clearly, the loadδ′(v) kept by vertexv afterk+ r rounds is

δ′(v) = δ(v)+dke−ik+r (e)− ∑
ẽ∈out(v)

dke−ik+r (ẽ)

(3.2), page65
= max

{
∑

ẽ∈out(v)
dke−ik+r−1(ẽ),δ(v)

}
− ∑

ẽ∈out(v)
dke−ik+r (ẽ)

≥ ∑
ẽ∈out(v)

dke−ik+r−1(ẽ)− ∑
ẽ∈out(v)

dke−ik+r (ẽ)

= ∑
ẽ∈out(v)

(
dke−ik+r−1(ẽ)−dke−ik+r (ẽ)

)
.

Thus, vertexv has sufficient load to senddke−ik+r−1(ẽ)− dke−ik+r (ẽ) tokens via each of its
outgoing edges ˜e∈ out(v). Therefore,ik+(r+1) = ik+r +1, as needed.

3.4.2 Arbitrary Trees

We now show how SCHEDULEDIRECTEDTREEScan be used to give a distributed algorithm
for flow graphsF = (G,δ, f ) with arbitrary treeG.

Theorem 3.4 Let F = (G,δ, f ) be a flow graph with arbitrary tree G. Then, there exists a
distributed algorithm which (implicitly) computes a schedule forF requiring at most2ropt(F)
rounds.

Proof: In order to prove the claim, we construct an algorithm SCHEDULEARBITRARY-
TREES. In this algorithm, we distinguish betweenupward edgesanddownward edges. An
edgee∈ E is called upward ifparent(s(e)) = t(e) holds, otherwise it is called downward.
Since the underlying network is a tree, every vertex has at most one outgoing edge which is
upward. SCHEDULEARBITRARYTREESworks as follows:

(1.) In each round, every vertexv∈V sends all available load via its outgoing upward edge
until it is saturated. Note that a vertex with an outgoing upward edge receives load via
all its incoming edges while sending load only via its sole outgoing upward edge. As a
consequence, all upward edges are saturated after at mostropt(F) rounds.

(2.) Simultaneously, as in SCHEDULEDIRECTEDTREES, every vertexv∈V connected with
its parent by a downward edgee sends the valuesd j(e), j ∈ [ke], alonge, whereke is
minimum withdke = 0. Here,d0(e), . . . ,dke(e) are calculated according to the remaining
flow with saturated upward edges. Therefore,v has to know the loadδ′(v) it will have
when all upward edges are saturated. This load can easily be computed by

δ′(v) = δ(v)+ ∑
e∈in(v)

v=parent(s(e))

f (e)− ∑
e∈out(v)

t(e)=parent(v)

f (e) .
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(3.) After a vertexv ∈ V has receivedd j(ẽ), j ∈ [kẽ], for all outgoing downward edges ˜e,
and all incoming upward edges are saturated, which is the case after at mostropt(F)
rounds,v sends tokens along its outgoing edges in the same way as in SCHEDULEDI-
RECTEDTREES.

Similar to the proof of Corollary 3.3 (page 68), it can be proved that the total number of rounds
required by SCHEDULEARBITRARYTREESis at most 2ropt(F) rounds, as needed.

u1

u2

u3 u4 2k+1

11k

k
k k+1

2k1

k−1 leafs

Figure 3.3: Flow graph for which SCHEDULEARBITRARYTREESneeds twice the minimum
number of rounds.

Note that the proof of Theorem 3.4 (page 69) does not depend on the choice of the root of
the tree network. The following example shows that the bound proved in Theorem 3.4 (page
69) is tight.

Example 3.5 Consider the flow graphF = (G,δ, f ) with root u1 (illustrated in Figure 3.3).
ApplyingSCHEDULEARBITRARYTREES, vertex u2 sends its k tokens to its parent u1. As a
result, one of the tokens from u4 has to be sent along the path from u4 to u3 of length2k.
However, sending the k tokens of u2 toward u3 leads to k+ 2 rounds. So, the ratio between
the number of rounds used bySCHEDULEARBITRARYTREES and the minimum number of
rounds is 2k

k+2, and this ratio converges to2 as k increases.

3.5 Conclusion and Directions for Further Research

We considered the problem of scheduling items in synchronous processor networks according
to a given flow graph, trying to minimize the required number of rounds. We first analyzed
general distributed scheduling strategy. In particular, we showed that for every distributed
scheduling strategy there exists a flow on which this strategy requires at least3

2 times the
minimum number of rounds. Furthermore, we presented a distributed algorithm for flows in
tree networks. In contrast to the known local greedy algorithms, this algorithm investigates
the structure of the flow graph before sending tokens. We showed that the algorithm requires
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at most twice the minimum number of rounds. To the best of our knowledge, this is the first
distributed flow scheduling algorithm (even though for arestrictedclass of flow graphs) which
is optimum up to a constant factor.

Though we gave a thorough analysis of the considered flow scheduling problem on tree
networks, some of the fundamental problems still remain open:

• Close the gap between the lower bound3
2 and the upper bound 2 on tree networks.

• Can the proposed approach be adapted to more general networks (like e.g. networks
with bounded treewidth)?

• What is the best possible approximation factor for general networks?
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4
Selfish Routing in Non-Cooperative
Networks

Aller Eigensinn beruht darauf, daß der Wille
sich an die Stelle der Erkenntnis gedrängt hat.

Arthur Schopenhauer (1788–1860)

4.1 Introduction

4.1.1 Motivation and Framework

Large-scale traffic and communication networks, like e.g. the internet, telephone networks,
or road traffic systems often lack a central regulation for several reasons: The size of the
network may be too large, the network may be dynamically evolving over time, or the users of
the network may be free to act according to their private interest, without regard to the overall
performance of the system. Besides the lack of central regulation even cooperation of the
users among themselves may be impossible due to the fact that the users may not even know
each other. Networks with non-cooperative users have already been studied in the early 1950s
in the context of road traffic systems [11, 30, 145]. Recently, motivated by non-cooperative
systems like the internet, combining ideas from game theory and theoretical computer science
has become increasingly important [45, 75, 119, 120, 124].

An environment, which lacks a central control unit due to its size or operational mode, can
be modeled as a non-cooperative game [123]. Users selfishly choose their private strategies,
which in our environment correspond to paths (or probability distributions over the paths)
from theirsourcesto theirdestinations. When routing theirtrafficsaccording to the strategies
chosen, the users will experience anexpected latencycaused by the traffics of all users sharing
edges. Each user tries to minimize itsprivate cost, expressed in terms of its expected latency.
This often contradicts the goal of optimizing thesocial costwhich measures the global per-
formance of the whole network. Such networks are callednon-cooperative networks[88] (see
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Figure 4.1 for an illustration of such a network). The degradation of the global performance
due to the selfish behavior of its users is often termedprice of anarchy[124, 130] and mea-
sured in terms of thecoordination ratio. The theory of Nash equilibria [95, 117, 118] provides
us with an important tool for environments of this kind: ANash equilibriumis a state of the
system such that no user can decrease its private cost by unilaterally changing its strategy.

latency latency

latency

latency

latency

latency

latencylatency

latency

latency

latency

latency

latency

latency

destination 1

source 1

source 2

destination 2

Figure 4.1: A non-cooperative network.

The concept of Nash equilibrium [95, 117, 118] has become an important mathematical
tool for analyzing the behavior of selfish users in non-cooperative systems. It has been shown
by Nash that a Nash equilibrium exists under fairly broad circumstances. Many algorithms
have been developed to compute a Nash equilibrium in a general game (see [108] for an
overview). Although the celebrated result of Nash [95, 117, 118] guarantees the existence of
a Nash equilibrium for any finite strategic game, the complexity of computing a Nash equi-
librium in general games is wide open even if only two users are involved. This problem has
been advocated as one of the most important open problems in theoretical computer science
today [124].

In this chapter, we consider a routing game introduced by Koutsoupias and Papadim-
itriou [93], widely known as theKP-model. In this model,n non-cooperative users wish to
route their unsplittabletraffics w1, . . . ,wn through a very simple network ofparallel linkswith
capacities c1, . . . ,cm from source to destination. In the model ofidentical users, all users have
equal traffic whereas the traffics may be different in the model ofarbitrary users. Depending
on how the latency of a link is defined we distinguish between three variations of the model.
In the model ofidentical links, all links have equal capacity. In the model ofrelated links, the
latency for a link j is defined to be the quotient of the sum of the traffics throughj and the
capacityc j . In the most general model ofunrelated links, there exists neither an ordering on
the traffics nor on the capacities, that is, useri induces loadwi j on link j.

Each user is allowed to route its traffic along links from itsstrategy set. If the strategy
sets of all users contain all links, then we haveunrestricted strategy sets, otherwiserestricted
strategy sets. A pure strategyfor a user corresponds to some specific link in its strategy set. A
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mixed strategyfor a user is a probability distribution over pure strategies. Each user employs
a (mixed) strategy, trying to minimize itsexpected latency. A pure assignmentis ann-tuple
of pure strategies. Amixed assignmentis ann×mprobability matrix. A mixed assignment is
fully mixedif every user chooses each link with non-zero probability.

There is also a global objective function calledsocial cost. We investigate the KP-model
with respect to two different definitions of social cost. The first one, calledmakespan social
cost, is defined as themaximum expected latency[93] over all links, whereas the second one,
calledpolynomial social cost, is defined as the expectation of the weighted sum of apolyno-
mial cost functionof degreed ≥ 1, evaluated at the incurred link loads [57, 102]. However,
users do not attend to social cost. The ratio of the maximum social cost of a Nash equilibrium
over the minimum social cost of an assignment is calledprice of anarchyor coordination
ratio.

4.1.2 Contribution

In this chapter, we prove a multitude of results on the KP-model and its variations. In order to
simplify the evaluation of these results, we integrate them in a thorough survey. We continue
to state ourmainfindings here.

4.1.2.1 Makespan Social Cost

Computation of Pure Nash Equilibria. It is easy to see that, for any given pure assignment,
the lexicographical orderingof the vector of link latencies decreases if allowing exactly one
user at a time to decrease its private cost by changing its strategy. Such an improvement step
is calledselfish step. Thus, starting with any pure assignment, every sequence of selfish steps
eventually ends in a pure Nash equilibrium, and we can use any such sequence to compute a
pure Nash equilibrium. However, a priori it is not clear how many selfish steps are necessary
to reach a pure Nash equilibrium. For identical links, we obtain through a thorough analysis
the following results:

• The length of a sequence of selfish steps can be 2
√

n+7−3, that is, exponential in the
number of users, before reaching a pure Nash equilibrium (Theorem 4.13, page 99).

• The length of a sequence of selfish steps is at most 2n−1 if the users always choose
their best link (Theorem 4.16, page 101).

• There exists an algorithm, called NASHIFY-IDENTICAL (Algorithm 4, page 102), using
selfish steps to compute a Nash equilibrium inO(nlogn) time. NASHIFY-IDENTICAL

first orders the users according to their traffics and then one after another reassigns the
users to their best link, starting with the user with largest traffic. The length of the used
sequence of selfish steps is at mostn (Theorem 4.21, page 102).

• Clearly, selfish steps do not increase makespan social cost. Thus, combining thePTAS
of Hochbaum and Shmoys [70] for schedulingn jobs on m identical machineswith
NASHIFY-IDENTICAL yields aPTAS for computing a pure Nash equilibrium with min-
imum social cost (Theorem 4.25, page 106).
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Price of Anarchy. For pure Nash equilibria, we prove an extensive collection of bounds on
the price of anarchy. In particular, we show:

• For the model of arbitrary users and identical links, the price of anarchy is 2− 2
m+1

(Theorem 4.28, page 106).

• For the model of arbitrary users and related links, the price of anarchy isΓ−1(m) up to
an additive constant (Corollary 4.63, page 131, and Proposition 4.65, page 131), where
Γ−1 is the inverse of the well-knownGamma function(see Subsection 4.2.2).

• For the model of arbitrary users with restricted strategy sets and identical links, the
price of anarchy isΓ−1(m) up to an additive constant (Theorem 4.91, page 147, and
Theorem 4.92, page 148).

• For the model of identical users with restricted strategy sets and related links, the price
of anarchy is bounded from above byΓ−1(n)+1 (Theorem 4.96, page 152). This bound
is tight up to an additive constant ifn = m (Theorem 4.91, page 147).

• For the model of arbitrary users with restricted strategy sets and related links, the price
of anarchy lies in betweenm−1 andm (Theorem 4.98, page 155).

• For the model of unrelated links, the price of anarchy is
maxi∈[n], j∈[m] wi j

mini∈[n], j∈[m] wi j
if wi j < ∞ for all

i ∈ [n], j ∈ [m] (Theorem 4.107, page 162).

Complexity Results. We also give a comprehensive collection of complexity results. In
particular, we prove:

• For the model of arbitrary users and identical links, it isN P -complete to decide for a
given instance and associated pure Nash equilibrium whether there exists another pure
Nash equilibrium with less social cost (Theorem 4.24, page 104).

• For the model of arbitrary users with restricted strategy sets and identical links, a pure
Nash equilibrium with minimum social cost is not(3

2− ε)-approximable for anyε with
0 < ε≤ 1

2 unlessP = N P (Theorem 4.89, page 145).

• For the model of arbitrary users and identical links, a pure Nash equilibrium with max-
imum social cost is not(2− 2

m+1− ε)-approximable for anyε with 0 < ε ≤ 1− 2
m+1

unlessP = N P (Theorem 4.29, page 108).

• For the model of arbitrary users with restricted strategy sets and related links, a pure
Nash equilibrium with maximum social cost is not(m−2− ε)-approximable for anyε
with 0 < ε≤m−3 unlessP = N P (Theorem 4.99, page 157).

4.1.2.2 Polynomial Social Cost

Computation of Pure Nash Equilibria. We consider the computation of pure Nash equi-
libria under the assumption that the polynomial cost function is thedth power. We prove:
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• For the model of arbitrary users and identical links, selfish steps do not increase so-
cial cost (Proposition 4.114, page 166). Thus, combining thePTAS of Alon et al. [3]
for schedulingjobs on identicalmachineswith respect to thed-norm with NASHIFY-
IDENTICAL yields aPTAS for computing a pure Nash equilibrium with minimum social
cost (Theorem 4.120, page 168).

• For the model of identical users and related links, a pure Nash equilibrium with min-
imum/maximum social cost can be computed inO(mlognlogm+ m) time if d ≥ 2
(Theorem 4.146, page 194, and Theorem 4.149, page 198).

Price of Anarchy. We prove an extensive collection of bounds on the price of anarchy. In
particular, we show:

• For the model of arbitrary users and identical links, restricted to pure Nash equilibria,

the price of anarchy is (2d−1)d

(d−1)(2d−2)d−1

(
d−1

d

)d
if the polynomial cost function is thedth

power,d≥ 2 (Theorem 4.126, page 171).

• For the model of identical users and two identical links, we prove that the fully mixed
Nash equilibrium has maximum social cost (Theorem 4.134, page 178). Equipped with
this result, we prove that the price of anarchy in this model is1

2

(
2d−1 +1

)
if the poly-

nomial cost function is thedth power (Theorem 4.136, page 182). This implies that the
price of anarchy is bounded from above by1

2

(
2d +d−1

)
for general polynomial cost

functions (Corollary 4.137, page 183).

• For the model of identical users and identical links, we prove that the fully mixed Nash

equilibrium has maximum social cost up to factor
(
1+ 1

n−1

)d
(Theorem 4.138, page

184). Equipped with this result, we prove that the price of anarchy in this model is

bounded from above by
(
1+ 1

n−1

)d ·Bd if the polynomial cost function is thedth power,
whereBd is the dth Bell number(Theorem 4.140, page 189). This implies that the
price of anarchy is at most∑t∈[d]

(
1+ 1

n−1

)t ·Bt for general polynomial cost functions
(Corollary 4.137, page 183).

• For the model of identical users and related links, the price of anarchy is bounded by
Ω(md−2) if the polynomial cost function is thedth power,d ≥ 2 (Proposition 4.151,
page 198). Thus, the price of anarchy is polynomial inm whereas it is independent of
m in the previous cases.

4.1.3 Related Work and Comparison

We now give a brief survey on areas of game theory closely related to the KP-model. For a
general introduction to game theory, we recommend [106, 115, 122, 123].

4.1.3.1 Congestion Games

Congestion games were introduced by Rosenthal [127, 128]. In such a game, a finite number
of users chooses a non-empty subset of a finite set of resources. The private cost of a player is
the sum of the cost of the resources it uses. Here, the cost of a resource only depends on the
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number of playerssharing it. By constructing anpotential functionfor such congestion games,
the existence of pure Nash equilibria can be established. Moreover, Monderer and Shapley
[110] showed that every(finite) potential gameis isomorphic to a congestion game. In case
of identical users, the KP-model is a special case of congestion games in which each link
corresponds to a resource. Otherwise, the KP-model is a special case ofweighted congestion
games[109].

4.1.3.2 Selfish Unsplittable Routing

In the remainder of this chapter, we present our results on the KP-model and its variants,
included in a thorough survey. Other surveys are in [27, 47, 91].

Libman and Orda [99, 100], Czumajet al. [28] and Gairinget al. [58] studied the network
of parallel links withgeneral latency functions. Fotakiset al. [51] considered selfish unsplit-
table routing in general networks. They showed that there exist single-commodity (weighted)
network congestion games without pure Nash equilibrium. Moreover, forlayered networks,
they showed that for delays equal to the congestions, there always exists a pure Nash equilib-
rium, and it can be computed in pseudo-polynomial time. The price of anarchy for this type
of game isΘ( logm

log logm).
Selfish unsplittable routing is closely related to unsplittable flows. The first constant-

factor approximation algorithms for thesingle-sourceunsplittable flow problem were already
obtained by Kleinberg [81]. Further polynomial time approximation algorithms based on
rounding techniques were presented by Kolliopoulos and Stein [86]. Dinitzet al. [37] showed
how to turn a splittable flow into an unsplittable flow in polynomial time. This yielded an
approximation factor of 2. For other publications on unsplittable routing, we refer to [8, 18,
82, 83, 84, 85, 87, 139].

4.1.3.3 Selfish Splittable Routing

The earliest model for non-cooperative networks, denotedWardrop-model, was already stud-
ied in the 1950’s [11, 30, 145] in the context of road traffic systems. Here, traffics aresplittable
into arbitrary pieces. Wardrop [145] introduced the concept of equilibrium to describe user
behavior in this kind of traffic networks. For a survey of the early work on this model, see
[12]. In this environment, unregulated traffic is modeled asnetwork flow. Given an arbitrary
network with edge latency functions, equilibrium flows have been classified as flows with all
flow paths used between a given source-destination pair having equal latency. Equilibrium
flows are optimum solutions to a convex program if the edge latencies are given by convex
functions.

A lot of subsequent work (see [135, Section 1.2] for a brief survey) on this model was
motivated by Braess’s Paradox [15]. An equilibrium in this model can be interpreted as a
Nash equilibrium in a game with infinitely many users, each carrying an infinitesimal amount
of traffic from a source to a destination. The private cost of a user is defined to be the sum of
the edge latencies on a path from the user’s source to its destination, the social cost is defined
to be the sum over all edge latencies in the network. In contrast to the KP-model, the social
costs of all Nash equilibria are equal.

Ordaet al. [121] investigated equilibria when restricting to a network of parallel links.
Inspired by the new interest in the coordination ratio, the Wardrop-model was re-investigated
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[20, 101, 129, 130, 131, 132, 134, 135, 136]. Recently, the influence of taxes to the selfish
behavior of the users were considered [22, 23, 49]. The practical relevance of the Wardrop-
model is underpinned by its use by traffic engineers, who utilized equilibria in route-guidance
systems to prescribe user behavior. Recent analysis of this framework have been done by
Correaet al. [24, 112] for capacitated networks. Algorithms and experimental benchmarking
on real-world problems were given by Jahnet al. [74].

4.1.3.4 Stackelberg Games

In a Stackelberg game, one user acts as aleader, and the remaining users asfollowers. The
problem is then to compute a strategy for the leader, a so-calledStackelberg strategy, that
induces the followers to react in a way that they attend to social cost.

Korilis et al. [89, 90] started considering Stackelberg strategies for the Wardrop-model re-
stricted to parallel links. Roughgarden [133] showed that computing an optimum Stackelberg
strategy isN P -hard, and he introduced an algorithm, computing a Stackelberg strategy that
leads to a Wardrop equilibrium with social cost at most a constant factor away from the opti-
mum. Moreover, Kumar and Marathe [96] gave aFPTAS to compute an optimum Stackelberg
strategy.

4.1.3.5 Network Design

Pigou’s example [125] and the well known Braess’s Paradox [15] show that there exist net-
works such that strict sub-networks perform better when users are selfish. If the goal is to
construct a network where the coordination ratio of the network is small, then an interesting
network design problem arises: Given a network and the corresponding routing tasks, de-
termine a set of edges which should be removed from the network to obtain a best possible
routing at Nash equilibrium. Such network design problems arise e.g. in the routing of road
traffic, when traffic engineers want to determine roads that should be closed, or changed to
one-way roads, in order to obtain an optimum traffic flow. See [4, 5, 43, 67, 88, 129] for recent
publications on this topic.

4.1.4 Organization

The rest of this chapter is organized as follows. After some preliminary remarks in Section 4.2,
we formally introduce the KP-model and its variants in Section 4.3, and investigate these
variants in Sections 4.4 - 4.9. We conclude, in Section 4.10, with a discussion of our results
and some open problems.

4.2 Preliminaries

After the introduction of some basic notations in Subsection 4.2.1, we define theGamma func-
tion, a generalization of factorials to non-integer values, and state some of its basic properties
in Subsection 4.2.2. In Subsection 4.2.3, we introducefalling factorials, Stirling numbers of
the second kindandBell numbers, and we show how they are related. We then define and
investigate abinomial cost functionin Subsection 4.2.4. We close, in Subsection 4.2.5, by
giving a list of decision problems.
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4.2.1 Notation

For all integersk≥ 0, we denote[k] = {1, . . . ,k}. For a random variableX with associated
probability distributionP, denoteEP(X) theexpectationof X.

4.2.2 The Gamma Function

For any integerk≥ 1, theGamma function Γ is defined by

Γ(k+1) = k! , (4.1)

while for any arbitrary real numberx > 0,

Γ(x) =
∫ ∞

0
tx−1e−tdt . (4.2)

We notice that

Γ(x+1) = x ·Γ(x) . (4.3)

The Gamma function is invertible, and bothΓ and its inverseΓ−1 are monotonic increasing.
Moreover, it is well known (see e.g. [62]) that for any integerk≥ 1, it is

Γ−1(k) =
logk

log logk
· (1+o(1)) = Θ

(
logk

log logk

)
. (4.4)

For a textbook introduction to the Gamma function, see [66, 68].

4.2.3 Falling Factorials, Stirling Numbers and Bell Numbers

For any pair of integersk≥ 1 andi ≥ 0, denoteki the ith falling factorial given by

ki = k · (k−1) · · ·(k− i +1) .

For any pair of integersd ≥ 1 and i ∈ [d]∪{0}, the Stirling number of the second kind
S(d, i) counts the number of partitions of a set withd elements into exactlyi blocks (non-
empty subsets). In particular,S(d,0) is taken to be 0, while

S(d,1) = S(d,d) = 1 . (4.5)

Also, for all d≥ 2,

S(d,2) = 2d−1−1 . (4.6)

Furthermore, Stirling numbers of the second kind ford ≥ 2 andi ∈ [d−1] satisfy the recur-
rence

S(d, i) = S(d−1, i−1)+ i ·S(d−1, i) . (4.7)

It is known that for all integersd≥ 1, it holds that

kd = ∑
i∈[d]

S(d, i) ·ki . (4.8)
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This implies that the Stirling numbers of the second kind are theconnecting coefficientsbe-
tween the sequence of powers and the sequence of falling factorials. For any integerd ≥ 1,
thedth Bell number Bd counts the number of partitions of a set withd elements into blocks.
Thus, we have

Bd = ∑
i∈[d]

S(d, i) . (4.9)

For a textbook introduction to falling factorials, Stirling numbers of the second kind and Bell
numbers, see [2, Chapters II & III].

4.2.4 Binomial Cost Functions

We now introduce thebinomial cost function H(p,g), wherep = (p1, . . . , pr) is a probability
vector andg : R→ R is a function. Gairinget al. [58] proved that in case thatg is convex,
the binomial cost function increases by replacing all probabilities by the average probability
(Lemma 4.2). We prove how binomial cost functions, Stirling numbers of the second kind,
and falling factorials are related ifg is just thedth power (Proposition 4.3).

Definition 4.1 For any integer r∈ [n], consider a probability vectorp = (p1, . . . , pr), and fix
a function g: R→ R. Thebinomial cost function H(p,g) is defined by

H(p,g) = ∑
A⊆[r]

∏
k∈A

pk ∏
k/∈A

(1− pk) ·g(|A|) .

If all probabilities have the same value p, then we write

H(p, r,g) = ∑
0≤k≤r

(
r
k

)
pk(1− p)r−k ·g(k) . (4.10)

Lemma 4.2 (Gairing et al. [58]) For a probability vectorp = (p1, . . . , pr), let p̃ = ∑i∈[r] pi

r . If
the function g is convex, then H(p,g)≤ H(p̃, r,g).

Proposition 4.3 For the binomial cost function H(p, r,xd), d≥ 1, we have

H(p, r,xd) = ∑
i∈[d]

pi ·S(d, i) · r i .
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Proof: Clearly,

H(p, r,xd)
(4.10), page81

= ∑
0≤k≤r

(
r
k

)
pk(1− p)r−kkd

d≥1= ∑
k∈[r]

(
r
k

)
pk(1− p)r−kkd

= p· r ∑
k∈[r]

(
r−1
k−1

)
pk−1(1− p)r−kkd−1

= p· r ∑
0≤k≤r−1

(
r−1

k

)
pk(1− p)r−1−k(k+1)d−1

= p· r ∑
0≤t≤d−1

(
d−1

t

)
∑

0≤k≤r−1

(
r−1

k

)
pk(1− p)r−1−kkt

= p· r ∑
0≤t≤d−1

(
d−1

t

)
H(p, r−1,xt) . (4.11)

Resolving this recurrence leads to

H(p, r,xd) = ∑
i∈[d]

pi ·α(d, i) · r i (4.12)

for someα(d, i) > 0 with

α(d,1) = S(d,1) = 1 ,

α(d,d) = S(d,d) = 1 .

We proceed to show thatα(d, i) = S(d, i) for all i ∈ [d−1]\{1}. We have

H(p, r,xd)
(4.11)
= p· r ∑

0≤t≤d−1

(
d−1

t

)
H(p, r−1,xt)

= p· r ·H(p, r−1,1)+ p· r ∑
t∈[d−1]

(
d−1

t

)
H(p, r−1,xt)

H(p,r−1,1)=1
= p· r + p· r ∑

t∈[d−1]

(
d−1

t

)
H(p, r−1,xt)

(4.12)
= p· r + p· r ∑

t∈[d−1]

(
d−1

t

)
∑
i∈[t]

pi ·α(t, i) · (r−1)i

= p· r + p· r ∑
t∈[d−1]

∑
i∈[t]

(
d−1

t

)
pi ·α(t, i) · (r−1)i

= p· r + ∑
t∈[d−1]

∑
i∈[t]

(
d−1

t

)
pi+1 ·α(t, i) · r i+1

= p· r + ∑
i∈[d−1]

pi+1 · r i+1 ∑
i≤t≤d−1

(
d−1

t

)
α(t, i)

= p· r + ∑
2≤i≤d

pi · r i ∑
i≤t≤d

(
d−1
t−1

)
α(t−1, i−1) .
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Thus, comparison with Equation (4.12) (page 82) implies

α(d, i) = ∑
i≤t≤d

(
d−1
t−1

)
α(t−1, i−1) .

We proceed to show by induction ond, d ≥ 2, thatα(d, i) = α(d−1, i−1)+ i ·α(d−1, i)
for all i ∈ [d− 1]. As our basis case, letd = 2. We only have to consideri = 1. Since
α(1,1) = α(2,1) = 1 andα(1,0) = 0, we haveα(2,1) = α(1,0)+1·α(1,1) = 1, proving that
the claim holds for the basis case. For the induction step, letd≥ 2, and assume that the claim
holds for(d−1). On the one hand,

α(d, i−1)+ i ·α(d, i)

= ∑
i−1≤t≤d

(
d−1
t−1

)
α(t−1, i−2)+ i · ∑

i≤t≤d

(
d−1
t−1

)
α(t−1, i−1)

=
(

d−1
i−2

)
α(i−2, i−2)+ ∑

i≤t≤d

(
d−1
t−1

)
α(t−1, i−2)

+i · ∑
i≤t≤d

(
d−1
t−1

)
α(t−1, i−1)

=
(

d−1
i−2

)
α(i−2, i−2)+ ∑

i≤t≤d

(
d−1
t−1

)
[α(t−1, i−2)+(i−1)α(t−1, i−1)]

+ ∑
i≤t≤d

(
d−1
t−1

)
α(t−1, i−1)

Induction=
(

d−1
i−2

)
+ ∑

i≤t≤d

(
d−1
t−1

)
α(t, i−1)+ ∑

i≤t≤d

(
d−1
t−1

)
α(t−1, i−1)

=
(

d−1
i−2

)
+ ∑

i≤t≤d

(
d−1
t−1

)
α(t, i−1)+ ∑

i−1≤t≤d−1

(
d−1

t

)
α(t, i−1)

=
(

d−1
i−2

)
+ ∑

i≤t≤d−1

(
d−1
t−1

)
α(t, i−1)+ ∑

i≤t≤d−1

(
d−1

t

)
α(t, i−1)

+
(

d−1
d−1

)
α(d, i−1)+

(
d−1
i−1

)
α(i−1, i−1)

=
(

d−1
i−2

)
+
(

d−1
i−1

)
+α(d, i−1)+ ∑

i≤t≤d−1

[(
d−1
t−1

)
+
(

d−1
t

)]
α(t, i−1)

=
(

d−1
i−2

)
+
(

d−1
i−1

)
+α(d, i−1)+ ∑

i≤t≤d−1

(
d
t

)
α(t, i−1)

=
(

d
i−1

)
+α(d, i−1)+ ∑

i≤t≤d−1

(
d
t

)
α(t, i−1) .
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On the other hand,

α(d+1, i) = ∑
i≤t≤d+1

(
d

t−1

)
α(t−1, i−1)

= ∑
i−1≤t≤d

(
d
t

)
α(t, i−1)

=
(

d
i−1

)
+α(d, i−1)+ ∑

i≤t≤d−1

(
d
t

)
α(t, i−1) .

This proves the inductive claim. Thus,α(d, i) is defined in the same way asS(d, i) (see
Equation (4.7), page 80), as needed.

4.2.5 List of Decision Problems

We conclude this section with a list some decision problems used in the remainder of this
chapter. The definitions are given in the style of Garey and Johnson [61].

3-DIMENSIONAL MATCHING

INSTANCE: A finite setT ⊆ X×Y×Z, whereX, Y, andZ are disjoint sets
with |X|= |Y|= |Z|= q elements.

QUESTION: DoesT contain a matching, i.e., a subsetT ′ ⊆ T such that|T ′|= q
and no two elements ofT ′ agree in any coordinate?

BIN PACKING

INSTANCE: A finite setU of items, and a sizes(ui) ∈ N for each itemui ∈ U,
i ∈ [|U|], a numberK of bins, and a positive integer capacityB.

SOLUTION: Is there a partition ofU into disjoints setsU1, . . . ,UK such that
the sum of the sizes of the items in eachU j , j ∈ [K], is B or less?

MULTIPROCESSOR SCHEDULING

INSTANCE: A finite setT of tasks, a numberK of processors, a lengthl(t, j)∈N
for eacht ∈ T on machinej ∈ [K], and a positive integer deadlineD.

QUESTION: Is there aK-processor schedule forT that meets the overall dead-
line?

PARTITION

INSTANCE: A finite setU of items, a sizes(ui) ∈ N for each itemui ∈ U, i ∈
[|U|], and a numberK.

QUESTION: Is there a partition ofU into disjoint setsU1, . . . ,UK such that
∑u∈Ui

s(u) = ∑u∈U j
s(u) for all i, j ∈ [K]?

If K is not part of the input, then the problem is calledK-PARTITION.
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4.3 KP-Model

We now formally introduce theKP-model and its variants considered in the remainder of
this chapter. The definitions are patterned after those in [46, Section 2], [50, Section 2], [57,
Section 2], [59, Section 2], [103, Section 2], and [107, Section 2], which, in turn, were based
on those in [93, Sections 1 & 2].

4.3.1 Instance

We consider a simplenetwork consisting of a set ofmparallellinks 1,2, . . . ,m from asource
node to adestination node. Each ofn users1,2, . . . ,n wishes to route a particular amount of
traffic along a (non-fixed) link from source to destination. Assume throughout thatm≥ 2 and
n≥ 2. Denotewi > 0 thetraffic of useri ∈ [n]. Define then×1 traffic vector w in the natural
way. Without loss of generality, assume thatw1 ≥ w2 ≥ . . . ≥ wn. Let W = ∑i∈[n] wi . In the
model ofidentical users, all user traffics are equal to 1, whereas traffics may vary arbitrarily
in the model ofarbitrary users .

Denotec j > 0 thecapacityof link j ∈ [m], representing the rate at which the link processes
traffic. Define them×1 capacity vector c in the natural way. Assume throughout, without
loss of generality, thatc1 ≥ . . . ≥ cm. Let C = ∑ j∈[m] c j . In the model ofidentical links, all
link capacities are equal to 1, whereas link capacities may vary arbitrarily in the model of
related links. In the model ofunrelated links, there exists neither an ordering on the traffics
nor on the capacities, and we denotewi j > 0 the traffic of useri ∈ [n] on link j ∈ [m]. We
setwi j = ∞ if user i is not allowed to choose linkj. Define then×m traffic matrix w in
the natural way. Clearly, link capacities are not necessary as a problem input when links are
unrelated. However, to obtain common expressions in the following definitions, we assume
that the link capacities are equal to 1. Aninstanceis a pair(w,c). If the users are identical,
then we replacew by n. Similarly, we replacec by m if the links are identical. An illustration
of an instance with arbitrary users and related links is given in Figure 4.2.

c

c

c

cm−1

m

1

2

w

w

w

w

1

2

3

n

Figure 4.2: The KP-model with arbitrary users and related links.
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4.3.2 Strategy and Assignment

Each useri ∈ [n] is allowed to route its traffic along links from itsstrategy setRi ⊆ [m]. Define
then×1 strategy set vector Rin the natural way. LetR= ∑i∈[n] |Ri |. If Ri = [m] for all users
i ∈ [n], then we haveunrestricted strategy sets, otherwiserestricted strategy sets. Note that
restricted strategy sets can be interpreted as a special case of the unrelated links model where,
for all usersi ∈ [n], wi j = wi for all j ∈ Ri andwi j = ∞ otherwise. Thus, it is not necessary to
explicitly stateR, and we will omit it in the sequel.

A pure strategy for useri ∈ [n] corresponds to some specific link. Amixed strategy
for user i ∈ [n] is a probability distribution over pure strategies. Thus, it is a probability
distribution over the set of links. We defineindicator variables Ii j ∈ {0,1}, i ∈ [n] and
j ∈ [m], such thatIi j = 1 if and only if pi j > 0.

A pure assignment L is ann-tuple 〈`1, `2, . . . , `n〉 ∈ [m]n. A user i ∈ [n] is solo in L if
no other user is assigned to link`i . A mixed assignmentis ann×m probability matrix
P = (pi j ) of nm probabilitiespi j , i ∈ [n] and j ∈ [m], wherepi j is the probability that user
i chooses linkj. Throughout, we will cast a pure assignment as a special case of a mixed
assignment in which all strategies are pure. Thesupport of the mixed strategy for useri ∈ [n],
denotedsupportP(i), is the set of those pure strategies (links) to which useri assigns positive
probability:

supportP(i) = { j ∈ [m] | pi j > 0}
= { j ∈ [m] | Ii j = 1} .

For each linkj ∈ [m], define theview of link j, denotedviewP( j), as the set of usersi ∈ [n]
that potentially assign their traffics to linkj:

viewP( j) = {i ∈ [n] | pi j > 0} .

A mixed assignmentF = ( fi j ) is fully mixed [107, Section 2.2] iffi j > 0 for all usersi ∈ [n]
and links j ∈ [m]. It is generalized fully mixed[50, Section 2] if there exists a subsetS⊆ [m]
such that fi j > 0 for all i ∈ [n] and j ∈ S, and fi j = 0 otherwise. Thus, the fully mixed
assignment is a special generalized fully mixed assignment whereS= [m].

