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Zusammenfassung

Die vorliegende Arbeit beschiftigt sich mit der Konstruktion neuer Klassen von unend-
lichdimensionalen Lie-Gruppen, welche eine Verallgemeinerung bereits bekannter Klas-
sen darstellen. AnschlieBend soll deren Regularitidt (nach der Definition John Milnors)
bewiesen werden, welche dann insbesondere auch fiir die bereits bekannten Klassen gilt.
Dadurch kann zum Beispiel die offene Frage nach der Regularitdt der von Pisanelli ein-
gefithrten Lie-Gruppen beantwortet werden.

Im ersten Kapitel werden die Voraussetzungen fiir die weitere Arbeit geschaffen, in-
dem Grundlagen der linearen und nichtlinearen Funktionalanalysis sowie der unendlich-
dimensionalen Lie-Theorie erlidutert werden. Im Einzelnen werden dabei folgende Kon-
zepte definiert:

e Differenzierbare und analytische Abbildungen in lokal-konvexen topologischen Vek-
torrdumen nach Michal-Bastiani

e Direkte Limites von aufsteigenden Folgen von Banachriumen ((LB)-Rdume); diese
werden im weiteren Verlauf der Arbeit als Modell-Rdume der zu konstruierenden
Lie-Gruppen verwendet.

e Unendlich-dimensioale Lie-Gruppen sowie der Regularitidtsbegriff nach John Mil-
nor

Im zweiten Kapitel beweise ich einen Satz iiber analytische Abbildungen zwischen (LB)-
Réumen. Dieses von mir bereits publizierte Resultat (siehe [5]) dient im Folgenden zur
Konstruktion der Lie-Gruppenstrukturen und zum Beweis der Regularitit.

Das dritte Kapitel enthélt die Konstruktion einer Lie-Gruppe, welche aus Keimen von
analytischen Diffeomorphismen um ein Kompaktum in einem reellen oder komplexen
Banachraum besteht. Deren Konstruktion war bisher nur méglich, wenn der Banachraum
endlichdimensional war. Im Anschluss daran wird die Regularitdt der so konstruierten
Gruppe bewiesen. Dies war selbst im Falle eines eindimensionalen Banachraums mit
einpunktigem Kompaktum bisher nicht moglich.

In Kapitel 4 werden aufsteigende Vereinigungen einer Folge von Banach-Liegrupen un-
tersucht und — falls gewisse leicht zu iiberpriifende Bedingungen erfiillt sind — mit
einer (LB)-Lie-Gruppenstruktur versehen. Anschliefend wird auch bei diesen (LB)-Lie-
Gruppen die Frage nach der Regularitit beantwortet. Als Hilfsmittel werden in diesem
Kapitel auBlerdem auch lokale Lie-Gruppen untersucht.

SchlieBllich werde ich in Kapitel fiinf an einigen Beispielen zeigen, wie man mit Hilfe der
Ergebnisse aus dem vierten Kapitel neue Klassen reguldrer (LB)-Lie-Gruppen erhilt,
beziehungsweise wie man fiir bereits bekannte Lie-Gruppen die bislang offene Frage nach
der Regularitdt beantworten kann.



Zusammenfassung



Introduction

Infinite dimensional Lie theory is an area of mathematics, connecting group theoretic
questions with (both linear and non-linear) functional analysis. An infinite dimensional
Lie group is a group whose elements can be parameterized via elements in an infinite
dimensional locally convex topological vector space, the modelling space. So far only
some general structure theory is available. There are many open problems.

The most prominent example of an infinite dimensional Lie group is the diffeomorphism
group of a compact manifold. Unfortunately, the diffeomorphism group of a noncompact
manifold carries no canonical Lie group structure (more precisely, it carries no Lie group
structure modelled on the Lie algebra of smooth vector fields). However, one can consider
the group of compactly supported diffeomorphisms which is a union of Lie groups and
can be given a Lie group structure itself. This leads to the question, under which
circumstances the union of a family of Lie groups is again a Lie group.

The aim of this dissertation is to construct new, interesting classes of of infinite dimen-
sional Lie groups. Most of these Lie groups are generalizations of known Lie groups.
Furthermore, we show their regularity in Milnor’s sense. This will imply the regularity
of some Lie groups which where already constructed but not known to be regular so far.

In Chapter 1 we fix some notation and discuss the preliminaries concerning our differ-
ential calculus, Lie groups, local Lie groups, regularity of Lie groups (in Milnor’s sense)
and direct limits of locally convex topological vector spaces.

In Chapter 2 we prove our main tool for both constructing new Lie groups and showing
regularity of them. Theorem 2.1 is a sufficient criterion for mappings defined on direct
limits of normed spaces to be complex analytic.

In 1976, Pisanelli showed in [16] that the germs of holomorphic diffecomorphisms in C"
form an infinite dimensional Lie group. In Chapter 3, we will generalize this concept to
germs of analytic diffeomorphisms around a compact set in a possibly infinite dimensional
Banach space. Furthermore, we will show that all these Lie groups obtained in this
fashion are regular (in Milnor’s sense). In particular this implies regularity of Pisanelli’s
original example, which has been an open problem before (Problem VI.5 in [15]).

A result by Glockner (see [8]) shows that the directed union of a sequence of finite
dimensional Lie groups can always be given an (LB)-Lie group structure. In Chapter 4,
we show how to construct regular Lie group structures on ascending unions of a sequence
of (possibly infinite dimensional) Banach Lie groups.

As a tool in showing regularity, we will use the concept of local Lie groups.

In Chapter 5, we will give some examples of cases where the situation of chapter 4 occurs.
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1 Preliminaries

1.1 Infinite dimensional differential calculus

1.1.1 C* and FC* mappings

We begin with two different notions of differentiability in infinite dimensional vector
spaces: (Details can be found in [7], [10], [13] and in [15].)

Definition 1.1.1 (C* in the sense of Michal-Bastiani). Let X and Z be Hausdorff locally
convex topological vector spaces over K € {R,C} and let Q be an open nonempty subset
of X.

(i) A mapping v:  — Z is called C2, if it is continuous.

(ii) A mapping v: Q — Z is called Cg, if for each (z,v) €  x X the directional

derivative
t —
dy(z,v) := lim v £ tv) = y(w)
t—0 t
teK

exists and if the map
dy: QAx X — Z

1s continuous.

(iii) Inductively, we say that v: Q@ — Z is of class CHIE ifitis Cf and if dy: Ox X — Z
is Cﬂlzfl. We call v smooth or O if 7 is CE for all k € N. If the ground field K is
clear from the context, we write C* instead of Cﬁg.

From this definition it follows that if v is CH1< and x € {2, then the following is a continuous
K-linear map:

Y(x) =dy(z,): X — Z 1 v dy(z,v).

The following definition of differentiability is more well-known but has the disadvantage
that it only works in normed spaces:

11



1 Preliminaries

Definition 1.1.2 (FC*-maps). Let X and Z be normed spaces over K € {R,C} and
let 2 be an open nonempty subset of X.

(i) A mapping v: Q — Z is called Fréchet differentiable at the point x € X if there
exists a bounded linear operator T' € £ (X, Z) such that

L@t ) —(z) — T

=0
v—0 o]l x

(in this case, this map T is equal to 7/(z) = dy(z, ) as defined in Definition 1.1.1).
(ii) The map - is called F! C]% if it is everywhere Fréchet differentiable and the map

Vi@ — (L(X,2), ) 7 = (@) = da(a, )

is continuous.

(iii) Inductively, we say that v: Q — Z is of class FC if it is FC§ and if v': Q —
L(X,7)is FC]?{I. We will use the notation (1) :=~’ and

v(k)(az)(vl, R RES <7(k71))/ (x)(v1) (v, ..., vE).

Note that each ~*) (r): X*¥ — Z is a continuous symmetric k-linear map.

Again, if the ground field K is clear from the context, we write FC* instead of F C%.

These two notions are connected via the following

Lemma 1.1.3 (Criterion of Fréchet Differentiability). Let X, Z be normed spaces over
K € {R,C}, Q C X open. Then v: Q — Z is FC' if and only if it is C' and the map

Vi@ — (L(X,2), ) s 7 = (@) = da(a, )

1S continuous.

Proof. If v is FC*, it is clearly C' and 7/ is continuous. Conversely, we assume that ~
is C' and that / is continuous. We will show that 7 is Fréchet differentiable at each
point. Therefore, let x € Q be fixed and let v so small that the interval [z,z + v] :=
{z+tv:tel0,1]} lies in . Then we define the curve

Np: [0,1] — Z : t — vy(x + tv).
Since «y is C!, the curve 7, is also C! with

n(t) = dy(z + tv,v) = v (z + tv).v.

12



1.1 Infinite dimensional differential calculus

Now, we can write:

H V(@ +v) —7(@) —+(2)v
vl x

= (1) = 1 0) = Y (@) 0]
vl x

A
1 Ly /
o, ny(t) dt —~'(x).v
XIIJ0 Z
1 1
:W (’y(m—i—tv). ' () )dt
X A
HUHX H (z +tv) —7/( UHZ dt

< /0 W@+ t0) =7 @), dt

The map v': Q@ — L (X, Z) is continuous by assumption. Therefore, the integrand on
the right hand side of this inequality is continuous in ¢ and in v. So, the theorem of
parameter dependent integrals yields that the integral tends to 0, when v converges to
0. This concludes the proof. O

Proposition 1.1.4. Let X,Z be normed spaces over K € {R,C}, Q C X open. Let
v: Q — Z be a C* map, k > 0. Then ~ is FC*. In particular, v is C™ if and only
if FC®°.

Proof. See e.g. Lemmas A.4.1 and A.4.3 in [18]. O

Remark. Although for mappings between normed spaces FC™ and C'*° are equivalent,
the notions C* and FC* are not equivalent. An example (due to H. Glockner and K.-H.
Neeb) is the following C''-map:

fL2([0,1]) — L*([0,1])

vy +—sinoy.

If it were FC', it would satisfy the hypotheses of the Inverse Function Theorem for
Banach spaces (see for example Theorem 1.1.21), so it would be a local diffeomorphism.
However, this contradicts the fact that the image of f contains no 0-neighborhood.

Definition 1.1.5 (Differential calculus on non-open subsets of normed spaces). Let X
and Z be normed spaces over K € {R,C}. Let A C X be a subset with dense interior A°
which is locally convex in the sense that for every a € A there is a convex set C' C A which
is a neighborhood of @ in the induced topology on A. We say that a map v: A — Z is
FC]k if y is continuous, 7|40 is FC]k and if 4/ can be extended to continuous map on A.
This generalization of Definition 1.1.2 since for open A, the two definitions agree.

13



1 Preliminaries

Remark. (i) One can also generalize the concepts of F C*-maps and C*-maps (also
between locally convex spaces) to this setting of locally convex domains with dense
interior.

(ii) Most of the statements for C*- and FC*-maps which are stated for open sets
generalize to this more general setting, e.g. the chain rule. (see [10] for further
details).

(iii) We will use this concept only in the case where A is a product of an open set with
the unit interval [0, 1].

1.1.2 Polynomials between normed spaces

Here and in the rest of the thesis, BXX (a) denotes the open ball of radius r around the

point a in the space X.

Definition 1.1.6. (a) Let f: X¥ — Y be a continuous symmetric k-linear map be-
tween normed spaces. Then we define the operator norm of f as:

1 lopi= |[£lnx 0o || =su0 {1 @ samlly s il <13

The space of all k-linear symmetric continuous maps from X* to Y together with
this operator norm will be denoted by Sym” (X,Y).

(b) Let p: X — Y be a continuous homogeneous polynomial, i.e.

for an f € Sym’j (X,Y). Then we define the operator norm of p as:

12lop = [Pl 0| = sup o)l : llellx < 13-

The space of all continuous k-homogeneous polynomials from X to Y together with
this operator norm will be denoted by Pow® (X,Y).

(c) Let v: X — Y be a continuous polynomial, i.e. a function that can be written as
a finite sum of j-homogeneous polynomials for j < k. Then we define the operator
norm of 7 as:

Mlopi= [Tl ]| =sup @y : llzllx <1}

The space of all continuous polynomials from X to Y of degree at most k together
with this operator norm will be denoted by Pol® (X,Y).

These notions are obviously generalizations of the operator norm of a continuous linear
map between normed spaces:

(Sym}: (Xv Y) ) HHop) = (POW}: (Xv Y) ’ HHOp) = (ﬁ (X7Y) ) H”op)

14



1.1 Infinite dimensional differential calculus

Remark. The normed space (Sym” (X, Y), |||l op) can be isometrically embedded in the
normed space BC’((B{( (0))k,Y) of bounded continuous functions on the k-th power

of the open unit ball, endowed with the supremum norm |-|| . Similarly, the spaces
Pow® (X,Y) and Polf (X,Y) can be regarded as subspaces of BC(Bf (0),Y).

Proposition 1.1.7 (Derivatives of homogeneous polynomials). Let X and Y be normed
vector spaces over K € {R,C}. Let k € N, f € Sym* (X,Y) be a continuous symmetric
k-linear map and

p: X —Y: iz f(z,...,2)

be the corresponding k-homogeneous polynomial. Then the Fréchet derivative of p is a
(k — 1)-homogeneous polynomial:

p:X — L(X)Y)
x —p(x): (v kf(z,...,z,v)).

Proof. (Sketch) Write the difference quotient

%(f(ac—i—tv,...,x—l—tv)—f(%---ax))

as a telescoping sum. O

One of the most important formulas when dealing with polynomials between infinite
dimensional spaces is the following:

Proposition 1.1.8 (Polarization formula). Let X and Y be vector spaces over K &
{R,C}, let k € Ng and set I := {1,...,k}. Let f: X*¥ — Y be a symmetric k-linear
map and let

p: X —Y iz f(z,...,2)

be the corresponding k-homogeneous polynomial. Then the values of f can be recovered
from p via

Flan,m) = o S )N ()

T FCI jJEF

Proof. See for example Theorem A in [2]. O

Corollary 1.1.9. Let X and Y be normed vector spaces over K € {R,C}. Let k € Ny,
let f e Symf (X,Y) be a continuous symmetric k-linear map and

p: X —Y:iz— f(z,...,x)

be the corresponding k-homogeneous polynomial. Then we have the following estimates:

15



1 Preliminaries

(@) 1Pllop < 11flop-

k
() 1fllop < 2 IIpllop < (2€)F [1pl,p-
() 10 llop < K 11flop < E(2€) [Ipll,p-
(@) 19"l op < K(k — 1)(2)5 1 [Ip]l,-

Proof. Part (a) is clear by the definition. Part (b) is a direct consequence of the po-
larization formula (Proposition 1.1.8) and the well-known formula k¥ /k! < e¥. Part (c)
uses Proposition 1.1.7, together with part (b). Part (d) is just part (c) applied twice. O

From Corollary 1.1.9 (a) and (b), it follows that SymX (X,Y) and Pow” (X,Y) are
topologically isomorphic. We will now turn to the space Pollg (X,Y):

Proposition 1.1.10 (Interpolation of Polynomials). Let X and Z be normed spaces
over K and let k € Ny be given. Then the map

k )
[T (Powl (X,2). I[lgp) — (Polk (X,2). Iy

j=0
k
(vi); — Zj:o ]

s a topological isomorphism.

Proof. The map is clearly bijective and continuous. It remains to show that for every
jo < k the coefficient map

(Polf (X,2) |1 lop)  — (Powd (X, 2).,|1l)
k
v= ijo Vi Yo
is continuous.

We fix a subset F' CJ0,1[ with k& 4+ 1 elements. For every point u € F we define the
corresponding Lagrange polynomial:

This is the unique polynomial of degree k such that A,(v) = §,, for v € F. The
coefficients A, ; € R depend only on k and F' and are therefore considered fixed for the
rest of the proof.

Now, suppose that a function g: FF — Z from the finite set F' to the normed space
Z is given. Then there is a unique polynomial g: K — Z such that g|p = g. This
polynomial is given by:

16



1.1 Infinite dimensional differential calculus

We can estimate the norm of the j-th coefficient of g:

Z 9(m) - Al < Z Al 19l o

neF 7 neF

Now, we consider a continuous polynomial v = Z?:o Y X — Z, where each ; is
a continuous j-homogeneous polynomial. Let v € Bf (0). Then 7j,(v) is the jo-th
coeflicient of the polynomial

go(t) = y(tv) = _v;(v)

and we can estimate its norm by:

@)l < D2 il lowloe < 3 sl 9l

neF per

Since v € Bs¥ (0) was arbitrary, this shows

H'YJ'|B{((O)HOO§ > Al H7|B{<(0)HOO
peF

which finishes the proof. O

Proposition 1.1.11 (Taylor’s Formula). Let X and Z be normed spaces over K and let
Q be an open convex subset of X and xo € X. Assume v: Q — Z is FC* with k > 1.
Then we have for all v € X such that zo +v € Q:

() A +o) = Y LE000)

71<k—1

_|_/O %7( )0+ tv)(v, ..., v)dt.
(b) ~(xo+v) ny xo )

1<k
1 k—1
11—t
+ / % ('y(k) (20 + tv) — 4*) (xo))(v, ..,v)dt.
o (E—=1)!
Proof. By setting h: |—r,r[— Z : s — 7y(xo+ sv) and using continuous linear function-

als on F', we can reduce (a) to the classical formula where X and Z are one-dimensional.

Since fo (k 1 Lt = 1/k!, part (b) follows from (a). O

17



1 Preliminaries

Proposition 1.1.12 (Complexifications). (a) Let E be a locally convex topological
vector space over R. Then the complexification

Ec:=ExFE
with the product topology, pointwise addition and the scalar multiplication

C x E(C — E(c
(u+iv, (z,y)) — (uz — vy, vz + uy)

becomes a locally convex topological vector space over C. We will identify v € E
with (x,0) € Ec and treat E as a closed real vector subspace of Ec. All linear
or polynomial mappings between real vector spaces extend uniquely to their com-
plexifications. The extended mappings are continuous if and only if the original
mappings were So.

