First principles based thermodynamic
stability analysis of the secondary
structure of proteins

Dissertation
zur Erlangung des akademischen Grades
Doktor der Naturwissenschaften (Dr. rer. nat.)
an der Universitat Paderborn

Lars Ismer
Promotionskommision
Vorsitzender Prof. Dr. phil. Klaus Lischka
Gutachter Prof. Dr. rer. nat. Wolf Gero Schmidt

Gutachter Prof. Dr. rer. nat. Jorg Neugebauer






... Was ist zum Beispiel mit Willis Spucke? Seit heute morgen liegt Willis Spucke auf
dem Weg. Oder ist es Willi selbst? Willi ist ldngst nach Hause gegangen. Aber die
Spucke ist noch da. Seine Spucke! Allein auf dem Fufiweg ...

(aus: “Wo bist Du, Willi Wiberg?” von Gunilla Bergstrom)






Fiir meinen Sohn Ben Mika Ismer ...






Danksagung

Zuallererst mochte ich den beiden Betreuern dieser Arbeit, Jorg Neugebauer und Joel Ireta danken.
Jorg Neugebauer gab die Anregung zum Thema der Arbeit und hat sie {iber die Jahre hinweg
durch entscheidende Hinweise und Fragen auf erfolgreichem Kurs gehalten. Aufterdem hat er mich
kontinuierlich bestéirkt und mir durch seinen Optimismus eine positive Sichtweise auf meine Ar-
beitsergebnisse ermoglicht. Joel Ireta war fiir mich in meiner Zeit am Fritz-Haber-Institut in
Berlin zu jeder Zeit ansprechbar und hilfsbereit. Unzdhlige Diskussionen mit Joel und geduldige
Denkanstosse seinerseits halfen mir besonders dabei, physikalische Interpretationen fiir meine Ergeb-
nisse zu finden und Modellvorstellungen zu entwickeln. Jorg Neugebauer und Joel Ireta haben meine
wissenschaftliche Denkweise nachhaltig geprégt.

Des weiteren mochte ich Matthias Schefller danken, durch dessen und Jorg Neugebauers Fiir-
sprache ich in meiner Zeit in Berlin die nétige finanzielle Unterstiitzung erhielt und der es mir
gemeinsam mit Jorg Neugebauer ermdglichte, den Grossteil meiner Doktorarbeit am Fritz-Haber-
Institut anzufertigen.

Die Schlussphase meiner Doktorarbeit hat am Max-Planck-Institut fiir Eisenforschung in Diissel-
dorf stattgefunden. Die Zusammenarbeit mit den Kollegen dort hat vor allem dem methodischen
Aspekt der Arbeit einen weiteren Schub verliehen. Fiir fruchtbare Diskussionen mdochte ich hier
besonders Blazej Grabowski danken. Auch mochte ich besonders Tilmann Hickel danken, der sich
wie selbstversténdlich bereit erklért hat, meine Arbeit griindlich Korrektur zu lesen. Gleicher Dank
gilt Nadia Elghobashi, die meinem Englisch auf die Spriinge geholfen hat. Auflerdem mdchte ich
fiir das Korrekturlesen Dank aussprechen an Johann von Pezold und Antje Ismer.

Abschliefsend mochte ich meinen Eltern danken, die mit Ihrer Erziehung und Fiirsorge den wichtig-

sten Grundstein letztendlich auch fiir das Zustandekommen dieser Doktorarbeit gelegt haben.






Abstract

The existence of locally regular secondary structure motifs, such as helices, sheets, or turns, plays
a central role for the biological function of proteins. However, open questions remain the thermo-
dynamic stability of the secondary structure motifs. In particular, the intrinsic stability , i.e., the
stability in the absence of any environmental effects, has — on the basis of experimental studies —
not been acquired yet, even for the most abundant secondary structure motif, the helix. A detailed
understanding of the intrinsic stability is in turn fundamental for a systematic theory of protein
folding. Accurate theoretical studies of model systems are therefore highly desirable.

Density functional theory (DFT) is a powerful electronic structure method which meets the high
requirements on accuracy demanded by these systems. However, existing DFT studies on helices
focus on the static stability at the absolute temperature zero point and do not account for the strong
thermal vibrations which occur at the biologically relevant temperature range. In this project we
have therefore faced the challenge to employ DFT to determine the temperature dependence of the
intrinsic helix stability.

The study includes all three experimentally observed helix types, i.e, the a-, the - and the 319-
helix. Further it includes several unfolded conformations, which serve as reference for the stability
analysis. A key quantity to address the helix stability is the free energy. In the present study the
free energy has been determined from the harmonic phonon spectrum, which in turn is determined
from the dynamical matrix. In order to achieve the extreme high numerical accuracy required for
this project, we had to extend the established standard methodology for calculating the dynamical
matrix by a novel method, consisting of a three-stages refinement scheme. To further refine the
results, we then extended the study by explicitly calculating anharmonic effects. We therefore have
implemented the thermodynamic integration approach and combined it with an efficient stochastic
Langevin dynamics scheme, which shows a dramatic increase in the computational efficiency as
compared to common deterministic molecular dynamics schemes.

Employing this novel approach on the poly-L-alanine chain we are able to demonstrate that vibra-
tional entropy plays a key role for the stability of the helix in the biologically relevant temperature
range, since it strongly reduces the phase stability of the helices compared to the unfolded states.
Nounetheless, we find that the enthalpic contributions arising from the cooperative hydrogen bond
network of the a-helix are still sufficiently strong to make it the most stable bulk phase at room tem-
perature, and also stable against unfolding. These results provide a very fundamental conclusion:
The a-helix is intrinsically stable at room temperature, without the need of environmental effects,
such as solvent or pressure. Furthermore, our results reveal trends on the temperature dependence
of the relative stability between the three helix types. Most important, the m-helix exhibits a signif-
icant entropic “penalty” with respect to the two other helix types. By carefully mapping our DFT



data on an analytical model, we show that this trend is almost exclusively driven by the geometric
peculiarities of the m-helix as compared to the a-helix and 31¢p-helix. Since these peculiarities are
roughly independent of the specific amino acid sequence and of the environment, they rationalize
why the 7-helix is in general the least common of the three helix types in proteins.

Based on these insights we have studied the impact of the side chain of the amino acids, which
constitute the basic building blocks of the proteins, on the helix stability by performing a detailed
comparative analysis between chains composed of two different amino acids, glycine and L-alanine.
According to the experimental results, glycine is a very weak helix former, whereas L-alanine is
a very strong helix former. The origin of this difference has not been clarified yet. By means of
our approach we can show that vibrational free energy contributions siginificatly lower the glycine
helical propensities compared to L-alanine, which also verifies that helical propensities of the amino

acids already exist in the absence of any environmental effects.



Zusammenfassung

Die Existenz von lokal geordneten Sekundérstrukturelementen, z.B. Helices oder auch Faltblattstruk-
turen, ist von zentraler Bedeutung fiir die biologische Funktion von Proteinen. Dennoch bleiben
offene Fragen beziiglich der Stabilitidt dieser Sekundarstrukturelemente. Insbesondere die intrin-
sische Stabilitdt, also die Stabilitdt in Abwesenheit jeglicher dufserer Einfliisse, konnte — basierend
auf experimentellen Studien — bisher nicht erfasst werden, nicht einmal fiir das am haufigsten
vorkommende Sekundérstrukturelement, die Helix. Eine detaillierte Kenntnis der intrinsischen Sta-
bilitdt ist jedoch eine Grundvorraussetzung fiir ein systematisches, theoretisches Verstindnis der
Proteinfaltung. Deswegen sind genaue theoretische Studien von idealisierten Helices unersetzlich.

Die Dichtefunktionaltheorie (DFT) ist eine universell einsetzbare, theoretische Methode zur Be-
schreibung der elektronischen Struktur von poly-atomaren Systemen, welche die hohen Anforderun-
gen, die die Simulation der Helix an die Genauigkeit stellt, grundsétzlich erfiillt. Jedoch konzen-
trieren sich bisherige DFT-Studien von Helices im Wesentlichen auf die statische Stabilitdt am ab-
soluten Temperaturnullpunkt und lassen die ausgepriagten thermischen Schwingungen des Systems
im biologisch relevanten Temperaturbereich aufer Acht. Deshalb haben wir uns im Rahmen dieser
Studie der Herausforderung gestellt, die Temperaturabhéingigkeit der intrinschen Helix-Stabilitéit
mit Hilfe der DFT zu bestimmen.

Die Studie umfasst alle drei experimentell beobachteten Helix-Typen, d.h., die a-, die 7- und die
310-Helix und auferdem verschiedene ungefaltete Konformationen, die als Referenz fiir die Stabil-
itdtsanalyse dienen. Eine zenrale Grofe fiir die Bestimmung der Helix-Stabilitédt ist die freie En-
ergie. Letztere wird in der vorliegenden Studie aus dem harmonischen Phononenspektrum bestimmt,
welches seinerseits aus der dynamischen Matrix bestimmt wird. Um die extrem hohe numerische
Genauigkeit zu erreichen, die fiir dieses Projekt notig war, haben wir die etablierte Standard-
methodologie zur Berechnung der dynamischen Matrix um eine neuartige Methode erweitert, die
ein dreistufiges Verfeinerungsverfahren beinhaltet. Um die Ergebnisse weiter zu verfeinern, haben
wir die Studie auferdem um die Berechnung anharmonischer Effekte erweitert. Hierfiir haben
wir die Methode der thermodynamischen Integration implementiert und sie mit einem effizienten
stochastischen Langevindynamikverfahren kombiniert, was eine drastische Erh6hung der Rechenef-
fizienz im Vergleich zu herkémmlichen, deterministischen Verfahren der Molekiildynamik zur Folge
hatte.

Mit Hilfe dieses neuartigen Ansatzes konnten wir fiir das Beispiel einer poly-L-Alanin Kette
zeigen, dass die Entropie der Schwingungszusténde die Stabilitdt der drei untersuchten Helix-Phasen
im Vergleich zum ungefalteten Zustand deutlich reduziert uns somit eine zentrale Rolle fiir die
Stabilitdt der Helix im biologischen relevanten Temperaturbereich spielt. Nichtsdestotrotz haben

wir auch ermittelt, dass die stabilisierenden Beitrége, welche durch das kooperative Netzwerk der



Wasserstoffbriicken in der Helix bestimmt werden, immer noch ausreichend grof sind, um die a-
Helix bei zur stabilsten thermodynamischen Phase bei Zimmertemperatur zu machen, und sie vor
dem Ubergang in den Entfalteten Zustand zu bewahren. Diese Ergebnisse lassen eine grundlegende
Schlussfolgerung zu: Die a-Helix ist bei Zimmertemperatur intrinsisch stabil, ohne die Hilfe von
duferen Einfliissen, also z.B. Lésungsmittel oder Druck. Dariiberhinaus liefern unsere Ergebnisse
wichtige Trends fiir die relativen Stabilitdtsunterschiede zwischen den drei Helix-Typen. Von grofiter
Bedeutung ist ein entropisches “Handicap”, das die m-Helix im Vergleich zu den anderen beiden
Helix-Typen tragen muss. Indem wir unsere DFT Daten auf ein analystisches Modell abbilden,
kénnen wir zeigen, dass dieses “Handicap” fast ausschlieflich durch die geometrischen Eigenheiten
der m-Helix im Vergleich zur a-Helix und zur 319-Helix verursacht wird. Da diese Eigenheiten im
Wesentlichen unabhéngig von der spezifischen Aminosdurenanordnung und der Umgebung sind,
erklaren sie grundlegend, warum die m-Helix generell der am seltensten vorkommende Helix-Typ in
Proteinen ist.

Basierend auf diesen Einsichten haben wir den Einfluss der Seitengruppe der Aminosduren, also
der Grundbausteine der Proteine, auf die Helix-Stabilitdt untersucht, indem wir eine vergleichende
Analyse zwischen zwei Peptid-Ketten angestellt haben, wovon die eine aus Peptiden der Aminoséure
L-Alanin und die andere aus Peptiden der Aminosdure Glycin zusammengesetzt war. Entsprechend
der Resultate von experimentellen Studien lassen sich mit Glycin nur sehr schwer Helices erzeugen,
wohingegen L-Alanin sehr stark dazu neigt, Helices auszubilden. Die Ursache fiir diese Unterschiede
ist noch unbekannt. Mit Hilfe unseres Ansatzes konnen wir zeigen, dass die Schwingungsbeitrige
zur freien Energie die Helixpropensitdt von Glycin im Vergleich zu L-Alanin deutlich verringern,
was auch beweist, dass die Aminoséuren schon in der Abwesenheit jeglicher &uflerer Einfliisse un-

terschiedliche Helixpropensitidten aufweisen.
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1 Introduction

1.1 Proteins

Proteins are essential parts of living organ-
isms that participate in almost all processes
taking place in the cells. They are built of 20
different amino acids, which are linked together
by the so-called peptide bonds to form a linear
peptide chain, known as the primary structure.

The latter is assembled using the informa-
tion encoded in genes and completely deter-
mines the biological function of a protein. How-
ever, to be able to carry out their function,
proteins must adopt specific three-dimensional,

folded conformations, the so called tertiary struc-

ture'. The tertiary structure is also called folded
state and the way how the primary structure

Figure 1.1: Schematic representation of a protein
transforms to the folded state is denoted as pro-

and its secondary structure.
tein folding process. This process and the char-
acteristics of the folded state have raised various important questions in the past decades.

The central question has been, whether protein folding is a thermodynamic or a kinetic process.
It was Levinthal [1] who made the “kinetic hypothesis”. He recognized that it would be impossible
for a protein to find its native state by randomly searching through the entire space of possible
conformations and concluded that the folding must follow a specific pathway. This implies that the
protein structure possibly gets trapped in a local minimum of the free energy surface corresponding
to a meta-stable thermodynamic state. In contrast, Anfinsen [2] made, based on numerous experi-
mental results, the “thermodynamic hypothesis” and stated that the folded state corresponds to a
global free energy minimum. The contradiction between the two hypotheses was partially resolved
by the introduction of the “folding funnel” concept [3|. This concept directs the folding of the
protein without the need for a definite pathway, thus supports the thermodynamic hypothesis, but
also leaves open the possibility for kinetically inaccessible lower-energy states outside of the folding
funnel and thus supports the kinetic hypothesis. Recently, also the role of evolution was considered,
which possibly facilitates that the free energy minimum in many (but not all) cases corresponds to
the bottom of the folding funnel [4]. Nevertheless, it is also known that some proteins (in particu-

lar large proteins) require the assistance of other proteins (so called chaperones) to maintain their

'If the protein is assembled with more than one peptide-chain, the folded conformation is called quaternary structure.



1.2 Secondary structure

FES

L-alanine
— R=CH;,4

glycine
—R=H

Figure 1.2: a) Helix types and fully extended structure (FES). The red, dotted lines denote intra-
chain N — H---O = C hydrogen bonds. v denotes the number of peptide units to form
a hydrogen bond. b) Amino acid residue (peptide unit). The various amino acids differ
in the side chain that is attached to them. For example, for glycine we have R = H and
for L-alanine R = CHs.

functional state |5]. While this fundamental question about the basic mechanism of protein folding
seems thus to be answered, a predictive theory of protein folding is, nonetheless, far from being

developed.

1.2 Secondary structure

The local spatial arrangement of the peptide chain is called secondary structure. A major part
(about 90 % among all proteins) of the secondary structure is found in rather regular structural
motifs. Such regular motifs can be either sheets, helices or turns (Fig. 1.1). Every part of the peptide
chain which is not in either one of these motifs is called random coil. It is generally accepted that
the formation and existence of the regular secondary structure motifs play a central role for both
the folding and the biological function of proteins. Serious diseases, such as Altzheimer’s disease,
Parkinson’s disease or the Creuzfeldt-Jacob disease are supposed to be connected to misfoldings
in the secondary structure [6]. Thus a detailed understanding of the secondary structure stability
both from thermodynamic and kinetic viewpoints is essential to get a predictive understanding of

protein (mis)folding and functionality /degeneration.

1.3 Helical conformations

The helix is the most abundant secondary structure motif. It is stabilized by intra-chain hydrogen
bonds (Figs. 1.2 and 1.3). Three different helix types have been found in proteins: the a-helix,
the 319-helix, and the 7-helix. These three helix types differ in the hydrogen bonding (hb) pattern
they form: The hbs are formed between the peptide units ¢ and ¢ + v, where v = 3 for the 31o-
helix, v = 4 for the a-helix and v = 5 for the 7-helix (Fig. 1.2). Furthermore, they differ in the

number of peptide units per turn and exhibit different geometries: The 319-helix is more tightly
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wound than the a-helix, which by itself is more tightly wound than the m-helix. In proteins the
a-helix is the predominant helix type, with an occurrence of 80 %, followed by the 319-helix, with
an occurrence of 20 % [7]. In contrast, extended m-helices are found only in exceptional cases [8].
However, investigations on the conformations of peptides in solution indicate that 7-helical (and
310-helical) segments may be present as defects in a-helices [9, 10, 11].

The discovery of these three helix types [12, 13, 14| has stimulated scientific research for more
than 5 decades. Nevertheless, open questions remain regarding their thermodynamic stability, which
is a rather delicate balance between the enthalpic and entropic contributions of the peptide chain
and those arising from the surrounding environment (e.g. solvent). Here we address three of these

questions:

I. Is the helical secondary structure motif intrinsically stable at room temperature?

It is well accepted that the formation of hydrogen bonds between peptide units constitutes an
important contribution to the helix stability. However, it is a matter of debate, whether hydrogen
bonds on their own are strong enough to stabilize the helical conformation at a given temperature,
or whether additional stabilizing mechanisms are needed [15, 16, 17, 18]. This fundamental issue
has been addressed in experimental studies on the stability of short L-alanine peptide chains? in
water [15] as well as in the gas phase [16]. These experimental studies [15, 16] reveal stable helical
conformations in water at 274 K and in the gas phase at 300 K. One could thus conclude that the
helical motif is intrinsically stabilized by the hydrogen bonds at room temperature. However, to
increase the solubility of the L-alanine peptides and to avoid aggregation, charged peptide units
had to be attached to the alanine chains in these studies. The charged peptide units tend to mask
the contribution of intra-helical hbs to the stability of the helices. Indeed, it has been suggested
in Refs. [17, 18] that these charged peptide units attached to the peptides in the studies [15, 16]
are responsible for the observed helix stability to a more pronounced degree than the intra-helical
hydrogen bonds. Thus, a definite answer to the question, whether the hydrogen bonds alone are

sufficient to stabilize the helical conformations at room temperature, has not been given yet.

Il. Rates of occurrences of the different helix types — rarity of 7-helices

As mentioned above, it is well known that the three experimentally observed helix types show
rather different rates of occurrence in the protein structures. However, neither the origin of these
differences, nor the relative importance of the protein environment and the intrinsic features of the
peptide chain for the stability of the different conformations is understood at present.

In particular the rarity of the m-helix has given rise to various speculations in the literature:

1. The cavity in the center of the m-helix is larger than that in the a-helix and the 3;9-helix. It
has thus been suggested that the van-der-Waals distances across the cavity are larger, which
would result in a relative loss of stability. On the other hand the cavity would be still too
small to allow water molecules to enter, which could in turn bridge the large van-der-Waals
distances [20].

?L-Alanine is a simple amino acid (R=CHs, Fig. 1.2b) with a strong propensity to form helices [19].
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2. It has been suggested that the m-helix is energetically unfavorable, compared to the a-helix
and the 319-helix, since it lies outside of the conformational flexibility of the peptide backbone,
as has been determined with empirical analytical potentials for di-peptide model systems (e.g.
[14, 21]).

3. The number of intra-helical hydrogen bonds in finite isomeric structures of helices are not
equivalent. For a given finite chain length, the 3;9-helix forms one more hydrogen bond than
the a-helix, whereas the m-helix forms one less hydrogen bond than the latter one. It has been
suggested that this effect makes the m-helix energetically less favorable than the a-helix and
the a-helix less favorable than the 3;p-helix (e.g. [22]).

4. It has been suggested that helix initiation is entropically unfavorable in the 7-helix compared
to the a-helix, since in the 7-helix four peptide units must be oriented correctly before the
first, (i, i+5)-hydrogen bond is formed, whereas for the a-helix only three peptide units must
be oriented correctly [22].

The arguments 1) and 2) stem from the 50’s and are speculative. In particular argument 2) is not
necessarily valid (as we will show in Sec. 1.5). The arguments 3) and 4) are more feasible. These
arguments are of energetic and kinetic character, respectively, and apply mainly for short helices.
However, they do not apply for a residue in the middle of long peptides, i.e., a situation in which
dangling hydrogen bonds are absent or properly capped. It is, however, known that also the bulk of
extended helical motifs is predominantly adopting the a-type. Thus additional reasons must exist

to explain the rarity of m-helices.

I1l. Helical tendencies of the amino acids

The tendency of a given protein segment to form helices depends on its amino acid sequence. This
important issue has been extensively investigated experimentally and thermodynamic scales have
been derived to quantify the helical tendencies of the amino acids [19, 23, 24, 25, 26, 27|. These
studies are consistent in a qualitative manner, i.e., they largely agree in the order of the amino
acids on the thermodynamic scale. For example, it is well accepted that proline and glycine (Gly,
R = H, Fig. 1.2b) are the weakest helix formers, whereas L-alanine (Ala, R = CHjs) is the strongest
helix former. However, the reported thermodynamic scales largely vary in a quantitative manner.
Focusing on the two extrema, Ala and Gly, the reported differences for the helical propensities
(definition will be given in Sec. 4.5.4) at room temperature are spread from 0.7 kcal/mol up to 2.0
kcal/mol. Furthermore, the origin of the differences in the helical propensities is not clarified yet.

Several assumptions have been made to explain, for instance, the differences between Gly and Ala:

1. It has been suggested that the main chain (or backbone) conformational entropy® in the un-
folded state is larger for Gly than for Ala, due to smaller excluded volume effects associated
with steric interactions of adjacent peptide units. D’Aquino et al. have estimated the con-

formational entropy of a di-peptide model system by means of an empirical force field and

3The term “main chain conformational entropy” (or “backbone conformational entropy”) denotes the entropy asso-
ciated to the possible conformations the peptide chain may adopt in the given (folded or unfolded) state.
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Figure 1.3: Energy scale of the electronic interactions relevant for the stability of biological systems
(schematic).

found a difference of 0.7 kcal/mol between Ala and Gly [28] in good agreement with the early
study of Nemethy et al. [29]. However, other force field studies have obtained a much smaller

difference (< 0.2 kcal/mol) in the main chain conformational entropy [30, 31, 32].

2. It has been suggested that the helical state of Ala sequences could be energetically preferred.
Scott et al. have drawn this conclusion, since they found the entropic differences between Ala
and Gly to be small [32]. We will address this point in Sec. 1.5.

3. It has been suggested that the helix propensities of the different amino acids are influenced
to some extend by the solvent 33, 34, 35]. The helical state of alanine sequences could be
preferred relatively to that of glycine because of stronger hydrophobic interactions. However,
recently Hudgins&Jarrold have analyzed the conformations of charged Ala- and Gly-based
peptides in the gas phase, i.e., in the absence of a solvent, using ion-mobility measurements
[36]. They found that the stability of Ala- and Gly-helices is (qualitatively) consistent with

the helix propensity scales mentioned above.

Summarizing these speculations, both, experimental and theoretical investigation of the helical
propensities have lead to partially contradictory interpretations. Thus the origin of the helical

propensities still lacks a full understanding.
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1.4 Intrinsic aspects of helix stability

1.4 Intrinsic aspects of helix stability

Fundamental aspects of helix stability are thus not clarified yet. In particular the detailed balance
of the various contributions to the stability is still a matter of controversy. To fully understand
the helix formation process, it is required to develop a systematic and quantitative theory. A first
step towards such a quantitative and systematic understanding must be the accurate acquisition
of the intrinsic aspects of heliz stability, i.e., the stability in the absence of any environmental
effects, such as solvent, protein environment or helix endings. Only after these intrinsic aspects
are quantitatively understood, the role of the various environmental effects, which are certainly
important by themselves, can be adequately classified. The intrinsic aspects of stability are not
directly accessible from experimental observation. Accurate theoretical studies of idealized model
systems are therefore highly desirable.

For this kind of studies, however, the choice of the theoretical tools is of crucial importance. This
is due to the fact that the requirements on accuracy are very high in these biological systems. We
will at first briefly enumerate the basic requirements for an accurate description of the secondary

structure. In the next section, we will then introduce an approach which meets these requirements.

e Chemical bonding and Pauli repulsions: A basic requirement on the theoretical approach
in use is that it is able to accurately describe the covalent and ionic bonds which stabilize the
peptide chain. Further, it must be able to correctly account for the steric hindrances and short
range repulsions which may appear when the peptide chain folds to the secondary structure.

Bond lengths, valence angles, and dihedral angles must be predicted correctly.

e Hydrogen bonding: The approach must be able to accurately describe hydrogen bonding.
Hydrogen bonds are the key interactions, which drive the formation of the secondary structure
of proteins. The origin for hydrogen bonding is thought to be predominantly of electrostatic
nature and closely related to the charge distribution within the molecular structure [37]. In a
simplified picture a hydrogen bond can be understood as a dipole-dipole interaction, involving
the proton of an hydrogen atom as the positive pole and a strongly electronegative atom as the
negative pole (Fig. 1.3). Of course, in reality the interaction is more sophisticated; it involves
higher order multi-pole terms and depends in a complex manner on the relative orientation
of the two interacting groups [38]. Furthermore, it has long been suggested [39] and recently
confirmed by means of ab-initio calculations (Ref. [40] and references therein) that hydrogen

bonds involve some covalent contribution.

e Electronic polarizability: The approach must adequately account for electronic polarizabil-
ity. The electrostatic multi-pole terms as described above are not fixed, static quantities of the
molecular geometry: An external electrical field may induce a charge density redistribution in
the molecule, thereby altering the multi-poles. This process is called electronic polarizability
and is crucial for the hydrogen bond formation in the secondary structure. It allows, e.g., the
multi-poles associated with the hydrogen bonding network of the helix to interact with each

other in a non-linear way, such that each hydrogen bond is much stronger in the network than

11



1 Introduction

Figure 1.4: Schematic illustration of the cooperativity of hydrogen bonds in a helix.

it would be in the isolated case. This process is called hydrogen bond cooperativity (Fig. 1.4
and Sec. 1.5).

e Van-der-Waals forces: Van-der-Waals (or London-dispersion) forces are caused by the
dynamically induced polarization effects connected to fluctuations in the electronic charge
distribution, which arise from the oscillations of the electronic wavefunction. Due to these
fluctuations a (spherical) atom has a transient dipole moment, which polarizes any neutral
atom nearby and leads to an attraction between the atoms. Although the transient dipole
changes constantly and rapidly, those of the other atoms tend to follow it and are correlated.
These interactions are purely quantum mechanical in nature and exclusively attributed to
electronic correlation (Sec. 2.4.3). The forces resulting from these interactions exist in any
poly-atomic system, even in the absence of permanent multi-poles, and in electrostatically
completely neutral objects. They are important for the stability of biological systems, in which
other inter-molecular forces, like hydrogen bonds, are lacking. For predominantly hydrogen
bonded systems, however, they play only a secondary role, since hydrogen bonds are in general
an order of magnitude stronger than van-der-Waals bonds (Fig. 1.3). The question of whether
the van-der-Waals bonds are important to describe the peptide chains analyzed in this project
will be discussed in Sec. 2.4.3.

1.5 Density functional theory

Following the above considerations, explicitly taking into account the electronic structure is obvi-
ously inevitable to obtain an accurate description of the secondary structure. Density functional
theory (DFT) [41, 42] is a powerful method to simulate molecular systems by fully taking into
account their electronic structure. It is well known that DFT accurately predicts the structural
and energetic properties related to chemical bonds (Sec. 2.4.3), and, recently, comparative studies
to post-Hartree Fock approaches have also verified the high accuracy of this approach to describe

hydrogen bonds (see Refs. [43, 44| and references therein).
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1 Introduction

Indeed, DFT based studies of helices in vacuum have already been useful to unveil the role
hydrogen bonds play in stabilizing these secondary structure motifs. For instance, DFT studies
of finite and infinite peptide chains [45, 46, 47, 48, 49| have shown that cooperative effects in
hydrogen bonding networks (Fig. 1.4) may lead to a dramatic increase in hydrogen bond strength
and are crucial to stabilize helices with respect to hydrogen bond free conformations such as the
fully extended structure (FES, Fig. 1.2). It has been shown that cooperativity strengthens the

individual hydrogen bonds in the infinite poly-L-alanine a-helix by more than a factor of two [48].

Potential energy surface of infinite poly-L-alanine and poly-glycine chains

Recently, DFT has been employed to investigate the configurational space of infinite poly-L-alanine
[50] and poly-glycine [51] chains. By sampling the configuration space spanned by the helical para-
meters L and © (Fig. 1.6) and fully relaxing the internal degrees of freedom of the peptide chain a
2-dimensional potential energy surface (PES) has been obtained.

This (L,0)-PES provides a valuable topo-
graphical representation of the configurational
space of the helical motifs: As Fig. 1.5 shows,
the PES exhibits several minima for both poly-
L-alanine and poly-glycine. Three of these mi-
nima can be clearly identified with the three ex-
perimentally observed helix types, i.e., 319-, a-
and 7-helix. Besides these minima further mi-
nima exist for the unstrained chain in the fully
extended structure (FES) and for the so called
27-structure (Figs. 1.5 and 1.2). Also, it has

been found that the helical parameters are sui-

Figure 1.6: Helical parameters: pitch L, twist ©

and radius R.

table reaction coordinates to describe the me-
chanical deformations of the peptide chain |50].

Furthermore, the (L, ©)-PES allows to determine the static stability of the helices, i.e., the sta-
bility at 0 K. To determine the static stability, let us set the energy zero as the total energy of the
FES, because this reference system corresponds to the unstrained peptide chain which lacks hbs.

The static stability is then given as:
AEY(L,0) = E°(L,0) — E(Lrgs, Orrs), (1.1)

where E°(L,©) denotes the total energy per peptide unit for given L and ©, and E°(Lpgs, Orgs)
denotes that of the FES. As shown in Fig. 1.5, all three helical conformations are energetically
preferred over the FES. The same applies to the 27-conformation, although the energetic preference
is much smaller in this conformation. Hence, we may conclude that, in a static picture, the helical
state is energetically preferred with respect to the unstrained, extended state by 2.3 to 2.9 kcal /mol
per peptide unit, depending on the helix type and on the side chain. A more detailed discussion of

the energetic differences between the helix types will be given later.
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1.6 Temperature dependence

While the PES gives important insights into the static stability of the helical conformations
and provides a valuable topographical representation of the configurational space, it is, however,
not sufficient to find answers to the fundamental questions we have raised in Sec. 1.3. Namely,
the peptide chain is not in rest, but is, even at the absolute temperature zero point, exposed to
fluctuations (zero point vibrations). Even more important, the system performs strong thermal
vibrations in the biologically relevant temperature range. The static stability of the helical motifs
as induced by the hydrogen bonds is not particularly large. It is thus a basic question, whether or
not the thermal vibrations are strong enough to break the helix structure.

Also, the information about the static stability as available from the PES does not explain the
differences in helical propensities between Ala and Gly — the static stability of the Gly a-helix is
even slightly larger than that of the Ala a-helix.

Furthermore, according to the static stability, the m-helix should be much more frequently obser-
ved than it actually is  the w-helix is only marginally destabilized with respect to the a-helix for
Ala and degenerated to it for Gly. It is in this regard interesting to note that recent experimental
studies suggest the presence of transient defect structures (ji.e., the content of 7- and 3j9-helical
segments) in solvated a-helices to be larger at low temperatures (e.g. at 0°C) than at high tem-
peratures (e.g. at 30° C) [10, 11]. Based on these experimental findings it has been concluded that
the melting temperature for 7- and 31¢p-helices is lower than the melting temperature for an a-helix
[10, 11]. This implies that the relative thermodynamic stability (which is given by the difference in
the free energy of formation) between the three helix-types is not a constant, but shows a strong
temperature dependence.

To get a more realistic picture, it is therefore required to go beyond the static treatment and

include the vibrational properties of the peptide chain in the stability analysis.

1.6 Temperature dependence

The theoretical treatment of dynamical properties of the secondary structure on an atomistic level
has been traditionally reserved to molecular dynamics simulations based on empirical force fields.
The force field approach treats chemical bonding by means of force constants and incorporates the
weak bonding interactions, i.e., hydrogen bonding and van-der-Waals forces, by point charge models
and Lennard-Jones potentials, respectively. The force constants are optimized to fit experimental
and/or ab-initio data. The big advantage of force fields compared to ab-initio methods is that they
are computationally inexpensive: Nowadays molecular dynamics simulations of systems containing
hundred thousand atoms or more can be performed for time periods of several nanoseconds (see
Ref. [52| and references therein). However, the approximate/parameterized nature of the force field
approach reveals also deficiencies. For example it is not clear, whether or not the limited accuracy
and predictive power of this approach allows to accurately reproduce the delicate differences between
the individual stabilities of the different secondary structure types. Indeed, it has been shown that
the relative stability of the helix types, i.e., 319-, a- and 7-helix, strongly depends on the chosen

force field parametrisation [53] and thus might be artificial for an individual force field.
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The success of a force field in accurately describing a particular property of the system crucially
depends on whether or not sufficient relevant input data for the optimization of the force con-
stants is available. For the determination of the vibrations of the helix this limitation has serious
consequences. To be more concrete, we quote as an example the vibrational spectrum of the poly-L-
alanine a-helix, which has been the subject of various experimental and theoretical, force field based
studies in the past [54, 55, 56]. The experimental spectra of this system are complete and accurate
for the mid-to-high frequency range from 200 to 3500 cm™!, however, they are incomplete for the
low frequency range below 200 cm™'. As a consequence, the force fields, which were optimized to
fit these experimental spectra, revealed significant shortcomings in predicting the specific heat [55],
indicating substantial errors in the low frequency vibrational branches. The low frequency branches
in turn are fundamental for the thermodynamic stability, as they dominate the vibrational entropy
and contain the mechanical deformations of the helix. To obtain an accurate description of the tem-
perature dependence of the helix stability it is therefore required to fill this gap left behind by the
existing experimental and force field studies and to determine the complete vibrational spectrum
by explictly including the low frequency branches.

Density functional theory calculations applied on idealized model systems, such as infinite helices
in vacuum are therefore highly desired, since they would allow to accurately determine the complete
vibrational spectrum corresponding to the respective helical structure, in an unbiased, parameter
free manner. Indeed, DFT based studies on vibrational properties of the secondary structure have
already been published [57, 58|. These studies are, however, focussed on particular frequencies
rather than the complete vibrational spectrum and are not treating thermodynamic properties such
as the free energy. Recently, Wieczorek&Dannenberg have computed the contributions of vibrational
energy to the stability of the poly-L-alanine a-helix at 0 K and at room temperature using DF'T and
finite chains up to the length of 18 peptides |59]. The corrections they found were rather small (0.2
kcal /mol per peptide unit) and an asymptotic limit for the formation enthalpy of the infinite a-helix
of about -3.0 kcal/mol per peptide unit was predicted. While this study can be considered a first
step towards a thorough thermodynamic description of these systems aspects, it is still incomplete
in so far as not only the contributions of the vibrational energy but also those of the vibrational
entropy should be included to accurately determine the free energy at elevated temperatures. As we
will show in this thesis these entropic contributions are much more important for the helix stability

at room temperature than the energetic vibrational contributions.

1.7 This project

In this project we have employed density functional theory to study the temperature dependence
of the helix stability. To provide an unbiased view on the intrinsic helix stability, which is comple-
mentary to the experimental observation, we have focused on the bulk of the infinite structure, and
excluded environmental effects, such as solvent or helix endings, from our investigation.

The concrete motivation for the project is given by the three fundamental issues discussed in Sec.

1.3. We focus at first on a poly-L-alanine chain to tackle the first two questions:
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1.7 This project

e [s the helical secondary structure motif intrinsically stable at room temperature?

e Why are 7-helices rarely observed in proteins (compared to o~ and 319—helices)?

In order to determine the temperature dependence of their relative stability we have included the
a-helix, m-helix, and 3;9-helix, in the stability analysis. Furthermore, we have investigated the
27-conformation to complete the study in terms of possible hb patterns (Fig. 1.2 a), and the fully
extended structure (FES), which lacks hydrogen bonds, and serves as a reference point for the
stability analysis.

The study is based on the concept of free energy, which is determined by solving the equations
of motion in the harmonic approximation. This means we apply Bloch’s theorem, i.e. we determine
the phase dependent, symmetry reduced dynamical matrix, diagonalize it, and obtain the phonon
dispersion relation. With the knowledge of the phonon dispersion relation we determine the partition
function and with it the thermodynamic properties including the free energy. In order to achieve the
high numerical accuracy required in this study for forces, vibrational frequencies and thermodynamic
data, we have extended the established standard methodology by a novel method for calculating
the dynamical matrix, i.e., a three-stages refinement (TSR) scheme.

To go beyond the harmonic approximation and to extend the study to anharmonic effects we apply
the thermodynamic integration approach. The canonical thermodynamic averages as required along
the thermodynamic integration path are determined by means of an efficient molecular dynamics
approach (Langevin dynamics), which we have implemented together with an efficient extrapolation
scheme for the electronic degrees of freedom.

The focus of this thesis is thus to accurately calculate the free energies of the pure phases cor-
responding to the possible equilibrium conformations of the peptide chain. Nevertheless, at finite
temperatures the thermodynamic state of the peptide chain may be characterized by a coexistence
of several phases rather than by a single phase. This is particularly true for the unfolded state,
which is supposed to be occupied at high temperatures. An exact determination of the free energy
of the unfolded state is beyond the scope of this project. However, we have estimated the free
energy of the unfolded state by treating the unfolded state as an ideal solution of the bulk phases
contributing to it.

For tackling the third issue:
e What is the origin of the difference in the helical propensities between L-alanine and glycine?

we have performed a comparative analysis for the infinite poly-glycine and poly-L-alanine chain.
These amino acids, L-alanine and glycine, are most suitable for such a comparative study, since they
are, on the one hand, the two amino acids with the simplest side chains (R = CHjs for L-alanine
and R = H for glycine, Fig. 1.2 b) and, on the other hand, the two extrema of the (experimental)
helix propensity scale.

Validating the accuracy of our approach is another important issue. While DF'T would, in prin-
ciple, allow to exactly determine the ground state properties of a given system, its practical imple-

mentation requires to introduce a fundamental approximation in this study we use the generalized
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gradient approximation (GGA) in form of the so called exchange-correlation functional. While
comparative studies of DFT-GGA and the supposedly more accurate post-Hartree Fock methods
have already verified the high reliability of DET-GGA to describe the static/energetic contributions
of the hydrogen bonds in the secondary structure, the performance of DFT-GGA to determine
the wvibrational/thermodynamic properties of the helix is essentially unknown. To validate its ac-
curacy we have compared the calculated frequency spectra and thermodynamic data to available
experimental data.

Furthermore, an analysis of the obtained results is presented with the aim of getting a deeper
understanding of the underlying mechanisms that drive the differences between the various confor-
mations of the peptide chain. For this purpose we have developed an analytical potential to model

the vibrations of the peptide chain and to reproduce the thermodynamic trends.
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2 Theoretical concepts

The purpose of this chapter is to provide the theoretical framework of the project. The chapter is
arranged as follows: First, the model used to describe the secondary structure of the peptide chain
is introduced and the basic terminology is clarified (Sec. 2.1). Then the theoretical approaches
which have been employed in this work are presented. These include density functional theory
(DFT) to determine the electronic groundstate (Sec. 2.4) and the quasi-harmonic approximation
to solve the ionic equations of motion (Sec. 2.6) of the peptide chain. Furthermore, the basic
thermodynamic tools to calculate the free energy and the temperature dependent stability of the
various conformations of the peptide chain are developed. To estimate anharmonic contributions

the thermodynamic integration method (Sec. 2.7) is introduced.

2.1 Model

For this project we model the secondary structure of the peptide chain as an isolated, infinitely long
chain, assembled with a single peptide unit, which can be either glycine or L-alanine (Fig. 1.2b). In
static equilibrium such a chain is completely periodic, with the peptide unit being the repeat unit.
The repetition of the peptide units may be described by a lattice vector, T,,, which is determined
by a translation along the chain axis, i.e., a pitch L, and a rotation around the chain axis, i.e, a

twist © (Fig. 1.6). In Cartesian coordinates T,, may be written as:

T, = (R-cos(n®), R -sin(n®),n - L), (2.1)

where n indicates the peptide unit and R is the distance to the helix axis. Here we focus exclusively
on single-stranded peptide chains, which include the most abundant secondary structure motif, the
helix. Multi-stranded motifs, such as the (-sheet, are excluded from this study. Furthermore, we
focus on isolated helices in vacuum and explicitly exclude effects of the helix-endings, of the protein
environment, and of the solvent. Therefore, all properties of the peptide chain obtained in this
study are intrinsic features of the respective chain conformations. As discussed in the introduction,

it is the aim of this project to determine these intrinsic features as accurate as possible.