4.3.3 Load and Latency

Fix now a mixed assignmentP. Theexpected loadδ j(P) on a link j ∈ [m] is defined by

δ j(P) = ∑
i∈[n]

pi j wi j .

Theexpected latencyΛ j(P) on a link j ∈ [m] is the ratio between the expected load on linkj
and the capacity of linkj. Thus,

Λ j(P) =
δ j(P)

c j
=

∑i∈[n] pi j wi j

c j
.

Themaximum expected latencyΛ(P) is the maximum, over all links, of the expected latency
Λ j(P) on a link j ∈ [m], that is,

Λ(P) = max
j∈[m]

Λ j(P) .
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4.3.4 Individual Cost

Theexpected individual costfor useri ∈ [n] on link j ∈ [m], denotedλi j (P), is the expectation
of the latency for useri given that its traffic is assigned to linkj. Thus,

λi j (P) =
wi j +∑k∈[n],k6=i pk jwk j

c j

=
δ j(P)+(1− pi j )wi j

c j
.

For each useri ∈ [n], theminimum expected individual cost, denotedλi(P), is the minimum,
over all links j ∈ [m], of the expected individual cost for useri on link j. Thus,

λi(P) = min
j∈[m]

λi j (P) .

DenoteIC(w,c,P) the maximum expected individual cost, defined as the maximum, over
all users, of the minimum expected individual cost, that is,

IC(w,c,P) = max
i∈[n]

λi(P) .

4.3.5 Social Cost Measures

4.3.5.1 Makespan Social Cost

In their seminal work, Koutsoupias and Papadimitriou [93] introduced the following measure-
ment for the social welfare. Associated with an instance(w,c) and a mixed assignmentP
is themakespan social cost, or social cost[93, Section 2] for short, denotedSC∞(w,c,P),
which is defined as the expected maximum latency on a link, where the expectation is taken
over all random choices of the users. Thus,

SC∞(w,c,P) = EP

(
max
j∈[m]

∑i∈[n]:`i= j wi j

c j

)
= ∑

〈`1,`2,...,`n〉∈[m]n

(
∏

k∈[n]
pk`k ·max

j∈[m]

∑i∈[n]:`i= j wi j

c j

)
.

Note thatSC∞(w,c,P) reduces to the maximum latency through a link in the case of pure
strategies. Moreover, by definition of the social cost, there always exists a pure assignment
with minimum social cost. So, theoptimum [93, Section 2] associated with an instance(w,c),
denotedOPT∞(w,c), is the least possiblemaximum (over all links) latency through a link,
that is,

OPT∞(w,c) = min
〈`1,`2,...,`n〉∈[m]n

max
j∈[m]

∑i∈[n]:`i= j wi j

c j
.

Note thatOPT∞(w,c) refers to anoptimumpure assignment.
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4.3.5.2 Polynomial Social Cost

We also consider a measurement for global welfare introduced by Gairinget al. [57]. Let

πd(x) = ∑
0≤t≤d

atx
t

be a polynomial of degreed ≥ 1 with non-negative coefficients, that is,at ≥ 0 for all t ∈
[d]∪{0}. Associated with an instance(w,c), apolynomial cost functionπd(x), and a mixed
assignmentP is thepolynomial social cost[57, Section 2], orsocial costfor short, denoted
SCπd(x)(w,c,P), which is the expectation of the weighted sum of the polynomialπd(x) evalu-
ated at the incurred link loads. Thus,

SCπd(x)(w,c,P) = EP

(
∑

j∈[m]

πd(∑i∈[n]:`i= j wi j )
c j

)

= ∑
j∈[m]

EP

(
πd(∑i∈[n]:`i= j wi j )

c j

)

= ∑
j∈[m]

∑
A⊆[n]

(
∏
i∈A

pi j

)(
∏
i 6∈A

(1− pi j )

)
πd(∑i∈Awi j )

c j
.

If we restrict to the polynomial cost functionπd(x) = xd, then we writeSCxd(w,P). Note that

SCπd(x)(w,c,P) = ∑
0≤t≤d

at ·SCxt (w,P) . (4.13)

Moreover, if we restrict to identical users, then the formula for social cost reduces to

SCπd(x)(n,c,P) = ∑
j∈[m]

∑
A⊆[n]

(
∏
i∈A

pi j

)(
∏
i 6∈A

(1− pi j )

)
πd(|A|)

c j

De f inition 4.1 (page81)
= ∑

j∈[m]
H((p1 j , . . . , pn j),

πd(x)
c j

) . (4.14)

For the polynomial cost functionπ2(x) = x2, Rode [126] showed that social cost reduces to

SCx2(w,c,P) = ∑
i∈[n]

wi ∑
j∈[m]

pi j λi j (P) . (4.15)

Theoptimum [57, Section 2] associated with an instance(w,c) and a polynomial cost func-
tion πd(x), denotedOPTπd(x)(w,c), is the least possibleweighted sum of the polynomial

πd(x) evaluated at the incurred link latencies, that is,

OPTπd(x)(w,c) = min
〈`1,`2,...,`n〉∈[m]n

∑
j∈[m]

πd(∑i∈[n]:`i= j wi j )
c j

.

Note again thatOPTπd(x)(w,c) refers to anoptimumpure assignment.



4.3 KP-Model 89

4.3.6 Nash Equilibria

We are interested in a special class of (mixed) assignments called Nash equilibria [117, 118]
that we describe here. Given an instance(w,c) and associated mixed assignmentP, a user
i ∈ [n] is satisfied if λi j (P) = λi(P) for all links j ∈ supportP(i), and λi j (P) ≥ λi(P) for
all j 6∈ supportP(i). Otherwise, useri is unsatisfied. The mixed assignmentP is a Nash
equilibrium [93, Section 2] if and only if all usersi ∈ [n] are satisfied. Thus, each user
assigns its traffic with positive probability only to links (possibly more than one of them)
for which its expected individual cost is minimized. This implies that there is no incentive
for a user to unilaterally deviate from its mixed strategy in order to avoid links on which its
expected individual cost is higher than necessary. Depending on the type of assignment, we
differ betweenpure, mixed and (generalized)fully mixed Nash equilibria.

Note that the definition of Nash equilibria isindependentof the definition of social cost.
Let ? ∈ {∞,πd(x)}. A priori, it is not clear how to efficiently compute the social cost of a
given Nash equilibrium:

NASH EQUILIBRIUM SOCIAL COST

INSTANCE: A problem instance(w,c) and an associated Nash equilibriumP.
OUTPUT: The social costSC?(w,c,P).

4.3.7 Price of Anarchy

Fix an instance(w,c). A best (worst) Nash equilibrium is a Nash equilibriumP that mini-
mizes (maximizes)SC?(w,c,P). Thebest social costis the social cost of a best Nash equi-
librium and is denoted byBC?(w,c). Theworst social costis the social cost of a worst Nash
equilibrium and is denoted byWC?(w,c). In the sequel, we (among others) consider the fol-
lowing three decision problems, given in the style of Garey and Johnson [61]:

BEST PURE NE

INSTANCE: An instance(w,c), and a positive integerB.
QUESTION: Is there a pure Nash equilibriumL with SC?(w,c,L) < B?

If m is constant, then the problem is calledm-BEST PURE NE.

BETTER PURE NE

INSTANCE: An instance(w,c), and an associated pure Nash equilibriumL .
QUESTION: Is there a pure Nash equilibriumL ′ with SC?(w,c,L ′) <

SC?(w,c,L)?

WORST PURE NE

INSTANCE: An instance(w,c), and a positive integerB.
QUESTION: Is there a pure Nash equilibriumL with SC?(w,c,L) > B?

If m is constant, then the problem is calledm-WORST PURE NE.



90 4 Selfish Routing in Non-Cooperative Networks

Theindividual price of anarchy , also calledindividual coordination ratio , is the worst-case
ratio

IC(w,c,P)
OPT?(w,c)

,

over all instances(w,c) and associated Nash equilibriaP. The price of anarchy, denoted
PoA and also calledcoordination ratio [93, Section 2], is the worst-case ratio

WC?(w,c)
OPT?(w,c)

,

over all instances(w,c).

4.3.8 Fully Mixed Nash Equilibrium Conjecture

A natural goal is to identify a Nash equilibrium with worst social cost for a given instance.
For the model of related links, Gairinget al. [59] conjectured that, in case of its existence,
the fully mixed Nash equilibrium, which is unique (see Theorem 4.67, page 133), is the worst
Nash equilibrium with respect to makespan social cost. Recently, this conjecture was also
consider with respect to polynomial social cost [57, 102]. We will investigate the conjecture
for the most general model of unrelated links and with respect to both definitions of social
cost.

Conjecture 4.4 (Fully Mixed Nash Equilibrium Conjecture (Gairing et al. [59]))
Consider the model of unrelated links. Then, for any instance(w,c) such that a fully mixed
Nash equilibriumF exists, and for any associated Nash equilibriumP,

SC?(w,c,P) ≤ SC?(w,c,F) .

In the following, we denote this conjecture asFMNE Conjecture. TheFMNE Conjecture is
a simultaneously intuitive and natural conjecture:

• To support intuition, observe that the fully mixed Nash equilibrium favors collisions
between different users (since each user assigns its traffic with positive probability to
every link). This increased probability of collisions favors an increase to social cost.

• To support significance, note that theFMNE Conjecture identifies the actualworst-case
Nash equilibrium for the selfish routing game we consider. We stress that, in sharp
contrast, the worst-case measure of price of anarchy only determines how far the worst-
case Nash equilibrium is from optimum performance. Since it does not identify the
worst-case Nash equilibrium, it fails to provide a basis of comparison between different
Nash equilibria on the basis of their social costs.

The ultimate settlement of theFMNE Conjecture may also reveal an interesting complexity-
theoretic contrast between the worst-case pure and the worst-case mixed Nash equilibria. On
one hand, identifying a worst-case pure Nash equilibrium isN P -complete (see Theorem 4.26,
page 106, and Theorem 4.121, page 169). On the other hand, if theFMNE Conjecture is valid,
identification of the worst-case mixed Nash equilibrium is immediate in the cases where the
fully mixed Nash equilibrium exists. In addition, the characterization of the fully mixed Nash
equilibrium shown in Theorem 4.67 (page 133) implies that such existence can be checked in
polynomial time.
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4.3.9 Sequence of Greedy Selfish Steps

In contrast to general strategic games, there always exists a pure Nash equilibrium in the
KP-model. A proof can be given with help ofsequences of greedy selfish steps.

In a selfish step, exactly one unsatisfied user is allowed to improve by changing its pure
strategy. A selfish step is agreedy selfish stepif the user chooses a best pure strategy. Even-
Dar et al. [42] considered differentrules for sequences of selfish steps, listed in Table 4.1.

RANDOM : Choose each unsatisfied user with the same probability
FIFO : Choose user who is unsatisfied for the longest time
MAX WEIGHT JOB : Choose unsatisfied user with maximum traffic
MIN WEIGHT JOB : Choose unsatisfied user with minimum traffic
MAX LOAD MACHINE : Choose unsatisfied user on a link with maximum latency

Table 4.1: Rules for Sequences of Greedy Selfish Steps

It is easy to see that thelexicographical orderingof the latency vector decreases in each selfish
step. Thus, starting with any pure assignment, every sequence of selfish steps eventually ends
in a pure Nash equilibrium.

Theorem 4.5 (Fotakiset al. [50]) Consider the model of unrelated links. Then, for any in-
stance, there exists at least one pure Nash equilibrium.

Though the existence of a pure Nash equilibrium can be proved with help of selfish steps,
it is not clear how many selfish steps are necessary to reach a pure Nash equilibrium. We
address this question in the following decision problem:

NASHIFY

INSTANCE: A problem instance(w,c), an associated pure assignmentL ,
and a positive integerk.

QUESTION: Is there a sequence of at mostk selfish steps
that transformsL into a pure Nash equilibrium?

If k is not part of the input, then the problem is calledk-NASHIFY.

4.3.9.1 Makespan Social Cost

In case of makespan social cost, selfish steps donot increasethe social cost of the initial pure
assignment. Thus, selfish steps can be used fornashification [46], that is, to compute a pure
Nash equilibrium from any given pure assignment without altering the social cost. Starting
with any pure assignment with minimum social cost, this also shows that there always exists
a pure Nash equilibrium with optimum social cost.

Theorem 4.6 (Fotakiset al. [50]) Consider the model of unrelated links. Then, for any prob-
lem instance(w,c), there exists a pure Nash equilibriumL with SC∞(w,c,L) = OPT∞(w,c).
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4.3.9.2 Polynomial Social Cost

We will see later that, in contrast to makespan social cost, we can not (at least directly) use
selfish steps tonashify a given pure assignment since a selfish step canincreasepolynomial
social cost. Moreover, though there always exists a pure Nash equilibrium with optimum
social cost in the model of identical links, this is not always the case in the model of related
links.

4.3.10 Relation to Multiprocessor Scheduling

Due to the simple structure of its routing network, the KP-model is closely related tomul-
tiprocessor scheduling. Here,n jobs (users) have to be scheduled onm machines(links),
and the quality of aschedule(assignment) is measured in terms ofmakespan(makespan
social cost). Note that the corresponding decision problemMULTIPROCESSOR SCHEDUL-
ING is N P -complete in the strong sense [61]. We now give some results on multiprocessor
scheduling that will turn out to be useful in the remainder of this chapter.

4.3.10.1 Identical and Related Machines

There exists a large number of algorithms to approximate an optimum schedule on identical
and related machines. Some of them are listed in Table 4.2, together with their performance
guarantees.

Identical Machines Related Machines

Algorithm Upper Bound Lower Bound Upper Bound Lower Bound

L IST SCHEDULING 2− 1
m [64] 2− 1

m [64] unknown

LPT 4
3−

1
3m [65] 4

3−
1

3m [65] 5
3 [54] 5

3 [54]

MULTIFIT 1.2 [53] 13
11 [53] 1.4 [55] 1.341 [55]

PTAS 1+ ε [70] — 1+ ε [71] —

Table 4.2: Performance guarantees of algorithms for multiprocessor scheduling.

For our purposes, the LPT-algorithm, introduced by Graham [65] and further studied in [38,
54, 63, 116], and thePTAS, introduced by Hochbaum and Shmoys [70, 71] are the most
important algorithms. The LPT-algorithm is stated as Algorithm 3 (page 93).

Another way to approximate an optimum schedule is through local search heuristics [17,
21, 48, 138]. The simplest form of local search isiterative improvement, also calledlocal
improvement or, in case of minimization problems,descent algorithms. This method itera-
tively chooses a better solution in theneighborhoodof the current solution. It stops when no
better solution is found. We say that the current solution is alocal optimum.

In the literature, many different definitions of neighborhood can be found. Thejump
neighborhood is closely related to selfish steps. Here, we move a job from a machine with
maximum latency to another machine. We say that we are in ajump optimal solution , if no
jump can decrease the makespan or the number of machines with maximum latency without
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Algorithm 3 (LPT)
Input: n jobs with sizesw1, . . . ,wn, andm related machines with speedsc1, . . . ,cm

Output: a scheduleL

(1) begin
(2) sort the job sizes in non-increasing order so thatw1≥ . . .≥ wn;
(3) for each job i← 1 ton do
(4) assign jobi to the machine where it causes minimum latency;
(5) return the resulting scheduleL ;
(6) end

increasing the makespan. A list of performance guarantees of jump optimal solutions is given
in Table 4.3. Since each pure Nash equilibrium is also jump optimal, the bounds also hold for
pure Nash equilibria. For an overview on local search heuristics, we recommend the paper by
Schuurman and Vredefeld [138].

Identical Machines Related Machines

Upper Bound 2− 2
m+1 [48] 1+

√
4m−3
2 [21]

Table 4.3: Performance guarantees for jump optimal solutions.

4.3.10.2 Unrelated Machines

Computing an optimum schedule on unrelated links was first considered by Horowitz and
Sahni [73]. They presented an exponential time, dynamic programming algorithm. They also
gave anFPTAS to approximate the optimum schedule for the case thatm is constant. For
generalm, Lenstraet al. [97] proved that an optimum schedule is not(3

2− ε)-approximable
for anyε with 0 < ε ≤ 1

2 unlessP = N P . This holds even if all processing times are taken
from {1,2,∞}. In contrast, an optimum assignment can be computed in polynomial time if all
processing times are taken from{1,2}. Lenstraet al. [97] also presented a polynomial time
approximation algorithm with approximation factor 2, which is based on linear programming.

4.3.11 Tabular Overview

Before we start to give a thorough survey on the KP-model, we illustrate some of the results
on pure Nash equilibria in table form.
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Identical Users Arbitrary Users

Upper Bound Lower Bound Upper Bound Lower Bound

1 2− 2
m+1

Identical Links
(Proposition 4.8, page 96) (Theorem 4.28, page 106)

Unrestricted
1 Γ−1

(
1
ρ

)
Γ−1

(
1
ρ

)
−3

Related Links
(Proposition 4.42, page 113) (Corollary 4.64, page 131) (Proposition 4.65, page 131)

Γ−1(m) Γ−1(m)−2 Γ−1(m) Γ−1(m)−2
Identical Links

(Theorem 4.92, page 148) (Theorem 4.91, page 147) (Theorem 4.92, page 148) (Theorem 4.91, page 147)

Restricted
Γ−1(n)+1 Γ−1(m)−2 m−1 m

Related Links
(Theorem 4.96, page 152) (Theorem 4.91, page 147) (Theorem 4.98, page 155) (Theorem 4.98, page 155)

Upper Bound Lower Bound

Θ
(

s+ logm

log(1+ logm
s )

)
Unrelated Links

(Theorem 4.106, page 162)

Table 4.4: Bounds on the price of anarchy for pure Nash equilibria in the KP-model with
makespan social cost.

Identical Users Arbitrary Users

Best Pure Worst Pure Best Pure Worst Pure

O(n) PTAS 2− 2
m+1 − ε

Identical Links
(Proposition 4.8, page 96) (Theorem 4.25, page 106) (Theorem 4.29, page 108)

Unrestricted
O(mlognlogm) PTAS 2− 2

m+1 − ε
Related Links

(Proposition 4.42, page 113, & Theorem 4.43, page 114)(Theorem 4.52, page 120) (Theorem 4.29, page 108)

O(R
√

n) 3
2 − ε 2− 2

m+1 − ε
Identical Links

(Theorem 4.72, page 134)
unknown

(Theorem 4.89, page 145) (Theorem 4.29, page 108)

Restricted
O(nmlogm) 3

2 − ε m−2− ε
Related Links

(Theorem 4.73, page 134)
unknown

(Theorem 4.89, page 145) (Theorem 4.99, page 157)

Best Pure Worst Pure
3
2 − ε

Unrelated Links
(Theorem 4.89, page 145)

unknown

Table 4.5: Computational complexity of best and worst pure Nash equilibria in the KP-model
with makespan social cost. If there is an entry inO-notation, then this means that
a best/worst pure Nash equilibrium can be computed in the given running time.
The entryPTAS states that the problem admits aPTAS. Terms inε indicate that the
problem is inapproximable within the given bound.



4.3 KP-Model 95

Identical Users Arbitrary Users

Upper Bound Lower Bound Upper Bound Lower Bound

π2(x) = x2 1 9
8

(Proposition 4.115, page 167) (Corollary 4.127, page 176)

Identical Links
πd(x) = xd 1 (2d−1)d

(d−1)(2d−2)d−1

(
d−1

d

)d
d≥ 2 (Proposition 4.115, page 167) (Theorem 4.126, page 171)

π2(x) = x2 4
3

4
3

(Theorem 4.150, page 198)
unknown

(Theorem 4.150, page 198)

Related Links
πd(x) = xd Ω

(
md−2

)
Ω
(
md−2

)
d≥ 2

unknown
(Proposition 4.151, page 198)

unknown
(Proposition 4.151, page 198)

Table 4.6: Bounds on the price of anarchy for pure Nash equilibria in the KP-model with
polynomial social cost.

Identical Users Arbitrary Users

Best Pure Worst Pure Best Pure Worst Pure

π2(x) = x2 O(n) PTAS

Proposition 4.115, page 167) (Theorem 4.120, page 168)
unknown

Identical Links
πd(x) = xd O(n) PTAS

d≥ 2 Proposition 4.115, page 167) (Theorem 4.120, page 168)
unknown

π2(x) = x2 O(mlognlogm)

(Theorem 4.146, page 194, & Theorem 4.149, page 198)

Related Links
πd(x) = xd O(mlognlogm)

unknown

d≥ 2 (Theorem 4.146, page 194, & Theorem 4.149, page 198)

Table 4.7: Computational complexity of best and worst pure Nash equilibria in the KP-model
with polynomial social cost. If there is an entry inO-notation, then this means that
a best/worst pure Nash equilibrium can be computed in the given running time. The
entryPTAS states that the problem admits aPTAS.
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4.4 Makespan Social Cost and Identical Links

In this section, we consider the KP-model with makespan social cost and identical links.
Clearly, for any instance(w,m) and associated assignmentP, the expected latency on a link is
equal to its expected load, that is,Λ j(P) = δ j(P) for all j ∈ [m]. Subsection 4.4.1 deals with
pure Nash equilibria only, whereas the results quoted in Subsection 4.4.2 hold for general (i.e.
mixed) Nash equilibria. Subsection 4.4.3 concentrates on the fully mixed Nash equilibrium.
In order to illustrate the results, we use the following instance from [65, 69].

Example 4.7 Consider the following instance(w,3): We have n= 7 arbitrary users and
m= 3 identical links. There are two users with traffics w1 = w2 = 5, two users with traffics
w3 = w4 = 4, and three users with traffics w5 = w6 = w7 = 3.

4.4.1 Pure Nash Equilibria

4.4.1.1 Computation of Nash Equilibria

We first turn our attention to the problem of computing a pure Nash equilibrium. Basically,
two different approaches can be found in the literature. The first approach is to directly com-
pute a pure Nash equilibrium. The second one is tonashify a given pure assignment, that is,
to convert a given pure assignment into a Nash equilibrium without increasing the social cost.
Since selfish steps do not increase the social cost and any sequence of selfish steps eventually
reaches a pure Nash equilibrium, selfish steps seem to be suitable for nashification. However,
we will see that we have to use them carefully since the length of some sequences of selfish
steps is exponential in the number of users before reaching a pure Nash equilibrium.

Identical Users. We first consider the model of identical users. For any instance(n,m) and
associated pure assignmentL , we can writeδ j(L) = n j(L) for all j ∈ [m], wheren j(L) is the
number of users assigned to linkj. This is possible since all users are identical, that is,wi = 1
for all i ∈ [n]. In this model, all pure Nash equilibria have optimum social cost, and such a
pure Nash equilibrium can be computed inO(n) time (Proposition 4.8). Moreover, we can
use sequences of (not necessarily greedy) selfish steps to convert any given pure assignment
into a Nash equilibrium. The length of such a sequence may beΩ(min{nm,nlogn, logm

log logn})
(Theorem 4.9, page 97), but not more thann2

2 (Proposition 4.10, page 97).

Proposition 4.8 Consider the model of identical users and identical links. Then, for any
instance(n,m) and associated pure Nash equilibriumL , it is SC∞(n,m,L) = OPT∞(n,m),
and such a pure Nash equilibriumL can be computed in O(n) time.

Proof: Fix any instance(n,m). Clearly, the users are evenly distributed to the links in an
optimum assignment, that is,

OPT∞(n,m) =
⌈ n

m

⌉
.

Assume, by way of contradiction, that there exists a pure Nash equilibriumL with SC∞(n,m,L)
> OPT∞(n,m). Then, there exist linksj1, j2 ∈ [m] with n j1(L) > d n

me andn j2(L) < d n
me, re-

spectively. Thus,

n j1(L) ≥
⌈ n

m

⌉
+1 > n j2(L)+1 ,



4.4 Makespan Social Cost and Identical Links 97

showing that all users on linkj1 are unsatisfied, a contradiction to the assumption thatL is a
Nash equilibrium.

In order to compute a pure Nash equilibrium, (1.) assignb n
mc users to each of the links,

and then (2.) evenly distribute the remaining users to the links. This takes at mostO(n) time,
as needed.

Theorem 4.9 (Even-Daret al. [42]) Consider the model of identical users and identical links.
Then, there exists an instance(n,m) and associated pure assignment for which the maximum
length of a sequence of (not necessarily greedy) selfish steps is at least

Ω
(

min

{
nm,nlogn,

logm
log logn

})
before reaching a Nash equilibrium.

Proposition 4.10 Consider the model of identical users and identical links. Then, for any
instance(n,m) and associated pure assignment, the length of a sequence of (not necessarily

greedy) selfish steps is at mostn2

2 before reaching a Nash equilibrium.

Proof: Fix any instance(n,m) and associated pure assignmentL , and consider the potential
function

Π(L) = ∑
j∈[m]

n j(L)2 .

Clearly,n2 is a trivial upper bound and 0 is a trivial lower bound onΠ(L). In order to prove
the claim, it suffices to show that a selfish step decreasesΠ(L) by at least 2. Consider a selfish
step of a user from linkj1 ∈ [m] to link j2 ∈ [m]. Clearly,n j1(L) > n j2(L)+1, and thus

n j1(L) ≥ n j2(L)+2 (4.16)

sincen j1(L) andn j2(L) are integers. We get

(n j1(L)−1)2 +(n j2(L)+1)2 = n j1(L)2 +n j2(L)2 +2(n j2(L)−n j1(L))+2
(4.16)
≤ n j1(L)2 +n j2(L)2−2 .

Thus,Π(L) decreases by at least 2 in every selfish step, as needed.

Arbitrary Users. For the model of arbitrary users, things are more complicated. The first
approach to directly compute a pure Nash equilibrium was given by Fotakiset al. [50]. They
showed that the LPT-algorithm (see Algorithm 3, page 93) yields a pure Nash equilibrium.
Graham [65] proved that the computed assignment approximates an optimum assignment
within factor 4

3−
1

3m (see Table 4.2, page 92). We use the instance in Example 4.7 (page 96)
to show tightness of this upper bound form= 3. Note that this instance can be generalized to
show tightness for allm≥ 3 (see e.g. Hochbaum [69]).
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Theorem 4.11 (Fotakiset al. [50], Graham [65]) Consider the model of arbitrary users and
identical links. Then, for any instance(w,m), LPT computes a pure Nash equilibriumL with

SC∞(w,m,L) ≤
(

4
3
− 1

3m

)
OPT∞(w,m) ,

using O((n+m) logm) time.

Example 4.7 (continued) For the given instance,LPT returns a pure Nash equilibrium
L = 〈1,2,3,3,1,2,1〉 with social cost11 whereas the optimum assignment〈1,2,1,2,3,3,3〉
has social cost9 (see Figure 4.3). Thus,

SC∞(w,3,L)
OPT∞(w,3)

=
11
9

m=3=
4
3
− 1

3m
.

oo

oo

55 4

43 3

3

5 5

4 4 3

3

3

optimumLPT

SC  (w,3,L)

OPT  (w,3)

9

11

Figure 4.3: Pure Nash equilibriumL = 〈1,2,3,3,1,2,1〉 returned by LPT applied to the in-
stance in Example 4.7 (page 96) (left hand side), and an optimum assignment
〈1,2,1,2,3,3,3〉 of this instance (right hand side).

Since every sequence of (not necessarily greedy) selfish steps eventually ends in a pure
Nash equilibrium, we can use any such sequence to compute a pure Nash equilibrium. Un-
fortunately, the length of such a sequence can be exponential in the number of users before
reaching a pure Nash equilibrium (Theorem 4.12, page 99, and Theorem 4.13, page 99). Note
that these results were found independently. The number of links of the instance used to prove
Theorem 4.13 ism=

√
n+7−1. For this case, the lower bound in Theorem 4.12 is strictly

larger than the lower bound in Theorem 4.13.
On the other hand, if all traffics are integers, then the length of a sequence ofgreedyselfish

steps is at mostW+n (Theorem 4.14, page 101), and in general at most 2n−1 (Theorem 4.16,
page 101). The proof of the latter result is based on the observation that a greedy selfish step
of a user with trafficw makes no users with traffic at mostw unsatisfied (Lemma 4.15, page
101). This observation was independently made by Even-Daret al.[42].

Instead of the maximum length we may ask about the minimum length of a sequence
of greedy selfish steps. In particular, we may ask whether a given pure assignment can
be transformed into a pure Nash equilibrium using at mostk selfish steps. This problem,
calledNASHIFY (see Subsection 4.3.9, page 91), isN P -complete (Theorem 4.17, page 102).
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The proof relies on a reduction from 2-PARTITION. This reduction implies thatNASHIFY is
N P -complete in the strong sense ifm is part of the input [61]. Thus, there is no pseudo-
polynomial-time algorithm forNASHIFY (unlessP = N P ). In contrast, there is a natural
pseudo-polynomial-time algorithm fork-NASHIFY which exhaustively searches all sequences
of k selfish steps. Since a selfish step involves an (unsatisfied) user and a link for a total ofmn
choices, the running time of such an algorithm isO((mn)k) (Proposition 4.18, page 102).

Though there exist sequences of greedy selfish steps of exponential length, and though
NASHIFY is N P -complete, it is possible to use greedy selfish steps to compute a Nash equi-
librium in polynomial time (Theorem 4.19, page 102, and Theorem 4.20, page 102). In par-
ticular, NASHIFY-IDENTICAL, stated as Algorithm 4 (page 102) and independently found by
Even-Daret al.[42], solvesNASHIFY whennselfish steps are allowed. NASHIFY-IDENTICAL

is based on the rule MAX WEIGHT JOB. First, it sorts the user traffics in non-increasing or-
der so thatw1 ≥ . . . ≥ wn. Then, for each useri ← 1 to n, it moves useri to its best link if
user i is unsatisfied. With help of Lemma 4.15 (page 101), it is possible to show that this
approach yields a pure Nash equilibrium, using at mostn greedy selfish steps andO(nlogn)
time (Theorem 4.21, page 102).

Theorem 4.12 (Even-Daret al. [42]) Consider the model of arbitrary users and identical
links. Then, there exists an instance(w,m) and associated pure assignment for which the
maximum length of a sequence of greedy selfish steps is at least(

n
m−1

)m−1

2(m−1)!
.

Theorem 4.13 Consider the model of arbitrary users and identical links. Then, there exists an
instance(w,m) and associated pure assignment for which the maximum length of a sequence
of greedy selfish steps is at least2

√
n+7−3.

Proof: We construct an instance withr different classes of traffics.

• ClassU1: |U1|= 2 users with trafficx1 = 1

• ClassUi : |Ui |= 2i +3 users with traffic

xi = (|Ui−1|+1) ·xi−1 = 2(i +1)xi−1

for all i ∈ [r]\{1}.

The number of users is

n = |U1|+ · · ·+ |Ur |

= 2+ ∑
2≤i≤r

(2i +3)

= r2 +4r−3 .

Furthermore, we considerm = r + 1 links. In the following, we denotet(i) the maximum
length of a sequence of greedy selfish steps oni+1 links, starting with all users inU1∪·· ·∪Ui

on the same link and the sameload offset, that is, the same additional load on alli +1 links.
We proceed as follows: In part (1.), we show a lower bound on the traffic sizexi of a user in
Ui for all i ∈ [r]\{1}. In part (2.), we then use this result to prove a lower bound ont(i).
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(1.) We first show by induction oni ∈ [r]\{1} that

xi > ∑
j∈[i−1]

|U j | ·x j .

As our basis case, leti = 2. Since

x2 = (|U1|+1) ·x1 > |U1| ·x1 ,

this proves that the claim holds for the basis case. For the induction step, leti ≥ 3, and
assume that the claim holds for(i−1). We get

xi = (|Ui−1|+1) ·xi−1

Induction
> |Ui−1| ·xi−1 + ∑

j∈[i−2]
|U j | ·x j

= ∑
j∈[i−1]

|U j | ·x j ,

proving the inductive claim.

(2.) We now use this property to provet(i) ≥ 2i−1 by induction oni ∈ [r]. As our basis
case, leti = 1. Starting with both users inU1 on the same link and the same load offset
on both links, we can do one greedy selfish step. Therefore,t(1) = 1, proving that the
claim holds for the basis case. For the induction step, leti≥ 2, and assume that the claim
holds for(i−1). Consider the assignment in which all users inU1∪ ·· ·∪Ui−1 are on
the same link, and alli +1 links have the same load offset. We construct a sequence of
at least 2i−1 greedy selfish steps in the following way:

• Move all users inU1∪ ·· · ∪Ui−1 to the otheri links using greedy selfish steps.
This is possible sincexi > ∑ j∈[i−1] |U j | · x j . Every user with traffic less thanxi

who shares the link with a user inUi can improve by moving to a link to which no
user inUi is assigned.

• For each ofi−1 users inUi , do one greedy selfish step. Sincexi > ∑ j∈[i−1] |U j | ·
x j , all i−1 users with trafficxi choose different links. Then, we move all users in
U1∪ ·· ·∪Ui−1 to the remaining link to which no user inUi is assigned. Finally,
moving a user inUi to this link, we get the following assignment: On each ofi
links there is exactly one user with trafficxi . Additionally, all users inU1∪ ·· · ∪
Ui−1 are on one of thesei links. On the(i + 1)th link there arei + 3 users with
traffic xi > ∑ j∈[i−1] |U j | · x j . This shows that, by only moving users with traffic
less thanxi , no user with traffic less thanxi wants to move to the(i +1)th link. So,
we exactly have the starting assignment for doingt(i−1) greedy selfish steps.

• After t(i− 1) greedy selfish steps have been carried out, we collect all users in
U1∪ ·· · ∪Ui−1, again, usingi users inUi . This can be done for the following
reason: A user with trafficxi is unsatisfied as long as at least 3 more users with
traffic xi are on the same link. Since initially 2i+3 users inUi are on the same link,
this is the case for 2i users. As in the previous step, by moving only users with
traffic less thanxi , no user with traffic less thanxi wants to move to the(i + 1)th
link. Then, we restart the sequence oft(i−1) greedy selfish steps.
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All in all we get t(i) ≥ 2t(i−1). By induction hypothesis, this shows thatt(i) ≥ 2i−1,
proving the inductive claim.

Sincen= r2+4r−3, we haver =
√

n+7−2. Thus, starting with the pure assignment where
all users are assigned to the same link, we get

t(r) ≥ 2r−1 = 2
√

n+7−3 .

It remains to show that the traffics are polynomial inn. The bitlength of the largest trafficxr is

logxr ≤ log(2(r +1)r)
≤ r · log(2(r +1))

=
(√

n+7−2
)
· log

(
2
√

n+7−2
)

,

as needed.

Theorem 4.14 (Even-Daret al. [42]) Consider the model of arbitrary users and identical
links. Then, for any instance(w,m) with wi ∈N for all i ∈ [n] and associated pure assignment,
the length of a sequence of greedy selfish steps is at most W+ n before reaching a Nash
equilibrium.

Lemma 4.15 Consider the model of arbitrary users and identical links. Then, a greedy selfish
step of an unsatisfied user i1 ∈ [n] with traffic wi1 makes no satisfied user i2 ∈ [n] with traffic
wi2 ≥ wi1 unsatisfied.

Proof: See Lemma 4.48 (page 117) for a generalization of this result.

Theorem 4.16 Consider the model of arbitrary users and identical links. Then, for any in-
stance(w,m) and associated pure assignment, the length of a sequence of greedy selfish steps
is at most2n−1 before reaching a Nash equilibrium.

Proof: Fix any instance(w,m) and associated pure assignment. We prove by induction on
i ∈ [n] that useri can make at most 2i−1 greedy selfish steps. As our basis case, leti = 1. Since
w1 is the largest of all traffics, Lemma 4.15 implies that user 1 can make at most one greedy
selfish step. This proves that the claim holds for the basis case. For the induction step, let
i ≥ 2, and assume that the claim holds for(i−1). By Lemma 4.15, useri can only become
unsatisfied by a move of a user with larger traffic. By induction hypothesis, the number of
greedy selfish steps made by users in[i−1] is at most

∑
k∈[i−1]

2k−1 = 2i−1−1 .

This shows that useri can become unsatisfied at most 2i−1− 1 times. Since useri can be
unsatisfied in the initial pure assignment, useri can make at most 2i−1 greedy selfish steps,
proving the inductive claim. Summing up over all users, the total number of greedy selfish
steps is at most

∑
i∈[n]

2i−1 = 2n−1 ,

as needed.
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Theorem 4.17 (Gairinget al. [59]) Consider the model of arbitrary users and identical links.
Then,NASHIFY is N P -complete even if m= 2.