(b) Let (E,||-||z) be a normed space over R. Then the complexification is again a
normed space with respect to the norm

|Z||c := inf Z |zl |z : & = szxj where x; € E,2z; € C
J J

This norm has the property that for all x + iy € Ec, we have:

max(||zl g, 1yl g) < llz+iylle <llzlz+lyle-

In particular, the norm induces the given norm on the real subspace E.

(¢) Let T: E — F be a continuous linear operator between real normed spaces. Then
the unique extension

Tc: EFc — Fo:xz+iy— Tx +1iTy

satisfies ||T(CHop: HTHop'
(¢c) Let B: E x E — F be a bilinear map with

181, z2)llp < Ml g 22l -
Then the unique extension

fc: Ec x Ec — It
satisfies

18c(Z1, Z2) || g, < 41121l g, 122 & -

Proof. See [2] for more details on complexifications of normed spaces. O

18



1.1 Infinite dimensional differential calculus

1.1.3 Analytic mappings between locally convex spaces

Definition 1.1.13 (Complex analytic mappings). Let E and F' be Hausdorff locally
convex spaces over C, let f: U — F be a mapping from an open subset U C FE with
values in F. We say that f is complex analytic or C¢ if it is continuous and if it admits
locally a power series expansion around each point a € U, which means there exist
continuous homogeneous polynomials p; of degree k such that

@)= prla - a)
k=0

for all z in a neighborhood of a.

Definition 1.1.14 (Real analytic mappings). Let F and F' be Hausdorff locally convex
spaces over R and let E¢c and F¢ be their complexifications. A mapping f: U — F
from an open subset U C E with values in F' is called real analytic or C¥ if it extends to
a complex analytic Fr-valued map on an open neighborhood of U in the complexification
Ec.

There is an easy characterization of complex analyticity, that can be found in [1, Theorem
6.2] :

Lemma 1.1.15 (Gateaux Analyticity). Let f: U C E — F be a function defined on
some open subset of a complex Hausdorff locally conver space E. Then f is C¢ if and
only if it is continuous and Gateaux analytic, which means that for every point a € U
and every vector b € E there exists an € > 0 such that the function

BE(0) — F:z— f(a+ zb)
18 complex analytic.

Proposition 1.1.16 (Cg = C°). Let f: U C E — F be a function defined on some
open subset of a complex Hausdorff locally conver space E.
(a) Then f is CE if and only if it is CZ° in the sense of Michal-Bastiani (Definition
1.1.1).

(b) If Fis assumed to be complete, then Cé already suffices for f to be complex analytic.

Proof of part (b). In view of Lemma 1.1.15, it suffices to show this for ¥ = C and
U = B%(0). Without loss of generality, e = 1. We set r := % and define the following
function:

L[ dw)

- BC F —
9: B, (0) — ZHQm' | w—z

w|=r
This integral converges in F, since F' is complete. By the rule of parameter-dependent
integrals, the function is C&°. We can show that f(z) = g(z) for all z € BE(0) by
testing with continuous linear functionals (Hahn-Banach) and using the classical one-
dimensional Cauchy-formula. O

19



1 Preliminaries

Lemma 1.1.17 (Complex analyticity in Banach spaces). Let X and Y be complex
Banach spaces and let f: U — Y be a FCY function defined on an open subset U C X.
Then the following are equivalent:

(a) f is complex analytic

(b) For every x € U, the Fréchet derivative f'(x): X — Y is complex linear.

Lemma 1.1.18 (Complex analyticity with values in a function space). Let U be an open
subset of a complex Hausdorff locally convex space X, let V be a topological space and Z
be a complex Banach space. Assume a continuous function h: U — BC(V, Z) is given,
such that the map

hy U — Z
u — h(u)(y)

is C¢ for eachy € V. Then h: U — BC(V, Z) is C¢.

Proof. By Lemma 1.1.15, it suffices to show that h is Gateaux-analytic. Thus, we may
assume that X = C and U = B} (0). It remains to show that for each z € BY (0) we
2

have
h(w)
h(z) = dw.
) /m%

w—z

By completeness of BC(V, Z) and continuity of h we know that the integral on the right
exists. We check equality by applying the following point evaluations to both sides:

my: BOV,Z2) — Z
v ().

Since these operators separate the points of BC(V,Z) and since m, o h is analytic by
assumption, the assertion follows. O

Lemma 1.1.19 (Absolute convergence of bounded power series). Let E and F be com-
plex normed vector spaces and let f: Bg (a) — F be a bounded complex analytic map
with the following power series expansion.:

fla+ ) Zﬁk

where the fy,: E¥ — F are continuous symmetric k-linear maps. Then for all r < ZE
the following series converges and can be estimated as shown:

leﬁkHop _R syl U

Here || f|lo :=sup {||f(2)|| : « € BE (a)} and e = 2.718281828. ..

20



1.1 Infinite dimensional differential calculus

Instead of giving a direct proof of Lemma 1.1.19, we will prove the following generaliza-
tion:

Lemma 1.1.20 (Absolute convergence of families of bounded power series). Let K C E
be a nonempty subset of a complex normed vector space E. Let U := K + Bg (0) =
Uaex Bg (a) be a union of open balls with fized radius R > 0. Now, consider a set M of
bounded Cg¢-mappings from U to a normed space F' such that supsepy || f|lo, < oo. Then

we have for all r < 2_Re the following estimate:

N F®(a)
sup | , b, < - sup [l
aceK

This clearly implies Lemma 1.1.19 by taking K := {a} and M := {f}.

Proof of Lemma 1.1.20. Without loss of generality, we may assume that I’ is a Banach
space. Let f € M and a € K be given. Let v € E be a vector of norm |jv||, = 1.
Furthermore let s < R be a fixed number. Then we define the following function

g: BS(0) — F: 2z f(a+ 2v)

Note that g depends on the choices of f,a and v. It is possible to expand ¢ into a power
series:

iki ikl v,...,v) - 2",
k=0 k=0

Using the Cauchy formula (see e.g. [1, Corollary 3.2]), we can write the coefficients of
this power series as a complex integral:

1 1
Hf(/’c)(a)(v, CeU) = —— /ZS flgi)l dz.

211

Multiplying with k! and taking the norm on both sides yields the following estimate of

f®(a)(v,..., v):
1 (2)
2mi /Z:s §k+1 dz

k!
<
< 21l

19/l
5T gkt

Hf(k)(a)(v,...,v)H < k! k:'—2

Since v was arbitrary, this gives us an estimate for the norm of the homogeneous poly-
nomial

v fF(a)(v,...,v)

k!
< —
Op_ Sk ||fHoo
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1 Preliminaries

By Corollary 1.1.9, this implies an upper bound for the norm of the corresponding k-
linear map:

(2k)F k! L k!
ks < (2e)F
e < 20 5 1

@], <

Since s < R, a € K and f € M were arbitrary, we obtain the following:

A
acK

k!
< (2e)F Tk J§up Il

Now, we multiply both sides of the inequality by %I? and sum up:

> Hf(k | bk >, [ 2er
kzo?el]‘% —Py SZO< ) -SuprH

aceK

Since r was assumed to be strictly less that 2—11, the series Y 72, (2—16{)k converges to

1_2; i R—Rzer' This finishes the proof. U

1.1.4 Ordinary differential equations in Banach spaces

In Chapter 3, we will construct and work with Lie groups of germs of diffeomorphisms in a
Banach spaces. Here, we collect some tools to deal with diffeomorphisms and differential
equations in Banach spaces:

We start with a quantitative version of the Inverse Function Theorem for Banach spaces:

Theorem 1.1.21 (Lipschitz inverse function theorem). Let X be a Banach space over
K and let T: X — X be a continuous linear invertible map. Suppose f: U — X
is L-Lipschitz continuous with L > 0, where U an open neighborhood of 0 in X and
f(0)=0, and A :=L- HT*IHOP< 1. ThenT+ f is a homeomorphism of U onto an open

subset V of X and (T + f)~1 is Lipschitz with constant TN HT 1H If U contains the

ball BX (0), then V' contains the ball B (0) with r' ”7%1 1ﬁ‘

Proof. This can be found at the beginning of [19]. O
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1.1 Infinite dimensional differential calculus

Now, we state three tools to work with differential equations:

Theorem 1.1.22 (A Quantitative Version of Picard-Lindelof). Let X be a Banach space
over R and let (tg,xo) € [0,1] x X be given. Let V C [0,1] x X be a neighborhood of
(to, o) and let

fiV—X

be a continuous function which is k-Lipschitz in the second component (for a k > 0).
Let 7,p, M > 0 such that

([O, 1] N [to — 7,1t +T]) X Bi)( (.%'0) cVv
and that
< M.

o0

Hf’([0,1}m[to—T,to+T})XBﬁ(wo)

Then the initial value problem

dx
E - (tvx)7
.%'(to) =X

admits a unique solution on the interval [0,1] N [ty — a, g + ], where o := min{7, £ }.

Proof. This is essentially Corollary 11.1.7.2 in [4]. O

Theorem 1.1.23 (The flow of an ordinary differential equation with parameters). Let
E and L be Banach spaces over R, and let f: U — E be a continuous map, defined on
an open subset U CR x E x L. Assume the following conditions are satisfied:
- The partial differentials a%f(t,x,)\) € L(E,E) and a%f(t,x,)\) € L(L,E) exist
and are continuous maps on U.

- Let (tg,z0, o) € U and let I C R be a compact interval, containing ty on which
the initial value problem

dx

Yt aA

dt f( y Ly 0))
.%'(to) = X0

has a unique solution ¢: I — E.
Then

e There is a neighborhood VE of o and a neighborhood V* of \g such that for all
uw e VE and X € VI the initial value problem

dx
E - f(taxa)‘O)7
x(tg) = u

has a solution ¢y x: I — K.
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1 Preliminaries

o The flow ®: I x VE x VE — E 1 (t,u,\) — ¢ya(t) is of class FCg.
o Furthermore g—f and g—f are differentiable with respect to t and one has:

00® _ 00 90® _ 0 0%
otou ouot ™ otox oxot

o Letu € VE and A € VL be fized and define:
Bu(t) = 21, (t,u,3), )

of
t t,®(t
Cunlt) = 2t 0(0,u.0). ).
Then the function m(-,u, A) is equal to a solution z: I — L (L, E) of the initial
value problem

dz

a(t) = By A(t) o z(t) + Cy (1),
Z(to) =0.
Proof. This is Theorem I1.3.6.1 in [4]. O

Lemma 1.1.24 (Groénwall’s inequality). (a) Let b,c > 0 and let h: [0,1] — [0, 400
be a bounded Lebesgue-measurable function, such that for all t € [0,1] we have

¢
h(t) <c+ b/ h(s)ds.
0
Then we have the following estimate:
h(t) < c- €.

(b) Let U be a convex open subset of a Banach space (X, ||| y) over K € {R,C} and
let f:[0,1] x U — X be a time dependent vector field on U, which is L-Lipschitz.
Let x1,x9: [0,1] — U be two solutions of the corresponding differential equation,
i.e. xi(t) = f(t,z;(t)) for all t € [0,1]. Then we have the following estimate:

laer () = 22(t)[x < 1(0) — 22(0)]] - €™

Proof. (Sketch) (a) Show the following inequality by induction on k € Ny (Fubini):
k
( t bk(t _ s)k
<c- Z T (S) . Tds
7=0
Then, take the limit for £ — oo.
(b) Apply part (a) to the continuous function
h:[0,1] — [0,+o0[ 0
to—fz1(t) —22()] x -
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1.1 Infinite dimensional differential calculus

1.1.5 Composition operators

We close this section with facts on composition operators and their differentiability
properties:

Lemma 1.1.25 (Derivatives of composition operators). Let X, Y and Z be normed
spaces over K € {R,C}, U C X and V CY open subsets and k,¢ € {0,1,2,...}.

(a) Then the continuous map
g% : BCEH (V. 2) x BCR* (U.V) — BOE (U.Z) : (v.m) = von

is a Cl-map. If ¢ > 1, its differential is given by:

d(gg) (Y0,m0,7:m) =7 om0+ (Y9 ©m0) - N (1.1)

Here, BC’%k (U, V) is the set of all v € BCE (U,Y) whose image is contained in V
and has a positive distance to the boundary of V.. It is open in BCE (U,Y). The
notation (7,omno)-n should be interpreted as co((vy o no),n) withe: L(Y,Z)xY —
Z:(T,y) — T(y).

(b) Let f: V — Z be a BCH]‘“{Jrngl (V,Z) map. Then the map
g:BCY* (U, V)= BCE(U,Z):— fon
is C with differential (if € > 1)

dg(no,n) = (f" o mo) - . (1.2)

Proof. Part (a) is Proposition 3.3.10 of [18]. Part (b) is just a special case. O

Proposition 1.1.26 (Evaluations of bounded F'C 1—matppings). Let X and Y be Banach
spaces over K € {R,C} and let U C X be open.

(a) The map

evo: BOU,Y)xU —Y
(v,z) — ()

18 continuous.

(b) The map

evi: BOL (U,Y)xU —Y
(v,z) — (@)

is an FC map.
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1 Preliminaries

Remark. e In this thesis, BC'! always refers to bounded Fréchet differentiable map-
pings with bounded Fréchet derivative.

e The statements (a) and (b) remain true if U is replaced by a non-open locally
convex set with dense interior (see Definition 1.1.5).

Proof. (a) Let (y0,20) € BC(U,Y) x U and € > 0 be given. Since 79: U — Y is
continuous at zo, there is a § > 0 such that v (B (z0)) € BY (70(z0)). Let (v,) €
2

B(?C(U,Y) (

70) % BY (2q). Then we can estimate:
2
levo(, 2) = evo(yo, zo)|l = lI7(x) — 70 (xo)
< [lv(@) = @) + lIvo(x) = v0(zo)ll
< v = 0llog + [[0(@) = v0(@0)|| <&

<

o
o

Hence, evy is continuous.

(b) We start by calculating the directional derivative of ev; at the point (7o, zp):

(evi0 + 1,70 + ty) — ev1(30,70) = (20 + 1) 0 + 1) — 10(a0))

= =

(v0(wo + ty) — vo(z0)) + n(xo + ty)

t—0

— dryo(zo,y) + n(zo)
= 70(0) (y) + n(x0)-

This shows that all directional derivatives exist and that

devi((v,2), (n,9)) =~ (2)(y) + n(=).

So, it remains to show that the map

evi : BCL (U,Y) xU —>£(BCK(U,Y)><X,Y)
(v,z) — devi((7,2),)

is continuous.
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1.2 Locally convex direct limits of normed spaces

Let (v,z) and (y0,0) in BC']/?(+1 (U,Y) x U. We may assume that the convex segment
[0, ] lies in U.

HeVﬁ(%x) - eV/1(’Yo7900)HOp

= sup |levi(v.2)(n,y) —evi(v0,20) (. 1)y

Inll-+liyll=1
= sup |[¥(@)(y) +n(x) = vo(0)(y) — nlzo) ||y
Inll-+ligll=1
< sup (@) () — (o) W)]ly + In(z) — n(zo)lly
Inll-+ligll=1
1
= sup ||("'(x) —v5(=0)) )|y + H/ 0 (tx + (1 — t)xg)(z — mo)dt
Inll-+ligll=1 0 y
< sup[y'(@) = 5(0) ||, Wl x + 7] Il — wollx
Imll-+ligll=1 —_ =

<1 <1

< V(@) =70 (@0) [ o + Iz = zollx

By part (a), this converges to 0 when (v, x) tends to (Yo, o). This finishes the proof. [

1.2 Locally convex direct limits of normed spaces

Direct limits will only occur in the following situation: Let £y C Ey C --- be an
increasing sequence of normed K-vector spaces such that all bonding maps i,: F, —
E, +1 are continuous (i.e. bounded operators). Then we define the locally convex direct
limit of the sequence (Ey),cy as the union E := |J,2, E, together with the locally
convex vector topology in which a convex subset U is a 0-neighborhood if and only if
U N E, is a O-neighborhood in E,, for each n € N. If each F,, is complete, i.e. a Banach
space, the direct limit is called an (LB)-space.

The locally convex direct limit topology satisfies the following universal property: A
linear map f: F — F to a locally convex space F' is continuous if and only if every
restriction f|g, : E, — F is continuous with respect to the topology of E,,.

Note: In general a locally convex direct limit of normed spaces need not be Hausdorff. In
the examples of this paper we can show the Hausdorff property directly by constructing
an injective continuous map into a suitable Hausdorff space.

Proposition 1.2.1 (Characterization of zero neighborhoods). Let (6,),,cy be a sequence
of positive real numbers. Then the set

V(61,6,...) = | <B5E11 (0) + - +BE" (0))
neN

is a 0-neighborhood of the locally convex direct limit E :=\J;2 | E,. Furthermore, the
sets of this type form a basis of 0-neighborhoods.
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1 Preliminaries

Proof. This is a well-known consequence of the fact that E is a quotient of the direct
sum €, £, equipped with the box topology. (see e.g. [20]) O

1.2.1 Compact regularity and bounded regularity

Definition 1.2.2 (Regularity of Direct Limits). Let E := J;2 | E, be a direct limit of
Banach spaces. We assume E is Hausdorff.

(i) The sequence (E,,), oy is called compactly regular, if every compact subset in E is
also a compact set in some FE,,.

(ii) The sequence (£y,), oy is called boundedly regular, if every bounded subset in E is
also a bounded set in some FE,.

Lemma 1.2.3. Let E :=J,, E,, be a direct limit of normed spaces. We assume E is
Hausdorff. Then compact regularity implies bounded regularity.