2.2 Many-body Schrédinger equation

We intend to analyze the behavior of the peptide chain by explicitly taking into account its N

electronic degrees of freedom, denoted with x;, and its N°® atomic degrees of freedom, denoted
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2 Theoretical concepts

with X;. Thus, we have to solve the many-body Schrédinger equation (SE):
H(x,X)¥r(x,X) = ExyUy(x,X). (2.2)

Here, ¥~ (x, X) denotes the many-body wavefunction of the peptide chain corresponding to the total
energy Ey, whereas T denotes the quantum number. The configurational vector of the electrons is
given by x = (X1,X2,...,Xyea ), and X = (X, Xa, ..., X yion ) denotes the configurational vector of
the atomic cores, which are in the following denoted as “ions”. H(x,X) represents the many-body

Hamiltonian which is, using atomic units, given by:

H(X, X) — Tcl(x) + Tion(X) + Vcl—ol(x) + Vcl—ion(x’ X) + Vion—ion (X), (23)
where

Ncl

T (x Z = (2.4)

is the kinetic energy of the electrons. The term

Nel

vel(x . — 2.5
Z \r, - r]] (2:5)

describes the electrostatic interaction of the electrons,

Nion

. Ay
Ton(x) = - 3 2L (2.6)
ot 2Mjy
is the kinetic energy of the ions,
NlOl’l
ion—i Z1Zy
VlOn 10n 27
; X7 — X, (27)
stands for the electrostatic interactions of the ions, and
Nion Nel
Vel 1on X X 2.8
ER R .

denotes the electrostatic electron-ion interaction. The terms Mj; and Z; stand for the ion masses
and the ion charges, respectively.
2.3 Born-Oppenheimer approximation

Solving the SE of a poly-atomic system directly and exactly constitutes in general an intractable
problem. A basic simplification for solving the SE, which we apply in this work, is contained in

the Born-Oppenheimer approximation (BOA). The BOA employs the fact that the electrons move,
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2.3 Born-Oppenheimer approximation

due to their significantly lower mass (J\A/[/{Zln < 0.005), much faster than the ions. The idea behind
the BOA is thus to assume the ions to be fixed on the electronic timescale. As a consequence, the
electronic movement is decoupled from the ionic movement, in a sense that it does not depend on
the velocities of the ion cores, but only on their positions. On the other side, the ions explore a
conservative potential arising from the electronic state at the given ionic positions, the so called
Born-Oppenheimer surface.

To realize the Born-Oppenheimer approximation, a separation ansatz is used for representing the

many-body wavefunction:

W (x, X) = o2 (X)W (x; X). (2.9)

Here ¥¢(x; X) denotes the wavefunction for the electronic degrees of freedom, x, and describes the

solution for the electronic Schrédinger equation:

H (3 X)W (x; X) = B (X)WS) (x: X)), (2.10)

where

H(x;X) = T%(x) + V' (x) + VI (x; X) + VIO 7o (X) (2.11)

is the electronic Hamiltonian. ES(X) denotes the Born-Oppenheimer surface corresponding to the
electronic quantum number v and stands for the eigenvalues of the electronic Hamiltonian.

\I'LO;(X) describes the wavefunction for the ions and is the solution of the ionic Schrodinger

equation:
HM(X) U0 (X) = By U (X), (2.12)
where
Hiov(X) = T%(X) 4+ EY(X) (2.13)

is the ionic Hamiltonian and E,‘j‘;f stands for the total energy corresponding to the electronic quantum
number v and the ionic quantum number pu.

We now substitute the separation ansatz Eq. (2.9) into the many-body Schréodinger equation:

ion el/o . _ tot \y,ion el/.,.
H(X7 X)l:[ll/u (X)l:[ll/ (X7 X) - Evu \Ill/u (X)\IIV (X7 X)

Nion .
R R RN

o Z ( Vi 2
— 2M; 0X; 0Xp OXI

) —. Eph—ol
~ Egztwg);(X)wgl(x; X). (2.14)

Eq. (2.14) shows that the separation ansatz is valid, if the so called electron-phonon interaction
term EPP¢ is neglected (details e.g. in Ref. [60]). The BOA thus neglects the possibility that
electronic transitions could occur as consequence of ionic displacements (first part of EPh—¢) and

it neglects the part of the kinetic energy of the electrons, which arises from their movement along
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the ionic trajectory (second part of EPP=!). As mentioned above, the BOA is justified by the fact
that the atomic masses are much larger than the electron mass and hence both terms of EPM—¢ are
small compared to the kinetic energy of the electrons.

There are important physical mechanisms, in which electron-phonon interactions play a crucial
role. Examples are the electrical resistivity in metals, the broadening of spectral lines in optical
luminescence measurements, and the primary steps of photosynthesis in green plants, where optically
excited electronic states couple to specific low frequency vibrations of the so-called light-harvesting
protein complex.

The peptide chains we are dealing with in the present work are, however, characterized by a huge
HOMO-LUMO gap of

HOMO-LUMO  y 50V, (2.15)

which is more than two orders of magnitude higher than the thermal energy kT at room tem-
perature [51]. Thus, in the relevant temperature range, the excited electronic states of the peptide
chain are not contributing to the thermodynamic properties. Hence, we focus exclusively on the

electronic ground state in this study, which implies that we may rely on the BOA.

2.4 Density functional theory

The electronic ground state of the peptide chain for a given set of ionic positions X is characterized
by its ground state wavefunction \IJZI(X) and the corresponding eigenvalue E;l(X), which can be
obtained by solving the electronic Schréodinger equation (SE) (Eq. (2.10)). Solving Eq. (2.10)
exactly is possible via the full configuration interaction (full CI) approach, but numerically extremely
expensive and therefore not practicable for extended poly-atomic systems. Nevertheless, nowadays
several ab-initio methods exist, which allow to solve the electronic SE in an approximate but
highly accurate way. Typically post-Hartree-Fock methods, such as the (truncated) configuration
interaction (CI), the (truncated) coupled cluster (CC), the Quantum Monte Carlo (QMC) and the
Moller-Plesset perturbation (MP) theory are the ab-initio methods, which offer the highest accuracy.
However, the computational effort connected to these methods is still particularly high and shows
high order polynomial scaling with system size: Second order MP scales with (N‘31)5[61]. CC, if
truncated after single, doublet and triplet interactions, scales with (N°1)8[62]. QMC and CI scale
even exponentially with the system size (both in timing and storage). Thus the post-Hartree-
Fock methods are limited to systems with a small total number of chemically active electrons
Nel < O(100) '. The number of valence electrons in the peptide chains studied here exceeds
this limit by an order of magnitude. Hence, an alternative to the post-Hartree-Fock methods is
required for this project. Density functional theory (DFT) is such an alternative approach. It

focuses on the electron density distribution n(r) in 3-dimensional real space rather than on the

'"We remark that approximated forms of the post-Hartree-Fock methods exist, which improve the scaling behavior:
e.g. local approximations for the correlation interaction for MP (e.g. [61]) and CC (e.g. [62]) or the fixed node
approximation for QMC (e.g. [63]). The first two references report even linear scaling with system size. However,
it has not been sufficiently tested how these approximations limit the accuracy in describing the systems we are
interested in.
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2.4 Density functional theory

many-body wavefunction in 3 - N°-dimensional electronic configuration space. Consequently, its
computational effort scales better than the post-Hartree Fock methods — DFT scales with (Nd)a,

2 DFT can definitely handle systems consisting of

where o &~ 2 — 3 (depending on the basis set).
1000 to 10000 electrons, thus it can also handle the peptide chain. In principle the Kohn-Sham
formalism, which implies an efficient method of calculation for the ground state electron density
and energy, accounts for all many-body effects on the basis of the exchange-correlation (XC) density
functional E*¢[n]. In order to make DFT applicable in real calculations, this XC functional has,
however, to be approximated.

In this section, key concepts of DFT are presented, including the Hohenberg-Kohn theorem
and the Kohn-Sham formalism. Furthermore, a justification for the employment of the specific
XC functional which has been used in this project, the generalized gradient approximation in the
Perdew-Burke-Ernzerhoff formulation (GGA-PBE) [65], is given.

For simplicity, we will in the remaining part of this section suppress the explicit coordinate
dependence of the respective operators constituting the electronic Hamiltonian. The coulombic

interaction of the electrons with the ions will be expressed through a fixed, external potential
yel=ion(x: X)) — Vext(r). (2.16)

Furthermore, the ion-ion interaction term V1°*~°" will be suppressed, since it enters in the electronic
Hamiltonian only as a constant. We will write the energy eigenvalue of the electronic Hamiltonian

without Vion—ion gq Ej. The relation between the Born-Oppenheimer surface and this eigenvalue is

EN(X) = EY(X) + Viron(x). (2.17)

2.4.1 Hohenberg-Kohn theorem

The Hohenberg-Kohn theorem (HKT) [41] constitutes the theoretical basis of the density functional
theory. It consist of two lemmas. The first lemma (HKT I) states:

e The ground state density ny(r) of a bound system of interacting electrons in some external

potential Ve (r) determines this potential uniquely (up to an additive constant).

In other words, there are no two systems with a different external potential leading to the same
ground state electron density. Therefore, ny(r) also uniquely determines the electronic Hamiltonian
H?, and with it the ground state energy E¢ and the wavefunction \If‘;l. The second lemma (HKT
IT) states that:

e For a given external potential V®**(r) the ground state electron density and energy may be

determined from a variational principle:

B = (W, [H| ) (2.18)

2 A Wannier-like formulation even allows to obtain linear scaling [64].
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— min (0 |HY| W) (2.19)
= min ((V[n] [H*] Uy[n])) (2.20)
= min (E°[n]). (2.21)

n

This means that, for a particular external potential V*'(r), the ground state electron density

minimizes the functional E°[n] with:

Eln] = (Wyln] [H Wyfn)) (2.22)

Egs. (2.18-2.20) perform, under consideration of the HKT I (in Eq. (2.19)), a change from the
Ritz-variational principle (in Eq. (2.18)), which deals with the 3 - N°-dimensional wavefunction,
to a corresponding more trivial variational principle for the 3-dimensional electron density (in Eq.
(2.20)). As mentioned above, this transition leads to the fact that the computational effort of DFT
is usually much lower than that of the wavefunction based post Hartree-Fock methods.

The energy functional in Eq. (2.21) may be written in the form:
Efn] = /d?’rVeXt(r)n(r) + Fn]. (2.23)

In this decomposition, the first term contains the interaction of the electrons with the external

potential Ve*'(r) and the second term, i.e.,
Fln] = (¥g[n]| T + V= ¥y [n]) (2.24)

contains the kinetic energy and the electron-electron interaction. The functional F[n] is universal,
i.e., it does not depend on the external potential. Once it is known, it can be applied to all kinds of
systems, to exactly determine their ground state properties. Nonetheless, although the HK'T proves
that F'[n] exists and also gives a clear definition of F[n], it does not give any information about the
form of F[n]. Consequently, for the application of DFT on realistic poly-atomic systems, F'[n] must
be approximated.

We remark that the Hohenberg-Kohn theorem only addresses the electronic ground state and
does not tackle excited electronic states. This is however, not limiting our project, since we are
exclusively interested in the electronic ground state of the peptide chain, as already discussed in
Sec. 2.3.

2.4.2 Kohn-Sham equations

While the Hohenberg-Kohn theorem constitutes the formal basis of DFT, the Kohn-Sham equations
provide a practical and effective method to determine the ground state electron density and energy
[42|. The explicit derivation of the Kohn-Sham equations is presented elsewhere (e.g. in Refs.

[42, 60, 66]). Here we focus on introducing the essential equations. The Kohn-Sham equations are
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effective one-particle equations:

H¥S¢5S (r) = ek S5 (r), (2.25)

where HXS denotes the Kohn-Sham operator, and X5 and ¢X5(r) denote the Kohn-Sham eigenval-

ues and eigenstates, respectively. The latter form an orthonormal system of one-particle orbitals:

(B> | Op°) = bups (2.26)

that describe a set of non-interacting pseudo-particles, the Kohn-Sham electrons.

The Kohn-Sham operator is given by:

HKS — —%A V() + VIR () + V4[] (). (2.27)

It consists of the kinetic energy corresponding to the Kohn-Sham electrons and three potential
terms, V<t(r), VH[n](r) and V*¢[n](r). The first potential term, V<(r) | is the external potential
due to interaction with the ion cores (Eq. (2.15)). The second potential term, VH[n](r), is the

Hartree potential and is defined as:

VH[n](r) = /d?’r'ﬂ (2.28)

v’ —r |
It is just the electrostatic potential due to the ground state electron density n(r). The latter is

determined by filling the Kohn-Sham orbitals with occupation numbers, f°°, according to the

Pauli-principle:

n(®) =Yl dir) . (2.29)

)

The third potential term in Eq. (2.26), the exchange-correlation (XC) potential, is defined as the

functional derivative of the exchange-correlation energy:

_ JE*¢[n]

Vl)(r) i= S

(2.30)

The XC energy itself is defined as the difference between the exact universal functional F[n] and

the sum of the kinetic energy 7%[n] of the Kohn-Sham electrons and their Hartree energy E[n]:
E*[n] := F[n] — (T°[n] + E"[n)), (2.31)
where

Tln) =5 Y01 [ ol (2ol (), (232

i

and

25



2 Theoretical concepts

Efn] = %/d?’rn(r)VH(r). (2.33)

Thus, the XC energy contains all quantum mechanical many-body corrections to the two quantities
T5[n] and E'[n], and makes, by definition, the Kohn-Sham equations exact. Eq. (2.24) has to be
solved self-consistently, since both the Hartree- and the XC-potential depend on the ground state
electron density. Once n(r) is obtained, the ground state energy can be calculated. Substituting
Eq. (2.30) into Eq. (2.22) reveals:

E°[n] = T%[n] + / BrV (t)n(r) + EH[n] + E¥n). (2.34)

The XC energy gives, according to its absolute value, the smallest contribution to the total energy.
However, its inclusion is mandatory for a correct treatment of the electronic system. The exact
form of the XC functional is unknown, in the same way that the exact form of F[n| (Eq. (2.23)) is
unknown. According to Kohn, the practicality of DF'T depends entirely on whether an approximation
for E*°[n] can be found, which is at the same time sufficiently simple and accurate [67]. Possibilities

for such an approximation are discussed in the next section.

2.4.3 Exchange-correlation functional

To explain the terms exchange and correlation let us turn briefly to the Hartree-Fock theory, since
the definitions of exchange and correlation stem from this theory. Hartree-Fock is based on an
approximate ansatz for the many-body wavefunction W¢'. In this ansatz the wavefunction is consid-
ered to be a Slater-determinant, i.e., a product of one-particle orbitals, which is antisymmetric with
respect to an exchange of any two electrons. Inserting this ansatz into the electronic SE results,
similarly to the Kohn-Sham formalism, in a set of effective one-particle equations, the Hartree-Fock

equations (see e.g. [60]).

Exchange energy

The Hartree-Fock equations can be understood as a (quantum-mechanical) correction to the Hartree
equations, which by themselves arise from a separation ansatz for the many-body wavefunction
and describe the electron-electron interaction exclusively by the Hartree potential. The according
correction term is contained in a non-local operator, the so called Fock-operator, which contributes
the exchange energy E* to the ground state energy. Together with the contributions of the kinetic
energy ET, the external potential EV, and of the Hartree potential E™, the Hartree-Fock ground

state energy may be written as:

EfN [p1..0na] = ET[p1..onal + EV[¢p1...0ya] + EN 1.0 na] + EX[b1...0xal. (2.35)

The exchange energy, EX[¢q...¢ e, arises from the electrons with the same spin and is negative;
it thus counteracts the positive Hartree energy that is due to the electrostatic repulsion of the

electrons. It corrects for the self interaction, i.e., the electrostatic interaction of an electron with
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itself, which is (spuriously) contained in the Hartree energy. Furthermore, the exchange energy is
largely responsible for chemical bonding, since it leads to the splitting of atomic valence orbitals

into bonding and anti-bonding orbitals in chemical compounds.

Correlation energy

The Hartree-Fock equations are, by construction, exact as long as the many-body wavefunction
can be described by a single Slater determinant. However, when the system contains more than
one electron, a single Slater determinant is in general insufficient for describing the wavefunction.
Instead, the true ground state has to be described by a linear combination of Slater determinants,
which contain excited one-electron states ¢;. The difference between the Hartree-Fock ground state

energy and the true ground state energy is defined as the correlation energy E°:
HF t
E° = E," — ngac . (2.36)

Electronic correlation is a pure quantum mechanical effect and arises due to the spatial position
of electrons with opposite spin. The electronic system may lower the Coulomb repulsion of these
electrons by optimizing the phase correlation of these electrons as contained within the many-body
wavefunction. Post Hartree-Fock methods aim to improve the Hartree-Fock method by including
electronic correlation effects. Usually these methods give very accurate results, but for the price of

a very high computational effort, as has been already mentioned in the introduction of this chapter.

Treatment of exchange and correlation in DFT
In the Kohn-Sham equations the exchange and correlation interactions enter via a local potential,

the exchange-correlation potential:
VX[n](r) = V¥[n|(r) + VE[n](r). (2.37)

This is fundamentally different from Hartree-Fock and post-Hartree-Fock methods, in which both,
exchange and correlation, are treated as non-local, integrated quantities of the wavefunction. A
further important difference between the two approaches is that, in its “traditional” form, DFT
contains an approximation for both, correlation and exchange, whereas post-Hartree Fock methods
are based on an exact treatment of exchange and approximate only the correlation. Recently, DF'T
methods have also been developed, which include the exact exchange as a local potential that can be
combined with approximations for the correlation either from “traditional” DFT or from even more
accurate methods, such as the GW approach (see Ref. |68] and references therein). However, these
methods are still computationally too demanding to be applicable to systems containing hundreds

of electrons, as a peptide chain. Therefore the “traditional” DF'T has been applied in this project.

Quasi-local expansion
A very effective approximation for the XC functional results from the so-called quasi-local expansion

of the XC hole. The quasi-local expansion is formally based on the following exact expression for
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the XC functional:

w_ L[ g
B = 2/d IRt (2.38)

where R*[n](r) is the effective reach of the average® XC hole 7*°[n](r,r’):

(Rl =~ [ P UL (2.39)

r—r'|

Within the quasi-local expansion it is assumed that [R*[n](r)] ™! is a “short-sighted” functional of
n(r). This means that the effective reach at a certain point in space, r, depends on the electron
densities at r and in the neighborhood of r, but not on the densities far away from r. In other words,
[Rxc[n](r)]_l may be approximated by performing respective Taylor expansions of the electron

density at r and expressing [R*[n](r)] " as a function, f*¢, of the according expansion coefficients:

XC -1 _ rxc / 0 / 0? ’
Rl = £ (1) e ) boors @) o)) (240)

Through ordering of these coefficients and consideration of the scalar nature of both, XC hole and
effective reach, one obtains the quasi-local expansion of the XC functional. Truncating after the
zeroth-order Taylor coefficient for the charge density gives the local density approximation (LDA)
[63, 69]:

B, = B = / Br [, (n(r)) n(x). (2.41)

LDA is the most simple and rudimentary approximation for the XC functional. Nevertheless, it has
been shown in many studies that LDA performs surprisingly well in predicting the ground state
properties related to chemical bonds: lonization energies, dissociation energies of molecules and
cohesive energies of solids are predicted with an error which is usually 10-20 % and bond lengths
are even accurate within an error of &~ 1% [67]. For applications in the field of biological physics,
however, the LDA functional is not adequate, since these systems demand a higher accuracy than
can be guaranteed by LDA. In particular for the description of hydrogen bonds the LDA functional
is improper, as it strongly overestimates hydrogen bond strengths |70, 71]. Therefore, we have to

drive the quasi-local expansion to a higher order.

Truncating after first order is called generalized gradient approximation (GGA):

Eiyp = B = / Br f5n (n(x), | Va(r) |) (). (2.42)

Functionals in which the quasi-local expansion include the second order are called meta-GGA’s.
According to Ref. [72]|, however, meta-GGA’s also contain, in addition to the Laplacian of the

charge density V2n(r), orbital dependence information in the form of the kinetic energy density

3The average XC hole is the average over the physical XC holes, which stem from an interpolation between the
physical Hamiltonian and the XC Hamiltonian, see e.g. Ref. [67].
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T(r) = %chc |V<,02-(r)|2 (which stems from a fourth order expansion in the exchange):

Eicea = /d37“ fifaca (n(r),| Va(r) |, V2n(r), 7(r)) n(r). (2.43)

Both, GGA and meta-GGA, are not unique, but represent, due to the freedom in the parametrization
of f*¢, a whole class of functionals. Each of these two classes can be (roughly) decomposed into two
sub-classes, which correspond to two different (partially contradictory) philosophies or “flavors” of
DFT: on the one hand the so called “ab-initio” functionals and on the other hand the “empirical”
and “semi-empirical” functionals.

The parameters of semi-empirical and empirical functionals are determined from fitting procedures
to either exact data available for simple systems like the rare gas atoms in the case of semi-empirical
functionals or even by fitting to a large set of experimental chemical data in the case of empirical
functionals. Examples are the Becke-Lee-Yang-Parr (BLYP) functional |73, 74|, the empirical-
density-functional-1 (EDF1) [75] and the empirical-density-functional-2 (EDF2) [76] for GGA and
VSXC [77] for MGGA.

In contrast, ab-initio functionals are constructed to satisfy a set of key properties of the exact
exchange-correlation hole rather than to fit molecular target data. Through this disengagement
from any specific system one attempts to obtain a maximum possible transferability /universality
of the XC functionals. Examples of ab-initio functionals are the Perdew-Wang 91 (PW91) |78, 79|
and the Perdew-Burke-Ernzerhoff (PBE) [65] functional for GGA and the PKZB [80] and the KCIS
[81] functional for meta-GGA.

GGA/MGGA performance in predicting chemical bonding and hydrogen bonding

In general GGA and meta-GGA’s achieve, albeit if they are of the ab-initio or the empirical type, a
significant improvement in the description of molecular properties with respect to LDA: The error
for molecular atomization energies is typically three to five times smaller [67, 82, 83|, and also
energy barriers and structural energy differences are improved [84, 85|. Further, it is known that
GGA’s predict too large bond lengths and too soft bonds, an effect that sometimes corrects and
sometimes over-corrects the LDA prediction [65].

The description of hydrogen bonding is also improved with respect to LDA by using GGA |70, 71|
and meta-GGA (see Ref. [86] and references therein). However, the accuracy is still not perfect
and depends on the type of hydrogen bonds to be described, as will be discussed in more detail
further below. There exists also a considerably large difference in the accuracy between the various
functionals. For example, the BLYP functional and the BSLYP hybrid functional, both functionals
of the semi-empirical type, are known to underestimate hydrogen bond strengths by 10%-50% [87].
The pure ab-initio GGA functionals PW91 and PBE perform much better with errors typically in
the range of 5%-20% [44, 87].*

“The percentages reported here might not solely be due to the functionals, since also the basis set is an issue for
the accurate estimation of hydrogen bond strengths. However, we remark that great care has been taken in the
two studies cited above to reduce the basis set error.
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Choice for this project: the PBE functional

To perform our calculations on the peptide chain we have decided to not use a meta-GGA func-
tional, since they are computationally too demanding for the purposes of this project. Instead we
have implemented the Perdew-Burke-Ernzerhof (PBE) functional [65] and employed it exclusively
throughout the entire project. PBE is a widespread functional of the pure “ab-initio” GGA-type:
All of its parameters have been obtained by fitting to properties of the exchange-correlation hole,
none by fitting to experimental data. It is a derivate of the PW91 functional |78, 79|. Both, PW91
and PBE give very similar results and are similarly well performing in describing hydrogen bonds
(as mentioned above), but PBE has a much simpler functional form. Indeed it has been designed
as a simplification of the PW91 functional: In contrast to the PW91 functional, which is designed
to satisfy as many exact conditions as possible, PBE satisfies only those which are energetically
significant.

The explicit formulas for the PBE functional are presented in the Appendix (Sec. 6.2.1).

GGA performance in predicting van-der-Waals bonding

One of the main deficiencies of the standard DFT and thus also of the PBE functional is that it
does not properly take into account for van-der-Waals (vdW) interactions. This becomes clear when
considering the quasi-local form of the functional on the one side (Eq. (2.41)) and the non-local
character of the vdW interaction on the other side (Sec. 1.4). In order to properly take into account
the vdW interaction, a XC functional must be able to correlate the electron densities at two different
points r and r’ with each other, where r and r’ can be separated by several Angstroms. This cannot
be achieved by any GGA functionals. None of them is therefore suitable to deal with systems which

are predominantly stabilized by van-der-Waals interactions.

How accurately does DFT-GGA describe the secondary structure?

The accuracy of DFT-GGA in describing the secondary structure of proteins is still a matter of
debate in the literature. The question is connected to another question, namely: How important are
van-der-Waals interactions and other interactions which are not correctly treated within DFT-GGA,
for the stability of the secondary structure?

To answer this question, Wu& Yang have examined the DFT functionals BLYP, BSLYP, PW91 and
BPW91 to study the stability of finite poly-L-alanine helices [88]. They found that, compared with
the a-helix, the 31¢p-helix is spuriously favored in these peptides by the DFT functionals compared
to the (assumed) more accurate MP2® results. A similar “preference” of the 319-helix was found
in an earlier work by Improta et al., in which DFT-GGA calculations on an infinite poly-glycine
chain were performed [89]. Wu& Yang report that the employment of an empirical vdW correction
improves the agreement of DFT-GGA with the MP2 calculations. They interpret these findings
as an indication for stronger vdW interactions in the closer packed a-helix. These stronger vdW
interactions favor, according to their interpretation, the a-helix conformation in long-chain peptides.

These calculations were performed with a relatively small localized basis set. However, it is known

® Abbreviation for 2°4-order Méller-Plesset perturbation theory.
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Figure 2.1: Parameters for describing the hydrogen bond geometry according to Ref. [44].

that hydrogen bond energetics are strongly basis set dependent [87]|. It is interesting to note in
this context that a calculation on the corresponding system in a converged plane wave basis reveals
that the poly-glycine a-helix is actually lower in energy than the 3jg-helix (Sec. 1.5). It is thus
possible that the results and interpretations of Refs. |88, 89| might be biased by the basis set, in the
sense that the spurious over-stabilization of the 319-helix with respect to the a-helix, as has been
reported in these studies, is mainly an effect of the basis set rather than of a sizable contribution
from vdW forces, which are not properly treated within DFT-GGA, specifically within DFT-PBE.
Consequently, the importance of van-der-Waals interactions may be smaller than reported in these
studies.

The employment of a plane waves basis allows to completely rule out any error arising from
the basis set (as will be discussed more in detail in Chap. 3) and to separate the error which is
solely due to the XC functional. Recently, Ireta et al. have employed the plane waves approach to
investigate the error “purely” due to the XC functional [44]. They compared hydrogen bond strengths
and geometry parameters for a set of representative hydrogen bonded dimers as calculated within
DFT-PBE, with those results of the most accurate MP2 and CC values reported in literature and
uncovered an important correlation between the accuracy of DFT for describing hydrogen bonds and
the directionality of the hydrogen bonds: They found that, the more the hydrogen bond geometry
deviates from linearity, the larger is the DFT error. More precisely, the error of DFT-PBE in
predicting hydrogen bond strengths is smaller than 1 kcal/mol as long as the bending angle ©
(Fig. 2.1) is smaller than 130°, but can be as much as 1.5 kcal/mol for strongly bent hydrogen
bonds. This trend is assumed to be related to the fact that for highly bent hydrogen bonds the
permanent electrostatic interactions, such as charge-dipole and dipole-dipole interactions, are less
prominent than in a linear conformation. This effect reduces the total hb strength and makes the
van-der-Waals interaction a more relevant contribution [44].

The hydrogen bonds in the helical conformations of the peptide chains are, however, almost linear
[50], thus we expect the DFT-PBE error in predicting the hydrogen bond strengths in these systems
to be smaller than 1 kcal/mol per peptide unit.

2.5 Free energy surface

The density functional theory allows to determine the electronic ground state energy for a given

atomic configuration. In other words, it allows to determine the potential which the atoms (ions) of
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the peptide chain experience, i.e., the Born-Oppenheimer surface. By means of a suitable geometry
optimization algorithm (Sec. 3.3) it is, furthermore, possible to identify the equilibrium conforma-
tions of the peptide chain, which correspond to the local minima of the Born-Oppenheimer surface.
The potential energy at these local minima may be used as basis for a static stability analysis of

the peptide chain. Such static stability analysis has has been discussed in Sec. 1.5.

The next crucial step is to analyze the dynamical properties of the peptide chain and to perform
the transition from a static stability analysis to a thermodynamic stability analysis, which invokes
also distortions from the equilibrium structures, i.e., to investigate the Born-Oppenheimer surface
in the vicinity of the local minima. In the following we briefly introduce the basic concepts of
thermodynamics and then apply these concepts to calculate the corresponding free energy surface.
Based on the free energy surface we will then derive expressions to define the thermodynamic phase

stability of the various conformations of the peptide chain.

2.5.1 Energy and entropy

We now consider the ions of the peptide chain to be not at rest but rather undergoing vibrations and
movements. To model a realistic situation we consider the system to be in thermal contact with a
large heat reservoir of temperature T'. Under these macroscopic conditions the microscopic state of
the system is not well defined, but is, due to the heat exchange with the reservoir, subject to certain
thermal fluctuations. Indeed the thermodynamic state of the system is given by a whole ensemble

of microscopic states {|n)}, each weighted with a certain probability, given by its Boltzmann-factor:

1
P, = Eexp(—ﬁEn), (2.44)

where 3 = (kgT)~! is the reciprocal temperature, kg is the Boltzmann constant, F, denotes the

energy of the state | n), and

Z = exp(—fEy) (2.45)

is called the canonical partition function. The impact of pressure may be neglected for this project,
since we are rather interested on the stability at normal conditions (atmospheric pressure) than in
the high pressure regime. Thus we may set the pressure p = 0. The thermodynamic state of the

system is then characterized by its Helmholtz free energy:

F:=—kgTlnZ =U —TS. (2.46)

The laws of thermodynamics state that the system is in thermal equilibrium when F is minimal:

F — min. (2.47)
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This implies that any spontaneous change in the thermodynamic state of the system is accompanied
by a reduction of F, i.e.,
dF < 0. (2.48)

All thermodynamic equilibrium properties are connected to that thermodynamic state, which fulfills
Eq. (2.46). Further, all thermodynamic equilibrium properties may be expressed through the
corresponding partition function Z. The partition function is the central quantity, which connects
the quantum mechanical eigenspectrum F,, to the thermodynamic (macroscopic) state.

In Eq. (2.45), U denotes the internal energy and S denotes the entropy. The internal energy is

the thermodynamic ensemble average of the total energy:

20lnZ  O0InZ

o 58 (2.49)

U = (Ey)=> P.E,=ksT

The entropy represents the number of possible eigenstates of the motif commensurable with its

thermodynamic state:

OF d
S = =) PP, =- <8—T>VN:kBa—T(Tan) (2.50)

and it is thus a measure of the disorder in the microscopic state. The broader the probability

distribution P, is, the larger is the entropy.

2.5.2 Helical parameters as reaction coordinates

To exactly determine the thermodynamic state of the peptide chain, we would have to sample the
full phase space corresponding to an infinite number of degrees of freedom, which is in practice not
possible. Thus, to reduce the dimensionality of the problem and to perform a physically meaningful
partitioning of the configurational space, we introduce a set of reaction coordinates as external
constraints to the thermodynamic analysis. We choose here the helical parameters L and © as
reaction coordinates, since these two parameters are most relevant for a characterization of the
various conformations and the mechanical deformations of the peptide chain (Secs. 1.5 and 4.4).
In other words, we introduce the two helical parameters L and © as additional macroscopic

thermodynamic observables, such that

F(T) — F(T,L,0). (2.51)

The right hand side of expression (2.50) denotes the free energy surface of the peptide chain spanned
by the helical parameters. By introducing the helical parameters as macroscopic thermodynamic
observables, we put a constraint on them. This does not mean that the microscopic parameters

©; and L; corresponding to the individual peptide units are fixed. Only the corresponding average
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values over the entire chain are fixed the microscopic parameters may fluctuate about these
average values. In this terms F(T,L,0) is defined as the free energy of the part of the complete

thermodynamic ensemble commensurable with the average values L and © at a given temperature:
F(T,L,0) = —kgT nZ(T,L,0), (2.52)

where

Z(T,L,©) = > exp{—BE,(L,0)}. (2.53)

In order to fulfill Eq. (2.46) a necessary condition is:
dF = 0. (2.54)

In terms of L and O, the total differential of Eq. (2.53) may be written as:

oF OF
dF = SrdL+ 55d6 =0, (2.55)

and we obtain by a comparison of the coefficients the two equations of state:

OF oF
0= ) and 0 = L (2.56)

In general, Eq. (2.55) does not uniquely define the thermodynamic state of the system, since the
free energy surface contains several minima. We identify the ensembles corresponding to the various
minima of the free energy surface with the possible thermodynamic phases that the system may

adopt.

To determine, whether a phase A of the peptide chain is stable with respect to another phase
B, we calculate the Helmholtz free energy of formation per peptide unit of the phase A out of the
phase B:

AF s p(T) = ZT0E4,04)  F(T, Ly, Op) (2.57)
Na Np

Here, Lx and ©x denote the minimum of the free energy surface corresponding to the conformation

X and Nx denotes the number of peptides. In thermodynamic equilibrium the phase A is stable
with respect to a phase B, if AFfo_p is negative. The term “stable” does, however, not necessarily
imply that the whole peptide chain consists of a single phase. In fact, at elevated temperatures
it is possible that several phases may coexist. This possibility has important consequences for the
thermodynamic equilibrium of the peptide chain. We will discuss this issue in Sec. 2.8. However,
before that, we will in the next two sections explain, how the free energy corresponding to the pure

phases is determined.
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2.6 Vibrational dynamics

In order to determine the free energy of the thermodynamic phase corresponding to a given confor-
mation X of the peptide chain, we have to calculate the partition function Z(T', Lx, O x) determined
in Eq. (2.52). In this section we derive this quantity by applying the harmonic approximation (Secs.
2.6.2-2.6.5). After that we evaluate corrections to the harmonic approximation: At first by means of
the quasi-harmonic approximation, which allows already to account for some basic anharmonic ef-
fects, such as the thermal expansion (Sec. 2.6.6). Then by means of the thermodynamic integration

method, which allows to fully take into account the complete anharmonicity (Sec. 2.7).%

2.6.1 Partition function of a thermodynamic phase

The partition function of the thermodynamic phase corresponding to a conformation X of the
peptide chain is determined by the energy eigenspectrum E,(Lx,Ox). If we apply the Born-
Oppenheimer approximation and if the system is always in its electronic groundstate (both these
approximations are well justified, as has been discussed in Sec. 2.3) the eigenspectrum of the peptide

chain is confined to the vibrational levels corresponding to the electronic ground state:
E,(Lx,0x) = B (Lx,0x) + Egi(Lx,0x) n—gp, p=1...00. (2.58)

Here, g denotes the electronic ground state; for convenience we will suppress this index in the
following. The quantum number g labels the vibrational eigenstates of the peptide chain. Using

the above expression we obtain for the partition function:

Z(T,Lx,0x) = Y exp {8 (F)(Lx,0x) + E(Lx,0x)) (2.59)
I
= eXp{—ﬂEEI(Lx,@X)}Zexp{—ﬂELon(Lx,@X)} (2.60)
w
= Z%Lx,0x)Z"™(T, Lyx,Ox). (2.61)

The partition function thus factorizes into the electronic partition function Z¢(Lx,©x) and the
vibrational partition function ZVi’(T, Lx,©x). Substituting Eq. (2.60) into Eq. (2.45) reveals the

corresponding separation of the free energy:

F(T,Lx,@x) = —kBTln(ZCI(T,L)(,@X)ZVib(T,Lx,@X)) (2.62)
= E%(Lx,0x)+ F"™(T, Lx,Ox), (2.63)

where FVIP(T', Lx,©x) denotes the free energy corresponding to the vibrational degrees of freedom.

Since the peptide chain remains in its electronic groundstate (Sec. 2.3), the electronic entropy is

Y

5We remark, however, that the thermodynamic integration avoids a direct evaluation of the partition function, as
will be discussed in Sec. 2.7.
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zero and the electronic free energy is temperature independent:
FYT,Lx,0x) = E%Lx,0x). (2.64)

In the following, we will describe, how the temperature dependence, i.e., the vibrational part of the

free energy can be obtained.

2.6.2 Harmonic approximation

In the harmonic approximation the ions are assumed to perform small oscillations around their
static equilibrium positions. Hence, they experience a strictly harmonic potential, like a perfect
mathematical pendulum. To derive the harmonic approximation, we introduce mass-weighted,

relative coordinates Y with:
Y = (Xi — Xoi)/V M, (2.65)

where the Xy; are the equilibrium coordinates of the peptide chain corresponding to the helical
equilibrium parameters Lg( and ©%, and the M; are the ionic masses. We then write the Born-
Oppenheimer surface, which is the potential of the ionic Hamiltonian (Eq. (2.13)), as a Taylor

expansion:

ENY) = EY(L%,6%)

0
+ E9 Y; (=0)
Zi: i ligen
1 >’
+ = c Y;Y; (2.66)
245 OVOY; g e
+

Breaking this expansion after the third, i.e., the harmonic, term yields

1 9?2

EYY) ~ ENLY%,0%) + = E! Y;Y;. 2.67
( ) ( ’ X)+28Y;8Y 0 a0 i) ( )
(2% J LX’QX
Substituting this into Eq. (2.13) yields’
H" ~ (LY, 0%) + H"". (2.68)

Here E?(LY%,0%) is a constant value, which shifts the eigenvalues of the ionic Hamiltonian, but
does not explicitly enter the solution of the ionic SE. It corresponds to the (free) energy of the
electronic system (Eq. (2.63)) , or, in other words, denotes the static contributions to the free

energy (Eq. (1.1)). HV" is the wibrational Hamiltonian in harmonic approzimation and is given by:

. 1. .
HVP — 5YTY 4 pharm, (2.69)

"For convenience the explicit dependence of HY™® and H'°" on Lx and ©x will be suppressed in the following.

36



2.6 Vibrational dynamics

Here UP®™ i5 the harmonic potential

1
yharm 5YT ‘DY, (2.70)

D is the dynamical matrix
82E01
D= , (2.71)
9Y:0Yj |10 o0,

and Y contains the ionic momenta.

Eq. (2.68) describes coupled harmonic oscillations of the 3N'°" ionic degrees of freedom. To
decouple these oscillations and to solve the ionic SE, we have to diagonalize the dynamical matrix

by solving the eigenvalue equation:

D-L=A-L Aj=w. (2.72)

Here, the wiz are the eigenvalues of D, where w; are the eigenfrequencies, and L is a (3N x
3N'°")-dimensional matrix containing the eigenvectors of D as columns. Applying the unitary

transformation L~' = LT on coordinates and momenta leads to so called normal coordinates Q:
Q=L'Y (2.73)

with the conjugated momenta:

P,=L7'Y. (2.74)

In terms of these new coordinates, the vibrational Hamiltonian is:

; 1 1
gviv — 5135 P, + §QT “A-Q (2.75)
and may, since A is a diagonal matrix, be understood as a sum of 3N decoupled, independent
Hamiltonians:
. 3Nion .
™ =" mv, (2.76)
i=1
where )
: 1/ 0 1
H® = — —wlq? 2.77

=3 () +getdd .

Each of these 3N°" Eqgs. (2.76) can be solved independently from the others, with the well known

harmonic oscillator approach:
Hlyib Eb — Elyjibqbvib (278)

ij
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where the eigenvalues are given by®:

. 1

2.6.3 Bloch formalism

To solve the equations of motion we do not directly diagonalize that dynamical matrix as denoted in
Eq. (2.70), since this is impracticable with respect to the infinite number of ionic degrees of freedom
of the peptide chain (Sec. 2.1). Instead, we employ the fact that the peptide chain is a periodic
repetition of identical peptide units and apply Bloch’s theorem to map the dynamical matrix from
the real space to the reciprocal space, as will be shown below. Then we obtain the corresponding
symmetry reduced, phase dependent dynamical matrix D(¢), which is of finite dimensions (3NAFF x
3NAPP)7 where NAPP denotes the number of atoms per peptide unit. Before performing this
mapping we have to transform the ionic Hamiltonian from the Cartesian coordinate system to a set
of suitable helix symmetry coordinates. We choose cylindrical coordinates as our helix symmetry

coordinates and rewrite the vibrational Hamiltonian:

. 1 1
Hvlb — §P¢:T -Pe + §YCT . F°. YC7 (282)

where

Y = {o(zr,yr,21) s} — Yo = Lo (11,01, 21) 5 .} (2.83)

9 o 0 o o 9 0
P—{, <8—$176—y17a—zl>7}—>P —{, (6—7‘177’18—(—)1’8—2;[)’}’ (284)

and F€ is the mass-weighted force constant matrix in cylindrical coordinates

9’E 9’E 9’E
orrory 0010ry 0zr0ry
c 9%E 9*E 9%E (2 85)
1J — Or;0©; 00;00; 02;00; : :
9’E 9’E 9’E

orrdzy 007025 0z10z7

Eq. (2.81) can, like Eq. (2.71), be solved by diagonalizing the dynamical matriz in cylindrical
coordinates:

D¢ = G°F°G-, (2.86)

8The corresponding eigenfunctions are given by:

vib, y_ (wi\Y/* 1 [rAR-p.
¢;" (vi) = (?) W exp <_§£i) H;(&:), (2.79)
where {; = /w;y; and the H; are the Hermite Polynomials:
® 2 d” 2
Hi(&) = (=1)7 exp(&l) gz exp(=&0)- (2.80)
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2.6 Vibrational dynamics

where G© is a diagonal matrix? with

0
Gy =67 0 1 0 |, (2.87)
0
and the eigenvalue equation 2.71 can be rewritten:
D°L® = ALS. (2.88)

The matrix D¢ exhibits, in contrast to D, a translational symmetry with respect to the screw

symmetry operation (Eq. (2.1)) and can be written in the following form:

D°(0) DS(1) DE(2)
DS(—1) D(0)

D™= pe(y) D<(0) !