Proposition 4.18 (Gairinget al. [59]) Consider the model of arbitrary users and identical
links. Then, there exists a pseudo-polynomial algorithm for k-NASHIFY.

Theorem 4.19 (Even-Daret al. [42]) Consider the model of arbitrary users and identical
links. Then, for any instance(w,m) and associated pure assignment, the length of a sequence

of greedy selfish steps using the ruleFIFO is at mostn(n+1)
2 before reaching a Nash equilib-

rium.

Theorem 4.20 (Even-Daret al. [42]) Consider the model of arbitrary users and identical
links. Then, for any instance(w,m) and associated pure assignment, the expected length of a

sequence of greedy selfish steps using the ruleRANDOM is at mostn(n+1)
2 before reaching a

Nash equilibrium.

Algorithm 4 (NASHIFY-IDENTICAL)
Input: an instance(w,m) and associated pure assignmentL
Output: a pure assignmentL ′

(1) begin
(2) sort the user traffics in non-increasing order so thatw1≥ . . .≥ wn;
(3) for eachuseri← 1 ton do
(4) if useri is unsatisfiedthen
(5) let useri carry out a greedy selfish step;
(6) return the resulting pure assignmentL ′;
(7) end

Theorem 4.21 Consider the model of arbitrary users and identical links. Then, for any in-
stance(w,m) and associated pure assignmentL , algorithmNASHIFY-IDENTICAL computes
a Nash equilibriumL ′ from L with SC∞(w,m,L ′) ≤ SC∞(w,m,L) using at most n greedy
selfish steps and O(nlogn) time.

Proof: Clearly, SC∞(w,m,L ′) ≤ SC∞(w,m,L) since greedy selfish steps do not increase
social cost. Moreover, in every iterationi ∈ [n], useri becomes satisfied and stays satisfied in
the subsequent iterations by Lemma 4.15 (page 101). Thus,L ′ is a Nash equilibrium.

NASHIFY-IDENTICAL needsO(nlogn) time for sorting then user traffics andO(mlogm)
time for the construction of a heap containing all loadsδ j(L), j ∈ [m]. Moreover, in each
iteration NASHIFY-IDENTICAL needsO(logm) time find the minimum element in the heap,
and to update the heap after the greedy selfish step. Thus, the total running time isO(nlogn+
mlogm+nlogm). The interesting case is whenm≤ n (since otherwise, a single user can be
assigned to each link, achieving an optimum Nash equilibrium). Thus, in the interesting case,
the total running time of NASHIFY-IDENTICAL is O(nlogn).

Example 4.7 (continued)For the given instance and associated pure assignmentL = 〈1,1,1,
1,1,1,1〉 where all users are assigned to the first link,NASHIFY-IDENTICAL needs4 greedy
selfish steps before reaching a pure Nash equilibrium (see Figure 4.4).
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NASHIFY−IDENTICAL

SC  (w,3,L)

Figure 4.4: NASHIFY-IDENTICAL, applied to the pure assignmentL = 〈1,1,1,1,1,1,1〉 of
the instance in Example 4.7 (page 96). Each small arrow corresponds to a greedy
selfish step.

4.4.1.2 Computation of Best Nash Equilibria

Now that we have seen that a pure Nash equilibrium can be computed in polynomial time,
we might ask for a polynomial time algorithm to compute a pure Nash equilibrium withmin-
imumsocial cost. For the model of identical users, this problem is solvable in polynomial
time (Proposition 4.8, page 96). For arbitrary users, however, Fotakiset al. [50] showed by
reduction fromBIN PACKING that BEST PURE NE is N P -hard. Since this problem can
be formulated as an integer program, it follows that it isN P -complete (Theorem 4.22, page
104). SinceBEST PURE NE is N P -complete in the strong sense [50], there also exists no
pseudo-polynomial algorithm to solve it. However, we can give such an algorithm for con-
stantm (Theorem 4.23, page 104). Moreover, it is evenN P -complete to decide for a given
instance and associated pure Nash equilibrium whether there exists another pure Nash equilib-
rium with less social cost even on two identical links (Theorem 4.24, page 104). However, the
algorithm NASHIFY-IDENTICAL enables us to use any approximation algorithm for schedul-
ing n jobson m identicalmachines(see Table 4.2, page 92, for a list of such approximation
algorithms) to get an approximation algorithm forBEST PURE NE. For example, MULTIFIT
combined with NASHIFY-IDENTICAL yields an approximation factor of6

5. Moreover, we can
give aPTAS for BEST PURE NE (Theorem 4.25, page 106) by proceeding as follows:

(1.) First run thePTAS of Hochbaum and Shmoys [70] for schedulingn jobsonm identical
machines. This yields a pure assignmentL such that

SC∞(w,m,L) ≤ (1+ ε) ·OPT∞(w,m) .

(2.) Then, apply the algorithm NASHIFY-IDENTICAL on L . This yields a Nash equilibrium
L ′ such thatSC∞(w,m,L ′)≤ SC∞(w,m,L). Thus,

SC∞(w,m,L ′) ≤ (1+ ε) ·OPT∞(w,m) .
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We cannot expect to find anFPTAS sinceBEST PURE NE is N P -complete in the strong
sense [50].

Theorem 4.22 (Fotakiset al. [50]) Consider the model of arbitrary users and identical links.
Then,BEST PURE NE is N P -complete even if m= 2.

Theorem 4.23 Consider the model of arbitrary users and identical links. Then, there exists a
pseudo-polynomial-time algorithm for m-BEST PURE NE.

Proof: See Theorem 4.104 (page 161) for a generalization of this result.

Theorem 4.24 Consider the model of arbitrary users and identical links. Then,BETTER
PURE NE is N P -complete even for m= 2.

Proof: Clearly,BETTER PURE NE ∈N P . We now proveN P -hardness by reduction from
2-PARTITION, that is, we employ a polynomial time transformation from 2-PARTITION to
BETTER PURE NE. Consider an arbitrary instance of 2-PARTITION with at least 2 items
(otherwise, the instance of 2-PARTITION is a trivial no instance), and letS= ∑ui∈U s(ui).
Clearly,S> 1 sinces(ui) ∈ N for all ui ∈U. From this instance, we construct an instance of
BETTER PURE NE as follows:

• There aren = |U|+2 users with

wi =
{

s(ui) if i ∈ [|U|],
S+1

2 if i ∈ {n−1,n}.

• There arem= 2 identical links.

• The pure assignmentL is defined as follows: All usersi ∈ [|U|] are assigned to link
1, and usersn−1 andn are assigned to link 2. Clearly,δ1(L) = ∑ui∈U s(ui) = S and
δ2(L) = wn−1 + wn = S+ 1. Sinceδ1(L) < δ2(L), all usersi ∈ [|U|] are satisfied.
Moreover, since

δ1(L)+wn−1 = δ1(L)+wn

= S+
S+1

2
S>1
> S+1

= δ2(L) ,

usersn−1 andn are satisfied. So,L is a pure Nash equilibrium, and

SC∞(w,2,L) = S+1 .

Clearly, this is a polynomial time transformation. We prove that this is a transformation from
2-PARTITION to BETTER PURE NE.
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(1.) The instance of 2-PARTITION is positive:
Consider a partition ofU into disjoint subsets
U1,U2 such that∑ui∈U1

s(ui) = ∑ui∈U2
s(ui). Use

this partition to define a pure assignmentL ′ for the
instance ofBETTER PURE NE as follows:

• For each itemui in U1, user i is assigned
to link 1. For each itemui ∈ U2, useri is
assigned to link 2.

• Usersn−1 andn are assigned to link 1 and
2, respectively.

S+1
2

S+1
2

1
2S+

PARTITION

Clearly,

δ1(L ′) = ∑
ui∈U1

s(ui)+wn−1

=
S
2

+
S+1

2

= S+
1
2

,

and similarlyδ2(L ′) = S+ 1
2. So,L ′ is a pure Nash equilibrium. Moreover,

SC∞(w,2,L ′) = S+
1
2

< S+1

= SC∞(w,2,L) ,

as needed.

(2.) The instance of 2-PARTITION is negative:
For every partition ofU into disjoint subsets
U1,U2, it is ∑ui∈U1

s(ui) 6= ∑ui∈U2
s(ui). It fol-

lows that either∑ui∈U1
s(ui) < S

2 or ∑ui∈U2
s(ui) <

S
2.
Consider any pure Nash equilibriumL ′ for the in-
stance ofBETTER PURE NE. If usersn−1 andn
are assigned to the same link, then the social cost
of L ′ is at leastwn−1+wn = S+1= SC∞(w,2,L),
as needed. So, assume that usersn−1 andn are
assigned to different links, say link 1 and 2, re-
spectively.

S+1
2

S+1
2

PARTITION

3
2S+

Assume, without loss of generality, that∑ui∈U1
s(ui) < S

2. Sinces(ui)∈N for all ui ∈U,
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it follows that∑ui∈U2
s(ui)≥ S

2 + 1
2. So,

SC∞(w,2,L ′) = δ2(L ′)
= ∑

ui∈U2

s(ui)+wn

≥ S
2

+
1
2

+
S+1

2
= S+1

= SC∞(w,2,L) ,

as needed.

Theorem 4.25 Consider the model of arbitrary users and identical links. Then, there exists a
PTAS for BEST PURE NE.

4.4.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

We now turn our attention to worst pure Nash equilibria. For identical users, such a Nash
equilibrium can be computed in polynomial time (see Proposition 4.8, page 96). For arbitrary
users, Fotakiset al. [50] proved by reduction fromBIN PACKING thatWORST PURE NE is
N P -hard. Since this problem can be formulated as an integer program, it follows that it is
N P -complete (Theorem 4.26). SinceWORST PURE NE is N P -complete in the strong sense
[50], there also exists no pseudo-polynomial algorithm to solve it. However, we can give such
an algorithm for constantm (Theorem 4.27).

For identical users, the price of anarchy is 1 (see Proposition 4.8, page 96). For arbitrary
users, the price of anarchy is bounded from above by 2− 2

m+1, and this bound istight (The-
orem 4.28). It is worth noticing that Finn and Horowitz [48] proved the same upper bound
for jump optimal schedules. Schuurman and Vredeveld [138] showed that this bound is tight
(see Table 4.3, page 93). Since every pure Nash equilibrium is also jump optimal, the upper
bound follows directly. Greedy selfish steps on identical links can only increase the minimum
load over all links. Thus, we can transform every jump optimal schedule into a Nash equi-
librium without altering the makespan, proving tightness. Since the social cost of any Nash
equilibrium is at most the factor 2− 2

m+1 away from the social cost of an optimum Nash equi-
librium, this also implies that every Nash equilibrium approximates the social cost of the worst
Nash equilibrium within this factor. We establish that we can not do better unlessP = N P
(Theorem 4.29, page 108).

Theorem 4.26 (Fotakiset al. [50]) Consider the model of arbitrary users and identical links.
Then,WORST PURE NE is N P -complete even for m= 3.

Theorem 4.27 (Gairinget al. [59]) Consider the model of arbitrary users and identical links.
Then, there exists a pseudo-polynomial-time algorithm for m-WORST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result.

Theorem 4.28 Consider the model of arbitrary users and identical links, restricted to pure
Nash equilibria. Then,

PoA = 2− 2
m+1

.
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Proof:
Upper bound:Fix any instance(w,m) and associated pure Nash equilibriumL , and let j ∈
[m] be a link withδ j(L) = SC∞(w,m,L). Clearly, if there is only one user on linkj, then
SC∞(w,m,L) = OPT∞(w,m). So, assume that there are at least two users on linkj, and
denotewmin the minimum traffic of these users. By definition of Nash equilibrium,

δ j(L) ≤ δ`(L)+wmin

for all ` ∈ [m]. So,

W ≥ δ j(L)+(m−1)(δ j(L)−wmin) ,

and we get

OPT∞(w,m) ≥ W
m

≥
δ j(L)+(m−1)(δ j(L)−wmin)

m
.

This implies

SC∞(w,m,L)
OPT∞(w,m)

≤
mδ j(L)

mδ j(L)− (m−1)wmin
.

Clearly, this expression is strictly increasing inwmin. Sincewmin≤
δ j (L)

2 , we get

SC∞(w,m,L)
OPT∞(w,m)

≤
mδ j(L)

mδ j(L)− (m−1) · δ j (L)
2

=
m

m− m−1
2

= 2− 2
m+1

,

proving the upper bound.
Lower bound:To establish the lower bound, consider the following instance: There arem
identical links andn= m(m−1)+2 users with trafficsw1 = w2 = 1 andwi = 1

m for i ∈ [n]\ [2].

(1.) Consider the pure assignmentL that assigns user 1 to link 1, user 2 to link 2,m(m−2)
users to the remainingm−2 links in a uniform way, and each of the remainingm users
to links 1,2, . . . ,m, respectively. Clearly, the load on every linkj ∈ [m] is δ j(L) = 1+ 1

m.
Thus,

OPT∞(w,m) ≤ SC∞(w,m,L)

= 1+
1
m

. (4.17)

(2.) Consider now the pure assignmentL ′ that assigns users 1 and 2 to link 1, and the re-
mainingm(m−1) users to the remainingm−1 links in a uniform way. The load on link
1 is δ1(L ′) = 2 whereas the load on each remaining linkj ∈ [m]\{1} is

δ j(L ′) =
m(m−1)

m−1
· 1
m

= 1 .
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Clearly,L ′ is a Nash equilibrium with

SC∞(w,m,L ′) = 2 . (4.18)

Combining Equation (4.17) (page 107) and Equation (4.18), we get

SC∞(w,m,L ′)
OPT∞(w,m)

≥ 2

1+ 1
m

= 2− 2
m+1

,

as needed.

Theorem 4.29 Consider the model of arbitrary users and identical links. If, for anyε with
0 < ε≤ 1− 2

m+1, WORST PURE NE is (2− 2
m+1− ε)-approximable, thenP = N P .

Proof: We prove the claim by reduction fromPARTITION, that is, we employ a polynomial
time transformation fromPARTITION to WORST PURE NE. For anyε with 0< ε≤ 1− 2

m+1,
given an instance ofPARTITION, we construct an instance ofWORST PURE NE such that
if we had a polynomial-time(2− 2

m+1− ε)-approximation algorithm forWORST PURE NE,
then we could decide whether an instance ofPARTITION is positive in polynomial time. From
this construction the theorem then follows. Consider an arbitrary instance ofPARTITION with

s(ui) ≤ ξ <
S
K
·min

{
2

2− 2
m+1− ε

−m+1
m

,
m+1

m
·
(

1− 2
m+1

− ε
)}

for all ui ∈ U, whereS= ∑ui∈U s(ui). Clearly, we can make this property hold by adding a
multiple of K of items ofsufficiently largesize. From this instance we construct an instance
for the stated problem as follows:

• There aren = |U|+2 users with

wi =
{

s(ui) if i ∈ [|U|],
S
K if i ∈ {n−1,n}.

• There arem= K +1 identical links.

Clearly, this is a polynomial time transformation. We prove that this is a transformation from
PARTITION to WORST PURE NE.

(1.) The instance ofPARTITION is positive:

Consider a partition ofU into disjoint subsetsU1, . . . ,UK such that∑ui∈U j
s(ui) = S

K
for all j ∈ [K]. Use this partition to define a pure assignmentL as follows:

• For each itemui ∈U j , j ∈ [K], useri is assigned to linkj.

• Usersn−1 andn are assigned to linkm.



4.4 Makespan Social Cost and Identical Links 109

We have

δ j(L) = ∑
ui∈U j

s(ui) =
S
K

for all j ∈ [K], and

δm(L) = wn−1 +wn =
2S
K

.

Clearly, all users in[|U|] are satisfied. Since

δm(L) = δ j(L)+wn−1 = δ j(L)+wn

for all j ∈ [K], usersn−1 andn are also satisfied. So,L is a pure Nash equilibrium.
Moreover,

SC∞(w,m,L) =
2S
K

.

Now, consider any pure Nash equilibriumL ′ in which the usersi ∈ [|U|] are not assigned
to K links such that they cause loadSK on each of these links. Assume, by way of
contradiction, that usersn−1 andn are assigned to the same link. Say that were linkm.
Clearly, there exists a link, say 1, withδ1(L ′) < S

K . Hence,

δm(L ′) ≥ wn−1 +wn

=
S
K

+wn

> δ1(L ′)+wn ,

showing that usersn− 1 andn are unsatisfied, a contradiction to the fact thatL ′ is a
Nash equilibrium. It follows that usersn− 1 andn are assigned to different links in
the Nash equilibriumL ′. Now, assume, by way of contradiction, thatSC∞(w,m,L ′) >
(m+1) S

K
m +ξ. Clearly, there exists a links, saym, with

δm(L ′) = SC∞(w,m,L ′) >
(m+1) S

K

m
+ξ .

Since usersn−1 andn are assigned to different links, this implies that a useri ∈ [|U|]
is assigned to linkm. Moreover, since the total load is(m+1) S

K , there exists a link, say
1, with

δ1(L ′) <
(m+1) S

K

m
.

So,

δm(L ′) >
(m+1) S

K

m
+ξ

wi≤ξ
≥

(m+1) S
K

m
+wi

> δ1(L ′)+wi ,
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showing that useri is unsatisfied, again a contradiction to the fact thatL ′ is a Nash
equilibrium. We get

SC∞(w,n,L ′) ≤
(m+1) S

K

m
+ξ .

Hence,

SC∞(w,m,L)
SC∞(w,m,L ′)

≥
2· S

K
(m+1) S

K
m +ξ

>
2· S

K

S
K ·

(m+1)
m + S

K ·
(

2
2− 2

m+1−ε
− m+1

m

)
= 2− 2

m+1
− ε .

Thus, no such Nash equilibriumL ′ approximates the worst pure Nash equilibrium
within the claimed factor.

(2.) The instance ofPARTITION is negative:
For any partition ofU into disjoint subsetsU1, . . . ,UK, there exists aj ∈ [K] such that
∑ui∈U j

s(ui) < S
K . Thus, the usersi ∈ [|U|] can not be assigned toK links such that they

cause loadS
K on each of these links. As seen in the previous case, this implies that the

social cost of any pure Nash equilibriumL is bounded by

SC∞(w,m,L) ≤
(m+1) S

K

m
+ξ .

Moreover,

OPT∞(w,m) ≥ W
m

=
(m+1) S

K

m
,

and we get

SC∞(w,m,L)
OPT∞(w,m)

≤
(m+1) S

K
m +ξ

(m+1) S
K

m

≤
(m+1) S

K
m + (m+1) S

K
m

(
1− 2

m+1− ε
)

(m+1) S
K

m

=
1+1− 2

m+1− ε
1

= 2− 2
m+1

− ε .

Thus, all Nash equilibria approximate the worst pure Nash equilibrium within the claim-
ed factor.
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Therefore, if we had a polynomial-time(2− 2
m+1− ε)-approximation algorithm forWORST

PURE NE, we could use it to decide whether an instance ofPARTITION is positive in the fol-
lowing way: We apply the approximation algorithm to the corresponding instance ofWORST
PURE NE and we answeryesif and only if it returns a solution with social cost2S

K .

4.4.2 Mixed Nash Equilibria

Fotakiset al. [50] showed that, in contrast to pure Nash equilibria, it is #P -complete to
compute the social cost for a mixed Nash equilibrium (Theorem 4.30). However, there ex-
ists a fully polynomial randomized approximation scheme forNASH EQUILIBRIUM SOCIAL
COST (Theorem 4.31). In contrast to these results, for a given instance and given indicator
variables, a Nash equilibrium can be computed in polynomial time (Theorem 4.32).

For two identical links, the price of anarchy is32 (Theorem 4.33). For an arbitrary number
of links, Czumaj and Vöcking [29] and Koutsoupiaset al. [92] independently proved the
upper boundO( logm

log logm) (Theorem 4.34, page 112). This bound is asymptotically tight since
throwingm ballsinto m binsresults in an expected maximum number of balls in a bin of the
same order of magnitude (Theorem 4.35, page 112).

Theorem 4.30 (Fotakiset al. [50]) Consider the model of arbitrary users and identical links.
Then,NASH EQUILIBRIUM SOCIAL COST is #P -complete.

Theorem 4.31 (Fotakiset al. [50]) Consider the model of arbitrary users and identical links.
Then, there exists a fully polynomial randomized approximation scheme forNASH EQUILIB-
RIUM SOCIAL COST.

Theorem 4.32 (Monien [111])Consider the model of arbitrary users and identical links.
Then, for any instance(w,m) and indicator variables Ii j ∈ {0,1} for all i ∈ [n] and j∈ [m],
there exists a Nash equilibriumP if and only if the system of inequalities

δ j(P)+wi ≥ λi(P) for all i ∈ [n], j ∈ [m]

δ j(P) = ∑
i∈[n]

Ii j (δ j(P)+wi−λi(P)) for all j ∈ [m]

wi = ∑
j∈[m]

Ii j (δ j(P)+wi−λi(P)) for all i ∈ [n]

has a solution. For every solution(δ1(P), . . . ,δm(P),λ1(P), . . . ,λn(P)),

pi j =


δ j(P)+wi−λi(P)

wi
for all i ∈ [n], j ∈ [m] with Ii j = 1,

0 otherwise,

defines a Nash equilibrium.

Theorem 4.33 (Koutsoupias and Papadimitriou [93])Consider the model of arbitrary us-
ers and two identical links. Then,

PoA =
3
2

.
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Theorem 4.34 (Czumaj and Vöcking [29], Koutsoupiaset al. [92]) Consider the model of
arbitrary users and identical links. Then,

PoA ≤ Γ−1(m)+Θ(1) = O

(
logm

log logm

)
.

Theorem 4.35 (Gonnet [62], Koutsoupias and Papadimitriou [93])Consider the model of
identical users and identical links. Then,

PoA = Ω
(

logm
log logm

)
.

4.4.3 Fully Mixed Nash Equilibria

In the remainder of this section, we consider fully mixed Nash equilibria. Mavronicolas and
Spirakis [107] showed that in the model of identical links there always exists a unique fully
mixed Nash equilibrium (Theorem 4.36). Thus, we can compare it to a worst Nash equilib-
rium. The following results provide evidence for theFMNE Conjecture. In particular, the
FMNE Conjecture holds for pure Nash equilibria (Theorem 4.37, page 113). Moreover, the
conjecture is valid in case of two arbitrary users and identical links (Theorem 4.38, page
113), and in case of an even number of identical users and two identical links (Theorem 4.39,
page 113). In contrast to the yet unproved claim of the FMNE Conjecture, each user indeed
experiences the worst expected individual cost in the fully mixed Nash equilibrium (Proposi-
tion 4.40, page 113).

Theorem 4.36 (Mavronicolas and Spirakis [107])Consider the model of arbitrary users
and identical links. Then, for any instance(w,m), there exists a unique fully mixed Nash
equilibriumF with fi j = 1

m for all users i∈ [n] and links j∈ [m].

Example 4.7 (continued)For the given instance, Theorem 4.36 implies that in the fully mixed
Nash equilibrium fi j = 1

3 for all i ∈ [7] and j∈ [3]. Thus, every assignment is equiprobable
(with probability 1

37 = 1
2187), and the social cost ofF reduces to

SC∞(w,3,F) =
1

2187 ∑
〈`1,`2,...,`n〉∈[3]7

(
max
j∈[3]

∑k∈[n]:`k= j wk

c j

)
=

1163
81

.

Recall thatOPT∞(w,3) = 9 for the given instance. Theorem 4.11 (page 98) implies that

SC∞(w,3,L) ≤
(

4
3
− 1

3m

)
·OPT∞(w,3)

=
11
9
·9

= 11

<
1163
81

= SC∞(3,m,F)

for the pure Nash equilibriumL computed byLPT.
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Theorem 4.37 (Gairinget al. [59]) Consider the model of arbitrary users and identical links,
restricted to pure Nash equilibria. Then, theFMNE Conjecture is valid.

Theorem 4.38 (Fotakiset al. [50]) Consider the model of two arbitrary users and identical
links. Then, theFMNE Conjecture is valid.

Theorem 4.39 (Lückinget al. [103]) Consider the model of an even number of identical
users and two identical links. Then, theFMNE Conjecture is valid.

Proposition 4.40 (Gairinget al. [59]) Consider the model of arbitrary users and identical
links. Then, for any instance(w,m) and associated Nash equilibriumP, it is λi(P)≤ λi(F).

4.5 Makespan Social Cost and Related Links

In this section, we are engaged in the KP-model with makespan social cost and related links.
Often the termuniform links is used to refer to this model in literature. Subsection 4.5.1
deals with pure Nash equilibria only, whereas the results quoted in Subsection 4.5.2 hold for
general (i.e. mixed) Nash equilibria. Subsection 4.5.3 concentrates on the fully mixed Nash
equilibrium. In order to illustrate the results, we use the following instance.

Example 4.41 Consider the following instance(w,c): We have n= 5 arbitrary users and
m= 4 related links. There are one user with traffic w1 = 4, two users with traffics w2 = w3 = 3
and two users with traffics w4 = w5 = 2. The capacities of the links are c1 = 5, c2 = 4, c3 = 3
and c4 = 2.

4.5.1 Pure Nash Equilibria

4.5.1.1 Computation of Nash Equilibria

Identical Users. We first consider the model of identical users. For any instance(n,c) and
associated pure assignmentL , we can writeδ j(L) = n j(L) for all j ∈ [m], wheren j(L) is
the number of users assigned to linkj. This is possible since all users are identical, that
is, wi = 1 for all i ∈ [n]. In this model, all pure Nash equilibria have optimum social cost
(Proposition 4.42). In a more general setting, Gairinget al. [58] gave an algorithm which
computes a pure Nash equilibrium inO(mlognlogm) time (Theorem 4.43, page 114). Again,
we can also use selfish steps to convert any given assignment into a pure Nash equilibrium.
The length of such a sequence may beΩ(nm) (Theorem 4.44, page 114). However, since a
pure assignment is a Nash equilibrium if and only if the users assigned to links with maximum
latency are satisfied (Lemma 4.45, page 115), the length of a sequence ofgreedyselfish steps
using the rule MAX LOAD MACHINE is at mostn (Proposition 4.46, page 115).

Proposition 4.42 Consider the model of identical users and related links. Then, for any in-
stance(n,m) and associated pure Nash equilibriumL , it is SC∞(n,c,L) = OPT∞(n,c).

Proof: Fix any instance(n,c) and associated pure Nash equilibriumL with SC∞(n,c,L) =
OPT∞(n,c). Such a Nash equilibrium exists by Theorem 4.6 (page 91). Assume, by way of
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contradiction, that there exists a pure Nash equilibriumL ′ with SC∞(n,c,L ′) > SC∞(n,c,L).
Then, there exist linksj1, j2 ∈ [m] with

SC∞(n,c,L ′) =
n j2(L

′)
c j2

>
n j1(L)

c j1

= SC∞(n,c,L) .

If n j2(L
′)≤ n j2(L), then,

SC∞(n,c,L ′) =
n j2(L

′)
c j2

≤
n j2(L)

c j2

≤
n j1(L)

c j1

= SC∞(n,c,L)
< SC∞(n,c,L ′) ,

a contradiction. So, assumen j2(L
′) > n j2(L). Then, there exists a link̀∈ [m] with n`(L ′) <

n`(L), that is,n`(L ′)≤ n`(L)−1. It follows that

SC∞(n,c,L ′) =
n j2(L

′)
c j2

> SC∞(n,c,L)

=
n j1(L)

c j1

≥ n`(L)
c`

≥ n`(L ′)+1
c`

,

implying that

n j2(L
′)

c j2
>

n`(L ′)+1
c`

.

This shows that all users assigned to linkj2 in L ′ are unsatisfied, a contradiction to the defini-
tion of Nash equilibrium.

Theorem 4.43 (Gairinget al. [58]) Consider the model of identical users and related links.
Then, a pure Nash equilibrium can be computed in O(mlognlogm) time.

Theorem 4.44 (Even-Daret al. [42]) Consider the model of identical users and related links.
Then, there exists an instance(n,c) and associated pure assignment for which the maximum
length of a sequence of (not necessarily greedy) selfish steps is at leastΩ(nm) before reaching
a Nash equilibrium.
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Lemma 4.45 Consider the model of identical users and related links. Then, a pure assign-
mentL associated to an instance(n,c) is a Nash equilibrium if and only if all users on links

j ∈ [m] with n j (L)
c j

= SC∞(n,c,L) are satisfied.

Proof: Fix any instance(n,c) and associated pure assignmentL . If L is a Nash equilibrium,
then, by definition of Nash equilibrium, all users are satisfied. So, assume, by way of contra-

diction, that all users on a linkj1 ∈ [m] with
n j1(L)

c j1
= SC∞(n,c,L) are satisfied, and that there

exists a user on a linkj2 ∈ [m], j2 6= j1, who is unsatisfied, that is,

n j2(L)
c j2

>
n`(L)+1

c`

for somè ∈ [m]. This implies

n j1(L)
c j1

≥
n j2(L)

c j2
>

n`(L)+1
c`

,

showing that all users on linkj1 are unsatisfied, a contradiction to our assumption. Thus,L is
a Nash equilibrium.

Proposition 4.46 Consider the model of identical users and related links. Then, for any in-
stance(n,c) and associated pure assignment, the length of a sequence of greedy selfish steps
using the ruleMAX LOAD MACHINE is at most n before reaching a Nash equilibrium.

Proof: Fix any instance(n,c) and associated pure assignmentL . By Lemma 4.45, we have
to apply the rule MAX LOAD MACHINE as long as users on links with maximum latency
are unsatisfied. We proceed by showing that such a greedy selfish step of a user from a link

j1 ∈ [m] with
n j1(L)

c j1
= SC∞(n,c,L) to a link j2 ∈ [m] makes no satisfied user unsatisfied.

DenoteL ′ the pure assignment after this greedy selfish step. Assume, by way of con-
tradiction, that a satisfied useri ∈ [n] became unsatisfied. Clearly, all users on linkj2 stay
satisfied, showing that̀i 6= j2. Moreover, since only the load on linkj1 decreased, useri can
only improve by moving to linkj1. We have

λi`i(L
′) > λi j1(L

′)
= SC∞(n,c,L)
≥ λi`i(L)
= λi`i(L

′) ,

a contradiction. Thus, selfish steps make no satisfied user unsatisfied, proving that the number
of selfish steps is bounded byn, as needed.

Arbitrary Users. We now examine arbitrary users. Fotakiset al. [50] showed that the LPT-
algorithm (see Algorithm 3, page 93) can also be used to compute some pure Nash equilibrium
in the model of related links. Friesen [54] proved that the computed assignment approximates
an optimum assignment within factor5

3 (see Table 4.2, page 92). We use the instance in
Example 4.41 (page 113) to illustrate the LPT-algorithm.
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Theorem 4.47 (Fotakiset al. [50], Friesen [54]) Consider the model of arbitrary users and
related links. Then, for any instance(w,m), LPT computes a pure Nash equilibriumL with

SC∞(w,c,L) ≤ 5
3
·OPT∞(w,c) ,

using O((n+m) logm) time.

Example 4.41 (continued) For the given instance,LPT returns a pure Nash equilibrium
L = 〈1,2,3,4,1〉 with social cost65 whereas the optimum assignment〈2,3,1,1,4〉 has social
cost1 (see Figure 4.5). Thus,

SC∞(w,c,L)
OPT∞(w,c)

=
6
5

.

oo

oo6
5

4 235

3

2

4 3 2

LPT

5 4 3 2

3

2

4 3 2

optimum

SC  (w,c,L)

OPT  (w,c)
1

Figure 4.5: Pure Nash equilibriumL = 〈1,2,3,4,1〉 returned by LPT applied to the instance in
Example 4.41 (page 113) (left hand side), and an optimum assignment〈2,3,1,1,4〉
of this instance (right hand side).

Although each sequence of selfish steps eventually ends in a pure Nash equilibrium, it is
unknown whether there always exists such a sequence of length polynomial in the number
of users and links, respectively. Fabrikantet al. [44] showed that the local computation of a
pure Nash equilibrium (i.e. with help of selfish steps) in general networks isP LS -complete
(see [78] for a definition of the classP LS ). For the KP-model, however, the complexity is
unknown.

Feldmannet al. [46] introduced another approach to nashify a pure assignmentL asso-
ciated to a given instance(w,c). Their algorithm, called NASHIFY-RELATED and stated as
Algorithm 5 (page 117), does not only use selfish steps but alsomovesin which the individual
costs of users increase. A crucial observation for the proof of the correctness of NASHIFY-
RELATED is stated in Lemma 4.48 (page 117) (which is a generalization of Lemma 4.15, page
101). It shows that a greedy selfish step of a user from its current link to a link with at least
the same capacity can only make users with smaller traffic unsatisfied. NASHIFY-RELATED

works in two phases:
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(1.) In the first phase, NASHIFY-RELATED fills up links with small capacities with users with
small traffic as close toSC∞(w,c,L) as possible (but without exceedingSC∞(w,c,L)),
and it collects all these users in setS.

(2.) In the second phase, NASHIFY-RELATED performs greedy selfish steps for unsatisfied
users inS.

Algorithm 5 (NASHIFY-RELATED)
Input: an instance(w,c) and associated assignmentL
Output: an assignmentL ′

(1) begin
// phase 1

(2) i← n;
(3) S←{n};
(4) while i ≥ 1 do
(5) move useri to link with highest possible index without exceedingSC∞(w,c,L);
(6) if i was movedor i ∈ Sor `i ≤ `i+1 then
(7) S← S∪{i};
(8) i← i−1;
(9) else
(10) move useri to link with smallest possible index without exceedingSC∞(w,c,L);
(11) if i was movedthen
(12) S← S∪{i};
(13) i← n;
(14) elsebreak;

// phase 2
(15) while ∃i ∈ Sdo
(16) make greedy selfish step for useri = min(S);
(17) S← S\{i};
(18) return the resulting assignmentL ′;
(19) end

Note that, whenever useri ∈ [n] is moved, its strategỳi has to be updated, which is not
explicitly mentioned in the pseudo-code. Applying Lemma 4.49 (page 118) and implementing
the algorithm in a proper way yields the correctness of NASHIFY-RELATED and running time
O(m2n) (Theorem 4.50, page 119).

Lemma 4.48 Consider the model of arbitrary users and related links. Then, for any instance
(w,c) and associated pure assignment, a greedy selfish step of an unsatisfied user i1∈ [n] with
traffic wi1 from a link j1 ∈ [m] to a link j2 ∈ [m] with cj1 ≤ c j2 makes no satisfied user i2 ∈ [n]
with traffic wi2 ≥ wi1 unsatisfied.

Proof: Fix any instance(w,c) and associated pure assignmentL , and denoteL ′ the assign-
ment after the greedy selfish step of useri1. Assume, by way of contradiction, that useri2
becomes unsatisfied due to the greedy selfish step of useri1. Since only the load on linkj1
and j2 changed, we have to distinguish between two cases:
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(1.) First, assume that`i2 6= j2, and that useri2 can improve by moving to linkj1. Since user
i1 improved by moving from linkj1 to link j2, we know that

δ j1(L)
c j1

>
δ j2(L)+wi1

c j2
. (4.19)

Therefore,

δ`i2
(L ′)

c`i2

>
δ j1(L

′)+wi2

c j1

=
δ j1(L)−wi1 +wi2

c j1

=
δ j1(L)

c j1
+

wi2−wi1

c j1
(4.19)
>

δ j2(L)+wi1

c j2
+

wi2−wi1

c j1
c j1≤c j2
≥

δ j2(L)+wi1

c j2
+

wi2−wi1

c j2

=
δ j2(L)+wi2

c j2
.

So, if useri2 can improve by moving to linkj1 after the greedy selfish step of useri1,
then useri2 could already improve by moving to linkj1 before the greedy selfish step
of useri1. This is a contradiction to the assumption that useri2 was satisfied.

(2.) Now, consider the casèi2 = j2. For all` ∈ [m]\{ j2}, we have

δ`(L ′)+wi2

c`

wi2≥wi1
≥ δ`(L ′)+wi1

c`

≥
δ j2(L

′)
c j2

.

Therefore, useri2 is satisfied after the greedy selfish step of useri1, a contradiction to
the assumption that useri2 becomes unsatisfied.