Proof. This Statement can also be found in [20], but we also give a nice elementary proof
here:

We fix on each Banach space a norm, such that B (0) C Bf"“ (0) for each n € N.
We assume that the direct sequence (Ey), y is compactly regular and let A C E be a
bounded subset of £. We claim that there is an index n € N such that A C BE» (0).
Since BE» (0) is a bounded subset of E,,, this claim would imply the statement. We
prove the claim by contradiction:

Assume for each n € N there is an a,, € A such that

an ¢ BE" (0). (%)

Now, since the set {a,:n € N} lies in the bounded set A, the sequence (a),cy is
bounded in £ and hence:

a
— - 0in E.
n
So, the set K := {0} U {% in € N} is a compact subset of F and by compact regularity,
K is a compact subset of one E,,. Since the inclusion map FE,, — E : z — x is
continuous, K is compact in E,, and F is Hausdorff, the topologies of F,, and F coincide

on the set K. In particular, the sequence (%”)n oy converges in Ey, to zero. Hence, there

is an index ng € N such that ani(? € B¥m (0). We may assume that ng > m. Since the
sequence of unit balls <Bf" (O)> N is increasing by choice of the norms, this yields:
ne
a mn
e B (0) C BI™ (0).
0

Multiplying by ng gives a contradiction to (x). O
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1.2 Locally convex direct limits of normed spaces

Proposition 1.2.4 (Criterion for compact regularity). Let E := |77, E, be a direct
limit of Banach spaces. We assume E is Hausdorff. Consider the following statements:

(i) For everyn € N, there is a 0-neighborhood 2 C E,, and a number m > n and such
that all the spaces Ep, Bpi1, Emya, ... induce the same topology on Q.

(ii) The sequence (Ey), cy is compactly reqular.
(iii) The locally convex vector space E is complete.

Then (i) is equivalent to (ii) and both imply (iii).

Proof. This follows from Theorem 6.4 and corresponding Corollary in [20]. O

1.2.2 Curves in direct limits

The following very useful theorem about continuous mappings into direct limits can be
found in [14] or [17].

Theorem 1.2.5 (The Mujica Theorem). Let X be a compact Hausdorff topological space
and let E :=J,~, E, be a direct limit of locally convex spaces. We assume E is Haus-
dorff. We denote by iy : By, — E the inclusion map.

(a) The map

D UneN C(X, En) —C (X, UneN En)
vyeC(X,E,) r—iy,ory

s a topological isomorphism onto its dense image, with respect to the locally convex
direct limit topology on the left hand side.

(b) If the sequence (Ey),cy s compactly regular, then the map ® is also surjective,
hence an isomorphism of topological vector spaces.

Remark. It is easy to verify that the map ® is continuous, injective and in part (b)
surjective. The hard part is to show that it is open.

Definition 1.2.6 (Integral completeness). A locally convex Hausdorff space E is called
integral complete if every continuous curve n € C([0,1], F) has an antiderivative v €
C1(]0,1], E) with (0) = 0 and if the corresponding operator
C([Oal]aE) —>Cl([0,1],E)
no—y

is continuous.

Remark. e If F is complete, then it is also integral complete.

e Integral completeness of E is equivalent to strong CY-regularity of the Lie group
(E,+) (see Definition 1.3.5). So strong C-regularity is a generalization of the
concept of integral completeness to Lie groups.
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Lemma 1.2.7 (Mujica’s Theorem for C*-curves). Let k € Ny be a (finite) number and
let E :=J;2 4 B, be a direct limit of integral complete locally convex Hausdorff spaces.
We assume E is also integral complete and Hausdorff. We denote by i,: E, — E the
inclusion map.

(a) The map
P : UneN Ck([oa 1]5 En) I Ck ([0’ 1]’ UneN En)
Y = ip oy
s a topological isomorphism onto its dense image.

(b) If the sequence (Ey),cy s compactly reqular, then the map ® is also surjective,
hence an isomorphism of topological vector spaces.

Proof. For an integral complete locally convex Hausdorff space F', the map
Ap:CH([0,1],F) — F* x C([0,1], F)
7= (((0), - 5D (0),99)

is an isomorphism of topological vector spaces. Since the maps Apg, are compatible with
the direct limit structure, we can define

U ae.: U c*(0,1],E,) — | J EE x C([0,1], Ey)

neN neN neN

We get the following commuting diagram, where ¥ is induced by the inclusion maps:

Unen C*(0,1], Ey,) - C* (10,1], Upen En)

UnEN AEn Ag

Unen Bk x C([0,1], Ey,)

EF x C([0,1], E).

It remains to show that the map W is an embedding of topological vector spaces and
that it is surjective in the case of (b). But that directly follows from the classical Mujica-
Theorem (Theorem 1.2.5) and the fact that locally convex direct limits and finite direct
products can be interchanged. O

Remark. The statement of Lemma 1.2.7 no longer holds if one consideres C*°-curves.

Proposition 1.2.8 (Lipschitz-continuous curves in boundedly regular direct limits).
Let v: [0,1] — U,en En be a Lipschitz-continuous curve with values in the Hausdorff
locally convex direct limit E of the boundedly regular sequence of Banach spaces (Ep),, cx-
Then there is an m € N such that v([0,1]) C E,, and the corestriction v: [0,1] — E,,
18 Lipschitz continuous.
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1.3 Lie Theory

Proof. Since the map ~: [0,1] — F is Lipschitz, the set

M::{M:s,te[o,ﬂ,s;&t}

S —

is bounded in E = (J,, E,. By the bounded regularity of the sequence (Ej,), oy, there is
an index m € N such that M is a bounded subset of E,,,. This implies that v([0,1]) C E,,
and that ~ is Lipschitz-continuous with values in E,,. ]

Remark. See [12] for further discussion of Lipschitz curves in locally convex topological
vector spaces.

1.3 Lie Theory

1.3.1 Lie groups and regularity

The definitions of manifolds and Lie groups are analogous to the finite dimensional case:

Definition 1.3.1. (a) Let E be a Hausdorff locally convex K-vector space with K €
{R,C}. Let r € {oo,w}. A Cg-manifold modelled on E is a Hausdorff space M
together with a maximal set (atlas) of homeomorphisms (charts) ¢: Uy — V
where Uy € M and V, C E are open subsets, such that the transition maps
pop™ i (UsNUy) — ¢ (UsNUy) are Cf and M = Uy Us-

(b) Let k € NgU{oo,w}, k < r. Continuous mappings between Cf-manifolds are called
Cﬂlz if they are Cﬂlz after composition with suitable charts.

(c) A Cg-Lie group Gis a group which is at the same time a Cp-manifold such that
the group operations are Cf.

Remark. e The definitions of tangent spaces, tangent bundles, vector fields and sim-
ilar concepts are similar to the finite dimensional case and can be found in [15].

e The Lie algebra of a Lie group G, denoted by L(G), is the tangent space T1G at
the identity element, together with the Lie bracket, obtained from the Lie algebra
of left-invariant vector fields on the group G. It is a topological locally convex Lie
algebra. Once again, we refer to [15] for details.

Definition 1.3.2 (Left logarithmic derivative). Let v: [0,1] — G be a Cl-curve in a
locally convex Lie group G. Then the left logarithmic derivative of + is defined as:

0v:[0,1] — L(G)
t— ()7 A @),

The multiplication on the left is to be understood as the canonical multiplication on the
tangent bundle group T'G.
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Definition 1.3.3 (Left evolution). Let 7: [0,1] — L(G) be a continuous curve in the
Lie algebra of a locally convex Lie group G with identity element 1. Then a C'-curve
v:[0,1] — G is called a left evolution of n if

oy=n and ~v(0)=1g.

The left evolution is unique when it exists and is denoted by Evol(n). We will denote
Evol(n)(1) by evol(n).

Definition 1.3.4 (Regular Lie group (in Milnor’s sense)). A locally convex Lie group
G is called regular if every n € C*° ([0,1],L(G)) has a left evolution and if

evol: C* ([0,1],L(G)) — G
is smooth.

Definition 1.3.5 (Strongly C*-regular Lie group). Let & € Ny. A locally convex Lie
group G is called strongly C*-regular if every n € C* ([0,1],L(G)) has a left evolution
and if

evol: C* ([0,1),L(G)) — G

is smooth.

Clearly, strong C*-regularity implies regularity in Milnor’s sense.

Proposition 1.3.6 (Regularity using Right Logarithmic Derivatives). Instead of using
left logarithmic derivatives and left evolutions, one can also use right logarithmic deriva-
tives and right evolutions. This results in the same concepts of regularity as in Defini-
tions 1.3.4 and 1.3.5.

Proof. Let (G,-) be a Lie group. Define on the manifold G a new multiplication by
g®h := h-g. Then the Lie groups (G, -) and (G, ®) are isomorphic via the isomorphism:

g —g .

Since the two Lie groups are isomorphic, (G,-) is (strongly C*-)regular if and only if
(G,®) is so. Now, the right logarithmic derivative of a (G,-)-valued curve is exactly
the left logarithmic derivative of the same curve, considered with values in (G,®). The
assertion follows. O

For further details concerning logarithmic derivatives and regularity, we refer to [13]
and [15].
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1.3 Lie Theory
1.3.2 Local Lie groups and regularity

Although we are mostly interested in (global) Lie groups, we will use so called local Lie
groups as a tool to show regularity of global ones.

Definition 1.3.7 (Local Lie group). Let G be a smooth manifold, D C G x G an open
subset, 1 € G, and let

mg: D — G : (x,y) — z*y,

ng: G — G:x— !

be smooth maps. We call (G, D, mg,1g,na) a local Lie group if

(Locl) Assume that (z,y), (y,2) € D. If (z*y, z) or (x,y*z) € D, then both are contained
in D and (zxy)*z=xx(y*z).
(Loc2) For each z € G we have (z,1g),(lg,z) € D and zx 1g = 1g xx = x.

1

(Loc3) For each » € G we have (z,271),(z" )€ Dand r*x2 ! = txox = 1.

(Loc4) If (x,y) € D, then (y~t,271) € D.

Remark. Every symmetric open identity neighborhood of a Lie group can be turned into
a local Lie group, but not every local Lie group can be enlarged to a Lie group.

Definition 1.3.8 (The Lie algebra of a local Lie group). Let G = (G, D, mg, 1¢,na) be
a local Lie group. Then there exists a continuous Lie bracket on L(G) := T1,G. There
is also a Lie functor and a left logarithmic derivative (for curves with values in the small
manifold D). The definitions are almost literally the same as in the case of global Lie
groups.

Definition 1.3.9 (Regularity of a local Lie group). A local Lie group G is called regular
if there is an open 0-neighborhood 2 C C* ([0, 1], L(G)) such that every n € Q has a
left evolution and if

evol: Q — G

is smooth. Consequently, it is called strongly C*-regular if there is an open neighborhood
Q C Ck([0,1],L(G)) such that every n € 2 has a left evolution and if evol:  — G is
smooth.

Remark. Similar to Proposition 1.3.6 one can also use right logarithmic derivatives and
evolutions to characterize regularity.

Proposition 1.3.10. Let G be a Lie group. Then it is (strongly C*-)reqular as Lie
group if and only if it is (strongly C*-)regular as a local Lie group.
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Proof. We assume G to be a strongly C*-regular local Lie group with k& € Ny U {co}.

The case k = oo is supposed to mean that G is regular as a local Lie group.

For each continuous seminorm ¢ on g, and each ¢ € Ny with ¢ < k we set

Qpg = {7 e C*([0,1],9): sup ¢ (W’(ﬂ) < 1}-

te[0,1],5<¢
By definition of the topology of C*([0,1],g) it is clear that
{Q,4 : ¢ < k; ¢ continuous seminorm on g}

is a basis of 0-neighborhoods.

Every curve v € C* ([0, 1], g) can be split in two parts:

1
L~:[0,1] —>g:tr—>7<§t>

and
1 1
Ry:[0,1] — g:t—y|(=+=t].
2 2
This yields two linear mappings:
One checks easily that for every basis 0-neighborhood €2 , we have

L(Qq) CQq and R(Qpq) C Qg

This implies that L and R are continuous.

(%)

Now, since G is a strongly C*-regular local Lie group, there exists an open neighborhood

Q C C*([0,1], ) such that every v €  admits a left evolution and such that

evolg: @ — G : v — Evol(y)(1)

is Cg°. We may assume that 2 = €2 , for a suitable / < k and a continuous seminorm ¢

on g.
Now, we want to extend the map evolg, , to the bigger set 2€ ;.

To this end, let v € 20, , be given. Then %7 € Q4 and by (), we have
1 1
L (5’7) € Q&q and R <§’7> S Q&q.
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1.3 Lie Theory

Thus, there exist left evolutions

= ot (1 (1)) ant e (1))

Finally, we glue these two curves together and obtain
n:00,1] —G

Co nL(2t) if t <

np(1)-nr(2t—1) if t >

N[00

This curve 7 is well-defined and piecewise C'. It maps 0 to 1 and its left-logarithmic
derivative is exactly vy, whence n is C! in particular. So each v € Qy, has a left evolu-
tion. Now, by using the explicit construction of this left evolution, we see that the new
evolution map

evolag : 20y, — G
v — evolg (L (%7)) - evolg (R (%7))
is a composition of Cg° maps, hence smooth.

So, every curve vy € 2(2 has a left evolution which depends smoothly on ~. By induction
we see that every curve in

o ([07 1]79) = U QnQZ,q
neN
has an evolution and the evolution map
evolg = U eVOIQnQLq
neN
is smooth.

This finishes the proof that G is strongly C*-regular. O

Definition 1.3.11 (Baker-Campbell-Hausdorff-Series). Let g be a Lie algebra over K €
{R,C}. The Baker-Campbell-Hausdorff-Series (or BCH-series) is a formal series of the
form

(o]
rxy =Y pol@,y),
n=1

where each p,: g X g — g is a homogeneous polynomial of degree n, consisting only of
linear combinations of iterations of Lie brackets. Its first terms are
1 1

vey =4yt ooy + ool eyl sl 4

We will not give the explicit formula here, but refer to [3](Definition 1, Ch. II, §6))
r [15](Definition IV.1.3) for a formal definition.
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Remark. If g is a topological Lie algebra, each p, is continuous but the series may or
may not converge at a given pair (z,y) € g X g.

For z,y € g with [z,y] = 0, we have = xy = x + y since all p, = 0 for n > 2.

This implies in particular that for all x € g we have
xx0=0xz=xand z* (—x) = (—z)xx = 0.

Lemma 1.3.12 (BCH-series in Banach Lie algebras). Let (g,||:||) be a Banach Lie
algebra over K € {R,C} with compatible norm, i.e. ||[z,y]|| < ||z ||yl

(a) The BCH-series converges on the set

Q:={(z,y) € g x g [lz] + [yl <log2}
to a CF function x: Q0 — g.

(b) If z,y,z are elements in g with ||z|| + ||y|| + ||2|| < log 2, then

(,y) € A (y,2) €Q,(z*y,2) € Q (2,yx2) € Qand zx(y*z) = (x*y)* 2.

Proof. This is taken from [3] (Propositions 1 and 2, Ch. II, §7). O

Proposition 1.3.13. Let (g,]||:||) be a Banach Lie algebra with compatible norm, i.e.
Iz, ylll < |lz|| |lyl|. Set B := BY log 2 (0). By construction, B x B lies in the set €2,
3 2

defined in 1.8.12 and therefore two elements in B can always be BCH-multiplied. This
enables us to define the set

D:={(zr,yye BxB:xxy€ B} CBxB
and the map
mp: D — B: (z,y) — x xy.
Together with inversion map
np: B— B:x— —x
we obtain a local Lie group (B, D,mp,0q,1B).
Proof. The four properties listed in Definition 1.3.7 follow easily from Lemma 1.3.12.

As an example, we prove (Locl): Let (x,y),(y,2z) € D and assume that (x %y, z) or
(z,y % z) € D. Now, since z,y, z € B, we know that

2l + gl + llzll < 2log S + 2log 2 + log o =log >
x z “log s +Zlog= 4+ Zlog = =log =
Y 3 %83 T30y T 3085 =106y
and by part (b) of Lemma 1.3.12, we get that
T (y*xz)=(T*y)* 2. (%)

Since we know that (z *y,z) € D or (x,y * z) € D, one of the sides of equation (x) lies
in B. Hence (x xy,2) € D and (z,y*z) € D and = * (y * 2) = (z * y) * 2. O
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1.3 Lie Theory

Remark. We will show later, in Theorem 4.2.3, that the local Lie group constructed in

Proposition 1.3.13 is always strong C%-regular in the sense of Definition 1.3.9.

Lemma 1.3.14 (Logarithmic derivative in a local Banach Lie group). Let (g, |]|) be

a Banach Lie algebra with compatible norm and let <B% log 3 (0), D, x,0, —id) be the
3 2

corespending local Banach Lie group, according to Proposition 1.8.13. For each C*-curve
v:[0,1] — Bf’og§ (0), the left logarithmic derivative can be written as:
2

57() = dr ) (1(0), /(1)) = du<<—w<tm<t>>, <o,f/<t>>>.

Here, A_(;) denotes the left-multiplication with the element —(t).
Proof. This is an easy calculation. O

If a local Lie group can be included into an (abstract) group, there is a possibility to
enlarge it to a global Lie group:

Proposition 1.3.15. Let K € {R,C}. Let G be a group, let V.C G be a subset of G
carrying a Cg-manifold structure. Let U C V' be an open symmetric subset containing
1g such that U -U C V. We assume that

(i) the multiplication map U x U — V : (z,y) — x - y is analytic,

1

(i1) the inversion map U — U : x — x~" is analytic,

(iit) for every g € G there is an open subset Wy C U such that gng_l CV and the

congugation map Wy — V 1w +— grg~! is analytic.