(2.89)

where D¢(n) are (3NAFP x 3NAPP)_dimensional matrices and correspond to the interaction of a

given peptide unit with its n*® nearest neighbor:

Djj(n) = Df , snyaep ;- (2.90)
As an ansatz to solve Eq. (2.87), we consider the eigenvectors of D¢ as Bloch-functions:
15(m) = exp (ip(m — n)) 15 (n). (2.91)

Here, 1$(n) and I§(m) are 3+ NAPP_dimensional vectors and determine the vibrational amplitude of
the peptide units with indices n and m, respectively. Eq. (2.90) states that, for a given eigenvector
with index ¢, the vibrational amplitudes of the individual peptide units are differing only by a phase
factor. The latter is determined by the product of the phase difference in between adjacent peptide

units, ¢, and the in-chain distance m — n. Substituting this ansatz into Eq. (2.87) gives:

Z D¢(n — m)exp (—ip(n — m)) L (m) = A(m)L(m) Vm, . (2.92)

These expressions are independent of the value of m. We may therefore set m = 0 and suppress

this index in the following. We further introduce the symmetry reduced dynamical matriz D°(p):

D(p) = Y D(n)exp(—ign) Vo, (2.93)

9G*¢ performs the transformation of the angular part of the variation in the cylindrical coordinate d¢r to a metric
length rrd¢r by rescaling it with the radial part r;.
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and obtain for the eigenvalue equation:

D(p)L(p) = AMp)L(v) Vo, (2.94)

or equivalently, by breaking down to the individual eigenvectors I(y), i.e., the ith columns of the
matrix L(p):
D(p)Li(p) =7 (9)Li(p)  Vep,i=1,.. 3NA. (2.95)

Egs. (2.93) and (2.94) denote the secular equations for the symmetry reduced dynamical matrix.
They satisfy the Eq. (2.71) if and only if they are fulfilled for any phase angle ¢. Thus, to determine
the complete eigenspectrum of the peptide chain, we have to diagonalize the matrix D¢(¢) for all
possible phase angles ¢. It is important to note that, just as D¢(y), the eigenvectors and eigenvalues

are also functions of ¢, which has been accounted for in Eq. (2.93).

2.6.4 Phonon dispersion relation

Following Eq. (2.94), the vibrational frequencies of the peptide chain are arranged in JNAPP
vibrational branches w;(p), which are continuous functions of the phase angle ¢ and labeled with
1. This depiction of the vibrational eigenfrequencies of a periodic system is referred to as phonon
dispersion relation. The term phonon stems from solid state theory and designates the harmonic
eigenvibrations of a crystalline system. The phonons of a 3-dimensional crystal are understood
as quantum mechanical quasi-particles, with energies £ = hw;(k) and quasi-momentum p =hk.
Thus, the phonon dispersion relation of a 3-dimensional crystal describes the relation between the
quasi-momentum and the energy of the individual phonon with branch index ¢ and wavevector k.
This quasi-particle picture is also transferable to the helix. It is, however, interesting to note that
the phase-angle ¢ plays here a slightly different role than the wavevector k plays in 3-dimensional
crystals. This difference can be understood when considering the group velocity v. While the group
velocity in crystals,

v,;(k) = (2.96)

Ok’
can be directly related to the phonon velocity along the direction given by k., the corresponding
expression for the peptide chain,

&ui
(% = s 2.97
() = 5o (297)

denotes the number of peptides passed by the phonon per time unit and does not correspond to a
g

velocity in the physical sense. Nevertheless, the projection v;(¢) on the structural parameters of

the peptide chain, i.e., the helix pitch L and the helix twist © are related to physical velocities.

Thus, the phonons in the peptide chain are quasi-particles traveling with the velocity

v = Lawi

P=Ly, (2.98)
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frequency

Pk SR

0 © 180
¢ (degs)

Figure 2.2: Sketch of a phonon dispersion relation of a helix characterised by a twist angle ©: Shown
are the acoustical branches (solid lines) and the optical branches (dashed lines).

along the helix axis and the angular velocity

00 — i

¢ e (2.99)

around the helix axis.
The phonon dispersion relation of the peptide chain is symmetric with respect to a full period of
the phase angle ¢:
wi(p) = wi(e + 360°), (2.100)

since D(p) = D(¢ + 360°) (Eq. (2.92)) and from the time inversion invariance it follows that:

wi(p) = wi(—¢). (2.101)

Thus, it is sufficient to display the phonon dispersion relation in the first half of the first Brillouin
zone, i.e., for 0 < ¢ < 180°.

Acoustical and optical branches

A schematic illustration of the phonon dispersion relation is shown in Fig. 2.2. The two lowest
branches of the helix are zero at the I'-point (¢ = 0). These two branches are called acoustical
branches, whereas the remaining 3NAPP — 2 branches are called optical branches (where NAPP
denotes the number of atoms per peptide unit). Phonons from the long-wavelength-limit ¢ — 0 of
the acoustical branches are called acoustical, because they perform a mechanical deformation of the
helix and may thus be excited by external sound waves. Phonons of the optical branches are called
optical, since they deform the internal structure of the peptide units and couple to their dipole

moments and polarizabilities, and hence may interact with electromagnetic waves (light).
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Geometrical sum rules

There are four degrees of freedom of the infinite helix, i.e., the three translational degrees of freedom
and the rotation around the helix axis, for which the corresponding vibrational frequency must be
zero. Two of these degrees of freedom, the translation along and the rotation around the helix, force

the two acoustical branches to be zero at the I'-point:

D (p=0)1{(p=0)=0 and D% (p =0)I15(p =0) =0, (2.102)
where
¢(p =0) = (0,1,0,0,1,0,...,0,1,0) (2.103)
and
15(¢ = 0) = (0,0,1,0,0,1,...,0,0,1). (2.104)

The remaining two correspond to the translations in the plane perpendicular to the helix axis and

force the first acoustical branch to be zero at ¢ = —0© and ¢ = +0:
D(p=0)l{(p=0)=0 and D (e =-0)l{(p =—-0) =0, (2.105)

where

I¢(¢ = £0) = (0,1,0,0,1,0,...,0,1,0). (2.106)

Egs. (2.101) and (2.104) we denote as the geometrical sum rules of the peptide chain.

2.6.5 Thermodynamic properties

With the knowledge of the phonon dispersion relation we determine the partition function and
with it the thermodynamic properties (in the harmonic approximation). To deduce an appropriate
expression for the partition function, we consider the 3N decoupled oscillators which reveal the
vibrational spectrum of the helix. As a consequence of the decoupling of these oscillators (Sec. 2.6.2)
the partition function is written as the product sum of the partition function of each individual

oscillator:
3Nion

7%= 1T z™, (2.107)
=1

where the individual partition functions are, according to Eq. (2.80), given (save a meaningless
pre-factor) by:
Z;" =" exp(—Bjw;). (2.108)
J

These expressions may be simplified by applying a sum rule:

ZYP = (1 — exp(—fwi)) ", (2.109)
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and the partition function of the system may be written as:

3N
Z =[] - exp(—pw))". (2.110)
i=1
Hence, the free energy of the system is:
F = —kgTn 2"
3Nion
hw; 1
= Z ( 5 + Bln(l —exp(—ﬁﬁwi))> (2.111)
i=1
the entropy of the system is:
. o .
vib Y vib
S = o (710 2")
3Nion
1 hw;
= ————————— —kpln (1 — —Bhw; 2.112
;(ﬂme%l ) 2112
and the internal energy of the system is:
ﬁvib _ _aln ZVib
op
3Nion
hw; hw;
— et} ) 2.113
;(2 +exp[ﬁhwz-]—1> (2119

The summations in the equations above run over the infinite number of degrees of freedom of the
system. Next we want to express the thermodynamic properties per irreducible unit of the structure,
i.e., per peptide unit:

1
NP

1

vib __
P = NP

~ . ) 1 ~. ) -
vib gvib vib vib vib

Fl,Sl :W;S(l,l]1 == Ul, (2114)

where NP denotes the number of peptide units of the chain. The infinite summation in these

equations can be replaced by an integration over the BZ:

3Nion 3NAPP +180°

1
oz dep. (2.115)

Thus, for the vibrational entropy, vibrational energy and vibrational free energy we have, respec-

tively:

3NAPP °
Svib — 1 /+180 d <1 th(SD)

Ton il oo <—ﬁmi<so>>>) (2.116)
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. 1 180° hwi(¢p)
Uvib — d < : > , 2.117
NPm = ] 1500 7\ exp (Bhwi(p)) — 1 ( )
and APP
3N 0
. 1 +180 hwi(p) 1
pvib — / d < T+ —In(1 — exp [—Phw; > . 2.118
wrr 2 [, (TR g - el (2118)

2.6.6 Quasi-harmonic approximation and Griineisen parameters

The harmonic approximation is strictly valid only for small displacements of the atoms from their
static equilibrium positions. A first step to effectively include anharmonic corrections in the sta-
tistical averages is to consider the dependence of the harmonic vibrations on the macroscopic state
variables. In complete analogy to the formulation developed for 3D crystals (e.g. [90]) we write for
the peptide chain:

w; = w;i (T, L(T),0(T)). (2.119)

For sufficiently low temperatures one can assume that the frequencies do not depend on temperature

explicitly, but only implicitly via the helical parameters:
wi ~ w;(L(T),0(T)). (2.120)

Eq. (2.118) denotes the quasi-harmonic approzimation'®. It allows us to study the softenings and
hardenings in the vibrational spectrum of the peptide chains upon mechanical deformations along
the most relevant reaction coordinates, i.e., the helical parameters © and L. Furthermore, we may
determine corresponding corrections to the free energy. Substitution of Eq. (2.118) into Eq. (2.45)

reveals:

F(T,L,0) = EL,0)+ F"(L,0)

= EY(L.0)+
1 +180° hwz((,O,L,@) 1
+ NP Z /—180° d¢ <f + E In (1 — exp [-Bhw;(¢, L, @)])>(2-121)

7

We now write the functional dependence in Eq. (2.118) as a Taylor-expansion:

O Puwp Ow AL
wi(L,0) :wi(Lo,@o)—i—( AL AO ) ( oz ) +( AL A© ) ( o 9oL > ( 6 >+
90/ Lo,00 000L  9O2

(2.122)

Note that we here address the dependence of the frequencies within the basin of the (O, L)-free-energy-surface
corresponding to one given conformation, rather than the fact that different conformations of the peptide chain
exhibit different vibrational spectra.
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where AL = L — Ly and A® = © — Og. Considering the Taylor-expansion up to the linear term

results in an approximation that is known as Grineisen approzimation [91]:

8(4)2' + A@ 8(4)2'

wi(L,@) %wi(Lo,@o)-l-AL oL a@

(2.123)

Substituting Eq. (2.121) into Eq. (2.55) reveals the two Griineisen-Mie-equations-of-state [92| for
the peptide chain:

oE 1 1 N s wi(p)
0 - 9B 11 / dior? < i ) 2.124
8@ a NP zz:; —180° 7 ((P) €xp (5‘*}2(90)) -1 ( )

where a can be either L or © and the 7;(¢) denote the Griineisen parameters, and are defined as:

1(p) = -2 .

(2.125)

In passing from the harmonic to the quasi-harmonic approximation, the equilibrium helical param-
eters of the peptide chain are no longer fixed quantities with respect to temperature. In fact, the

peptide chain undergoes a thermal expansion, which is defined as:

1 0a

= — —|p=0. 2.126
Qg a OT p=0 ( )

In order to evaluate the thermal expansion, the equation of state has to be solved iteratively.

2.7 Thermodynamic integration

The quasi-harmonic approximation is valid as long as the vibrations of the peptide chain experience
a harmonic potential for given helical parameters L and ©. Raising the temperature, however,
makes the vibrational modes exploring more extended regions of the phase space and exhibiting
larger displacements from the equilibrium conformation. In particular, for the soft, low frequency
modes of the peptide chain we therefore expect significant anharmonic contributions which may
lead to significant deviations from the free energy calculated within the quasi-harmonic approach.
To account for these deviations, a more powerful and general approach is required. A technique
which basically allows to take into account the full anharmonicity is the thermodynamic integration.
In the following the basic ideas behind this method are introduced, whereas its implementation is

discussed in Sec. 3.5.

2.7.1 Concept of thermodynamic integration

When extending the study to anharmonic effects, a direct evaluation of the partition function —
as is the basis for the harmonic thermodynamic study is not possible anymore, since a general
analytical expression for the partition function does not exist, and a direct numeric evaluation would

be computationally too demanding.
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Thermodynamic integration is a concept that allows to determine the free energy F'8% of a ther-
modynamic state of interest (target state), by eluding a direct numeric evaluation of its partition
function. Instead the target state is linked to a reference state with known free energy F™f and
only the differences to the reference state are addressed. A basic prerequisite for the applicability of
this concept is that a thermodynamic path exists that links the target state to the reference state,

such that we may write:

Fref = F(A=0) —  F(\) — F(A=1):=F%_  (2127)

reference state integration path target state

Here, A is a thermodynamic variable (coupling parameter) that parametrizes the thermodynamic
integration path and F'()) is the free energy of the intermediate states along the path. A further
prerequisite is that the thermodynamic path must be reversible. This means that the thermody-
namic states visited on the forward and backward path in going from F'%' to F™ are identical

along the A-coordinate.

If these prerequisites are matched, the free energy of the target state may be calculated by the

A=1
F'et — me+/ i (2EX : (2.128)
A=0 OA NV, T

following integration:

The basic strategy behind thermodynamic integration is to employ prior knowledge about the
system, and to define the reference system to mimic the target system as close as possible. If we
successfully construct such a reference state, the thermodynamic integration will be effective, i.e.,
we may determine the anharmonic free energy of the system with a low computational effort. At
this point of the analysis we already have determined the dynamical matrix and thus have the
complete knowledge about the system in the harmonic approximation (Sec. 2.6.2). The idea (e.g.
[93]) is thus to identify the reference potential with the harmonic potential UM™ = YTDY (Eq.
(2.69)). As the thermodynamic integration path (Eq. (2.125)) we choose a linear interpolation

between reference and target potential:

U\) = (1 — \Uharm 4 \gPFT, (2.129)

It can be shown (e.g. [94]) that the integrand in the Eq. (2.126) can be replaced by the canonical
ensemble average of the potential energy U(\):

<ag_§f)>N7V,T _ <ag_§A)>A_ (2.130)
oU(\)

The quantity <T>>\ corresponds to an ensemble average which is evaluated from the trajectory

corresponding to a proper canonical sampling of the potential U()), as will be discussed in Sec.
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3.5
Substituting Eq. (2.127) into Eq. (2.128) makes the advantages of the thermodynamic approach

particularly clear:

The thermodynamic integration method thus us to determine the anharmonic free energy as a
correction to the harmonic free energy. For a given A value we only have to determine (statistically
converge) the difference to the harmonic approximation, i.e., the explicit anharmonicity. This is
obviously much more effective than directly evaluating the anharmonic free energy, including both

harmonic and anharmonic contributions.

2.8 Phase coexistence

In the previous sections we have described, how the free energy of a thermodynamic phase corre-
sponding to a given conformation X of the peptide chain may be determined. However, at finite
temperatures the thermodynamic state of the peptide chain does not necessarily consist of a single
phase. In fact, it is possible that several thermodynamic phases may coexist. This possibility has
important consequences for the thermodynamic equilibrium of the peptide chain: Phases with a low
energetic cost to form an interface between each other may coexist in a solution (liquid), inducing
a high degree of disorder in the chain. In contrast, phases with a high interface energy tend to
form ordered bulk-like (solid) states, i.e, the are composed of a single phase. The higher degree of
disorder in the solution-like states is reflected in a gain of configurational entropy, which stabilizes

them with respect to the bulk-like states at increasing temperatures.

A likely candidate for a solution-like state is the unfolded state of the peptide chain, since it is
mainly stabilized by short-ranged, nearest-neighbor peptide-peptide interactions and thus adjacent
peptide units in the chain may adopt their individual conformations independently from each other.
In contrast, the helical conformations are more bulk-like in this sense, since they are stabilized
by specific long-ranged hydrogen bonding patterns, which require a proper alignment of a certain

number of consecutive peptide units in one and the same helical conformation.

As already mentioned, this project is mainly dedicated to the free energy of the pure bulk phases,
which implies the accurate determination of the wibrational entropy of the structural conformation,
which characterize the respective phases. The ezact inclusion of interface energies and configura-
tional entropy is beyond the scope of this thesis. Nevertheless, to approzimately account for the
differences in the conformational segregation characteristics between unfolded and helical states, we
introduce some basic approximations below. These approximations may help us later to estimate

the stability of the helix against unfolding at a given temperature.

aU(N)
X

integral is calculated with an efficient integration scheme (as will be also discussed in Sec. 3.5).

"'The integration in Eq. (2.126) is discretized, i.e., < is evaluated for a finite set of varying \'s, and the
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2.8.1 Chemical potential

To treat the chemical equilibrium between the thermodynamic phases, i.e., a coexistence of phases,

we introduce the chemical potential:

OF(T,Lx,0x)
ONx ’

ux(T, Nx) = (2.132)

Here, X indicates one of the phases and Nx is the number of peptide units corresponding to this

phase. The phase A is in chemical equilibrium with another phase B if:
ua(T, Na) = (T, Np). (2.133)

We define now the “bulk” chemical potential to be the free energy Fx per peptide unit of the system
in the “pure” phase X:
FX (T7 LX7 @X)
,u%‘ﬂk(T) = (2.134)
X
Further, we neglect, in a first step, any effects at the interface of the two phases A and B in the

mixture state. For this “ideal solution” one can show that:
bulk NX

Inserting Eq. (2.133) into Eq. (2.131) gives the following rate equation:

Na

o) =exp (=8 (WR™(D) —ii™(D)) (2.136)

We remark that the right hand side of Eq. (2.134) is determined just by the free energy of formation
(Eq. (2.56)) of the phase A out of the phase B:

PRM(T) — g™ (T) = AF A_p(T). (2.137)

In other words, provided that the states A and B may form an ideal solution, AF/LB determines
the relative number of peptide units (concentration) of the chain which can be found in phase A

with respect to the number of peptide units which can be found in phase B via Eq. (2.134).

2.8.2 Flory’s hypothesis

It is convenient and also widely accepted to separate the configurational space of the peptide chain
into two domains, which we call the helical /folded domain and the non-helical /unfolded domain. The
helical domain is defined here as the configurational space occupied by the three basins corresponding
to the helical conformations and the unfolded domain as the remaining configurational space (Fig.
1.5). This definition of the two domains is arbitrary, nevertheless it corresponds to the common
understanding of the folded, helical state on the one hand and of the unfolded state on the other

hand. Furthermore, it is justified by the fact that changing between the two domains requires to
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cross a comparatively huge energy barrier and hence the two domains are topographically well
separated (Fig. 1.5).
We now introduce two assumptions. The first assumption addresses the unfolded state and is

commonly referred to as the Flory’s hypothesis:

e In the unfolded state each pair of peptide units may adopt its conformation independently of

the adjoining pairs of peptide units [95].

This assumption implies that we may treat the unfolded state as an ideal solution of the non-helical
bulk phases of the peptide chain. Following Eq. (2.134) we may thus write for the chemical potential
of the unfolded state:

pmbolded o bulk gy <Nunfolded>
Na

non—helical

AT By
X£A

Nx
Na

non—helical

= O — kgTIn [ 1+ Z exp(—ﬁAFj{_)X)

X#A
= Uk — kT In RO, (2.138)
where
non—helical
Rconf =1+ Z exp(_ﬂAFj_)X)_ (2139)

X#£A

Here, A corresponds to either one of the various phases {X} which may occur in the unfolded
state. For convenience we will define it in the following as the phase with the lowest bulk chemical
potential. The term —7 In R°™ denotes the additional stabilization of the unfolded state, due to
the fact that bulk phases other than A contribute to it. In the special case, in which all the phases
contributing to the unfolded state have the same free energy, it would simplify to a pure entropy
term, the so called configurational entropy. Then R = §°nf — In s where s denotes the number
of phases which may occur in the unfolded state.

Our second assumption is:

e The helical phases are, in contrast to the unfolded conformations, not able to form interfaces
at all.

This implies that the chain can be either completely unfolded or completely helical and that the

helical state is exclusively assembled from the phase corresponding to the lowest bulk free energy:

helix ~  min pRulk, (2.140)

H X is helix
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2 Theoretical concepts

Using these two approximations we may estimate the stability of the helical state against unfolding:

f ~ , helix unfolded
AF‘helix—mnfolded ~p — M ) (2141)

where gunfolded anq g helix are defined in Eqs. (2.136) and (2.138), respectively.
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3 Implementation

The purpose of this chapter is to explain the implementation of the theoretical concepts, which have
been introduced in the previous chapter. All implementations for this project have been undertaken
with the S/PHI/nX package. S/PHI/nX is an ab-initio based multi-scale library written in C++.
For more details about S/PHI/nX check the webpage www.sxlib.de.

The chapter starts with an introduction to the standard methodology of the plane waves pseudo-
potential approach (Sec. 3.1), which is employed in this study to determine the electronic ground-
state properties of the peptide chain.

We remark, however, that the numerical accuracy of the interatomic forces as provided by the
standard methodology is insufficient to accomplish an adequate description of the low frequency
vibrations of the peptide chain, which have a fundamental meaning for the thermodynamic stability.
Therefore, in order to achieve the high numerical accuracy required for forces, vibrational frequencies
and thermodynamic data, several extensions to the standard methodology have been implemented
into the S/PHI/nX code. In particular, the elimination (smoothing) of the exchange-correlation
wiggles (which have been identified as the main source of numerical errors) and the refinement
techniques for the calculation of the dynamical matrix were major implementations to achieve an
accurate determination of the vibrational spectra and free energies (Sec. 3.4).

Furthermore, the implementation of the anharmonic corrections to the free energy is explained
(Sec. 3.5). Particularly, we describe the implementation of the Langevin stochastic equations of
motion and we explain the necessary practical steps to determine the anharmonic corrections.

We remark that this chapter provides an extensive documentation of the implementational as-
pects, which may be used as a reference guide. However, it is not required for the understanding of
the results chapter and may therefore be skipped by a reader, who is exclusively interested in the

physical aspects of the study.

3.1 Periodic boundary conditions

To investigate the vibrational and thermodynamic properties of the system, we first have to de-
termine its electronic ground state for a given atomic configuration. The latter is achieved by
solving the Kohn-Sham equations (KSE) (Eq. (2.24)). Solving directly the KSE for our system
is impossible, since the Kohn-Sham Hamiltonian for an infinite peptide chain (Eq. (2.1)) contains
the interaction of an infinite number of particles. However, such infinite number of particles can be
reduced to a finite number by exploiting the symmetry of the peptide chain.

In principle, the Kohn-Sham Hamiltonian for this particular system exhibits a screw symmetry
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3 Implementation

a) b)
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Figure 3.1: Schematic view of the a-helix, as modeled in an orthorhombic supercell: a) Side-view
on the helix. b) Top-view on the 3-dimensional, artificial crystal of helices, which is
imposed by the periodic boundary conditions.

according to Eq. (2.1):
H¥S(r4+T,) = H®S(r). (3.1)

Therefore, if the Kohn-Sham Hamiltonian is described in a proper set of helix symmetry coordi-
nates (for example cylindrical coordinates), its electronic eigenstates can, in close analogy to the

eigenstates of the ionic Hamiltonian, be written as Bloch-functions:

&> (p,1) = exp(ing)u, (¢, 1). (3.2)

Here u,(p,r) = uy (¢, r + T),) denotes a function, which is periodic with the lattice vector T,, (Eq.
(2.1)) and is modulated by a phase factor exp(ing). The variable ¢ denotes the phase difference in
the wavefunction between adjacent peptide units and n indicates the peptide unit.

Using such cylindrical symmetric representation to solve the KSE would, however, require to
expand the Hamiltonian and the electronic wavefunction in the corresponding symmetry adapted
basis functions (cylindrical plane waves). Instead of implementing such elaborated method we rather

model the peptide chain by means of a 3-dimensional supercell spanned by the vectors:
a] = Clat€1,a2 = Clat€2, A3 = Zlat €3, (3.3)

where the e; are the Cartesian basis vectors, 21,1 denotes the extension of the supercell along the
z-axis, which is chosen to be parallel to the axis of the peptide chain, and ¢, denotes the lateral
extension of the supercell (Fig. 3.1; details in Appendix, Sec. 6.6.1).

The KSE are thus solved by applying the symmetry of the lattice corresponding to the 3-

dimensional periodicity of these lattice vectors:

HS(r4a,) = H®(r) (3.4)
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3.1 Periodic boundary conditions

The artificial interactions of the individual peptide chain with its periodic images in the crystal
directions lateral to the helix axis (Fig. 3.1b) are minimized by choosing a sufficiently large lateral
supercell parameter ¢),;. The latter implies an increase in the computational resources needed (both
memory and computation time), but is still feasible and we intend to benefit from the methodological

advantages that come with the employment of the plane wave basis set (see below).

3.1.1 Plane wave basis

Plane waves are functions of the form:
u(r) = Aexp(ikr + B), (3.5)

where A denotes the amplitude (or plane wave coefficient), B denotes the phase and k denotes the
wavevector. The plane waves are constant on the orthogonal planes to the wavevector and periodic,
sinus-shaped along it, with a wavelength given by |k|~!.

Plane waves are “natural” to describe periodic systems, although other basis sets are also possible
and efficient. The use of Gaussian orbitals in electronic structure calculations with periodic bound-
ary conditions, for example, has a long history for both, Hartree-Fock [96, 97] and DFT calculations
[98, 99, 100]. Recently, Scuseria et al. have also applied this methodology to perform a DFT-GGA
study on infinite poly-glycine and poly-L-alanine chains [45]. According to [45, 100], the advantage
of this approach compared to plane waves is its better suitability to model covalently bonded sys-
tems and hence a better scaling behavior is reported for large supercells. Furthermore, Gaussians
allow to selectively exploit the periodicity along one axis in Cartesian space, i.e., the helix axis,
while the periodicity along the other two axes can be “switched off”, which is not possible if the
plane wave basis is used.

Still, there are basically three reasons for employing plane waves. First, an adequate description
of hydrogen bonds demands a high accuracy of the basis set, which can be only achieved using
a very large Gaussian basis set or plane waves. A practical advantage of the plane wave basis is
hereby that its quality (size, completeness) can be controlled by a single parameter (the so-called
cutoff energy; Sec. 3.1.3), whereas, such a control is not straightforward for localized basis sets.
Second, the use of a localized basis implies an unphysical effect, the so called basis set superposition
error’ (BSSE), which can lead to a significant spurious overestimation of hydrogen bond strengths
(e.g. [101]). The BSSE can be partially corrected a posteriori by the counterpoise method [102].
However, the plane wave basis does not cause a BSSE at all. Third, the plane waves basis does not
depend on the atomic positions. This allows for a straightforward evaluation of the inter-atomic
forces by using the Hellmann-Feynman theorem (Sec. 3.2), which is important also for this project,
i.e., for determining the vibrational and thermodynamic properties of a system.

Thus in this study the electronic states are expanded in terms of plane waves. We recall that the

'The origin of the BSSE is the non-orthogonality of a localized basis set: If the atom centered orbitals of the two
molecular fragments corresponding to a given hydrogen bond overlap, an improvement in the description of the
individual fragments is achieved. This improvement is inconsistent with the non-bonded case, where the molecular
fragments are spatially more separated.
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Kohn-Sham orbitals with periodicity of Egs. (3.3) and (3.4) may be written as Bloch waves:
55 (k, ) = exp(ikr)u, (k,r). (3.6)

Here u, (k,r) = u,(k,r + R,) denotes a function, which is periodic with the supercell and is the
amplitude of the corresponding Bloch wave. The wavevector k determines the phase of the Bloch

wave. It is confined to the first Brillouin zone, which is spanned by the reciprocal lattice vectors:
b1 = —e€, b2 = C—eg, b3 = —esg3. (37)

Following Bloch’s theorem we may expand the electronic eigenstates in terms of a discretized plane

wave basis:

1
KS(k,r) = ﬁzcy(m G)exp (i(k + G)r), (3.8)
G
where the wave vectors are given by the reciprocal lattice vectors G:

G = m1by + mabg + m3bs, m;eZ. (3.9)

3.1.2 Hamiltonian matrix

Substituting the plane wave (Eq. (3.8)) into the Kohn-Sham equation (Eq. (2.24)) and integrating

over r gives the secular equation of the Hamiltonian matrix in a plane wave expansion:

Y HiGexiaek+G) =, (k+G), (3.10)
G/

where the matrix elements are given by:
1
Ha el = 5k + Gloge + V(G = G) + VIR|(G - G) + V¥[I(G - G).  (3.11)

Eq. (3.10) has to be solved self-consistently (see Sec. 3.1.5), since the Hamiltonian matrix depends

on the electron density, which in turn depends on the plane wave coefficients ¢, (k + G).

3.1.3 Cutoff energy and k-point sampling

The basis set as introduced in Eq. (3.8) contains an infinite number of plane waves. Consequently,
the secular equation denoted by Eq. (3.10) implies a matrix of infinite dimensions for each given k.
Further, in principle, Eq. (3.10) demands to be solved for each individual k-point of the electronic
Brillouin zone. Hence, an exact and complete treatment of the electronic system would require to
solve an infinite number of infinitely large matrices. Such a complete treatment is, however, not
necessary, since both, plane wave basis as well as k-point sampling, can be effectively reduced to
finite sizes.

To introduce a finite number of basis functions we take advantage of the fact that the Kohn-Sham
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3.1 Periodic boundary conditions

orbitals of the valence electrons (, i.e., the electrons, which are responsible for the chemical bonding)
become smoothly varying at small scales? — meaning that plane waves with large G-vectors do not
contribute significantly to the electronic eigenfunctions. Therefore the plane wave basis set can be
effectively truncated by introducing a cutoff sphere in the reciprocal space, i.e., by excluding the
plane waves from the basis set, whose kinetic energy exceeds a certain threshold called cutoff energy
Feut.

2
R (3.12)

& @max = \/gpeut, (3.13)

where G™* denotes the radius of the cutoff sphere®. Increasing the cutoff energy always leads to
a lowering of the total energy according to Ritz principle. The quality of the plane wave basis set
may therefore be systematically controlled by one single parameter E°%*. As mentioned before, this
is one of the major advantages of the plane wave basis compared to other basis sets (e.g. Gaussian
orbitals), where no systematic scheme is available to check the convergence with respect to the basis
set size.

Similarly, the sampling of the Brillouin zone is performed on a finite mesh of k-points. For the
peptide chain, it turns out that in practice one single k-point is sufficient, since the supercell already
contains a sufficiently extended part of the peptide chain to account for the electronic dispersion
along the helix axis. Along the two orthogonal directions to the helix axis electronic dispersion is
absent by construction, since a sufficiently large vacuum region is chosen to separate the periodic

images of the peptide chain (convergence checks are discussed in the Appendix, Sec. 6.1.1).

3.1.4 Pseudo-potentials

Although in principle possible, it is not practical to directly describe the Kohn-Sham orbitals in a
plane wave basis: In the region close to the atomic cores the orbitals oscillate heavily and exhibit
various nodes. High Fourier coefficients ¢, (k + G) are required to describe such oscillating behavior
and thus a very large number of plane waves is needed, i.e., a very high cutoff energy, to achieve
convergence in the total energy. However, an explicit treatment of the Kohn-Sham orbitals inside the
core region may not be necessary anyway. This fact is employed by the concept of pseudo-potentials
to fundamentally improve the efficiency of the plane wave basis set.

A prerequisite for the introduction of pseudo-potentials is the frozen core approximation. It
exploits the fact that the chemical activity of a given atomic species is almost completely determined
by the valence electrons. In the frozen core approximation the Kohn-Sham equations are exclusively
solved for the valence electrons while the core electrons are considered as frozen. This implies a
simplification over the all-electron calculation, since the number of degrees of freedom (electrons)
to be treated is reduced. Furthermore, the numerical error of the calculation is reduced, since

the energy terms corresponding to the core states, which are orders of magnitude higher than the

2Provided the ion cores are properly treated, e.g. by pseudo-potentials, as described in Sec. 3.1.4.
3The cutoff energy is usually treated in Rydberg, and not in Hartree (atomic unit), which makes the factor 1/2
redundant.
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Figure 3.2: Pseudo-potential concept demonstrated exemplary for the oxygen 2s-Orbital: a) true
valence-orbital (solid line), pseudo-orbital (dashed line) and core electron density (gray
region). b) effective core potential (schematic, solid line) and pseudo-potential (dashed
line). The radius 7. defines the atomic core region.

energies of the valence electrons, are excluded from the calculation.

For the expansion in a plane wave basis, however, the main problem is that the valence orbitals by
themselves exhibit strong oscillations in the core region. These oscillations ultimately occur, since
the core potential contains a singularity for » — 0 and the valence orbitals have to be orthogonal
to the core orbitals. In the pseudo-potential concept these oscillations are removed by replacing the
core-potential with the pseudo-potential, which is smooth and soft in the core region (Fig. 3.2b).
As a consequence of the replacement of the core potentials also the valence orbitals are changed to
the so called pseudo-valence orbitals. However, providing that the pseudo-potential is adequately
chosen, the pseudo-valence orbitals correspond exactly to the true valence orbitals outside the core
region (core region will be defined below) and hence conserve their chemical properties. On the
other hand the pseudo-potentials can be tuned to make the pseudo-valence orbitals smooth and
node-less inside the core region, as is shown for the example of the oxygen atom in Fig. 3.2a. Hence
the pseudo-valence orbitals may be expanded with a small plane waves basis set.

For generating a pseudo-potential two basic requisites are considered and balanced against each
other. The first requisite is transferability that is determined by the ability to reproduce accurately
the behavior of the valence electrons in diverse chemical environments. The second requisite is
efficiency  that is determined by the size of the plane wave basis required to expand the pseudo-
potentials and -orbitals. Both, transferability and efficiency can be controlled during the generation
of the pseudo-potential by defining the atomic core region through the cutoff radius 7. (I denotes the
angular momentum quantum number). Generally, an increase of ré leads to softer pseudo-potentials
and a better efficiency, but it also lowers accuracy and transferability.

Typically, pseudo-potentials are generated by considering the isolated atomic species (details on
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3.1 Periodic boundary conditions

the pseudo-potential generation can be found in Ref. [103]). Different schemes exist to construct
pseudo-potentials. For this project we have used norm-conserving pseudo-potentials [104, 105]
generated with the Troullier-Martins scheme [106]. Usually norm-conserving pseudo-potentials are

set up and derived in terms of an angular momentum dependent, semi-local operator,

lmax

/Ps— SL Vlocps +Z Z ’Ylm 5VPS )<Ylm ‘7 (3_14)
=0 m=-—1

written in terms of the local, long-ranged pseudo-potential, Vps71°"(7‘), the [-dependent components
SVP(r) = ViP(r) — VPsloc(r), which are confined to the core region, and the spherical harmonics
| Yim) [103]. The summation of the semi-local part can be truncated beyond some lpax. For
reasons of computational efficiency the semi-local form is transformed into a fully non-local form as

suggested by Kleinmann and Bylander [107]:

yps—NL - _ Vloc,pS(T) + ynloc,ps. (3.15)
where:
1
max Vps m m 5VPS
/nloc,ps Z Z ’ ¢ ><¢l ’ ( ) (3-16)

(Gt | OV(r) | dim)

=0 m=—1

Here, the semi-local spherical harmonics Y}, are replaced by the fully non-local projectors ¢,
which are simply the atomic pseudo-orbitals. Due to their separability with respect to the atomic
pseudo-orbitals the Kleinmann-Bylander form scales linearly with the number of plane waves, and
is thus more efficient than the original semi-local form, which scales quadratically with the number

of plane waves.

Employed pseudo-potentials and the estimation of their transferability

The pseudo-potentials for oxygen, nitrogen and carbon have been constructed with the tool thi98PP
[103]. For the hydrogen atom we have used the bare 1/r-potential instead of a pseudo-potential.
The reason is that an effective pseudoisation of hydrogen is hardly possible without introducing
significant deviations of the results with respect to the results arising from the “true” non-pseudoised
hydrogen [43].

The pseudo-potentials used here have been found to accurately reproduce the geometries, i.e.,
bond lengths and angles, of a set of small molecules [51]. To directly estimate the error in the
description of the peptide chain introduced by the pseudo-potentials one would have to compare
to a corresponding all-electron reference calculation for this system. Such calculations have (to
the knowledge of the author) not been published yet. However, as mentioned in the Sec. 2.4.3,
the overall error of the DFT-PBE pseudo-potential plane waves approach in predicting hydrogen
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bond energetics has been extensively investigated and found to be less than 1 kcal/mol [44], which
corresponds to about 10 % of the strength of an intermediate hydrogen bond. The main contribution
to this error is believed to be due to the PBE functional. Thus, we conclude that the error due to

the pseudo-potentials is significantly smaller than 1.0 kcal/mol.

3.1.5 Solving the Kohn-Sham equations

In the pseudo-potential approximation the Kohn-Sham matrix (Eq. (3.11)) is written as*:
1 1
Hé§+k,G+k[”] - §|k +Gl*oaa + Variia
b VERG - GG - @) V)G -G (317

and the electronic ground state energy is given by:
Eol[n] _ TS[n] + Eloc,ps[n] + Enloc,pS[n] + EH[TI] + Exc[n] + plon _ pself (3.18)

The formulas for the individual contributions to the Hamiltonian matrix and to the electronic ground
state energy are, except for the XC contributions, standard and details are described elsewhere (e.g.
in Refs. [108, 109]). Here we focus on the XC contributions, since the demands coming with our
project requires to go beyond the standard treatment. The corresponding discussion is given in Sec.
3.4.2.

The secular equation of HK'S+k,G+k [n] has to be solved self-consistently in an iterative cycle, since
the Hamiltonian depends on the electron density n(r), which is not known from the beginning. This
task amounts to finding the minimum on an energy surface E° ({¢;(G,k)}), which is spanned by

the N°'. NPV plane wave basis functions and is defined by:
E” ({e:(G.k)}) = B [n ({e:(G, k)})] (3.19)

Here, n ({¢;(G,k)}) is the electron density for a given set (guess) of plane wave coefficients (Eq.
(3.24)), and E°[n] is defined by Eq. (2.33). Several iterative schemes exist to find the minimum
of B¢ ({ci(G,k)}). Most of these schemes require, at each iteration step m, the knowledge of the

“For the sake of completeness it shall be here remarked that the attractive local pseudo-potential V'°“P(r), as
well as the repulsive Hartree potential V! (r) are divergent, infinite quantities within an infinite crystal, since
the potentials arising from the single ions show a 1/r behavior for large r values. However, the sum of the
two potentials is a convergent, finite quantity. To be able to treat Hartree potential and local pseudo-potential
separately, a “constructive zero” in the form of two Gaussian charges is added, which results in the modified

potentials:
1loc,ps _ y/loc 3 ngauSS(r/)
V p(r)—V (r)—i—/dr'w
H H 3 /MM ()
Vife)=V (r)—/drm,

As a consequence, an additional term, E% appears in the expression for the electronic ground-state energy (Eq.
(3.18)), which accounts for the electrostatic self interaction of the Gaussian charges.
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3.1 Periodic boundary conditions

local energy E° ({c¢(G,k)}) and also the gradient:

el m
Gt (@) = U i o o) = 6 (3.20)

It can be shown (e.g. [110]) that the gradient is given by:

| ¢ = —(H™" = ATL) | 9h), (3.21)

where
A = (ol | HS™ | ). (3.22)

The essential arithmetic operation to evaluate the gradient is thus to apply the Kohn-Sham matrix
Hé’srk,G+k on the wavefunction G ).

Based on the knowledge of the local energy E° ({c¢"(G,k)}) and the gradient | e {a"(G.k)}))
for a given guess of the plane wave coefficients a local minimization scheme may find the minimum
of the energy surface E° ({c"(G,k)}) to thus solve the KS equations.

In this project we use the preconditioned all-state conjugate gradient scheme to fulfill this task
(details e.g. in Refs. [43, 111]). Using this scheme, usually 10-20 steps are sufficient to converge
to the electronic ground state of the peptide chain up to the edge of numerical precision (10~
kcal /mol).