Lemma 4.49 (Feldmannet al. [46]) Consider the model of arbitrary users and related links.
Then, after phase 1 ofNASHIFY-RELATED,

(1.) all unsatisfied users are in S,

(2.) S= {n,(n−1), . . . ,(n+1−|S|)}, that is, S contains the|S| users with smallest traffics,

(3.) if i, i +1∈ S, theǹ i ≤ `i+1, and

(4.) every user i∈ S can only improve by moving to a link with smaller index.
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Theorem 4.50 (Feldmannet al. [46]) Consider the model of arbitrary users and related links.
Then, for any instance(w,c) and associated pure assignmentL , NASHIFY-RELATED com-
putes a pure Nash equilibriumL ′ from L with SC∞(w,c,L ′) ≤ SC∞(w,c,L) using at most
(m+1)n moves andO(m2n) time.

Example 4.41 (continued) For the given instance and associated pure assignmentL =
〈2,1,1,1,1〉, NASHIFY-RELATED (in phase 1) first moves users4 and 5 to link 4 and then
users2and3 to link3without exceedingSC∞(w,c,L). Then, (in phase 2)NASHIFY-RELATED

uses selfish steps to reach a Nash equilibrium (see Figure 4.6).
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Figure 4.6: NASHIFY-RELATED, applied to the instance in Example 4.41 (page 113) and asso-
ciated pure assignmentL = 〈2,1,1,1,1〉. In phase 1, each small arrow corresponds
to amove(top) whereas in phase 2, each small arrow corresponds to agreedy self-
ish step(bottom).

4.5.1.2 Computation of Best Nash Equilibria

In contrast to the model of identical users where it is trivial to compute a best pure Nash
equilibrium (see Proposition 4.42, page 113, and Theorem 4.43, page 114), Theorem 4.22
(page 104) implies thatBEST PURE NE is N P -complete for arbitrary users. Clearly, there
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exists no pseudo-polynomial algorithm to solveBEST PURE NE sinceBEST PURE NE is
N P -complete in the strong sense. For constantm, however, we can give such an algorithm
(Theorem 4.51). Moreover, the algorithm NASHIFY-IDENTICAL enables us to use any ap-
proximation algorithm for schedulingn jobson m relatedmachines(see Table 4.2, page 92,
for a list of such approximation algorithms) to get an approximation algorithm forBEST
PURE NE. In particular, using thePTAS of Hochbaum and Shmoys [71], this approach yields
aPTAS for BEST PURE NE (Theorem 4.52). We cannot expect to find anFPTAS sinceBEST
PURE NE is N P -complete in the strong sense [50].

Theorem 4.51 Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for m-BEST PURE NE.

Proof: See Theorem 4.104 (page 161) for a generalization of this result.

Theorem 4.52 (Feldmannet al. [46]) Consider the model of arbitrary users and related links.
Then, there exists aPTAS for BEST PURE NE.

4.5.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

We next turn our attention to worst pure Nash equilibria. For the model of identical users,
such a Nash equilibrium can be computed in polynomial time (see Proposition 4.42, page
113, and Theorem 4.43, page 114). For arbitrary users, Theorem 4.26 (page 106) implies that
WORST PURE NE is N P -complete. Again, there exists no pseudo-polynomial algorithm to
solveWORST PURE NE sinceWORST PURE NE is N P -complete in the strong sense, but
for constantm, we can give such an algorithm (Theorem 4.53).

For identical users, the price of anarchy is 1 (see Proposition 4.42, page 113). For ar-
bitrary users, Czumaj and Vöcking [29] showed the asymptotically tight boundΓ−1(m)+ 1
on the price of anarchy (Theorems 4.54 and Theorem 4.56, page 121). We will see later
(Corollary 4.63, page 131) that the upper bound in Theorem 4.54 can be slightly improved to
Γ−1(m). Clearly, Theorem 4.29 (page 108) implies that, for anyε with 0 < ε ≤ 1− 2

m+1, we
can not hope to find a polynomial-time(2− 2

m+1− ε)-approximation algorithm forWORST
PURE NE. Up to now, no other result is known.

Theorem 4.53 Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for m-WORST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result.

Theorem 4.54 (Czumaj and Vöcking [29])Consider the model of arbitrary users and re-
lated links, restricted to pure Nash equilibria. Then,

PoA ≤ min

{
Γ−1(m)+1 , 2· log

(
c1

cm

)
+O(1)

}
= O

(
min

{
logm

log logm
, log

(
c1

cm

)})
.
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Figure 4.7: Instance and associated pure assignment in Example 4.55.

Example 4.55 Fix any k∈N, and consider the following instance(w,c) and associated pure
assignmentL (illustrated in Figure 4.7):

• We have k disjoint subsetsU1, . . .Uk with |U1|= k users with traffics2k−1 and

|Ui | = 2i−1 · (k−1) ∏
j∈[i−1]

(k− j)

users with traffics2k−i for all i ∈ [k]\{1}.

• We have(k+1) disjoint subsetsP0, . . . ,Pk with |P0|= 1 links with capacity2k−1, |P1|=
|U1| − 1 links with capacity2k−1, and |Pi | = |Ui | links with capacity2k−i for all i ∈
[k]\{1}.

• The assignmentL is defined as follows: All users inU1 are assigned to the link inP0;
on each link inPi , i ∈ [k−1], there are2(k− i) users fromUi+1, respectively; the links
from Pk remain empty.

Theorem 4.56 For every k∈ N, there exists an instance(w,c) and associated pure Nash
equilibriumL with

k =
SC∞(w,c,L)
OPT∞(w,c)

≥ Γ−1(m) · (1+o(1)) .

Proof: Consider the instance(w,c) and associated pure assignmentL given in Example 4.55.
We first show in Claim 4.57 thatOPT∞(w,c) = 1, and thatL is a pure Nash equilibrium with
SC∞(w,c,L) = k. We then show the lower bound onk.

Claim 4.57 Consider the instance(w,c) and associated pure assignmentL given in Exam-
ple 4.55. Then,
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(1.) OPT∞(w,c) = 1, and

(2.) the assignmentL is a pure Nash equilibrium with social costSC∞(w,c,L) = k.

Proof:

(1.) The traffic of a user inUi is equal to the capacity of a link inPi , and|Ui |= |Pi | for all
i ∈ [k]\{1}. Moreover, the traffic of each user inU1 is equal to the capacity of a link in
P0∪P1, and|P0|+ |P1|= |U1|. So, each user can be assigned to a link with a capacity
equal to its traffic such that all users are solo. Thus,OPT∞(w,c) = 1.

(2.) The latency of all linksj ∈ Pi , i ∈ [k]∪{0}, is

Λ j(L) =
δ j(L)

c j
= (k− i) .

Thus,

δ j(L) = (k− i) ·c j =
{

k ·2k−1 if j ∈ P0,
(k− i) ·2k−i if j ∈ Pi , i ∈ [k].

(4.20)

Clearly, inL every user is assigned to exactly one link, andSC∞(w,c,L) = k. Thus,L
is a valid assignment. We proceed to prove thatL is a pure Nash equilibrium.

Assume, by way of contradiction, thatL is not a pure Nash equilibrium. Then, there
exists an unsatisfied user with trafficw on a link j1 ∈ Pi1 who wants to move to a link
j2 ∈ Pi2, i2 > i1, that is, we have

δ j1(L)
c j1

>
δ j2(L)+w

c j2
. (4.21)

We proceed by case analysis:
i1 = 0: In this case,w = 2k−1, and we get

δ j1(L)
c j1

(4.20)
= k

(4.21)
>

δ j2(L)+w

c j2

(4.20)
=

(k− i2) ·c j2 +2k−1

c j2

= (k− i2)+
2k−1

2k−i2

= (k− i2)+2i2−1

i2≥1
≥ (k− i2)+ i2
= k ,
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a contradiction.
i1≥ 1: In this case,w = 2k−(i1+1), and we get

δ j1(L)
c j1

(4.20), page122
= (k− i1)

(4.21), page122
>

δ j2(L)+w

c j2

(4.20), page122
=

(k− i2) ·c j2 +2k−(i1+1)

c j2

= (k− i2)+
2k−(i1+1)

2k−i2

= (k− i2)+2i2−(i1+1)

i2−i1≥1
≥ (k− i2)+(i2− i1)
= (k− i1) ,

a contradiction. Thus, the pure assignmentL is a Nash equilibrium, as needed.

We proceed by proving the lower bound onk. We have

m = ∑
0≤i≤k

|Pi |

= k+(k−1) · ∑
2≤i≤k

2i−1 · ∏
j∈[i−1]

(k− j)

= k+(k−1) ·2k−1 · (k−1)! ·

(
1+ ∑

2≤i≤k−1

1
2k−i ·

1
(k− i)!

)
≤ k+(k−1) ·2k · (k−1)!
≤ 2k ·k!

≤ α ·kk

for some constantα ∈ R+. Let r = α ·kk. Since

logr = k · logk+ logα
= k · logk · (1+o(1))

and

log logr = logk+ log logk+o(1)
= logk · (1+o(1)) ,

this implies

Γ−1(m)
(4.4), page80
≤ logr

log logr
· (1+o(1))

= k · (1+o(1)) ,

as needed.



124 4 Selfish Routing in Non-Cooperative Networks

4.5.2 Mixed Nash Equilibria

We now state upper bounds on the price of anarchy and on the individual price of anarchy for
mixed Nash equilibria on related links. The first upper bounds were proved by Koutsoupias
and Papadimitriou [93]. For two links, they showed that the price of anarchy is1+

√
5

2 , that
is, thegolden ratio(Theorem 4.58). It is interesting to note that this bound (with respect to
mixedNash equilibria) matches the upper bound forjump optimal schedules(with respect
to pure jump optimal schedules) proved by Cho and Sahni [21] (see Table 4.3, page 93).
For an arbitrary number of links, Czumaj and Vöcking [29] proved the asymptotically tight
boundΘ( logm

log log logm) by first bounding the maximum expected latency on the links, and then
using this result to bound the expected maximum latency by applying aHoeffding inequality
(Theorem 4.59, page 125).

All these bounds depend either on the number of links or on the relation between the fastest
and slowest link. We now introduce a new structural parameterρ, defined as the ratio of the
sum of link capacities of links to which the largest traffic can be assigned causing latency at
mostOPT∞(w,c) and the sum of all link capacities. More formally, let

M1 = { j ∈ [m] | w1≤ c j ·OPT∞(w,c)} .

Then,

ρ =
∑ j∈M1

c j

C
.

With help ofρ we are able to prove an upper boundΓ−1(1
ρ) on the individual price of anarchy

(Theorem 4.60, page 125). Clearly,w1
c1
≤ OPT∞(w,c) andC≤ m· c1, implying thatρ ≥ 1

m.

This allows us to bound the maximum expected latency byΓ−1(m) ·OPT∞(w,c) improving on
the best known upper bound(Γ−1(m)+1) ·OPT∞(w,c) of Czumaj and Vöcking [29] (Corol-
lary 4.62, page 131), and the individual price of anarchy byΓ−1(m) (Corollary 4.63, page
131). Moreover, since the individual price of anarchy and the price of anarchy coincide when
restricting to pure Nash equilibria, the generalized bound directly leads to an improved bound
Γ−1(1

ρ) on the price of anarchy in this setting (Corollary 4.64, page 131). The generalized
bound is tight up to an additive constant forall m (Proposition 4.65, page 131) whereas the
upper boundΓ−1(m) is tight only for large m(see Theorem 4.56, page 121).

Feldmannet al. [46] showed that the individual price of anarchy is also bounded from
above by1+

√
4m−3
2 (Theorem 4.66, page 132). For pure Nash equilibria, this matches the

upper bound forjump optimal schedulesof Cho and Sahni [21] (see Table 4.3, page 93). The
bound isnot asymptotically tight, but for small numbers of links (m≤ 19) better than the
asymptotically tight boundΓ−1(m).

Theorem 4.58 (Koutsoupias and Papadimitriou [93])Consider the model of arbitrary us-
ers and two related links. Then,

PoA = φ ,

whereφ = 1+
√

5
2 is thegolden ratio.
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Theorem 4.59 (Czumaj and Vöcking [29])Consider the model of arbitrary users and re-
lated links. Then,

PoA = Θ

min


logm

log log logm
,

logm

log

(
logm

log( c1
cm)

)

 .

Theorem 4.60 Consider the model of arbitrary users and related links. Then, for any instance
(w,c) and associated Nash equilibriumP, it is

IC∞(w,c,P)
OPT∞(w,c)

<


3
2 +
√

1
ρ −

3
4 if 1

3 ≤ ρ≤ 1,

2+ 3
√

1
ρ −2 if 1

37 ≤ ρ < 1
3,

Γ−1
(

1
ρ

)
if ρ < 1

37.

Proof: Without loss of generality, letOPT∞(w,c) = 1 andC = 1. For any integerk ∈ N,
consider an instance(w,c) and associated mixed Nash equilibriumP with

k ≤ IC∞(w,c,P) < (k+1) .

In part (1.) and (2.), we give a lower bound on the total expected load that is necessary for
such a mixed Nash equilibriumP. In part (3.), we then use this lower bound to prove an upper
bound onk. Denoteτi j (P) the expected load on linkj excludingthe traffic of useri.

(1.) Let j1 be the maximum index of a link inM1, that is,M1 = [ j1]. Moreover, leti1 ∈ [n]
be a user and lets1 ∈M1 be a link withpi1s1 > 0 and

λi1s1(P) =
τi1s1(P)+wi1

cs1

= IC∞(w,m,P) .

By the definition of Nash equilibrium, we have

k ≤ τi1s1(P)+wi1

cs1

≤
τi1 j(P)+wi1

c j

≤
τi1 j(P)+w1

c j
(4.22)

for all j ∈M1. Moreover, by definition ofM1, we have

w1

c j
≤ OPT∞(w,c)

= 1 (4.23)
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for all j ∈M1. This implies thatw1≤ c j for all j ∈M1, and thus

τi1 j(P)+c j

c j

(4.23), page125
≥

τi1 j(P)+w1

c j

(4.22), page125
≥ k .

Therefore,

δ j(P) = τi1 j(P)+ pi1 j ·wi1

≥ τi1 j(P)
≥ (k−1) ·c j (4.24)

for all j ∈M1. Let C1 = ∑ j∈M1
c j . Summing up all expected loadsδ j(P) on links in

M1, the total expected load∆1(P) of links in M1 is

∆1(P) = ∑
j∈M1

δ j(P)

(4.24)
≥ (k−1) ·C1

de f inition o f ρ
= ρ · (k−1) ·C

C=1= ρ · (k−1) . (4.25)

(2.) We show the following claim by induction onl :

Claim 4.61 For all l ∈ [k−1]\{1}, there exists a setMl = [ j l ]\ [ j l−1] 6= /0 such that

(a.) the total capacity Cl of links inMl is at least

Cl ≥ ρ · (k−2) · ∏
2≤ j≤l−1

(k− j) ,

(b.) for all j in Ml , the expected load is bounded by

δ j(P) ≥ (k− l) ·c j ,

(c.) the total expected load∆l (P) on links inMl is at least

∆l (P) ≥ ρ · (k−2) · ∏
2≤ j≤l

(k− j) ,

(d.) and the difference between the total expected load on links inM1∪ ·· · ∪Ml and
the capacity of those links is bounded by

∑
j∈[l ]

(∆ j(P)−Cj) ≥ ρ · (k−2) · ∏
2≤ j≤l

(k− j) .
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Proof: As our basis case, letl = 2. Let wi2 be the smallest traffic of a useri2 who
chooses a link inM1 with positive probability, and lets2 ∈M1 be a link inM1 with
pi2s2 > 0. In an optimum assignment, at most load

C1
de f inition o f ρ

= ρ ·C
C=1= ρ (4.26)

can be assigned to links inM1. Therefore, in an optimum assignment, the remaining
expected load which is greater or equal to

∆1(P)−C1
(4.26)
= (∆1(P)−ρ)

(4.25), page126
≥ ρ · (k−2) (4.27)

is assigned to links not inM1. This implies that there exists a set of linksM2 = [ j2] \
[ j1] 6= /0, j2 minimum, with total capacityC2 at least

C2 ≥ ∆1(P)−C1

(4.27)
≥ ρ · (k−2) , (4.28)

proving (a.). Moreover, by definition of Nash equilibrium, we have

(k−1)
(4.24), page126

≤ δs2(P)
cs2

≤ τi2s2(P)+wi2

cs2

≤
τi2 j(P)+wi2

c j
(4.29)

for all j ∈M2. Since all links inM1 have expected latency larger thanOPT∞(w,c) = 1,
there exists a linkj ∈ [m]\ [ j2−1] to which a user with traffic at leastwi2 is assigned in
an optimum assignment. We get

wi2

c j
≤ OPT∞(w,c)

= 1 (4.30)

for all j ∈M2. This implies thatwi2 ≤ c j for all j ∈M2, and thus

τi2 j(P)+c j

c j

(4.30)
≥

τi2 j(P)+wi2

c j

(4.29)
≥ (k−1) .

Therefore,

δ j(P) = τi2 j(P)+ pi2 j ·wi2

≥ τi2 j(P)
≥ (k−2) ·c j
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for all j ∈M2, proving (b.). Summing up all expected loadsδ j(P) on links inM2, the
total expected load∆2(P) of links in M2 is

∆2(P) = ∑
j∈M2

δ j(P)

≥ (k−2) ·C2 (4.31)
(4.28), page127

≥ ρ · (k−2)2 ,

proving (c.). In an optimum assignment, at most expected loadC1+C2 can be assigned
to links inM1∪M2. So, the remaining expected load on links inM1∪M2 which has to
be assigned to other links in an optimum assignment is at least

∑
j∈[2]

(∆ j(P)−Cj)

= ∆1(P)+∆2(P)−C1−C2

(4.25), page126, (4.31)
≥ (k−1) ·C1 +(k−2) ·C2−C1−C2

= (k−2) ·C1 +(k−3) ·C2

de f inition o f ρ, (4.28), page127
≥ ρ · (k−2)+ρ · (k−3) · (k−2)
= ρ · (k−2)2 ,

proving (d.), and thus the claim holds for the basis case.

For the induction step, letl ≥ 3, and assume that Claim 4.61 (page 126) holds for
(l − 1). Let wi l be the smallest traffic of a useri l who assigns its traffic to a link in
M1∪ ·· · ∪Ml−1 with positive probability, and letsl ∈M1∪ ·· · ∪Ml−1 be a link with
pi l sl > 0. By induction hypothesis,

∑
j∈[l−1]

(∆ j(P)−Cj) ≥ ρ · (k−2) · ∏
2≤ j≤l−1

(k− j) .

This implies that there exists a set of linksMl = [ j l ]\ [ j l−1] 6= /0, j l minimum, with total
capacity at least

Cl ≥ ∑
j∈[l−1]

(∆ j(P)−Cj)

≥ ρ · (k−2) · ∏
2≤ j≤l−1

(k− j) , (4.32)

proving (a.). This holds since it is possible to assign all users to links with latency at
mostOPT∞(w,c) = 1. Moreover, by definition of Nash equilibrium, we have

k− (l −1) ≤
δsl (P)

csl

≤
τi l sl (P)+wi l

csl

≤
τi l j(P)+wi l

c j
(4.33)
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for all j ∈Ml . Since all links inM1∪ ·· · ∪Ml−1 have expected latency larger than
OPT∞(w,c) = 1, there exists a linkj ∈ [m]\ [ j l −1] to which a user with traffic at least
wi l is assigned in an optimum assignment. We get

wi l

c j
≤ OPT∞(w,c)

= 1 (4.34)

for all j ∈Ml . This implies thatwi l ≤ c j for all j ∈Ml , and thus

τi l j(P)+c j

c j

(4.34)
≥

τi l j(P)+wi l

c j

(4.33), page128
≥ k− (l −1) .

Therefore,

δ j(P) = τi l j(P)+ pi l j ·wi l

≥ τi l j(P)
≥ (k− l) ·c j

for all j ∈Ml , proving (b.). Summing up all expected loadsδ j(P) on links inMl , the
total expected load∆l (P) of links in Ml is

∆l (P) = ∑
j∈Ml

δ j(P)

≥ (k− l) ·Cl (4.35)
(4.32), page128

≥ ρ · (k−2) · ∏
2≤ j≤l

(k− j) ,

proving (c.). In an optimum assignment, at most load∑ j∈[l ]Cj can be assigned to links
in M1∪ ·· ·∪Ml . So, the remaining expected load on links inM1∪ ·· ·∪Ml which has
to be assigned to other links in the optimum solution is at least

∑
j∈[l ]

(∆ j(P)−Cj)

= ∑
j∈[l−1]

(∆ j(P)−Cj)+∆l (P)−Cl

(4.35)
≥ ∑

j∈[l−1]
(∆ j(P)−Cj)+(k− l) ·Cl −Cl

Induction, (4.32), page128
≥ ρ · (k−2) · ∏

2≤ j≤l−1

(k− j)

+(k− l −1) ·ρ · (k−2) · ∏
2≤ j≤l−1

(k− j)

= (k− l) ·ρ · (k−2) · ∏
2≤ j≤l−1

(k− j)

= ρ · (k−2) · ∏
2≤ j≤l

(k− j) ,
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proving (d.). This completes the proof of the inductive claim.

(3.) We proceed by showing an upper bound onk. Summing up over all∆l (P) we get the
lower bound∑l∈[k−1] ∆l (P) < W on the total loadW. The strict inequality follows from
the fact that there exists at least one user with expected individual cost at leastk. Using
this lower bound, we now prove the upper bounds for the three cases of the claim by
showing that a larger upper bound implies

OPT∞(w,c) ≥ W
C

> 1 = OPT∞(w,c) ,

a contradiction. Note thatΓ−1(1
ρ) is also an upper bound on the ratio forρ≥ 1

37. How-

ever, in the ranges13 ≤ ρ ≤ 1 and 1
37 ≤ ρ < 1

3 the given upper bounds are better. Now,
consider the three cases of the claim:

(a.) 1
3 ≤ ρ≤ 1: Assumek = 3

2 +
√

1
ρ −

3
4. This impliesk≥ 2 in the given range ofρ.

Then,

W > ∆1(P)+∆2(P)
≥ ρ ·

(
(k−1)+(k−2)2)

= ρ ·
(
k2−3·k+3

)
= ρ ·

(3
2

+

√
1
ρ
− 3

4

)2

−3·

(
3
2

+

√
1
ρ
− 3

4

)
+3


= ρ ·

(
9
4

+3·

√
1
ρ
− 3

4
+

1
ρ
− 3

4
− 9

2
−3·

√
1
ρ
− 3

4
+3

)

= ρ ·
(

1
ρ

)
= 1

= C .

(b.) 1
37 ≤ ρ < 1

3: Assumek = 2+ 3
√

1
ρ −2. This impliesk > 3 in the given range ofρ.

Then,

W > ∆1(P)+∆2(P)+∆3(P)
≥ ρ ·

(
(k−1)+(k−2)2 +(k−2)2(k−3)

)
= ρ ·

(
k−1+(k−2)3)

k>3
> ρ ·

(
2+(k−2)3)

= ρ ·
(

2+
1
ρ
−2

)
= 1

= C .
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(c.) ρ < 1
37: Assumek = Γ−1(1

ρ). Using the facts thatΓ(x+ 1) = x ·Γ(x) for all real
numbersx > 0 andΓ(x)≤ x for all 1≤ x≤ 3, we get

W > ∑
l∈[k−1]

∆l (P)

> ∆k−2(P)+∆k−1(P)

≥ ρ · (k−2) ·

(
∏

2≤ j≤k−2

(k− j)+ ∏
2≤ j≤k−1

(k− j)

)

> ρ · (k−2) ·

(
∏

3≤ j≤k−1

(k− j)+ ∏
2≤ j≤k−1

(k− j)

)
≥ ρ · (k−2) · (Γ(k−2)+Γ(k−1))
= ρ · (k−2) · (Γ(k−2)+(k−2) ·Γ(k−2))
= ρ · (k−2) · ((k−1) ·Γ(k−2))
= ρ ·Γ(k)

= ρ ·Γ
(

Γ−1
(

1
ρ

))
= 1

= C .

In each of the cases, we haveW > C, and this lower bound onW also holds for any real
numberx > k. This is a contradiction toOPT∞(w,c) = 1.

Corollary 4.62 Consider the model of arbitrary users and related links. Then, for any in-
stance(w,c) and associated Nash equilibriumP, it is

Λ(P) ≤ Γ−1(m) ·OPT∞(w,c) .

Corollary 4.63 Consider the model of arbitrary users and related links. Then, for any in-
stance(w,c) and associated Nash equilibriumP, it is

IC∞(w,c,P)
OPT∞(w,c)

≤ Γ−1(m) .

Corollary 4.64 Consider the model of arbitrary users and related links, restricted to pure
Nash equilibria. Then,

PoA ≤ Γ−1
(

1
ρ

)
.

Proposition 4.65 Consider the model of arbitrary users and related links. Then, for every
k∈ N there exists an instance(w,c) and associated pure Nash equilibriumL with

k =
SC∞(w,c,L)
OPT∞(w,c)

≥ Γ−1
(

1
ρ

)
−3 .



132 4 Selfish Routing in Non-Cooperative Networks

Proof: Consider the instance(w,c) and associated pure Nash equilibriumL from Exam-
ple 4.55 (page 121). As seen in Claim 4.57 (page 121), it isOPT∞(w,c) = 1, andL is a pure
Nash equilibrium withSC∞(w,c,L) = k. We now prove thatΓ−1(1

ρ)−3 is a lower bound on
k. By definition,

ρ =
|P0∪P1| ·2k−1

|P0| ·2k−1 +∑i∈[k] |Pi | ·2k−i .

This implies

1
ρ

=
1

k ·2k−1 ·

(
|P0| ·2k−1 + ∑

i∈[k]
|Pi | ·2k−i

)
de f inition o f Pi=

1
k ·2k−1 ·

(
k ·2k−1 + ∑

2≤i≤k

(
2i−1 · (k−1) ∏

j∈[i−1]
(k− j)

)
·2k−i

)

≤ 1
k ·2k−1 ·

(
k ·2k−1 +2k−1 ·k ∑

2≤i≤k
∏

j∈[i−1]
(k− j)

)
= 1+ ∑

2≤i≤k
∏

j∈[i−1]
(k− j)

= 1+2(k−1)! + ∑
2≤i≤k−2

∏
j∈[i−1]

(k− j)

≤ 2(k−1)! + ∑
2≤i≤k−2

(k−1)!
2i−1

≤ 3(k−1)!
k≥1
≤ (k+2)!
= Γ(k+3) .

This yieldsk≥ Γ−1(1
ρ)−3, as needed.

Theorem 4.66 (Feldmannet al. [46]) Consider the model of arbitrary users and related links.
Then, for any instance(w,c) and associated Nash equilibriumP, it is

IC∞(w,c,P)
OPT∞(w,c)

≤ 1+
√

4m−3
2

.

This bound is tight if and only if m≤ 5. For pure Nash equilibria, the bound is tight if and
only if m≤ 3.

4.5.3 Fully Mixed Nash Equilibria

Mavronicolas and Spirakis [107] showed that, in contrast to the model of identical links, there
does not necessarily exist a fully mixed Nash equilibrium. In fact, there exist instances with-
out a fully mixed Nash equilibrium (Example 4.41, page 113). Furthermore, they proved
that if a fully mixed Nash equilibrium exists, then it is unique and can be computed effi-
ciently (Theorem 4.67, page 133). In case of its existence, we can compare the fully mixed
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Nash equilibrium to a worst Nash equilibrium. The following results provide evidence for the
FMNE Conjecture. In particular, theFMNE Conjecture holds for pure Nash equilibria (Theo-
rem 4.68). Moreover, for the model of identical users, the conjecture holds up to a constant
factor (Theorem 4.69) for generalized fully mixed Nash equilibria, which, in contrast to fully
mixed Nash equilibria, always exist. For a thorough analysis of fully mixed Nash equilibria
for the model of identical users and links with non-decreasing, non-constant latency functions,
we refer to [58]. Finally, the conjecture is valid in case of two identical users (Theorem 4.70).
In contrast to the yet unproved claim of the FMNE Conjecture, each user indeed experiences
the worst expected individual cost in the fully mixed Nash equilibrium (Proposition 4.71).

Theorem 4.67 (Mavronicolas and Spirakis [107])Consider the model of arbitrary users
and related links. Then, for any instance(w,c), there exists a fully mixed Nash equilibriumF
if and only if (

1−
mcj

C

)
·
(

1− W
(n−1)wi

)
+

c j

C
∈ (0,1)

for all i ∈ [n] and j∈ [m]. If F exists, thenF is unique and

fi j =
(

1−
mcj

C

)
·
(

1− W
(n−1)wi

)
+

c j

C

for all users i∈ [n] and links j∈ [m].

Example 4.41 (continued)According to the formula in Theorem 4.67, the probability of user
4 on link4 is

f44 =
(

1− 4·2
14

)(
1− 14

4·2

)
+

2
14

= − 5
28

6∈ (0,1) .

By Theorem 4.67, this implies that there exists no fully mixed Nash equilibrium.

Theorem 4.68 (Gairinget al. [59]) Consider the model of arbitrary users and related links,
restricted to pure Nash equilibria. Then, theFMNE Conjecture is valid.

Theorem 4.69 (Fotakiset al. [50]) Consider the model of identical users and related links.
Then, for any instance(w,c), associated Nash equilibriumP and generalized fully mixed
Nash equilibriumF, it is

SC∞(w,c,P) ≤ 49.02·SC∞(w,c,F) .

Theorem 4.70 (Lückinget al. [103]) Consider the model of two identical users and related
links. Then, theFMNE Conjecture is valid.

Proposition 4.71 (Gairinget al. [59]) Consider the model of arbitrary users and related links.
Then, for any instance(w,c) and associated Nash equilibriumP, it is λi(P)≤ λi(F).
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4.6 Makespan Social Cost and Restricted Strategy Sets

We now consider the KP-model with makespan social cost and restricted strategy sets. Recall
that every useri ∈ [n] is only allowed to assign its traffic to links in its strategy setRi ⊆ [m].
Clearly, this restriction can change the set of possible Nash equilibria. Subsection 4.6.1 deals
with pure Nash equilibria only, whereas the results quoted in Subsection 4.6.2 hold for general
(i.e. mixed) Nash equilibria.

4.6.1 Pure Nash Equilibria

4.6.1.1 Computation of Nash Equilibria

Identical Users. Since the model of identical users and identical links is a special case of
the unrelated links model where the traffics are either 1 or∞, we can compute a (best) pure
Nash equilibrium by solving a bipartite cardinality matching problem (Theorem 4.72). For
the model of identical users and related links, Even-Daret al. [42] improved an upper bound
of Milchtaich [109], showing that sequences of (not necessarily greedy) selfish steps can be
used to compute a pure Nash equilibrium (Theorem 4.73).

Theorem 4.72 (Hopcroft and Karp [72], Lenstraet al. [97]) Consider the model of identi-
cal users with restricted strategy sets and identical links. Then, for any instance(n,m), a best
pure Nash equilibrium can be computed in O(R

√
n) time.

Theorem 4.73 (Even-Daret al. [42]) Consider the model of identical users with restricted
strategy sets and related links. Then, there exists an instance, an associated pure assignment
and a rule such that the maximum length of a sequence of (not necessarily greedy) selfish
steps is at most nm before reaching a Nash equilibrium using O(nmlogm) time.

Arbitrary Users. For the model of arbitrary users and related links, no polynomial-time al-
gorithm to compute a pure Nash equilibrium is known. However, restricting to identical links,
a nashification algorithm, in the sequel called NASHIFY-RESTRICTED, was given by Gair-
ing et al. [56] by identifying some natural connections between the problem of computing a
Nash equilibrium andnetwork flowproblems (see e.g. [1]). In the remainder of this subsec-
tion, we assume that all user traffics are positive integers. In order to present the algorithm,
we first show how to represent a (partial) pure assignment via a residual network. We then in-
troduce a blocking flow algorithm, called UNSPLITTABLE-BLOCKING-FLOW, and we show
how it can be used by algorithm RECURSIVEUBF to alter a pure assignment such that all
users with trafficw1 are satisfied and the social cost does not increase. Finally, we show how
NASHIFY-RESTRICTED uses RECURSIVEUBF to nashify any given pure assignment. We
illustrate both the introduced definitions and algorithms with help of the following example.

Example 4.74 Consider the following instance(w,c): We have n= 5 users i1, . . . , i5 and m=
4 identical links j1, . . . , j4. We have wi1 = 6 with Ri1 = { j1, j2}, wi2 = 5 with Ri2 = { j2, j3},
wi3 = 4 with Ri3 = { j1, j2}, wi4 = 2 with Ri4 = { j3, j4}, and wi5 = 2 with Ri5 = { j3, j4}.
Moreover, we consider the pure assignmentL = 〈 j1, j2, j1, j3, j3〉 (illustrated in Figure 4.8).
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2

2

56

4

Figure 4.8: AssignmentL = 〈 j1, j2, j1, j3, j3〉 of the instance given in Example 4.74 (page
134). Each small arrow points from an assigned user to the other link in its strategy
set.

Residual Network Representation. In the following, we present a (partial) pure assign-
ment with help of a residual network.

Definition 4.75 Given a (partial) pure assignmentL = 〈`1, . . . , `n〉, we define a directed bi-
partite graph GL = (V,EL ), where V= M∪U such that each link is represented by a node in
M and each user is represented by a node in U. Furthermore, EL = E1

L ∪E2
L with

E1
L = {( j, i) | j ∈M, i ∈U, j = `i} , and

E2
L = {(i, j) | i ∈U, j ∈M, j ∈ Ri \{`i}} .

Example 4.74 (continued)The residual network GL for the pure assignmentL = 〈 j1, j2, j1,
j3, j3〉 is illustrated in Figure 4.9.

j1 j2 j3 j4

i 1 i 3 i 2 i 4 i 5

6 2 24 5users

links

GL

Figure 4.9: The residual networkGL for the pure assignmentL = 〈 j1, j2, j1, j3, j3〉 given in
Example 4.74 (page 134).

For a total pure assignmentL , we use the graphGL from Definition 4.75 to define a graph
GL (w) whereV stays the same, but fromEL we now only consider edges

EL (w) = EL \{(i, j) | i ∈U, j ∈M,wi > w} .

This means that all usersi ∈ [n] with wi > w stay assigned to their link. We useGL instead of
GL (w) if it is clear from the context whichw is used.
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UNSPLITTABLE -BLOCKING -FLOW. We now introduce an algorithm, called UNSPLITTABLE-
BLOCKING-FLOW. Starting with any integerw∈ N and any pure assignmentL , we use an
integera to control the approximation of an optimum assignment. The intention is to find an
a which is a lower bound onOPT∞(w,m), and then to compute a pure assignmentL ′ with
SC∞(w,m,L ′)≤ a+w. For any integera, we partition the set of linksM into three subsets:

M− = { j ∈M | δ j(L)≤ a}
M0 = { j ∈M | a+1≤ δ j(L)≤ a+w}
M+ = { j ∈M | δ j(L)≥ a+w+1}

In this setting, we do not have a dedicated source or sink. However, at each time nodes inM+

andM− can be interpreted as source and sink nodes, respectively. Note, that those sets change
over time.

Example 4.74 (continued)Let w= 5 and a= 3. Then, the partition of the links for the given
pure assignmentL looks as follows: M+ = { j1}, M0 = { j2, j3}, and M− = { j4}.

UNSPLITTABLE-BLOCKING-FLOW combines ideas from blocking flows with the idea of
pushing users without splitting them. Roughly speaking, algorithm UNSPLITTABLE-BLO-
CKING-FLOW shifts users so that the latencies of links fromM− are never decreased, the
latencies of links fromM+ are never increased, and links fromM0 remain inM0. The al-
gorithm is controlled by aheight function h : V → N0 with h( j) = distGL (w)( j,M−) for all
j ∈V. We call an edge(u,v) admissibleif h(u) = h(v)+1. In anadmissible path, all edges
are admissible. For each nodeu∈V with 0< h(u) < ∞, defineS(u) to be theset of successors
of nodeu; this is the set of nodes to whichu has an admissible edge, so that

S(u) = {v∈V | (u,v) ∈ EL andh(u) = h(v)+1} .

Note thatS(u) also defines the set of admissible edges leavingu. Let s(u) be the first node in
a list implementation of the setS(u). We proceed to define:

Definition 4.76 A link j ∈M with 0 < h( j) < ∞ is calledhelpful if δ j(L)≥ a+1+ws( j).