Then there exists a unique Cg-Lie group structure on G such that U is an open subset
of G with the given manifold structure. If G is generated by U then (i) and (ii) imply

(iii).
Proof. See [3, Chapter III, §1.9, Proposition 18] for the case of a Banach Lie group. [

Corollary 1.3.16 (Construction of a Lie group with a given exponential function). Let g
be a Hausdorff locally convex Lie algebra and let U and V' be symmetric 0-neighborhoods
in g such that the BCH-series converges on U xU and defines a Cg-map x: UxU — V.
Let ®: g — H be a map into a group H satisfying

o Oy is injective.
e (nz) = (P(x))" forneNx e g.
o O(xxy)=P(x)-  ®(y) forz,y € U.
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Then there exists a unique Ci-Lie group structure on G := (®(g)) = (®(V)) = (¢(U))
such that ®|y: U — ®(U) becomes a diffeomorphism onto an open subset.

Furthermore, the topological isomorphism To®: g — L(G) is an isomorphism of locally
convez Lie algebras and after identifying g with L(G), we obtain that G admits a C¥
exponential function and we have expg = ®.

Proof. Define G := (®(U)). Since for all z € g, there is an n € N such that * € U, we
have

o) - (o 2) <
This shows G = (®(g)) = (®(V)) = (®(U)).

Since ®|y is injective, we can use it to define a Cf¥ manifold on ®(V) such that
Qly: V — &(V) becomes a Cg-diffeomorphism.

Now, ®(U) is an open symmetric subset of the manifold ® (V') satisfying the assumptions
on Proposition 1.3.15. So, there is a unique Lie group structure on G such that ®|y
becomes a Cg-diffeomorphism.

Let n € N be given. Then for all x € nU, we have

o0 = o1 (2))

and so the function |, : nU — G is C¥ as a composition of Cf{ maps.
Since g = {J,, nU, the map @ is analytic.
Hence, for each x € g the curve

YR — G
t — O(tx)

is analytic. It is a group homomorphism from (R, +) to G since it satisfies v, (s + t) =
Yz (8)7V2(t) for small s,¢ € R. Its derivative at time 0 is 7/(0) = x since To® = idg after
identification of g with L(G). This finishes the proof. O
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2 Analytic maps on (LB)-spaces

The following theorem is our main tool for constructing (LB)-Lie groups and showing
their regularity:

Theorem 2.1 (Complex analytic mappings defined on (LB)-spaces). Let E be a C-
vector space that is the union of the increasing sequence of subspaces (Ep)nen. Assume
that a norm ||-|| s given on each Ey such that all bonding maps

in: By — Epp1ix—x

are continuous and have an operator norm at most 1. We give E the locally convex
direct limit topology. Let R > 0 and let U := |J,cn Bgn (0) be the union of all open
balls with radius R around 0. Let f: U — F be a function defined on U with values
in a Hausdorff locally convex space F', such that each f, = f ‘Bgn ) is C-analytic and

bounded. Then f is continuous.

If in addition the topology on E is Hausdorff then f is even C-analytic.

Note that the statement cannot be generalized to direct limits of Fréchet spaces. There
even exist homogeneous polynomials that are continuous on each step E, but fail to be
continuous on the limit. Similar pathologies arise when looking at uncountable direct
limits of normed spaces (see e.g. [11] for details).

This theorem and its proof can also be found in [5] (Theorem A).

Proof of Theorem 2.1. We start with some simplifications: Since f restricted to Bgn (0)
is analytic and the intersection of each one dimensional affine subspace with U is locally
contained in some Bgn (0), the function f is clearly Gateaux analytic. By Lemma 1.1.15
it remains to show the continuity of f. The range space F' is Hausdorff and locally
convex and can therefore be embedded in a product of Banach spaces. We now use that
a function into a product is continuous if and only if the projection onto each factor is
continuous. Therefore we can assume without loss of generality that F' is a Banach space.
Let p € U be given. It remains to show continuity of f at p. Since p € (J, ¢y Bg” (0),
there is an index m such that p & Bg’” (0). We may assume that m = 1 since omitting
only a finite number of spaces does not change the direct limit. Choose R’ > 0 such that
[pll, + R < R. Then Bg," (p) € BL" (0) for all n € N, using that the inclusion maps
have operator norm at most 1. Now, we may restrict f to the subset (J,, oy Bgil (p) and
without loss of generality, we may assume that R = R and p = 0. Therefore we only
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2 Analytic maps on (LB)-spaces

have to show continuity of f at 0. Furthermore, we may assume that f(0) = 0 which can
be obtained by a translation in F' which is clearly continuous. Let r be a fixed positive
real number strictly less that 2—11.

We know that each f,: Bgn (0) — F:zw— Y2 Benlz,- ) is Cf and bounded
between normed complex vector spaces. Then by Lemma 1.1.19, we have the estimate:

- R
D 1Bl < 9o Ml =

k=1

Now, let a; := 55 which implies that r = S j—10n- Then we have for every n € N:

k

8

= Z ”ﬁk n”opz Ajy Ay =~ gy« (%)

k=1 jeNFk

o0 o
> 1Beallop™ = Y 1Bknllop | D as
k=1 k=1 Jj=1

8

Let € > 0 be given. We set b, := min <1, m> and d, := a, - b,. By construction
it is clear that J,, < a,, which will be used later.

To show continuity of f at 0, it suffices to show that the 0-neighborhood V (41, d2,...) C
FE as defined in Proposition 1.2.1 is a subset of the domain of f and is mapped by f into
BI(0).

Let x € V (61,02, ...). This means that there is a number m € N such that z = 377" | ;
with ijHE] < d;. We can estimate the E,,-norm of = by

m

Z%

m m m m
<D g, <D Mol <> 8 <Y aj<r<R
j=1 j=1 j=1 j=1

Em

So, z € Bgm (0) € Unen Bgn (0) which is the domain of f. So it makes sense to evaluate

f(x):

oo m
f(x) = fm(x) = Zﬁk,m Zﬁkm Z Ljpyeeey Z Zj,,
k=1 j1=1 jr=1
oo
:Z ﬁk‘,m (xjm .I]k ZZ Z ﬁkn 37]1, . ax]k)
k=1 jenk k=1n=1 jenk
fgm maxf:n
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Note, that we used in the last line that 8 ,, and (., coincide when the arguments are
elements of F,,. Now, we can estimate the norm:

ZZ Z Bl (155 Tjy)

k=1n=1 ]ENk

1f (@)l =

F

max j=n

oo m
<D D Beallopllzills, -zl g,

k=1n=1 ;‘eNk

max j=n

o
> > Bkallgplaillp, - lwilg,
k=

1 ;‘eNk
max j=n

> Wkl

max j=n

NE

1

3
I

Ms

S
Il

One of the factors d;,,...,d;, is equal to 6, = ay, - by, all the others can be estimated by
the corresponding a;:

1f(z ZZ > NBrnllopais - ajy, - bn

n=lk=1 jeNk
maX;:n
moo> by (x)
< an 8%, nH Aj gy * Ay, < ZbN'Sn
n=1 k=1 ]ENk n=1
- €
< — S, < e
>~ Z on . (Sn + 1) n 9
n=1
This finishes the proof. U

Although this result explicitly needs that K = C, the following easy consequence also
holds in the real case:

Corollary 2.2 (Continuity of polynomials). Let K € {R,C}. A polynomial function
defined on the direct limit E = UneN E, of normed K-vector spaces E1 C Fy C -+ with
values in a Hausdorff locally convex space is continuous if and only if it is continuous
on each step.

Proof. First consider the case K = C. Let f: F — F be an F-valued polynomial
map, defined on the locally convex direct limit £ = |J,y En of normed spaces E,. It
is possible to choose on each E, an equivalent norm ||-||; such that the continuous
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2 Analytic maps on (LB)-spaces

bonding maps i,: F, — E,4+1 : © — x have operator norm at most 1. Set R := 1
and U := J,,en Bgn (0). By hypothesis, each f, := f ‘Bg" (0) I8 continuous. A continuous
polynomial is automatically C¢ and maps bounded sets to bounded sets, in particular,
fn(Bgn (0)) is bounded in F'. Therefore, we can directly apply Theorem 2.1. and obtain
that f is continuous on the 0-neighborhood U. But for polynomial functions this is
enough to guarantee continuity on the whole domain E. (see [2, Theorem 1))

Let K = R now and let E¢, (E,)c and F¢ denote the complexifications of the R-
vector spaces F, E, and F respectively. Then every polynomial map f,: F, — F
can be extended to a complex polynomial map (f,)c: Fc — Fg. The maps (f,)c are
continuous because the maps f, are so. We now apply the complex case and obtain that
fc is continuous and hence f is continuous, too. ]
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3 Germs of diffeomorphisms around a
compact set in a Banach space

Throughout this chapter, let (X, ||-||y) be a Banach space over K, and let X C X be
a nonempty compact subset. We are interested in germs of analytic diffeomorphisms
around K, i.e. we examine analytic diffeomorphisms n: U, — V,, where U,, and V},
are open subsets of X, both containing K, such that n|x = idg. We identify two
diffeomorphisms if they coincide on an open set W C X, containing K. It is easily
checked that these equivalence classes of diffeomorphisms form a group with respect to
composition. In the first section we will turn this group into a Lie group modelled on a
compactly regular direct limit of Banach spaces, and in the second section, we will prove
its regularity.

The content of the first section can also be found in [5].

3.1 Construction of DiffGerm (K, X)

In this section we will prove the following theorem:

Theorem 3.1.1 (Lie group of germs of diffeomorphisms). Let K € {R,C} and let X be
a Banach space over K. Let K C X be a non-empty compact subset of X. Consider the
group

. w g .
DiffGerm(K, X) := {77 n is a Cg-diffeomorphism between open }/N,

neighborhoods of K and n|x = idg

where two diffeomorphisms ny1,ns are considered equivalent, n1 ~ ng if they coincide on
a common neighborhood of K. Then DiffGerm (K, X') can be turned into a Cg-Lie group
modeled on a compactly reqular (LB)-space.

If X = K", this is known and can be found in [9]. If in addition K = {0}, the Lie group
structure was first constructed by Pisanelli in [16] and denoted by Gh,(C).

We will follow the strategy of [9] to first consider the case K = C and reduce the real
case to the complex case. The topologies used in [9] do not work when X is infinite
dimensional. However, once we have constructed the Lie group structure for K = C, the
proof of the real case can be copied verbatim from [9, Corollary 15.11].

Therefore, from now on, K = C.
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3 Germs of diffeomorphisms around a compact set in a Banach space

3.1.1 The modelling space

Throughout this section, we will fix the following countable basis of open neighborhoods
of K:

Un:=K+BY(0)= [ BY (a).
" aeK "

For every n € N, we define the following spaces:
BCY (U, X) := BC(Up, X) = {y: U, — X : v is continuous and bounded }
Holy, (Un, X) ¢ :=={y: Uy — X : v is C¥, bounded and | = 0}.
It is well-known that B C% (Up, X) is a Banach space when equipped with the sup-norm.
The space Holy, (Uy, X)) is a closed vector subspace of BCY (U, X) and hence becomes
a Banach space as well.

For every k € N we define

k L . ) v is FC@, bounded and the
BC¢ (U, X) := {% Un — X first k Fréchet derivates are bounded |
This space becomes a Banach space when endowed with the (finite number of ) seminorms
(7 — HW(Z)HOO) where £ € {0,1,...,k}. Here 49: U, — (Symﬁ (X, X), ||Hop) denotes

the k-th Fréchet derivative of v (Definitions 1.1.2 (iii) and 1.1.6).

By Proposition 1.1.16(b) every Cé—map between complex Banach spaces is automatically
C# which implies that for k > 1 all of the elements of BCE (U,,, X) are complex analytic.
Therefore the exponent k£ only refers to the boundedness of the first k& derivatives.

Lemma 3.1.2. Let n € N and k € {0,1,2,...}. Then the linear operator
Holy, (U, X) o — BOE (Upy1,X) 1y Y|U,s1 @8 continuous.

Proof. Let © € U,11 be given. Then there is an a € K such that € B, (a). Set
n+1

R:=1— nLH = m Then B3 (z) € BY (a) C U,. For each v € Hol, (U, X); we

obtain a bounded analytic function 7|B§ (@) B2 (z) — X. We fix a real number r < 2—11

and apply Lemma 1.1.19 to get the following estimate:

00 HW(@(@“)HOPTZ _ R .

14 ~ R—2er Il -

=0
In particular we can estimate every summand in the infinite sum by the whole sum and
conclude
|
HW(Z) (z) a _=k&
op - ’I“Z R — 2er
This bound does not depend on the choice of x € U,,41, hence

/! R
) <.
U (1’) op ’I“g R — 2er

N llso -

= sup
S} x€Up+1

Ol e =
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3.1 Construction of Diff Germ (K, X)

We also need the space
BOE (Un, X) i = {7 € BCE (Un, X) 1 v|g =0} .

This is a closed subspace of B C%: (Upn, X) and therefore becomes a Banach space with
the induced topology.

Lemma 3.1.3. The topology of the Banach space BC’}C (Un, X) g is given by the norm

b := 1Vl = sup 17/l

Proof. By definition, ||-|| is one of the two seminorms generating the topology of
BC¢ (Up, X) e It suffices to show that the other, |-, is bounded above by a multiple
of [|{|p-

Let v € BOL (Upn, X))y and let € U, = K + B¥ (0). Then x = a + v with a € K and

n

[v]|x < L. Then

1
v(@)lx = lv(a+o)lx = 7\(?/)+/0 7' (a+ to)(v)dt

=0 X
Lo 1
< [+ el ylolixdt <l -
Therefore |||, < 2 ||7|lp and this finishes the proof. O

Note that this does not work without the assumption that v|x = 0.
From now on, the space BC{ (Uy, X) ¢ is endowed with the norm ||-|p-

In the proof of Lemma 3.1.3 we have seen that
BCE (Up, X) je — Holy, (Up, X) e 17+ 7y

is a bounded operator of norm at most % Hence, we are now in the following situation:
All of the arrows in the following diagram are injective bounded operators between
Banach spaces:

Holy, (U, X) o — Holy, (Up41,X) g — Holy, (Upy2, X) g — -+

[ I

BC%Z (Un, X) g — BC%: (Uny1, X) g — BC%: (Unt2, X) g —

We will now identify a holomorphic function with its image under these injective opera-
tors, and thus consider them as germs around K. This allows us to define the following
locally convex direct limit:
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3 Germs of diffeomorphisms around a compact set in a Banach space

Proposition 3.1.4. The direct limit

Germ(K, X) g = |_J Holp (Un, X) ¢ = | BCE (Un, X)
neN neN

is Hausdorff, compactly regular and complete.

Proof. To simplify notation, let E, := Holy, (U, X). To see that the direct limit is
Hausdorff, note that every v € Holy, (Uy,, X), is uniquely determined if we know its
power series expansion at each a € K, since U, = J,cx B)f (a). Therefore the following

mappings are injective:

@y s Holy (Un, X) i — [] Symf (X, X) 17— (7¥(0))

aceK
keN

a€K,keN

By Lemma 3.1.2, calculating these Fréchet derivatives is continuous with respect to
the sup-norm, therefore the mappings above are continuous and linear. Since they are
compatible with the bonding maps Holy, (Up, X) ; — Holy, (Unt1, X) g 1 7 = Y|U,,, We
can extend these maps to the direct limit and obtain an injective continuous map into a
Hausdorff space. This proves that the direct limit is Hausdorff.

To show compact regularity and completeness, we want to use Proposition 1.2.4. There-
fore it suffices to show that for every n € N, there is a 0-neighborhood 2 C F,, and
a number m > n and such that all the spaces E,,, Epmi1, Emyo, ... induce the same
topology on 2. We need the following constant: D := 3% ~ 10,6489403. Let n € N be

e
given. Set Q := B (0) and m := 6n.

Now we can apply Lemma 1.1.20 with £ = F = X and M = 2Q) = B2E" (0), R = % and
r= 6% < 2—Re and obtain

o Y™ @], 7 1\* 1
2 s T °p<—6> < =% sup |1vll, = 2D (+)
k=020 : n n T 2eE ve20

a

=Sk

Let £ > m. To show that Ey and E,, induce the same topology on 2, it remains to prove
that the inclusion map Q2 C Ey — E,, : 7 — <y is continuous. Let € > 0 be given. By
() the series > 77 sk (%)k converges. Therefore there is a number ky € N such that

D kko Sk (6%)1% < 5. Weset § := % (%)ko - £

Now, let 71,72 € Q be two elements with E,-distance ||y, — 72||Ee < §. For the E,,-
distance, we show that ||v1 — 2|z < e. With 74 := 71 — 72, we know that v4 € 2. It
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3.1 Construction of Diff Germ (K, X)

remains to show that ||v4l|z = sup,ep,, [Va(7)l|x < e. Therefore let z € Uy, be given.
By definition of U,, = K + B¥ (0), there is an a € K such that z € BY (a). Now,

(k)
oo (k) = |17 (a) k
7 (a)(x_aa'”a$_a’) Hd o 1
lva(@)llx = || - o < ZTP p—
k=0 X k=0
(k) (k)
b v PP @] g
op op
<2 w (6_n> T2 <6_n>
k<ko k>ko
(k)
H’yd (a) 1\F 7o\ o 1\*
Gy 7 e )
= k! 6/ n Pt 6mn
(k)
AU 0! P
<[ = . op = e
= <n> 2. h (66) T3
k=0
AN € e\ 1 /n\ko & €
<(Z) .D. <) op.=(Z2) 24—
= <n> Iallg, +5 < (n) D <£) 237 F¢
<0
This shows that the space
Germ(K, X)x = |_J Holy, (Un, X)x = | J BOE (Un, X) g
neN neN
is a compactly regular complete (LB)-space. O

Remark. In the proof, we did not use that the range space of the mappings is equal to
the Banach space containing K and we did not use that the mappings all vanish on K.
So, the same argument also shows that

| Hol, (U, 2)
neN

is compactly regular for every Banach space Z. We will not need that in this chapter,
but later, in chapter 5 (Theorem 5.1.1).