3.1.6 The FFT mesh

The Fast Fourier Transformation (FFT) is an essential tool employed by the plane wave formalism.
It allows to efficiently transform between the real space expansion and the reciprocal space expansion
of the operators during the solving of the Kohn-Sham equations. Hence, one may calculate specific
quantities, such as the kinetic energy, very efficiently in the reciprocal space and other quantities,
such as the electron density in the real space. The operators may then be very easily merged in the
reciprocal space to form the plane-wave Hamiltonian (Eq. (3.10)).

To use the FFT, the charge density and the potentials are described on (three-dimensional) so
called FFT meshes — the reciprocal space mesh, or G-mesh, and the real space mesh, or R-mesh.

The G-mesh is spanned by the reciprocal lattice vectors with:

G = m1by + mobs + m3bs, where m; € Z ‘ m;b; ‘ﬁ 2G™ax, (3.23)

The FFT mesh to describe the charge density in the reciprocal space has to be twice the diameter
of the cutoff sphere along each reciprocal space direction. This can be understood if the plane wave
expansion is substituted in the Kohn-Sham-orbitals (Eq. (3.8)) for a given cutoff E°"* into the
expression for the charge density (Eq. (2.28)):

n(r) =Y fo5 > > ciew(G)eg, (G exp (i(G — G')r).. (3.24)

kv G: |GHk|<Gmax G/ |G/+k|<Gmax
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This Fourier expansion contains components corresponding to wave vectors G — G’, which are up
to twice as long as the longest wave vector of the plane wave basis. Hence, to exactly describe the
charge density the minimum FFT G-mesh must contain all wave vectors G up to a length of 2G™#*
(Eq. (3.23)).

According to the sampling theorem [112| a minimum R-mesh contains the same number of samp-
ling points as the G-mesh and the distance AR between two adjacent points in the R-mesh (real

space resolution) is given by:
™

(Gmax :

The minimum FFT mesh to describe the charge density is also sufficient to describe the operators

AR =

(3.25)

contributing to the plane wave Hamiltonian (Eq. (3.17)), as long as these operators are linear
functionals of the charge density. This is the case for all operators contributing to the Hamiltonian,
except for the XC potential. Treating the XC potential on the minimum FFT mesh introduces

numerical errors in the calculations. This issue is discussed in Sec. 3.4.2.

3.2 Hellmann-Feynman forces

The previous section 3.1 has provided us with all necessary tools to determine the ground state
properties, i.e., Born-Oppenheimer surface (ground-state energy) and electron distribution for given
ionic positions. The main scope of this project, however, involves the determination of the ionic
dynamics, i.e., the vibrations of the peptide chain.

To solve the ionic equations of motion it is necessary to determine the derivatives of the Born-
Oppenheimer surface (BOS) with respect to the ionic positions, i.e., the inter-atomic forces. Hereby
the Hellmann-Feynman theorem is very helpful. It states that the derivative of the ground-state

energy is given as the expectation value of the first derivative of the electronic Hamiltonian:

dE,(X)  d o
= WX | ) | 9,(X)
_ <<d;;{1\pg<x> | HY(X) | 9y (X))+

(X | HUX) | 0,(0) +

b)) 9,00} (3.26)
= (W) | o ) | 0y (X). (3:27)
The first two terms of Eq. (3.26) vanish, since:
(e, (X) | HE(X) | 0y (X)) + (0,(X) | H(X) | 78k 0, (X)) (328)
= 2B (W, (X) | y(X)) =0, (3.29)
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3.3 Geometry optimization

Thus to determine the inter-atomic forces only the expectation value of Eq. (3.27) and the derivative
of the ion-ion potential have to be evaluated:
dESH (X dES(X)  qVyion—ion
F;(X) :=— o (X) =— ' X) . (3.30)
dR] dRI dRI

These contributions can be calculated straightforwardly, once the ground state electron density has
5

been found by solving the Kohn-Sham equations®. The explicit terms of the Hellmann-Feynman

forces have been discussed in detail in Ref. [108].

Eq. (3.27) is in general, however, not exact when a localized basis set is applied to expand the
electronic system. If this basis set is incomplete (and this is usually the case in a calculation) in
general additional, artificial terms occur, which arise from the explicit dependence of the basis set
on the atomic coordinates. These forces are called Pulay forces. The treatment of Pulay forces
significantly complicates the calculation of the ionic forces. Fortunately, the plane wave basis does
not depend on the atomic coordinates. Therefore, the Pulay forces are always zero in a plane wave
basis. This is a (further) important advantage over a localized basis set.

The computational cost for calculating the Hellmann-Feynman forces in the plane wave basis is
approximately the same as that for one iterative step in the self consistent cycle. This high efficiency
provides an important support for all the following steps of the dynamical analysis: Regardless
if we determine the equilibrium structures, the harmonic vibrational spectra, or the anharmonic

contributions — all these procedures heavily involve the calculation of the forces.

3.3 Geometry optimization

Before we can determine the vibrational spectrum of a given conformation of the peptide chain, we
have to determine the corresponding equilibrium structure. To perform geometry optimizations we
have implemented a quasi-Newton scheme into S/PHI/nX. The quasi-Newton scheme is a parameter
free second order optimization scheme. A detailed discussion of this scheme is given in Ref. [43],
here we restrict ourselves to write down only the essential formulas. In each optimization step the

geometry is updated by:

AX"H = (K™ 71", (3.31)
where K corresponds to the Hessian matrix:

82 Eel

Kij =z
Y 0X,0X;

(3.32)

The Hessian matrix is not known from the beginning, therefore it is on-the-fly updated after each
structure step according to the Broyden-Fletcher-Goldfarb-Shanno (BFGS) [113, 114, 115, 116]

’The Hellmann-Feynman theorem can be generalized to the so called (2n + 1)-theorem, which states that the
knowledge of the derivatives up to order n allows to calculate the derivatives of the energy up to order 2n + 1.
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Figure 3.3: Numerical noise in the low frequency branches of the fully extended structure (FES) of
the poly-L-alanine chain: a) Determined with the standard finite differences scheme as
described in Sec. 3.4.1 and without smoothing the XC contributions. b) Determined
with the standard finite differences scheme and with a (2-fold) smoothing of the XC
contributions as described in Sec. 3.4.2, c¢) Determined with the TSR scheme as de-
scribed in Sec. 3.4.3. The numerical noise is determined by performing the calculation
of the dynamical matrix for (five) different, arbitrarily chosen positions of the FES in
the supercell. In the absence of numerical noise these calculations are equivalent and
would yield exactly the same vibrational spectra.

scheme:
AF”(AF”H)T B K”AX”(AX”)TK”
(AX”)TAF” (AX")TK"AX”

AK"H = (3.33)

After each step of the geometry optimization, geometry and forces are symmetrized according to the
helical symmetry. The geometries are optimized up to a certain maximum value for the remaining
force of 2.5 % 10~° Hartree/Bohr, since a convergence test revealed that this accuracy is needed to
obtain an accurate vibrational spectrum (details in Appendix, Sec. 6.1.1). Starting geometries were

obtained from previous projects [50, 51].

3.4 Phonon spectra and thermodynamic properties

Having obtained the equilibrium structures we may determine the vibrational frequencies of the

peptide chain. These are given by the square-roots of the mass-scaled curvatures at the local
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minima of the Born-Oppenheimer surface (Sec. 2.6.2). To determine the curvatures, we employ a
finite differences scheme, i.e., we compute them from the force responses to small displacements of
individual ions from the equilibrium structure. The corresponding standard procedure, in which
the ionic displacements along the Cartesian basis vectors are taken, is implemented nowadays in
numerous available DFT codes or software packages for phonon calculations. However, we found
that such a procedure is inadequate to perform the necessary calculations for this project. The main
problem is numerical noise. Its influence on the calculated frequency spectra is severe, particularly
for determining the low frequency branches with w < 300cm ™! and the thermodynamic properties
of the peptide chain, as is shown for the example of the fully extended structure (FES) of the
poly-L-alanine chain in Fig. 3.3a. It is therefore required to go beyond the standard procedure.
To reduce the impact of numerical noise, we combine two strategies: First, the main source
of numerical noise, which is located in the exchange-correlation potential, is directly reduced by
developing a smoothing scheme (Sec. 3.4.2). Second, the standard procedure is extended by em-
ploying an adapted basis to expand the finite differences (Sec. 3.4.3). This allows us to use larger
finite differences as it is possible in the standard scheme and, hence, to increase the fraction of

the “physical” part of the Hellmann-Feynman forces®

. It is important to mention that only the
combination of these two strategies allowed us to achieve the required numerical accuracy. The
resulting method for calculating the dynamical matrix is a three-stages refinement (TSR) scheme,
where subsequent stages constitute an improvement in accuracy over the previous ones. By means
of the TSR scheme it is possible to reduce the numerical error in the frequencies by more than an
order of magnitude (Fig. 3.3c). We remark that this high accuracy is crucial for all the results
derived for the project. For a detailed analysis of the considered sources of error and an estimation
of the remaining numerical uncertainty see appendix, Sec. (6.1.1).

Below, first the finite differences approach is introduced. Then the smoothing scheme for the XC

contributions is explained and finally the TSR scheme is described in detail.

3.4.1 Finite differences approach

Following Sec. 2.6.4, a basic requirement to obtain the phonon dispersion relation of the peptide
chain is the knowledge of the dynamical matrix D¢(¢). To determine the dynamical matrix within

the supercell approach we replace the exact expression of Eq. (2.92) by a finite summation:

max
n

D(¢) = Z D¢(n) exp(—ign). (3.34)

n=—mnmax

Here, n labels the peptide units of the chain, and the bound n™#* for the summation in Eq. (3.34)
is a cutoff and limits intra-chain vibrational coupling up to the n™#*th nearest neighbor. The cutoff
is inherently dictated by the chosen size of the supercell, i.e., it corresponds to half the number
of peptides contained in the supercell. The accuracy of Eq. (3.34) depends on whether or not

significant long-ranged interactions exist beyond the cutoff distance n™#*. This has been tested by

8«Physical” means here the part of the forces that would remain in the absence of any numerical noise.
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performing convergence checks with respect to n™® (Sec. 6.1.1).
Once an appropriate cutoff radius n™?* has been determined by choosing an appropriate supercell
size, the remaining task is the evaluation of the dynamical matrices D(n) for |n| < n™** which

correspond to the interaction of a given peptide (where n = 0) with its n'® nearest neighbor.

Standard procedure

When following the standard way of calculating phonons, the dynamical matrix D¢(n) is determined
in a basis spanned by the displacements of the atoms along the Cartesian coordinate axes. More
precisely, we choose an arbitrary peptide unit from the peptide chain, which we label with the index
n = 0. In this peptide unit each atom is displaced by a small distance As along each Cartesian
direction, once parallel to it and once anti-parallel. This results in a total number of 2 - 3. NAPP

displaced geometries:
Xt~ = X+As-é€ (3.35)

where X is the equilibrium geometry, ¢ labels the Cartesian degrees of freedom in the peptide unit
with n = 0, el is the unity vector corresponding to the i*" of these degrees of freedom, and +/—
symbolizes, whether the corresponding atom is displaced parallel (‘+') or anti-parallel ('—) to the
unity vector. We then evaluate, for each of these geometries, the respective electronic ground state
and the Hellmann-Feynman forces Fit/— .= F|xi+/—. From these forces we may construct the
Hessian matrix in Cartesian coordinates, since:

82Ee1

K?gart(”) = W (3.36)

— lim 4T (3.37)

%

(3.38)

The Hessian matrices K®*(n) are then transformed to the dynamical matrices D¢(n) and the
phonon dispersion may be calculated.

Fig. 3.3a shows, however, that following this standard procedure leads to, in terms of an accurate
vibrational and thermodynamic analysis, useless results. In particular the obtained low frequency
branches, where w < 300 cm ™!, strongly depend on the position of the structure in the coordinate
frame of the supercell. This dependence is completely artificial and therefore indicates a strong
impact of numerical noise. The example of the poly-L-alanine FES reveals a scattering of up to
100 cm~! for the lowest vibrational branch, which roughly corresponds to three times the absolute
value of this branch.

We remark that the numerical error has been found to be resistant to changes of any of the

“standard” convergence parameters of the plane wave methodology, such as the cutoff energy, the
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3.4 Phonon spectra and thermodynamic properties

FFT mesh size, and the accuracy of the electronic loop. Consequently, to uncover the origin of the

numerical noise, it is required to have a closer look at the implementation.

3.4.2 Exchange-correlation wiggles

A valuable indication regarding the origin of the numerical noise was obtained, by performing
calculations using LDA instead of PBE-GGA to describe the exchange-correlation (XC) interaction:
Then the numerical noise largely disappeared. The LDA functional is not a viable option to perform
the calculations for this project, since it does not adequately describe the hydrogen bonds in the
helical conformations of the peptide chain (Sec. 2.4.3). However, the comparison between LDA and
PBE-GGA shows that the numerical noise is due to the basic difference between the two functionals,
i.e., the gradient correction in the PBE functional.

In order to understand this problem, we have a closer look at the implementation of the XC
functional in the plane wave formalism. Here the local XC energy is discretized on the minimum
FFT mesh and the continuous, analytical real space integration defining the XC energy (Eq. (2.41))

is replaced by the respective discretized summation over the FFT mesh [117]:

EX[n] := %foc (n(rsk), Vn(ri)) n(rijk)- (3.39)

Tijk
In this representation all Fourier components of f*¢ with | G [2> 2E" are set equal to zero and
the XC-energy is treated as a function of the electron densities only at the mesh points r;;;, rather
than as a functional of the (continuous) electron density [117].

We, however, recall that the XC functional is, in contrast to the remaining contributions to the
ground state energy, i.e., Hartree energy, electron-ion interaction and kinetic energy, a non-linear
functional of the charge density. Hence it is not exactly described on the minimum FFT mesh
corresponding to the charge density, and, in contrast to the former contributions, gives rise to
Fourier components for | G [2> 2E. The deviations from the linearity are numerically negligible,
as long as the local XC energy is a slowly varying function of r, as is the case for the LDA XC
functional. However, in contrast to LDA, the gradient corrected functionals (Eq. (2.41)), like the

PBE functional, contain terms of the form:
| Vn |, V2n, or VaV | Vn | . (3.40)

These terms may rapidly vary with r and therefore give rise to larger Fourier components for
| G |>> 2E°%. Therefore, the gradient correction could indeed be the origin of the observed nume-
rical fluctuations in the calculation.

To investigate this possibility by means of a simple example, we show in Fig. 3.4a the total
energy of an isolated carbon atom that is moved across the real space (supercell). In the absence
of numerical noise the energy should be constant. This is almost perfectly accomplished when the
LDA functional is employed (Fig. 3.4a, green line). However, it is not the case, when PBE-GGA

is used (Fig. 3.4a, black line). Hence, a spurious dependence of the total energy on the relative

65



3 Implementation

a) b)
T T T T I T T T I I

1.5%10° 7 1.0x10° .
= = 5.0x107F s
> o
E £
N wn
o) o]
o:m mm

T R R R R B : P I .
0 0.05 01 015 02 025 0 005 01 015 02 025

s (Bohn) s (Bohr)
c
) d)
05— 77171 T T 717 71 T T T T T I T
0.4 7 o
£ 04f N
| [}
2 3 | '
2 03 N g
3 ] = 02f N
g =
g 02 7 v | _
i ' g Or ]
0.1 7 =R |
| 0.2 7
0 IR NP T4 DA NP RN B ._ i |3 ' Iz ' I1 ' (I) I I1 I é I é !
4 3 2 1 0 I 2 3 4 5 oo
s (Bohr) > (Boho

Figure 3.4: a) “XC wiggles”: Born-Oppenheimer energy for a carbon atom that is moved along the
diagonal of the supercell (, i.e., along the (111) direction in the FFT mesh), calculated
by employing the PBE functional and a cutoff energy of 70 Ry (black line) and 140 Ry
(brown line). Further shown is the corresponding curve for the LDA functional at 70 Ry
(green line). b) “XC wiggles” for the carbon atom without any smoothing (black line,
same quantity as in a)), for a 2-fold smoothing of the XC wiggles (blue line) and for a
4-fold smoothing (red line). The smoothing is explained in Eqs. (3.41-3.48) c) Born-
Oppenheimer energy along the eigenmode corresponding to the lowest frequency branch
of the poly-L-alanine FES at ¢ = 90° without smoothing the XC wiggles (black line),
for a 2-fold smoothing (blue line) and a 4-fold smoothing (red line). d) Corresponding
second derivatives along that eigenmode.
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position of the atoms with respect to the FFT mesh exists, which is caused by the discretization of
the gradient corrections of the PBE-GGA functional. This problem has been recognized earlier by
White&Bird, who introduced the connotation “wiggles” for it [117].

For studies solely related to total energies these XC wiggles are harmless, since their magnitudes
are very small. However, for the calculation of the first and in particular the second derivatives
of the Born-Oppenheimer surface, i.e., the forces and the vibrational frequencies, the impact of
the XC wiggles can reach a magnitude, which is as large as or even larger than the “physical”
forces/frequencies. In fact the XC wiggles heavily modify the low frequency branches of the peptide
chain. This is demonstrated for the example of the lowest frequency (acoustical) branch of the poly-
L-alanine FES: In Fig. 3.4c and 3.4d the total energy and, respectively, the curvature along the
eigenmode representing this branch is plotted. As can be seen, the XC wiggles have a strong impact
on the energy curve. Consequently, the curvature, which determines the vibrational frequency, is

heavily oscillating, making an accurate determination of the vibrational frequency impossible.

Removing the XC wiggles
The XC wiggles have thus been identified as the main source of numerical errors in the calculation.
Note again that the problem with the XC wiggles may not be solved by just increasing the cutoff
energy or simply increasing the FFT mesh size”. Fig. 3.4a shows that even using twice the cutoff
as required for convergence of the total energy for the “physical” aspects of the calculation, the XC
wiggles are not removed. A similar behavior has been found when doubling the FFT mesh size.

In order to solve the problem with the XC wiggles we introduce a “smoothing” strategy. For this

purpose, we rewrite the Born-Oppenheimer surface:

1

EOII (X) = va

/ Pr'EY (X + 1/, Xo + 1, o, Xpyion +17) (3.41)

where X = (X1, X3, ...X yion ) denotes the configurational vector of the ions (Sec. 2.2) and r’ denotes
an uniform translation of the structure (with respect to the FFT mesh). The integration in Eq.
(3.41) performs an average (smoothing) over the vozels of the FFT mesh. The voxels are defined
as the volume Q¥* spanned by the vectors, which connect a point of the R-mesh (real space FFT
mesh) with its next nearest neighbors lying in the three lattice directions. This definition of the

Born-Oppenheimer energy is “wiggle-free”:
EYX)=E" (Xy4+r,Xy4r,..., Xy +71), (3.42)

since the wiggles are periodic with the voxels of the FF'T mesh. Therefore, we may remove the XC
wiggles from the calculation by computing the Born-Oppenheimer energy (and accordingly all its
derivatives) corresponding to this new definition.

To explain the method of determining Eell(X)7 it is recalled that the XC wiggles are exclusively

"Increasing the cutoff energy or the FFT mesh size is actually often spuriously assumed to be a proper solution for
the XC wiggles problem. We remark that, in principle, an extremely high cutoff energy of several thousands of
Ry would indeed allow to effectively reduce the wiggles. However such high cutoff energy is not a viable option
for reasons of computational efficiency.

67



3 Implementation

caused by the XC part of the Kohn-Sham Hamiltonian, since all remaining contributions to the
Kohn-Sham Hamiltonian are linear in the electron density and therefore invariant with respect to
the position of the FFT mesh. Therefore, the correction has to be performed only for the XC
contributions, i.e., XC potential and the XC energy:

, 1

V<R) = o / . dAr'V(R;r'), and (3.43)
, 1

e (R) = = /Vx dB3r'eC(R; ). (3.44)

Here, V*(R) and ¢ (R) denote the “wiggle-free” XC potential and energy at mesh point R,
respectively, and V**(R;r’) and €*“(R;r’) denote the “wiggled” quantities, which arise from a shift
r’ of the atomic geometry with respect to the FFT mesh. To evaluate the quantities V*¢(R;r’) and
e“(R;1’) at first the electron density is shifted on the R-mesh:

nMR) = (expiGR +1')n(G)) . (3.45)
G

Then the XC energy and potential are calculated for the shifted charge density:
Exgshift(R) ch,shift(R) (3.46)

and finally these quantities are “shifted back”, by performing a translation along —r’ | to obtain the
needed integrands of Eq. (3.43):

VERY) = Y <exp(iG(R - r’))VXC7Shift(G)> , and (3.47)
G

SR = Z (exp(iG(R - r'))eXC’Shift(G)) . (3.48)
G

Here, V*¢shift(GQ) and e¥shif(G) are the G-mesh expansions corresponding to V*¢shif*(R) and
eXC’Shift(R), respectively. To sample the volume 2Y* we have tested a couple of simple schemes. The
scheme, which has been found to be most systematic, is to generate the points r’ on a sub-mesh,
in which the sampling points are separated by a n'' fractional of the voxel dimensions.® Thus for
n = 2 the voxel is sampled by 8 points, for n = 3 it is sampled by 27 points etc. In the following
this scheme will be denoted as n-fold averaging of the XC wiggles.

The smoothing scheme has to be applied self-consistently for each step of the electronic minimiza-
tion scheme. However, it is most effective to first fully converge to the “wiggled” BOS, and then,
perform 3-5 steps applying the smoothing scheme, to obtain the “un-wiggled” BOS. The smoothing
scheme increases the required computation time by a factor of approximately 1.5 for the 2-fold

smoothing and a factor of approximately 4 for the 4-fold smoothing.

8This particular scheme is equivalent to representing the XC-contributions on a n-fold larger mesh with respect to
the minimum FFT mesh. The averaging corresponds then to skipping the high Fourier coefficients in reciprocal
space. The advantage of the smoothing scheme developed here in this regard is that it requires less memory.
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Figure 3.5: a) Maximum error in the harmonic frequencies, |Aw|max, for the poly-glycine 3;¢p-helix ,
if the dynamical matrix is determined in a Cartesian basis, i.e., by means of the standard
finite difference scheme (Eq. (3.36)), plotted with respect to the atomic displacement,
As. The plot shows |Aw|max for the high frequency vibrations with w > 3000 cm™!
(red line), for the mid frequency interval with 200 cm™' < w < 3000 cm™! (green

line) and for the low frequency vibrations w < 200 cm™! (blue line). The reference
values to determine the error are taken from the calculation with As = 0.01 Bohr.
b) Corresponding error, if the dynamical matrix is determined in the eigenbasis of the
matrix K°(¢ = 0) (Eq. (3.55)), plotted with respect to the convergence parameter E™#*,
as defined in Eq. (3.51). The calculations for both a) and b) have been performed by
means of the SCCDFTB approach (Sec. 6.2.2) since they are computationally rather
demanding.

The application of the smoothing scheme significantly reduces the impact of the XC wiggles.
Already the 2-fold smoothing reduces the amplitude of the wiggles in the total energy of the carbon
atom by several orders of magnitude (Fig. 3.4b). Consequentially, also the wiggles along the
acoustical eigenmode of the peptide chain are reduced (Figs. 3.4c and d). Hence, we expect in
general a significant improvement for the calculation of the vibrational spectrum of the peptide

chain.

3.4.3 The TSR scheme

As expected, a significant reduction of the numerical noise is observed if the dynamical matrix is
calculated by using a 2-fold smoothing of the XC wiggles (Fig. 3.3b). For the vibrational branches
with w > 200 cm™! the numerical error largely disappears. For the vibrational branches with
w < 200 cm ™! the error is reduced by an order of magnitude. Nevertheless, the remaining error is
still too large in terms of an accurate thermodynamic analysis.

Performing equivalent calculations with a 4-fold smoothing of the XC wiggles does not improve
sufficiently the accuracy and using an even denser smoothing mesh than 4-fold makes the com-
putational effort too high. Therefore, an alternative approach to further increase the accuracy is

required.
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Refined calculation of the dynamical matrix in its eigenbasis

An option to reduce the numerical noise in the calculation of the dynamical matrix is to use large
finite displacements As for the evaluation of the finite differences quotients (Eq. (3.38)). Following
this strategy does increase the ratio of the “physical” force response with respect to the “noise” part
and consequently leads to numerically stable results. However, large displacements also introduce
uncontrollable, artificial anharmonic contributions (Fig. 3.5a) since the equality of the Eqs. (3.37)
and (3.38) is violated. In other words, in the Cartesian basis the necessary limitation to the harmonic

regime does not allow to efficiently follow this option.

However, let us define As™®* as the maximum displacement, which still maintains the equality
of the Egs. (3.38) and (3.37). In Fig. 3.5a we show that As™®* is significantly larger for the low
frequency region (Fig. 3.5a, blue line) of the vibrational spectrum, than it is for the high frequency
region (Fig. 3.5a, red line):

w1 >wy = As"(wy) < As™M(wy). (3.49)

To understand this dependence, we introduce, as a very simple model, an infinitely long, one-
dimensional chain of atoms, which is linked together exclusively by nearest neighbor bonds. Two
deformations of the chain segment are considered: i) a deformation s®, which exclusively stretches
a single bond of the chain and ii) a collective deformation s!, which stretches all the bonds of a
finite, N-atomic segment of the chain by the same value. Let As™®% he the maximum possible
displacement for the single-bond deformation. Then the maximum displacement As™®! for the

collective bond deformation is:

Agmasl — (3.50)

It follows that the energy E™?®* arising to the maximal displacement is the same for both displace-

ments:

max __ 1 1 max,l 2_ 1 S max,s\ 2
B = (As ) = Sk (A2, (3.51)

where k' and %k are the harmonic force constants corresponding to the collective deformation and

the single bond deformation, respectively:

0’E O’FE
1 S 1
k = 8(81)2 and k = W = Nkf . (352)
Thus we have |
As™Max, ks
Agmas = 7 (3.53)

and hence we may explain, by considering k' > &% and w(k) ~ const- vk, the observation formulated

in Eq. (3.49), i.e., that As™®* is larger for the low frequency branches of the peptide chain than it
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is for the high frequency branches?.

Even more important, we may employ these findings to improve the accuracy of the vibrational
analysis: The idea is to take the displacements of the peptide chain not from the Cartesian basis but
rather from an adapted basis, in which the collective (low frequency) deformations are decoupled
from the single-bond (high frequency) deformations. Then we use a constant energy AF, instead
of a constant displacement As, for displacing each degree of freedom to re-calculate the dynamical
matrix. As a consequence we may use larger displacements for the low frequency branches as for

the high frequency branches — and hence reduce the impact of the numerical noise.

To apply this idea, we at first rewrite Eq. (3.51) to derive an explicit expression for the choice of

max.

As™ (k) = 4/ 2Ek . (3.54)

Here k is a force constant, i.e., the second derivative of the energy with respect to a given (and

a proper adapted displacement As

properly chosen) displacement, and As™#*(k) is the maximum displacement along that direction.

Then we derive a new set of displacement vectors. These have to be taken from an orthonormal
basis, which on the one hand effectively decouples the collective deformations of the peptide chain
from the single-bond deformations and on the other hand can be obtained from the Cartesian
displacement basis by a unitary transformation. A basis, which meets these two requirements, is

given by the eigenvectors of the symmetry reduced Hessian matrix at the I'-point

nmax

K'(p=0= Y Kn), (3.55)

n=-—nmax
Since a first guess for the Hessian matrix is required to apply this scheme, we have to perform a
preceding calculation in the Cartesian basis (details below) for getting such guess. Provided we have
performed this preceding calculation, a new Hessian is calculated by displacing the atoms according

to the eigenvectors X of K¢ (p = 0) of the guessed Hessian matrix, thus:

~ B 82Eel
KW = x0exm) (3.56)
_ 95 (3.57)
0X;(0)
Fit — Fi-
m (3.58)

Here k; denotes the eigenvalue of K¢(¢ = 0) corresponding to the i*® eigenvector and the finite

displacement A3(k;) is obtained from Eq. (3.54). This matrix can be transformed to the refined

9To be exact: The frequency does also depend on the reduced mass corresponding to the vibrational eigenmode.
This dependence plays, however, a minor role in this context.
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Figure 3.6: a) Vibrational frequency for the three lowest branches of the poly-L-alanine FES at
¢ = 90°, and, b) vibrational free energy per peptide unit at 300 K, for five different
rotational alignments of the structure relative to the FFT mesh. Shown are the values
after the first (dotted lines), the second (dashed lines), and the third refinement stage
(solid lines) of the TSR scheme. The (arbitrary) reference value for the free energies is
here the free energy for the first structure.

dynamical matrix:

D¢(n) = M~ 2UTKe(n)UM /2, (3.59)

where U is a unitary transformation and contains the eigenvectors of K¢ as columns and M is a
diagonal matrix containing the ionic masses. The parameter E™** in Eq. (3.54) has to be taken as
large as possible to facilitate the maximum possible stability of the obtained vibrational spectrum
against numerical noise and as small as necessary to prevent the influence of uncontrollable, artificial
anharmonic contributions. An exemplary convergence check for £™#* is shown in Fig. 3.5b. The
ratio \/W is typically about 5-10 for the peptide chain. Thus a 5-10 times larger displacement
can be used for the low frequency branches if displacements in the eigenbasis of K% (p = 0) are

employed instead of the displacements in the Cartesian basis.

The three stages of the refinement scheme

In order to effectively decouple the low frequency modes from the high frequency modes, prior
knowledge about the system is required, i.e., a first guess for the dynamical matrix. For this reason
the refinement calculation is embedded in a three stages scheme.

In the first stage the dynamical matrix is calculated by means of the standard finite differences
procedure as described in Eqgs. (3.36-3.38). Here a 2-fold smoothing is used to reduce the XC
wiggles. The remaining numerical error in the frequencies after the first stage has been estimated to
be about 15 ecm~! (Fig. 3.6a, dotted lines). The corresponding error in the vibrational free energies
is 0.8 kcal/mol (per peptide unit) at 300 K (Fig. 3.6b, dotted lines).

In the second stage the dynamical matrix is (re-)calculated by means of the refinement procedure

as described in Eqgs. (3.55-3.59). It is usually sufficient to perform the second refinement stage
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only for eigenvectors corresponding to the 5-10 lowest eigenvalues of D¢(¢ = 0), which corresponds

to the vibrational frequencies with w < 300 cm™!.

Thus the computational effort of the second
refinement stage reduces to about 30 percent of the computational effort of the first stage. The
accuracy after the second stage is significantly improved compared to the first stage: For the
vibrational frequencies the maximal error is about 10 cm™!(Fig. 3.6a, dashed lines), the error in
the corresponding vibrational free energies at 300 K is reduced to about 0.2 kcal/mol per peptide
unit (Fig. 3.6b, dashed lines). However, for some specific applications, for example for a comparison
of the relative thermodynamic stability between the helical conformations the accuracy is still not
sufficient.

The remaining error is exclusively located in the low frequency branches with w < 100 em™.
To further improve the accuracy, it is therefore sufficient to focus on this part of the vibrational
spectrum. In the third stage of the TSR scheme such low frequencies are re-calculated by directly
sampling the Born-Oppenheimer surface (BOS) along the corresponding vibrational eigenmodes

ngell of the dynamical matrix D!
DceHLquH — wZZLgell‘ (360)

Here, the superscript “cell” refers to the dynamical matrix and eigenvectors in the real-space notation
corresponding to the supercell (see Appendix, Sec. 6.6.2).

To sample the BOS we use here a 4-fold smoothing of the XC wiggles, in contrast to the stages
one and two, where a 2-fold smoothing has been used. The BOS is sampled along the eigenmodes
at five equidistant points and the frequencies are obtained by means of a harmonic fit through these
five points. The maximum error in the vibrational frequencies after the final stage of the TSR
scheme is about 3 cm™! (Fig. 3.6a dotted lines, and Fig. 3.3c). The error in the corresponding
vibrational free energies at 300 K is about 0.03 kcal/mol per peptide unit (Fig.3.6b, dotted lines).
This numerical accuracy is sufficient, but also necessary to perform a meaningful thermodynamic

stability analysis of the peptide chain.

3.4.4 Sum rules and long-wavelength limits

The symmetry reduced dynamical matrix D¢(¢) (Eq. (3.34)) and the phonon dispersion relation are
thus determined using the dynamical matrix D¢(n) that was obtained by means of the TSR scheme.
Despite the effort that has been paid to reduce the numerical noise in the dynamical matrix, still
a problem remains, which appears for the acoustical branches at the long-wavelength limits ¢ — 0
and ¢ — £0. These branches are not exactly zero at the long-wavelength limits,; as they should
be according to the geometrical sum rules (Sec. 2.6.4). Further, the asymptotic behavior is rather
discontinuous and “unphysical” (Fig. 3.7a, dotted lines).

To solve this problem, first the noise is eliminated directly at the long-wavelength limits by
applying the sum rules, as is explained in the Appendix (Sec. 6.6.3), which, by construction, makes
the long-wavelength limits equal to zero. However, the problem still remains for the asymptotic

behavior of the acoustical branches in the proximate surrounding of the long-wavelength limit. In
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Figure 3.7: a) Acoustical branches, as calculated for the poly-glycine 31p-helix: with (dashed lines)
and without (dotted lines) applying the geometrical acoustical sum rules (Eq. (6.69)). b)
Acoustical branches after Eq. (3.34) has been replaced by a spline interpolation for the
long-wavelength region of the acoustical branches (solid lines). The negative frequency
axis in the plot has been chosen to plot the imaginary frequencies. c) Slopes of the
first (blue line) and second (black line) acoustical branch at the long-wavelength limit

i — 0 plotted against the number of helix turns, n

, included in the supercell. d)

Corresponding plot for the curvature of the first acoustical branch at the long-wavelength

limit ¢ — ©.
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particular the first vibrational branch is problematic in the region close to © (Fig. 3.7a and b,
dashed lines). To solve this problem the acoustical branches as given by Eq. (3.34) are replaced by
a cubic spline interpolation in the proximate surroundings of the long wavelength limits (Fig. 3.7b,
solid lines). The boundary values of the spline interpolation are chosen to smoothly migrate into
the interpolation of Eq. (3.34) on the one side and to meet the long-wavelength conditions on the

other side.

To verify the validity of the interpolation scheme, we have performed respective convergence
tests for the long-wavelength limits of the acoustical branches using the SCCDFTB approach (Sec.
6.2.2). As a test system we chose the poly-glycine 319-helix. Figs. 3.7c and d show the long-
110,

twns ipcluded in the supercel

wavelength limits plotted against the number of helical turns, n
A smooth and monotonous behavior is observed for n®™™% > 3 which verifies the reliability of the
used interpolation scheme. We remark that the long wavelength limits are not completely converged

turns — 6 which is supposed to be due to long-ranged (cooperative) effects accompanying

even for n
the acoustical branches. However, it was found to be sufficient to include only three helical turns
in the supercell to achieve convergence in the thermodynamic properties (details in the Appendix,

Sec. 6.1.1).

3.4.5 Griineisen-Mie equation of state

To investigate the thermal expansion of the peptide chain with respect to the helical parameters L
and O and the corresponding corrections in the free energy, the Griineisen-Mie equation of state
(Eq. (2.122)) is solved for a given temperature 7' (and pressure p = 0). To solve Eq. (2.122) the
quasi harmonic free energy surface (Eq. (2.119)) is completely parametrized. The Eq. (2.122) can
then be solved in a post-processing stage without the need to perform any further DFT calculation.
In a previous project it has been found that the coupling of the two lattice parameters in the BOS

is negligible [50]. Thus it is a valid approximation to parametrize the BOS as follows:
gligible [50] pp p
ECI(L, 0) = ECI(LO, ©p) + EM (L) + EM™M(O), (3.61)

Here Lo and ©g are the helical parameters corresponding to the local minimum of the PES and

E™ ™ are Murnaghan functions:

k¥x / o xo .\ o’
[Erourn — Tl — =) (= —1 .62
(@) = g [ = ) = (2 1], (3.62)
with z being either L or © and:
. d*E°(L,0) o dk®
k - $T7 ]{: - %- (363)

1We expect n™"™ to be a suitable control parameter to monitor the quality of the interpolation scheme at the long
wavelength limits, since the extend of the interpolated region of the long-wavelength limit can be systematically
reduced by increasing this parameter ( n™ in Eq. (3.34) is proportional to n"™®).
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The free parameters of the Murnaghan equation are optimized to fit the (L, ©)-PES in the vicinity
of the local minima corresponding to the various equilibrium conformations of the peptide chain.
The Murnaghan function has been found to accurately reproduce the BOS in the region, in which
the thermal expansion takes place.

The vibrational free energy FVI*(L,©) is parametrized within the framework of the Griineisen
theory, i.e., by means of linear Griineisen parameters (Eq. (2.121)). The linear Griineisen parame-
ters for the L-dependence and the ©-dependence are determined for each phase angle ¢ by a finite

differences approach:

ey Owile)  _wilr+Ar) —wi(z—-Az) x
i) = - or  wily) 2Ax wi(p)’

(3.64)

where x can be either L or ©.

3.5 Thermodynamic integration

In the previous sections we have described how the electronic groundstate and the vibrational
properties of the peptide chain in the (quasi-)harmonic approximation have been obtained. Going
now beyond the harmonic approximation to include also anharmonic effects constitutes a further
significant extension of the methodology applied in this study, since it enters the field of molecular
dynamics simulations, as will be described in this section. Following Eqs. (2.126-2.127) the free

energy including all anharmonic effects is given by:

A=1
FNTLL0) = (L) + [ <8U—W> , (3.65)
A=0 (22 \,©,L,T
where:
UNX)=AES(X)+(1-N)X K- -X (3.66)

Here, Fharm(T,L,Q) is the free energy in harmonic approximation, X denotes the atomic con-
figuration, Egl(X) denotes the Born-Oppenheimer surface, and K is the Hessian matrix (,i.e., the
Born-Oppenheimer approximation in harmonic approximation).

To determine the anharmonic correction several steps have to be performed: Most important, the

(2w s

is required for a (sufficiently large) number of A values. Having a proper scheme to determine them

acquisition of the statistical average

is of crucial importance for the efficiency of the thermodynamic integration, as is discussed in Secs.
3.5.1-3.5.3. In Sec. 3.5.4 we present the scheme we implemented for this purpose, i.e., the Langevin
dynamics (LD). A crucial point for the efficiency of the LD simulation is the choice of the friction
parameter — in Sec. 3.5.6 it is discussed how the optimum friction parameter has been found.

The schemes to determine the correlation time from a Langevin dynamics run and to parallelize

a Langevin dynamics run are described in the appendix (Secs. 6.3.2 and 6.3.3, respectively).
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3.5 Thermodynamic integration

3.56.1 Thermodynamic averages

For performing a thermodynamic integration the main computational task is to calculate the ther-

modynamic averages <8%(;‘) >>\ for a given coupling parameter A. In the field of computer simulations

thermodynamic averages are commonly calculated from a finite series of data points:

o YA
A== 3.68
= (3.69)
Here, the index n counts a total number of N microscopic states X, of the system and A,, = A(X,,)

is the observable of interest.

We assume that the series {X,,} has been extracted from the canonical ensemble corresponding
to the system of interest. Canonical means here that the simulation scheme would, in the infinite

limit, generate the canonical ensemble corresponding to the system. Then we may write:

(A) = limy_s0 A4, (3.69)

i.e., in the infinite limit the geometric average of the observable over the series {X,,} corresponds
to the true thermodynamic average (A). In any case of a finite series {X,} the corresponding
geometric average deviates from the true thermodynamic average within a certain statistical error

bar. More precisely (A) falls within the range of values

(A) :ZiaN%, (3.70)

with a probability that depends on apy, where ay is a parameter of the Student’s distribution for
N — 1 random variables'' and s? is the variance:
N —\ 2
2 _ Dn=1 (An — 4)

= . 71
s N1 (3.71)

We remark, however, that in practice, for many simulation schemes a properly long equilibration time
is required to approach the thermal equilibrium. This ensures that the measured thermodynamic

average is independent of the initial conditions of the simulation.

Besides the thermal equilibration, a further fundamental prerequisite for the Eqs. (3.67) and
(3.69) is the statistical independence of the individual quantities A,. This demand is not at all
trivial. In most applications the data points stored in the series {X,,} are highly correlated with
each other and consequently only a small portion of the output may be used for “production”, while a
major part must be “thrown away”. It is in fact one of the main challenges on an efficient simulation
scheme to, if possible, reduce the correlation length of the output data set. The correlation length
is defined as the distance from a data point in the series {X,} beyond which there is no further

correlation of the physical observable associated with that point.

A complete table for the a’ys ranging from N = 1...co and confidence intervals of 75% to 99.95% can be found for
instance on http://en.wikipedia.org/wiki/Student’s t-distribution.

7



3 Implementation

3.5.2 Choice of the simulation scheme

To generate a finite series {X,,} of configurations representing the thermodynamic ensemble various
different schemes have been developed in the past. These schemes can be roughly divided into two
classes: the first class is given by the Monte Carlo (MC) schemes (MC) and the second class is
given by the molecular dynamics (MD) schemes. A strict division is not possible, since, in many
cases, schemes of the one class are extended by elements characterizing the other class. However, a
brief introduction of the most rudimentary forms of MC and MD, respectively, is helpful to explain
the main challenges towards an efficient simulation scheme to determine thermodynamic ensemble
averages.