Lemma 4.77 (Gairinget al. [56]) Let v0 be a helpful link of minimum height. Then, there
exists a sequence v0, . . . ,vr , where v2i ∈M for all 0≤ i ≤ r/2 and v2i+1∈U for all 0≤ i < r/2
such that

(1.) (vi ,vi+1) ∈ EL and h(vi) = h(vi+1)+1,

(2.) δv0(L)≥ a+1+ws(v0),

(3.) a+1≤ δv2i(L)+ws(v2i−2)−ws(v2i) ≤ a+w for all 0 < i < r/2,

(4.) δvr (L)+ws(vr−2) ≤ a+w.

We are now ready to present the algorithm UNSPLITTABLE-BLOCKING-FLOW, stated as
Algorithm 6 (page 137). Initially, the height functionh is computed as the distance inGL (w)
of each node to the setM− of nodes. Then, the algorithm proceeds in phases. In each phase,
first the minimum heightd = h(v) of a nodev ∈ M+ is computed. Inside each phase, we
do not update the height function, but we successively choose a helpful linkv of minimum
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height and we push users along the helpful path induced byv and adjust the pure assignment
accordingly. In order to updateGL (w), we have to change the direction of two arcs for each
user push. The phase ends when there exists no further admissible path from a nodev∈M+

with h(v) = d to some node inM−. Before the new phase starts, we recomputeh and we
check whether we need to start a new phase or not. UNSPLITTABLE-BLOCKING-FLOW stops
when eitherM− = /0 or for all v∈M+ we haveh(v) = ∞.

Algorithm 6 (UNSPLITTABLE-BLOCKING-FLOW)
Input: a pure assignmentL and positive integersa,w
Output: a pure assignmentL ′

(1) begin
(2) computeh;
(3) L ′← L ;
(4) while M− 6= /0 and there exists av∈M+ with h(v) < ∞ do
(5) d←minv∈M+(h(v));
(6) while there exists an admissible path fromv∈M+,h(v) = d, to M− do
(7) choose helpful linkv of minimum height;
(8) push users along helpful path defined byv;
(9) updateL ′,GL ′(w);
(10) recomputeh;
(11) return L ′;
(12) end

Gairing et al. [56] showed that UNSPLITTABLE-BLOCKING-FLOW decreases the maxi-
mum load and increases the minimum load on the links, respectively (Lemma 4.78). More-
over, they showed properties of the resulting pure assignmentL ′ (Lemma 4.79), and that
UNSPLITTABLE-BLOCKING-FLOW can be implemented to run inO(mR) time (Theorem 4.80,
page 138).

Lemma 4.78 (Gairinget al. [56]) For the pure assignmentL ′ computed byUNSPLITTABLE-
BLOCKING-FLOW(L ,a,w), we have

max
j∈[m]

δ j(L ′) ≤ max
j∈[m]

δ j(L) , and

min
j∈[m]

δ j(L ′) ≥ min
j∈[m]

δ j(L) .

Lemma 4.79 (Gairinget al. [56]) For the pure assignmentL ′ computed byUNSPLITTABLE-
BLOCKING-FLOW(L ,a,w), one of the following conditions holds:

(1.) M−(L ′) = /0.

(2.) M+(L ′) = /0.

(3.) There exists some set of links B⊂ [m] such that

(a.) δ j(L ′)≥ a+1 for all j ∈ B, and

(b.) δ j(L ′)≤ a+w for all j ∈ [m]\B, and
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(c.) `i ∈ B implies Ri ⊆ B for all i ∈ [n] with wi ≤ w.

Theorem 4.80 (Gairinget al. [56]) UNSPLITTABLE-BLOCKING-FLOW can be implemented
to run in O(mR) time.

Example 4.74 (continued)On the left hand side of Figure 4.10, the height function in GL (w)
for w = 5 and a= 3 is illustrated with help of a layered network. Only link j1 is helpful, and
there exist two admissible paths: j1, i3, j2, i2, j3, i4, j4 and j1, i3, j2, i2, j3, i5, j4. On the right
hand side, the result of pushing users along the first admissible path is shown. Here, link j3

becomes helpful.
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Figure 4.10: Height function inGL (w) for w = 5 anda = 3 of Example 4.74 (page 134) il-
lustrated with help of a layered network before (left hand side) and after pushing
users along the admissible pathj1, i3, j2, i2, j3, i4, j4 (right hand side).

RECURSIVEUBF. We next show how UNSPLITTABLE-BLOCKING-FLOW is used by algo-
rithm RECURSIVEUBF(B,L(B), [l ,u],w), stated as Algorithm 7 (page 139).
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If l ≤ δ j(L(B))≤ u+w for all links j ∈ B prior to a call to RECURSIVEUBF(B, [l ,u],w),
then it computes a pure assignment where no user with traffic at leastw that is assigned to some
link in B can improve by moving to some other link inB. By a series of calls to UNSPLIT-
TABLE-BLOCKING-FLOW(L ′(B),a,w) we compute a pure assignment whereM− andM+ are
either both empty or both non-empty. Parametera is chosen by binary searcha∈ [l ,u], a∈N,
as follows: If UNSPLITTABLE-BLOCKING-FLOW returns a pure assignment withM− = /0
andM+ 6= /0, then we increasea. On the other hand, if UNSPLITTABLE-BLOCKING-FLOW

returns a pure assignment withM− 6= /0 andM+ = /0, then we decreasea.

Algorithm 7 (RECURSIVEUBF)
Input: a set of linksB, a pure assignmentL(B), an interval[l ,u] and a traffic sizew
Output: a pure assignmentL ′(B)

(1) begin
(2) a← d(l +u)/2e;
(3) if a = u then
(4) return L (B);
(5) L(B)← UNSPLITTABLE-BLOCKING-FLOW(L(B),a,w);
(6) if M−(L(B)) = /0 and M+(L(B)) 6= /0 then
(7) L ′(B)← RECURSIVEUBF(B, [a,u],w);
(8) else ifM−(L(B)) 6= /0 and M+(L(B)) = /0 then
(9) L ′(B)← RECURSIVEUBF(B, [l ,a],w);
(10) else ifM−(L(B)) 6= /0 and M+(L(B)) 6= /0 then
(11) splitB (according to Lemma 4.79 (3.), page 137) into setsB′ andB′;
(12) L ′(B′)← RECURSIVEUBF(B′, [a,u],w);
(13) L ′(B′)← RECURSIVEUBF(B′, [l ,a],w);
(14) L ′(B)← L ′(B′)∪L ′(B′);
(15) return L ′(B);
(16) end

If after the binary search,M− = /0 andM+ = /0, then we have computed a pure assignment
where all users with traffic at leastw are satisfied. If neitherM− = /0 nor M+ = /0 it follows
that condition (3.) from Lemma 4.79 (page 137) holds. DefineB′ as the set of links still
reachable fromM+ and letB′ be the complement ofB′ in B. In this case, we split our instance
into two parts. One part with all links inB′ and all users that are currently assigned to a link
in B′, the other part holds the complement. WheneverB is split intoB′ andB′, condition (3.)
from Lemma 4.79 (page 137) implies that no userv with wv≤ w, assigned to a link inB′, has
a link fromB′ in its strategy set.

We recursively proceed with the binary search ona in both parts of the instance. For the
part that corresponds toB′, we increasea, while in the other part we decreasea. The recursive
splitting ofB defines a partition of the links into setsB1, . . . ,Bp. At the end, all partsB1, . . . ,Bp

are put together to formL ′(B).
For eachBk,k∈ [p], define a lower boundLow(Bk) on the load of all links fromBk as the

last value fora after the binary search ona in Bk. This implies:

Lemma 4.81 (Gairinget al. [56]) If l ≤ δ j(L(B)) ≤ u+ w for all j ∈ B prior to a call to
RECURSIVEUBF(B,L(B), [l ,u],w), thenRECURSIVEUBF(B,L(B), [l ,u],w) returns a pure
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assignmentL ′(B) of users in B, a partition of B into p sets B1, . . . ,Bp for some p, and (implic-
itly) numbersLow(Bk) for k∈ [p] such that

(1.) u≥ Low(B1) > .. . > Low(Bp)≥ l for all k ∈ [p],

(2.) Low(Bk)≤ δ j(L ′(B))≤ Low(Bk)+w for all j ∈ Bk and for all k∈ [p],

(3.) no user v with wv ≤ w that is assigned to a link in Bk has a link from B̀ in its strategy
set Rv if ` > k.

By (3.) all users with trafficw are satisfied in the pure assignment computed by RECUR-
SIVEUBF. In order to keep these users satisfied, we have to ensure that in further compu-
tations the lower bounds only increase and the upper bounds only decrease. We denote the
upper bound byUp(Bk) for all links from Bk, and in coincidence with (2.) we setUp(Bk) =
Low(Bk)+w.

NASHIFY-RESTRICTED. We are now ready to present the algorithm NASHIFY-RESTRICTED.
Let w̃1 > .. . > w̃r be all different user traffics fromw1, . . . ,wn. The idea is to compute a se-
quence of pure assignmentsL0, . . . ,L r such thatL0 = L , and such that for all pure assignments
L i with i ∈ [r], all usersj with w j ≥ w̃i are satisfied. We call the computation ofL i from L i−1

stagei. The aim in stagei is to compute a pure assignmentL i from L i−1 such that inL i all
usersu with wu≥ w̃i are satisfied.

Algorithm 8 (NASHIFY-RESTRICTED)
Input: a pure assignmentL0

Output: a pure assignmentL r

(1) begin
// stage 1

(2) L1←RECURSIVEUBF([m],L0, [0,maxj δ j(L0)], w̃1);
// stage 2, . . . , r

(3) for i← 2 to r do
(4) while there are sets of active linksdo
(5) execute SWEEPover the active links;

// L i is the current pure assignment
(6) return L r ;
(7) end

Algorithm 8 shows the high-level structure of NASHIFY-RESTRICTED. We first use the
procedure RECURSIVEUBF to compute a pure assignmentL1 where all users with traffic̃w1

are satisfied. Afterwards, we iteratively satisfy users with trafficw̃2, . . . , w̃r making sure that
users with larger traffic remain satisfied. We do this by executing SWEEP over the sets of
active links. In the following, we define what we mean by sets of active links, and we describe
how a SWEEPover these sets of active links is executed.

Lemma 4.81 (page 139) implies that after stage 1, all users with trafficw̃1 are satisfied.
Furthermore, the links are partitioned intop1 setsB1, . . . ,Bp1 with Up(Bk) = Low(Bk)+ w̃1
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for all k∈ [p1], and no userv with wv≤ w̃1, that is assigned to a link fromBk can be assigned
to a link fromB` if k < `.

We now describe stagei > 1. The lower bound on the load of a link only increases and the
upper bound only decreases. This implies that fixed users remain satisfied. At the beginning
of stagei, we have a pure assignmentL i−1, where the links are partitioned intopi−1 sets
B1, . . . ,Bpi−1 with Up(Bk) = Low(Bk)+ w̃i−1 for all k∈ [pi−1], and no userv that is assigned
to a link fromBk can be assigned to a link fromB` if k < `.

During each stagei, we always maintain a pure assignmentL ′i where the links are parti-
tioned intoq setsC1, . . . ,Cq for someq. They are ordered such thatUp(Ck) > Up(Ck+1) and
Low(Ck)≥ Low(Ck+1) for all k∈ [q−1].

...
...... wi−1

wi

x+1CxC yCx−1C y+1C

Cx Cx+1 Cy

Cx CyCx+1

~

~

Low(     )

Up(     )
Up(     )

Up(        )

Low(     ) Low(        )

Figure 4.11: Sets of active links in stagei at the beginning of a sweep

At the beginning of a SWEEP, we have three classes of sets (see Figure 4.11):

• Some sets of linksCk, k ∈ [x− 1], have not been considered yet and fulfillUp(Ck)−
Low(Ck) = w̃i−1.

• Moreover, some sets of linksCk, y< k≤ q, have beendone in stagei already and fulfill
Up(Ck)−Low(Ck) = w̃i .

• Finally, we have setsCx, . . . ,Cy of active links with w̃i < Up(Ck)−Low(Ck)≤ w̃i−1 and
Low(Ck) = Low(Cy) for all x≤ k≤ y.

Initially, Cj = B j for all j ∈ [pi−1], the links fromCpi−1 are active, and the remaining links have
not been considered. During a SWEEP, the number of partitionsq may change. We will see in
Lemma 4.84 (page 144) that at the beginning of each SWEEP, thesweep propertyintroduced
below holds.

Definition 4.82 (Sweep Property during stagei)

(1.) There is a partition of the links into q sets C1, . . . ,Cq for some q withLow(C1) ≥ . . . ≥
Low(Cq) andUp(C1) > .. . > Up(Cq).

(2.) If link j ∈Ck, thenLow(Ck)≤ δ j(L ′i)≤ Up(Ck).
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(3.) No user v with wv≤ w̃i that is assigned to a link in Ck has a link from C̀ in its strategy
set Rv if ` > k.

(4.) There exist integers x,y with1≤ x≤ y≤ q and

(a.) Up(Ck)−Low(Ck) = w̃i−1 for k∈ [x−1],

(b.) Up(Ck)−Low(Ck) = w̃i for y < k≤ q, and

(c.) w̃i < Up(Ck)−Low(Ck)≤ w̃i−1 andLow(Ck) = Low(Cy) for all x≤ k≤ y.

We now use the definition of Sweep Property to define active links and links which are done
in stagei more formally.

Definition 4.83 Let x,y be as in Definition 4.82 (page 141). Then, a link j∈Ck, x≤ k≤ y, is
calledactive, and a link j∈Ck, y< k≤ q, is calleddone in stagei.

SWEEP is stated as Algorithm 9 (page 143) and works on active links as follows: At the
beginning of SWEEP, the sweep property holds. The aim of SWEEP is to process links inCy

such that they do not have to be considered again in this stage, or to make all links inCx−1

active by increasing the lower bound of all active links toLow(Cx−1). In order to preserve the
structure of our pure assignment, we choosea = min{Up(Cy)− w̃i ,Low(Cx−1)}. We insert all
sets into a listL such thatL = [Cx, . . . ,Cy]. Then, as long as there are at least two sets inL ,
we do the following: We extract the first element, sayD1, of L and apply UNSPLITTABLE-
BLOCKING-FLOW to the sub-instance defined by the setD1. UNSPLITTABLE-BLOCKING-
FLOW(L(D1),a, w̃i) returns a pure assignmentL ′ where one of the following conditions hold:

(1.) M+(L ′) = /0: In this case, all links inD1 have load at mosta+ w̃i , and Lemma 4.78
(page 137) implies that this property is preserved. LetD2 be the next element inL .
Before the call,Up(D1) > Up(D2) > a+ w̃i was true. After the call, the loads of all
links in D1 are bounded from above bya+ w̃i . So, by settingUp(D1)← Up(D2), we
get a new upper bound on the loads of the links inD1, and we fulfill the requirement
that upper bounds can be only decreased.D1 andD2 are merged, and the union of both
sets is inserted intoL . This way, the number of sets in the list is decreased by 1.

(2.) M−(L ′) = /0 andM+(L ′) 6= /0: In this case, all links inD1 have load at leasta, and
Lemma 4.78 (page 137) implies that this property is preserved. Thus, we are allowed to
setLow(Cj)← a. We are done withD1 during this execution of SWEEP.

(3.) M−(L ′) 6= /0 andM+(L ′) 6= /0: In this case, we splitD1 according to condition (3.) from

Lemma 4.79 (page 137) into setsD′1 andD′1. Condition (3c.) implies that no user that
is assigned to a link inD′1 can be assigned to a link inD′1. Since the load on each link in
D′1 is at leasta, we can setLow(D′1)← a. The load of each link inD′1 is at mosta+ w̃i .
Thus, since the upper bound of the next element, sayD2, in L is Up(D2) > a+ w̃i , we
again can extractD2 from L , setUp(D′1)← Up(D2), mergeD′1 andD2, and insert it in
L . We are done withD′1 during this execution of SWEEP.



4.6 Makespan Social Cost and Restricted Strategy Sets 143

Algorithm 9 (SWEEP)
Input: a list L = [Cx, . . . ,Cy] of the sets of active links

(1) begin
(2) a←min{Up(Cy)− w̃i ,Low(Cx−1)};
(3) while |L | ≥ 2 do
(4) D1← ExtractFirst(L);
(5) L ′← UNSPLITTABLE-BLOCKING-FLOW(L(D1),a, w̃i) ;
(6) if M+(L ′) = /0 then
(7) D2← ExtractFirst(L);
(8) Up(D1)← Up(D2);
(9) D1← D1∪D2;
(10) Insert(D1,L);
(11) else ifM−(L ′) = /0 and M+(L ′) 6= /0 then
(12) Low(D1)← a andoutput: "links in D1 aredone in this sweep";
(13) else ifM−(L ′) 6= /0 and M+(L ′) 6= /0 then
(14) splitD1 (according to Lemma 4.79 (3.), page 137) into setsD′1 andD′1;
(15) Low(D′1)← a andoutput: "links in D′1 aredone in this sweep";
(16) D2← ExtractFirst(L);
(17) Up(D′1)← Up(D2);
(18) D1← D′1∪D2;
(19) Insert(D1,L);

// Different handling of last set
(20) D1← ExtractFirst(L);
(21) if a = Up(D1)− w̃i then
(22) RECURSIVEUBF(D1,L(D1)[Low(D1),a], w̃i) andoutput: "links in D1 aredone in stage i";
(23) else
(24) L ′← UNSPLITTABLE-BLOCKING-FLOW(L(D1),a, w̃i);
(25) if M−(L ′) = /0 then
(26) Low(D1)← a andoutput: "links in D1 aredone in this sweep";
(27) else ifM−(L ′) 6= /0 and M+(L ′) = /0 then
(28) Up(D1)← a+ w̃i ;
(29) RECURSIVEUBF(D1,L ′(D1), [Low(D1),a], w̃i) andoutput: "links in D1 aredone in stage i";
(30) else ifM−(L ′) 6= /0 and M+(L ′) 6= /0 then
(31) splitD1 (according to Lemma 4.79 (3.), page 137) into setsD′1 andD′1;
(32) Low(D′1)← a andoutput: "links in D′1 aredone in this sweep";
(33) Up(D′1)← a+ w̃i ;
(34) RECURSIVEUBF(D′1,L

′(D′1)[Low(D′1),a], w̃i) andoutput: "links in D′1 aredone in stage i";
(35) end
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So, in each case, the number of sets in listL is decreased by 1. Now, we consider the case
that there is only one set, sayD1, in L . This case has to be handled differently.

If a = Up(D1)− w̃i , then we simply apply RECURSIVEUBF to the sub-instance defined
by D1 in the interval[Low(D1),a] with traffic sizew̃i . Otherwise, we apply UNSPLITTABLE-
BLOCKING-FLOW to the sub-instance defined by the setD1. UNSPLITTABLE-BLOCKING-
FLOW(L(D1),a, w̃i) returns a pure assignmentL ′ where one of the following conditions holds.

(1.) M−(L ′) = /0: Here, we setLow(D1)← a.

(2.) M−(L ′) 6= /0 andM+(L ′) = /0: In this case, we setUp(D1)← a+ w̃i and apply RECUR-
SIVEUBF to the sub-instance defined byD1 in the interval[Low(D1),a] with traffic size
w̃i .

(3.) M−(L ′) 6= /0 andM+(L ′) 6= /0: Here, we splitD1 according to condition (3.) from Lem-

ma 4.79 (page 137) into setsD′1 andD′1. For D′1, we setLow(D′1)← a, and forD′1 we
setUp(D′1)← a+ w̃i and we apply RECURSIVEUBF to the sub-instance defined byD′1
in the interval[Low(D′1),a] with traffic sizew̃i .

After each sweep, by renumbering the partitions, we get a new pure assignment that again
has the same structure as in Definition 4.82 (page 141). This completes the description of
SWEEP. Gairinget al. [56] proved:

Lemma 4.84 (Gairinget al. [56]) The sweep property holds at the beginning of each execu-
tion of SWEEP. Moreover, in each execution, either a non-empty set of links is added to the
set of active links, or some non-empty set of links is stage-finalized.

Lemma 4.85 (Gairinget al. [56]) After stage i, every user v with traffic wv≥ w̃i is satisfied.

Theorem 4.86 (Gairinget al. [56]) Consider the model of arbitrary users with restricted
strategy sets and identical links. Then, for any instance(w,m) and associated pure as-
signmentL , NASHIFY-RESTRICTED(L) computes a pure Nash equilibriumL ′ from L with
SC∞(w,m,L ′) ≤ SC∞(w,m,L) using O(rmR(logW + m2)) time, where r is the number of
distinct traffic sizes.

4.6.1.2 Computation of Best Nash Equilibria

If both users and links are identical, then a best pure Nash equilibrium can be computed in
polynomial time (see Theorem 4.72, page 134). For arbitrary users and identical links, The-
orem 4.22 (page 104) implies thatBEST PURE NE is N P -complete. SinceBEST PURE
NE is N P -complete in the strong sense [50], there also exists no pseudo-polynomial algo-
rithm to solve it. However, we can give such an algorithm for constantm even for related
links (Theorem 4.87). Moreover, in case of identical links, NASHIFY-RESTRICTEDenables
us to approximate an optimum Nash equilibrium within factor 2− 1

w1
(Theorem 4.88, page

145). Lenstraet al. [97] showed thatMULTIPROCESSOR SCHEDULING is not approx-
imable within a factor32− ε for anyε with 0 < ε ≤ 1

2 unlessP = N P . The same result can
be proved forBEST PURE NE in the model of arbitrary users with restricted strategy sets and
identical links by adapting the proof of Lenstraet al. [97] to this setting (Theorem 4.89, page
145).
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Theorem 4.87 Consider the model of arbitrary users with restricted strategy sets and related
links. Then, there exists a pseudo-polynomial-time algorithm for m-BEST PURE NE.

Proof: See Theorem 4.104 (page 161) for a generalization of this result.

Theorem 4.88 (Gairinget al. [56]) Consider the model of arbitrary users with restricted
strategy sets and identical links. Then, for any instance(w,m) a pure Nash equilibriumL
with SC∞(w,m,L)≤ (2− 1

w1
) ·OPT∞(w,m) can be computed in polynomial time.

Theorem 4.89 Consider the model of arbitrary users with restricted strategy sets and iden-
tical links. If, for anyε with 0 < ε ≤ 1

2, BEST PURE NE is (3
2 − ε)-approximable, then

P = N P .

Proof: We prove this result by reduction from3-DIMENSIONAL MATCHING, that is, we
employ a polynomial time transformation from3-DIMENSIONAL MATCHING to BEST PURE
NE. For anyε with 0 < ε ≤ 1

6, we construct an instance ofBEST PURE NE such that if we
had a polynomial-time(3

2− ε)-approximation algorithm forBEST PURE NE, then we could
decide whether an instance of3-DIMENSIONAL MATCHING is positive in polynomial time.
From this construction the theorem then follows.

Consider an arbitrary instance of3-DIMENSIONAL MATCHING. We call the triples that
containxi triples of type i. Let τi be the number of triples of typei. From this instance we
construct an instance for the stated problem as follows:

• There arem= |T | links. Each link j ∈ [m] corresponds to a triple int j ∈ T.

• There aren = m+q users.

– There are 2q element userswith traffic 1 that correspond to the 2q elements ofY∪
Z in the natural way. On linkj ∈ [m], corresponding to the triplet j = (xr ,ys,zt) ∈
T , the users corresponding toys andzt can be processed.

– There areτi − 1 dummy usersof type i with traffic 2 for all i ∈ [q] (if m < q,
then we construct some trivialno instance ofBEST PURE NE). Note that the total
number of dummy jobs ism−q.

Clearly, this is polynomial time transformation. We prove that this is a transformation from
3-DIMENSIONAL MATCHING to BEST PURE NE.

(1.) The instance of3-DIMENSIONAL MATCHING is positive:
Consider a matching, that is, a subsetT ′ ⊆ T with |T ′|= q such that no two elements
in T ′ agree in any coordinate. Say thatT ′ = {t1, . . . , tq}. Use this matching to define a
pure assignmentL as follows:

• For the triplet j = (xr ,ys,zt) ∈ T ′, j ∈ [q], the element users corresponding toys

andzt are assigned to linkj.

• Each of the dummy users is solo on one of the links in[m]\ [q].
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Clearly,δ j(L) = 2 for all j ∈ [m]. So,L is a Nash equilibrium. Moreover,

SC∞(w,m,L) = 2 .

Now, consider any pure Nash equilibriumL ′ in which the element users and dummy
users are not assigned to the links[m] according to a matching. Thus, the 2q element
users are assigned to more thanq links. This implies that there exists at least one link
j ∈ [m] with δ j(L ′)≥ 3. Hence,

SC∞(w,m,L ′) ≥ 3 ,

and we get

SC∞(w,m,L ′)
SC∞(w,m,L)

≥ 3
2

ε>0
>

3
2
− ε .

Thus, no such Nash equilibriumL ′ approximates the best pure Nash equilibrium within
the claimed factor.

(2.) The instance of3-DIMENSIONAL MATCHING is negative:
There exists no matching, that is, a subsetT ′ ⊆ T such that|T ′| = q and no elements
in T ′ agree in any coordinate. As seen in the previous case, the element users and the
dummy users can not be assigned to the links[m] such that they cause load 2 on all of
these links, showing thatOPT∞(w,m)≥ 3.

Consider an arbitrary pure Nash equilibriumL . Assume, by way of contradiction, that
there exists a linkj ∈ [m] with δ j(L)≥ 4. Clearly, at least one dummy useri is assigned
to link j. Since the total load of all users is 2m, there exists a link̀∈ [m] with δ`(L) < 2.
We get

δ j(L) ≥ 4

= 2+wi

> δ`(L)+wi .

This shows that useri is unsatisfied, contradicting the fact thatL is a Nash equilibrium.
Thus,δ j(L)≤ 3 for all j ∈ [m], and we get

SC∞(w,m,L) ≤ 3 .

Hence,

SC∞(w,m,L)
OPT∞(w,m)

≤ 1

ε≤ 1
2
≤ 3

2
− ε .

Thus, all Nash equilibria approximate the best pure Nash equilibrium within the claimed
factor.

Therefore, if we had a polynomial-time(3
2−ε)-approximation algorithm forBEST PURE NE,

we could use it to decide whether an instance of3-DIMENSIONAL MATCHING is positive in
the following way: We apply the approximation algorithm to the corresponding instance of
BEST PURE NE and we answeryesif and only if it returns a solution with makespan 2.
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4.6.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Identical Links. For arbitrary users, Theorem 4.26 (page 106) implies thatWORST PURE
NE is N P -complete. SinceWORST PURE NE is N P -complete in the strong sense [50],
there also exists no pseudo-polynomial algorithm to solve it. However, we can give such an
algorithm for constantm (Theorem 4.90).

In contrast to the case of unrestricted strategy sets, the price of anarchy for pure Nash
equilibria on identical links is not bounded from above by a constant. In particular, using
similar techniques as in [29], we can prove an upper bound ofΓ−1(m) for arbitrary users
(Theorem 4.92, page 148). This upper bound is already tight up to an additive constant for
identical users (Theorem 4.91). Awerbuchet al. [6] independently proved a more general
bound (Theorem 4.94, page 152). Clearly, Theorem 4.29 (page 108) implies that, for anyε
with 0< ε≤ 1− 2

m+1, we can not hope to find a polynomial-time(2− 2
m+1−ε)-approximation

algorithm forWORST PURE NE. Up to now, no other result is known.

Theorem 4.90 Consider the model of arbitrary users with restricted strategy sets and identi-
cal links. Then, there exists a pseudo-polynomial-time algorithm for m-WORST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result.

Theorem 4.91 Consider the model of identical users with restricted strategy sets and identi-
cal links, restricted to pure Nash equilibria. Then,

PoA > Γ−1(m)−2 = Ω
(

logm
log logm

)
.

Proof: Fix anyk∈N, and consider the following instance(n,m) and associated pure assign-
mentL :

• We havek+1 disjoint subsetsM0, . . . ,Mk of links with |M0|= 1 and

|Mi | = (k−1) ∏
j∈[i−1]

(k− j)

for all i ∈ [k]\{1}.

• We havek disjoint subsetsU0, . . . ,Uk−1 of users. U0 containsk users with strategy
setM0∪M1, andUi contains(k− i) · |Mi | users with strategy setMi ∪Mi+1 for all
i ∈ [k−1].

• The pure assignmentL is defined as follows: To linkM0 we assign allk users inU0;
to each link inMi we assign(k− i) users inUi for all i ∈ [k−1]\{1}; the links inMk

remain empty.

Clearly, all links inMi , i ∈ [k]∪{0}, have latency(k− i), and all users assigned to links inMi

are only allowed to choose links inMi ∪Mi+1. Since the latencies on links inMi andMi+1

differ by 1, all users are satisfied, showing thatL is a Nash equilibrium. The social cost ofL
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is SC∞(n,m,L) = k. Note thatk = |U0| = |M0|+ |M1| users are assigned to the link inM0,
and that for eachi ∈ [k−1], exactly

(k− i) · |Mi | = (k−1) ∏
j∈[i]

(k− j)

= |Mi+1|

users are assigned to links inMi . Thus, we can assign each user inU0 to a link inM0∪M1, and
each user inUi , i ∈ [k−1], to a link inMi+1 such that all users are solo. So,OPT∞(n,m) = 1,
and we get

SC∞(n,m,L)
OPT∞(n,m)

= k .

We proceed by proving the lower bound onk. Since|M0| ≤ |M1| ≤ . . .≤ |Mk|, it follows that

m ≤ (k+1) · |Mk|
= (k+1) · (k−1) · (k−1)!
< (k+1)!
= Γ(k+2) .

Thus,k > Γ−1(m)−2, and we get

SC∞(w,m,L)
OPT∞(w,m)

> Γ−1(m)−2

(4.4), page80
= Ω

(
logm

log logm

)
,

as needed.

Theorem 4.92 Consider the model of arbitrary users with restricted strategy sets and identi-
cal links, restricted to pure Nash equilibria. Then,

PoA ≤ Γ−1(m) = O

(
logm

log logm

)
.

Proof: For any integerk∈ N, consider an instance(w,m) and associated pure Nash equilib-
rium L with

k ·OPT∞(w,m) ≤ SC∞(w,m,L) < (k+1) ·OPT∞(w,m) .

We give a lower bound on the number of links that are necessary for such a pure Nash equi-
librium L . We then use this lower bound to prove an upper bound on(k+1). DenoteM0 the
set of links with latency at leastk ·OPT∞(w,m), and let

∆0(L) = ∑
j∈M0

δ j(L) .
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Thus,

∆0(L) = ∑
j∈M0

δ j(L)

≥ k ·OPT∞(w,m) · |M0| . (4.36)

We show the following claim by induction onl :

Claim 4.93 For all l ∈ [k−1], there exists a set of linksMl , Ml ∩(M0∪ . . .∪Ml−1) = /0, such
that

(1.) the cardinality ofMl is at least

|Ml | ≥ (k−1) ∏
j∈[l−1]

(k− j) · |M0| ,

(2.) for all j ∈Ml , the load on link j is bounded by

δ j(L) ≥ (k− l) ·OPT∞(w,m) ,

(3.) the total load∆l (L) on links inMl is at least

∆l (L) ≥ (k−1) ∏
j∈[l ]

(k− j) · |M0| ·OPT∞(w,m) ,

(4.) and there exist users with total load at least

∑
0≤i≤l

(∆i(L)−|Mi | ·OPT∞(w,m)) ≥ (k−1) ∏
j∈[l ]

(k− j) · |M0| ·OPT∞(w,m) ,

assigned to links inM0∪ . . .∪Ml , and containing links in their strategy sets not in
M0∪·· ·∪Ml .

Proof: As our basis case, letl = 1. Sinceδ j(L)≥ k ·OPT∞(w,m) for all j ∈M0, there exist
users with total load at least(k−1) · |M0| ·OPT∞(w,m) assigned to links inM0 containing
links not inM0 in their strategy sets. This holds since it is possible to assign all users to links
such that the latency on each link is at mostOPT∞(w,m). DenoteM1, M1∩M0 = /0, the set
of these links. It follows that

|M1| ≥ (k−1) · |M0| , (4.37)

proving (1.). Since each user causes latency at mostOPT∞(w,m) on each link, the definition
of Nash equilibrium implies

k ·OPT∞(w,m) ≤ δ j(L)+OPT∞(w,m)

for all j ∈M1. Thus, for all linksj ∈M1, the load on linkj is bounded by

δ j(L) ≥ k ·OPT∞(w,m)−OPT∞(w,m)
= (k−1) ·OPT∞(w,m) , (4.38)
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proving (2.), and therefore

∆1(L) = ∑
j∈M1

δ j(L)

(4.38), page149
≥ (k−1) · |M1| ·OPT∞(w,m) (4.39)

(4.37), page149
≥ (k−1)2 · |M0| ·OPT∞(w,m) ,

proving (3.). Moreover,

∑
0≤i≤1

(∆i(L)−|Mi | ·OPT∞(w,m))

= ∆0(L)−|M0| ·OPT∞(w,m)+∆1(L)−|M1| ·OPT∞(w,m)
(4.36), page149, (4.39)

≥ k · |M0| ·OPT∞(w,m)−|M0| ·OPT∞(w,m)
+ (k−1) · |M1| ·OPT∞(w,m)−|M1| ·OPT∞(w,m)

= (k−1) · |M0| ·OPT∞(w,m)+(k−2) · |M1| ·OPT∞(w,m)
(4.37), page149

≥ (k−1) · |M0| ·OPT∞(w,m)+(k−1)(k−2) · |M0| ·OPT∞(w,m)
= (k−1)2 · |M0| ·OPT∞(w,m) ,

proving (4.), and thus the claim holds for the basis case.
For the induction step, letl ≥ 2, and assume that Claim 4.93 (page 149) holds for(l −1). By
induction hypothesis,

∑
0≤i≤l−1

(∆i(L)−|Mi | ·OPT∞(w,m)) ≥ (k−1) ∏
j∈[l−1]

(k− j) · |M0| ·OPT∞(w,m) .

Thus, there exist users with total load at least

(k−1) ∏
j∈[l−1]

(k− j) · |M0| ·OPT∞(w,m)

assigned to links inM0∪ . . .∪Ml−1 containing links not inM0∪ . . .∪Ml−1 in their strategy
set. This holds since it is possible to assign all users to links such that the latency on each
link is at mostOPT∞(w,m). DenoteMl , Ml ∩ (M0∪ . . .∪Ml−1) = /0, the set of these links. It
follows that

|Ml | ≥ (k−1) ∏
j∈[l−1]

(k− j) · |M0| , (4.40)

proving (1.). Since each user causes latency at mostOPT∞(w,m) on each link, the definition
of Nash equilibrium implies

(k− (l −1)) ·OPT∞(w,m) ≤ δ j(L)+OPT∞(w,m)

for all j ∈Ml . Thus, for all linksj ∈Ml the load on linkj is bounded by

δ j(L) ≥ (k− l) ·OPT∞(w,m) , (4.41)
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proving (2.), and therefore

∆l (L) = ∑
j∈Ml

δ j(L)

(4.41), page150
≥ (k− l) · |Ml | ·OPT∞(w,m) (4.42)

(4.40), page150
≥ (k−1) ∏

j∈[l ]
(k− j) · |M0| ·OPT∞(w,m) ,

proving (3.). Moreover,

∑
0≤i≤l

(∆i(L)−|Mi | ·OPT∞(w,m))

= ∆l (L)−|Ml | ·OPT∞(w,m)+ ∑
0≤i≤l−1

(∆i(L)−|Mi | ·OPT∞(w,m))

Induction
≥ ∆l (L)−|Ml | ·OPT∞(w,m)+(k−1) ∏

j∈[l−1]
(k− j) · |M0| ·OPT∞(w,m)

(4.42)
≥ (k− l) · |Ml | ·OPT∞(w,m)−|Ml | ·OPT∞(w,m)

+ (k−1) ∏
j∈[l−1]

(k− j) · |M0| ·OPT∞(w,m)

(4.40), page150
≥ (k− l −1)(k−1) ∏

j∈[l−1]
(k− j) · |M0| ·OPT∞(w,m)

+ (k−1) ∏
j∈[l−1]

(k− j) · |M0| ·OPT∞(w,m)

= (k−1) ∏
j∈[l ]

(k− j) · |M0| ·OPT∞(w,m) ,

proving (4.). This completes the proof of the inductive claim.
We proceed by showing the upper bound on(k+1). Sincem≥ |Mk−1|+ |Mk−2| for all k≥ 2,
we get

m ≥ |Mk−1|+ |Mk−2|
Claim 4.93(1.) (page149)

≥ (k−1) ∏
j∈[k−2]

(k− j) · |M0|+(k−1) ∏
j∈[k−3]

(k− j) · |M0|

= |M0| · (k−1)

(
∏

j∈[k−2]
(k− j)+ ∏

j∈[k−3]
(k− j)

)
≥ |M0| · (k−1)((k−1)! +(k−2)!)
= |M0| ·k!

|M0|=1
= Γ(k+1) .