3.1.2 The monoid

To turn DiffGerm (K, X) into a Lie group modelled on Germ (K, X ), we first construct
an analytic structure on the set

L ) ) n is a C¢-map, U, is an open
EndGerm(K, X) := {77- Uy — X neighborhood of K and n|x = idg /

where 77 ~ 1y if and only if they coincide on a common neighborhood of K.
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3 Germs of diffeomorphisms around a compact set in a Banach space

The set EndGerm(K, X') becomes a monoid with the multiplication

[m] o [ne]o = [moml. .
Here, [n]_ denotes the equivalence class of n with respect to the relation ~.

Since every neighborhood of K contains one of the neighborhoods U, it suffices to look
at analytic maps of the form n = idy, +~ with v € Holy, (U,,, X) - for some n € N. This
implies that the following map is a bijection:

® : EndGerm(K,X) — Germ(K,X)g
[’7 + idUn]N — v € Holy, (Un,X)K

We use this map as a global chart and define the complex analytic manifold structure
on EndGerm(K, X) such that ® is a diffeomorphism.
Proposition 3.1.5. The monoid multiplication of EndGerm(K, X):

i EndGerm(K, X) x EndGerm(K, X) — EndGerm(K, X)
(Imle mlo) = [momna].

is Cg with respect to the manifold structure defined by ®.

Proof. Using the global chart ®, this map becomes

Popo(®xd) ! :Germ(K, X)x x Germ(K, X)g — Germ (K, X) g

(71,72) = (1 +1id) 0 (72 +id) —id = y1 0 (72 + id) + 2.
To show analyticity of that map, it suffices to show that
f:Germ(K, X)g x Germ(K, X)g — Germ(K, X)x
(v1,72) =10 (72 +id)

is analytic.
For each n € N, we set

E, = (HOlb (Un7X)K ) H”oo) )

Fo:= (BOE (U, X) i I llp) -
The domain of the map f in question can now be regarded as the following direct

limit: Germ (K, X)x x Germ(K, X)x = U,,en En X Fy,. For each R > 0 we set Qi :=
Unen Bg’l (0). One easily checks that

neN

U Qp = Germ(K, X) g
R>0

U BE" (0) = Germ(K, X)x for every R > 0.
neN
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3.1 Construction of Diff Germ (K, X)

Therefore the domain
Germ(K, X )i x Germ(K, X)g = U (Germ(K, X)g x QR)
ReN
can be written as a union of open 0-neighborhoods. This means that f is analytic on
Germ(K, X )i x Germ(K, X) if and only if f is analytic on each Germ(K, X)x x Qg.
Let R € N be given. To simplify notation, we denote the restriction of f to
Germ (K, X )i x Qg also by f.

Now, define £, := (R + 1)(n + 2) € N. Since lim,, .o ¢, = 00, the sequence (Fy, ),y is
cofinal in (F,),, . hence

Germ(K, X)) X Qp = U <B§" (0) x B;Zn (O)> _ U Bgn (0).
neN neN
Here, we set H,, := E,, x Fj, with the norm

131, 72) 1, = max{[|mllog » 12llp} = max{[lnllo - [l }-
All bonding maps i,: H, — H, 1 have operator norm at most 1. We now would like
to apply Theorem 2.1. To this end, we define
fn: Bg" (0) — Germ(K, X)f : (71,72) = 710 (2 +idy,, )
We claim:
(a) Each f, makes sense,
(b) Each f, is C¢,
(¢) Each f, is bounded.
Once we have this, by Theorem 2.1 the map f is analytic, as we had to show.

(a) Let (v1,72) € Bg” (0) = Bgn (0) x Bg” (0). We have to show that v1 and (y2+idy, )

can be composed, i.e. that (y2 + idy, )(Us,) € U,. In fact, we actually show that

(v2 +1idy,, )(Ue,) € Unyo.

Therefore, let € Uy, = K + BX (0) be given. Then z is of the form = = a + v with
£

a€ K and |v] x < i. Now, we apply (72 +idy,, ) to
(72 +idy, )(z) =yela+v) +at+v=a+w
with w := v 4+ v2(a + v). Now, we estimate the norm of w:

[wllx = llv+72(a +0)llx <[lollx + lIale +0)lx
= [lvllx + [ln2(a +v) = 2(a)llx

= ll-+ | [ sbta-+ ]|

1 , 1

< g+ sup [73(a+ to)||  llvllx < 7 Tl llvlx
n t€[0,1] n

L Ri _ R+1 _ 1 .
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3 Germs of diffeomorphisms around a compact set in a Banach space

Therefore (2 +idy, )(z) € BY, (a) € Unya.

n-+2

(b)  The image of f, is a subset of Holy, (Uy,, X) ;. The inclusion map:
Holy, (Uy,, X) ;o — Germ(K, X) g
is continuous linear and therefore C¢. It remains to show that the arrow & in the
following diagram is C§:
fn
B (0) Holy, (Uy, , X) je = Germ(K, X) g
lo 3

Q
BCE (Un11, X) x BCZ® (U, Up11) — > BCL (Uy,, X)

The space Holy, (U, , X)j is a closed subspace of BCX (U, , X) and # is a topological
embedding. Therefore f,, will be C¢ if we are able to show that & o & is so.

Let (y1,72) € Bg” (0). Then ~; is complex analytic and bounded on U,,. We have seen
in Lemma 3.1.2 that all derivatives of v; are bounded when restricting ; to the smaller
set U,+1 and that the inclusion

Holy, (Un, X) ¢ — BCE (Unt1, X) : 11 = M|Unsa

is continuous for every k € N.

We have just shown in (a) that the image of (y2+idy,, ) is a subset of U, 12, hence it has a

positive distance from the boundary of U, 1. Hence, it lies in the space BC%O Uy, , Unt1)
as defined in Lemma 1.1.25. The map

&1 B (0) — BOE (Uns1,X) x BCZ® (Uy,, Unt1) : (11,72) = (71,72 +iduy,, )

in the diagram above is therefore well-defined and continuous. Since it is affine, it is
automatically analytic.

To make the diagram commutative, we define the remaining arrow as

O : BO% (Uny1, X) x BCZ® (Uy,,Upy1) — BCL(Uy,, X)
(v,m) ——on

and this is C% by Lemma 1.1.25 (with £ = = 1). Since we are dealing with mappings
between complex Banach spaces, the C(I:—property implies complex analyticity.

(c) Let (y1,72) € Bgn (0) x B?" (0). Then fu(v1,72) =710 (2 +1dy,, ) is an element of

Holy, (Ug,, X) ¢ of norm |1 0 (72 + idUZn)Hoo < |Imlle < R. Therefore the image of f,
is a bounded subset of Holy, (Uy,, X ) and hence a bounded subset of the direct limit
Germ(K, X)k.

Therefore, by Theorem 2.1, f is complex analytic and we have shown that
EndGerm(K, X) is a complex analytic monoid. O
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3.1 Construction of Diff Germ (K, X)

3.1.3 The group

The monoid Germ (K, X)g has a Cg-manifold structure and an analytic multiplication.
We now show that the group of invertible elements of the monoid is open and that
inversion is analytic.

For the openness, we use a lemma:

Lemma 3.1.6. Lety € BC{ (Up, X) e with |||l = |1Vl < 1. Then n := idyg, +7|vs,
is a Cg-diffeomorphism onto its open image.

Proof. Let x € Ug,. Then the Fréchet derivative n/(x) at x is an element in the Banach
algebra (E (X)

17 () —idx|lop = 17" (@)llop < IV lloe < 1. Therefore n'(x) € Bf(X) (idx). All elements

in an open ball with radius 1 centered around the identity of Banach algebra are invertible
(Neumann-series). Hence, 1/(z) is invertible.

+lllop)- The distance between 7'(z) and the identity of the algebra is

By the Inverse Function Theorem for complex Banach spaces this implies that there
is an open neighborhood of x on which n is a diffeomorphism onto its open image.
Since = € U, was arbitrary, we know that the image 1(Us,) is open. To show that
n: Usn — n(Usy) is not only a local, but a global diffeomorphism, it remains to show
injectivity of 7.

Let x,y € Us, with n(x) = n(y) be given. We have to show that x = y. This is easy

once we have shown that the line segment joining z and y lies in U,,. By definition

of Usp, there are elements a,b € K and v,w € X such that ||[v]y,||w||y < & and

r=a+v,y=>b+w Let[az] :={a+tv:te[0,1]} € BX (a) C Us, denote the
6n

compact line segment joining a and x. Then

Inte) =@l = | [ e+ to0wrte] < e o 0] ol

. 1 1
< (lidlop+ 1 llop) - Iollx <2+ 5 = 5

<2

Likewise we see that [|n(y) — n(b)| x < 5. We can now estimate the distance between
the points a and b:

lla = bllx = lln(a) = n(b)ll x
2

< [In(a) —n(@)llx + [n(x) —n(y)lx + [[n(y) —n®)llx < o

1 =0 1
< 3n < 3n

This also allows us to estimate the distance between y and a:
2 1

1
—ally < |ly—b b—aly < — + — < —.
Iy = allx < lly = bllx + b= allx < o+ 2 < -
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3 Germs of diffeomorphisms around a compact set in a Banach space

So, y € BY (a). Therefore the two points z and y both lie in the convex set B (a).

Therefore also the line segment [z,9] lies in B¥ (a) which is a subset of U,,, and thus

0=|n(@) —nWlx =z —y+v(@) —vWlx
>z —yllx — lIv(@) —vW)llx

=llz-ylx - H/Ol Y (y+t—y)(r - y)dtHX

> |lz = yllx = [|7'[|.o Iz = wllx =z —yllx 0 =[]
N——

>0

Therefore ||z — y||y has to be zero and so n: Us, — X 1is injective. This finishes the
proof. O

Proposition 3.1.7. Let EndGerm(K, X)* denote the group of invertible elements of
EndGerm(K, X) and let

. . n is a Cg-diffeomorphism between open

DiffGerm (K, X) := {77 neighborhoods of K and n|x = idg [~

where two diffeomorphisms n1,me are considered equivalent, n1 ~ 19 if they coincide on
a common neighborhood of K. Then DiffGerm (K, X) = EndGerm(K, X)* and this is
an open subset of EndGerm(K, X).

Proof. 1f n is a diffeomorphism between open neighborhoods of K, then [n]_ is clearly

invertible and thus DiffGerm (K, X') C EndGerm(K, X)*.

~

Conversely, let [n1]., € EndGerm(K, X)* be given. This means that there exist Cg-
maps 11: V), — X and n2: V;;; — X on open neighborhoods V;,,,V,, of K in X such
that 7| = idx and [m]. o [n2].. = fidx]. = [m]< o [m].-

From [12] _o[m].. = [idx]., we get that there is an open K-neighborhood Wy C n;! (V;,)
such that 19 o m1 |y, = idw,. In particular, n|w, is injective.

From [12] _o[m].. = [idx]., we get that there is an open K-neighborhood W C ny ! (V)
such that 7; o 7|, = idw,. By making Ws smaller, we may assume Wy C 1, 1 (W7).

Now, n1(W1) D n1(n2(Wa)) = Ws. Hence the image of 7|y, contains an open K-
neighborhood. so we may restrict n; to n; 1(W2) and obtain an injective C¢&-map whose
image is the open K-neighborhood W5 and whose inverse is given by a restriction of the
Cg¢-map 7. This proves that nl\n;1(w2) is a C¢g-diffeomorphism onto an open neighbor-
hood of K, fixing K pointwise. Hence, [n;]_, € Diff Germ(K, X).

This shows the equality of the two sets DiffGerm (K, X) and EndGerm(K, X)*. It
remains to show the openness.
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3.1 Construction of Diff Germ (K, X)

1
The set U = U, ey chC(U"’X)K (0) € Germ(K, X)x is an open 0-neighborhood in

Germ(K, X)x . Using the global chart, we see that ®~1(U) is an open [id] _-neighborhood
in EndGerm(K, X). By Lemma 3.1.6 we know that every v € ®~1(U) is a diffeomor-
phism onto an open image and thus ®~}(U) C DiffGerm(K, X) = EndGerm(K, X)*.
Therefore the unit group of the monoid contains an open identity neighborhood, and
hence the whole unit group has to be open. ]

From Lemma 3.1.6, we know that the image of n: Ug, — X is an open neighborhood
of K and therefore has to contain one of the basic neighborhoods U, for an m € N. The

next lemma provides quantitative information:
Lemma 3.1.8. Lety € BC{ (Up, X) g with |v|lp = 17|l < & and let n := idy,, +7|vs,
be as in Lemma 3.1.6. Then the image of n contains Uis, and we have

—1
U6n>

To prove this lemma, we need the quantitative version of the Inverse Function Theorem
for Banach spaces (1.1.21).

1
< —.
— 6n

- idU12n
Ui2n

H ((’Y-IridUn)

Proof of Lemma 3.1.8: Let x € Uya, = K +B%_ (0) be given. We have to show that
x € 7(Usn). We know that there is an a € K $uch that x = a + v with v € B (0).

12n
Now, we set r := 6%, T :=idx, U :=BYX (0)and f: U — X : w — ~(a + w).
6n
This function satisfies f(0) = 0 and is Lipschitz continuous with Lipschitz constant
L:=|fle <I7lp < 1. The number A := L - |77, =L < 1 is strictly less than 1
and therefore all hypotheses of Theorem 1.1.21 are satisfied. Therefore we can conclude
that the image of (id + f) contains the ball BY (0) with r’ = rdd) L, (1-x) >

— T M, T 6n

Gin(l — 3) = 13- So, there exists a w € U such that (id + f)(w) = v. But this means:

r=a+v=a+ (id+ f)(w) =a+w+ f(w) =a+w+v(a+ w) =nla+ w).
So z is in the image of . This proves Uj2, € n(Usy).

Since the Fréchet derivative of 1) := idys, +7|vs, has distance at most £ from the identity,
the Neumann-series for inverses implies that the Fréchet derivative of n~! has distance
L_ =2 from the identity. Therefore:

1—
—1
UGn)

Together with ||-|| ., < 2= |-[|p the assertion follows. O

at most T
2

<2
D

- idUlQn
Uizn

H ((w +idy,)

oo —
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3 Germs of diffeomorphisms around a compact set in a Banach space

So far we showed that DiffGerm(K,X) is an open subset of the Cg-manifold
EndGerm(K, X) and therefore has an induced manifold structure. To show complex
analyticity of the inversion map, we once again use our global chart ® and define:

i: ®(DiffGerm(K, X)) — ®(DiffGerm (K, X))
_ -1
y r—»@((q) 1(’7)) )
It remains to show that i is analytic.

From now on, we again use the notation: F,, := Holy, (Uy, X) ;- and F,, := BO& (Uy, X) -
Lemma 3.1.8 allows us to define for every n € N the following map:

-1
U6n>

If we are able to show that every i, is C# then we can directly apply Theorem 2.1 and
see that the monoid inversion is analytic on an open neighborhood of the identity. Then

i, : Bf" 0) — B%Q" (0)

2 6n

—idy,,, -

Y o ((7+idun)
Uian

inversion is everywhere C¢ and we are done.
Proposition 3.1.9. (a) The mapping
hn : BE" (0) x B2 (0)  — Enap
2 6n
(1,72) = (m +ido,) o (2 +iduyy,) — iduy,,

is complex analytic.

(b) For every fized (71,72) € BY™ (0) x BE2" (0) and every 31 € Fy, %2 € Fia, we have
2

6n

oy (715 72) (1, 72) = A1 0 (02 + idpy,, ) + 91 © (2 +iduy,, ) - (F2) + Fe.

(¢) For (y1,72) € BE™ (0) x BE™" (0), we have the equivalence:
2

6n

(hn(11,72) = 0) <= (72 = in(m))-
(d) Every iy, is complex analytic.
Proof. (a) The argument is essentially the same as in Proposition 3.1.5. We write

hn(y1,72) = d(71,72) + 2 with &(y1,72) = 71 © (72 + idy,,,) and have the following
commutative diagram:

BE" (0) x BE™ (0) * o

2 6n

o .

BC% (U, X) x BC2Y (Urap, Usy)
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3.1 Construction of Diff Germ (K, X)

Once again # is a topological embedding. The map
& BE (0) x BE2 (0)  — BCZ (Uan, X) x BC2® (U9, Usy,)
2 6n
(v1,72) = (Mlvans 2 +iduyy,)

is well-defined and continuous. Since it is affine, it is automatically analytic. The last
arrow

O : BOZ (Ugn, X) x BCZ® (Urap, Usy)  — BCL (Urzn, X)
(v,m) ——=on

is C¢ by Lemma 1.1.25 and since the diagram commutes, h,, is analytic.
(b) This follows directly from the formula in Lemma 1.1.25.
(c) Assume that v9 = i,(y1) holds. Then

hn(71,72) = (71 + idUn) © (in(ryl) + idUlQn) - idUun

-1
U6n>

Conversely, assume that (y1,72) € B (0) x BE™2" (0) is given with A, (y1,72) = 0.
2

- idU12n
Uizn

= (y1 +1idy,) o ((’Yl +idy, )

=idy,,, —idy,,, = 0.