Monte Carlo schemes emphasize the importance of randomness for the canonical ensemble. Here,
the series {X,,} is generated exclusively through random numbers. A pure Monte Carlo scheme has
the advantage that the generated series of microstates is (by definition) completely de-correlated.
However, it has the disadvantage that it neglects any prior knowledge of the system in form of
the potential energy function. The majority of systems generated by MC thus have an energy
very different from the average value, therefore a major part of the computational time is wasted
in calculating these microstates. This is expressed in a very large variance (Eq. (3.70)) on the
calculated thermodynamic averages. MC schemes are therefore usually connected with importance
sampling methods, as e.g. the Metropolis-Hastings algorithm [118].

In contrast to Monte Carlo schemes, Molecular dynamics schemes emphasize the importance of
the potential energy function, i.e., the physical coherences characterizing the system. The series
{X,} is generated based on solving the Newtonian equations of motion. Thermal fluctuations
are generated either, in the case of deterministic dynamics by connecting a thermostat or a chain
of thermostats, [119, 120, 121], or, in the case of stochastic (Langevin) dynamics by introducing
a random force (more details in Sec. 3.5.4). Molecular dynamics schemes usually generate highly
correlated data series, in contrast to Monte Carlo schemes. Thus, a major part of the computational
time is wasted in de-correlating the time series. However, they have the advantage to implicitly
contain importance sampling, i.e., the MD trajectory is automatically biased towards conformations
that are significantly populated at equilibrium. Another advantage is that in case of self-consistent
field approaches (like DFT) the strong correlation of the successive elements in {X,,} enables the
application of efficient extrapolation schemes for the electronic wavefunction and/or electron density,
which significantly reduces the effort in the electronic loop (Sec. 3.5.5).

We have therefore decided to implement a MD type algorithm to determine the thermodynamic

averages.

3.5.3 Comparison of Nose-Hoover dynamics and Langevin dynamics

We have implemented two different MD schemes and compared with one another: the Nose-Hoover
dynamics [119, 120, 121| and the Langevin dynamics. The Nose-Hoover scheme corresponds to a
standard deterministic molecular dynamics schemes, in which the canonical ensemble is realized by
means of (thermal) oscillations of the total energy, as triggered by a thermostat (see Ref. [111] for

more details). In contrast, the Langevin scheme corresponds to a stochastic molecular dynamics
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Figure 3.8: The statistical averages <%—[){>)\ along the thermodynamic integration path determined

with Langevin dynamics (black lines) and Nose Hoover dynamics (red lines). As test
system a poly-glycine FES and the SCCDFTB potential was used. Shown are the
statistical averages after simulation times of 1 ps (dotted lines), 2.5 ps (dashed lines),
and 50 ps (solid lines).

scheme, i.e., the canonical ensemble is here realized by means of a stochastic random force. We
remark that the latter approach shows a dramatic increase in the computational efficiency as com-
pared to the former scheme. This is demonstrated in Fig 3.8 for an exemplary test system, i.e., the
poly-glycine FES (as potential we used the SCCDFTB approach , see Sec. 6.2.2): The statistical
averages are much more rapidly converging for the Langevin dynamics than for the Nose-Hoover
dynamics. In particular, for potentials U()) with strong harmonic contributions, i.e., where A\ < 0.3
we could not equilibrate the system at all, when using Nose-Hoover dynamics'?. The equilibration
and correlation times we obtained with the Langevin dynamics were, in contrast, largely indepen-
dent of A and for any A much shorter as the correlation times found for Nose-Hoover dynamics. We

thus decided to use the Langevin dynamics.

3.5.4 Langevin dynamics

The Langevin equations of motion are stochastic equations of motion:
miXp(t) = Fr(t) —vXr(t) + Ry(t), (3.72)

i.e., they correspond to the Newtonian equations of motion, extended by a stochastic force term
—7X1+R1, where Ry is a random force, generated by a Gaussian distribution, and - is the so called
friction parameter and will be discussed further below. One can show by means of the fluctuation

dissipation theorem that the phase space trajectory of the Langevin equations of motion corresponds

2This problem is related to a well known deficiency of the Nose-Hoover scheme: it is not ergodic for harmonic
oscillators [120]. The problem can be solved by using so called Nose-Hoover chains [122]. However, this scheme
has not been implemented for this project, since satisfying results were already obtained by the Langevin dynamics.
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to the classical canonical ensemble, provided the random force satisfies at any time the relations:
(R;) = 0and (R}) = 6NkpT. (3.73)

Here, (R;) and <R%> denote the mean value and the variance of the time evolution of the random
force, respectively, and N denotes the number of atoms.
The Langevin dynamics may thus be used to evaluate the canonical thermodynamic averages
%—g%\ (see Eq. (3.67)). However, the Langevin equations of motion are based on a classical picture
of the motion of the ion cores. Thus quantum mechanical effects (like zero point vibrations) are
completely excluded. The approach is therefore invalid for low temperatures and it has to be (and

will be) verified that the temperature at which it is applied falls into the classical regime.

3.56.5 The BBK scheme

To integrate the Langevin equations of motion the van-Gunsteren-and-Berendsen (vGB) -scheme
[123] has been implemented. This algorithm is, like any other molecular dynamics integration
scheme, based on a discretized treatment of the time evolution, i.e., a finite time step At. The
integration of the physical forces in this algorithm is equivalent to the integration of the forces in
the Verlet algorithm, which is a widely used and efficient integration algorithm for deterministic
MD. This implies that the (vGB)-scheme is symplectic and thus stable for long simulation times.
Further, the size of the finite time step At applied to integrate the equations of motion is only limited
by the fastest oscillation of the system, but not by the stochastic fluctuations. For our simulations
we have used a timestep of At = 1.8 fs, which corresponds to about a fifth of the oscillation period
of the Hydrogen stretching modes, which are the fastest oscillations in the peptide chain.

The explicit formulas of the vGB-scheme can be found elsewhere [123]. Instead, we restrict on
outlining the integration algorithm as described in Ref. [123]. A single iteration in the integration

cycle is divided into five steps:

1. Assume that, for the actual time step ¢,, the atomic positions X(¢,), and X(¢,—1), the random

rnd

variables X™4, (¢,,_1, At) ' and the Hellmann-Feynman forces F(t,,_1) are known (from the

previous time step). In the first step of the iteration use X4, (0, At) = 0.

2. Evaluate the Hellmann-Feynman forces F(¢,) = F(X(t,)).

3. Compute the derivative of the Hellmann-feynman forces from:

F(tn) = [F(tn) — F(t,-1)]/At. (3.74)

4. Sample the random variable Y from a Gaussian with zero mean and a width according to Eq.

13In order to be consistent with the previous chapters the notation used here slightly deviates from the notation
used in Ref. [123]. We use capital X’s to describe atomic positions, whereas Ref. [123] uses small x’s. Further
we mark the random variables with a super-scripted 'rnd’, whereas Ref. [123]| uses capital X'’s to describe the
random variables.
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(2.15) in Ref. [123] and calculate the random variable:

G(vAt)
C(vAt)

X5 (b, —At) = X309, (£, At) +Y, (3.75)

with the quantities G(yAt) and C(yAt) from the Egs. (2.17) and (2.18) in Ref. [123],
respectively. Sample X™4(¢,,, At) from a Gaussian with zero mean and a width according to
Eq. (2.12) in Ref. [123]. Note that the widths of the Gaussian distributions generating the
above random variables are functions of the temperature 7', the friction parameter v and the

time step At. Calculate the new ionic positions

X(tnt1) = X(tn) (14 exp(—7At)) — X(t,—1) exp(—vAt)
M™F () (A1) (vA) 7! (1 — exp(—1))

. 1
M™'F(t,) (A1) (yA) 2 <§7At (1+ exp(—ryt)) — (1 — exp(—’%)))

X4 (4 AL) + exp(—y A X (t,, —At). (3.76)

+ o+ o+

5. Calculate the velocities X(t,) according to Eq. (2.22) in Ref. [123] .

Note that in step (2) the ionic forces have to be calculated, which denotes (in case of DFT calcula-
tions) by far the most time consuming step of the iteration, since, in principle, a complete electronic
self-consistent loop has to be performed. A proper choice of the initial guess for the wavefunction
and the charge density is thus crucial. To improve the initial guess, a linear extrapolation scheme

for the wavefunction has been implemented [110]:

\I";z,k(X(tn—i—l)) = \Iln,k(X(tn)) + a(\I"n,k(X(tn)) - \I’n,k(X(tn—l))a (3.77)

where « is a fitted parameter that is optimized to minimize the quantity:
X (tnt1) = X' (tns1)] = [X(tnt1) — (L + @)X (tn) + aX(tn-1)]. (3.78)

By employing this extrapolation the computational effort is reduced by approximately a factor of
two compared to the case in which the initial guess is taken to be the converged wavefunction of

the preceding step in the LD simulation.

3.5.6 Choice of the friction parameter

The choice of the friction parameter v (Eq. 3.71) is crucial for the LD simulation. The value for
the anharmonic corrections to the vibrational free energy, AF®" may converge to a wrong value if
~ is chosen from an unfavorable interval'*. Moreover, the computational effort strongly depends on
~. Thus the value of v should be adequate, to save computational resources, but such that the LD

simulation converges to correct values.

"In principle, the value of AF®" should converge to the same, correct value for any choice of A. However the
calculation shows that this is not the case in practice, as is discussed below.
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Determination of a validity region of the friction parameter
To determine the validity region for v, we have performed two LD simulations for the poly-glycine
FES as a representative test system. In both simulations the reference thermodynamic state cor-
responds to the harmonic potential as calculated within the SCCDFTB approach (Sec. 6.2.2),
whereas the target thermodynamic state is chosen to be different in the two simulations: For the
first simulation (Fig. 3.9a) the harmonic potential rescaled with a factor of 0.8 is used as target
potential, whereas for the second simulation (Fig. 3.9b) the “real” SCCDFTB potential is used.

We start with the discussion of the first simulation. Here, the free energy difference AF?® can
be calculated exactly, since both, reference and target potential are harmonic. Further, we may, of
course, determine AF2" with the thermodynamic integration. Fig. 3.9a shows, however, that only
for a friction parameter with

vy<1 (3.79)

the value for AF2" converges to the expected value: When ~ is not taken from this interval, the
simulation does not converge to the expected value even after 10 simulation steps (Fig. 3.9a, black

line). This behavior can be understood in terms of the ‘collision frequency’ ( :
¢ =~/M°. (3.80)

Here M is an effective mass and may be identified with the reduced masses associated to the
eigenmodes of the peptide chain. For the high frequency (hydrogen stretching) vibrations it holds
that M°® ~ 1. To transform the upper bound for the friction parameter Y™ =1 to a respective
upper bound for the collision frequency, we substitute 4y = 1 and M*T = 1 into Eq. (3.78) and
obtain (after unit conversion) an upper bound for the collision frequency of ¢™& = 3000 cm™!.
Hence the upper bound for the collision frequency (approximately) corresponds to the value for
the highest frequency vibrations of the peptide chain. We conclude that the validity region for ~ is
determined by the vibrational spectrum of the peptide chain. In other words, the collision frequency
triggering the random force in Eq. (3.71) must be in resonance with the vibrations of the system.
One may argue that the behavior for v > 1 in the first simulation could be an artifact due to the
fact that both, the target and the reference potential, are harmonic. However, qualitatively the
same behavior is observed also for the second simulation with the “real” anharmonic SCCDFTB
energy surface as target potential (Fig. 3.9b). Thus to obtain reliable results for the anharmonic
corrections to the free energy of the peptide chain, the friction parameter v has to be chosen such

that the collision frequency lies within the vibrational spectrum of the peptide chain.

Determination of the most efficient friction parameter
To determine the optimum ~ within the validity interval, first the total number of time steps of the
Langevin dynamics, 78™, required to reach convergence within a desired statistical error bar AF°T
is estimated. According to Eq. (3.69) AF™ is given by:

a’s

AFcrr — m (381)
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Figure 3.9: Anharmonic free energy contributions AFah = pab _ pharm at yo0m temperature,
as evaluated by thermodynamic integration for different friction parameters + in the
Langevin equations of motion (Eq. (3.71)) and for different simulation lengths: 103 steps
(blue lines), 10* steps (green lines), 10° steps (red lines) and 10° steps (black lines). The
reference potential is, in both a) and b) given by the harmonic potential as evaluated
within the SCCDFTB approach for a poly-glycine FES in a supercell containing four
peptide units. The target potential is different between a) and b): In a) the target
potential corresponds to a harmonic toy potential resulting from a rescaling (softening)
of the dynamical matrix with a factor of 0.8. In b) it is the “real” SCCDFTB potential
energy surface. The dotted lines denote reference values: In a) it is the expected free
energy difference in between the target and the reference potential as calculated from
the difference of the two harmonic potentials. In b) it is the best guess for the free
energy difference as determined after 10° simulation steps with v = 0.01.
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Here, a,, is the Student’s parameter, s is the variance as defined in Eq. (3.70), and 717 js the number
of statistically independent data points contained in a Langevin dynamics trajectory {X,}. Sub-
stituting 710 = (7IMA¢Max /eor) into Eq. (3.79), where 75™ is the number of required simulation

steps, At™# ig the maximum time step, and ¢ is the correlation time (see below), reveals:

[ o S sO)E()
VT AAF  Apmax C TApmax(n)

sim(

T (3.82)

The amount of computational time is proportional to 78™, hence we define the efficiency, v(7), as:
cor -1

() = (%) . (3.83)
The efficiency v(7) reaches its maximum for the optimum friction parameter. To determine this
point we have determined the three quantities t°°"(y) (Fig. 3.10a), s(vy) (Fig. 3.10b) and t™#*(~)
(Fig. 3.10c) for various =y values inside the validity region (Fig. 3.10). The variance s(vy) and
the correlation time ¢°°*(v) have been obtained by means of the method of minimum statistical
inefficiency [124] (see Appendix, Sec. 6.3.2). The quantity t™**(v) is taken as the maximum time
step at which the LD simulation is generating a stable trajectory.

For both simulations we found an optimum friction parameter of v ~ 1-1072 (Fig. 3.10d). The
corresponding collision frequency is located in the low frequency part of the vibrational spectrum
of the peptide chain. We conclude that, in order to obtain an efficient sampling of the part of the
phase space relevant for estimating the free energy, the random force must be in resonance with the

low frequency modes of the peptide chain. For all LD simulations of this project we have in the

following used the friction value v = 1-1072.

3.5.7 Generalized Simpson’s rule

Once the quantity %—g)A has been obtained for a sufficiently large number of A-values the free energy
difference between the reference (harmonic) and target potential is determined from Eq. (2.126).
To perform an efficient interpolation between the sample points of the integral in Eq. (2.126), it
is important to employ a scheme that incorporates the non-linear progress of the quantity <%—g>>\
Therefore, we employ the generalized Simpson’s rule [125] to integrate Eq. (2.126), which uses
quadratic polynomials for the interpolation. Using the Simpson’s rule, sampling <%—[){>)\ with only
five points is sufficient to reduce the error arising from the discretization of the integration to less
than 0.05 kcal/mol per peptide unit (at room temperature).

To distribute the sampling points for the integration in an efficient way, first a SCCDFTB calcula-
tion (Sec. 6.2.2) is performed for the system of interest using a very dense sampling mesh containing
more than twenty points. From this mesh the five most representative points are chosen'®. The

DFT calculations are then performed on the mesh containing these five most representative sampling

5The importance of a given sample point is determined by evaluating the absolute difference between the thermo-
dynamic integral calculated for the mesh without this sample point and the thermodynamic integral calculated
for the full mesh.
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Figure 3.10: Parameters and quantities with relevance for the efficiency of the Langevin Dynamics
simulation as a function of the friction parameter v: a) Correlation time t°, b) vari-
ance s, ¢) maximal time-step At™** and d) the efficiency as defined in Eq. (3.81).
These quantities have been determined for a poly-glycine FES in a supercell containing
four peptide units for the SCCDFTB potential (black lines) and for the corresponding
harmonic potential (red lines). In c) the red and black lines are superimposed.
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points.
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4 Results

Having discussed the relevant theoretical concepts underlying this study and their implementation,
we now focus on the presentation and interpretation of the results.

First, to validate the accuracy of our approach, we determine the phonon dispersion relation of
a prototypical system, the poly-L-alanine a-helix, and compare it to experimental literature data
(Sec. 4.1). Furthermore, the results for the a-helix are also compared to previous theoretical studies,
which were based on the force field approach.

The study is then extended to include the other two experimentally observed helix types, i.e, the 7-
and the 31¢-helix, and the unfolded conformations, i.e., the FES and the 27-structure. By calculating
the free energies in the harmonic approximation, thermodynamic trends for these conformations are
identified and key aspects of the stability ~whether a helix is stable at room temperature, and, how
the relative stability of the three helix types depends on temperature — are examined (in Sec. 4.2).

In Secs. 4.3 and 4.4 the thermodynamic trends are investigated in detail. An analytical ball-and-
spring model is introduced to analyze the three lowest vibrational branches of the peptide chain,
which determine the main part of the thermodynamic trends. By deriving explicit spring constants
for this model, the effect of the formation of the hydrogen bonding network on these vibrational
branches is evaluated and is compared with the effect due to the changes in the backbone stiffness
of the peptide chain. Moreover, analytical formulae are derived to describe the long-wavelength
limit of the acoustical branches. This description allows for a straightforward interpretation of the
thermodynamic trends and elastic properties of the helices.

In Sec. 4.5 the effect of the side chain is analyzed by studying the glycine peptide chains and
comparing the results with respect to L-alanine. According to the experimental results, glycine
is, in contrast to L-alanine, a weak helix former. To check whether these differences are due to
differences in the vibrational properties, a detailed comparative analysis between L-alanine and
glycine is performed.

Finally, in Sec. 4.6 the effect of anharmonicity is investigated. The thermal expansion for various
conformations is determined by applying the quasi-harmonic approximation. Moreover, anharmonic

corrections to the free energy are determined by means of the thermodynamic integration approach.

4.1 Phonons and specific heat of the a-helix

In Chapters 2 and 3, two basic approximations have been introduced to facilitate an effective descrip-
tion of the electronic structure of the peptide chain. These are the PBE functional to approximate
the exchange-correlation interaction and the pseudo-potential approach to approximate the inter-

action of and with the ionic cores. To correctly evaluate the results of this project, an estimation
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of the error in the description of the vibrational frequencies and thermodynamic properties of the
peptide chains due to these two approximations is inevitable. Therefore, we have computed in this
section the phonon dispersion and specific heat of the poly-L-alanine a-helix and compared it to
experimental values from literature'. We have chosen the poly-L-alanine a-helix for this compari-
son, since L-alanine has a high propensity to form helices (e.g. [27]) and thus offers the possibility
to synthesize long, regular helices (e.g. |56, 126]). Therefore, the according experimental results are
adequate for the comparison with the theoretical values for the infinitely long helix?.

Our study is not the first theoretical work on the poly-L-alanine a-helix. As mentioned in
the introduction (Sec. 1.6) previous theoretical approaches based on empirical force fields reveal
significant shortcomings in predicting the specific heat |55 of this system, implying substantial
errors in the low frequency vibrational branches. We therefore also compare our results to these

previous theoretical works to validate whether or not our approach gives rise to new insights.

4.1.1 Comparison to experimental frequency spectra

Both, vibrational and thermodynamic properties of the poly-L-alanine a-helix have been experi-
mentally determined in the past [55, 56, 126, 127, 128, 129]. We compare here to the results from
Lee&Krimm [56] who obtained their experimental data points from polarized infrared (IR) and
Raman spectra. They prepared oriented films of poly-L-alanine helices, either on a AgCl plate (for
the measurements from 500-4000 cm™!) or on a glass slide (for the measurements with w < 500
em~!). The residual solvent (dichloroacetic acid) was removed from the film by extraction with
diethyl ether or pure water followed by drying in a vacuum oven at 40°C. However, indications exist
that the drying was incomplete in the sense that residual solvent or water remained. This issue is
discussed below.

The comparison between our calculated phonon dispersion relation and the experimental results
of Lee&Krimm is shown in Fig. 4.1. Further, we have investigated the eigenmodes corresponding
to the vibrational branches. A classification of the corresponding eigenmodes is given in Tab. 4.2,
for a graphical illustration see appendix, Fig. 6.8.

Concerning the agreement of experimental and theoretical results for the frequency spectra we

have to differentiate between the 28 optical branches and the two acoustical branches of the helix.

Comparison for the optical branches

For the optical branches we find an excellent agreement of DFT with experiment, except for a
small, systematic red-shift of the DFT values (Fig. 4.1). We remark that such small systematic
discrepancies between ab-initio and experimental vibrational spectra are well known and have been
extensively discussed in the literature [130, 131, 132]|. It is thus a common practice in the field

of quantum chemistry to rescale the theoretical values with a single, universal scaling factor fr,

' A more direct way to validate the accuracy of the employed approach would be to compare our results with more
accurate theoretical approaches, e.g. coupled cluster, configuration interaction or quantum Monte Carlo at the
basis set limit. Taking this way is, however, not possible due to the lack of reliable benchmark data.

2According to Xie et al. the average molecular weight of poly-L-alanine samples used in experiment is 18 kD per
peptide chain, which corresponds to an average of 253 peptide units per peptide chain [126].
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Figure 4.1: a) Comparison of the phonon dispersion relation of the poly-L-alanine a-helix (solid
line for scaled frequencies, dotted line for un-scaled frequencies) to experimental data
of Ref. |56] from polarized IR (triangles) and Raman measurements (circles). The bold
numbers on the right hand side denote the labels for the vibrational branches as used
in the text and in Tab. 4.2. b) Comparison for the 4 lowest vibrational branches to the
results of Ref. [56]. Force field results from Ref. [56] are also shown (dashed line, from
Fig. 3 in [56]).
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‘ label ‘ type ‘ nomenclature ‘
1-2 acoustical branches -
3-9 backbone vs side group r or tr -
10 backbone t, N-H b Amide 5
11-13,17 backbone ¢ or b -
14-16 backbone or C, — Cgs, C, — Hb -
18,19 backbone s, N-H b Amide 3
20-23 Cg—Hb -
24 N-C s, N-H b Amide 2
25 C-Os Amide 1
26-29 Cs—Hs,Cy —H s Amide B
30 N-H s Amide A

Table 4.2: Qualitative classification of the vibrational branches based on an analysis of the corre-
sponding eigenvectors. Notation: s = stretch, b = bend, ¢ = torsion, r = rotation, {r =
translation. The amide nomenclature is according to Ref. [133]. A graphical illustration
of the vibrational eigenmodes is presented in the Appendix, Fig. 6.8.

which usually significantly improves the agreement between theory and experiment [132]. The
scaling factor depends on the employed ab-initio methodology, in particular the exchange-correlation
approximation and the employed basis set. Further, it depends on the degree of anharmoncity in

the respective vibrational modes. It usually falls into the interval:
0.95 < " < 1.05. (4.1)

For the PBE functional we have found an optimal scaling factor of f°" = 1.02 by fitting f" to
optimize the agreement between theoretical and experimental values. Rescaling the vibrational
spectrum with this factor (change from dotted to solid lines in Fig. 4.1a) makes the deviations

between experiment and DFT largely disappearing — the remaining error is smaller than 15 cm™!

for the entire optical spectrum of the helix, in most cases the error is even smaller than 10 cm™!.
Nevertheless, exceptions are found for the branches 10 and 11 with w ~ 700 cm ™, here the deviations
are about ~ 50 cm ™! and for the high frequency branches 26 to 30 with w ~ 3000 cm™! (Figs. 4.1a
and 6.8).

Let us first discuss the deviations for the branches 10 and 11: A possible explanation for the large
deviation of these branches is the existence of residual water in the experimental species investigated
by Lee&Krimm. In particular the Lo libration of liquid water at 686 cm™! [134] is in resonance
with these branches and is a candidate for perturbations of the corresponding helical vibrations.?
We now discuss the deviations for the branches 26 to 30 at w ~ 3000 cm™'. These branches

exclusively correspond to the hydrogen stretching vibrations in the peptide chain, i.e., the N-H

3This explanation is rather speculative, since the amount of residual water attached to the experimental species is
unknown. Nonetheless the explanation is feasible, since on the one hand no other resonances except that for the
Lo libration are found between the frequency spectrum of liquid water and the mid frequency spectrum of the
a-helix, and, on the other hand, no other branch from the mid frequency region except the branches 10 and 11
shows such a huge discrepancy between experiment and DFT.
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stretching branch (with id — 30) and C-H stretching branches (with ids — 26-29 in Figs. 4.1a and
6.8). In the following we call these five branches “high frequency branches”, while the remaining
optical branches with id 3 to 25 we call “mid frequency branches”. In contrast to the mid frequency
branches, the (un-scaled) theoretical values for the high frequency branches are not red-shifted but
blue-shifted by up to ~ 60 cm™! with respect to experimental data. Consequently, a rescaling
of the theoretical values with the factor f°" = 1.02, as has been derived above to optimize the
agreement for the mid frequency branches, leads to an “over’-correction for the high frequency
branches. To provide an understanding of this different scaling behavior, we recall that differences
between experimental and theoretical values are not only arising from the ab-initio error, i.e., the
approximated treatment of the electronic system, but also from anharmonic contributions, which are
not included in our calculations. The fact that a single factor accurately describes the scaling for the
mid frequency branches indicates that these vibrations are dominated by the ab-initio error, since the
ab-initio error is expected to behave rather systematically. In contrast, the high frequency hydrogen
stretching vibrations are expected to contain an “over-proportional” strong degree of anharmonicity,
which compensates or even exceeds the impact of the ab-initio error. Indeed it is well known that
stretching vibrations involving hydrogen atoms contain strong anharmonic contributions, which are
typically in the range of 100 — 200 cm~! (Ref. [135]) and most likely, due to the small hydrogen
mass, much larger than the anharmonic corrections in the mid frequency region.

To check for this possibility we have estimated the anharmonic corrections for the lowest lying
C-H stretching branch (with id=26) by means of a simple Morse oscillator model (see appendix,
Sec. 6.5). Indeed a strong anharmonic correction of Aw®® = —115 cm™! has been found. Based on

this shift we determine a correction factor ezclusively due to the anharmonicity:

wah

wharm

feomah — = 0.96. (4.2)

Further, we determine a correction factor ezclusively due to the ab-initio error:

wah

fcor,ab—initio — =1.03. (4.3)

WEXP

Thus, for the high frequency hydrogen stretching branches the correction factor f°r is dominated
by the anharmonicity rather than by the methodology to treat the electronic degrees of freedom,
verifying the above explanation.

The factor feorPFT=PBE — 1 03 is very close to the factor f¢ = 1.02 we found for the rescaling
of the mid frequency branches. This shows that the degree of anharmonicity is smaller for these
branches than for the high frequency branches and that the ab-initio error can be corrected by a

single, universal scaling factor.

Comparison for the acoustical branches
For the two acoustical branches the information available from the experiment of Ref. [56] is rather
limited. This is mainly due to a principal deficiency of the spectroscopic methods: In the IR- and

Raman spectroscopy only vibrational modes at special high symmetry points of the Brillouin zone
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(BZ) are optically active. In case of the a-helix the A-point at ¢ = 0° and the Eq-point at ¢ = ©
are both IR and Raman active; the Eo-point at ¢ = 20, which is degenerated with ¢ = 360° — 20,
is only Raman active®. Thus, the first acoustical branch is completely “invisible” to IR spectroscopy,
since it is zero at the two IR-active points A and E;. And Raman spectroscopy only marginally
resolves this branch at Eo. The complex, strongly dispersive shape for ¢ # Eo remains completely
in the “darkness”. For the second acoustical branch the situation is slightly improved, since, at
least in principle, IR and Raman spectroscopy could give information about its value at E; and
Es. According to the remarks in Ref. |56], however, even these few data points are in practice only
partially accessible, since the IR bands in this frequency region are very weak and only the Raman
bands are well determined. Thus Ref. [56] does not report any reliable experimental results below
the Raman active w(Eg) = 84 cm™! . With respect to this (only) available experimental data point
for the acoustical branches the DFT value is red-shifted by about 15 cm™?.

In principle the problems connected with the spectroscopic methods could be partially overcome
employing inelastic neutron scattering measurements (INS), since this method (approximately)
delivers the phonon density of states, i.e., the complete phonon dispersion relation integrated over
the reciprocal space. Nevertheless, we do not compare our results to any experimental results
from INS, since these studies [136, 137, 138| were not found to give any quantitative information
exceeding that given in the study of Lee&Krimm, neither with respect to accuracy nor with respect

to completeness.

Comparison to results from force field calculations

As mentioned in the introduction (Sec. 1.6), previous theoretical approaches based on empirical
force fields revealed significant shortcomings in predicting the specific heat [55] of the a-helix,
indicating substantial errors in the description of the low frequency vibrational branches. We now
compare our results to these data to check, whether our approach may help to gain new insights.

We note that the overall agreement of the empirical force field models [54, 55, 56| with experiment
is, for most of the optical active points of the vibrational Brillouin zone, similar to what we have
achieved with DFT. However, in contrast to the force field calculations, which by construction
reproduce the vibrational spectra at available experimental data points (since they are fitted to
reproduce these points), DFT calculations are free of any experimental input parameter. Therefore,
it is more interesting to check the accuracy of the force field models in the region not accessible in
experiment, i.e., away from the high-symmetry (optical active) points in the Brillouin zone. The part
of the vibrational spectrum in which deviations are most likely to occur are branches exhibiting large
dispersion and/or a complex shape of the w(y) dependence. Indeed, we find significant deviations
between DF'T and force field results for two types of such branches.

The first type is given by the vibrational modes most directly involved in the hydrogen bonds of
the helix, i.e., the Amide A, 1, and 2 branches (Tab. 4.2, Figs. 4.5 and 6.8, with index 30, 25, and
24, respectively). Particularly the dispersive splitting of the Amide A branch, which we find to be

“Here, © denotes the helical twist angle (see Sec 2.1).
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of the order of 32 cm™!, is completely absent in the force field calculations.

The second class is given by the two lowest branches, the acoustical branches, for which we find
significant shifts with respect to the force field calculations: Compared to the latter our data are
blue shifted by up to 25 cm™!, as shown for the force field results of Ref. [56] in Fig. 4.1b. Similar
differences we find, when comparing our results to the force field results published in Refs. [54, 55]:
Also the acoustical branches reported in these studies are strongly red-shifted with respect to the
DFT results.

4.1.2 Specific heat

As we will show in Sec. 4.3, the two acoustical branches primarily determine the temperature
dependence of the thermodynamic stability of the helix. Unfortunately, a direct validation of the
accuracy of the theoretical approaches (DFT and force fields) in predicting the dispersion of these
branches cannot be given due to the limited amount of experimental data (see above).

However, experimental data exist for a quantity that is determined predominantly by the low
frequency branches, i.e., the specific heat at low temperatures [139]. A comparison to these ex-
perimental data allows for an indirect validation of the accuracy of the theoretical approaches in
predicting the acoustical branches. Furthermore, it allows to check, whether the deviations be-
tween force fields and DFT for the acoustical branches give rise to changes in the thermodynamic
properties.

We have therefore calculated the heat capacity:

aUvib
= 4.4
cv = (%), (4.4

and compared this quantity to experimental data: Fig. 4.2 shows the calculated heat capacity
as function of temperature as obtained with DFT-PBE, together with experimental data [139]
for crystalline a-helical poly-L-alanine and results from force field calculations [54, 55]. We have
calculated the specific heat at constant volume, whereas the experimental values are reported for
constant pressure. However, the difference between these quantities is small for low temperatures
[55] and has thus been neglected.

For the following discussion we consider only the heat capacity for temperatures below 150 K.
For larger temperatures the experimental values show a drastic increase in the specific heat, which
has been reported to be an artifact of the experimental conditions, i.e., this increase is most likely
due to residual water molecules in the poly-L-alanine sample rather than due to the internal motion
of the poly-L-alanine chains [55]. A comparison for T' > 150 K is therefore not meaningful.

As can be seen in Fig. 4.2, the agreement with experiment is significantly improved for our
DFT results in comparison to the force field results. This implies that an improved description
in the acoustical branches has been achieved. It is, furthermore, interesting to note that DFT
and force fields exhibit not only a quantitative but also a qualitative difference in the behavior of
the specific heat: Force field models predict in the low temperature region up to =~ 50 K a linear

behavior (Cy ~ T'). Following the Debye law, this dependence is characteristic for a one-dimensional
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Figure 4.2: Specific heat of the poly-L-alanine a-helix: DFT values (solid line) compared to exper-
imental values (stars, [139]) and to force field calculations (dotted line, [54] and dashed
line, [55])

periodic crystal at low temperatures, whereas for two/three dimensional crystals a 72/T3 behavior
is predicted, respectively. The deviation of the experimental data from the linear behavior has been
thus interpreted by inter-helix couplings [55] in the crystal of poly-L-alanine, which were expected to
become important at low temperatures. However, our results clearly demonstrate that the deviation
from linearity is not due to inter-helix couplings, but an intrinsic property of the isolated a-helix
and results from the strong dispersion of the low frequency branches.

We conclude that a fundamental difference exists between the empirical force field studies |54,
55, 56] and our DFT approach regarding the treatment of the interactions that determine the low
temperature specific heat and the two acoustical branches. Later on in this chapter it becomes clear
that these shortcomings of the force fields are ultimately due to an insufficient characterization of
hydrogen bonding interactions. To fully understand the discrepancies between force field and DFT
results, it is, however, first necessary to understand, which interactions influence the low frequency
vibrations. The corresponding analysis and interpretations are given in Secs. 4.3-4.4 and in chapter

5, respectively.

4.1.3 Conclusions

To summarize this section, the calculated phonon dispersion relation for the poly-L-alanine shows
excellent agreement with the experimental data: A constant scaling factor close to 1 is sufficient
to obtain an agreement better than 10 cm™' for the main part of the vibrational spectrum. For
the high frequency hydrogen stretching branches the deviations between experiment and theory are
larger, mainly due to strong anharmonic contributions in the stretching modes involving hydrogen

atoms. Nevertheless, these contributions are negligible for the thermodynamic analysis in Secs. 4.3
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and 4.5, since they largely cancel out in the evaluation of quantities like differences in vibrational
free energies.

The comparison for the low frequency region is incomplete due to the lack of experimental data.
For the only available experimental data point the DFT value is red-shifted by 15 cm™'. A discus-
sion of this discrepancy between DFT-GGA and experiment remains speculative. Possible sources
are van-der-Waals attractions, which are not properly described by current exchange-correlation
functionals (Sec. 2.4.3) and could lead to a hardening of the low frequency force constants. Further
inter-helix interactions may occur in the experimental species, but are absent in our study.

However, the comparison to experimental data shows that first principles calculations, as per-
formed in this project, are crucial and allow an insight which has not been possible by previous
experimental and theoretical approaches. The comparison to previous empirical force field calcu-
lations, which are optimized by means of available experimental frequency data, shows that DFT
significantly improves the description of the low temperature specific heat. This implies that a sig-
nificant improvement has been achieved in predicting the acoustical branches, which in turn describe
the mechanical/elastic properties of the system and dominate the vibrational contributions to the
free energy, as will be shown in Sec. 4.3. Furthermore, since the resolution of the phonon-dispersion
relation of our approach exceeds experimental data (where only the high symmetry points A, F;
and Ey are accessible) the calculated data may be used to fit a new generation of force fields/model
potentials, which in turn will then contain an improved description of the thermodynamic properties
(free energy) of the peptide chain. An example for such a model potential will be presented in Sec.
4.4.

4.2 Stability analysis for poly-L-alanine

In the previous section we have shown that our approach accurately describes the thermodynamic
properties of the helix. We now intend to address the basic questions on the helix stability as raised
in the introduction (Sec. 1.3). First we focus on the poly-L-alanine chain and determine the free
energies of the thermodynamic phases corresponding to the three experimentally observed helix
types, i.e., the a-helix, the 7-helix, and the 31g-helix. Further included is the 27-structure, which
completes the study in terms of possible hb patterns and the FES which lacks hydrogen bonds and
serves as a reference system.

By evaluating the phase stability for these conformations we aim to answer the following funda-

mental questions:
1. Is the helical secondary structure motif intrinsically stable at room temperature?

2. How is the temperature dependence of the relative stability of the different helix types?

4.2.1 The fully extended structure as reference phase

A definition of the relative phase stability between two conformations is given in Eq. (2.56). For

convenience we define here the phase stability of the various conformations with respect to the
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Figure 4.3: a) Stability of the poly-L-alanine conformations with respect to FES as the temperature
increases (Eq. (4.5)). The dotted lines denote the numerical uncertainty (see also Sec.
6.1.1). The horizontal bars and the arrows at the left hand side of the curves denote the
static stability at 0 K and the zero-point vibrational corrections, respectively. T, is the
room temperature and 7T, is the critical temperature, at which the FES becomes more
stable than the helices. b) Differences in the vibrational free energy with respect to the
FES.

unstrained, fully extended structure (FES):

AFY(T) = Fs(T) — Frrs(T). (4.5)

Here, Fs(T) = F(T, Lg,©g) stands for the free energy per peptide unit of either one of the five
analyzed conformations (which are indicated with a subscripted ’S’) and Frgg(T) is the free energy
of the FES. Following the Born-Oppenheimer approximation (Sec. 2.3, 2.6.1) and the harmonic
approximation (Secs. 2.6.2) AFL(T) is given by:

AFLT) = AUZ + AFSP(T), (4.6)

where

AFSY = AUSP(T) — T« ASEP(T). (4.7)

Here, AUgl is the difference in total energy per peptide unit, Angb(T) is the difference in vibrational
free energy per peptide unit, and AS¥P(T) and AUYP(T) denote the differences in entropic and

enthalpic vibrational contributions to the free energy all with respect to the FES.?
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4.2.2 Phase stability at elevated temperatures

We start the stability analysis recalling the results for the static stability of the bulk phases at 0
K (Sec. 1.5%). According to these static contributions to the stability, AUE, (Fig. 4.3a, Fig. 1.5)
all three helical conformations are energetically preferred over the FES, owing to the formation of
hydrogen bonds. The same applies to the 27-structure, although the energetic preference is much
smaller for this conformation than for the helices (Fig. 4.3a). The a-helix is the global minimum
of the potential energy surface, thus it is the preferred conformation at 0 K with AU(‘;1 = —2.7
kcal /mol per peptide unit. The 7- and the 3;p-helix are almost degenerate to each other and higher
in energy than the a-helix by about 0.5 kcal/mol per peptide unit.

The zero-point vibrational corrections AUgib (arrows in Fig. 4.3) make the helical conformations
slightly less stable with respect to the FES by & 0.35 kcal/mol and the 27-structure by 0.2 kcal /mol.
However, the energetic ordering of the conformations remains. This result is consistent with the
findings reported for the a-helix in Ref. [59] (see also Sec. 1.6).

At finite temperatures, a significant change in the stability is observed: A pronounced stabilization
by vibrational free energy contributions of the FES with respect to the other chain conformations
makes it the thermodynamically most stable phase at temperatures above T, = 470 K (Fig. 4.3a).
The 27-conformation is higher in free energy than the FES already for T' > 200 K. Despite the small
differences in the stabilization energies, the trends shown in Fig. 4.3b clearly reveal that the finite
temperature effects make the 7-helix the least favored of the three helical conformations. At room
temperature it is nearly degenerated to the FES and will be unstable for T > 300 K. In contrast,
the a- and 31p- helix are still stable at room temperature by 1.0 kcal/mol and 0.7 kcal/mol per
peptide unit, respectively. A small relative stabilization of the 31g-helix with respect to the a-helix
is observed. However, the a-helix remains the lowest free energy minimum at room temperature,

owing to its lower energy at T' = 0 K.

The poly-proline-ll structure
The thermodynamic analysis presented above is complete in a sense that it includes all the structural
conformations corresponding to (known) local minima of the (L, ©) potential energy surface (Sec.
1.5). However, we decided, in a late stage of the project, to include a further structural conformation,
the so called poly-proline-IT (PPII) structure. The PPII-structure is characterized by a pitch L =
5.92 Bohr and a twist © = 240° and is located in the domain corresponding to the unfolded state
of the peptide chain. Recent studies, which are based on a statistical analysis of random coil
segments as extracted from the protein data base, report a significant population of this structure
[140, 141, 142] and it has been proposed that the PPII-structure might be characteristic for unfolded
proteins [143, 144, 145].

We remark that the PPII-structure does, in contrast to the other structures analyzed in this study,

not correspond to a minimum with respect to the helical parameters L and ©. Moreover, we find that

’In Eq. (4.6) electronic entropy contributions are neglected, which is well justified since the electronic band gap is
huge (Secs. 2.3 and 2.6.1).
SWith a different notation for the total energy: Note that E°'(Ls, ©5) = UZ.