Thus,

k+1 ≤ Γ−1(m)
(4.4), page80

= O

(
logm

log logm

)
,
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as needed.

Theorem 4.94 (Awerbuchet al. [6]) Consider the model of arbitrary users with restricted
strategy sets and identical links, restricted to pure Nash equilibria. Let r= OPT∞(w,m)

w1
. Then,

PoA = Θ

(
logm

r · log(1+ logm
r )

)
.

Related Links. For arbitrary users, Theorem 4.26 (page 106) implies thatWORST PURE
NE is N P -complete. SinceWORST PURE NE is N P -complete in the strong sense [50],
there also exists no pseudo-polynomial algorithm to solve it. However, we can give such an
algorithm for constantm (Theorem 4.95).

For identical users, we can prove the upper boundΓ−1(n)+1 on the price of anarchy, using
similar techniques as in [29] (Theorem 4.96). This upper bound is tight up to an additive
constant ifn = m (see Theorem 4.91, page 147). For arbitrary users, the price of lies in
betweenm−1 andm(Theorem 4.98, page 155). We can not hope to approximate a worst Nash
equilibrium withinm−2− ε for any ε with 0 < ε ≤ m−3 unlessP = N P (Theorem 4.99,
page 157).

Theorem 4.95 Consider the model of arbitrary users with restricted strategy sets and related
links. Then, there exists a pseudo-polynomial-time algorithm for m-WORST PURE NE.

Proof: See Theorem 4.105 (page 161) for a generalization of this result.

Theorem 4.96 Consider the model of identical users with restricted strategy sets and related
links, restricted to pure Nash equilibria. Then,

PoA ≤ Γ−1(n)+1 = O

(
logn

log logn

)
.

Proof: Since we consider identical users, the latency of a linkj ∈ [m] is the number of users
assigned toj, divided byc j . For any integerk∈ N, consider an instance(n,c) and associated
pure Nash equilibriumL with

k ·OPT∞(n,c) ≤ SC∞(n,c,L) < (k+1) ·OPT∞(n,c) .

We give a lower bound on the number of users that are necessary for such a pure Nash equi-
librium L . We then use this lower bound to prove an upper bound on(k+1).

Assume, without loss of generality, thatc j ≥ 1
OPT∞(n,c) for all links j ∈ [m] except the links

with maximum latency. We can make this restriction, since in an optimum assignment no user
is assigned to a linkj ∈ [m] with c j < 1

OPT∞(n,c) . Moreover, if we delete such a linkj and all
users assigned to it fromL , then the resulting pure assignment is still a pure Nash equilibrium
with the same social cost. DenoteM0 the set of links with latency at leastk ·OPT∞(n,c), let
U0(L) be the number of users assigned to a link inM0 and letC0 = ∑ j∈M0

c j . Then,

U0(L) ≥ k ·OPT∞(n,c) ·C0 . (4.43)

We show the following claim by induction onl :
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Claim 4.97 For all l ∈ [k−1], there exists a set of linksMl , Ml ∩ (M0∪ . . .∪Ml−1) = /0 such
that

(1.) the total capacity Cl of links inMl is at least

Cl ≥ (k−1) ∏
j∈[l−1]

(k− j) ·C0 ,

(2.) for all j ∈Ml , the latency of link j is bounded by

Λ j(L) ≥ (k− l) ·OPT∞(n,c) ,

(3.) the number of users Ul (L) on links inMl is at least

Ul (L) ≥ (k−1) ∏
j∈[l ]

(k− j) ·C0 ·OPT∞(n,c) ,

(4.) and there exist at least

∑
0≤i≤l

(Ui(L)−Ci ·OPT∞(n,c)) ≥ (k−1) ∏
j∈[l ]

(k− j) ·C0 ·OPT∞(n,c)

users, assigned to links inM0∪ . . .∪Ml , containing links in their strategy sets not in
M0∪·· ·∪Ml .

Proof: As our basis case, letl = 1. SinceΛ j(L)≥ k·OPT∞(n,c) for all j ∈M0, there exist at
least(k−1) ·OPT∞(n,c) ·C0 users assigned to links inM0 containing links not inM0 in their
strategy sets. This holds since it is possible to assign all users to links such that the latency on
each link is at mostOPT∞(n,c). DenoteM1, M1∩M0 = /0, the set of these links. It follows
that

C1 = ∑
j∈M1

c j

≥ (k−1) ·C0 , (4.44)

proving (1.). Sincec j ≥ 1
OPT∞(n,c) for all j ∈M1, the definition of Nash equilibrium implies

that

k ·OPT∞(n,c) ≤ Λ j(L)+
1
c j

≤ Λ j(L)+OPT∞(n,c)

for all j ∈M1. Thus, for all linksj ∈M1 the latency on linkj is bounded from below by

Λ j(L) ≥ (k−1) ·OPT∞(n,c) , (4.45)

proving (2.), and therefore

U1(L) ≥ ∑
j∈M1

Λ j(L) ·C1

(4.45)
≥ (k−1) ·C1 ·OPT∞(n,c) (4.46)

(4.44)
≥ (k−1)2 ·C0 ·OPT∞(n,c) ,
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proving (3.). Moreover,

∑
0≤i≤1

(Ui(L)−Ci ·OPT∞(n,c))

= U0(L)−C0 ·OPT∞(n,c)+U1(L)−C1 ·OPT∞(n,c)
(4.43), page152, (4.46), page153

≥ k ·C0 ·OPT∞(n,c)−C0 ·OPT∞(n,c)
+(k−1) ·C1 ·OPT∞(n,c)−C1 ·OPT∞(n,c)

= (k−1) ·C0 ·OPT∞(n,c)+(k−2) ·C1 ·OPT∞(n,c)
(4.44), page153

≥ (k−1) ·C0 ·OPT∞(n,c)+(k−1)(k−2) ·C0 ·OPT∞(n,c)
= (k−1)2 ·C0 ·OPT∞(n,c) ,

proving (4.), and thus the claim holds for the basis case.
For the induction step, letl ≥ 2, and assume that Claim 4.97 (page 153) holds for(l −1). By
induction hypothesis,

∑
0≤i≤l−1

(Ui(L)−Ci ·OPT∞(n,c)) ≥ (k−1) ∏
j∈[l−1]

(k− j) ·C0 ·OPT∞(n,c) .

Thus, there exist at least

(k−1) ∏
j∈[l−1]

(k− j) ·C0 ·OPT∞(n,c)

users assigned to links inM0∪ . . .∪Ml−1 containing links not inM0∪ . . .∪Ml−1 in their
strategy set. This holds since it is possible to assign all users to links such that the latency
on each link is at mostOPT∞(n,c). DenoteMl , Ml ∩ (M0∪ . . .∪Ml−1) = /0, the set of these
links. It follows that

Cl = ∑
j∈Ml

c j

≥ (k−1) ∏
j∈[l−1]

(k− j) ·C0 , (4.47)

proving (1.). Sincec j ≥ 1
OPT∞(n,c) for all j ∈Ml , the definition of Nash equilibrium implies

(k− l +1) ·OPT∞(n,c) ≤ Λ j(L)+
1
c j

≤ Λ j(L)+OPT∞(n,c)

for all j ∈Ml . Thus, for all linksj ∈Ml the latency on linkj is bounded by

Λ j(L) ≥ (k− l) ·OPT∞(n,c) , (4.48)

proving (2.), and therefore

Ul (L) ≥ ∑
j∈Ml

Λ j(L) ·Cl (4.49)

(4.48)
≥ (k− l) ·Cl ·OPT∞(n,c) (4.50)

(4.47)
≥ (k−1) ∏

j∈[l ]
(k− j) ·C0 ·OPT∞(n,c) ,
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proving (3.). Moreover,

∑
0≤i≤l

(Ui(L)−Ci ·OPT∞(n,c))

= Ul (L)−Cl ·OPT∞(n,c)+ ∑
0≤i≤l−1

(Ui(L)−Ci ·OPT∞(n,c))

Induction
≥ Ul (L)−Cl ·OPT∞(n,c)+(k−1) ∏

j∈[l−1]
(k− j) ·C0 ·OPT∞(n,c)

(4.50), page154
≥ (k− l −1) ·Cl ·OPT∞(n,c)+(k−1) ∏

j∈[l−1]
(k− j) ·C0 ·OPT∞(n,c)

(4.47), page154
≥ (k− l −1)(k−1) ∏

j∈[l−1]
(k− j) ·C0 ·OPT∞(n,c)

+(k−1) ∏
j∈[l−1]

(k− j) ·C0 ·OPT∞(n,c)

= (k−1) ∏
j∈[l ]

(k− j) ·C0 ·OPT∞(n,c) ,

proving (4.). This completes the proof of the inductive claim.
We proceed by proving an upper bound on(k+1). SinceSC∞(n,c) < (k+1) ·OPT∞(n,c),

we haveΛ j(L) < (k+ 1) ·OPT∞(n,c) for all j ∈M0. Since at least one user is assigned to
each link inM0, this impliesc j > 1

(k+1)OPT∞(n,c) for all j ∈M0. Thus,

C0 >
1

(k+1) ·OPT∞(n,c)
. (4.51)

Sincen≥Uk−1(L)+Uk−2(L) for k≥ 3, we get

n ≥ Uk−1(L)+Uk−2(L)
Claim 4.97(3.) (page153)

≥ 2· (k−1) · (k−1)! ·C0 ·OPT∞(n,c)
(4.51)
≥ (k−1)!
= Γ(k) .

Thus,

k+1 ≤ Γ−1(n)+1
(4.4), page80

= O

(
logn

log logn

)
,

as needed.

Theorem 4.98 Consider the model of arbitrary users with restricted strategy sets and related
links, restricted to pure Nash equilibria. Then,

m−1 ≤ PoA < m .
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Proof: For any integerk∈ N, consider an instance(w,c) and associated pure Nash equilib-
rium L with

k ·OPT∞(w,c) ≤ SC∞(w,c,L) < (k+1) ·OPT∞(w,c) .

Upper bound:We show by induction oni ∈ [k] that there exist linksl1, . . . , l i with latencies

Λl i(L) ≥ (k− i +1) ·OPT∞(w,c) .

As our basis case, leti = 1. SinceSC∞(w,c,L) ≥ k ·OPT∞(w,c), there exists a linkl1 ∈ [m]
with latencyΛl1(L)≥ k·OPT∞(w,c), proving the basis case. For the induction step, leti ≥ 2,
and assume that the claim holds for(i−1). By induction hypothesis, there existi−1 links
l1, . . . , l i−1 with

Λl j (L) ≥ (k− j +1) ·OPT∞(w,c)
> OPT∞(w,c)

for all j ∈ [i−1]. Thus, there exists a user onl1∪ . . .∪ l i−1 that is assigned to some other link
l i in an optimum assignment, and the latency onl i is at least

Λl i(L) ≥ (k− i +1) ·OPT∞(w,c)

by definition of Nash equilibrium. This completes the proof of the inductive claim. Since there
exists at least one additional link with latency smaller thanOPT∞(w,c), we havem≥ k+1,
proving the upper bound.
Lower bound:Consider an instance(w,c) with capacities

c j =
(m−1)!
( j−1)!

for all j ∈ [m], andn = m−1 users with trafficwi = ci and strategy setRi = {i, i +1} for all
i ∈ [m−1]. The assignmentL is defined as follows: We assign useri to link i +1 for all i ∈ [n].
Note that each useri ∈ [n]\{1} experiences latencywi

ci+1
= i on its link i +1, and that moving

to the other linki in its strategy set would lead to latency

wi−1 +wi

ci
=

1
ci

(
(m−1)!
(i−2)!

+
(m−1)!
(i−1)!

)
=

1
ci

(
i · (m−1)!

(i−1)!

)
= i .

Furthermore, sincec1 = c2, user 1 experiences the same latency on link 1 and 2 and has no
incentive to move from link 2 to link 1. This implies thatL is a Nash equilibrium. In an
optimum assignment, each useri ∈ [n] chooses linki as its strategy, yieldingOPT∞(w,c) = 1.
This implies

SC∞(w,c,L)
OPT∞(w,c)

= m−1 ,

which completes the proof of the lower bound.
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Theorem 4.99 Consider the model of arbitrary users with restricted strategy sets and related
links. If, for anyε with 0 < ε≤m−3, WORST PURE NE is (m−2− ε)-approximable, then
P = N P .

Proof: We prove this result by reduction from 2-PARTITION, that is, we employ a polynomial
time transformation from 2-PARTITION to WORST PURE NE. For anyε with 0 < ε≤m−3,
we construct an instance ofWORST PURE NE such that if we had a polynomial-time(m−
2− ε)-approximation algorithm forWORST PURE NE, then we could decide whether an
instance of 2-PARTITION is positive in polynomial time. From this construction the theorem
then follows.

Consider an arbitrary instance of 2-PARTITION, and letS= ∑ui∈U s(ui). From this in-
stance we construct an instance for the stated problem as follows:

• There arem links with capacity

c j =

{
((m−2)! +1) · S

2 if j ∈ [2],
(m−2)!
( j−2)! ·

S
2 if j ∈ [m]\ [2].

• There aren = |U|+(m−2) users with traffic

wi =


s(ui) if i ∈ [|U|],
c2− S

2 if i = |U|+1,
ci−|U|+1 if i ∈ [n]\ [|U|+1],

and strategy set

Ri =


{1,2} if i ∈ [|U|],
{1,2,3} if i = |U|+1,
{i−|U|+1, i−|U|+2} if i ∈ [n]\ [|U|+1].

Clearly, this is a polynomial time transformation. We prove that this is a transformation from
2-PARTITION to WORST PURE NE.

(1.) The instance of 2-PARTITION is positive:
Consider a partition ofU into disjoint subsetsU1,U2 with ∑ui∈U1

s(ui) = ∑ui∈U2
s(ui).

Use this partition to define a pure assignmentL (illustrated in Figure 4.12) as follows:

• For each itemui ∈U1, useri is assigned to link 1. For each itemui ∈U2, useri is
assigned to link 2.

• Each useri ∈ [n]\ [|U|], is assigned to linki−|U|+2.

Clearly, Λ1(L) = Λ2(L) = 1
(m−2)!+1 and Λ j(L) = j − 2 for all j ∈ [m] \ [2]. So, all

users in[|U|] are satisfied. Moreover, user|U|+ 1 experiences latency 1 on its link
3, and moving to link 1 or 2 would also lead to latency 1. Furthermore, every user
i ∈ [n]\ [|U|+1] experiences latency

wi

ci−|U|+2
=

ci−|U|+1

ci−|U|+2

= i−|U|+2
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Figure 4.12: Assignment of the instance ofWORST PURE NE constructed from a positive
instance ofPARTITION in the proof of Theorem 4.99 (page 157). Each small
arrow points from an assigned user to another link in its strategy set.

on its link i− |U|+ 2, whereas moving to the other linki− |U|+ 1 in its strategy set
would lead to latency

wi−1 +wi

ci−|U|+1
=

ci−|U|+ci−|U|+1

ci−|U|+1

= 1+
ci−|U|

ci−|U|+1

= i−|U|+2 .

This shows that the users in[n] \ [|U|] are also satisfied. So,L is a Nash equilibrium.
Moreover,

SC∞(w,m,L) = m−2 .

Now, consider any pure Nash equilibriumL ′ in which the usersi ∈ [|U|] are not as-
signed to link 1 and 2 such that they cause loadS

2 on both links. Assume, by way of
contradiction, that user|U|+1 is assigned to link 3. Clearly, one of the links 1 and 2,
say 1, has load less thanS

2. We get

λ|U|+1(L
′) =

δ3(L ′)
c3

≥ 1

=
((m−2)! +1) · S

2

((m−2)! +1) · S
2

=
S
2 +w|U|+1

c1

>
δ1(L ′)+w|U|+1

c1
,
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showing that user|U|+ 1 is unsatisfied, a contradiction to the fact thatL ′ is a Nash
equilibrium. Thus, user|U|+ 1 is assigned to link 1 or link 2. By definition of Nash
equilibrium, this implies that all usersi ∈ [n]\ [|U|+1] are assigned to linki−|U|+1.
Hence,

SC∞(w,m,L ′) = 1 ,

and we get

SC∞(w,m,L)
SC∞(w,m,L ′)

= m−2

ε>0
> m−2− ε .

Thus, no such Nash equilibriumL ′ approximates the worst pure Nash equilibrium
within the claimed factor.

(2.) The instance of 2-PARTITION is negative:
For any partition ofU into disjoint subsetsU1,U2, we have∑ui∈U1

s(ui) 6= ∑ui∈U2
s(ui).

This implies that either∑ui∈U1
s(ui) < S

2 or ∑ui∈U2
s(ui) < S

2. Thus, the usersi ∈ [|U|],
can not be assigned to links 1 and 2 such that they cause loadS

2 on each of these links. As
seen in the previous case, this implies that the social cost of any pure Nash equilibrium
L is SC∞(w,m,L) = 1. Clearly,OPT∞(w,m,L)≥ 1, and we get

SC∞(w,m,L)
OPT∞(w,m)

≤ 1

ε≤m−3
≤ m−2− ε .

This shows that all Nash equilibria approximate the worst pure Nash equilibrium within
the claimed factor.

Therefore, if we had a polynomial-time(m− 2− ε)-approximation algorithm forWORST
PURE NE, we could use it to decide whether an instance of 2-PARTITION is positive in the fol-
lowing way: We apply the approximation algorithm to the corresponding instance ofWORST
PURE NE and we answeryesif and only if it returns a solution with social costm−2.

4.6.2 Mixed Nash Equilibria

Awerbuchet al. [6] gave the only result on mixed Nash equilibria for restricted strategy sets.
Using similar techniques as Czumaj and Vöcking [29], they showed an asymptotically tight
bound on the price of anarchy.

Theorem 4.100 (Awerbuchet al. [6]) Consider the model of arbitrary users with restricted
strategy sets and identical links. Let r= OPT∞(w,m)

w1
. Then,

PoA = Θ

(
logm

r · log log(1+ logm
r )

)
.
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4.7 Makespan Social Cost and Unrelated Links

In this section, we consider the KP-model with makespan social cost for the most general case
of unrelated links. In the following, let

W = ∑
i∈[n]

max
j∈[m]

{
wi j | wi j < ∞

}
.

Subsection 4.7.1 deals with pure Nash equilibria only, whereas the results quoted in Subsec-
tion 4.7.2 hold for general (i.e. mixed) Nash equilibria. Subsection 4.7.3 concentrates on the
fully mixed Nash equilibrium. In order to illustrate the results, we use the following instance.

Example 4.101Consider the following instance(w,2): We have n= 3 users and m= 2 links.
It is w11 = w21 = 10, w12 = w22 = 1, w31 = 1, and w32 = 19.

4.7.1 Pure Nash Equilibria

4.7.1.1 Computation of Nash Equilibria

Up to now only little attention has been payed to Nash equilibria in the model of unrelated
links. The problem of computing pure Nash equilibria for unrelated links appears to be in-
tractable in the current state-of-the-art. Of course, a pure Nash equilibrium can be computed
by performing sequences of (not necessarily greedy) selfish steps. However, up to now it is
unknown whether, starting with any pure assignment, there always exists a sequence of length
polynomial in the number of users and links ending in a pure Nash equilibrium. A trivial
upper bound on the number of selfish steps before reaching a pure Nash equilibrium ismn.
Other bounds for special instances were given by Even-Daret al. [42].

Theorem 4.102 (Even-Daret al. [42]) Consider the model of unrelated links. Then, for any
instance(w,m) with wi j ∈ N for all i ∈ [n] and j∈ [m] and associated pure assignment, the

length of a sequence of (not necessarily greedy) selfish steps is at most4W

2 before reaching a
Nash equilibrium

Theorem 4.103 (Even-Daret al. [42]) Consider the model of unrelated links. Then, for any
instance(w,m) with wi j ∈ N for all i ∈ [n] and j∈ [m] and associated pure assignment, the
length of a sequence of (not necessarily greedy) selfish steps using the ruleMAX LOAD
MACHINE is at most

4mW+m
W
m+maxi∈[n], j∈[m] wi j

2
before reaching a Nash equilibrium.

4.7.1.2 Computation of Best Nash Equilibria

Again, Theorem 4.22 (page 104) implies thatBEST PURE NE is N P -complete. Clearly,
there exists no pseudo-polynomial algorithm to solveBEST PURE NE sinceBEST PURE
NE is N P -complete in the strong sense [50]. However, for constantm we can give such an
algorithm (Theorem 4.104, page 161). In general, we can not hope to approximate a best pure
Nash equilibrium within a factor lower than32 by Theorem 4.89 (page 145).
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Theorem 4.104Consider the model of unrelated links. Then, there exists a pseudo-polyno-
mial-time algorithm for m-BEST PURE NE.

Proof: Assume, without loss of generality, thatwi j ∈ N∪{∞}. We start with a state setS0

in which all links are empty. After inserting the firstl users, the state setSl consists of all
(m×m)-tuples

([δ j , w̃1, . . . , w̃ j−1, w̃ j+1, . . . , w̃m]) j∈[m] ,

wherew̃k, k∈ [m]\ { j}, is the smallest traffic of a user on linkj ∈ [m] if he moves to linkk.
We need at mostm|Sl | steps to createSl+1 from Sl , and

|Sl | ≤ Wm

((
max

i∈[n], j∈[m]
wi j

)m−1
)m

< Wm
(

max
i∈[n], j∈[m]

wi j

)m2

.

Thus, the total number of steps is bounded by

nmWm
(

max
i∈[n], j∈[m]

wi j

)m2

.

Moreover, we at most have to store the assignments ofSl andSl+1, respectively, needing at
most space

2Wm
(

max
i∈[n], j∈[m]

wi j

)m2

.

Checking all assignments inSn to be a Nash equilibrium and finding the pure Nash equilibrium
with minimum social cost takes at most time

m2Wm
(

max
i∈[n], j∈[m]

wi j

)m2

.

This completes the proof of the claim.

4.7.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Again, Theorem 4.26 (page 106) implies thatWORST PURE NE is N P -complete. The fact
that WORST PURE NE is N P -complete in the strong sense [50] implies that there exists
no pseudo-polynomial algorithm to solve it. For constantm, however, we can give such an
algorithm (Theorem 4.105).

Awerbuchet al. [6] showed an asymptotically tight bound on the price of anarchy (The-
orem 4.106, page 162). Atight bound for the case thatwi j < ∞ for all i ∈ [n] and j ∈ [m] is
given in Theorem 4.107 (page 162).

Theorem 4.105Consider the model of unrelated links. Then, there exists a pseudo-polyno-
mial-time algorithm for m-WORST PURE NE.
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Proof: Clearly, the proof of Theorem 4.104 (page 161) can be adapted tom-WORST PURE
NE.

Theorem 4.106 (Awerbuchet al. [6]) Consider the model of unrelated links, restricted to

pure Nash equilibria. Let s= maxi∈[n], j1, j2∈[m]

{
wi j1
wi j2

∣∣∣ wi j1
wi j2

< ∞
}

. Then,

PoA = Θ

s+
logm

log
(

1+ logm
s

)
 .

Theorem 4.107Consider the model of unrelated links, restricted to pure Nash equilibria.
Then, for any instance(w,m) with wi j < ∞ for all i ∈ [n] and j∈ [m], it is

PoA =
maxi∈[n], j∈[m] wi j

mini∈[n], j∈[m] wi j
.

Proof:
Upper bound:Fix any instance(w,m). Without loss of generality, assume mini∈[n], j∈[m] wi j =
1. In the following, let

τ =
maxi∈[n], j∈[m] wi j

mini∈[n], j∈[m] wi j
= max

i∈[n], j∈[m]
wi j .

Assume, by way of contradiction, that there exists a pure Nash equilibriumL with

SC∞(w,m,L)
OPT∞(w,m)

> τ ,

and assume, without loss of generality, thatΛ1(L) = SC∞(w,m,L). Then, there exists an
integerk∈ N with

k · τ <
SC∞(w,m,L)
OPT∞(w,m)

≤ (k+1) · τ .

Clearly, every user causes at most loadτ on each link j ∈ [m]. Thus, by definition of Nash
equilibrium, we get

Λ j(L) > (k−1) · τ

for all j ∈ [m]\{1}. This implies that at least(k+1) users are assigned to link 1 and at least
k users are assigned to each linkj ∈ [m]\{1}. Thus, the total number of users isn≥mk+1,
proving thatOPT∞(w,m)≥ (k+1) and therefore

SC∞(w,m,L)
OPT∞(w,m)

≤ (k+1) · τ
(k+1)

= τ ,

a contradiction.
Lower bound:Consider the following instance: There aren = 2 users andm= 2 links. It is
w11 = w22 = 1 andw12 = w21 = k. On the one hand,〈1,2〉 is an optimum assignment with
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social costOPT∞(w,m) = 1. On the other hand, the pure assignmentL = 〈2,1〉 is a pure Nash
equilibrium with social costSC∞(w,m,L) = k. We get

SC∞(w,m,L)
OPT∞(w,m)

= k =
maxi∈[n], j∈[m] wi j

mini∈[n], j∈[m] wi j
,

as needed.

Example 4.101 (continued) For the given instance, the pure assignmentL = 〈1,1,2〉 is
clearly a pure Nash equilibrium with social costSC∞(w,2,L) = 20 whereas the optimum
assignment〈2,2,1〉 has social costOPT∞(w,2) = 2 (see Figure 4.13). Thus,

SC∞(w,2,L)
OPT∞(w,2)

= 10 < 19 =
maxi∈[3], j∈[2] wi j

mini∈[3], j∈[2] wi j
.

10

10

19

11

SC  (w,2,L)
20

8

OPT  (w,2)
2

81

Figure 4.13: Pure Nash equilibriumL = 〈1,1,2〉 (left hand side) and optimum assignment
〈2,2,1〉 (right hand side) for the instance in Example 4.101 (page 160).

4.7.2 Mixed Nash Equilibria

The only result on mixed Nash equilibria was proved by Awerbuchet al. [6]. They showed
the following asymptotically tight bound on the price of anarchy.

Theorem 4.108 (Awerbuchet al. [6]) Consider the model of unrelated links. Moreover, let

s= maxi∈[n], j1, j2∈[m]

{
wi j1
wi j2

∣∣∣ wi j1
wi j2

< ∞
}

. Then,

PoA = Θ

(
s+

s· logm

log(1+s· log( logm
s ))

)
.
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4.7.3 Fully Mixed Nash Equilibria

We now consider fully mixed Nash equilibria. For any instance(w,m) with n≤m, the min-
imum individual cost of any useri ∈ [n] in a pure Nash equilibriumL is smaller than the
minimum expected individual cost of useri in the fully mixed Nash equilibriumF (Proposi-
tion 4.109). Clearly, the social cost of any pure Nash equilibriumL is equal to the maximum
of the expected latencies, while the social cost of a fully mixed Nash equilibriumF is at least
the expected individual cost of any user. Hence, Proposition 4.109 implies that forn≤m the
social cost of every pure Nash equilibriumL is at most the social cost of the fully mixed Nash
equilibriumF (Theorem 4.110). Moreover, theFMNE Conjecture holds forn = m= 2 (The-
orem 4.111). However, for the casen = 3 andm= 2 there exist instances (Example 4.101,
page 160) for which theFMNE Conjecture does not hold (Theorem 4.112, page 165).

Proposition 4.109 (Lückinget al. [103]) Consider the model of unrelated links. Then, for
any instance(w,m) with n≤ m and associated pure Nash equilibriumL for which a fully
mixed Nash equilibriumF exists, it isλi(L) < λi(F) for all i ∈ [n].

Theorem 4.110 (Lückinget al. [103]) Consider the model of unrelated links, restricted to
pure Nash equilibria. If n≤m, then theFMNE Conjecture is valid.

Theorem 4.111 (Lückinget al. [103]) Consider the model of unrelated links. If n= m= 2,
then theFMNE Conjecture is valid.

Example 4.101 (continued)For the given instance, first consider the pure assignmentL =
〈1,1,2〉. Since

λ11(L) = w11+w21 = 20 ,

λ12(L) = w12+w32 = 20 ,

λ21(L) = w21+w11 = 20 ,

λ22(L) = w22+w32 = 20 ,

λ32(L) = w32 = 19 ,

λ31(L) = w31+w11+w21 = 21 ,

we haveλ11(L) ≤ λ12(L), λ21(L) ≤ λ22(L), and
λ32(L) < λ31(L). Thus,L is a pure Nash equilib-
rium, and its social cost is

SC∞(w,2,L) = max{Λ1(L),Λ2(L)} = max{20,19} = 20 .

10

10

19
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Now, consider the fully mixed assignmentF with f11 = f21 = 10
11, f12 = f22 = 1

11, f31 = 1
20,

and f32 = 19
20. Since

λ11(F) = w11+ f21w21+ f31w31 =
4211
220

,

λ12(F) = w12+ f22w22+ f32w32 =
4211
220

,

λ21(F) = w21+ f11w11+ f31w31 =
4211
220

,

λ22(F) = w22+ f12w12+ f32w32 =
4211
220

,

λ31(F) = w31+ f11w11+ f21w21 =
211
11

,

λ31(F) = w32+ f12w12+ f22w22 =
211
11

,

it follows thatF is a fully mixed Nash equilibrium. Its social cost is

SC∞(w,2,F) = f11 f21 f31(w11+w21+w31)+ f11 f21 f32max{w11+w21,w32}
+ f11 f22 f31max{w11+w31,w22}+ f11 f22 f32max{w11,w22+w32}
+ f12 f21 f31max{w12,w21+w31}+ f12 f21 f32max{w12+w32,w21}
+ f12 f22 f31max{w12+w22,w31}+ f12 f22 f32max{w12+w22,w32}

=
10
11
· 10
11
· 1
20
·21 +

10
11
· 10
11
· 19
20
·max{20,19}

+
10
11
· 1
11
· 1
20
·max{11,1} +

10
11
· 1
11
· 19
20
·max{10,20}

+
1
11
· 10
11
· 1
20
·max{11,1} +

1
11
· 10
11
· 19
20
·max{1,20}

+
1
11
· 1
11
· 1
20
·max{2,1} +

1
11
· 1
11
· 19
20
·21

=
48283
2420

< 20 .

Thus,SC∞(w,2,L) > SC∞(w,2,F), showing that theFMNE Conjecture is not valid.

Theorem 4.112 (Lückinget al. [103]) Consider the model of unrelated links. If n= 3 and
m= 2, then theFMNE Conjecture is not valid.

4.8 Polynomial Social Cost and Identical Links

In this section, we consider the KP-model with polynomial social cost and identical links.
Clearly, for any instance(w,m) and associated assignmentP, the expected latency on a link is
equal to its expected load, that is,Λ j(P) = δ j(P) for all j ∈ [m]. Subsection 4.8.1 deals with
pure Nash equilibria only, whereas the results quoted in Subsection 4.8.2 hold for fully mixed
Nash equilibria. In order to illustrate the results, we use the following instance.
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Example 4.113Consider the following instance(w,3): We have n= 7 arbitrary users, m= 3
identical links and the polynomial cost functionπ2(x) = x2. There are two users with traffics
w1 = w2 = 5, two users with traffics w3 = w4 = 4, and three users with traffics w5 = w6 =
w7 = 3.

4.8.1 Pure Nash Equilibria

4.8.1.1 Computation of Nash Equilibria

Clearly, the usage of polynomial social cost as the cost measure of social welfare alters neither
the definition of individual cost nor the set of Nash equilibria. This implies that all results on
the convergence of sequences of selfish steps in Section 4.4 also hold in this model. Moreover,
we can use selfish steps to nashify any given pure assignment since selfish steps do not increase
social cost (Proposition 4.114). If the users are identical, then Proposition 4.8 (page 96)
implies that all pure Nash equilibria have optimum polynomial social cost, and such a pure
Nash equilibrium can be computed inO(n) time (Proposition 4.115, page 167). For arbitrary
users, we can still use the LPT-algorithm (see Algorithm 3, page 93) to compute a pure Nash
equilibrium. Chandra and Wong [19] proved an upper bound on the performance quality of
LPT with respect to thed-norm (Theorem 4.116, page 167). This bound reduces to25

24 if d = 2
(for this special case, Leung and Wei [98] gave tighter bounds).

Proposition 4.114 Consider the model of arbitrary users and identical links. Then, for any
instance(w,m) and associated pure assignmentL , a selfish step yields a pure assignmentL ′

with SCπd(x)(w,m,L ′)≤ SCπd(x)(w,m,L).

Proof: Fix any instance(w,m) and associated pure assignmentL , and let i ∈ [n] be an
unsatisfied user who can improve by moving from linkj1 ∈ [m] to link j2 ∈ [m], yielding a
pure assignmentL ′. Clearly,

δ j1(L) > δ j2(L)+wi , (4.52)

andδ`(L ′) = δ`(L) for all ` ∈ [m]\{ j1, j2}. Since, by definition of polynomial social cost, all
coefficients are non-negative, Equation (4.13) (page 88) implies that it suffices to show

δ j1(L
′)t +δ j2(L

′)t ≤ δ j1(L)t +δ j2(L)t

for all t ∈ [d]. Fix any sucht ∈ [d]. If t = 1, then equality follows. So assumet ≥ 2, and
consider the function

f (wi) = δ j1(L
′)t +δ j2(L

′)t

= (δ j1(L)−wi)t +(δ j2(L)+wi)t ,

f ′(wi) = t(δ j2(L)+wi)t−1− t(δ j1(L)−wi)t−1 .

We proceed by case analysis:

• δ j1(L)−wi ≥ δ j2(L)+wi : In this case,f ′(wi)≤ 0. Thus, f (wi) is monotonic decreas-
ing in wi , showing that

f (wi)
wi>0
≤ f (0) = δ j1(L)t +δ j2(L)t .
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• δ j1(L)−wi < δ j2(L)+wi : In this case,f ′(wi) > 0. Thus,f (wi) is strictly increasing in
wi . Thus, we get

f (wi)
(4.52), page166

< f (δ j1(L)−δ j2(L)) = δ j1(L)t +δ j2(L)t .

Thus,δ j1(L
′)t +δ j2(L

′)t ≤ δ j1(L)t +δ j2(L)t in both cases, as needed.

Proposition 4.115 Consider the model of identical users and identical links. Then, for any in-
stance(n,m) and associated pure Nash equilibriumL , it is SCπd(x)(n,m,L) = OPTπd(x)(n,m),
and such a pure Nash equilibriumL can be computed in O(n) time.

Theorem 4.116 (Chandra and Wong [19], Fotakiset al. [50]) Consider the model of arbi-
trary users, identical links and polynomial cost functionπd(x) = xd. Then, for any instance
(w,m), LPT computes a pure Nash equilibriumL with

SCxd(w,m,L)
OPTxd(w,m)

≤
(

3d−2d

d

)d(
d−1

2·3d−3·2d

)d−1

,

using O((n+m) logm) time.

Example 4.113 (continued) For the given instance,LPT returns a pure Nash equilibrium
L = 〈1,2,3,3,1,2,1〉 with social cost

SCx2(w,3,L) = 112 +82 +82 = 249

whereas the optimum assignment〈1,2,1,2,3,3,3〉 has social cost

OPTx2(w,3) = 92 +92 +92 = 243

(see Figure 4.14). Thus,

SC∞(w,3,L)
OPT∞(w,3)

=
249
243

.

Note that for this instance, the bound in Theorem 4.116 reduces to25
24.

4.8.1.2 Computation of Best Nash Equilibria

Clearly, it is easy to compute a best pure Nash equilibrium in case of identical users (see
Proposition 4.115). For arbitrary users, the fact that selfish steps do not increase social cost
(see Proposition 4.114, page 166) enables us to prove that for any instance(w,m) there always
exists a pure Nash equilibriumL with SCπd(x)(w,m,L) = OPTπd(x)(w,m) (Proposition 4.117,
page 168). In the same way as in Theorem 4.22 (page 104), we can show by reduction from
BIN PACKING thatBEST PURE NE is N P -complete even form= 2 links (Theorem 4.118,
page 168). This shows thatBEST PURE NE is N P -complete in the strong sense, proving
that there exists no pseudo-polynomial algorithm to solveBEST PURE NE. However, we can
give such an algorithm for constantm (Theorem 4.119, page 168). Moreover, ifπd(x) = xd,
then we can use any approximation algorithm for schedulingjobson identicalmachineswith
respect to thed-norm [3, 7], and then nashify via rule MAX WEIGHT JOB, usingO(nm)
time (see Proposition 4.46, page 115), in order to get an approximation algorithm of the same
quality forBEST PURE NE. In particular, thePTAS of Alon et al.[3] yields aPTAS for BEST
PURE NE (Theorem 4.120, page 168).