6n
Then (y1 +idy,) o (y2 + idyy,,) = idy,,,. Since 2 + idy,,, is continuous, W := (y2 +
idy,, )" (Usn) C Uyay is an open K-neighborhood. Moreover,

But since (y; + idy,,) { Us is a diffeomorphism, we can compose this equality from the

-1
) and obtain
UGn

-1
U6n>

Thus we obtain that 9 and i,(7y1) coincide on the nonempty set W which is open in
the connected set Uyo,. By the identity theorem for complex analytic maps, this means

Y2 = in(71)-
(d) Let v, € BY" (0) and set 49 := i,(71) € B" (0). By (c) this implies hy,(71,72) = 0.
2

6n
We wish to use the Implicit Function Theorem and therefore examine the following
operator, the “partial differential with respect to the second argument”:

left with ((71 +idy,)

(72 +idu,, ) lw = ((71 +idy,,)
W

T: FEi2, — Eia,
Ao hp(71,72)(0,72).
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3 Germs of diffeomorphisms around a compact set in a Banach space

By (b) this can be rewritten as T : 32 +— v} o (72 + idyy,,) - (2) + Fa.

Let 75 € Eq9, be given. Then we can estimate
(T —idp,,) (B2)llee = sup [[(T(V2) —72) (2) x
z€U12n
= Ssup H’Y{(’YZ(x) + idU12n(x))(§2(x))HX

z€Ui2n

< sup [[y(r2(2) + )|, [F2(2)llx

z€Ui2n

~ ~ 1~
< il 12l = T71llp 1F2llo < 5 172l o0 -

A

Thus, (|7 = idg,, llop, < + < 1. Therefore the bounded operator T is invertible, i.e. an
isomorphism of Banach spaces.

By the Implicit Function Theorem, there are neighborhoods € C F},
Qs C E1a, of 41 and 75 respectively, such that A ' ({0}) N (21 x Q) is the graph of
a Cg-map from O to Qy. But by (c), we know that this function has to be a restriction
of i,,: B (0) — B (0). Therefore i, is C¢ in a neighborhood of 7;. Since 7; was

2 6n
arbitrary, i, is C¢. O

This proves Theorem 3.1.1 for K = C. As mentioned at the beginning of this section,
the case K = R now follows verbatim as in [9, Corollary 15.11].

3.2 Regularity of DiffGerm (K, X)

Let X be a complex Banach space and K C X be a nonempty compact subset.
Let U, := K + BX (0).

Let E, := Holy, (U, X) g, Fr := BOE (Uy, X) g and D, := C'([0,1], F,.). On the space
F,., we use the norm |||l := [|[7[|, on Dy, we use the norm [|Allp = Al + A" -
The space E, is endowed with the usual ||-|| ,-norm.

Let I' := Germ(K, X))k := U,~¢ £r = U, ¢ I denote the locally convex direct limit.

From now on, we fix two positive real numbers » and R and consider the following
function
g:[0,1] x U, x B (0) — X
(t,z,A) — A(t)(x)

and the corresponding ordinary differential equation (with given parameter A, in the
set Bg’" (0):

dx

E(t) = g(t’x> AO)
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3.2 Regularity of DiffGerm (K, X)

Proposition 3.2.1. (a) The function g is of class FC.
(b) The partial derivative

591 0,1 x Up x BRr (0) — Lz (X,Y)
(t,z,A) — (A®)) (x)

is continuous and takes values in the closed subspace Lc (X,Y).

(¢) The partial derivative

2%9:00,1] x U, x B (0) — Lr (D,,Y)
(t,z,A) — g(t,z,-) = (X — X(t)(2))

is continuous and takes values in the closed subspace Lc (Dy,Y).

Proof. (a) The mappings

D, x[0,1] — F, : (A t) — A(2)
and

e xUp — X i (y,2) = 7(2)

are FC' by Proposition 1.1.26. Since D, x [0, 1] is not an open subset of D, x [0,1] we
have to use the calculus on locally convex sets with dense interior (Definition 1.1.5).

(b) and (c): The existence and continuity of the partial derivatives follows from (a). It
is easily verified that the partial derivatives have the given forms. The complex linearity
of the operators is clear from the formulas. O

Proposition 3.2.2 (Local Existence). Let (to,zo,Ag) € [0,1] x U, x Bgr (0). Then
there exists an € > 0 such that the initial value problem

) = (1., 20)
(to) = o

has a unique solution x: |ty — €, to + [N[0, 1] — U,

Proof. By Proposition 3.2.1, the function g satisfies a Lipschitz-condition in its second
component. Hence, the assertion follows from the classical Picard-Lindel6f-Theorem (see
e.g. Theorem 1.1.22). O

Proposition 3.2.3 (Global Existence). Let s < ge*R. Let tg := 0,20 € Ug and Ag €
Bgr (0). Then the initial value problem

%(1&) =g(t,z,Ag) = Ao(t)(x)
z(0) = xg

has a unique solution x: [0,1] — U,..

o7



3 Germs of diffeomorphisms around a compact set in a Banach space

Proof. We know by Proposition 3.2.2 that there exists a unique local solution around
each point. We will assume that z: I — U, is a solution where I = [0,7] C [0,1] is an
interval containing 0. The point zg € Us = K + Bg( (0) can be written as xg = ag + vo
with ap € K and [jvg]y < s. We will now show that this solution never gets out of

B¥ (ag) and use that fact to conclude that it extends to a global solution:
2

For every t € [0,1] the vector field Ay(t) lies in F, = BC& (U, X), and therefore
vanishes on K. Therefore Ag(t)(ap) = 0 for all ¢ € [0, 1]. Hence, the following constant
curve

y: I — U, :t—ag

is a solution to the initial value problem

%(t) = g(t,y, No) = Ao(t)(y)

y(0) = ao.

Now, by Gronwall’s inequality (Lemma 1.1.24(b)), the difference between two solutions
of the same differential equation at time ¢ can be bounded above by

z(t) —y(®)|lx < [l2(0) — y(0)]|y - e 10l

Here, max;cio 1] [[Ao(t)llp = [|[Aolls < [[Aollcn < R is a Lipschitz constant for the
differential equation. Therefore, we get

o (t) — aollx = llo(t) — y(®)llx < o — ol - 120l
< lvollx e B < e BB =L
<s

This shows that the maximal solution x: I — U, takes values only in the closed ball
r

B¥ (ap). Hence, its distance to the boundary is always at least 5. We may apply
2

the quantitative version of Picard-Lindel6f (Theorem 1.1.22) with the parameters p :=
5,7 := 1, M = R and see that the solution can be enlarged around point 7" to a solution
on [0,1]N[0,T + o] with a := £. Since this value alpha does not depend on the number
T, we can iterate this argument and obtain after a finite number of steps a global solution

on [0,1].

Since the local solutions are unique, the same holds for the global solution. O
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Proposition 3.2.4 (Existence of a flow). As in Proposition 3.2.3, let s < e 1.

(a) There is a unique map
®: [0,1] x Us x BE" (0) — U,

with the property that for every fized xo € Ug and Ag € Bgr (0), the map ®(-, xg, Ao)
s a solution to

1) = o(t.,20)
x(0) = xo

(b) The map ®: [0,1] x Us x BR" (0) — U, is FC%.
(c) For every fized t € |0, 1], the map
d(t,): Us x BR(0) — U,
is C&.
(d) For fived (t,A) € [0,1] x BE" (0), the map

Qn:Us — U,
x — Ot z,A)

is a Cg-diffeomorphism onto its open image, fixing K pointwise.

(e) For fized t € [0,1], the map

B (0) — BC(Us, X)
A > @uA

is C&.
(f) The curve

¥:[0,1] — Es
t — Py A —idy,

makes sense and s C’Hlg with derivative:

Y(t) = A(t) o Py

Proof. (a) This is exactly what was shown in Proposition 3.2.3.

(b) Using Proposition 3.2.1, we see that our differential equation satisfies the hypotheses
of Theorem 1.1.23. Therefore there is an FC]%Q—ﬂOW around each point. By uniqueness
of the flow (Proposition 3.2.2), we get the FC%-property of the map ®: [0,1] x Uy x
BE" (0) — U, constructed in (a).
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3 Germs of diffeomorphisms around a compact set in a Banach space

(c) Let (tg,xo,Ap) € [0,1] x Us X Bgr (0). By Lemma 1.1.17, it suffices to show that the
partial derivatives a%@(to,xo, Ay) and a%fb(to,xo, Ap) are complex linear.

In the special case t = 0, we get ®(0,z9,Ag) = zo. And therefore 8%(1)(0’ x0, o) = idx
and 8%@(0, x0, ) = 0 are complex linear.

We define the following curve

Q: [0, 1] — ﬁ]R (X,X) it — g@(t,xo,Ao).
Y

It suffices to show that it takes values in the closed subspace L¢ (X, X) C Lgr (X, X).
By Theorem 1.1.23, the curve Q: [0,1] — Lg (X, X) is differentiable and we have

0 0
'(t) = E%(b(taanAO)
0 0
= %E(b(taanAO)
0
= % (g(ta (b(taxm A0)7 AO) )
9 oL
— 5L (1, 0(t, 20, 50), 80) - 5 (1,30, o)
—
=Q(1)

This shows:

V(1) = 2 (1,000, 80), A0) - Q1)

By Proposition 3.2.1, % takes only values in L¢ (X, X). Hence, the linear differential
equation

0
y/ = a_i (ta q)(t,,l?(], AO)) AO) Y.

admits a solution Z in the closed subspace L¢ (X, X). By uniqueness of solutions of the
corresponding differential equation in Lg (X, X), we get that Q = =.

The same argument works for 8%@.

(d) The complex analyticity of ®4 A, follows from part (c). To see injectivity, assume
D1 A0 (1) = Pyy. A, (22). Consider the following initial value problem

90 = gt 2, M)

dt
z(to) = Pig,00(21)-
It has a unique solution, whence also the value at time 0 is unique. Therefore, z; = x».

Since the vector field A(¢) is constantly zero on K, the flow is constant on K.
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3.2 Regularity of DiffGerm (K, X)

(e) By part (c¢) and Lemma 1.1.18, the map

B (0) — BC(U, X)
A ’_’q)t,A

is analytic, if it is continuous. Therefore, it remains to show its continuity.
For (z,A) € Ug x Bgr (0), set

%(t O(t,u,A),A)
Cyn:[0,1] — L(Dy, X) 0 t HS—A(t,q)(t,u, A),A).

By 0,1] — L(X,X):t

By Theorem 1.1.23, we know that for fixed (z,A) € Ug x Bgr (0) the curve

ZgA [0, 1

— (1) = By a(t) 0 2(t) + Cr (1),
0.

Therefore, we can estimate:

t
d
2080y = 20)+ | Gonals)ds
=0 op

_ /Ot (Bra(s)0 20 als) + Coals))ds

op

IN

sup | Baa(s)]l,, / lzea(®)ly, ds+ sup [Con(s)ll,
s€[0,1] s€[0,1]

:bz,A :cz,A(S)

So, we can apply Gronwall’s inequality (Lemma 1.1.24(a)) and obtain:

= lzea @)l < caa - €05 (*)
op

—(t,z,A)

0P
0A

Now, we use Proposition 3.2.1 to find estimates for b, A and ¢, A, which are independent
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3 Germs of diffeomorphisms around a compact set in a Banach space

of x and A:

be,a = sup [ Bza(s)]

s€[0,1] P
dg
= sup _(87®(87U7A)7A)
sel0,1] [| OF op
= sup [[(A(s)) (@(s,u, )|,
s€[0,1]

< Al < 1A]p, < R.

C{L’,A: sup ||C33,A(S)||op

s€[0,1]

= sup @(s D (s,u,A),A)
s€[0,1] oA o ’ op

= Sup ||g(8,‘1>(8,u,A),-)Hop
s€[0,1]

<1

Therefore, (*) reduces to

—(t,z,A)|| < e

0P
0A

op

Now, we can show Lipschitz-continuity of the map A — ®; A:

H(I)t,A - q)t,EHoo = Sup ||(I)(7f,$, A) - @(t,x, 2)HX

ZBEUS
L oo
= sup / a—A(t,x,TA +(1-7E).(A-%)dr
zeUs 0 X
L od
< sup/ —(tz,TA+ (1 —-7)2)|| [|[A=X)|p. dr
Z‘EUS 0 8A op "

<A -S|, .

(f) The map ¢4 Ao —idy, : Us — X is complex analytic, bounded and constantly zero
on K, therefore it is an element in the Banach space Es = Holy, (Us, X)j and the map
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3.2 Regularity of DiffGerm (K, X)

¥: ]0,1] — E makes sense. Now

H (bt-‘rT,A - (bt7A _ A(t) o (bt7A
T o0
s Ot + T2, A)—P(t,z,A) A(t) 0 ®ya(2)
zeUs T X
L oo
= sup / —(t+ur,z,A)du — A(t) o Dy a(z)
zeUs 0 ot X
1
= sup / (At +ur) o ®(t + ur,z,A) — A(t) o Dy a(x))du
zeUs 0 X
< sup A +ur) o B+ ur, 2, A) — Al) 0 Bya(@)]
z€eUsg
uee[O,l}
< sup ||A®E+ur)((t +ur, x, A)) — A(t)((t + ur, x,A)) HX
x€Us
UGE[O,I}
+ sup HA(t)(CD(t +ur, T, A)) — A(t)(cb(t,x, A)) HX
z€Us
uEe[O,l}
< sup [|AQ+ur) - Af)l
u€[0,1]
+{[(A®) ] sup (|0t +ur, 7, &) — Bt 2, A)llx
xeUs

u€[0,1]

0
< sw Al +ur) - A0+ A0, ||
u€(0,1] )

— 0

This shows that the curve X: [0,1] — Fj is differentiable with derivative ¥'(¢) =
A(t) o} (I)t,A-

The derivative is continuous by Lemma 1.1.25 . U

Now, we may prove the final theorem of this chapter:

Theorem 3.2.5 (Strong C!-Regularity of DiffGerm(K,X) ). The Lie group G :=
DiffGerm(K, X), constructed in Theorem 3.1.1 is strongly C'-regular, i.e. there is a
map

Evol: C*([0,1],L(G)) — C*([0,1],G)

such that
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3 Germs of diffeomorphisms around a compact set in a Banach space

(a) For every A € C1([0,1],L(G)), we have 6%(Evol(A)) = A.
(b) The map
evol: C1([0,1],L(G)) — G : A +— Evol(A)(1)

N o0
is C°.

Proof. Let R > 0 be fixed.

By Proposition 3.2.4(d), we know that for fixed r > 0,0 < s < Ze " and A € Bg* (0),
the map

q)t,A Us — U,
x — O(t,z,A)

can be considered as an element in the Lie group DiffGerm (K, X).

By Proposition 3.2.4(f), the curve

¥:[0,1] — E;
t — (I)t,A — idUS

sl
is Cf.

The inclusion map E; — I' : v +— « is continuous linear. The manifold structure on
DiffGerm (K, X') was constructed such that addition of the identity becomes a diffeomor-
phism. This means that

$:[0,1] — DiffGerm(K, X)
t — cI)t,A

is a Cﬁ—curve.

Since the global chart is just an affine map, the tangent space at each point on the Lie
group can be identified with the vector space I'.

By Proposition 3.2.4(f), we have
Y(t) = A(t) o Py a
This allows us to calculate the right logarithmic derivative of O

581 = (1) o (S(1))
= A(t)oBypo (D)t = Alt).

So far, we have seen that every curve in the set Bgr (0) has a right evolution.
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3.2 Regularity of DiffGerm (K, X)

But since the direct limit I' = (J,. F» is compactly regular (Proposition 3.1.4), every
Cl-curve A: [0,1] — T can be considered as a C'-curve with values in F,. for an r > 0.
By choosing R > 0 large enough, we see that every Cl-curve in the Lie algebra has a
right evolution.

Now, we claim that for each r, R > 0 the map

evol, : Bg* (0) — DiffGerm(K, X)
A — Evol(A)(1) = P12

is complex analytic. In order to show that, we use the global chart and that the inclusion
map into the direct limit is continuous linear. Hence, it suffices to show that

BP(0) — E;
A — P A —idy,
is complex analytic, which follows from Proposition 3.2.4(e).

So, we are in the following situation: Each evol, : Bgr (0) — DiffGerm (K, X) is complex
analytic and bounded (using the global chart). By construction, it is clear that for each
r9 < 11, we have Bg” (0) C BZQ (0) and

evoly, |BDT1 = evol,,
R

(0)
By Theorem 2.1, the following map

evol := U evol, : U BE" (0) — DiffGerm(K, X)

r>0 r>0

is complex analytic. It is defined on |, BE" (0), which is an open subset of the locally
convex vector space

U Dr = U Cl ([071]7F7")7
r>0 r>0
which can be identified with

ct <[0, 1, F)

r>0

using the Theorem of Mujica for C*-curves (Lemma 1.2.7). The completeness assump-
tions of Lemma 1.2.7 are satisfied since every F,. is a Banach space and since (J,- o Fr is
complete by Proposition 3.1.4.

This proves that there is a smooth evolution map on a 0-neighborhood of C'! ([0, 1},U,=0 Fr),
which is by Proposition 1.3.10 sufficient to ensure strong C'-regularity.

Hence, DiffGerm (K, X) is a strongly C!-regular Lie group. O
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4 Ascending unions of Banach Lie groups

4.1 Construction of the Lie group structure

In the following let G; C G2 C --- be an increasing sequence of analytic Banach Lie
groups, such that the inclusion maps j,: G, — Gpy1 are analytic. Our goal is to
construct a Lie group structure on the union G := J;- ; G,,. But before we can define a
manifold structure on G, first we have to construct the modelling locally convex vector
space.

For every n € N let g,, := L(G,,) be the corresponding Banach Lie algebra. Since every
jn is an injective morphism of Lie groups with exponential function, it is well known
that the corresponding morphism of Lie algebras i,, := L(j,): gn — @n+1 1S injective
as well. Therefore we can identify i,(g,) with g, and we may then assume that the
Lie algebras form an increasing sequence. The union of this sequence will be denoted
by g := s, gn. As a directed union of Lie algebras, this is clearly a Lie algebra. We
endow it with the locally convex direct limit topology. Since we can only deal with Lie
groups modeled on Hausdorff spaces, we have to make the assumption that this direct
limit is Hausdorff.