97



4 Results

it is strongly unstable with respect to the other conformations, since it is higher in potential energy
than the FES by AUISIPH = 2.70 kcal/mol per peptide unit. Nonetheless, we have investigated
this structure, to check whether it could be stabilized by vibrational contributions. Indeed, we
find that this structure has the lowest vibrational free energy of all analyzed conformations with
AFf,’}?H = —0.74 kcal/mol. However, owing to its high potential energy, it remains a less stable
conformation also at room temperature. This result lets us presume that the significant population
of the PPII-structure as reported in the experimental studies is due to the protein environment,
e.g., the solvent. Furthermore the results clearly show that the PPII-structure is irrelevant for
the thermodynamic state of the isolated, infinite peptide chain, i.e., is not intrinsically stable at
the relevant temperature range. We will therefore largely exclude this structure from the further

analysis.

4.2.3 Stability of the helix against unfolding

Based on the knowledge of the phase stability of the various conformations we may also estimate
the stability of the helix against unfolding. According to Eq. (2.139) the stability of the helical
state against unfolding is given by:

AF‘lﬁelix—mnfolded ~ Iuhelix - Munfolded’ (48)
where pPi¥ is the chemical potential of the helical state (Eq. (2.138)) and p"™°lded ig the chemical
potential of the unfolded state (Eq. (2.136)). Following Sec. 2.8.2 the unfolded state is approxi-
mately an ideal solution of the bulk phases corresponding to the unfolded domain of the (0, L)-PES.
These are the FES, and the PPII- and 27—structure. Thus, we obtain for the chemical potential of

the unfolded state at room temperature:

non—helical

yunfolded o u?%é‘—(kBT)sooKln 1+ Z exp(—BAFgES_,X)
X#A

= N%%g — (kBT)300k In (1 + eXP(—ﬂAFFfEsq%) + eXp(_ﬂAbeESaPPH))

kcal
bulk
— —060— In(14+0.734+0.04
HMFES ol n(1+ + )
kcal
bulk
_ 0352 4.9
HFES 03511101 (4.9)

Eq. (4.34) shows that the chemical potential of the unfolded state is &~ 0.35 kcal /mol lower than the
chemical potential of the FES. Hence “adding” the 27-structure and PPII-structure to the unfolded
state does not substantially lower the chemical potential of the unfolded state with respect to the
that of the FES.

According to Eq. (2.138) the chemical potential of the helical state is approximately given by the
helical bulk phase with the lowest free energy. At room temperature this is the a-helix:

,uhChX — Mbulk (410)

a—helix
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Hence, the stability of the helical state against unfolding at room temperature amounts to:

f ~ helix unfolded
AF‘helix—mnfolded ~ M — M

kecal
bulk bulk
= Ho—helix — MFES T 035@

kcal
= AFg—hclixaFES + 0-352

mol
kcal
= —0.65——. 4.11
06510[101 ( )

We conclude that the helical state will be stable at room temperature.

4.2.4 Conclusions

Our results on poly-L-alanine verify that vibrational contributions to the free energy play a key
role for the stability of the helix in the biologically relevant temperature range, as they strongly
reduce the phase stability of the folded, helical conformations with respect to the fully extended
structure of the peptide chain — they thus counteract the enthalpic stability of the helices due to
the formation of hydrogen bonds.

Nevertheless, the hydrogen bonds are still sufficiently strong to make the a-helix the most stable
bulk phase at room temperature. We thus conclude that a long, single-stranded and isolated poly-
L-alanine chain will fold to an a-helix at room temperature. This conclusion remains also valid,
when we replace the FES by a more realistic reference for the unfolded state. We found that the
27-structure and the poly-Il-proline structure are significantly higher in free energy than the FES
at room temperature. The unfolded state of the peptide chain is thus strongly dominated by the
FES. Therefore the chemical potential of the unfolded state is not substantially lower than that of
the FES.

Furthermore, our results clearly reveal a significant temperature dependence of the relative sta-
bility between the three helix types. The m-helix exhibits the strongest temperature dependence
amongst the three helix types. In contrast to the 31p- and the a-helix it is, with respect to the free
energy, almost degenerate to the FES at room temperature (and higher than the unfolded state).
Hence, our results may be used to rationalize why the population of - and 319-helices varies with
temperature as well as to explain why the m-helical motif is the least common of the helical confor-
mations in proteins. What is still missing, however, is an identification of the mechanisms which

drive these thermodynamic trends.

4.3 Origin of the thermodynamic trends

In order to identify the origin of the thermodynamic trends we have analyzed the vibrational con-
tributions to the free energy in detail. In this section at first the particular vibrational branches,
which most prominently contribute to the free energy differences between the various conformations
are identified. Then we unveil the mechanisms, which drive the differences observed for these partic-

ular branches by investigating the dynamical matrix corresponding to the relevant conformations.
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Figure 4.4: Band center shifts in the a-helical conformation compared to the FES. The band center
shifts are defined by Aw; = 1 [T w(p)dp—1 [T w5 (p)dyp, where i denotes the branch
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index as explained in Fig. 4.5. The black line denotes the shifts for the un-manipulated
dynamical matrix, whereas the red line shows the shift, if the long-ranged interactions
are removed from the dynamical matrix (Sec. (4.3.2)). The dark, semi-transparent bar
denotes an (arbitrarily defined) region of insignificance, where Aw; < 10cm™!.

Hereby we focus on the a-helix and the FES, since these two structures are representative for the

helical and the unfolded state, respectively.

4.3.1 Decomposition of the vibrational free energy

A complete overview of the vibrational spectra of the investigated conformations of the poly-L-
alanine chain is given in the appendix (Fig. 6.6). Furthermore, we have performed a detailed
comparison of the phonon dispersion relations between the a-helix and the FES, which is also
presented in the appendix (Sec. 6.1.3). From the latter comparison we obtain “fingerprints” of
the helix formation on the vibrational spectrum of the peptide chain, which may be characterized
as follows: The internal vibrations of the side-chain (methyl group) remain largely unaffected by
the helix formation. In contrast, significant changes are found for the vibrational branches which
correspond to a deformation of the backbone of the peptide chain. Most importantly we determined
significant shifts for the four lowest vibrational branches, i.e., the two acoustical and the first two
optical branches. We found that the helix formation is connected to a significant hardening (blue-
shift) in these branches (Fig. 4.4).

100



4.3 Origin of the thermodynamic trends

type of contribution — —TASVP AUVP
included branches — 1 1,2 1,2,3 1,234 5-30 1-30
a— FES 22 67 79 88 3 9
oa—m 48 64 59 65 13 22

Table 4.3: Individual contributions of the vibrational branches (Eq. (4.12)) to the vibrational free
energy differences at room temperature in percent for the L-alanine chain. The second
column contains the contributions of entropy associated with the lowest lying vibrational
branch (first sub-column), the two lowest lying vibrational branches (second sub-column),
the three lowest lying vibrational branches (third sub-column) and the four lowest lying
vibrational branches (fourth sub-column) and the entropy associated with the branches
5-30, respectively. The third column contains the energetic vibrational contributions
originating from the entire vibrational spectrum.

This hardening is of fundamental importance for the thermodynamic properties, which becomes
clear, when decomposing the vibrational free energy differences into the contributions arising from

the individual vibrational branches:
AFYP = AUY? . — TASYP 4.12
A—B,i A—B,i A—B,i» ( : )

where ¢ runs over the individual branches as labeled in Fig. 4.1. We have evaluated how large the

contributions of the individual branches are to the integrated, total free energy difference, i.e:
ib 30 ib
AR, =%, AR, (4.13)

Indeed, we found that the vibrational free energy is strongly dominated by vibrational entropy
differences associated with the lowest frequency branches. More precisely, 88 % of the free energy
difference between the FES and the helical conformations is already contained in vibrational entropy
differences associated with the four lowest vibrational branches (Tab. 4.3, first row). The 3 lowest
vibrational branches contribute with 79% of the vibrational free energy differences and the two
acoustical still with 67 %. The contributions of vibrational energy (zero point vibrations) are less
important and amount to 9 % of the vibrational free energy differences at room temperature. When
coming to the differences between helices, the picture is similar, although the relative contribution
of the zero-point vibrations is slightly larger here (Tab. 4.3, second column).

According to this decomposition of the vibrational free energy, we conclude that it is sufficient
to focus on the three or four lowest frequency branches in order to understand the thermodynamic
trends. Indeed, it is the hardening of the two acoustical branches, which is mainly responsible for

the free energy differences.

4.3.2 Analysis of the dynamical matrix

The vibrational spectra are derived from the dynamical matrix. Therefore, to gain further un-
derstanding of the changes the helix formation induces in the low frequency branches, we have
compared the dynamical matrix of the a-helix with that of the FES (Fig. 4.5b).
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Figure 4.5: a) Schematic illustration of a hydrogen bond in the poly-L-alanine a-helix. The index
n labels the peptide units. b) Dynamical matrix of the a-helix and the FES. Shown is
the atom-atom coupling, as defined in Eq. (4.16), normalized to the maximum value.
For convenience of visualization it is only plotted in the range from 0 to 0.0035; several
atom-atom couplings for n=0 are exceeding the plot range. The arrows point at C-
O---H-N atom-atom couplings which correspond to the hydrogen bonds [see also a),
dotted red lines].
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We have hereby focused on the the atom-atom interaction, as contained in the dynamical matrix:

92 Ee! 92 Eel 92 el
axMax™  axPax  ox@ox D
02Ee! 92 Eel 52 el
D= axWax®  ax@Pox®  axPoxP (4.14)
82E°1 azECI aZEcl

axMox®  axPax®  axPox®

Here I and J label the atoms of the peptide chain, and the superscribted numbers (1,2, 3) denote

the three Cartesian degrees of freedom of each atom.

To obtain a meaningful comparison between the a-helix and the FES, we have not directly plotted
the dynamical matrix (Eq. (4.14)). The reason is that the dynamical matrix depends not only on
the strength of the atom-atom interaction, but also on the relative rotational position of the atoms in
the coordinate frame, i.e., on the respective structural conformations. We are, however, exclusively

interested in the strength of the interaction. Therefore we have performed the comparison in the

following way: For each pair of atoms I and J the three moments of interaction, d%ﬂ,i’»)’ are
determined, which we define by
Dv? =div® =123 (4.15)

Here, the v(?) are the 3 dimensional eigenvectors corresponding to the eigenvalue d%. The absolute

values of the moments of interactions are summed up to obtain a quantity, which we here define as

. atom—atom ,
atom-atom coupling D7 :

3
pytem—atom — N7 |40, (4.16)
1=1

Although the atom-atom coupling has no direct physical meaning, it is particularly helpful to
visualize the dynamical matrix and to identify the atom-atom interactions specific for the various
conformations. The reason for the latter is that the atom-atom couplings are rotational invariant,
i.e., they do not depend on structural properties of the conformation, but only on the atom-atom

interaction strength.

We find in this analysis (Fig. 4.5b) that the dynamical matrix contains a strong "core" of short-
ranged atom-atom couplings close to the diagonal (Fig. 4.5b, n—0), which we suppose to be related
to the chemical bonds stabilizing the backbone of the peptide chain. Aside from that we find a
significant amount of smaller long-ranged atom-atom couplings (Fig. 4.5b, n>0). Outstanding
of these long-ranged atom-atom couplings we find a characteristic pattern corresponding to the
interaction of the C—=0O and N-H groups which constitute the hydrogen bonds in the helix (Fig.
4.5a). These atom-atom couplings are found for the a-helix (Fig. 4.5b, n>3,4) but not for the FES.

To analyze the importance of these specific hydrogen bonding atom-atom couplings more in detail,
we have determined the change in the vibrational branches, if these specific atom-atom couplings
are eliminated from the dynamical matrix. We find that this elimination results in a significant red
shift of the low frequency branches, which indicates a strong influence of the hydrogen bonds on
these branches. Moreover, Fig. 4.4 shows that the band-center shifts with respect the FES (black
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Figure 4.6: Lowest frequency branches of 7- (blue lines), a- (green lines) and 3j9-helix (red lines),

Y

27-conformation (orange lines) and FES (black lines).

lines in Fig.4.4) almost disappear (red lines in Fig.4.4). Thus we conclude that a major part of the
observed thermodynamic trends is a direct effect of the formation of the hydrogen bonding network

in the helical structures. We analyze this issue in more detail in the following section.

4.4 Development of an analytical model

In the previous section we have shown that a strong direct correlation exists between the formation of
the hydrogen bonds in the helix and its temperature dependent stability: The hydrogen bonds cause
a hardening of the low frequency branches, which is then reflected in a loss of vibrational entropy
with respect to the FES, in which hydrogen bonds are absent. This effect has been suggested in the
literature since long — Fanconi et al. realized already in the early 70s that the acoustical branches of
the helix are not only determined by the backbone of the helix, i.e., nearest neighbor peptide-peptide
interactions (Fig. 4.7a), but also depend sensitively on the hydrogen bonds [54]. Nevertheless, the
employment of empirical force fields in that and subsequent studies [55, 56, 146] made it impossible
to accurately quantify the influence of the hydrogen bonds as, e.g., compared to the influence of
nearest neighbor peptide-peptide interactions in the backbone of the helix.

In this section we therefore intend to obtain a more quantitative understanding of the interplay
of nearest neighbor backbone interactions and hydrogen bonds for the low frequency branches.
Furthermore, we would like to understand how this interplay ultimately drives the observed ther-
modynamic trends — for instance why the m-helix has a lower vibrational entropy than the other

two helices.

4.4.1 Ball-and-spring model

The fact that the three lowest branches (Fig. 4.6) almost entirely (by 79 %, Sec. 4.3.1) determine

the thermodynamic behavior allows to map the problem on a simple ball-and-spring model. Here,
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Figure 4.7: Tllustration of the ball-and-spring model: a) Backbone contributions corresponding to
UPP (Eq. (4.19)). b) Hydrogen bonding contributions corresponding to U™ (Eq. (4.20)).

the peptide units are considered as rigid units (balls), connected with each other by harmonic
springs. In order to obtain a straightforward decomposition of the hydrogen bonds and the backbone
interactions, we have developed such a ball-and-spring model and derived explicit spring constants
for these contributions.

Within this model the potential energy of the peptide chain is decomposed into contributions
arising from the deformation of the backbone UPP and of the hydrogen bonds UM. Together with

the kinetic energy, T', the model Hamiltonian can be expressed as:

H=T+U (4.17)

U=U"+0"™ (4.18)

Ubb = %Z {K., | Ary, P +Ky | AU, > +K5 | AS, [} (4.19)
U = S K | B, P Hr | A ). (4.20)

An illustration of the model is given in Fig. 4.7. The backbone contributions, UPP| are modeled in
terms of displacements in the bond distances Ar,,,, the valence angles AV, and the dihedral angles
Ad,, at peptide unit n. The backbone stiffness is contained in the spring constants K, , Ky and Ks.
The hydrogen bonds, U, are modeled in terms of the distances Ary,, between the peptide units n
and n + v and the distances Ar,, , between the peptide units n and n+ v — 1. The corresponding
spring constants are K, and K, ;.

Similar model Hamiltonians have recently been applied to study the propagation of solitons along
helical polymers [147, 148|. However, we found that several extensions to these models are required
to obtain an accurate reproduction of the vibrational spectra as derived with DFT. A detailed
discussion of the model of Ref. [147] is given in the Appendix (Sec. 6.4.1). Here we describe the

main improvements over this model. Whereas in Ref. [147] the hydrogen bonds have been described
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Figure 4.8: Comparison of the 3 lowest vibrational branches as obtained with the analytical spring
model (red lines) to the DFT values (black lines). a) For the model proposed in Ref.
[147|, which models the hydrogen bonds by means of a single spring (Eq. (6.27)). b)
For the extended model developed for this project (Eq. (4.17)).
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‘ backbone ‘ K, Ks Ky ‘ ‘ hydrogen bonds ‘ K., , K,
27,310, Q, T 21.6 0.79 3.02 310, 0, T 21.6 12.3
FES 21.6 0.17 3.02 27 8.60 12.3

Table 4.4: Optimized parameter-set for the ball-and-spring model (Eq. (4.17)). The spring con-
stants are expressed in cm™! - 10%.

by a single force constant, we found that an effective 3-body treatment of the hydrogen bonding,
i.e., the introduction of two independent spring constants, is essential to get an accurate fit to the
low frequency branches of the helices, as calculated within the DFT approach. In particular for an
accurate reproduction of the a- and the m-helix this effective 3-body treatment is essential, as is
shown in Fig. 4.8. The nature of the three-body interaction is likely due to the large cooperativity
(Sec. 1.4, Ref. |48]) and/or directionality |44] of the hbs. We point out that the accurate calculations
of the acoustical branches with DFT were fundamental to obtain this improved parametrization of
the hydrogen bonds — which again highlights the importance of the DF'T calculations. Besides the
improvement of the description of the hydrogen bonding we found it also necessary to extend the
treatment of the backbone interactions as described above in Eq. (4.20). To be able to reproduce
the vibrational branches of the FES and the 27-conformations we have included also force constants
for the dihedral angle and for the valence angle in the model.

The parameters for the model, i.e., the spring constants, have been optimized to fit the three low-
est vibrational branches for each individual chain conformation as calculated with DFT (details in
the appendix, Sec. 6.4.1). Great care has been taken to avoid over-parametrization and to ensure
the maximum transferability by determining the parameters in the following way: In a minimal
model we assumed the spring constants to be the same in the different chain conformations. An
exception was made for the FES, where hydrogen bonding is absent and the corresponding force
constants are set equal to zero. The minimal model is then successively extended by introducing in-
dependent force constants for the conformation with the worst reproduction of the DFT frequencies.
A good agreement, for all five conformations, is already achieved by introducing only two additional
force constants to the minimal model — one for the dihedral angle of the FES and one for the hy-
drogen bonding in the 2;7-conformation. Thus, we need only seven spring constants to describe the
vibrational properties of all five conformations (Tab. 4.4). As Fig. 4.9 shows, this model excellently
reproduces the thermodynamic trends associated with the three lowest vibrational branches of the

L-alanine chain.

Results of the ball-and-spring model
Based on the obtained spring constants we now apply the ball-and-spring model to analyze the
impact of the hydrogen bonds and the backbone interactions on the lowest frequency branches and
the vibrational entropy in detail.

By setting the corresponding force constants to zero, the model allows to quantify, which bonds
(hydrogen bonds or backbone) determine the entropic character of the various conformations. By

setting all hydrogen bonds to zero (dots in Fig. 4.9) the entropic differences between the conforma-
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Figure 4.9: Vibrational free energy contributions to the stability with respect to the FES (Eq.
(4.7)) at room temperature for the different conformations of the poly-L-alanine chain:
Shown are the DFT results for the contributions from the full vibrational spectrum
(solid black line, diamonds) and the contributions arising from exclusively the 3 lowest
vibrational branches (solid black line, squares). Further shown are the results from the
ball-and-spring model with the spring constants listed in Tab. 4.4 (solid red line, stars)
and the corresponding vibrational free energy contributions, if the spring constants
corresponding to the hydrogen bonds are removed from the model (dotted red line,
circles).

tions almost completely disappear. We therefore conclude that the temperature effects, which make
helices unstable at higher temperatures, are almost exclusively determined by the hydrogen bonds.
The impact of the stiffness of the helix backbone on the thermodynamic differences is negligible.
Another important result obtained with the ball-and-spring model is that the obtained spring
constants are the same for all three helix conformations. Hence, we conclude that the entropic
differences between the helix conformations should not be explained by differences in the strength

of the peptide-peptide interactions.

4.4.2 Elastical moduli, speed of sound and long-wavelength limits

We now like to go one step further and to uncover the mechanism, which drives the thermodynamic
differences between the helical conformations. In particular, we aim to understand, why the m-helix
presents a lower vibrational entropy than the other two helix types, i.e., a-helix and 3;g-helix.
As mentioned above, the obtained spring constants for the ball-and-spring model are the same
for the three helix types. Hence, since no alternative mechanisms are possible, it is tempting to
conclude that the entropic differences between the helices are dictated exclusively by the geometrical
differences between the helix types.

To investigate the impact of the helix geometry on the vibrational entropy, we focus on the
asymptotic behavior at the long-wavelength limits of the acoustical branches. The reason is that the
asymptotic behavior dominates the shape of the acoustical branches (Fig. 4.10) and consequentially
the entropic differences between the helices. Indeed, the relative loss of vibrational entropy in the

m-helix correlates to a relative increment of the asymptotic slopes/curvatures at the long wavelength
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Figure 4.10: Long-wavelength limits of the a-helix and the corresponding mechanical deformations.
The dotted lines denote the asymptotic behavior. The dotted line for the bending
deformation describes a parabola, the dotted lines for stretching and twisting describe
straight lines.

limits. More precisely, we observe the following behavior:

1. The asymptotic behavior of the acoustical branches is characterized by a linear dispersion law
of wi(p) and wa(p) for ¢ — 0 (Fig. 4.10a, labels 1’ and ’3’, respectively) and by a quadratic
dispersion law of wi(p) for ¢ — £0O (Fig. 4.10a, label '2).

2. The corresponding curvatures and slopes are largest for the m-helix, followed by the - the
310-helix, the 27-structure and the FES (Fig. 4.11a and b).

The eigenmodes at the long-wavelength limits are the mechanical deformations of the helix. We
identified them with the torsional, the bending and the longitudinal deformation, respectively (Fig.
4.10). For convenience, we will in the following not directly discuss the slopes at the long-wavelength
limits but instead a closely related quantity, the speed of sound. The corresponding velocities are,

following Eq. (2.97), given by:

vr =vi(p —0) =L <8w1(“’)>w0, v =v3(p = 0) =L (aw(@))wo

Oy dp

and vp=0v5(p —0)=1L <8w2(<p)> . (4.21)
8()0 p—0O

Here vr, vy, and vp denote the speed of the torsional, longitudinal and bending sound waves,
respectively. Fig. 4.11 shows the slopes as well as the speed of sound. It is interesting to note that
for the longitudinal waves and the torsional waves the speed of sound is roughly constant amongst
the helices and about 900 m/s (upper lines in Fig.4.11c) and 300 m/s (lower lines in Fig.4.11c),
respectively. The speed of the bending waves is increasing in going from 3;g-helix over a-helix to
m-helix (Fig.4.11d) .
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Figure 4.11: a) Slopes at the long-wavelength limits of the acoustical branches corresponding to
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the longitudinal (upper lines) and the torsional deformation (lower lines) for the DFT
calculations (black lines) and the ball-and-spring model (red lines). b) Curvatures at
the long-wavelength limit corresponding to the bending deformation. ¢) Speed of sound
for the longitudinal and the torsional waves (Eq. (4.21)) for the DFT calculations (black
lines), the ball-and-spring model (red lines), the thin rod approximation (dashed blue
lines, see Appendix, Sec. 6.4.3, Egs. (6.48-6.53)) and the geometrical formulas denoted
in Egs. (4.27) and (4.29). For comparison also the speeds of sound in water [149] and
air are shown (dashed lines). d) Corresponding values for the speed of sound per phase
angle for the bending waves.



4.4 Development of an analytical model

Thin rod approximation
To understand the thermodynamic trends it is essential to understand these trends for the long
wavelength limits and the speeds of sound formulated above. Therefore we will investigate the speeds
of sound by means of a simple model stemming from elasticity theory, the thin rod approximation
[150]. This approximation, combined with the analytical ball-and-spring model (Eq. (4.17)), will
allow us, to derive very simple analytical formulas for the speeds of sound, and hence through
Eq. (4.21) also for the long-wavelength limits. Based on these expressions we will arrive to an
interpretation of the thermodynamic trends.

As described in Ref. [150], the thin rod approximation may be applied to describe the mechanical

deformations/waves in a system, provided the system fulfills the following conditions:
1. The lateral dimensions of the system are much smaller than its longitudinal dimensions.

2. The system is isotropic, i.e., the stress tensor is diagonal in the basis of longitudinal and lateral

coordinates.

3. The system is homogeneous, i.e., the microscopic stress, which would occur as a response
on a macroscopic deformation (i.e. by applying macroscopic strain) is evenly distributed

throughout the entire system.

The helical conformations fulfill these conditions, since they are much longer than thick, contain
a homogeneous distribution of the amino acids, and the three helical parameters L, © and R are
approximately decoupled [50]. The 27-conformations and in particular the FES violate condition
ii), since the pitch and the twist are significantly coupled here, giving rise to the existence of non-
diagonal elements in the stress tensor. We will therefore focus on the three helical conformations in
the following.

By considering the thin rod approximation, the mechanical waves of the helix may be described
by three separated homogeneous wave-equations (for details see appendix, Sec. 6.4.2, Egs. (6.30)
and (6.35)). Solving these wave-equations yields three different kinds of mechanical waves in the
peptide chain: longitudinal waves, torsional waves and bending waves. For the longitudinal and the

torsional waves the following linear dispersion laws are obtained:

wr(k) =vrk and wr(k)=vrk. (4.22)

Here, k = 2T7r is the reciprocal wavelength and w is the frequency of the wave. The quantities vy,

and vr denote the longitudinal and the torsional velocities of sound, respectively, and are given by:

Y T
v, =4/ — and vp=,/—. (4.23)
\ » \/ o

Here, p is the density, and Y and T are the Young’s and the torsional modulus’, respectively, and

"We remark that the density p and the elastical moduli depend on the volume and on the cross-sectional area,
respectively, which are not well defined quantities for the peptide chain. However, the sound velocities and the
long-wavelength limits in turn only depend on the ratio of volume and cross-sectional area, which is a well defined
physical quantity.
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Figure 4.12: Decomposition of the speed of sound with respect to hydrogen bonding contributions
(dashed black lines) and backbone contributions (dotted black lines) in the framework
of the thin rod approximation, for a) the longitudinal waves and b) the torsional waves.
The hydrogen contributions estimated with from Eq. (4.26) by setting the backbone
contributions to zero. The backbone contributions are estimated with Eq. (4.26) by
setting the hydrogen bonding contributions to zero. For comparison purposes the “full”
speeds of sound in thin rod approximation (solid black lines) are also shown.

are defined as:

g
= and T =299
€22 €00

(4.24)

In Eq. (4.24) 0., and oge denote the longitudinal and the torsional stress, and €., and egg denote
the longitudinal and the torsional strain, respectively.
For the bending waves the thin rod approximation predicts a quadratic dispersion law, in nice

agreement with the observations formulated above for the long-wavelength limits:

1 Y
w = §aB/<;2 where ap =R ; = Ruy,. (4.25)

Analytical expressions for the speed of sound

By combining the thin rod approximation with the ball-and-spring-model, we were able to derive
analytical expressions for the Young’s and the torsional modulus. This derivation is described in
detail in the Appendix (Sec. 6.4.3, Eqs. (6.48-6.53)). By substituting these formulas into the
Egs. (4.23) and (4.25) an excellent reproduction of the speeds of sound of the acoustical waves is
achieved (dashed blue lines in Fig. 4.11c and d). Therefore these formulas constitute the key to
the analytical understanding of the acoustical branches and of the thermodynamic trends. For a
deeper discussion, however, it is more convenient to further simplify these formulas by introducing

some approximations:

1. We find that the longitudinal speed of sound (Fig. 4.12a, solid black lines) is almost completely
determined by the hydrogen bonds (Fig. 4.12a, dashed black lines). The contribution of the
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L[ e [t [ R [ ¥ | d |Di|Du] D [v]Lv]
FES ]| 180.00 | 6.74 [ 0.961 | 148.16 | 180 | 7.01] - D
2, |[180.00 | 5.35 | 2.608 | 915 | 180 | 7.47 | 747 | 10.7 | 2| 10.7
310 || 120.00 | 3.71 | 3.48 | 85.04 | 8456 | 7.07 | 9.56 | 11.13 | 3 | 11.1
a || 9818 [ 283 41 | 9316 | 51.26 | 6.82 | 9.59 | 11.54 | 4 | 11.3
7 || 80.00 | 221 | 5.03 | 105.9 | 304 | 6.83 | 9.48 | 1157 | 5 | 11.1

Table 4.5: Geometrical parameters for poly-L-alanine: twist O, pitch L, radius R, valence angle
U, dihedral angle 6 and equilibrium distances to the Dy, D, and D,_; first, ' and
(v — 1)th nearest neighbor, respectively, number of peptides v to form a hydrogen bond
and the quantity Lv.

backbone is rather small (Fig.4.12a, dotted black lines). Hence we may write:

Y Ybb th th
p p p

Here Y denotes the backbone contributions and Y™ denotes the hydrogen bonding contri-
butions to the Young’s modulus (see Appendix, Eq. (6.48), (6.51), and (6.50), respectively).

We remark that the description of torsional waves is more complicated, since both, hydrogen
bonds and backbone are contributing (Fig. 4.12b): In the 319-helix the backbone contributions
are almost as large as the contributions of the hydrogen bonds. However, for the a-helix and
in particular for the m-helix the contributions of the hydrogen bonds are strongly dominating

the speed of sound, as will become more clear below.

2. We find hydrogen bonding geometries, e.g., the distances to the v and v*-1 nearest neighbor

(Tab. 4.5), are largely the same in the three helical conformations .

Considering these approximations, the speeds of sound are still well reproduced (Fig. 4.11c and
d, solid blue lines). Moreover, these approximations lead to simplified analytical formulas which

enable a straightforward understanding. The longitudinal speed of sound simplifies to®

vy ~ Lvy/ KWW /M, (4.27)

where Kb = 0.34K,, , +0.98K,, , M corresponds to the mass of the peptide unit, L denotes the
helix pitch, and v denotes the number of peptide units to form a hydrogen bond (see Fig. 1.2).
We note that the quantity Lv is roughly a constant quantity amongst the helices (Tab. 4.5). Thus
the approximations leading to Eq. (4.27) reveal an important result: The longitudinal speed of
sound in the three helix types is (approximately) the same because the sound waves are traveling
predominantly along the hydrogen bonds rather than along the backbone (Eq. 4.27), and both,
the hydrogen bond strength (Tab. 4.4) and the hydrogen bond geometry (Tabs. 4.5 and 6.4), are

the same in all three helical conformations. For the same reasons we may describe the increase per

8The explicit derivation of these simplified analytical formulas is presented in the Appendix, in the Eqs. (6.57) and
(6.58- 6.59), respectively.
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phase angle of the speed of sound of the bending waves velocity (Eq. (4.25)) with:

K Lhb
M

Here R denotes the radius of the helix. In contrast to the longitudinal speed of sound, the torsional

ap = Rvy = RLv

(4.28)

speed of sound is determined by both, hydrogen bonding and backbone contributions:

t.bb 1 1,2 Jot,hb
vp = LR\/K E’K , (4.29)

where K%'» = 0.0029K,.,_, +0.0037K,., and K%"P" = 0.021K,,. We note, however, that also for the

torsional waves the hydrogen bonds dominate, since 2K 4P > Ft:bb,

4.4.3 Conclusions

Our investigations with the ball-and-spring model revealed that the temperature dependence of
the helical stability, i.e., the loss of vibrational entropy of the helices with respect to the extended
structures, is almost entirely an effect of the formation of the hydrogen bonds, whereas the impact
of the backbone stiffness is rather negligible. While this is already an important result on its own,
a deeper understanding of the entropic differences between the three helix types has been only
gained with the analysis in terms of the thin rod approximation. This analysis has revealed, in
close correspondence to the findings with the ball-and-spring model, a strong dominance of the
hydrogen bonds (compared to the backbone interactions) also for the elastical moduli of the helices,
and correspondingly for the speeds of sound of longitudinal, torsional and bending waves. As a
consequence of this fact we could derive very simple analytical formulas for the speeds of sound.
We now substitute these Eqgs. (4.27) to (4.29) into Eq. (4.21) and obtain for the long wavelength

limits:
L Lhb
<8L> B2 (4.30)
8@ ©—0 M
8w3> Ry [KLhb
S )] (431)
< a(p ©—0O L M
T t,bb 2 Ft,hb
(&u > :R\/K + 12K . (4.32)
Op 0 M

These formulas give a very direct relation between the geometrical parameters of the helical con-
formations and the long-wavelength limits. An interesting consequence is that the m-helix exhibits
the hardest response on elastic deformations owing to its geometric peculiarities: the largest radius,
the smallest pitch and the largest number of peptides forming the hydrogen bonds (Tab. 6.4a).
We may now also explain the loss of vibrational entropy of the 7-helix with respect to the a-helix
and the 319-helix in terms of these geometric scaling effects. We remark that the long-wavelength

limits in Eqgs. (4.30-4.32) cannot be directly converted to the vibrational entropy of the helices
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such a conversion would correspond to applying a Debye-model, which is not strictly valid at
room temperature. In the parts of the acoustical branches away from the long-wavelength limits
the analytical description of the geometrical scaling effects is more complex. However, the trends
as contained in the Eqgs. (4.30-4.32) are qualitatively still valid also in these parts of the vibrational
spectrum. Hence we conclude that the geometric ratios of helix radius, pitch, and twist, are the main
driving force for the entropic differences. The geometric ratios between the helical conformations
are in turn largely independent of the amino acid conformation. Therefore, this trend as observed
here for the poly-L-alanine chain is expected to be generic, i.e., independent of the amino acid

sequence, and might be a reason why the m-helix is only seldom observed in proteins.

4.5 Exchanging the amino acid

So far we have exclusively dealt with the poly-L-alanine chain. L-alanine is known to be the amino
acid with the strongest propensity to form helices. In order to study the impact of the side chain
on the helix stability we will now switch to poly-glycine. Glycine is known to be a very weak helix
former. The origin of this difference between L-alanine and glycine is basically not clarified yet as
has been discussed in detail in the introduction (Sec. 1.3). By comparing the stability of isolated,
infinite L-alanine and glycine chains we therefore aim to clarify, whether or not (and, if yes, to what
extend) differences in the helical propensities are intrinsic features of the amino acids, i.e., exist in
the absence of environmental effects (e.g. solvent).

We have already mentioned in Sec. 1.5 that the differences in the helix propensities cannot be
explained by the static energetic contributions to the intrinsic stability —according to these the a-
and 7-helix are even slightly more stable with respect to the FES for glycine than for L-alanine
(Figs. 1.5, 4.3a and 4.13a).

We now analyze, whether the origin of the differences may be explained by the dynamic, vibra-
tional contributions to the free energy. By employing the same methodology for glycine as before
for L-alanine (Secs. 4.2-4.4) we perform a comparative analysis for extracting the impact of the side

chain on the thermodynamic stability and on the relative free energy differences of the helices.

4.5.1 Comparison between L-alanine and glycine

Comparing the temperature dependence of the phase stabilities for L-alanine and glycine we find a
similar behavior. As for L-alanine, the stability of the helices with respect to the FES is significantly
reduced also for glycine at elevated temperatures (Fig. 4.13a), predominantly due to vibrational
entropy contributions associated with the lowest frequency branches (Tab. 4.6).

Two important thermodynamic trends, which have been found for poly-L-alanine, are also ob-
served for poly-glycine. First, the m-helix is again the conformation with the lowest vibrational
entropy (Fig. 4.13b). This underlines the dominance of the hydrogen bonding pattern and of the
geometric scaling effects for the thermodynamic trends, as have been derived in Sec. 4.4. The
study of the poly-glycine chain therefore clearly verifies the generic character of the low entropy of

m-helices. Second, we find again that the a-helix is the conformation with the lowest free energy at
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arrows represent zero-point vibrational corrections. 7). is the room temperature and
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helices. b) Differences in vibrational free energy with respect to FES.

type of contribution— —TASYP AUVP
included branches— 1 1,2 1,23 1234 5-21 21
a — FES 24 59 73 80 11
oa—T 78 88 78 75 1 24

Table 4.6: Individual contributions of the vibrational branches (Eq. (4.12)) to the vibrational free
energy differences at room temperature in percent for the glycine chain.
column contains the contributions of entropy associated with the lowest lying vibrational

116

branch (first sub-column), the two lowest lying vibrational branches (second sub-column)

The second

Y

the three lowest lying vibrational branches (third sub-column) and the four lowest lying
vibrational branches (fourth sub-column) and the entropy associated with the branches
5-21, respectively. The third column, which is titled with UYP, contains the energetic
vibrational contributions corresponding to the entire vibrational spectrum.
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Figure 4.14: Vibrational free energy contributions to the stability with respect to the FES (Eq.
(4.7)) at room temperature for the different conformations of the poly-glycine chain:
Shown are the DFT results for the contributions from the full vibrational spectrum
(solid black line, diamonds) and the contributions arising from exclusively the 3 lowest
vibrational branches (solid black line, squares). Further shown are the results from the
ball-and-spring model with spring constants of Tab. 4.7 (solid red line, stars) and the
corresponding vibrational free energy contributions in the case, in which the hydrogen
bonding spring constants are removed from the model (dotted red line, circles).

room temperature.

However, a closer look also reveals differences. Regarding the vibrational contributions we find
that both zero point vibrational and entropic contributions to the phase stabilities are more pro-
nounced for glycine (Fig. 4.13b) than for L-alanine (Fig. 4.3b). These two contributions, zero
point vibrations and vibrational entropy, lead to an inversion of the stability for the a-helix: While
the static contributions at 0 K make the poly-glycine a-helix more stable with respect to the FES
than the poly-L-alanine a-helix, the vibrational free energy contributions cause the poly-L-alanine
a-helix to be more stable than the poly-glycine a-helix at room temperature. Furthermore, these
contributions cause the critical temperature’ to be significantly lower in glycine (T = 410 K) than
in alanine (T, = 470 K). Thus, vibrational free energy contributions may partially explain the low
helical propensity of glycine compared to L-alanine. However, since the determined differences are
much too small, they cannot serve as a full explanation. We discuss this issue in more detail in the
Sec. 4.5.4.

Before this, we have a look at the 31p-helix and 27-structure, since for these two structures the

differences between L-alanine and glycine are larger than for the a- and the 7-helix.

4.5.2 Low entropy of the glycine 3;-helix

For the glycine 31p-helix and the 27-structure a rather unexpected strong loss of vibrational entropy
is observed as compared to L-alanine (Fig. 4.13b and Fig. 4.3b). This extraordinary low entropy

of the glycine 31p-helix and 27-structure might be of importance for the kinetic aspects of the helix

9The critical temperature T is defined as the temperature, at which the FES becomes more stable than the helices
(see Figs. 4.3a and 4.13a).
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‘ backbone ‘ K, Ks Ky

2 a,m 211 0.17 4.01 | hydrogen bonds | K,,_, K,
dev to Alain % | -2 -82 +33 310, 0, 26.3 114
310 211 216 6.15 devto Alain % | 122 -7
dev to Alain % | -2 +173 +104 27 43 114
FES 21.1 0.05 4.01 dev to Alain % | -50 -7
dev to Alain % | -2 -T1 +33

Table 4.7: Parameter-set for the ball-and-spring model (Eq. (4.17)) as derived for the poly-glycine
chain. The spring constants are expressed in ecm™! - 10*. The numbers below the force
constants denote the deviations to the respective force constants as derived for poly-L-
alanine (Tab. 4.4) in percent.

folding process. Provided that this process follows the lowest energy pathway as suggested by the
(©, L)-PES (Fig. 1.5), the 319-helix and the 27-structure might form a free energy barrier for poly-
glycine, which is lower/absent for poly-L-alanine. Further, the low entropy of the 3;p-helix might
be of importance for the free energy of short, finite helices 310-helices are supposed to play an
important interfacial role at the endings of helices. Both, kinetics as well as finite size aspects are
beyond the scope of this thesis, but will be the topic of future projects. Here, we restrict ourselves
to uncovering the origin of the low entropy.

The loss of vibrational entropy in the glycine 31g-helix is associated with blue-shifts in the lowest
frequency branches with respect to L-alanine (Fig. 4.15). We have therefore analyzed the three
lowest vibrational branches of the poly-glycine chain by means of the ball-and-spring model as
introduced in Sec. 4.4. Comparing L-alanine to glycine we found two differences. First, a larger
number of independent parameters is required to describe poly-glycine: While in the L-alanine chain
the backbone interactions were basically the same for all the helical conformations (Tab. 4.4), for
the glycine chain the backbone interactions of the 31g-helix had to be treated independently from
those of the other two helices (Tab. 4.7). Second, the backbone interactions, i.e., valence angle and
dihedral angle stiffness, are significantly hardened for poly-glycine, in particular in the 3;g-helix
(Tab. 4.7, compare red dotted lines in Fig. 4.9 and Fig. 4.14).

In order to localize the atomistic origin of this hardening in the glycine 3;9-helix we have compared
the dynamical matrix of this conformation to that of the a-helix. This comparison is based on the
atom-atom couplings as defined in Eq. (4.16). As a reference we have taken the L-alanine chain.
This means that we have compared the differences in the atom-atom couplings in the glycine helices
with the respective atom-atom couplings in the L-alanine helices.

Fig. 4.16 shows strong differences between glycine and L-alanine for the force constants corre-
sponding to the short-ranged interaction within the peptide unit (n—0 in Fig. 4.16), while the
differences in the long-ranged interactions corresponding to the hydrogen bonds are rather small'®
(n>1 in Fig. 4.16). The strongest differences are found for interactions involving the C,-atom, i.e.,

the atom which constitutes the chemical link between side chain and backbone. The comparison

0The fact that this finding is in close correspondence to the results obtained with the ball-and-spring model —
although it has been obtained in an completely independent analysis — verifies (once more) the strength of the
ball-and-spring model in analysing the low frequency branches of the peptide chain.
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Figure 4.15: Comparison of the three lowest frequency branches between poly-glycine (red lines)
and poly-L-alanine (black lines) for the three helical conformations.

between - and 31g-helix verifies that these differences are conformation dependent, i.e., for the
310-helix the differences are more pronounced than for the a-helix. This analysis clearly shows
that the hardening in the low frequency branches of the glycine 3;p-helix short-ranged (backbone)
interactions is induced by the side-chain and mainly involves the chemical bonding in the direct

proximity of the Cy atom.