168 4 Selfish Routing in Non-Cooperative Networks

x2OPT  (w,3) = 243x2SC   (w,3,L) = 249

55 4

43 3

3

5 5

4 4 3

3

3

Figure 4.14: Pure Nash equilibriumL = 〈1,2,3,3,1,2,1〉 returned by LPT applied to the in-
stance in Example 4.113 (page 166) (left hand side), and an optimum assignment
〈1,2,1,2,3,3,3〉 of this instance (right hand side).

Proposition 4.117 Consider the model of arbitrary users and identical links. Then, for any
instance(w,m), there exists a pure Nash equilibriumL withSCπd(x)(w,m,L)= OPTπd(x)(w,m).

Proof: Fix any instance(w,m). By Proposition 4.114 (page 166), selfish steps do not increase
social cost. Thus, starting with an optimum assignment, every sequence of (not necessarily
greedy) selfish steps ends in a pure Nash equilibriumL with SC∞(w,m,L)≤OPT∞(w,m), as
needed.

Theorem 4.118Consider the model of arbitrary users and identical links. Then,BEST
PURE NE is N P -complete even for m= 2.

Theorem 4.119Consider the model of arbitrary users and identical links. Then, there exists
a pseudo-polynomial-time algorithm for m-BEST PURE NE.

Proof: The proof of Theorem 4.104 (page 161) can easily be adapted to this setting.

Theorem 4.120Consider the model of arbitrary users, identical links and polynomial cost
functionπd(x) = xd. Then, there exists aPTAS for BEST PURE NE.

4.8.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Clearly, it is also easy to compute a worst pure Nash equilibrium in case of identical users
(see Proposition 4.115, page 167). In the same way as in Theorem 4.26 (page 106), we can
show by reduction fromBIN PACKING that WORST PURE NE is N P -complete even for
m= 3 links (Theorem 4.121, page 169). Clearly, this also shows thatWORST PURE NE is
N P -complete in the strong sense. Thus, there exists no pseudo-polynomial algorithm to solve
WORST PURE NE. For constantm, however, we can give such an algorithm (Theorem 4.122,
page 169).

For identical users, the price of anarchy is 1 (see Proposition 4.115, page 167). We now
shed light on the price of anarchy for the case of arbitrary users. For a given instance(w,m),
call a useri ∈ [n] bursty if wi >

W
m . Intuitively, the traffic of a bursty user exceeds the fair share
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of traffic for a link. Say that an instance(w,m) is bursty if some useri ∈ [n] is bursty; else,
(w,m) is non-bursty. We first prove that a bursty user is solo in both optimum assignments
and pure Nash equilibria (Lemma 4.123). Then, roughly speaking, we prove that link loads are
balanced in a non-bursty Nash equilibrium (Lemma 4.124, page 170). After proving a third
technical but simple result (Proposition 4.125, page 171), we proceed by using these three

results to prove that the price of anarchy for pure Nash equilibria is(2
d−1)d

(d−1)(2d−2)d−1

(
d−1

d

)d
if

the polynomial cost function isπd(x) = xd (Theorem 4.126, page 171). This generalizes a
result in [102] where this bound is proved for the cased = 2 (Corollary 4.127, page 176).

Theorem 4.121Consider the model arbitrary users and identical links. Then,WORST PURE
NE is N P -complete even for m= 3.

Theorem 4.122Consider the model of arbitrary users and identical links. Then, there exists
a pseudo-polynomial-time algorithm for m-WORST PURE NE.

Proof: The proof of Theorem 4.105 (page 161) can easily be adapted to this setting.

Lemma 4.123 Consider the model of arbitrary users and identical links. Then, a bursty user
is solo in both optimum assignments and pure Nash equilibria.

Proof: Since, by definition of polynomial social cost, all coefficients are non-negative, Equa-
tion (4.13) (page 88) implies that it suffices to show the claim for all polynomial cost functions
πt(x) = xt with t ∈ [d]. So, lett ∈ [d] be arbitrary, and fix an instance(w,m) with bursty user
i1 ∈ [n].

(1.) Consider first an optimum assignmentQ = 〈q1, . . . ,qn〉. Note that

δqi1
(Q) ≥ wi1 >

W
m

.

Since∑ j∈[m] δ j(Q) = W, there is some other linkj ∈ [m] with j 6= qi1 such that

δ j(Q) <
W
m

.

Assume, by way of contradiction, that some useri2 6= i1 is assigned to linkqi1. Modify
Q to obtainQ′ by switching useri2 to link j. Then,

SCxt (w,m,Q′)−SCxt (w,m,Q)

=
(

δqi1
(Q′)

)t
+
(
δ j(Q′)

)t−(δqi1
(Q)
)t
−
(
δ j(Q)

)t
≤ wt

i1 +
(
δ j(Q)+wi2

)t− (wi1 +wi2)
t−
(
δ j(Q)

)t
δ j (Q)<wi1

< wt
i1 +(wi1 +wi2)

t− (wi1 +wi2)
t−wt

i1

= 0 .

SinceQ is optimum,SCxt (w,m,Q′)≥ SCxt (w,m,Q), a contradiction.
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(2.) Consider now any arbitrary pure Nash equilibriumL = 〈`1, . . . , `n〉. Note that

δ`i1
(L) ≥ wi1 >

W
m

.

Since∑ j∈[m] δ j(L) = W, there is some other linkj ∈ [m] with j 6= `i1 such that

δ j(L) <
W
m

.

Assume, by way of contradiction, that some useri2 6= i1 is assigned to link̀ i1. Then,

λi2(L) ≥ wi1 +wi2 >
W
m

+wi2 .

However, if useri2 switches to linkj, its individual cost becomes

δ j(L)+wi2 <
W
m

+wi2 .

SinceL is a Nash equilibrium,

δ j(L)+wi2 ≥ λi2(L) >
W
m

+wi2 ,

a contradiction.

Lemma 4.124 Consider the model of arbitrary users and identical links. Then, for any non-
bursty instance(w,m) and associated pure Nash equilibriumL , it is

δ j(L) ≤ 2 min
`∈[m]
{δ`(L) | δ`(L) > 0}

for each link j∈ [m].

Proof: Fix any non-bursty instance(w,m) and associated pure Nash equilibriumL . Assume,
by way of contradiction, that there is some linkj ∈ [m] such that

δ j(L) > 2 min
`∈[m]
{δ`(L) | δ`(L) > 0}

Take link j so that it maximizesδ`(L) over all links` ∈ [m]. Clearly,δ j(L) ≥ W
m . Moreover,

if δ j(L) = W
m , thenδ`(L) = W

m for all links ` ∈ [m] and the claim follows. Hence, assume that
δ j(L) > W

m . We proceed by case analysis.

(1.) Assume first that there is a solo useri ∈ [n] on link j, so thatδ j(L) = wi . Since link j
maximizes latency,wi ≥ δ`(L) for all links ` ∈ [m]. Moreover, our assumption implies
that

wi > min
`∈[m]
{δ`(L) | δ`(L) > 0} .

It follows that

m·wi > ∑
`∈[m]

δ`(L) = W ,

or wi > W
m . Since(w,m) is a non-bursty instance,wi ≤ W

m , a contradiction.
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(2.) Assume now that at least two users are assigned to linkj. Consider the smallest traffic

wi of some useri ∈ [n] among all users assigned to linkj. Then, clearly,wi ≤
δ j (L)

2 .
Hence, by assumption,

δ j(L)−wi ≥
δ j(L)

2
> min

`∈[m]
{δ`(L) | δ`(L) > 0} .

So,

min
`∈[m]
{δ`(L) | δ`(L) > 0}+wi < δ j(L) .

SinceL is a Nash equilibrium,

min
`∈[m]
{δ`(L) | δ`(L) > 0}+wi ≥ δ j(L) ,

a contradiction.

Since we obtained a contradiction in all possible cases, the proof is now complete.

Proposition 4.125 Let x,y1,y2 ∈ R with 0 < x≤ y1≤ y2, and let d≥ 2. Then,

(y1−x)d +(y2 +x)d > yd
1 +yd

2 .

Proof: Let

f (x) = (y1−x)d +(y2 +x)d ,

f ′(x) = −d(y1−x)d−1 +d(y2 +x)d−1 .

Sincey2 +x > y1−x, it follows that f ′(x) > 0 for all x within the given range. Thus,f (x) is
strictly increasing inx, and we get

f (x) > f (0) = yd
1 +yd

2 ,

as needed.

Theorem 4.126Consider the model of arbitrary users, identical links and polynomial cost
functionπd(x) = xd with d≥ 2, restricted to pure Nash equilibria. Then,

PoA =
(2d−1)d

(d−1)(2d−2)d−1

(
d−1

d

)d

.

Proof: In the proof, we make use of the following notation. Consider an instance(w,m)
and associated pure assignmentL . Fix a set of linksM , inducing a set of usersU that are
assigned by the assignmentL to links inM . Then,w\U andm\M denote the vector and the
number of links resulting fromw andm, respectively, by eliminating the entries corresponding
to users inU and links inM , respectively.L \ (U,M ) denotes the assignment induced by
these eliminations. Let

∆(L) = min
`∈[m]
{δ`(L) | δ`(L) > 0} .

We first prove the upper bound. Consider any arbitrary instance(w,m) with associated pure
Nash equilibriumL = 〈`1, . . . , `n〉 and optimum assignmentQ = 〈q1, . . . ,qn〉. If n≤m, then
every user is solo inL , showing thatL is optimum. So, assumen > m. Clearly,δ`(L) > 0 for
all ` ∈ [m]. We distinguish between two cases:
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(1.) The instance(w,m) is non-bursty:
Recall that in this case, by Lemma 4.124 (page 170), for each linkj ∈ [m],

δ j(L) ≤ 2∆(L)

So, transform the set of loads{δ`(L) | ` ∈ [m]} into a new set of loads{δ̂` | ` ∈ [m]} as
the output of the following repetitive procedure:

(1) for each link` ∈ [m] do;

(2) δ̂`← δ`(L);
(3) while there are distinctj1, j2 ∈ [m] with ∆(L) < δ̂ j1 ≤ δ̂ j2 < 2∆(L) do
(4) δ̂ j1← δ̂ j1−min{δ̂ j1−∆(L),2∆(L)− δ̂ j2};
(5) δ̂ j2← δ̂ j2 +min{δ̂ j1−∆(L),2∆(L)− δ̂ j2};

Intuitively, our transformation procedure chooses at each step two intermediate loads
δ̂ j1 and δ̂ j2 (that is, two loads that are not yet pushed either to the upper or to the
lower end of the interval of link loads). It transfers the (strictly) positive quantity

min
{

δ̂ j1−∆(L),2∆(L)− δ̂ j2

}
from the small load̂δ j1 to the large load̂δ j2. Clearly,

each step of the procedure either pushes the small loadδ̂ j1 to the lower end∆(L) of

the interval of link loads, or pushes the large loadδ̂ j2 to the upper end 2∆(L) of the
interval of link loads (or both). So, clearly, when the procedure terminates, there is at
most one intermediate load. Hence, by reordering links, we obtain that for some integer
k∈ [m−1]∪{0} for each link j ∈ [m],

δ̂ j =


2∆(L) if j ∈ [k],
(1+x)∆(L) if j = k+1,
∆(L) if j ∈ [m]\ [k+1],

where 0≤ x≤ 1.

Consider any individual step of our repetitive procedure. Then, clearly,(
δ̂ j1−min

{
δ̂ j1−∆(L),2∆(L)− δ̂ j2

})d
+
(

δ̂ j2 +min
{

δ̂ j1−∆(L),2∆(L)− δ̂ j2

})d

Proposition4.125 (page171)
>

(
δ̂ j1

)d
−
(

δ̂ j2

)d
.

Note that this transformation procedure maps a set of loads to a new set of loads, without
explicitly mapping an instance to a new instance. However, for the sake of our analysis,
we will also consider that the transformation procedure maps an instance(w,m) and a
Nash equilibriumL to a new instance(ŵ,m) and a new Nash equilibrium̂L . Note also
that this transformation preserves (at each of its steps) the sum of loads. Hence, it also



4.8 Polynomial Social Cost and Identical Links 173

preserves the total load so thatW = Ŵ. Hence,

SCxd(w,m,L) ≤ SCxd(ŵ,m, L̂)

= ∑
j∈[m]

(
δ j(L̂)

)d

= k(2∆(L))d +((1+x)∆(L))d +(m−k−1)∆(L)d

=
(

m+(2d−1)k−1+(1+x)d
)

∆(L)d .

On the other hand,

OPTxd(w,m) ≥
(

W
m

)d
m

=
Ŵd

md−1

=

(
∑ j∈[m] δ j(L̂)

)d

md−1

=
(m+k+x)d∆(L)d

md−1 .

It follows that

PoA ≤ (m+(2d−1)k−1+(1+x)d)md−1

(m+k+x)d .

Define the real function

f (k) =
(m+(2d−1)k−1+(1+x)d)md−1

(m+k+x)d

of a real variablek (the quantityx is taken as a parameter, whilem is a fixed constant).
To maximize the functionf (k), observe that the first and second derivatives off (k) are

f ′(k) =
(2d−1)md−1

(m+k+x)d −
(m+(2d−1)k−1+(1+x)d)md−1d

(m+k+x)d+1

and

f ′′(k) = −2(2d−1)md−1d
(m+k+x)d+1 +

(m+(2d−1)k−1+(1+x)d)md−1(d2 +d)
(m+k+x)d+2

=
md−1d[−2(2d−1)(m+k+x)+(m+(2d−1)k−1+(1+x)d)(d+1)]

(m+x+1)d+2

=
md−1d[(2d−1)(d−1)k−2(2d−1)(m+x)+(m−1+(1+x)d)(d+1)]

(m+x+1)d+2 ,

respectively. The only root off ′(k) is

r =
(2d−1)(m+x)+d(−m+1− (1+x)d)

(2d−1)(d−1)
.
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For k = r, the second derivative evaluates to

f ′′(r) =
md−1d

[
(2d−1)(d−1)r−2(2d−1)(m+x)+(m−1+(1+x)d)(d+1)

]
(m+ r +x)d+2

=
md−1d

[
−(2d−1)(m+x)+m−1+(1+x)d

]
(m+ r +x)d+2

=
md−1d

[
−m(2d−2)− (2d−1)x+(1+x)d−1

]
(m+ r +x)d+2 .

Since−(2d−1)x+(1+x)d≤ 2d holds for all 0≤ x≤ 1, and sincem≥ 2, it follows that
f ′′(r) < 0. Thus,r is a local maximum of the functionf (k). Since f (k) is a continuous
function with a single extreme point that is a local maximum, it follows that

f (k) ≤ f (r)

=

[
m+ 2d−1

d−1 (m+x)+ d
d−1(−m+1− (1+x)d)−1+(1+x)d

]
md−1[

m+ 1
d−1(m+x)+ d

(d−1)(2d−1)(−m+1− (1+x)d)+x
]d

=

[
m2d−2

d−1 +x2d−1
d−1 − (1+x)d 1

d−1 + 1
d−1

]
md−1[

m( d
d−1−

d
(d−1)(2d−1))+x d

d−1− (1+x)d d
(d−1)(2d−1) + d

(d−1)(2d−1)

]d

=
(2d−1)d

(d−1)

(
d−1

d

)d

·
[
m(2d−2)+x(2d−1)− (1+x)d +1

]
md−1[

m(2d−2)+x(2d−1)− (1+x)d +1
]d

=
(2d−1)d

(d−1)

(
d−1

d

)d

· md−1[
m(2d−2)+x(2d−1)− (1+x)d +1

]d−1 .

Note that the minimum value of the functionh(x) = x(2d−1)− (1+x)d for x∈ [0,1] is
h(0) = h(1) =−1. Thus,

f (k) ≤ (2d−1)d

(d−1)

(
d−1

d

)d

· md−1[
m(2d−2)

]d−1

=
(2d−1)d

(d−1)(2d−2)d−1

(
d−1

d

)d

,

as needed.

(2.) The instance(w,m) is bursty:
DenoteU the (non-empty) set of bursty users. Recall that, by Lemma 4.123 (page
169), U induces sets of solo linksML and MQ for the Nash equilibriumL and the
optimum assignmentQ, respectively, so that|ML | = |U| and|MQ| = |U|. Since links
are identical, we assume thatML = MQ = M , with |M | ≥ 1. So,

SCxd(w,m,L) = ∑
j∈M

(
δ j(L)

)d +SCxd(w\U,m\M ,L \ (U,M ))

= ∑
i∈U

wd
i +SCxd(w\U,m\M ,L \ (U,M ))
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and

OPTxd(w,m) = SCxd(w,m,Q)

= ∑
j∈M

(
δ j(L)

)d +SCxd(w\U,m\M ,Q\ (U,M ))

= ∑
i∈U

wd
i +SCxd(w\U,m\M ,Q\ (U,M )) .

Note first that the assignmentL \ (U,M ) is a Nash equilibrium for the instance(w \
U,m\M ). Moreover, sinceQ is an optimum assignment for the instance(w,m), it
follows thatQ\ (U,M ) is an optimum assignment for the instance(w\U,m\M ), so
that

SCxd(w\U,m\M ,Q\ (U,M )) = OPTxd(w\U,m\M ) .

Thus,

OPTxd(w,m) = ∑
i∈U

wd
i +OPTxd(w\U,m\M ) .

It follows that

SCxd(w,m,L)
OPTxd(w,m)

=
∑i∈U wd

i +SCxd(w\U,m\M ,L \ (U,M ))

∑i∈U wd
i +OPTxd(w\U,m\M )

≤ SCxd(w\U,m\M ,L \ (U,M ))
OPTxd(w\U,m\M )

.

So, consider the instance(w\U,m\M ) and the associated pure Nash equilibriumL \
(U,M ). There are two possibilities depending on whether the instance(w\U,m\M )
is bursty or not.

• Assume first that the smaller instance(w\U,m\M ) is non-bursty. Then, we are
reduced to the previous case of non-bursty instances, and the upper bound follows
inductively.

• Assume now that the smaller instance(w \U,m\M ) is bursty. We repeatedly
identify the set of bursty users for the smaller instance, and we reduce this smaller
instance to an even smaller instance that may be bursty or non-bursty. This proce-
dure eventually yields a non-bursty instance (even the trivial one with one user),
and the claim for the original bursty instance follows inductively.

The proof of the upper bound is now complete. We continue to prove the lower bound. Let
r = (2d−d−1), and considerm= (2d−1)(d−1) links, 2r identical users with traffic 1 and
m(m− r) users with traffic1

m. Clearly, the users with traffic1m can be evenly distributed to
m− r links. Thus, the pure assignmentL in which users with traffic 1 are evenly distributed to
r links, and the remaining users are evenly distributed to the remainingm− r links, is a Nash
equilibrium with social cost

SCxd(w,m,L) = 2d · r +1d · (m− r)
= 2d(2d−d−1)+(2d−1)(d−1)− (2d−d−1)
= (2d−1)(2d−2) .
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Moreover, we can evenly distribute the total trafficm+ r to the links in the following way:
assign the 2r users with traffic 1 to 2r distinct links (it is easy to see that 2r < m for all d≥ 2),
evenly distributem(m− 2r) users with traffic1

m to the remainingm− 2r links, and evenly
distribute the remainingmr users with traffic1

m to all m links. We get

OPTxd(w,m) =
(

m+ r
m

)d

m

=

[
(2d−1)(d−1)+(2d−d−1)

]d[
(2d−1)(d−1)

]d−1

=

[
(2d−2)d

]d[
(2d−1)(d−1)

]d−1

=
(d−1)(2d−2)d

(2d−1)d−1 ·
(

d
d−1

)d

.

Thus,

PoA ≥ SCxd(w,m,L)
OPTxd(w,m)

=
(2d−1)d

(d−1)(2d−2)d−1

(
d−1

d

)d

,

as needed.

Corollary 4.127 Consider the model of arbitrary users and identical links, restricted to pure
Nash equilibria. Then,

PoA =
9
8

.

Example 4.128Consider the following instance(w,3): We have n= 8 arbitrary users, m= 3
identical links and polynomial cost functionπ2(x) = x2. There are two users with traffics
w1 = w2 = 3, and six users with traffics wi = 1 for all i ∈ [8]\ [2]. The pure Nash equilibrium
L = 〈1,1,2,2,2,3,3,3〉 has social cost

SCx2(w,3,L) = 62 +32 +32 = 54

whereas the optimum assignment〈1,2,1,2,3,3,3,3〉 has social cost

OPTx2(w,3) = 42 +42 +42 = 48 .

(see Figure 4.15). Thus,

SCx2(w,3,L)
OPTx2(w,3)

=
9
8

.

4.8.2 Fully Mixed Nash Equilibria

We now turn our attention to fully mixed Nash equilibria. We first investigate the polyno-
mial cost functionπ2(x) = x2 in Subsection 4.8.2.1. In Subsection 4.8.2.2, we then consider
arbitrary polynomial cost functions.
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x2SC   (w,3,L) = 54 x2OPT  (w,3) = 48

3

3

1 1

1

1

1

1

1 1 1

1

1

1

3 3

Figure 4.15: Pure Nash equilibriumL = 〈1,1,2,2,2,3,3,3〉 (left hand side), and optimum
assignment〈1,2,1,2,3,3,3,3〉 of the instance in Example 4.128 (page 176) (right
hand side).

4.8.2.1 Polynomial Cost Function π2(x) = x2

For the polynomial cost functionπ2(x) = x2, Lücking et al. [102] gave a closed formula for
the social cost of the (unique) fully mixed Nash equilibrium (Theorem 4.129). If the users are
also identical, then this formula simplifies significantly (Corollary 4.130). Moreover, Lück-
ing et al. [102] proved that for identical users theFMNE Conjecture is valid (Theorem 4.131).
Combining these results yields a tight bound on the price of anarchy (Theorem 4.132).

Theorem 4.129 (Lückinget al. [102]) Consider the model of arbitrary users, identical links
and polynomial cost functionπ2(x) = x2. Then,

SCx2(w,m,F) = W1 +
2
m
·W2 ,

where W1 = ∑i∈[n] w
2
i and W2 = ∑i,k∈[n]:i<k wiwk.

Corollary 4.130 (Lücking et al. [102]) Consider the model of identical users, identical links
and polynomial cost functionπ2(x) = x2. Then,

SCx2(w,m,F) =
n(n+m−1)

m
.

Theorem 4.131 (Lückinget al. [102]) Consider the model of identical users, identical links
and polynomial cost functionπ2(x) = x2. Then, theFMNE Conjecture is valid.

Theorem 4.132 (Lückinget al. [102]) Consider the model of identical users, identical links
and polynomial cost functionπ2(x) = x2. Then,

PoA = 2−max

{
1
n
,

1
m

}
.

Example 4.113 (continued)For the given instance, the social cost of the fully mixed Nash
equilibriumF by Theorem 4.129 (page 177) is

SCx2(w,3,F) = 109+
2
3
·310 =

947
3
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whereas the social cost of the worst pure Nash equilibriumL = 〈1,2,3,2,1,2,1〉 is

SCx2(w,3,L) = 249 < SCx2(w,3,F) .

4.8.2.2 Arbitrary Polynomial Cost Functions

Identical Users and Two Identical Links. We next turn our attention to arbitrary polyno-
mial cost functions, identical users and two identical links. We first use Proposition 4.3 (page
81) and Lemma 4.133 to prove theFMNE Conjecture (Theorem 4.134). Making use of this
result, we then prove the tight bound1

2

(
2d−1 +1

)
on the price of anarchy for the special case

where the polynomial cost function isπd(x) = xd (Theorem 4.136, page 182). We close by
showing the upper bound12

(
2d +d−1

)
on the price of anarchy for general polynomial cost

functions (Corollary 4.137, page 183).

Lemma 4.133 (Lückinget al. [102]) Consider the model of arbitrary users and identical
links, and fix any instance(w,m) and associated Nash equilibriumP. If viewP( j1) ( viewP( j2)
for j1, j2 ∈ [m], thenΛ j1(P) > Λ j2(P).

Theorem 4.134Consider the model of identical users and two identical links. Then, the
FMNE Conjecture is valid.

Proof: Fix any instance(n,2), associated Nash equilibriumP and fully mixed Nash equilib-
rium F. We can identify three sets of users inP:

U1 = {i ∈ [n] | supportP(i) = {1}}
U2 = {i ∈ [n] | supportP(i) = {2}}

U12 = {i ∈ [n] | supportP(i) = {1,2}}

Without loss of generality, let|U1| ≤ |U2|.
Let u = |U1|, v = |U2|−u andr = |U12|.

U 12 mixed users

U 1

2U

pure users
u pure users

u+v

r

The proof of the theorem is structured as follows: We first prove that the claim holds if
P is a pure Nash equilibrium. Then, we consider the case whereu = 0. By Equation (4.13)
(page 88), it suffices to show that the claim holds for all polynomial cost functionsπt(x) = xt

with t ∈ [d]. For the case whereu > 0, we introduce a Nash equilibriumQ as a perturbation
of F with a special structure that is similar to the structure ofP such thatSCπd(x)(n,2,Q) ≤
SCπd(x)(n,2,F). Due to this special structure,Q can be compared withP more easily. To
compare the two, we use the fact that the claim holds foru = 0. We now continue with the
details of the formal proof.

(1.) P is a pure Nash equilibrium:In this case,r = 0. Clearly, by definition of Nash equilib-
rium, |U1| and|U2| differ by 1 if n is odd, and|U1|= |U2| otherwise. Thus, each pure
Nash equilibriumP has unique social costSCπd(x)(n,2,P) = OPTπd(x)(n,2), proving
the claim for pure Nash equilibria. So, assumeP to be a (non-pure) Nash equilibrium.
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(2.) Caseu = 0: Clearly, viewP(1) ( viewP(2). By Lemma 4.133 (page 178), this implies
Λ1(P) > Λ2(P). If r = 1, then, by definition of Nash equilibrium,|U2|= |U1|= u = 0.
Thus, the total number of users isn = 1, a contradiction to the assumption thatn≥ 2.
So, assume thatr ∈ [n−1]\ {1} mixed users are assigned to both links, and thatn− r
pure users are assigned to link 2.

Consider any arbitrary mixed useri ∈U12. The definition of Nash equilibrium implies

Λ1(P)− pi1 +1 = Λ2(P)− pi2 +1
pi2=1−pi1= Λ2(P)− (1− pi1)+1

= Λ2(P)+ pi1 .

Thus,

pi1 =
Λ1(P)−Λ2(P)+1

2
.

Since this holds for every mixed user, we writep1 andp2 for the probabilities of every
mixed user on link 1 and 2, respectively. The definition of Nash equilibrium implies

(r−1) · p1 +1 = (r−1) · p2 +n− r +1
pi2=1−pi1= (r−1) · (1− p1)+n− r +1 .

Thus,

p1 =
n−1

2(r−1)
=

1
2

+
n− r

2(r−1)
,

p2 = (1− p1) =
1
2
− n− r

2(r−1)
,

and we can write

Λ1(P) = r · p1

= r ·
(

1
2

+
n− r

2(r−1)

)
=

n
2
− n− r

2
+

nr− r2

2(r−1)

=
n
2

+
n− r

2(r−1)
= α+β ,

where

α =
n
2

,

β =
n− r

2(r−1)
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with 0 < β < 1
2. Moreover,

Λ2(P) = n−Λ1(P) = α−β .

Since, by definition of polynomial social cost, all coefficients are non-negative, Equa-
tion (4.13) (page 88) implies that it suffices to show the claim for all polynomial cost
functionsπt(x) = xt with t ∈ [d]. Fix any sucht ∈ [d]. Denote

p̃1 =
Λ1(P)

r
=

α+β
r

,

p̃2 =
Λ2(P)

n
=

α−β
n

the average probability on link 1 and 2, respectively. Sincext is convex, we get

SCxt (n,2,P)
(4.14), page88

= H((p1, . . . , p1︸ ︷︷ ︸
r

),xt)+H((p2, . . . , p2︸ ︷︷ ︸
r

,1, . . . ,1︸ ︷︷ ︸
n−r

),xt)

Lemma4.2 (page81)
≤ H(p̃1, r,x

t)+H(p̃2,n,xt)
Proposition4.3 (page81)

= ∑
i∈[t]

p̃i
1 ·S(t, i) · r i + ∑

i∈[t]
p̃i

2 ·S(t, i) ·ni

de f inition o f p̃1,p̃2= ∑
i∈[t]

(
α+β

r

)i

·S(t, i) · r i + ∑
i∈[t]

(
α−β

n

)i

·S(t, i) ·ni

= ∑
i∈[t]

S(t, i) ·
[
(α+β)i · r

i

r i +(α−β)i · n
i

ni

]
. (4.53)

Moreover, we have

SCxt (n,2,F)
(4.14), page88

= H(( f11, . . . , fn1),xt)+H(( f12, . . . , fn2),xt)
Theorem4.36 (page112)

= 2·H(
1
2
,n,xt)

= 2·H(
α
n
,n,xt)

Proposition4.3 (page81)
= ∑

i∈[t]
S(t, i)

[
2αi · n

i

ni

]
. (4.54)

By Equations (4.53) and (4.54), it suffices to show the following claim:

Claim 4.135 For all i ≥ 1,

∆ = 2αi · n
i

ni −
[
(α+β)i · r

i

r i +(α−β)i · n
i

ni

]
≥ 0 .

Proof: We prove the claim by induction oni, i ≥ 1. For the basis case, leti = 1. We
have

∆ = 2α− [α+β+α−β] = 0 ,
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proving that the claim holds for the basis case. For the induction step, leti ≥ 2, and
assume that the claim holds for(i−1). We have

∆ = 2αi · n
i

ni −

[
(α+β) · r− (i−1)

r
·

≥0︷ ︸︸ ︷
(α+β)i−1 · r

i−1

r i−1

+ (α−β) · n− (i−1)
n

· (α−β)i−1 · n
i−1

ni−1

]
.

Clearly,

(α+β) · r− (i−1)
r

=
(

(n−1)r
2(r−1)

)
· r− (i−1)

r

=
n−1

2
· r− (i−1)

r−1
is monotonic increasing inr for all i ≥ 2. Thus,

∆
r<n
≥ 2αi · n

i

ni −

[
α · n− (i−1)

n
· (α+β)i−1 · r

i−1

r i−1

+ (α−β) · n− (i−1)
n

· (α−β)i−1 · n
i−1

ni−1︸ ︷︷ ︸
≥0

]

β>0
≥ 2αi · n

i

ni

−
[

α · n− (i−1)
n

· (α+β)i−1 · r
i−1

r i−1 +α · n− (i−1)
n

· (α−β)i−1 · n
i−1

ni−1

]
= 2αi · n

i

ni −α · n− (i−1)
n

·
[
(α+β)i−1 · r

i−1

r i−1 +(α−β)i−1 · n
i−1

ni−1

]
Induction
≥ 2αi · n

i

ni −α · n− (i−1)
n

·2αi−1 · n
i−1

ni−1

= 0 ,

proving the inductive claim.

(3.) Caseu > 0: Setñ = r + v = n−2u. Moreover, denotẽp11, . . . , p̃r1 the probabilities of
ther mixed users on link 1, and denotẽp12, . . . , p̃ñ2 the probabilities of ther mixed and
v pure users on link 2. Consider the following mixed Nash equilibriumQ: On both
links, there areu pure users, and the remainingñ = n−2u users are assigned to link 1
and 2 with probability1

2. Clearly, sinceπd(x) is convex,

SCπd(x)(n,2,Q)
Lemma4.2 (page81)

≤ SCπd(x)(n,2,F) .

Again, it suffices to show thatSCxt (n,2,P)≤ SCxt (n,2,Q) for all t ∈ [d]. Fix any such
t ∈ [d]. If ñ = 1, then

SCxt (n,2,P) = SCxt (n,2,Q)
= (u+1)t +ut ,
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proving the claim. So, assumẽn≥ 2. We have

SCxt (n,2,Q)
(4.14), page88

= H((q11, . . . ,qn1),xt)+H((q12, . . . ,qn2),xt)

= 2·H(
1
2
, ñ,(x+u)t)

(4.14), page88
= SC(x+u)t (ñ,2,Q̃) ,

and

SCxt (n,2,P)
(4.14), page88

= H((p11, . . . , pn1),xt)+H((p12, . . . , pn2),xt)
= H((p̃11, . . . , p̃r1),(x+u)t)+H((p̃12, . . . , p̃ñ2),(x+u)t)

(4.14), page88
= SC(x+u)t (ñ,2, P̃) ,

whereQ̃ is the fully mixed Nash equilibrium associated to the instance(ñ,2), andP̃ is
a mixed Nash equilibrium associated to the instance(ñ,2) with the same structure as
in case 1, that is, there are no pure users on link 1,v pure users on link 2, andr mixed
users on both links. Since(x+u)t is a polynomial of degreet ∈ [d] with non-negative
coefficients, we can apply the first case, proving the claim.

Theorem 4.136Consider the model of identical users, two identical links and polynomial
cost functionπd(x) = xd. Then,

PoA =
1
2

(
2d−1 +1

)
.

Proof: Fix any instance(n,2). In Theorem 4.134 (page 178), we showed that the social cost
of any Nash equilibrium is bounded from above by the social cost of the fully mixed Nash
equilibrium. Thus, we only have to prove the claim for the (unique) fully mixed Nash equi-
librium F. By Theorem 4.36 (page 112), we havefi1 = fi2 = 1

2 for all i ∈ [n].

Upper bound:On the one hand,

SCxd(n,2,F)
(4.14), page88

= 2·H(
1
2
,n,xd)

Proposition4.3 (page81)
= 2· ∑

i∈[d]

(
1
2

)i

·S(d, i) ·ni .

On the other hand, since social cost is minimum if the users are evenly distributed to the two
links, a trivial lower bound on the optimum is

OPTxd(n,2) ≥ 2·
(n

2

)d
.
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Thus, we get

SCxd(n,2,F)
OPTxd(n,2)

≤
(

2
n

)d

· ∑
i∈[d]

(
1
2

)i

·S(d, i) ·ni

≤
(

2
n

)d
(

1
2
·S(d,1) ·n+

1
4 ∑

2≤i≤d

S(d, i) ·ni

)
(4.8), page80

=
(

2
n

)d(1
2
·S(d,1) ·n+

1
4
(nd−S(d,1) ·n)

)
(4.5), page80

=
(

2
n

)d(n
2

+
1
4

nd− n
4

)
=

1
2
·2d−1 +

1
2
·
(

2
n

)d−1

n≥2
≤ 1

2

(
2d−1 +1

)
.

This completes the proof of the upper bound.
Lower bound:Let n = 2. Then, the social cost of the fully mixed Nash equilibrium is

SCxd(n,2,F) = 2· ∑
i∈[d]

(
1
2

)i

·S(d, i) ·ni

= 2·
(

S(d,1)+
1
2
·S(d,2)

)
(4.5), page80, (4.6), page80

= 2·
(

1+
1
2
· (2d−1−1)

)
= 2·

(
1
2
· (2d−1 +1)

)
,

whereas the social cost of an optimum assignment is 2, proving the lower bound.

Corollary 4.137 Consider the model of identical users and two identical links. Then,

PoA ≤ 1
2

(
2d +d−1

)
.

Proof: Fix any instance(n,2). By Theorem 4.134 (page 178), we only have to prove the
claim for the (unique) fully mixed Nash equilibriumF. Using the fact thatat ≥ 0 for all
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t ∈ [d]∪{0}, we get

SCπd(x)(n,2,F)

OPTπd(x)(n,2)
(4.13), page88

=
a0 +∑t∈[d] at ·SCxt (n,2,F)
a0 +∑t∈[d] at ·OPTxt (n,2)

≤
∑t∈[d] at ·SCxt (n,2,F)

∑t∈[d] at ·OPTxt (n,2)

≤ ∑
t∈[d]

at ·SCxt (n,2,F)
at ·OPTxt (n,2)

= ∑
t∈[d]

SCxt (n,2,F)
OPTxt (n,2)

Theorem4.136 (page182)
≤ ∑

t∈[d]

1
2
(2t−1 +1)

=
1
2
(2d +d−1) ,

proving the claim.