By Corollary 2.2, the Lie bracket [-,:]: g x g — g is continuous and therefore (g, [-,-])
becomes a locally convex Lie algebra. Note: This would already go wrong in general if
we considered direct limits of non-normable Lie algebras g,,. There are examples where
the g, are Fréchet Lie algebras and the resulting Lie bracket fails to be continuous.

Since every group G, is a Banach Lie group it admits a smooth exponential function.
By commutativity of the diagram

Jn
Gn Gn+1
Jesne. Joeo

(2
g ————— On+1

we know that every exponential function expg can be regarded as the restriction of the

exponential function expg, ., of the following group. This allows us to define

Exp:g — G
x € gy, — exp,(z) e G,
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4 Ascending unions of Banach Lie groups

(Since we do not have a Lie group structure on G yet, it makes no sense to claim that
Exp is the exponential function of G, but it will turn out to be the right exponential
function.) So far we did not use the norms on the Banach Lie algebras g,. In a Banach
Lie algebra one usually expects the bilinear map [, |, : gn X gn — @n to have a norm less
than or equal to 1, in which case we call ||-||,, compatible. This can always be achieved
by replacing the norm ||-||,, by a scalar multiple. For what follows it will be necessary
that all bonding maps i, : g, — @n+1 have norm < 1. Unfortunately, in general one
cannot have both. There are cases where it is not possible to find equivalent norms such
that both, the bonding maps and the Lie brackets, have a norm at most 1. Now we are
ready to formulate the main theorem of this section:

Theorem 4.1.1. Let Gy C Gy C --- be analytic Banach Lie groups over K € {R,C},
such that all inclusion maps jn: Gy, — Gpy1 are analytic group homomorphisms. Set

G = U, e Gn. Assume that the following hold:

(a) For each n € N there is a norm ||-||,, on g, := L(G,) defining its topology, such
that ||[z,y]ll,, < llzll,, [lyll,, for all x,y € gn and such that the bounded operator
L(jn): 9n — @n+1 has operator norm at most 1.

b) The locally convex direct limit topology on g := gn 18 Hausdorff.
neN
(c) The map expg := U ey €XPg,, : 8 — G is injective on some 0-neighborhood

Then there exists a unique K-analytic Lie group structure on G which makes expg a
local Cg-diffeomorphism at 0.

This theorem and its proof can also be found in [5] (Theorem C).

Proof. Set R := %log% and C := log2. By Lemma 1.3.12, we know that in a Banach
Lie algebra g,, with compatible norm ||-[|,,, the BCH-series converges for all z,y € g,
with [|z]|,, + [y, < log 2 and defines an analytic multiplication:

#n: B 9" (0) — B (0).

We give the space E, := g, X g, the norm H(m,y)HEn = max(||z]l,,, [|¥ll,,)-

We will show now that this BCH-multiplication extends to the direct limit, using The-
orem 2.1. Since Theorem 2.1 is only available in the complex case, we need a case
distinction:

First, conder K = C.
The set U := J,cy BR" (0) is an open 0-neighborhood in the direct limit

E:= U(gnxgn)%<Ugn> x <Ugn>-

neN neN neN

We are now ready to apply Theorem 2.1, since all hypotheses are satisfied and therefore
the map * = (J, ey #n: U — g is complex analytic.
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4.1 Construction of the Lie group structure

Now, consider the case K = R.

If K = R, we may consider the complexifications (g,)c of the real Banach spaces
(9n: [|lly, ), together with the complex norms, introduced in Proposition 1.1.12. The
bonding maps L(j,,): g, — gn+1 extend to unique continuous C-linear mappings

L(jn): 89n — On+1,

still having operator norm at most 1. The Lie bracket on each g, extends uniquely to
a continuous Lie bracket on (g, )c, turning it into a complex Lie algebra. However, it
is not clear, if the new norms are compatible with the new Lie bracket. By Proposition
1.1.12, we only have that

H[jlij]H(gn)(C S 4- H:EIH(QTL)C ||j2”(9n)(€ :

Now, we replace each norm ||| 1. by 4[[|(g,).- These new norms induce the same
topology and are compatible with the Lie bracket. Since we took the same factor for
each (g,)c, the bonding maps still have operator norm at most 1.

Now, we proceed like in the complex case and obtain a complex analytic BCH-multiplication
on a (0,0)-neighborhood of gc x gc which then restricts to a Ci-map

* = LJ *n: U — g,
neN

where U := ¢y Bg" (0).
4

Now, we established that the BCH-multiplication is C¥ for K € {R,C} and we can now
construct the Lie group structure using Corollary 1.3.16:

By hypothesis (c¢), we know that the exponential function is injective on some neighbor-
hood V C g. Since * is continuous, there exists a smaller 0-neighborhood U’ C U such
that U’ U’ C V. Then, by Corollary 1.3.16 there exists an analytic Lie group structure
on the group

(exp(g)) = | J (expg, (an)) = | (Gn)o
neN neN
which is the union of the identity components of the Banach Lie groups we started with.

We now can extend this manifold structure from (J,, . (G, to the whole group G, using
Proposition 1.3.15. In fact, being a subgroup, |J,,cx (Gn)o is symmetric and contains 1.
As U,en (Gn)g already is a Lie group, multiplication and inversion are Cf as required.
It only remains to show that conjugation with elements g € G'is CF.

Let g € G be such an element. Then there is an m € N such that g € G,,,. We have to
show that cg: U,en (Gn)g — Unen (Gn)g is analytic.

Since Adg; =U
direct limit property, exp is a local diffeomorphism at 0 and ¢, o exp = exp oAd?, it

n>m AdgG”: Uan gn — Uan g, is continuous by the locally convex
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4 Ascending unions of Banach Lie groups

follows that ¢, is analytic on some identity neighborhood. This is sufficient for a group
homomorphism to be analytic everywhere.

This turns G into a Cg-Lie group in which (J,cy (Gr), is an open connected subgroup,
hence the identity component.

The uniqueness of the manifold structure is clear since exp is a local diffeomorphism. [

4.2 Regularity of local Banach Lie groups

Lemma 4.2.1. Let Y > | 7, X" denote the power series expansion of —log (2 — exp(2X))
around zero. Then the power series

Z n(2e)"n, X" and Z n(n —1)(2e)* 1. p, X"
neN neN
have positive radius of convergence.
Let g be a Banach Lie algebra over K with compatible norm and BCH-series
pa,y) =zxy =" palx,y)
neN

with continuous homogeneous polynomials p,: gxg — g and Fréchet derivatives pl,: gx
g— L(gxg,g) andp’: gxg— L(gx g L(gxgg)=Lin? (g x g,g). On the space
g X g, we use maximum norm. Then we have the following estimates:

(a) HpNHop S nn
(5) 19 ]y < 26)" - 1.
(c) [Phllop < n(n—1)(2e)*" 1 - .

Proof. The convergence of the two series is obvious. The proof of part (a) can be found
in [3] (Lemma 1, Ch. II, §7). Part (b) and (c) follow from (a) using Corollary 1.1.9 O

Lemma 4.2.2. We fiz a real number sq €0,  log %[ such that
n n—1 1
> n(2e)" - (4s0)" ! < 1
n>2
and that
1
D n(n = 1)(26)* - (450)" 2 < 3,
n>2
using the converging power series introduced in Lemma 4.2.1.

Let g be a Banach Lie algebra over K with compatible norm, addition map og: g X g —
g: (z,y) — x +y and BCH-multiplication p(z,y) = x *y. Then for all a,b € Bgso (0),
we have the estimates:
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4.2 Regularity of local Banach Lie groups

(a) |1 (a,b) = agll,p < 5

(0) 11" (a,b)l|op < §-

Proof. First of all, a number sy with the desired properties exists since the power series
introduced in Lemma 4.2.1 have a positive radius of convergence.

(a) We write the BCH-multiplication as in Lemma 4.2.1:

pla,b) =axb= an(a,b)

neN

It is known that p; = ay. Now, we take the Fréchet derivative on both sides:

b) = p(ab).

neN

Since p; is linear, we have p}(a,b) = p1 = ag. Hence, we can estimate:

11 (a,b) = agll = (D Phla,b) — pi(a,b)
neN op
= Zp/n(aa b)
n>2 op
SZHpn a b Hop
n>2
< S Il i B
n>2
< Zn(Qe)"nn(4so)"_1
n>2
1
< =
— 4

(b) Taking once again the Fréchet derivative of u/, we obtain:

zz:pu a, b

neN
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4 Ascending unions of Banach Lie groups

with p{ = 0. Now, we estimate:

HM//ab Zp//ab

n>2 op

<> pha v,
n>2

) 174 M CAO] e
n>2

< Z (2¢)™)2 ) (450)" 2
n>2

<= O
8

Theorem 4.2.3 (Quantitative Strong C%-Regularity of local Banach Lie groups). Let
(Bgl log 3 (0), D, *,0q, —id) be the local Banach Lie group, corresponding to a Banach
3 2

Lie algebra (g, ||-||) as constructed in Proposition 1.3.13 and let sy > 0 be the number
taken from Lemma 4.2.2 and consider the set V := {r € CL([0,1],9) : [V[le < 450}
which is open in the Banach space

C; ((0,1],9) == {7 € C'([0,1],9) : 7(0) = 0} .
Then the left logarithmic derivative

Sy : V. — C([0,1],9)
Y o0y

([071]79) (0)

is a diffeomorphism onto its open image § (V') which contains BSC0 . In particular,

the local Lie group BY log 3 (0) is strongly C°-regular.
3 2
Proof. We set R := %log% and C :=log2 and let
p: B (0) x BE, (0) — BE (0) : (z,y) — @ = y.

By Lemma 1.3.14, we know that the left logarithmic derivative of a C'-curve in B, (0)
can be written as:

0Y(t) = dA_y () (7(8), Y (1)) = d#<(—7(t),7(75)), (0,7/@)))

First, we will now show that 6: C} ([0, 1], B, (0)) — € ([0,1],g) is a smooth map.

Since the BCH-multiplication is smooth, the map

dp: (B (0) x B (0)) x (gx g) — g
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4.2 Regularity of local Banach Lie groups

is also smooth. Now, the map §: C! ([0,1],B% (0)) — C([0,1],g) can be written as
0 = go ®, with

®:C!([0,1],B% (0)) — C([0,1], (B, (0) x BY, (0)) x (g x g))

v o { (=77, (0,9")

and

g9:C([0,1],(B% (0) x B (0)) x (s x g)) — C([0,1],9)
n +—dpon.

The map @ is just a restriction of a bounded linear operator, hence smooth. The map ¢
is a composition map and it is smooth by Lemma 1.1.25.

Hence, the left logarithmic derivative 6: C} ([0,1],B% (0)) — C([0,1], g) is a smooth
map.

From now on, we fix the following norm on the space C} ([0, 1], g):

17llp = {17"]] o -

It generates the usual topology on C} (]0,1], g), because of the estimate:

/Ot 7' (s)ds

However, it has the advantage, that the following operator

< Ihlp- ()

Il = sup \
t€0,1]

T:C(]0,1],g) —>CI([0,1],9)
¥ o

becomes an isometric isomorphism.

Now, we define the function

f:v=83""90) — c(o,1.9)
¥ ooy =7

Our next goal is to show that f is Lipschitz-continuous by estimating the norm of the
Fréchet derivative:

f'rV—£(C([0,1),8),C([0,1],9)).
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4 Ascending unions of Banach Lie groups

Let v € BC (0.1].9) (0), n € CL([0,1],9) with ||l = 1 and ¢ € [0,1] be given. By (x),
this 1mphes that 7]l < 4s0. Now

[(£'(n)-n) @) = [[(doCv.m) =) @]
= ||(dw) (2(7)(1)) -
= ||d(du) (2(7)(t), @(n)(1)) — 77’(1t)Hg

(@()(¢)

= Hd dys) (( 7(t),7(1),0,7'(t)) (—n(t)m(t),om’(t))) - n’(t)H

< [ @@u( (3,20 (0.7®) , (=n(e),ne)) ) |

o ICRORIO) (o,n'<t>>)—n'<t>H

= (- ()m(ﬂ)(( 't)) (=) n(e) )
+ '« WLW) (0,7 (£)) — g 0,7/ (¢ H

< I (= @), v @) || 10,4 @) [ (=), n()) ]
|1 (=7(8),7(®) = gl | (0,7 D))

SHu”HOO\WHDHnHOOJrHu —(),7(8)) = ag| plInllp

3

1 1
< —4dsg-14+=--1<-.
8 %0 +2 <4

g

This shows that f': V — L (C,} ([0,1],9),C ([0, 1],9)) is globally bounded by % and
hence f is %—Lipschitz.

By the Lipschitz inverse function theorem (Theorem 1.1.21), the map 6 = T + f is a

homeomorphism of BC (0.1).9) (0) onto an open subset of C ([0,1], g), containing the ball

p¢(0:1-9) (0) with r' = 430 (1-3) = so.

T

fjo(m’ﬂ’g) (0), we have [|6'(7) = Tllop = 11/ (Mlop < 3. Therefore

the bounded operator §(v) lies in the open ball with radius % < 1 around an isometric
isomorphism and hence, §'(a) is invertible. Using the ordinary inverse function theorem
for smooth mappings between Banach spaces, we get that § is a diffeomorphism between

Vand § (V) D BSCO([O’H’Q) (0). This finishes the proof. O

For every fixed v € B
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4.3 Regularity of (local and global) (LB)-Lie groups
4.3 Regularity of (local and global) (LB)-Lie groups

Theorem 4.3.1 (Regularity of local (LB)-Lie groups). Let g; C go C -+ be an ascending
sequence of Banach Lie algebras over K € {R,C} with a Hausdorff locally convex direct
limit g = U,, 9n. Assume furthermore, that all inclusion maps and all Lie brackets have
operator norm at most 1. As in Proposition 1.3.13, we have for each n € N a local Lie

group (Bé”logg (0) , Dn, *| Dy, Og, —id), where

D, = {(ﬂ:,y) €BY, L (O)xBY L, (0):zeyeB], (0)}.

3
We setV::UnBélog%(O) and D :=J, D, CV xV.

(a) The space g is again a topological Lie algebra and (V, D, u,0,my) becomes a local
Cg-Lie group, where p is the BCH-multiplication and 1y = —idy .

(b) If the sequence (gn),cn 5 boundedly regular, then (V,D,u,0,nv) is strongly Cl-
reqular.

(c) If the sequence (gn),cn 15 compactly reqular, then (V,D,u,0,mv) is even strongly
CO-regular.

(d) If the sequence (gn),cy 5 not boundedly regular, then (V,D,u,0,mv) is not even
C*®-reqular.

Proof. During this proof, we fix the constants R := log % and C := log 2.

(a) We begin with the case that K = C. We endow the space E, := g, X g, with the
norm ||(z, ), = ma{[z]l 1l }. Then we have

BE" (0) = B% (0) x B (0)
and the BCH-multiplication maps
fin: B (0) — BE (0) : (z,y) — x*y
are complex analytic and bounded (Lemma 1.3.12). It is possible to define the map

fi: D := UB%’(O)—»V:: UB%"(O):(x,y)»—»x*y,
neN neN

which is complex analytic by Theorem 2.1. Now, we restrict this map to set D:
w:=filp: D — V.

One verifies easily that (V, D, i, 0,1y ) becomes a local Lie group with this multiplication.
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4 Ascending unions of Banach Lie groups

The case K = R can be reduced to the complex case using the complexifications, (g,)c,
together with the norms introduced in Proposition 1.1.12 and proceed like in the proof
of Theorem 4.1.1.

(b) We start with the continuous linear map
v =7

Since the sequence (g,),cy is boundedly regular, we can apply Proposition 1.2.8 to
conclude that the image of 1 is contained in the locally convex direct limit

(. 1, 6.)

which is a topological subspace of C([0, 1],J,, 8») by Mujica’s Theorem (Theorem 1.2.5).
This yields a continuous linear map

v:CY([0,1,U, 8.) — U, C([0,1],80)

By Theorem 4.2.3, every local group <Bgln]og3 (0) , Dy, *| D, Og,. —id> is strongly C°-
3 2
regular with the smooth evolution map
Evol,, : BSC:)([O,I]7gn) (0) - Ci ([0’ 1]’Bgln10 3 (0)>
319873
oy .
The constant sy > 0 is chosen as in Lemma 4.2.2 and is, in particular, independent of n.

If K = C, this allows us to use Theorem 2.1 again to get the complex analyticity of the
map

Evol : J, B () — U, CL <[O, 1],BY s (0)>
3 2
67 — .

If K = R, we complexify the Banach Lie algebras g, with the norm introduced in
Proposition 1.1.12 and rescale it by 4 to obtain compatibility with the Lie brackets.
Then, use Theorem 2.1 to this complex setting and then restrict it to get the real
analyticity of Evol := (J,, Evol,,.

By construction, it is clear that 1; maps the open neighborhood (J,, Bsc;l([o’l]’g") (0) in the
neighborhood J,, BSCO([O’”’Q”) (0). Hence, the composition

Evolo i : U, BS 1) () ., ¢ ([o,u,Bg" 3<0>)
2

% log

oy
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4.3 Regularity of (local and global) (LB)-Lie groups

is complex analytic. Thus, we have shown that each C'-curve in the 0-neighborhood

1
U, BSC; (0:1].8n) (0) has a left evolution and that the evolution map is complex analytic.
Hence, the local Lie group is strongly C'-regular.