4.5.3 Stability of the helix against unfolding

We now investigate the stability of the poly-glycine helical state against unfolding. We obtain, in
close analogy to the considerations already made for the poly-L-alanine chain in Sec. 4.2.3, for the

free energy of the unfolded state at room temperature:

non—helical

qunfolded ~ Nll-)?l]{j}ls( _ (kBT)?)OOK m|l1+2- Z exp(—ﬂAF}{ES_)X) (4.33)
X#A

= M%lﬁus{ — (kT )300K In <1 +2- eXp(_ﬂAFFfEsqzﬂ +2- eXp(_BAFFJ‘tESHPPII)>

= —0.60—In (1 . .
kecal
bulk
= —0.20—. 4.34
pres — 0.20 mol ( )

Here the factor 2 in front of the summation over the non-helical states in Eq.(4.33) stands for the
degeneracy of the phases, i.e., except for the FES, for each right handed conformation a correspond-
ing left-handed conformation exists in the unfolded domain for the poly-glycine chain with identical

free energy. This symmetric character of the glycine-PES is due to the fact that the glycine amino
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Figure 4.16: Differences of the atom-atom couplings (Eq. (4.16)) between poly-glycine and poly-
L-alanine for the a-helix and the 3jp-helix for the backbone atoms (side chains are
excluded). Plotted are absolute values in the range from 0 to 0.007.

acid is, in contrast to alanine, not chiral''. Eq. (4.34) shows that the chemical potential of the
ideal solution formed by the FES, the 27-structures and the poly-proline-structures is lower than
the chemical potential of the isolated FES by only ~ 0.20 kcal/mol. Thus, similarly to the obser-
vations made for poly-L-alanine, “adding” the 27- and PPII-structures does not substantially lower

the chemical potential of the unfolded state compared to the FES.

According to Eq. (2.138) the chemical potential of the helical state is approximately given by
the helical bulk phase with the lowest chemical potential. At room temperature the a-helix is the
helical conformation with the lowest bulk phase free energy also for poly-glycine. Hence the stability
of the helical state against unfolding is given by:

f ~ helix unfolded
Al clix—unfolded  ~ M —H

kecal
= Kok — HPHS — O'Qm—ol
B ¥ kcal
- Ajj‘cz—hclix—J:‘ES + 0.2 mol
kcal
= —-0.5—— 4.35
mol ( )

We conclude that, according to our results, also for poly-glycine the helical state will be stable at

room temperature.

" The PES of the glycine chain is completely symmetric with respect to a mirror operation at the © = 180°-axis. This
means that for each minimum of the PES with © < 180° (right handed conformation) a corresponding second
minimum with © = 360° — © (left handed conformation) exists with the same energy. This symmetric character of
the glycine-PES is due to the fact that the glycine is not chiral. In contrast the alanine amino acids is chiral, and
consequently the energy of the left-handed conformations is significantly higher than that of the corresponding
right handed conformations. The origin of chirality is a PhD project on its own [151] and is beyond the scope of
this thesis.
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4.5.4 Helical propensities

We now determine the difference in helical propensities. The overall difference in the helix stability

between L-alanine and glycine at room temperature is:

AAF = A‘Fﬁclix—mnfoldod [Gly] - A‘Fﬁelix—mnfoldod [AZCL] =0.15 kca‘l/mOI (436)
Here AF}{chxaunfoldod[Gly] and AFt{olixqunfoldcd[Ala] are the stability of the helical state against

unfolding for poly-glycine and poly-L-alanine, as given in Eqgs. (4.35) and (4.11), respectively. The
calculated value is thus in qualitative agreement with the experimental helix propensity scales, since
AAF > 0. However, our results do not give the full explanation for the experimentally observed
helical propensities, since AAF is significantly smaller than the experimental values reported in
the literature. We here compare to the values reported by Pace&Scholtz [27|, those reported by
Munoz&Serano [26], and those reported by Williams et al. [152], since these three works cover a
broad range of possible determination techniques for helix propensities. Pace&Scholtz have based
their helix propensity scale on an average including 11 systems, considering both proteins and
peptides, all exposed to aqueous solvent. They find a difference AAF = 1.12 4 0.43 kcal /mol or
AAF = 0.98 + 0.07 kcal/mol, depending on whether all 11 values are averaged or the 4 systems
with the largest deviations are excluded from the average, respectively. Munoz&Serano have used
the measured helicities of 423 peptides in solvent to derive parameters characterizing the helix
coil transition. They find a difference of AAF = 1.10 kcal/mol. Williams et al. have based their
propensity scale on the frequency of occurrence of the amino acids in a-helices found in the structure
of 75 peptides. They find a AAF = 0.85 kcal/mol. All these values are significantly larger than

our result.

The differences between our prediction and those reported in the literature might have the fol-

lowing reasons:

1. The differences might be explained by the fact that the experimental values have been obtained
for solvent exposed peptides/proteins, while our approach is treating peptides in vacuum. If

this is true then helical propensities are highly solvent dependent.

2. The free energy as estimated within the harmonic approximation might largely differ from the

true free energy due to the neglected anharmonic contributions.

3. There might be a systematic error of our approach in describing the quantity AAU;LFES
due to the deficiencies of the DFT-PBE functional in particular in describing van-der-Waals
attractions (Sec. 2.4).

While it is currently not possible to directly check the possibilities one and three, we discuss the

second possibility in the next section.
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4.6 Anharmonic corrections

The differences in the free energies, on which our study is based on so far, are significant, but
also small — without exception, smaller than 1.0 kcal/mol. While the numerical precision of our
calculations is (after the implementations we have presented in Sec. 3.4) sufficient to resolve these
delicate free energy differences and the high accuracy of the DFT-GGA approach has been verified
in Sec. 4.1, a very important issue is still not clarified yet: The soft, low frequency modes of the
peptide chain are expected to exhibit anharmonic contributions which might lead to significant
deviations from the free energy calculated within the harmonic approximation.

The results for the thermodynamic stability as derived within the harmonic approximation thus
have to be verified/corrected by estimating anharmonic corrections. In this section we first inves-
tigate the thermal expansion of the helices by employing the quasi-harmonic approximation (Eq.
(2.118)) and solving the Griineisen-Mie equation of state (Eq. (2.122), Sec. 3.4.5). Then we deter-
mine the range of validity for the quasi-harmonic approximation and the thermodynamic integration
method. Based on these considerations the anharmonic free energy corrections are calculated using

the thermodynamic integration approach.

4.6.1 Thermal expansion

To investigate the thermal dependence of the helical parameters we have determined the Griineisen
coefficients (Sec. 3.4.5) and solved the Griineisen-Mie equation of state (Eq. (2.122)) for the three
helical conformations of the poly-L-alanine chain and for the poly-glycine 31p-helix. For the poly-
L-alanine chain the temperature dependence of the pitch L results in an increase of about 3 % at
room temperature for all three helical conformations (Fig. 4.17a). The thermal increase of the pitch
of the poly-glycine 319-helix is smaller than that of the L-alanine helices and is about 0.3 % at room
temperature. For the 3;p-helices a small thermal reduction (< 0.05 %) of the pitch L is observed
for low temperatures, i.e., T' < 50 K, for both poly-glycine and poly-L-alanine. Such an effect is not
observed for the poly-L-alanine o- and w-helix. For the temperature dependence of the twist the
differences between the helices are larger than for the pitch (Fig. 4.17b), as they may vary between
0.4 % and 1.8 % (at room temperature), depending on the helix type and amino acid.

The free energy gain at room temperature due to the thermal dependence of the helical parameters
is rather small — about 0.05 kcal /mol for the poly-L-alanine helices and 0.01 kcal/mol for the poly-
glycine the 310-helix (Fig. 4.17¢, dashed lines).

The twist dependence of the vibrational spectrum gives, however, rise to a further correction to
the harmonic free energies: For the phonon calculations we cannot choose the twist angle to be
exactly at the equilibrium value, but we have to choose it, for the sake of computational efficiency,
with a certain offset (see appendix, Sec. 6.6.1). This offset causes a deviation of the determined
vibrational free energies from the true values corresponding to the equilibrium twist. By means of
the Griineisen parameters we may, nevertheless, correct these deviations. The corrections are very
small for the a-helix and the 7-helix, since for these systems the modeled twist is very close to the

equilibrium twist. However, for the 3jg-helices the deviation is of the order of 0.15 kcal/mol per
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Results for the quasi-harmonic approximation: a) Thermal variation of the pitch L
in percent of the static equilibrium pitch for the poly-L-alanine 7 (blue line), a-
(green line) and 3jp-helix (red line) and for the poly-glycine 319-helix (violet line). b)
Respective plots for the thermal variation of the twist ©. c¢) Free energy gain with
respect to harmonic free energies obtained at lattice parameters given in Tab. 6.2
(solid lines). Free energy gain solely due to thermal expansion (dashed lines). d) Free
energy surface at 300 K of the poly-glycine FES (brown line) and poly-L-alanine FES
(black line) for fixed twist © = 180° and varying pitch. e) Lowest frequency branch of
the poly-glycine FES for varying pitches: at the static equilibrium pitch (left plot) for
a reduction of the pitch of 0.5 % (middle plot) and a reduction of 1% (right plot).
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peptide unit at room temperature.

However, to summarize, the thermodynamic trends between the helices as derived in the harmonic
approximations remain largely unaffected by the results of the quasi-harmonic approximation.

An attempt to determine the thermal expansion also for the fully extended structure failed due to
the appearance of an effect, which is commonly referred to as the guitar string effect [153]. This effect
may be described as a structural instability at finite temperatures which leads to the appearance of
an imaginary branch in the frequency spectrum. Moreover we observe a negative thermal expansion,
i.e., a reduction of the pitch with increasing temperatures. The reduction of the pitch is accompanied
by a strong softening of the vibrational frequencies corresponding to deformations perpendicular to
the chain axis. This softening is explained by the fact that the compressed peptide chain prefers to
locally break the high symmetry enforced by the helical parameters. For pitch values commensurable
with the symmetry break the corresponding phonon frequencies are close to zero (for pitch values
larger than the transition pitch, Fig. 4.17e, left plot) or even imaginary (for pitch values smaller
than the transition pitch, Fig. 4.17e, right plot). The quasi-harmonic free energy surface F (L, )
has a singularity at that transition pitch!? and is ill-defined for pitches smaller than the transition
pitch. The theoretical treatment of the FES, both for poly-L-alanine and poly-glycine, is particularly
problematic due to the fact that the static equilibrium is very close to this structural instability. At
300 K, the free energy surface is actually concave (Fig. 4.17d). It is thus impossible to determine
the free energy of the FES within the quasi-harmonic approzimation.

These findings are artifacts of the quasi-harmonic approximation and disappear (of course) in the
full anharmonic treatment. However, these findings also make the free energy values as derived for
the FES within the harmonic approximation questionable. A major deficiency of both, the quasi-
harmonic and the harmonic approximation, is that they are exclusively based on the determination
of local curvatures of the PES. An option to get rid of the imaginary frequencies would be, to allow
the structure to break the symmetry and to re-determine the dynamical matrix for the structure
of lower symmetry. This approach is however only valid for small oscillations and still neglects
the anharmonicity arising from the amplitude dependence of the vibrational modes (Sec. 2.7).
Therefore, we have instead employed the thermodynamic integration approach. This approach

allows to fully account for the anharmonicity, and is free of these deficiencies.

4.6.2 Thermodynamic phase stability in the classical approximation

The thermodynamic integration approach, as it is employed here, is based on the classical Langevin
equations of motion (Sec. 3.5.4). Therefore, quantum effects for the movement of the ion cores are
neglected, which makes this approach invalid at low temperatures. We are, however, interested in
free energy corrections at room temperature, where quantum effects for the movement of the ion
cores are certainly less important. To check for the validity of the classical equations of motion
at room temperature we have determined the harmonic thermodynamic stability using the classi-

cal partition function. The comparison between the thermodynamic stabilities derived from the

'2The quasi-harmonic free energy surface has a singularity at the transition pitch because the harmonic vibrational
entropy is approaching infinity for a real frequency approaching zero.
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Figure 4.18: Comparison for the stability of the various conformations as derived from the quan-
tum mechanic partition function (solid lines) and from the classical partition function
(dashed lines) for a) poly-L-alanine and b) poly-glycine.

quantum mechanic partition function and the classical partition function reveals some differences
at room temperature (Fig. 4.18). The differences are larger for glycine, but still rather small. Hence
we expect that anharmonic corrections determined within the classical approximation to be valid

at room temperature.

4.6.3 Explicit anharmonicity obtained with SCCDFTB

It is now interesting to check, how the quasi-harmonic approximation compares to the thermo-
dynamic integration approach. To address this issue we have determined the quasi-harmonic free
energy surface (in the classical approximation) and the free energy surface using the thermody-
namic integration for the glycine 3jp-helix (Fig. 4.19a). For these test calculations we have used
the SCCDFTB approach (Sec. 6.2.2).

For the helix we obtain a clear picture: The free energy corrections to the harmonic approximation
(Fig. 4.19, solid black lines) as determined in the framework of the quasi-harmonic approximation
(Fig. 4.19a, dashed red line) are essentially underestimated compared to those predicted with the
thermodynamic integration approach (Fig. 4.19, solid red lines). This shows that the anharmonic
corrections to the free energy of the helices stem from the amplitude dependence of the frequencies,
i.e., the explicit anharmoncity, rather than from the dependence on the lattice parameters, i.e., the
implicit anharmonicity.

A comparison of the curvatures of the static potential energy surface and the free energy surface
determined with the thermodynamic integration furthermore reveals an interesting side aspect of
the study. The latter has a significantly smaller curvature than the static potential energy surface.
For the 3;19-helix the difference amounts to 20 % at room temperature (Fig. 4.19a), and for the FES
the difference is even larger, reaching 50 % (Fig. 4.19b). This shows that the elastical properties
of the peptide chain are strongly temperature dependent. The quasi-harmonic approximation does

not reproduce this temperature dependence.
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4 Results
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Figure 4.19: SCCDFTB-free-energy-surfaces (per peptide unit) along the helix pitch L of a) the
poly-glycine 319-helix and b) the poly-glycine FES at various stages of approximation:
The harmonic free energy surface (black lines), the free energy surface as calculated
using the quasi-harmonic approximation (dashed red line, only for the 319-helix) and
the free energy surface determined with the thermodynamic integration approach (solid
red lines). The free energy surfaces are referred to the harmonic free energy at the

equilibrium pitch Lo, i.e., AF*(L) = F*(L) — Fharm ().

\ | Ala-FES | Ala-3y9 | Ala-a || Gly-FES | Gly-3y |
75im 10000 | 10000 | 4300 9100 9000
AF?R -0.08 -0.36 | -0.23 1+0.02 -0.13
SAF | 0.13 0.04 0.06 0.15 0.04

Table 4.8: Anharmonic corrections, AF2", to the vibrational free energy as determined with DFT-
GGA at room temperature denoted in kcal/mol per peptide unit. The anharmonic cor-
rections are referred to the harmonic free energy determined with DFT-GGA at the
equilibrium pitch Lo and twist Oy, i.e., AF* = fah _ pharm(p, ©q) 75m denotes the
number of simulation steps (At = 1.5-107!% s) and the remaining statistical error bar is

indicated by §AFah,

Despite the fact that we find a systematic anharmonic correction to the free energy with the
thermodynamic integration approach, this correction is surprisingly small even for the FES at room
temperature: The SCCDFTB free energy corrections for 31g-helix is -0.1 kcal/mol per peptide unit
(Fig. 4.19a), and for the FES it is -0.2 kcal/mol (Fig. 4.19b). However, to be sure that these
findings are not an artifact of the SCCDFTB approach they have to be verified by performing

corresponding DF'T calculations.

4.6.4 Explicit anharmonicity obtained with DFT

Finally, the anharmonic free energies have been determined, by exclusively employing DFT-GGA,
for selected conformations. These are the poly-L-alanine FES, 319p- and a-helix and the poly-
glycine FES and 31g-helix. Based on the considerations obtained within the SCCDFTB approach
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4.6 Anharmonic corrections

we have performed these calculations at the equilibrium pitch for the helices, whereas for the FES

a reduction in the pitch has been accounted for'?.

The anharmonic corrections we find are small
(Tab. 4.8). These results verify, once more, the numerical reliability of our harmonic free energy
study. Furthermore, these results verify the trends found already with the SCCDFTB approach
above: The anharmonic corrections are negligible for the thermodynamic trends as derived with the
harmonic approximation. The latter finding is particularly surprising, since a common expectation
in the field of biological physics is that soft matter systems, like the peptide chain, exhibit a strong

anharmonicity at room temperature (e.g. [154, 155, 156]).

1370 determine the free energy corrections for the helices, we may perform the LD simulations at the lattice parameters
corresponding to the minima of the PES; as can be inferred from Fig. 4.8. For the FES| in contrast, the free energy
corrections have to be determined for a reduced pitch, performing the LD simulations for the static equilibrium
pitch would result in an underestimation of the free energy corrections.
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5 Summary

The present study delivers new insights into the temperature dependent stability of the helical
secondary structure motif. Therefore it is expected that it will be relevant for protein science. In
the following the main results are summarized.

The basic motivation for the project (Sec. 1.3) may be concentrated to the following questions:
1. Is the helical secondary structure motif intrinsically stable at room temperature?

2. Why are 7-helices rarely observed in proteins (compared to a- and 31¢-helices)?

3. What is the origin of the difference in helical propensities between L-alanine and glycine?

Each of these questions addresses a fundamental aspect of helix stability. However, none of them
could on the basis of experimental studies be satisfactorily answered so far. The reason is
that a perfectly “clean” situation is required to study these intrinsic aspects of helix stability, i.e.,
the absence of environmental effects, such as solvent, helix endings and protein environment. Such
a situation cannot be achieved within an experimental setup. In contrast, a computer simulation is
able to fulfill these conditions, since it allows to study idealized, infinite structure motifs in vacuum.
However, as discussed in the introduction, previous theoretical works, which were based on empirical
force fields, turned out to be unsuitable due to their limited accuracy. The basic idea of this study
was thus to tackle these questions by means of density functional theory (DFT).

In contrast to the force field approach previously used to study poly-peptides, DFT explicitly
takes into account each electronic degree of freedom of the system and includes electronic many
body effects based on the principal laws of quantum mechanics. Nonetheless, DFT still contains an
approximation in form of the exchange-correlation functional and its accuracy has to be carefully
validated for the given application. Indeed, recent comparative studies to more accurate post
Hartree-Fock methods had already verified the high reliability in describing the static/energetic
contributions of the hydrogen bonds to the helix stability. However, the performance of DFT-GGA
to determine the vibrational/thermodynamic properties of the helix was essentially unknown before
this project. We therefore have, as a first step, computed the phonon dispersion and specific heat
of the poly-L-alanine a-helix and compared it to experimental literature data. The agreement
with awvailable experimental data is excellent and therefore verifies the overall high reliability of the
DFT-PBE approach to predict the vibrational and thermodynamic properties.

Furthermore, the comparison underlines the complementary role DFT calculations can play to
experimental studies in this field. Although spectroscopical methods, i.e.,; IR- and Raman spec-
troscopy, deliver precise information about the optical branches of peptide chains they cannot re-

solve the acoustical branches. As a consequence, also empirical force fields, which are fitted to
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experimental frequency spectra, largely fail to predict these branches. As will be discussed below
the crucial interactions for the acoustical branches are the hydrogen bonds — it is thus tempting
to conclude that the main shortcoming of the previous force field calculations is the inaccurate
description of hydrogen bonds. The information available from DFT about the acoustical branches
is complete and thus DFT can fill the knowledge gap left by experimental studies. The advantages
of DFT calculations become even clearer when considering the importance of the low frequency
branches for the thermodynamic properties. It is not only that the DFT results predict a qualita-
tively different shape of the low temperature specific heat curve than force fields — DFT provides
a ~ T3 dependence, whereas the force fields predict a linear dependence. Moreover, the acoustical
branches contain, as also shown in this work, the elastical/mechanical deformations of the helix
and determine to a major part the vibrational entropy. Hence, an improvement is expected for the
description of the temperature dependence of the stability. These results have been published in
Ref. [157].

Having verified the high accuracy of our approach, we were able to tackle the fundamental ques-

tions, which have been mentioned above.
e 1. Is the helical secondary structure motif intrinsically stable at room temperature?

Our results on poly-L-alanine clearly verify that vibrational contributions to the free energy play a
key role for the stability of the helix in the biologically relevant temperature range. They strongly
reduce the phase stabilities of the folded, helical conformations compared to the fully extended
structure of the peptide chain. Thus they counteract the enthalpic stability of the helices arising
from the formation of hydrogen bonds. We remark that this finding clearly contradicts a widespread
assumption that the contribution of vibrational entropy to the helix stability is small (e.g. Refs.
[158, 159]).

Nonetheless, we also have shown that, despite the strong impact of the vibrational entropy on the
helix stability, the hydrogen bonds are still sufficiently strong to make the a-helix the most stable
bulk phase at room temperature. We thus conclude that a poly-L-alanine a-helix is intrinsically
stable at room temperature in the absence of environmental (solvent) effects. This fundamental
finding remains valid, also if we replace the FES by a more realistic reference for the unfolded state,
i.e., an ideal solution of the FES and the remaining bulk phases contributing to the unfolded state

Furthermore, our results clearly reveal a significant temperature dependence of the relative sta-
bility between the three helix types. Hence, our results may be used to rationalize why the relative

population of 7-, a- and 31¢-helices varies with temperature [10, 11]. This also explains
e 2. Why m-helices are rarely observed in proteins (compared to a- and 31¢p-helices).

The m-helix exhibits the strongest temperature dependence amongst the three helix types. In
contrast to the 319- and a-helix it is, with respect to the free energy, almost degenerated to the FES
at room temperature (and higher in free energy than the unfolded state). Previous explanations
mainly stressed ending effects to explain the rarity of the m-helix. Our results clearly reveal that an

entropic “penalty” for the m-helix exists even in the absence of any ending effects.
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5 Summary

To understand the pronounced differences in the entropic character among the helices and between
the helices and the FES we have analyzed the vibrational entropy in detail. By mapping our DFT
data on the ball-and-spring model, we could show that the observed differences in the low frequency
branches in the a-helix and the 7-helix and consequently the thermodynamic/entropic trends are
exclusively due to the formation of hydrogen bonds, whereas changes in the backbone stiffness are
practically negligible. Only for the 31p-helix, the 27-structure, and the FES, the nearest neighbor
peptide-peptide interactions, which stabilize the backbone and are influenced by the amino acid
sequence, come into play. However, the main differences are still due to the hydrogen bonds. This
result and the separation of backbone and hydrogen bonding interactions are novel contributions
of this work. It has indeed been realized before that the acoustical branches of the helix are not
only determined by the backbone of the helix but also depend sensitively on the hydrogen bonds
[55, 56, 146]. Nevertheless, the employment of empirical force fields in these studies made it not
possible to accurately quantify the influence of hydrogen bonds, e.g., compared to that of nearest
neighbor interactions this was only possible in our project through the application of DFT.

Furthermore, by employing the thin rod approximation for the helices, which correctly repro-
duces the low-energy long-wavelength modes dominating the thermodynamic properties, it has
been demonstrated in this work that the strong temperature dependence of the 7-helix is almost
exclusively driven by its geometric peculiarities as compared to the a-helix and 319-helix. Since the
geometric aspects of the three helix-types are roughly independent of the specific peptide sequence,
the dominance of the geometric parameters may be used to rationalize why the w-helical motif is in
general the least common of the helical conformations in proteins, independent of the amino acid
sequence and the environmental aspects. These results have been published in Ref. [160].

We remark that the last question:
e 3. What is the origin of the difference in helical propensities between L-alanine and glycine?

could not be resolved conclusively. The comparison between L-alanine and glycine has delivered
a partial explanation for the different helical propensities of the two amino acids: Vibrational free
energy contributions lower the stability of the glycine helices relative to L-alanine — while the
static contributions make the poly-glycine a-helix more stable than the poly-L-alanine a-helix at 0
K, the vibrational free energy contributions cause that at room temperature, vice versa, the poly-
L-alanine a-helix is more stable than the poly-glycine a-helix. However, since the associated free
energy differences are too small as compared to experimental values, additional reasons must exist
for the different helical propensities. Likely candidates have been discussed in Sec. 4.5.

Regarding the methodology developed for achieving the objectives of this work, it was necessary
to increase the numerical accuracy for determining the harmonic vibrational frequencies as provided
by the standard methodology. At the outset of the project in particular the low frequency vibrations
of the peptide chain had been found to be completely smeared by the numerical noise. Therefore, in
order to achieve the high accuracy required for forces, vibrational frequencies and thermodynamic
data, several extensions have been implemented in the S\PHI\nX code. The resulting method for

calculating the dynamical matrix, the TSR scheme allowed us to reduce the numerical error on the
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frequencies to less than 3 em™.

We remark that this accuracy is fundamental for all the results
derived in this project. Indeed, the basic ideas of the TSR scheme are not only applicable to the
peptide chain but also in general for phonon calculations, whenever numerical noise significantly
disturbs the determination of the dynamical matrix.

Another focus was on the determination of anharmonic corrections to the free energy of the pep-
tide chain. It is believed that anharmonicity strongly influences the vibrations of molecular systems
at elevated temperatures. In particular, the soft, low frequency modes of the peptide chain are
expected to exhibit strong anharmonic contributions leading to significant deviations from the free
energy as calculated within the quasi-harmonic approach. Determining anharmonic corrections for
a relatively large system like the peptide chain (from the viewpoint of an ab-initio calculations) is
challenging. Nonetheless, we have determined these corrections within reasonable statistical error
bars by combining the thermodynamic integration approach with an efficient integration scheme
for the ionic equations of motion (Langevin dynamics), an efficient extrapolation scheme for the
electronic degrees of freedom, and adequate equilibration and parallelization schemes for the statis-
tical average. In this regard it is important to mention that the determined anharmonic corrections
for the peptide chain are rather small. Finally, we remark that the methodology developed here is
completely general and can be employed to address in principle any material /system. For example
it has been successfully employed to determine the anharmonic contributions to the specific heat of

aluminum [161] and the temperature dependence of the bulk modulus of water [162].

Outlook

Although the present study constitutes a few steps on our path to a quantitative and systematic
understanding of the stability of the secondary structure, a lot of work remains to be done. There
are several fundamental issues to be clarified, which are challenging on their own. We would like
here to mention only some of these:

The role of van-der-Waals interactions for the stability of the secondary structure is basically un-
known. The deficiency of current exchange-correlation functionals for describing these interactions
could result in an error of up to 1 kcal/mol per peptide unit for the stability. While the main results
of this project, which address the temperature dependent, vibrational contributions to the stability,
will remain largely unaffected by the (hypothetical) inclusion of van-der-Waals interactions, it is a
valuable task for the future, to repeat the calculations for the static, energetic contributions with a
theoretical approach, which is even more accurate than (conventional) DFT and accurately includes
van-der-Waals interactions.

Another open issue is the quantitative and systematic understanding of the impact of solvent on
the helix stability. In particular it is important to treat the solvated system using the high accuracy
of the ab-initio approach but in the same way allow to properly include the complex interaction
with the solvent.

The helix is the most abundant secondary structure motif in proteins and also in available
ab-initio studies. A complete picture of the secondary structure demands, however, to understand

also the remaining secondary structure motifs, most prominently the 3-sheet. Ab-initio studies on
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5 Summary

this motif are therefore highly desired. In particular the understanding of misfoldings in proteins
requires a detailed understanding of the stability between the sheet and the helix structure.

A further interest is on the kinetic aspects of helix folding. To deal with this issue a viable
approach could be to combine the ab-initio results for the regular secondary structure motifs with
coarse grained statistical models, for instance the Lifson-Roig model [163]. Such approach would
allow to simulate the helix-coil transition, and also to include interfaces between different secondary

structure motifs, transitions between these motifs and finite size effects.
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6 Appendix

6.1 Phonon dispersion relation and thermodynamic data

In this section we present additional material regarding the phonon dispersion relation and ther-
modynamic data. It includes a detailed numerical error analysis and convergence checks. Further,
the complete data for the calculated phonon dispersion relations are presented. Finally, a detailed
comparison of the phonon dispersion spectra of the poly-L-alanine a-helix and the poly-L-alanine
FES is presented.

6.1.1 Error bars and convergence tests

The considerations of Sec. 3.4 clearly revealed that the vibrational spectrum is very sensitive to
any perturbations arising from numerical inaccuracies. For a reliable interpretation of the obtained
results it is important i) to reduce the influence of these perturbations as much as possible and
ii) to estimate the remaining errors, in order to differentiate “true” physical effects from possible
numerical artifacts. While the first issue has been treated in detail in Sec. 3.4, here the latter
issue is discussed. A detailed analysis of the possible sources of numerical errors is presented and
error bars are estimated. Further, convergence checks are presented for the important control
parameters of the calculations. These are the cutoff energy E"*, which limits the basis set size,
the truncation parameter n™*, which limits the long-range interaction taken into account in the
dynamical matrix, and the lateral supercell size cj,t, which controls the empty volume between the
artificial periodic images of the peptide chain. All test calculations are performed employing the

three-stage refinement scheme as explained in Sec. 3.4.

Convergence with respect to the basis set size (cutoff energy)

The electronic basis set convergence has been tested for two representative test systems: the poly-
glycine 319-helix and the poly-glycine FES. Fig. 6.1 shows that the absolute values for the frequencies
and thermodynamic properties are converged at ~110 Ry up to a remaining error, which is smaller
than 2 ecm ™! for the frequencies and 0.01 kcal/mol for the free energy at 300 K. The worst conver-
gence is found for the highest frequency branches, which correspond to the C — H and N — H bond
stretching modes, indicating that the “bottleneck” for cutoff-convergence is the non pseudized 1/r
potential corresponding to the hydrogen species. We remark that the relative differences between

L and

the FES and the 31¢-helix are already converged at 70 Ry with a maximal error of ~ 4 cm™
0.01 kcal/mol, respectively. For applications, which exclusively deal with the relative properties

(and most of the applications of this project are of this kind), it is therefore sufficient to use a cutoff
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Figure 6.1: a) Maximal error Awpyay versus EU for the poly-glycine 319-helix (solid line) and the
FES (dashed line). The error is plotted separately for the low frequency region (w <
100cm ™!, blue line), the mid frequency region (100cm ™" < w < 2500cm ™!, green line),
and the high frequency region (w > 2500 cm™!, red line). The vibrational spectrum
for EU" = 150 Ry serves as reference, where Awpa.c = 0. b) Convergence for the free
energy of the poly-glycine 310-helix at 7' = 0 K (blue line) and 7" = 300 K (black line).
Shown are the absolute errors in the free energy (solid lines) and the error in the free
energy difference to the FES (dashed line). The free energy for E%* = 150 Ry serves as
reference, where AFVP = (.

of 70 Ry. We have therefore used a cutoff energy of 110 Ry only for the comparison to experiment,
as presented in Sec. 4.1, since this is the only application, for which convergence in the absolute

frequencies is required. For all remaining calculations a cutoff of 70 Ry has been used.

Convergence with respect to the truncation of long-ranged Interactions

To determine the phonon dispersion relation, it is necessary to introduce a truncation radius for the
long-ranged interactions taken into account for the dynamical matrix (Eq. (3.34)). Furthermore,
at the long-wavelength limits of the acoustical branches the interpolation of Eq. (3.34) is replaced
by a cubic spline interpolation (Sec. 3.4.4). To estimate the error in the thermodynamic properties
arising from these two interpolations, convergence checks have been performed on two representative
systems, the poly-glycine FES and the poly-glycine 31p-helix. These convergence tests implicitly
include the convergence with respect to the sampling of the electronic Brillouin zone, i.e., verify
whether the I'-point is sufficient to sample the electronic dispersion. As convergence parameter
we choose here the number of turns n*™™ rather than the parameter n™* in Eq. (3.34), since
ntS i5 a more natural convergence parameter, and allows for a direct transferability between
the various helical conformations. The calculations are rather involved and have therefore been
performed by employing the SCCDFTB approach (Sec. 6.2.2). We, however, expect the findings
of these convergence calculations to be transferable to the DFT-PBE approach, since the long-

range interactions are of electrostatic nature and thus qualitatively reproduced by the SCCDFTB
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6.1 Phonon dispersion relation and thermodynamic data
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Figure 6.2: Error in the vibrational free energy AFV® per peptide unit versus number of turns,
turns

n'™™Ms - included in the supercell for a) the poly-glycine 31p-helix and b) the FES. In
both cases, the error for T-300 K (black lines) and T-—0 K (blue lines) are shown. The
references values (where AFVIP = 0) have been chosen to be the free energies, where the
number of turns equals to 6 (for the 31p-helix) or to 5 (for the FES). The calculations
have been performed by employing the SCCDFTB approach.

approach. Fig. 6.2 shows that the free energy per peptide unit at room temperature is, for three
turns, converged up to an error of 0.03 kcal/mol and 0.05 kcal/mol for the helix and the FES,

respectively.

Convergence with respect to the lateral supercell size and remaining error bars due to the
discretization of the XC contributions

The supercell approach implies that the peptide chain is not isolated, but is embedded in an artificial
2-dimensional crystal of identical peptide chains (Fig. 3.1). Hence, artificial interactions between
the individual peptide chains of this crystal exist, which might modify the calculated frequency
spectra. In order to determine the minimum lateral lattice parameter cj,; at which these artificial
interactions are sufficiently small, we have performed convergence checks for a representative test
system, the poly-L-alanine 31p-helix. For this system we find convergence for ¢j,;—20 Bohr (Fig.
6.3). For coy > 20 Bohr the vibrational frequencies still show small fluctuation for varying cja,
however, these fluctuations are exclusively related to remaining errors associated with the FFT mesh
discretization. Therefore, a further increase of ¢y would not lead to a systematic improvement of
the results. In this study, all helical systems have been treated with a lateral supercell extension
of at least ¢,y = 22 Bohr. For the extended structures, i.e., 27-structure and the FES a separate
convergence test was performed and convergence was found for ¢j,;— 20 Bohr.

The remaining errors are due the XC wiggles and are estimated as follows: Five equivalent cal-
culations of the vibrational spectrum are performed, each for a different relative rotational position
of the geometry with respect to the FFT mesh (Fig. 6.4). The error bars are then estimated as the

largest deviation which in between either two of these five vibrational spectra: or the frequency an
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Figure 6.3: a) Maximum absolute errors Awpax in the frequencies for increasing lateral supercell
sizes Clat. Awmax has been determined separately for the low-frequency region (blue
line), the mid frequency region (green line) and the high-frequency region (red line). The
frequency spectrum for ¢,y = 24.0 Bohr serves as reference value (where Awpax = 0).
b) Respective errors in the free energies, i.e. AFV? for T-0 K (blue line) and T-300

K (black line)
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Figure 6.4: Deviations AFV® in the vibrational free energy for 5 different (formally equivalent)
rotational orientations of the poly-peptide in the supercell for a) the poly-glycine 31¢-
helix and b) the poly-L-alanine FES. Shown are, in both cases, the error for T=300 K
(black lines) and T—0 K (blue lines). The reference values (where AFV® = 0) have been
(arbitrarily) chosen from the first rotational orientation.
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6.1 Phonon dispersion relation and thermodynamic data
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Figure 6.5: a) Maximum frequency deviation |Aw|maxwith respect to maximal force component
(mfc) calculated with SCCDFTB for the poly-glycine 319-helix. Separately plotted for
the low-frequency region (blue dots), the mid frequency region (green dots) and the
high-frequency region (red dots) b) Deviation in the free energy at 300 K (black dots)
and 0 K (blued dots)

error of about 2 em™! is found and for the free energy the error bar is 0.03 kcal /mol.

Convergence with respect to the accuracy of the geometry optimization

A geometry optimization, which is performed on a DFT potential energy surface, in general does not
end up in a perfectly converged structure, but rather in a structure, which is slightly distorted from
the equilibrium structure. For the determination of the vibrational spectra this circumstance may
lead to deviations from the “true” values (which correspond to the perfectly converged structure).
We have estimated this error by performing a test calculation on the poly-glycine 31g-helix. As this
test is computationally rather demanding, it has been performed again by using the SCCDFTB
approach (Sec. 6.2.2) instead of the DFT-PBE approach.

The test is performed in the following way: First of all an artificial structure is generated by
randomly displacing the atoms from their equilibrium positions. This artificial structure is then used
as an input structure to start the geometry optimization scheme. At each step n of the geometry
optimization the corresponding intermediate structure X(n) and maximal force component fax(n)
acting on the structures are determined. Each structure X(n) serves then as an input structure
for an individual frequency calculation and a subsequent calculation of the thermodynamic data.

Based on these calculations the maximum error in the frequency spectra is determined:
| Armax(n)| = max(jwi(n) — wi(1op)]). (6.1)

Here i goes over the vibrational spectrum and n,, indicates the final step of the geometry opti-
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6 Appendix

a)
‘ H low freq. region ‘ mid freq. region ‘ high freq. region
geom. optim. 1 1 3
XC wiggles 1 1 2
basis set (70 Ry) 1 5 30
basis set(110 Ry) 1 1 2
overall error (70 Ry) 3 7 35
overall error (110 Ry) 3 3 7
b)
‘ H PP ‘ AF}YeI}DiX—FES ‘ AF}Y«;EX—heliX ‘
geom. optim. 0.01 (0.01) | 0.02 (0.02) | 0.02 (0.02)
XC wiggles 0.03 (0.01) | 0.06 (0.02) | 0.06 (0.02)
truncation at n™@ || 0.05 (0.00) | 0.08 (0.00) | 0.03 (0.00)
basis set (70 Ry) 0.12 (0.12) | 0.01 (0.01) | 0.01 (0.01)
basis set (110 Ry) 0.01 (0.01) | 0.01 (0.01) | 0.01 (0.01)
absolute error (70 Ry) || 0.21 (0.15) | 0.18 (0.05) | 0.10 (0.05)
absolute error (110 Ry) || 0.10 (0.03) | 0.18 (0.05) | 0.10 (0.05)

Table 6.1: a) Compendium of the error bars in ecm™! for the low-frequency region with w < 100
cm ™!, the mid frequency region with 100cm ™! < w < 2500cm™! and the high-frequency
region with w > 2500cm~! b) Compendium about of the error bars in kcal/mol for
thermodynamic data at 300 K (and at 0 K in parentheses).

mization and corresponds to the most accurate structure. Further, the error in the free energies:
AR (n)] = [FYP(n) — FY™ (nop )|, (6.2)

is evaluated. To determine a correlation between the convergence parameter fp,,, and the errors
|Awmax| and |AFYP|, the data points

(‘fmax(n)‘7 ’Awmdl‘(n)’) and (‘fn’lax(n)‘7 ’AFVib(n)Dv (63)

respectively, are plotted on a 2-dimensional map (Fig. 6.5). We use this map to estimate the errors
of the DFT calculations: All structures of the DFT calculations have been converged up to an
accuracy corresponding to a maximal force component fpax < 0.25 mHartree/Bohr. Therefore, the
error in the frequencies arising from errors in the structure is smaller than 3 cm™! and the error in
the vibrational free energy is smaller than 0.01 kcal/mol per peptide unit (largely independent of

the temperature).

Overall error bars for frequency and thermodynamic data
The error bars due to the various sources of error described above are summarized in Tab. 6.1. To

estimate the overall (absolute) error bars for the frequency data and the vibrational free energy,
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6.1 Phonon dispersion relation and thermodynamic data

a)
[Lalanine | © | L | R | ¢ | & [ D [Dya| D, | ¢ |
FES [ 180.00 [ 6.74 | 0.961 | 148.16 | 180 [7.01 | - - -
2 180.00 | 5.35 [ 2.608 [ 91.5 | 180 | 7.47 | 7.47 | 10.7 [ 0.31
310 120.00 | 3.71 | 3.48 [ 85.04 | 84.56 | 7.07 | 9.56 | 11.13 [ 0.22
a 98.18 [ 2.83 | 4.1 | 93.16 | 51.26 | 6.82 [ 9.59 | 11.54 | 0.20
™ 80.00 [ 221 ] 5.03 | 105.9 | 304 [6.83 | 948 | 11.57 | 0.08
b)
lglycime ]| © | L | R| ¥ [ 6 | D |Dy]| D, |

FES 180.00 | 6.81 | 0.80 | 153.6 | 180 | 7.00 - -
27 180.00 | 5.40 | 0.72 | 150.3 | 180 | 5.59 | 5.59 | 10.8
310 120.00 | 3.66 | 2.85 | 91.9 | 91.8 | 6.14 | 8.82 | 10.98
o 96.00 | 2.73 | 3.60 | 97.08 | 53.53 | 6.01 | 9.01 | 9.22
m 83.08 | 2.18 | 4.26 | 103.5 | 35.3 | 6.05 | 9.51 | 9.57

Table 6.2: Geometrical parameters for a) poly-L alanine and b) poly-glycine. Tabulated are the
helical parameters, i.e., twist O, pitch L, and radius R, the backbone valence angle ¥
and dihedral angle ¢, the nearest neighbor peptide-peptide distance D1, and the peptide-
peptide distances characterising the hydrogen bonds, i.e.;, D,,_; and D,,. Further shown
is the Poisson ratio ¢ (only for L-alanine)

the single contributions are summed up. For the relative differences in free energy AF]f\lfCiEXHFES and
AF}‘l’eiEX_)heliX we consider that two different types of errors exist: i) errors which are of stochastic
nature (geometry optimization, XC wiggles) and ii) errors which are of systematic nature (basis
set, truncation at n™®). While the first type of errors fully enters the relative quantities, for the
second type of errors a partial error cancellation is expected. For example: The error bar according
to the structure optimization is 0.01 kcal/mol, when calculating the (absolute) free energy of a
given chain conformation. The error is of stochastic nature, therefore the error according to the
structure optimization is 0.02 kcal /mol, when determining free energy differences between two chain
conformations. Counter-example: The error due to the basis set truncation at E is 0.12 kcal /mol
at 70 Ry, when calculating the (absolute) free energy of a given chain conformation. This error is of
systematic nature, the according error has been found to be only 0.01 kcal/mol, when determining

free energy difference in between two chain conformations.