Identical Users and an Arbitrary Number of Identical Links. We proceed to prove the
validity of an approximate version of theFMNE Conjecture for the model of identical users
and anarbitrary numberof identical links (Theorem 4.138). Equipped with this result, we

then prove the upper bound
(
1+ 1

n−1

)d ·Bd on the price of anarchy for the special case where
the polynomial cost function isπd(x) = xd (Theorem 4.140, page 189), using similar tech-
niques as in [58]. We close by showing the upper bound∑t∈[d]

(
1+ 1

n−1

)t ·Bt on the price of
anarchy for general polynomial cost functions (Corollary 4.141, page 191).

Theorem 4.138Consider the model of identical users and identical links. Then, for any
instance(n,m) and associated Nash equilibriumP, it is

SCπd(x)(n,m,P) ≤
(

1+
1

n−1

)d

·SCπd(x)(n,m,F) .

Proof: Fix any instance(n,m), associated Nash equilibriumP and fully mixed Nash equi-
librium F. Since, by definition of polynomial social cost, all coefficients are non-negative,
Equation (4.13) (page 88) implies that it suffices to show the claim for all polynomial cost
functionsπt(x) = xt with t ∈ [d]. Fix any sucht ∈ [d]. Let α = n

m. Moreover, let

β j = |Λ j(P)−α| ,
r j = |viewP( j)| ,
q j = min

i∈[n]

{
pi j | pi j > 0

}
for all j ∈ [m], and

M1 = { j ∈ [m] | 0 < Λ j(P)≤ α} ,

M2 = { j ∈ [m] | Λ j(P) > α} .
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Clearly, for all j ∈M1∪M2, we haver j ≥ 1 and

q j ≤
Λ j(P)

r j
. (4.55)

On the one hand,

SCxt (n,m,P)
(4.14), page88

= ∑
j∈[m]

H((p1 j , . . . , pn j),xt)

Lemma4.2 (page81)
≤ ∑

j∈M1

H(
α−β j

r j
, r j ,x

t)+ ∑
j∈M2

H(
α+β j

r j
, r j ,x

t)

Proposition4.3 (page81)
= ∑

j∈M1

∑
i∈[t]

(
α−β j

r j

)i

·S(t, i) · (r j)i + ∑
j∈M2

∑
i∈[t]

(
α+β j

r j

)i

·S(t, i) · (r j)i

= ∑
i∈[t]

S(t, i) ·

[
∑

j∈M1

(
α−β j

r j

)i

· (r j)i + ∑
j∈M2

(
α+β j

r j

)i

· (r j)i

]
. (4.56)

On the other hand,

SCxt (n,m,F)
(4.14), page88

= ∑
j∈[m]

H(( f1 j , . . . , fn j),xt)

Theorem4.36 (page112)
= m·H(

1
m

,n,xt)

Proposition4.3 (page81)
= ∑

i∈[t]
S(t, i) ·

[
m·αi · n

i

ni

]
. (4.57)

By Equations (4.56) and (4.57), it suffices to show:

Claim 4.139 For all i ≥ 1,

∆ =
(

n
n−1

)i

·
[
m·αi · n

i

ni

]
−

[
∑

j∈M1

(
α−β j

r j

)i

· (r j)i + ∑
j∈M2

(
α+β j

r j

)i

· (r j)i

]
≥ 0 .

Proof: We prove the claim by induction oni, i ≥ 1. For the basis case, leti = 1. We have

∆ =
(

n
n−1

)
·m·α−

[
∑

j∈M1

(α−β j)+ ∑
j∈M2

(α+β j)

]

=
(

n
n−1

)
·m·α−m·α

> 0 ,

proving that the claim holds for the basis case.
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For the induction step, leti ≥ 2, and assume that Claim 4.139 (page 185) holds for(i−1).
Since(r j)i = 0 for all j ∈M1∪M2 with r j = 1, we may assume thatr j ≥ 2 for all j ∈M1∪M2.
Let β = maxj∈M1

β j . By definition of Nash equilibrium,

Λ j(P)−q j +1 ≤ α−β+1

for all j ∈M2, which implies

Λ j(P)−α = β j +β ≤ q j .

Thus,

β j +β ≤ q j

(4.55), page185
≤

Λ j(P)
r j

=
α+β j

r j
,

showing that

β j ≤
α− r jβ
r j −1

. (4.58)

We proceed by case analysis.

(1.) β j ≤ (n− r j)/(m(r j −1)) for all j ∈M2: In this case, we have

α+β j ≤
n
m

+
n− r j

m(r j −1)

=
n(r j −1)+n− r j

m(r j −1)

=
(n−1)r j

m(r j −1)
(4.59)

for all j ∈M2. We get

∆
n

n−1>1
> m·αi · n

i

ni −

[
∑

j∈M1

(α−β j) ·
r j − (i−1)

r j
·

≥0︷ ︸︸ ︷(
α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1

]

β j≥0
≥ m·αi · n

i

ni −

[
∑

j∈M1

α ·
r j − (i−1)

r j
·

≥0︷ ︸︸ ︷(
α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1

]
.
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Clearly, the functionr j−(i−1)
r j

is monotonic increasing inr j for all i ≥ 2. Thus,

∆
r j≤n
> m·αi · n

i

ni −

[
∑

j∈M1

α · n− (i−1)
n

·
(

α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1

]
(4.59), page186

≥ m·αi · n
i

ni −

[
∑

j∈M1

α · n− (i−1)
n

·
(

α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
(n−1)r j

m(r j −1)

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1︸ ︷︷ ︸
≥0

]
.

Clearly,

(
(n−1)r j

m(r j −1)

)
·
r j − (i−1)

r j
=

n−1
m
·
r j − (i−1)

r j −1

is monotonic increasing inr j for all i ≥ 2. Thus,

∆
r j≤n
> m·αi · n

i

ni −

[
∑

j∈M1

α · n− (i−1)
n

·
(

α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

( n
m

)
· n− (i−1)

n
·
(

α+β j

r j

)i−1

· (r j)i−1

]

= m·αi · n
i

ni −α · n− (i−1)
n

·

[
∑

j∈M1

(
α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

r j

)i−1

· (r j)i−1

]
Induction
≥ m·αi · n

i

ni −α · n− (i−1)
n

·m·αi−1 · n
i−1

ni−1

= 0 ,

proving the inductive claim for the case whereβ j ≤ (n− r j)/(m(r j−1)) for all j ∈M2.

(2.) ∃ j ∈M2 : β j > (n− r j)/(m(r j −1)): We first show thatβ ≤ 1
m. Assume, by way of
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contradiction, thatβ > 1
m. Then, for anyj ∈M2 with β j > (n− r j)/(m(r j −1)),

β j

(4.58), page186
≤

α− r j ·β
r j −1

β> 1
m

<
n
m−

r j
m

r j −1

=
n− r j

m(r j −1)
< β j ,

a contradiction. So, assumeβ≤ 1
m. We get

∆ =
(

n
n−1

)i

·m·αi · n
i

ni −

[
∑

j∈M1

(α−β j) ·
r j − (i−1)

r j
·

≥0︷ ︸︸ ︷(
α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1

]

β j≥0
≥

(
n

n−1

)i

·m·αi · n
i

ni −

[
∑

j∈M1

α ·
r j − (i−1)

r j
·

≥0︷ ︸︸ ︷(
α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1

]
.

Clearly, r j−(i−1)
r j

is monotonic increasing inr j for all i ≥ 2. Thus,

∆
r j≤n
≥

(
n

n−1

)i

·m·αi · n
i

ni −

[
∑

j∈M1

α · n− (i−1)
n

·
(

α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

)
·
r j − (i−1)

r j
·
(

α+β j

r j

)i−1

· (r j)i−1

]
.

We have

(α+β j) ·
r j − (i−1)

r j

(4.58), page186
≤

(
α+

α− r j ·β
r j −1

)
·
r j − (i−1)

r j
= f (r j) ,

and the functionf (r j) is monotonic increasing inr j sinceα = n
m > 1

m≥ β and therefore

f ′(r j) =
(α−β)(i−2)

(r j −1)2 ≥ 0
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for all i ≥ 2. Thus,

f (r j) ≤ f (n)

=
(

α+
α−n·β

n−1

)
· n− (i−1)

n

=
n(α−β)

n−1
· n− (i−1)

n
β>0
<

n
n−1

·α · n− (i−1)
n

. (4.60)

We get

∆
(4.60)
>

(
n

n−1

)i

·m·αi · n
i

ni

−

[
∑

j∈M1

α · n− (i−1)
n

·
(

α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
n

n−1

)
·α · n− (i−1)

n
·
(

α+β j

r j

)i−1

· (r j)i−1

]
n

n−1>1
>

(
n

n−1

)i

·m·αi · n
i

ni

−
(

n
n−1

)
·α · n− (i−1)

n
·

[
∑

j∈M1

(
α−β j

r j

)i−1

· (r j)i−1

+ ∑
j∈M2

(
α+β j

r j

)i−1

· (r j)i−1

]
Induction
≥

(
n

n−1

)i

·m·αi · n
i

ni

−
(

n
n−1

)
·α · n− (i−1)

n
·
(

n
n−1

)i−1

·
[
m·αi−1 · n

i−1

ni−1

]
= 0 ,

proving the inductive claim for this case and completing the proof of Claim 4.139 (page
185).

Combining Claim 4.139 (page 185) with Equation (4.56) (page 185) and Equation (4.57)
(page 185) shows that

SCxt (n,m,P) ≤
(

1+
1

n−1

)t

·SCxt (n,m,F)

for all t ∈ [d], as needed.
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Theorem 4.140Consider the model of identical users, identical links and polynomial cost
functionπd(x) = xd. Then,

PoA ≤
(

1+
1

n−1

)d

·Bd .

Proof: Fix any instance(n,m), associated Nash equilibriumP and fully mixed Nash equilib-
rium F. Clearly,

SCxd(n,m,P)
OPTxd(n,m)

Theorem4.138 (page184)
≤

(
1+

1
n−1

)d

· SCxd(n,m,F)
OPTxd(n,m)

.

Thus, it suffices to prove

SCxd(n,m,F)
OPTxd(n,m)

≤ Bd .

We proceed by case analysis:
n≥m: Since social cost is minimum if the users are evenly distributed to the links, a trivial
lower bound on the optimum is

OPTxd(n,m) ≥ m·
( n

m

)d
.

Thus,

SCxd(n,m,F)
OPTxd(n,m)

≤ 1
m
·
(m

n

)d
·SCxd(n,m,F)

(4.14), page88
=

1
m
·
(m

n

)d
· ∑

j∈[m]
H(( f1 j , . . . , fn j),xd)

Theorem4.36 (page112)
=

1
m
·
(m

n

)d
·m·H(

1
m

,n,xd)

Proposition4.3 (page81)
=

(m
n

)d
· ∑
i∈[d]

(
1
m

)i

·S(d, i) ·ni

= ∑
i∈[d]

md−i ·S(d, i) · ni

nd

ni≤ni

≤ ∑
i∈[d]

(m
n

)d−i
·S(d, i)

n≥m
≤ ∑

i∈[d]
S(d, i)

(4.9), page81
= Bd .
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n < m: In this case, we haveOPTxd(n,m) = n. Thus

SCxd(n,m,F)
OPTxd(n,m)

=
1
n
·SCxd(n,m,F)

(4.14), page88
=

1
n
· ∑

j∈[m]
H(( f1 j , . . . , fn j),xd)

Theorem4.36 (page112)
=

m
n
·H(

1
m

,n,xd)

Proposition4.3 (page81)
=

m
n
· ∑
i∈[d]

(
1
m

)i

·S(d, i) ·ni

= ∑
i∈[d]

(
1
m

)i−1

·S(d, i) · n
i

n

ni≤ni

≤ ∑
i∈[d]

( n
m

)i−1
·S(d, i)

m>n
< ∑

i∈[d]
S(d, i)

(4.9), page81
= Bd .

Note that
SCxd(n,m,F)
OPTxd(n,m)

→ Bd

for n = m→ ∞.

Corollary 4.141 Consider the model of identical users and identical links. Then,

PoA ≤ ∑
t∈[d]

(
1+

1
n−1

)t

·Bt .

Proof: Fix any instance(n,m) and associated Nash equilibriumP. Using the fact thatat ≥ 0
for all t ∈ [d]∪{0}, we have

SCπd(x)(n,m,P)

OPTπd(x)(n,m)
(4.13), page88

=
a0 +∑t∈[d] at ·SCxt (n,m,P)
a0 +∑t∈[d] at ·OPTxt (n,m)

≤
∑t∈[d] at ·SCxt (n,m,P)

∑t∈[d] at ·OPTxt (n,m)

≤ ∑
t∈[d]

at ·SCxt (n,m,P)
at ·OPTxt (n,m)

= ∑
t∈[d]

SCxt (n,m,P)
OPTxt (n,m)

Theorem4.140 (page189)
≤ ∑

t∈[d]

(
1+

1
n−1

)t

·Bt ,

proving the claim.
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4.9 Polynomial Social Cost and Related Links

In this section, we consider the KP-model with polynomial social cost and related links. Sub-
section 4.9.1 deals with pure Nash equilibria only, whereas the results quoted in Subsection
4.9.2 hold for general (i.e. mixed) Nash equilibria. Subsection 4.9.3 concentrates on the fully
mixed Nash equilibrium. In order to illustrate the results, we use the following instance.

Example 4.142Consider the following instance(n,c): We have n= 4 identical users, m= 4
related links and the polynomial cost functionπ2(x) = x2. There are one link with capacity
c1 = 4 and three links with capacities c2 = c3 = c4 = 1.

4.9.1 Pure Nash Equilibria

4.9.1.1 Computation of Nash Equilibria

As already mentioned, the usage of polynomial social cost as the cost measure of social wel-
fare alters neither the definition of individual cost nor the set of Nash equilibria. Clearly, this
implies that all results on the convergence of sequences of selfish steps in Section 4.5 also hold
in this model, but selfish steps might increase polynomial social cost (Proposition 4.143). The
LPT-algorithm (see Algorithm 3, page 93) still yields a pure Nash equilibrium for the case of
related links (see Theorem 4.47, page 116). However, up to now there exists no performance
analysis of this algorithm with respect to polynomial cost functions or even to thed-norm.

Proposition 4.143 Consider the model of arbitrary users and related links. Then, a selfish
step of a user from a link j1 ∈ [m] to a link j2 ∈ [m] with cj2 > c j1 can increase polynomial
social cost.

Proof: Consider the following instance(w,c):
There are 2 users with trafficsw1 = 3 andw2 = 2, and two links
with capacitiesc1 = 6 andc2 = 3. Let L = 〈2,1〉 be the pure
assignment in which user 1 is assigned to link 2 and user 2 is
assigned to link 1. Clearly, user 2 can improve by moving to
link 1, yielding the pure assignmentL ′ = 〈1,1〉. We have

SCx2(w,c,L) =
22

6
+

32

3
=

11
3

whereas

SCx2(w,c,L ′) =
52

6
=

25
6

>
11
3

.

2

6 3

3

This proves the claim.

4.9.1.2 Computation of Best Nash Equilibria

Identical Users. In contrast to the case of identical links, there does not always exist a
pure Nash equilibrium with optimum social cost even in case of identical users (Proposi-
tion 4.144, page 193). Moreover, it is not clear how selfish steps can be used to approxi-
mate a best pure Nash equilibrium since selfish steps can increase polynomial social cost (see
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Proposition 4.143, page 192). However, for the case of identical users and polynomial cost
function πd(x) = xd, d ≥ 2, Lemma 4.145 enables us to use algorithm BESTPURENASHE-
QUILIBRIUM , stated as Algorithm 10 (page 195), to compute a best pure Nash equilibrium in
O(mlognlogm) time (Theorem 4.146, page 194). Note that this result can not be generalized
to arbitrary polynomial cost functions since Lemma 4.145 does not hold ford = 1.

Proposition 4.144 Consider the model of identical users, related links and polynomial cost
functionπd(x) = xd. Then, for anyε with 0 < ε≤ 2d

3 −1, there exists an instance(w,c) with

BCxd(w,c)
OPTxd(w,c)

≥
(

2d

3
− ε
)

.

Proof: Consider the following instance(2,c):
There are 2 identical users with trafficsw1 = w2 = 1, and two
links with capacitiesc1 = 2 andc2 = 1−ξ, where

ξ =
3ε

2d+1

3 + ε
.

Let L = 〈1,1〉 be the pure assignment in which both users are
assigned to link 1, and letL ′ = 〈1,2〉 be the pure assignment in
which user 1 is assigned to link 1 and user 2 is assigned to link
2. Note thatL is the only pure Nash equilibrium for the given
instance. We have

SCxd(2,c,L) =
2d

2

whereas

SCxd(2,c,L ′) =
1d

2
+

1d

1−ξ
=

3·2d

2d+1−6ε
.

1−ξ

1−ξ

2

1

1

2

1
1L’

L

Thus,

BCxd(w,c)
OPTxd(w,c)

≥ SCxd(2,c,L)
SCxd(2,c,L ′)

=
2d

2
3·2d

2d+1−6ε

=
2d

3
− ε ,

as needed.

Lemma 4.145 Let cj1,c j2 ∈ N with cj1 > c j2. Then, for all integers d≥ 2 and k∈ N,

(k ·c j1−1)d

c j1
+

(k ·c j2)
d

c j2
<

(k ·c j1)
d

c j1
+

(k ·c j2−1)d

c j2
.
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Proof: We show by induction ond, d≥ 2, that

∆ =
(k ·c j1−1)d

c j1
+

(k ·c j2)
d

c j2
−

(k ·c j1)
d

c j1
−

(k ·c j2−1)d

c j2
< 0 .

For the basis case, letd = 2. Then,

∆ =
(k ·c j1−1)2

c j1
+

(k ·c j2)
2

c j2
−

(k ·c j1)
2

c j1
−

(k ·c j2−1)2

c j2

=
1

c j1

(
(k ·c j1−1)2− (k ·c j1)

2)+ 1
c j2

(
(k ·c j2)

2− (k ·c j2−1)2)
=

1
c j1

(
−2k ·c j1 +1

)
+

1
c j2

(
2k ·c j2−1

)
=

1
c j1
− 1

c j2
c j1>c j2

< 0 ,

proving that the claim holds for the basis case. For the induction step, letd≥ 3, and assume
that the claim holds for(d−1). Then,

∆ =
(k ·c j1−1)d

c j1
+

(k ·c j2)
d

c j2
−

(k ·c j1)
d

c j1
−

(k ·c j2−1)d

c j2

= (k ·c j1−1) ·
(k ·c j1−1)d−1

c j1
+k ·c j2 ·

(k ·c j2)
d−1

c j2

−k ·c j1 ·
(k ·c j1)

d−1

c j1
− (k ·c j2−1) ·

(k ·c j2−1)d−1

c j2

= k ·c j1 ·
[
(k ·c j1−1)d−1

c j1
−

(k ·c j1)
d−1

c j1

]
+k ·c j2 ·

[
(k ·c j2)

d−1

c j2
−

(k ·c j2−1)d−1

c j2

]
−

(k ·c j1−1)d−1

c j1
+

(k ·c j2−1)d−1

c j2
.

Clearly,
(k·c j2−1)d−1

c j2
is strictly increasing inc j2. Thus,

∆
c j1>c j2

< k ·c j1 ·
[
(k ·c j1−1)d−1

c j1
−

(k ·c j1)
d−1

c j1

]
+k ·c j2 ·

[
(k ·c j2)

d−1

c j2
−

(k ·c j2−1)d−1

c j2

]
c j1>c j2

< k ·c j2 ·
[
(k ·c j1−1)d−1

c j1
−

(k ·c j1)
d−1

c j1
+

(k ·c j2)
d−1

c j2
−

(k ·c j2−1)d−1

c j2

]
Induction

< 0 .

This completes the prove of the inductive claim.

Theorem 4.146Consider the model of identical users, related links and polynomial cost
functionπd(x) = xd with d≥ 2. Then,BESTPURENASHEQUILIBRIUM computes a pure Nash
equilibrium with minimum polynomial social cost using O(mlognlogm) time.
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Algorithm 10 (BESTPURENASHEQUILIBRIUM )
Input: an instance(n,c)
Output: a pure assignmentL ′

(1) begin
(2) compute a pure Nash equilibriumL ;
(3) S1←{ j ∈ [m] | Λ j(L) = OPT∞(n,c)};
(4) S2←{ j ∈ [m] | Λ j(L) = OPT∞(n,c)·c j−1

c j
};

(5) while there exist linksj1 ∈ S1 and j2 ∈ S2 with c j1 > c j2 do
(6) move one user from linkj1 to link j2;
(7) S1← S1\{ j1};
(8) S2← S1\{ j2};
(9) return the resulting pure assignmentL ′;
(10) end

Proof: Fix any instance(n,c). Assume, without loss of generality, that all capacities are
integers. LetL be the pure Nash equilibrium computed in line (2) of the algorithm. Proposi-
tion 4.42 (page 113) and the definition of Nash equilibrium imply that

Λ j(L) ∈
[
OPT∞(n,c) ·c j −1

c j
,
OPT∞(n,c) ·c j

c j

]
for all j ∈ [m]. Clearly, by moving a user from a linkj1 ∈ S1 to a link j2 ∈ S2, this property is
preserved. Thus, all users in the resulting pure assignmentL ′ are satisfied, showing thatL ′ is
a Nash equilibrium. We proceed by showing thatSCxd(n,c,L ′) = OPTxd(n,c). Let

S′1 = { j ∈ [m] | Λ j(L ′) = OPT∞(n,c)} ,

S′2 =
{

j ∈ [m]
∣∣∣∣ Λ j(L ′) =

OPT∞(n,c) ·c j −1
c j

}
.

Assume, by way of contradiction, thatSCxd(n,c,L ′) > OPTxd(n,c), and letQ be an optimum
assignment, that is,SCxd(n,c,Q) = OPTxd(n,c). Then, there exist linksj1 ∈ S′1 and j2 ∈ S′2,
c j1 > c j2, with

Λ j1(Q) = OPT∞(n,c) ,

Λ j2(Q) =
OPT∞(n,c) ·c j −1

c j
,

Lemma 4.145 (page 193) shows that by moving a user from linkj1 to link j2 we get a pure
assignmentQ′ with

SCxd(n,c,Q′) < SCxd(n,c,Q) = OPTxd(n,c) ,

a contradiction.
By Theorem 4.43 (page 114), we can compute a pure Nash equilibrium inO(mlognlogm)

time. The computation ofS1 andS2 takesO(m) time. Moving the users to the right-most links
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also needsO(m) time. This proves the running time.

Example 4.142 (continued)For the given instance, each pure Nash equilibrium is of one of
the following types: Either all users are assigned to link1, or three users are assigned to link
1 and one user is assigned to one of the remaining links (note that all pure Nash equilibria of
the second type have the same social cost). ConsiderL = 〈1,1,1,1〉 andL ′ = 〈1,1,1,2〉 as
representatives of these two types (see Figure 4.16). We have

SCx2(4,c,L) =
42

4
= 4

whereas

SCx2(4,c,L ′) =
32

4
+

12

1
=

13
4

< SCx2(4,c,L) .

BESTPURENASHEQUILIBRIUM returns the pure Nash equilibriumL ′.

x2SC   (3,c,L) = 4 x2
13
4SC   (3,c,L’) = 

1

1

1 1

1 1 14

1

1

1

1

1114

Figure 4.16: Non-optimum pure Nash equilibriumL = 〈1,1,1,1〉 of the instance in Exam-
ple 4.142 (page 192) (left hand side), and optimum pure Nash equilibrium
L ′ = 〈1,1,1,2〉 returned by BESTPURENASHEQUILIBRIUM (right hand side).

Arbitrary Users. Since, for the case of arbitrary users,BEST PURE NE is N P -complete
even for the model of identical links (see Theorem 4.118, page 168), this of course also holds
for the more general model of related links. Up to now, no approximation algorithm is known.
SinceBEST PURE NE is N P -complete in the strong sense, there also exists no pseudo-
polynomial algorithm to solve it. However, we can give such an algorithm for constantm
(Theorem 4.147). Moreover, we can give a lower bound on the social cost of an optimum
pure assignment in case thatπ2(x) = x2 (Proposition 4.148, page 197).

Theorem 4.147Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for m-BEST PURE NE.

Proof: The proof of Theorem 4.104 (page 161) can easily be adapted to this setting.
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Proposition 4.148 Consider the model of arbitrary users, related links and polynomial cost
functionπ2(x) = x2. Then,

OPTx2(w,c) ≥ W2

C
.

Proof: Fix any instance(w,c) and associated optimum assignmentQ. Clearly,SCx2(w,c,Q)
is symmetric in all loadsδ j(Q), and

W2

C
= ∑

j∈[m]

(
W·c j

C

)2

c j
.

Thus, it suffices to show thatSCx2(w,c,Q) does not increase by replacing two loads, say
δ j1(Q) andδ j2(Q), j1, j2 ∈ [m], j1 6= j2, by

δ̂ j1 =
(δ j1(Q)+δ j2(Q)) ·c j1

c j1 +c j2
,

δ̂ j2 =
(δ j1(Q)+δ j2(Q)) ·c j2

c j1 +c j2
.

On the one hand,

δ j1(Q)2

c j1
+

δ j2(Q)2

c j2
=

1
c j1c j2(c j1 +c j2)

[
c j2(c j1 +c j2)δ j1(Q)2 +c j1(c j1 +c j2)δ j2(Q)2] .

On the other hand,

δ̂2
j1

c j1
+

δ̂2
j2

c j2
=

(
(δ j1(Q)+δ j2(Q))·c j1

c j1+c j2

)2

c j1
+

(
(δ j1(Q)+δ j2(Q))·c j2

c j1+c j2

)2

c j2

=
(δ j1(Q)+δ j2(Q))2 ·c j1

(c j1 +c j2)2 +
(δ j1(Q)+δ j2(Q))2 ·c j2

(c j1 +c j2)2

=
(δ j1(Q)+δ j2Q)2

(c j1 +c j2)

=
1

c j1c j2(c j1 +c j2)
[
c j1c j2δ j1(Q)2 +2c j1c j2δ j1(Q)δ j2Q+c j1c j2δ j2(Q)2] .

Since [
c j2(c j1 +c j2)δ j1(Q)2 +c j1(c j1 +c j2)δ j2(Q)2]
−
[
c j1c j2δ j1(Q)2 +2c j1c j2δ j1(Q)δ j2(Q)+c j1c j2δ j2(Q)2]

= c j2(c j1 +c j2)δ j1(Q)2 +c j1(c j1 +c j2)δ j2(Q)2

−c j1c j2δ j1(Q)2−2c j1c j2δ j1(Q)δ j2(Q)−c j1c j2δ j2(Q)2

= (c j2δ j1(Q))2−2(c j2δ j1(Q))(c j1δ j2(Q))+(c j1δ j2(Q))2

= (c j2δ j1(Q)−c j1δ j2(Q))2

≥ 0 ,

this proves the claim.
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4.9.1.3 Price of Anarchy and Computation of Worst Nash Equilibria

Identical Users. For identical users and polynomial cost functionπd(x) = xd with d ≥ 2,
Lemma 4.145 (page 193) also enables us to compute a worst-case pure Nash equilibrium. The
algorithm WORSTPURENASHEQUILIBRIUM works in the same way as BESTPURENASHE-
QUILIBRIUM , but moves users from linksj1 ∈ S1 to links j2 ∈ S2 with c j1 < c j2. This shows
that a worst-case pure Nash equilibrium can be computed inO(mlognlogm) time (Theo-
rem 4.149).

Bounds on the price of anarchy are only known when restricting to polynomial cost func-
tions πd(x) = xd. In particular, if d = 2, then the price of anarchy is43 (Theorem 4.150).
Moreover, for arbitraryd≥ 2, we can give the lower boundΩ(md−2) on the price of anarchy
which, in contrast to the constant bound for the cased = 2, is polynomial inm (Proposi-
tion 4.151).

Theorem 4.149Consider the model of identical users, related links and polynomial cost
functionπd(x) = xd with d≥ 2. Then,WORSTPURENASHEQUILIBRIUM computes a pure
Nash equilibrium with minimum polynomial social cost using O(mlognlogm) time.

Theorem 4.150 (Lückinget al. [102]) Consider the model of identical users, related links
and polynomial cost functionπ2(x) = x2, restricted to pure Nash equilibria. Then,

PoA =
4
3

.

Example 4.142 (continued) For the given instance, the worst-case pure Nash equilibrium
L = 〈1,1,1,1〉 has social cost4 whereas the optimum assignment〈1,1,2,3〉 has social cost3
(see Figure 4.17). Thus,

SCx2(n,c,L)
OPTx2(n,c)

=
4
3

.

Proposition 4.151 Consider the model of identical users, related links and polynomial cost
functionπd(x) = xd, restricted to pure Nash equilibria. Then,

PoA = Ω
(

md−2
)

.

Proof: Consider the following instance(n,c): There arem links with capacitiesc1 = m−1
andc j = 1 for all j ∈ [m]\{1}, andn= m identical users. On the one hand, assigning all users
to link 1 yields a pure Nash equilibriumL with social cost

SCxd(n,c,L) =
md

m
= md−1 .

On the other hand, evenly distributing the users to the links such that all users are solo yields
a pure assignmentL ′ with social cost

SCxd(n,c,L ′) = (m−1) ·1d +
1d

m−1
.
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x2SC   (3,c,L) = 4 x2OPT   (3,c) = 3 

1

1

1

1

1114

1

1 1

1 1 14

1

Figure 4.17: Worst-case pure Nash equilibriumL = 〈1,1,1,1〉 (left hand side), and optimum
assignment〈1,1,2,3〉 of the instance in Example 4.142 (page 192) (right hand
side).

Thus,

PoA ≥ SCxd(n,c,L)
SCxd(n,c,L ′)

=
md−1

m−1+ 1
m−1

= Ω
(

md−2
)

,

as needed.

Arbitrary Users. Clearly,WORST PURE NE is N P -complete (see Theorem 4.121, page
169). SinceWORST PURE NE is N P -complete in the strong sense, there also exists no
pseudo-polynomial algorithm to solve it. However, we can give such an algorithm for constant
m (Theorem 4.152). Up to now, no upper bound on the price of anarchy is known, but it is at
leastΩ

(
md−2

)
(see Proposition 4.151, page 198).

Theorem 4.152Consider the model of arbitrary users and related links. Then, there exists a
pseudo-polynomial-time algorithm for m-WORST PURE NE.

Proof: The proof of Theorem 4.105 (page 161) can easily be adapted to this setting.

4.9.2 Mixed Nash Equilibria

As seen in Theorem 4.30 (page 111), the computation of makespan social cost for any given
mixed assignment is #P -complete. For the polynomial social cost functionπ2(x) = x2, Lüc-
king et al. [102] showed that its computation is possible in pseudo-polynomial time, that is,
in O(nmW) time. Recently, Rode [126] showed that for this special polynomial cost function,
polynomial social cost can be expressed as a weighted sum of the expected individual costs
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of the users, where the weights are the user traffics (see Equation (4.15), page 88). This
observation allows to prove the following result:

Theorem 4.153 (Rode [126])Consider the model of arbitrary users, related links and poly-
nomial cost functionπ2(x) = x2. Then, for any instance and associated assignment, polyno-
mial social cost can be computed in O(nm) time.

4.9.3 Fully Mixed Nash Equilibria

We now concentrate on instances for which the fully mixed Nash equilibrium exists. We
first consider the case of identical users and polynomial cost functionπ2(x) = x2. We start
by giving a closed formula for the social cost of the (unique) fully mixed Nash equilibrium
(Theorem 4.154). We proceed by showing that the social cost of any pure Nash equilibrium is
bounded from above by the social cost of the fully mixed Nash equilibrium, proving theFMNE
Conjecture for pure Nash equilibria (Theorem 4.155). Recently, Gairinget al. [58] proved the
FMNE Conjecture for the model of identical users, links with non-decreasing convex latency
functions and social cost defined as the sum of minimum expected individual cost of the users.
Since this model and our model coincide for the polynomial cost functionπ2(x) = x2, related
links and Nash equilibria (see Equation (4.15), page 88), this also proves the conjecture in
our model (Theorem 4.156, page 201). We conclude by showing that for the polynomial
cost functionπ3(x) = x3, theFMNE Conjecture does not hold even forn = 3 identical users
(Theorem 4.157, page 201).

Theorem 4.154 (Lückinget al. [102]) Consider the model of identical users, related links
and polynomial cost functionπ2(x) = x2. Then,

SCx2(n,c,F) =
n(n+m−1)

C
.

Theorem 4.155Consider the model of identical users, related links and polynomial cost
functionπ2(x) = x2. Then, for any pure Nash equilibriumL , it is SCx2(n,c,L)≤ SCx2(n,c,F).

Proof: Fix any instance(n,c) and associated pure Nash equilibriumL . We can writeδ j(L) =
n j(L) for all j ∈ [m], wheren j(L) is the number of users assigned to linkj. This is possible
since all users are identical, that is,wi = 1 for all i ∈ [n]. By definition of Nash equilibrium,

n j2(L)
c j2

≤
n j1(L)+1

c j1

for all j1, j2 ∈ [m]. Thus,

n j1(L) ≥
c j1

c j2
·n j2(L)−1

for all j1, j2 ∈ [m]. Hence, for any fixed linkj2 ∈ [m], we have

n = ∑
j1∈[m]

n j1(L)

≥ n j2(L)+ ∑
j1∈[m]\{ j2}

(
c j1

c j2
·n j2(L)−1

)
=

C
c j2
·n j2(L)− (m−1) ,
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and we can write

n j2(L) ≤
c j2

C
· (n+(m−1)) .

It follows that

SCx2(n,c,L) = ∑
j∈[m]

n j(L)2

c j

≤

(
∑

j∈[m]
n j(L)

)
· n+(m−1)

C

=
n(n+m−1)

C
Theorem4.154 (page200)

= SCx2(n,c,F) ,

as needed.

Theorem 4.156 (Gairinget al. [58]) Consider the model of identical users, related links and
polynomial cost functionπ2(x) = x2. Then, theFMNE Conjecture is valid.

Theorem 4.157Consider the model of identical users, related links and polynomial cost
functionπd(x) = xd with d≥ 3. Then, theFMNE Conjecture is not valid.

Proof: Consider the following instance. There aren= 3 identical users,m= 50 related links
with c1 = 49

25 andc j = 1 for all j ∈ [50] \ {1}, and the polynomial cost functionπ3(x) = x3.
By Theorem 4.67 (page 133), there exists a (unique) fully mixed Nash equilibriumF with
probabilities

fi1 =

(
1−

50· 49
25

49+ 49
25

)(
1− 3

2

)
+

49
25

49+ 49
25

=
1
2

,

fi j =

(
1− 50

49+ 49
25

)(
1− 3

2

)
+

1

49+ 49
25

=
1
98

,

for all i ∈ [3] and j ∈ [50]\{1}. On the one hand, the social cost ofF is

SCx3(3,m,F) =
(

1
2

)3

· 3
3

49
25

+
(

1
2

)2

·
(

1
98

)[(
23

49
25

+1

)
·3·49

]

+
(

1
2

)(
1
98

)2
[(

13

49
25

+2·1

)
·3·49·48+

(
13

49
25

+23

)
3·49

]

+
(

1
98

)3[
(3·1) ·49·48·47+

(
23 +1

)
·3·49·48+

(
33) ·49

]
=

24183
4802

.
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On the other hand, consider the mixed assignmentP where users 1 and 2 are assigned to link
1, and user 3 is assigned to all linksj ∈ [50] \ {1} with probability p3 j = 1

49. Clearly,P is a
Nash equilibrium with social cost

SCx3(3,m,P) =
23

49
25

+1 =
249
49

>
24183
4802

= SCx3(3,m,F) .

This proves the claim.

4.10 Conclusion and Directions for Further Research

We gave a thorough analysis of a routing game introduced by Koutsoupias and Papadim-
itriou [93], widely known as theKP-model. Though it has received a lot of flourishing interest
and attention resulting in many interesting results, some fundamental problems still remain
tantalizingly open. We state only the most important of them:

• Though theFMNE Conjecture has been validated for numerous special cases, theFMNE
Conjecture in general remains open.

• Up to now, no polynomial-time algorithm to compute a pure Nash equilibrium in the
model of unrelated links is known. This problem appears to be intractable in the current
state-of-the-art. However, finding such an algorithm for the special case of arbitrary
users with restricted strategy sets and related links might be possible.

• Though the structure of the network in the KP-model is rather simple, it turned out to
be adequate to investigate the influence of selfish behavior to the global performance
of the system. A next step is to try to apply the gained results to prove results in more
general settings, that is, general networks or/and general latency functions.
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