6.1.2 Phonon dispersion curves

The complete frequency data for all analyzed conformations, i.e., fully extended structure, 27-
structure, 3jp-structure, a-helix, and 7-helix are shown for poly-L-alanine in Fig. 6.7 and for
poly-glycine in Fig. 6.6. These results have been obtained using the methodology described in
Chapter 3 and a cutoff energy of 70 Ry.

A graphical illustration of the corresponding eigenmodes is given in Fig. 6.8
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Figure 6.6: Phonon dispersion relations of the analyzed conformations of the poly-L-alanine chain.
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Figure 6.7: Phonon dispersion relations of the analyzed conformations of the poly-glycine chain.
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Figure 6.8: Vibrational eigenmodes corresponding to the 28 optical branches of the poly-L-alanine
a-helix. Shown is the lattice-periodic part of the vibrational Bloch-states at the I'-point,
i.e., the quantity 1$(¢ = 0) in Eq. (2.94), expressed in Cartesian coordinates. The arrows
depict the velocities of the particles at the zero-point. The numbers in the lower right
corners denote the vibrational frequencies at the I'-point in cm™! and the labels in the
142 upper right corners correspond to those used in Fig. 4.1 and Tab. 4.2.



6.1 Phonon dispersion relation and thermodynamic data
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Figure 6.9: a) Band center shifts (Eq. (6.4)) in the a-helical conformation compared to the FES
and b) the changes in the band widths (Eq. (6.5)). The black lines denotes the shifts
for the un-manipulated dynamical matrix, whereas the red line shows the shift, when
the long-ranged interactions are removed from the dynamical matrix (Sec. (4.3.2)).
The dark, semi-transparent bar denotes an (arbitrarily defined) region of insignificance,
where Aw?c, AAwl-DW < 10cm ™.

6.1.3 Comparison between a-helix and FES

In order to identify the impact of the helix formation on the vibrational spectrum of the peptide
chain we have compared the phonon dispersion relations for two conformations of the peptide chain.
For this comparison, we have focused on the a-helix and the FES, since these two conformations
are representative for the folded, helical state and the unfolded state, respectively.

To be able to quantify the differences we introduce two measures, firstly the band-center shift:

be _ L [T 1 (™ peg
aur == [Tartode = [ WF (e, (6.4
and, secondly, the change in the band-width:
Adw™ =| max wf(p) — min W (p) | = | max W (p) = min W) [ (65)

We here define (arbitrarily) the differences according to these two quantities as significant, if they

are larger 10 cm™!. Then we obtain the following classification:

e Branches which show significant band center shifts: These are the branches with the indices
1-4, 6, 7, 10, 11, 16-20, 24, 25, 30 (indices refer to the notation as used in Figs. 6.8 and
4.5 and in Tab.4.2). We may identify them as, on the one hand, the low frequency branches,
and as, on the other hand, the high frequency stretching/bending vibrations corresponding to

the atoms, which are most directly involved in the hydrogen bonds stabilizing the helix.

e Branches which show significant changes in the dispersion but no band center shifts: These
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are the branches with indices 5, 8, 9, 12, 14, and 15. We may identify them as the mid
frequency branches corresponding to a deformation of the backbone and those corresponding

to a collective motion of the side group with respect to the backbone.

e Branches which do not show significant changes at all: These are the branches with the indices
13, 21-23, and 26-29. We may identify them as the C-H stretching respectively bending
vibrations in the methyl side group and in the Cg-H bond.

We thus get a qualitative impression of the impact the helix formation has for the vibrational
spectrum of the peptide chain: While the internal vibrations of the side-group remain unaffected,
significant changes can be found for the vibrational branches which correspond to a deformation of
the backbone of the helix. For the latter type of modes, significant band-center shifts can be found
for the acoustical branches and for the optical modes which are directly involved in the hydrogen
bond formation, whereas those vibrational modes which do not involve a distortion of the hydrogen

bonds exhibit only changes in their band-width.

6.2 Density functional theory

This section contains additional material on density functional theory. First details of the PBE
functional, which is the XC functional employed in this project, are given. Then the SCCDFTB
approach is presented. This approach denotes a simplified, approximated form of DFT, which has

been used for many test calculations.

6.2.1 The PBE functional

The XC-energy is written in this approximation as:

Epppln] = /d?’?“f%‘%]«:(r,IVn(r)l)n(r)’ (6.6)

where:

feBE(r, [Vn(r)|) = fBer(r, [V(r)]) + fEe(r, [Va(r)]). (6.7)
The exchange part in the PBE functional is written as

fepr(r, [Vn(r)]) = € (n(r)) F(s(r)), (6.8)

where € ..(n) is the local exchange energy of a uniform electron gas with density n (see below, Eq.
(6.19)), and

K

Fs)=14+Kk— ——5——, 6.9
(s) 05 us2/m) (6.9)
is the gradient correction with
[Vn|
= 6.10
= Dppn’ (6.10)
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ke = (372n) % (6.11)
@~ 0.235 and k ~ 0.967. (6.12)

The correlation part is given by
fopr(r, [Vn(r)]) = n(r) (e (n(r)) + h(r)), (6.13)

where € .. is the local correlation energy of a uniform electron gas with density n (see below, Eqgs.

(6.21) and (6.22)), and
1+ At?

e? I6]
h=—~¢>In[l + [ ————— 6.14
¢ L+ ) (619
h is the gradient correction with

A= ;[GXP{—%} -1, (6.15)

[Vl
t = 6.16
2¢ksn7 ( )

ks = \/4kp/7‘('a0, (6.17)

3~ 0.066725, and v ~ 0.031091. (6.18)

Exchange energy of a uniform electron gas

The exchange energy of an uniform electron gas can be analytically derived via the Hartree-Fock

equations:
) 3 /3\/3
€unif = ~ 75 <;> e (6.19)
where rs denotes the Wigner-Seitz-radius:
3
e = (m)l/? (6.20)

Correlation energy of a uniform electron gas

In contrast to the exchange part an analytical expression for the correlation energy of a uniform
electron gas does not exist. Instead, it is described by a parametrized expression, in which the
parameters are optimized to fit the numerically exact correlation energy of the uniform electron gas.
A widespread used parametrization, which also enters into the particular XC functional employed
for this work, has been derived by Perdew&Zunger [69]. In this parametrisation the correlation

energy follows for high electron densities, i.e. ry < 1, the expression:
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Efmif = Alnrs+ B+ Crglnrg + Drg, (621)
and for ry > 1 it follows:
Y
E‘C e — .
unif 1 +B1\/ﬂ+527qs

The parameters in the above two equations, A, B,C, D,~, 31 and (32, have been optimized to fit

(6.22)

the exact numerical results for a huge bandwidth of electron densities as have been calculated by
Ceperley and Alder [63] using the QMC approach.

6.2.2 The self-consistent-charge density functional tight-binding method

For the determination of thermodynamic properties, harmonic free energies, and anharmonic cor-
rections a variety of test calculations were required. Some of these tests are computationally too
demanding to practically perform them using the DFT-PBE approach. An alternative, less com-
putationally demanding approach was then required. We have chosen the self-consistent-charge
density functional tight-binding method (SCCDFTB) approach as proposed by Elstner et al. [164].
This approach is by definition not able to achieve the accuracy of the DFT-PBE plane wave ap-
proach, since it is based on a minimal basis set and further severe approximations (e.g. restriction
on two-center integrals). Therefore the SCCDFTB approach has not been applied to directly obtain
results for this project. However, the SCCDFTB contains, in a qualitative manner, the ingredients
to describe chemical and hydrogen bonds. In particular it accounts for long-ranged electrostatic
interactions and partly includes hydrogen bond cooperativity due to long-range polarization effects.
Most importantly it is about two orders of magnitude faster than the DFT-PBE approach. The
SCCDFTB approach has therefore extensively been used to replace the DFT-PBE approach for test
calculations and convergence checks.

According to Ref. [164] the method is based on a second order expansion of the LDA-Kohn-Sham
total energy with respect to charge density fluctuations, which reveals the following expression for

the total energy:

occ

N
. 1
ESI’TB _ Z <‘I’z | Hy | ‘I/z> + 5 Z'yaﬁAquqg + Erep. (6.23)
(e}

? )

The first term in Eq. (6.23) contains the electronic band-structure and the third term is a parametrized
repulsive potential, which is determined by fitting the SCCDFTB approach to reproduce cohesive
energies and elastic constants of a set of suitable reference systems. These two terms (the first
and the third) are the typical ingredients of a (non-self consistent) tight binding approach. The
self-consistency of the here applied approach is contained in the second term of Eq. (6.23). In
this term Agq, denotes charge fluctuations as induced at the atom a and ~,4 is an approximated,
parametrized Hubbard-type function to model the electrostatic interaction according to the charge
fluctuations. The charges Agq, are self-consistently updated, while solving the Kohn-Sham equa-
tions, which, according to Ref. [164|, considerably improves the transferability of the approach

compared to the non-self consistent tight binding approaches.
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iy 0 O N
FES -0.24 | -0.07 | -0.11 | 0.13
310 -0.11 | -0.13 | -0.13 -

E

Table 6.3: Anharmonic corrections to the vibrational free energy as determined with the SCCDFTB
approach for different number of turns n®™ in the supercell.

6.3 Thermodynamic integration

In this section we present additional material on the thermodynamic integration. It includes a
method to determine the correlation time of a MD simulation (Sec. 6.3.2) and a method to parallelize

Langevin dynamics runs (Sec. 6.3.3).

6.3.1 Calculational details

The calculations for the thermodynamic integration denote the numerically most demanding part
of this project. Therefore, to ensure the maximum computational efficiency, careful convergence

tests have been performed regarding each parameter.

Correspondingly to those convergence checks presented for the harmonic free energies in Sec.
6.1.1 we have also performed convergence checks regarding the lateral supercell size and the cutoff
energy for the anharmonic corrections. We remark that it turned out to be sufficient to use a cutoff
of 50 Ry. We used a lateral supercell size of 16 Bohr for the 319-helix, of 17.5 Bohr for the a-helix
and of 20 Bohr for the FES. The convergence with respect to the chain lengths to be included in
the supercell has also been checked: For the helices we found it sufficient to include 2 full turns in
the supercell and for the FES we found it sufficient to include 3 full turns in the supercell (Tab.
6.3).

6.3.2 Method of minimum statistical inefficiency

To determine the correlation time and the variance of a given Langevin Dynamics simulation the

time series {X,,} obtained from the simulation was divided up into np blocks of length 7P, where

nP = 78 /7P The mean value is calculated for each block b:
ou 1 = 0U
=1

The mean values for all the blocks are then used to estimate the variance:
ou 13/ /oU ou
—_— = — v —\ 35y /sim | 6.25
({0 ) = ((5r)e - (5 ) 625
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Figure 6.10: Evaluated anharmonic correction AF2! for the poly-L-alanine FES versus total number
of simulation steps: For a serial run (black lines) and for parallelized runs with each
branch containing 500 simulation steps simulation time and a preceding equilibration
of 0 (red line), 100 (blue line), and 200 steps (green line), respectively. The dashed
black line corresponds to the (converged) value taken after 50000 simulation steps. The
dotted lines denote an error bar of 0.05 kcal/mol.

where (%—g{)sim denotes the average over the entire time series {X,}. According to Ref. [124] the

statistical inefficiency is given by:

oo pim oG}

tCOI‘

and the correlation time is given by the smallest blocksize 7P for which the right hand quantity
in Eq. (6.26) approaches its converged value k, multiplied with the time step At. Eq. (6.26) thus
may be used to determine the correlation time. The variance to substitute in Eq. (3.79) is calculated

from Eq. (6.25) by setting the blocksize to 72 = % /At.

6.3.3 Parallelization

The relatively long simulation times required to obtain statistical convergence for the peptide chain
made it necessary to determine the quantity %—g%\ not within one single serial run, but within a set
of parallelized runs. To verify that the data series that is made from the combination of parallelized
runs represents the canonical ensemble in the same way, as a data series that is made from one serial
run it must be ensured that i) the individual runs of the parallelization are statistically independent
from each other and ii) the individual runs are equilibrated for the given potential U()), such that
the starting conditions do not bias the results.

To satisfy these two conditions the following initialization scheme is applied: A set of statistically
independent starting conditions, i.e., random walkers, is extracted from a sufficiently long Langevin
dynamics (LD) run on the harmonic potential of the system of interest. The random walkers are
then equilibrated for a certain time and the LD trajectories of the random walkers subsequent to

the equilibration are merged to generate the data series for the statistical analysis. Fig. 6.10 shows
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that this scheme reproduces the results as obtained for a serial run (black line), provided that a

equilibration period of at least 200 steps (green line) is used.

6.4 Analytical models

Here we present additional material to the analytical models discussed in Sec. 4.4. First the ball-
and-spring model of Christiansen et al. |[147] is discussed, which denoted the starting point of
our work with model potentials. Then the thin rod approximation is introduced and analytical
formulas for the long-wavelength limits of the acoustical branches of the helix are derived. Finally,
these analytical formulas are simplified by means of approximations in order to obtain the formulas
discussed in Sec. 4.4.2.

6.4.1 Ball-and-spring model

Recently, Christiansen et al. have proposed a simple model, which focuses on modeling the interac-
tions of the peptide units in the helix [147]. In this approach the Hamiltonian of the peptide chain

1s written as:

H=Y" %M(:z:i tin )+ Y Uslrin) | - (6.27)
n j=1,2,v
Here, M is the mass of the peptide unit, the coordinates x,, y, and z, describe the displacements of
the nt" peptide unit from its equilibrium position, the dots denote the first derivative with respect
to time and rj, =| R; — R, | is the spatial distance of the peptide units j and n, respectively.
The three functions U;(r;,) describe the interactions between the first-nearest neighbor (j = 1),
second-nearest neighbor (j = 2) and v*P_nearest neighbor peptide units (v is number of peptides
to form a hydrogen bond, see Fig. 1.2). Christiansen et al. [147| argue that, since the regular
helix structure is given uniquely by three geometric parameters, one needs to consider three types
of interactions, which stabilize this structure. They identify the first-nearest neighbor interactions
in Eq. (6.27) with valence bonds and second-nearest neighbor interaction they consider to take
effectively into account the three-body interaction fixing the valence angle. The v*'-nearest neigh-
boring interactions are referred to as hydrogen bonds. Christiansen et al. have treated both the
harmonic approximation and (anharmonic) Morse potentials to model the terms U;(rjy,), the latter
ones to study the propagation of solitons in the helix. Since we aim to understand the thermody-
namic trends as derived from the harmonic phonon dispersion relation, we focus on the harmonic
approximation', i.e., we write:

Uj(rjn) = %Kj(rjn —a;)%, (6.28)
where a; denote the peptide-peptide equilibrium distances. We have estimated the quality of the

potential proposed by Christiansen et al. in fitting the vibrational branches of 7-, a- and 31¢-helix.

"However, the new insights we have derived for the harmonic approximation are transferable to the anharmonic
potentials, i.e., may be directly used to study soliton propagation.
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For this purpose we have optimized the spring constants K; separately for each of the three helical

conformations by minimizing the following error measure:

3
™ . . 2
(1) =Y [ de (PP ) - PR, 1)) (6:29)
=170
Here wP¥T(¢) and widel() are the vibrational branches from the DFT calculations and the model

calculations, respectively, and F¥P(wP¥T(p), T) and FViP(wmodel(x) T) denote the corresponding
harmonic oscillator free energies. For T' = 0 K the error measure of Eq. (6.29) is equivalent
to a least square fitting regarding the individual vibrational frequencies. We have used the error
measure E7(T = 300K), which emphasizes the importance of the lower frequencies. However, the
differences of the obtained spring constants for E"(T" = 0K), i.e., the “conventional” least square
fitting, and E°"(T = 300K) are rather small.

Fig. 4.8 shows that the model gives a good fit for the 3;9-helix. However, for the a-helix and
in particular for the m-helix the model of Christiansen et al. gives a poor description: The first
vibrational branch of the w-helix predicted by the model spuriously contains an additional nodal
point, the slopes/curvatures at the long wavelength limits are strongly underestimated and the third
vibrational branch is strongly blue shifted. A closer analysis of the free energies further revealed
that the thermodynamic differences between the helices could not be reproduced by the model,
since it strongly underestimates the vibrational free energy of the w-helix.

To have a model that describes well the vibrational spectra of all five investigated structures of
the peptide chain, we have modified the model proposed by Christiansen et al. by improving both,
the description of the backbone interactions and the description of the hydrogen bonding.

The model we developed to fulfill this task is discussed in Sec. 4.4.1.

6.4.2 Wave equations arising from the thin rod approximation

By considering the thin rod approximation (Sec. 4.4.2), the mechanical waves of the helix may be
described by three separated homogeneous wave-equations. As a result one obtains three different
kinds of mechanical waves in thin rods: longitudinal waves, torsional waves and bending waves.
We first consider the longitudinal and the torsional waves. For simplification we identify the rod
axis with the z-axis. The wave-equations for the longitudinal deformations wur(z) and torsional
deformations u,(z) may then be written as:

Pur  p Pu,  p

922 ?uL =0 and 922 Tuw =0 (6:30)

respectively. Here, Y and T are the Young’s and the torsional modulus, respectively, and are defined

as:

%2 and T =799, (6.31)

€2z €006

Y =

In Eq. (6.31) 0., and oge denote the longitudinal and the torsional stress, respectively, and €,

and ego denote the longitudinal and the torsional strain. These four quantities will be evaluated
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below. A solution to Eq. (6.30) is given by plane waves:

ur(2,t) =uorexp(i(kz —wrt)) and wuy(2,t) = uop exp(i(kz — wyt)). (6.32)
Here k = 2T’T is the reciprocal wavelength and w is the frequency of the wave. Inserting Eq. (6.32)

into Eq.(6.30) gives the linear dispersion relations:

wr(k) =vpk and wp(k) = vrk. (6.33)

Here vy, and v are the longitudinal and the torsional velocities of sound and are given by

Y T
v, =4/— and vp=,/—. (6.34)
p p

For the bending waves we obtain, in the thin rod approximation, two (instead of one) wave equations:

oz pS oty  pS
— =0 d ————9=0. 6.35
0z4 YIm:E anct 5 Iyy ( )
These two wave equations arise from the assumption that the bending of the rod is small compared
to its length. Thus the bending can, in any point of the rod be expanded by a (microscopic)
stretching [150]. The quantities I, and I, are defined through the cross-sectional area S of the rod

by:

I, = / 22df and I, = / y2df. (6.36)
S S
Solving the wave equations for the bending waves, results in two quadratic dispersion relations:
1 2 1 2
w= 5&37x1€ and w = §aB7yk , (6.37)

here ap, and ap, are connected to the bending velocities of sound by:
By = kap, and vpy, = kapy (6.38)

with amplitudes along I, and I, respectively, and are given by:

YI YI
apg = pr and apy, = p—; (6.39)
We apply an additional approximation to address the quantities I, and I,
L=I,~I= / r2df, (6.40)
S
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and, considering the hollow-cylinder shape of the mass distribution in the helices, we obtain one

single dispersion law for the bending waves:

1 Y
w= 5&31@2, where ap = Ry > = Rur. (6.41)

We remark that the density p, the cross-sectional area S, the Young’s and the torsional modulus
are not well defined quantities for the peptide chain. However, for calculating the sound velocities

they cancel out, as we will see below.

6.4.3 Analytical expressions for the elastical moduli

To calculate the Young’s modulus we cut a long piece of length & out of the peptide chain and
assume that a force AF is acting uniformly on the cross-sectional area A at the ends of that piece.

Then we may write for the tensile stress and strain:

AFIl(A)  AFI A
and, correspondingly, for the torsional stress and strain:
AF+(A)  AF* Azt AOR
=i = = — = 4
lof=Ye) A1£n>0 P A and €go & & ) (6 3)

where A is the change in the length of the helix as a result on a force, AF!l, which is acting
on the area A and pointing along the helix-axis. A®© is the change in the angle as result on a
rotational force, AFL, acting on the area A and pointing perpendicular to the helix axis. Using

these expressions we may rewrite the Young’s and the torsional modulus:

_ [AF¢ & (dF & (dPU
Y= (m)gzgo—z<d—s)£zgo—2<d—gz>gzgo’ (6.44)

and

AF¢ & (d*U
T — =0 (2= . 4
(ARA@>®:O AR? <d@2 0—6, (6.45)

Here, U denotes the potential energy of the peptide chain. To calculate the quantities <%) and

<%Jg) we neglect, by following the thin rod approximation the coupling of the helical parameters

L, R and ©. Hence, we may write:

d*U [ (9L\? (9*U 1 (U 1 [d*UPP 646
(#).. - (&) () » v () =5 () o
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d2U 1 [/ 92UPr
(a@5>@ﬁ;:zv<i&§f> (6.47)

respectively, where U denotes the potential energy of the whole chain segment, N denotes the

and

number of peptide units, and UPP denotes the potential energy per peptide unit.

We now substitute the ball-and-spring model (Eq. (4.18)) into this formula and obtain for the

Young’s modulus and the torsional modulus:

Ly (0*UPP L (90U L (9°U™ bb | < hb
YZZN(E?>::Z<3ﬁO+Z<3ﬁJ:Y Y (6.48)
and 277bb 27 7hb
L [0°U L [0°U bb hb
T:AR2<892>+AR2<892>:T 1 (6.49)

where YPP and TP denote the contribution of the backbone to the Young’s and torsional modu-
lus, respectively, and YY" and 7™ denote the contributions of the hydrogen bonds. The explicit

analytical expressions for the Young’s moduli are:

v,v—1 2
L L
hb _ ~ 9
yhh == % [K <z Dj) ] (6.50)

and

)~<
&
I

OAro, \ 2 LA 0w 2
(s (%) e (5) 0 ()

L

A

L L\? 2 R . L\\?
= Z (Krl <D—l> +K\I/ <71_A2 <D_181n@_R(1_COS@)D_%>>

% 2L (cos(©) + h? cos(©) + sin?*(0)) ? (6.51)
R2V/T— A2 (h? + sin?0)° '
For the hydrogen bonding part of the torsional modulus we find:
LS (R 2
b L o Lo
™ = - Z K, <Dz- Sln(z@)> (6.52)
and for the backbone part we find:
L dArg, \? o\ ? 95 \”
™ = —_ | K, L Ky [ — Ks | —
AR2< 1( 96 > * q’(aca) T\ 9o
L R . 2 2 R . R, R® AR
= 7 K., <D_1 sm(@)> + ﬁK\p <ﬁ(ﬁl sin©(1 — D_%) + D_if cos © sin @))
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a)
L 1 6 | L[ R [ ¥ | 6 [Di[Dea] D |
FES [ 180.00 [ 6.74 [ 0.961 | 148.16 | 180 [7.01 [ - -
27 || 180.00 | 5.35 [ 2.608 | 91.5 | 180 | 7.47 | 7.47 | 10.7
310 || 120.00 | 3.71 | 3.48 | 85.04 [84.56 | 7.07 | 9.56 | 11.13
o [ 9818 [283] 41 | 9316 |51.26 [ 6.82 | 9.59 | 11.54
7 | 80.00 [ 221 5.03 | 105.9 | 304 | 6.83 | 9.48 | 11.57
b)
()| (%22)" | 22t | 0ue? | 002 | (01 | sin2((v - 1j@)
+sin?(v0)
id 1 2 3 4 5 6 7
2; [ 1.00 0.52 075 | 558 [ 1145 ] 55.8 1
310 | 1.00 0.61 056 | 914 | 123.9 | 50.0 0.75
a || 0.96 0.79 044 | 920 | 1332 ] 465 1.26
r || 092 0.86 036 | 89.9 | 133.9 | 46.6 0.82
lavg | 096 | 075 [045 | 91.1 | 130.0 | 47.7 | 0.94 \

Table 6.4: a) Geometrical parameters for poly-L-alanine: twist ©, pitch L, radius R, valence an-
gle ¥, dihedral angle ¢ and equilibrium distances Dy, D, and D,_;. b) Geometrical
approximations as employed in the Egs. (6.57 to 6.59).

N %K(; h?sin(©) (h? — 2cos © + sin? © —; 2cos? ©) ? (6.53)
R V1 — A% (h? +5in?©)

6.4.4 Geometrical approximations

The expressions for the speeds of sound have been obtained by substituting the analytical expressions
for the elastical moduli Egs. (6.48-6.53) into the Eqs. (6.34) and (6.41), respectively. As discussed
in Sec. 4.4.2, the longitudinal speed of sound is determined exclusively by the hydrogen bonds,

whereas the contributions of the backbone may be neglected:

th Ybb th
vp =y [ (6.54)
p p

Here Y is given in Eq. (6.50), and p is the density (which is not well defined for the helix, but
cancels out for the calculation of the speed of sound). The torsional speed of sound is determined

by both, hydrogen bonding and backbone contributions:

Tbb + Thb
v = _
P

= R)+ ()2, (6.55)
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Tbb Thb
VPP = and v —_— 6.56
7 =1/ 5 =1/ 5 (6.56)

Here TP and TP are given by the Eqs. (6.53) and (6.52), respectively.

where

The expressions for the sound velocities have been further simplified considering some geometric
approximations. For applying these approximations we utilized the important fact that the hydrogen
bonding geometries, i.e., distances to the v and v*™-1 nearest neighbor are largely the same in
the three helical conformations (Tab. 6.4a). Thus we replaced the parameters describing the
individual hydrogen bonding geometries of the helices by quantities averaged over the three helical
conformations (Tab. 6.4b). We first simplified the expression for the longitudinal speed of sound
(Eq. (4.26)).

v,v—1
)

v, = L ZMlK”(T

i

> ~[12 L\/M(0.75(1/ —1)2K,, , + 09612 MK, )

2
_ Lu\/M—l <(0.75K,,V1 +0.98K,,) — < ”V >o T5K,, 1>

~Bl Ly /Kb /0 (6.57)

where KPP = 0.34K, | 4+ 0.98K,, . The super-scripted labels in Eq. (6.57) denote the approxima-
tions applied in the respective step and are explained in (Tab. 6.4b).
We then simplified the expressions for the torsional speed of sound. For the hydrogen bonding

contributions we obtain:

v,v—1 Ri 2
o =L Z M-'K,, (5 s1n(z@)>

2
1-1 2
= LRv (M7'|K,, , (—” sin((v — 1)@)) + K, (i sin(u@))
Du—l Dl/

A5 LR\ [M-10.006K,, , sin®((v — 1)©) + 0.0077K,, sin(v0)?

Q

LRV\/M 1-(0.006K,, , + 0.0077K,,)(sin?((v — 1)©) + sin?(vO)

~16] LRI/\/ M—1§(0.006Kn,1 +0.0077K,,)0.96

—  LRuy/Kth /M (6.58)

where K" = 0.0029K,,_, + 0.0037K,, .
For the backbone contributions we found that we may neglect the contributions of the valence

angle stiffness and those of the dihedral angle stiffness and hence may write:
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R 2
P~ L (]\4_11(7,1 <D_ sin(@))

1

~ LR /Kb /M, (6.59)

where KPP = 0.021K,, .

6.5 Morse oscillator model

Here we estimate the anharmonic corrections for the lowest lying C-H stretching branch of the
poly-L-alanine a-helix (with id—26, Figs. 4.1 and 6.8, Tab. 4.2). The eigenmodes corresponding
to this branch are comparatively well localized exclusively in the corresponding C-H bonds of the
peptide chain and are free of any vibrational dispersion. Thus we may describe these vibrations with
a single degree of freedom, i.e., the bonding distance between the hydrogen atom and the carbon
atom. For this particularly simple type of vibration we may employ a very simple and in the same

way realistic model potential, the so called Morse potential:

V(r) = Do(1 — exp(—a(r — ro)))2. (6.60)

Here Dy (dissociation energy) is the depth of the potential, rg is the equilibrium distance and «
determines the steepness of the potential. The latter is related to the curvature at the equilibrium
by:

k = 2Dga’. (6.61)

The Morse potential can be solved approximately [165]. The approximated eigenvalues are:

h2w? 1
4D0 (n+ 5)2. (6.62)

E(n) = —D + hwo(n + %) -

Ref. [166] points out that the deviations to the exact solution are negligible.
The Morse potential has been found to give a perfect fit for the C-H bond. We found as anhar-

monic correction?:
Aw = ham (1) — E(0)) (6.63)
= —115cm™t.
6.6 Dynamical matrix

In this section technical aspects of the phonon calculations are presented and the employed supercells

and equilibrium structures are tabulated. Furthermore, the employed scheme for the sum rules to

*We focus on the difference between the harmonic frequency and the transition energy from the ground state to the
first excited state of the Morse oscillator, since these are the predominant transitions at room temperature.
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‘ L-alanine H Alat ‘ Clat ‘ NFPS ‘ NTPS ‘ O(used) ‘ O(ideal) ‘ L ‘
FES 40.44 | 20 6 3 180.00 181.2 6.74
27 32.10 | 22 6 3 180.00 171.2 5.35
310 33.39 | 22 9 3 120.00 115.3 3.71
o 31.13 | 23 11 3 98.18 97.6 2.83
™ 33.15 | 24 18 4 80.00 81.4 2.21

‘ glycine H Aat ‘ Clat ‘ NFFPS ‘ NTPS ‘ O (used) ‘ O(ideal) ‘ L ‘

FES 40.86 | 20 6 3 180.00 180.0 6.81
27 32.40 | 22 6 3 180.00 164.9 2.38
310 32.94 | 23 9 3 120.00 116.2 3.66
o 40.95 | 23 15 4 96.0 94.8 2.73
T 28.34 | 24 13 3 83.1 83.9 2.18

Table 6.5: Relevant geometrical data for the modeling of the different conformations in the or-
thorhombic supercell. Shown are the supercell dimensions along the helix axis, aj,, and
orthogonal to it, c¢j,t, the number of peptides and the number of turns in the super-
cell, NPPSand NTPS respectively. These values have been used to perform all phonon
calculations for this work. Further, the used twist angles and pitches in comparison to
the ideal twist angles and pitches, which correspond to the interpolated minimum of the
(0, L)-PES (Fig. 1.5) are shown.

treat the long-wavelength limits of the acoustical branches is explained.

6.6.1 Modeling the helices in orthorhombic supercells

Here it will be described how the helical conformations of the peptide chain can be modeled in an
orthorhombic supercell. According to Eq. (2.1) the structure of the peptide chain is defined by the
helix pitch L and the helix twist ©. The helix pitch can be straightforwardly modeled to arbitrary
values within the supercell by tuning the corresponding cell extension zi,, since this parameter is
related to the helix pitch by:

Zlat
Az = ~pps>

(6.64)

where NPPS denotes the number of peptide units contained in the supercell. The helix twist is more
problematic in this sense: In contrast to the helix pitch it cannot be sampled continuously when
employing the supercell approach. The helix twist is related to the number of full turns NTFS of
the peptide chains contained in the supercell by the relation:
e NTPS
— = ——55. (6.65)
3600 NPPS
Since NTPS and NPPS are integers, an arbitrarily precise sampling of the helix twist would require
to put an arbitrarily high number of peptides and turns into the supercell, which is impracticable for
reasons of the computational effort. The twist angle is therefore sampled at values commensurable

NPPS NTPS

to the smaller possible values for and and small deviations to the “real” twist angles,
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as obtained from the interpolation of the PES (Fig. 1.5) have to be accepted. A table of the used

and the real pitch and twist values is given in Tab. 6.5.

6.6.2 Notation for the dynamical matrix

To explain the calculation of the dynamical matrix in Sec. 3.4.1 three different notations have been
used, which will be briefly explained here.

The notation:
D*(n) (6.66)

denotes the dynamical matrix corresponding to the interaction of a representative peptide unit with
its n’th nearest neighbor. D¢(n) is a (3NAFP x 3NAPP)_dimensional matrix.

The notation:
D€(p) (6.67)

denotes the symmetry reduced dynamical matrix corresponding to the vibrational phase difference
¢ between adjacent peptide units. D¢(y) is a (3NAPP x 3NAPP)_dimensional matrix and is related
to D°(n) by Eq. (3.34).

The notation:

Dcell

denotes the dynamical matrix corresponding to the supercell. D!is a (3NAPS x3NAPS)_dimensional

NAPS

matrix, where is the number of atoms in the supercell. It can be constructed by a block-wise

arrangement of the matrices D¢(n), as described with Eq. (2.88).

The dynamical matrices can be converted to the Hessian matrices:
K (p) = /M;M;D(¢); K°(n) = /M;M;D(n); K" = /M; M; D" (6.68)

6.6.3 Sum rules

As mentioned in Sec. 3.4.4 a problem appeared for the calculation of the acoustical branches at the
long-wavelength limits ¢ — 0 and ¢ — £0. These branches were not found to be exactly zero at
the long-wavelength limits (as they should be, according to Sec. 2.6.4)

To solve this problem with the long-wavelength limit the sum rules according to the three trans-
lational degrees of freedom and the rotational degree of freedom of the peptide chain (Egs. (2.101)
and (2.104)) are applied to the dynamical matrix (notation is explained in Sec. 6.6.2):

D!’ = gigpeet, (6.69)

Here Jis a (3- NAPS 5 3. NAPS _ 4)-dimensional matrix, which projects the dynamical matrix Deell
on a set of internal coordinates. It is constructed in the following way: at first three (3 - NAPS).

dimensional vectors corresponding to the translation of the helix are constructed
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D, = (1/v/M;i,0,0,1/y/Ma,...,1//Myars,0,0), (6.70)
Dy = (0,1//My,0,0,1/\/ My, ...,0,1/r/Myars,0), (6.71)
D3 = (0,0,1/y/M;,0,0,1/v/ My, ...,0,0,1/+/ Myars) (6.72)

and one vector corresponding to the rotation of the helix around its axis:

Dy = (y1/v/ My, —x1/7/ M1,0, ...,ynars [/ Myaps, —2 yaps [/ Myars, 0). (6.73)

These four vectors correspond to the external degrees of freedom, i.e., the translation of the geometry
along these vectors does not displace the internal structure of the peptide chain. The (3 « NAPS _ 4)
columns of the J-matrix are now constructed as an orthonormal basis of the subspace, which remains,
when the subspace corresponding to the four external degrees of freedom is subtracted from the basis
corresponding to the (3 * NAPS)-dimensional configurational space by means of a Grahm-Schmidt

orthonormalisation.

6.6.4 Transformation rules

Here the transformation formulas of the Hessian matrix between the Cartesian and the cylindrical
coordinate basis are derived. The following notation is used: The atomic positions in Cartesian
coordinates are written as

XL(M

where [ is the atomic index and a can be either x,y or z. The corresponding components of the

gradient g := aiXEel are written as

OB

= 6.74
gI,(I 8X17a 9 ( )

and the Hessian matrix: 5
K=(—) 6.75

1s written as 5l

0 0“E* 0

ij,ab 8x17agJ,b axl,aayJ,b ayJ7ng,a i7,ba ( )

The notation to expand the respective quantities in cylindrical coordinates is in an analogous way.
To differentiate the Cartesian from the cylindrical expansion, the quantities in cylindrical Coordi-

nates is marked with a superscripted c.

Transformation from Cartesian to cylindrical coordinates
Provided the Hessian is known in Cartesian coordinates, the Hessian entries KY; , corresponding

to the cylindrical coordinates ¢ and r may be calculated by:
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c
KIJ,ab

_|_
_|_

62 Eel
0X f’ aaX =CL b

0 0
Eel
s ()

0 (0Xj. OB L 0Xy OE*!
0X§, \ 0X5,0X .  0X5,0X;,

PX e N PXjy

X ,0X5,7"" " oxg 0xc, 7

0Xjow [ 0X1p OB +6X1,y 0*E?
0X5, \ 0X5, 0X1,0X;, 0Xf,0X1,0X).
0Xyy (0X1, O?E“ +8X1,y 0*E
0X5, \ 0Xj,0X1,0Y;, 0Xf,0X1,0X;,

5 ?X ;. N *Xy,

7\ ox5 ,0x5,7" T oxy 0xg,
TJ,beI,xaKIJ,xx + TJ,beI,yaKIJ,yx
TJ,beI,xaKIJ,xy + TJ,beI,yaKIJ,yyy

where each a and b can be either ¢ or r and:

Tl,ma =

_ 8X1,$(¢J7 TJ)
0Xi, ’

0X
and Ty yq == W
Ia

and coordinate transformations are:

X12(b1,71) = cos(Xj 4) X7, and Xy, (¢r,71) = sin(X7 ,) X7 ..

Hence for a vanishing gradient g = 0 the explicit transformation formulas are:

160

KF 160

C
KIJ,TT

K;J,qbr

Trwpllo9K 1020 + TraeTrye Kigye + TryeTrae K150y + LryeTrye K1yy

rrry(sin(gy) sin(ér) Kree — sin(oy) cos(ér) Krye —
cos(¢g) sin(¢r) Kryzy + cos(or) cos(dg)Kryy)

TJ,erI,erIJ,xx + TJ,xT’TI,yT’KIJ,y:c + TJ,erI,:chIJ,xy + TJ,erI,erIJ,yy

COS(¢J) COS(@I)KIJ,M + COS(¢J) Sin(¢1)KIJ,yx +
sin(¢.y) cos(¢r) K1y + sin(¢oy) sin(or) K.,y

TJ,mrTI,:mKIJ,xx + TJ,mrTI,yqbKIJ,ym + TJ,erI,xqbKIJ,my + TJ,erI,yqbKIJ,yy

—rr(cos(¢y) sin(¢r) K ze — cos(¢y) cos(dr) K ye +

(6.77)

(6.78)

(6.79)

(6.80)

(6.81)



K_?J,T(Z)

+
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sin(¢y) sin(¢r) K10y — sin(¢y) cos(édr) Kr.yy) (6.82)

TJ,:(;(j)TI,mrKIJ,xx + TJ,x(j)TI,erIJ,ym + TJ,y(Z)TI,erIJ,my + TJ,y¢TI,erIJ,yy
—r(cos(¢r) sin(@y) K1 ze — cos(¢r) cos(pg) Krjyz +
sin(¢r) sin(¢r) Krjzy — sin(¢or) cos(é.7) Kryyy)- (6.83)

For the entries of the Hessian in cylindrical coordinates which correspond to terms related to the

z-coordinates the transformation rules are:

respectively. The explicitly calculated transformation rules are then:

Kijs: = TraeKrie: +T1yeKry:
= —rr(sin(¢r)K172- — cos(¢1)Kr7yz2), (6.85)

Kijr: = TraerKije. +TryKiy:
= cos(¢r) K10 + sin(ér) Ky, (6.86)

K7 = Ty0oKigm0 + Tryo K1y
= —ry(sin(¢y) K120 — cos(py) K1 2y) and (6.87)

Kijew = TrarKrjze + TryKrgzy
= c08(¢s) K120 +5in(07) K12y (6.88)

Transformation from cylindrical to Cartesian coordinates

The rules for the transformation from cylindrical to Cartesian coordinates have been obtained in

an analogous way:

and:

Kijaw = T1aT160K5 46+ TroaTrraKigg +

+ TJ7TITI7¢):BK?J7¢T + TJ,MTI,WK%JJT (6.89)
Kiryy = TroyTroyKis66 + TroyTrey K1 +

+ TmeTLQﬁyK?J,dw + TmeTLrnyJ,rr (6.90)
Krray = TioyTreakisgs + ToeyTioaKiy, e+

+ TJ,TyTI@:cK?J,qﬁr + TmeT[’rmK}J’T,T (6.91)
Kriye = TreaTrouKT106 + TrgaTrr K e+

+ TJ7rmTI’¢nyJ7¢T + T(J’mT[,,«yK}’JJ,T, (6.92)
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with:

162

Tr Nl

T16e K7y pe +TrreKig,. (6.93)
Troy K7y 4.+ Troy Kl e (6.94)
TrpaKTg20 + TiraKig oy (6.95)
TroyKTs26 + TrayKT g ors (6.96)
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