(c) If we assume that the sequence (gy),cy is even compactly regular, then the Mujica
Theorem (Theorem 1.2.5) tells us that

(b : C([07 1]7Ungn) - Un C([07 1]7971)
oY
is a topological isomorphism and hence we get that

Evolo¢:{J, BSC;([O,l],gn) 0) — U,B& (0)
oy ——

is analytic. Hence, the local Lie group is strongly C'-regular.

(d) By [15], every C'*°-regular local Lie group has a Mackey complete Lie algebra. But
by [6] (1.4.(f)), a countable direct limit of Banach spaces is Mackey complete if and only
if the sequence of Banach spaces is boundedly regular. The claim follows. O

Let us return to the situation described at the beginning of this chapter:

Theorem 4.3.2 (Regularity of countable unions of Banach Lie groups). Let K € {R,C}.
We are given an increasing sequence

GiCGyC---

of K-analytic Banach Lie groups, such that the inclusion maps jn: G, — Gn41 are
analytic group homomorphisms. We fix a norm |-||,, on the Banach Lie algebra g, :=
L(G,), defining its topology. We assume, that the locally convex direct limit g = J,, gn
1s Hausdorff and that all inclusion maps and all Lie brackets have operator norm at most
1. Also, we assume that the map

exXpg 1= UeXpGn: g— UG”
n n

is injective on some 0-neighborhood in g. Then

(a) There exists a unique locally convex Lie group structure on the group G :=J,, G,
such that expg becomes a local diffeomorphism.

(b) If the sequence (gn),cn 15 boundedly regular, then G is strongly C'-regular.
(c) If the sequence (gn),cn 15 compactly regular, then G is even strongly CO-regular.

(d) If the sequence (gn),cy i not boundedly regular, then G is not even C*°-regular.
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4 Ascending unions of Banach Lie groups

Proof. Part (a) is exactly what was shown in Theorem 4.1.1.

The Lie group G is locally exponential which means that there is a 0-neighborhood
U C g such that expg |y is a diffeomorphism onto the open identity-neighborhood V' :=
exps(U). We may assume that V' is symmetric. We set

Dy :={(z,y) e VxV:zyeV}

Then (V, Dy, u, 1g,ny) becomes a local Lie group. After making the O0-neighborhood U

smaller, we may assume that the exponential map becomes a local isomorphism between

the local Lie groups W C G and the local Lie group <Bgl log 2 (0), D, *,0q, —id>. By
3 2

Proposition 1.3.10 strong C*-regularity of the Lie group G is equivalent to the regularity

of the local group (V, D, u, 1, nv). Therefore, (b), (c) and (d) follow immediately from
Theorem 4.3.1. O
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5 Examples of ascending unions of Banach
Lie groups

5.1 Groups of germs of Lie group-valued mappings

Let K € {R,C} and let X be a Banach space over K. Let K C X be a non-empty
compact subset, let H be a fixed K-Banach Lie group.

Consider the set:

Germ(K, H) := {771 U, — H: Uy, is a neighborhood of K in X }/M

and 7 is a O map

where two maps 71,12 are considered equivalent, 1y ~ 19, if they coincide on a common
neighborhood of K. This becomes a group with respect to pointwise multiplication of
maps.

As in Chapter 3, we fix the following basis of K-neighborhoods: U, := K + B)f (0).

n

Consider the following Banach spaces:
E, = (HOlb (Una h) ’ HHoo) :

Helge Glockner showed in [9, Section 10] that the group Germ (K, H) carries the structure
of a locally convex Lie group with Lie algebra

Germ(K,b) := U E,,
neN
with the following continuous linear mappings as bonding maps:
En — Enpy1:7 = 9|u,-

He used different methods for constructing the Lie group structure, which did not depend
on Theorem 2.1. However, with the tools developed in this thesis, we can prove the
regularity of the above group — a novel result.

Theorem 5.1.1 (Regularity of Germ(K, H)). The Lie group Germ(K, H) is strongly
CO-regular.

Proof. By Theorem 4.3.2, it suffices to show that the direct limit is compactly regular.
But this is the case by Proposition 3.1.4 (and the accompanying remark). U
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5 Examples of ascending unions of Banach Lie groups
5.2 Lie groups associated to Dirichlet series

In this section we construct more “exotic” examples of Lie groups modelled on Banach
and (LB)-spaces. In fact, the discussion of these examples originally led to the discovery
of Theorem 2.1. All vector spaces and Lie groups will be over the field C.

5.2.1 Banach spaces of Dirichlet series

Definition 5.2.1. 1. A formal Dirichlet series with values in a complex Banach
space X is a formal series of the form

E Qp M2,

where all a,, are elements in X. Like formal power series, two Dirichlet series are
considered equal if and only if all coefficients are equal.

2. For every s € R, let H; := {2 € C: Re(z) > s} denote the corresponding open half
plane and H, := {z € C: Re(z) > s} the closed half plane in C.

3. A Dirichlet series is said to converge absolutely on Hy if

o
Zan-nfz ::ZHaan*s < 0.
n=1

neN

(s)

The space of all X-valued Dirichlet series that converge absolutely on H, will be
denoted by Ds(X). Together with the norm just defined this vector space becomes
a Banach space isomorphic to ¢! (N, X) via the isomorphism

Dy(X) — "N, X)) an-n " = (an-n"*)
neN

neN '’

4. The Banach space X can be embedded isometrically into D4(X) via
X —Dy(X):ar—a-17%2= Z&mla-n_z.
neN

All Dirichlet series obtained in this fashion are called constant.

Every Dirichlet series in Ds(X) can be viewed as a continuous bounded function from the
closed right half plane H to X. In fact, this interpretation defines a bounded operator
between Banach spaces of norm at most 1:

YTs:  Dy(X) — (BO(Hs, X) , || ]l )

donenan % — (2 D ey Gnn )

()
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5.2 Lie groups associated to Dirichlet series

All functions obtained in this fashion are complex analytic on the open half plane Hj.
Constant Dirichlet series as defined above are mapped to constant functions. The opera-
tor Y is injective which means that it is possible to reconstruct the coefficients (a,),, ¢y
from the function. For example, the first coefficient is a1 = limge(;)— o0 7(2). Similarly,
the other coefficients may be calculated. This means that a continuous function can
have at most one Dirichlet series representation.

But there are lots of functions which cannot be written as a Dirichlet series, although
they are continuous, bounded on Hy and complex analytic on Hy, e.g. f(z) = e - a for
an element a € X, a # 0. This means that Y, is far from being surjective.

5.2.2 (LB)-spaces of Dirichlet series

So far, the number s defining the complex half plane H, was fixed. Now, we are interested
in Dirichlet series which converge absolutely on some half plane. For s < ¢, the vector
space D (X) is a subspace of D;(X ), when both of them are regarded as vector subspaces
of the space of all formal Dirichlet series.

Lemma 5.2.2. For s <t the bonding maps iz s: Ds(X) — D¢(X) are bounded opera-
tors of norm < 1.

Proof.

E ap N2

neN

E ap N2

neN

00 00
=Y llanlxn™ < llanllxyn™® =
t)  n=1 n=1

(s)

Since (N, <) is cofinal in (R, <) is suffices to look only at s € N. So, again, we are dealing
with a countable direct limit:

Proposition 5.2.3. The space

Doo(X) := | ] Ds(X),
seN

of all formal Dirichlet series which converge absolutely on some half plane, endowed
with the locally convex direct limit topology is Hausdorff and compactly regular.

Proof. Let fs: Dg(X) — XN 0 3 yan - n™% = (apn),cy be the map that assigns to
every Dirichlet series its sequence of coefficients. This map is continuous since the range
space has the product topology and every component of f; is a continuous functional.
The space X" is locally convex (it is in fact a Fréchet space) and therefore, by the
universal property of the locally convex direct limit, there is a continuous extension
f: Doo(X) — XN, Since f is injective by construction and X" is Hausdorff, it follows
that also Do (X) is Hausdorff.
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5 Examples of ascending unions of Banach Lie groups

Proposition 1.2.4 guarantees compact regularity of the limit D, (X) if we can show that
for every s € N there is a t > s and an open 0-neighborhood © C D4(X) such that
Dy(X),D¢y1(X), ... induce the same topology on €.

For every given s € N we set t := s+ 2 and (2 := B?S(X) (0). Let u > t. To see that the

topologies on €2 induced by D;(X) and D, (X) agree, it suffices to show that
QCDUX) — Dy(X):y+—r

is continuous. To this end, let ¢ > 0. Since the positive series » 7, # converges,
there is an ng € N such that Z;L“;no # < £. Set § := ng_“ - 5. We show that, for
any Dirichlet series 71,72 € € with [[y1 —72[l(,) < d, we have [|y1 — 2 < e. Since
V1,72 € €2, we have 74 := 71 — 72 € 200 Therefore ||74l/;) < 2 and [[vqll,) <. Writing

Yd = Y _pen Gn - 1%, We obtain

[eS)
Ially =D lanlln™ = " flanlln™ + > llaa|n"
n=1

n<ng n>ngo

= llanlln™ 0" 2+ > llanlln™ 2"

n<ng u—t  M>ng 1

<ng =%
1
<ng D Nlanlln ™+ D fanlln 0
n<ng n>no?’—/ n
> ‘/d”(s)
u—t 1 u—t g
< Mg H7d||(u) + ||7d”(5) Z 2 <ng -0+2- 1-c
M~ M——n>ng
<6 <2
<I
This is what we had to show. O

5.2.3 Lie groups associated with Dirichlet series

From now on, let G denote a fixed complex Banach Lie group with Lie algebra g. As be-
fore, s € R is areal number. We know that G has an exponential function exps: g — G.
Every Dirichlet series v € D4(g) with values in g can be composed with the exponential
function and yields a continuous function from H; to G. All these continuous functions
generate a group (with respect to pointwise multiplication of functions):

Theorem 5.2.4 (Lie groups associated with Dirichlet series (Banach case)). Let s € R,
and a Banach Lie group G with Lie algebra g be given. Then there exists a unique
Banach Lie group structure on the group

Dy(G) = ({expg oYs(7) : v € Ds(9)}) < C (Hs, G)
such that

Exp,: Ds(g) — Ds(G) : 7y — expg oYs(7).
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5.2 Lie groups associated to Dirichlet series

becomes a local diffeomorphism around 0. Like before, Ys: Dgs(g) — BC(ES,Q) denotes
the operator that assigns to a Dirichlet series its continuous function on Hs.

Proof. We start by choosing a compatible norm on g, ie. |[[z,y]ll; < [lz[[,[lyll, for all
x,y € g. Then the space Ds(g) also carries a continuous bilinear map of operator norm
at most 1:

[,1]: Ds(g) x Ds(g) — Ds(9)

(TR TOURTNES o i S ) B

neN neN NeN \(n1,n2)eNxN
ni-na=N

turning it into a Banach Lie algebra. Note that the inner sum is finite. This Lie bracket
corresponds to the pointwise Lie bracket of functions, i.e. the operator

Ys: Ds(g) — BC(ﬁs,g)
becomes a morphism of Banach Lie algebras. The Lie algebra g becomes a closed Lie
subalgebra of Dg(g) by identifying elements of g with constant Dirichlet series.
By Lemma 1.3.12, the BCH -series converges on

Qg :={(z,y) € g xg: [lzll + [yl <log2}

and defines an analytic multiplication: *: 1y — g. Since Dy(g) is a Banach Lie algebra
in its own right, we also have a BCH-multiplication there: x: Qp g — Dy(g). The
BCH-series is defined only in terms of iterated Lie brackets. Since addition and Lie
bracket of Dirichlet series in Dg(g) correspond to the pointwise operations in g, the BCH-
multiplication in Dy(g) corresponds to the pointwise BCH-multiplication of functions in
BO(H.,g).

Since G is a Banach Lie group, it is locally exponential, therefore there is a number g, > 0
such that expq ‘Bgo (0) Is injective. Since the BC'H-multiplication on g is continuous, there

is a & > 0 such that Bf (0) x B (0) C Q4 and Bf (0) * Bf (0) € BE, (0).

Let C (ES, G) be the (abstract) group of all continuous maps from Hj to G with pointwise
multiplication. Then we can define the following map

Exp,: Ds(g) — C (ES,G) ty = expg oYs(7).

The restriction of Exp, to Bgf(g) (0) is injective since expg |pg (0) 1s injective. Here we
use that T is injective and of operator norm at most 1.

Now, all hypotheses for Corollary 1.3.16 are satisfied for U := B?S(g) (0),V := Bgs(g) (0)
and H := C (HS,G). Therefore, by Corollary 1.3.16, we get a unique Cg¢-Lie group
structure on the group Ds(G) = (Exp,(Ds(g))) such that

Expylv: U € Ds(g) — (Expy(U))

is a Cg-diffeomorphism. O

83



5 Examples of ascending unions of Banach Lie groups

Since for s < ¢ the bonding maps

Jts : Ds(G) — Dy(G)
[ —flg

are injective group homomorphisms, we identify D,(G) with a subgroup of D;(G) and so
we can form the union group, which then consists of germs of functions from a complex
half plane to G together with the pointwise multiplication.

Theorem 5.2.5 (Lie groups associated with Dirichlet series ((LB)-case)). (a) On the
group

Deo(G) = | Ds(G) = ({expg o7 : 7 € Dy(g) ,s € R})
seR

there is a unique Lie group structure turning

Exp := | J Exp,: Duc(g) — Duc(G) : 7 € Di(g) > expg oy
seR

into a local diffeomorphism around 0.

(b) This Lie group is strongly C°-regular.

The construction of this Lie group and the proof of part (a) can also be found in [5]
(Theorem D).

Proof. (a) We wish to use Theorem 4.1.1. For every s € N, set G5 := D4(G). The
bonding maps js: Gs — Gs41 are group homomorphisms. Since js o Exp, = Exp, o i
with the continuous linear inclusion map is: Ds(g) — Dsy1(g), we see that each js is
analytic with L(js) = is.

By construction, the norms on the Lie algebras D4(g) and the bounded operators
is: Ds(g) — Dsy1(g) have operator norm at most 1. The locally convex direct limit
is Hausdorff by Proposition 5.2.3, and the exponential map Exp = [,y Exp, is injec-

tive on the 0-neighborhood | J, Bgf(g) (0). Hence, by Theorem 4.1.1, there is a unique
complex analytic Lie group structure on G such that Exp is a local diffeomorphism at 0.

(b) By Proposition 5.2.3, the modelling space is a compactly regular direct limit. So, we
can apply Theorem 4.3.2 and obtain the result. O
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5.3 Lie groups associated to Hélder continuous functions

5.3 Lie groups associated to Hélder continuous functions

5.3.1 Spaces of Holder Continuous Functions

Throughout this section, let €2 be a convex bounded non-empty open subset of a real
Banach space X # 0.

Definition 5.3.1 (Holder Spaces). Let Z be a Banach space over the field K € {R, C}.

(a) We let BC*YQ, Z) := BC(Q, Z) be the vector space of all bounded continuous Z-
valued functions on the set Q. It will always be endowed with the norm ||-[| o o) :=

P(0,0)(‘) = |l oo

(b) For a real number s €]0, 1], we set

BC™(Q,2) :={v: Q — Z : po.(7) i= sup Iv@) =vWlllz
=yE0 lz —yllx
TFY

From this definition follows at once that every v € BC%%((, Z) is uniformly con-
tinuous and bounded (since €2 is bounded). We endow this vector space with the

norm [ g.y) = -l + P0,0)(")-

(¢) Recursively, we define
BCH15Q, 7) = {’y € FOY(, Z) : o € BCH(Q, £ (X, Z))}

for k € Ny and s € [0,1]. We endow this vector space with the norm H'”(kﬂ,s) —
HHoo +p(k‘+1,s)('), Where

Plk+1,5)(Y) = Pes)(V)-

5.3.2 Inclusion Mappings

In this subsection, we show that the inclusion operators between the above spaces are
continuous (Proposition 5.3.5).

We begin with the following special case where the inclusion operator behaves very
nicely:

Proposition 5.3.2. For every k € Ny the vector space BCk+1’O(Q, 7)) is a vector subspace
of BCk’l(Q, Z) and the inclusion map is an isometric embedding.
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5 Examples of ascending unions of Banach Lie groups

Proof. Since for (k,s) # (0,0) the norm ||| ,) is the sum of the |||, ;-norm and the
P(k,s)(+)-seminorm, it suffices to show that for every v € BC*19Q, Z) we have v €

BCHYQ, Z) and
P(k,1)(7) = p(k+1,0)(7)-

It suffices to show this for £ = 0. The rest follows immediately by induction on k. Let
v € BCYQ, Z) be given. By definition of the Hélder spaces, this means v is continuously
differentiable with bounded Fréchet derivative. Now, we estimate

1
\wu»—v@mzzH[;M@w+u—¢wﬂw—wﬂ

<[l = wllx
=Pa,0) (V) Iz =yl x

Z

This shows that v € BC%(Q, Z) and

Po,1)(7) < p1,0)(7)-

But conversely: Let 29 € Q,v € X with |[v]|, =1 and ¢t € R* (small enough) be given.
Then we can estimate:

1

|30 + 1) = 2(0)

:ﬁﬂww+m»—wmwz

Z
1
< 0 P, (V) [z +tv) — x|,
ZP(0,1)(7)-

Now, as t tends to zero, the left hand side converges to v/(z).v. Since v was arbitrary
with norm 1, this yields ||7'(x)l|,, < p(o,1)(7) and since z was arbitrary, we finally obtain:

P1,0)(7) < po,1)(7)-
Therefore the seminorms are equal and this finishes the proof. O

Proposition 5.3.3. Let k € Ng and let 0 < s1 < sy < 1. Then the vector space
BC**(Q, Z) is a vector subspace of BC**Y(Q, Z) and we have for all v € BC**(Q, Z):

P(0,51)(7) < (diam§)*>* - p(g 5,y (7)-

The inclusion map is continuous with operator norm at most max{1, (diam€2)**~°*}.

Proof. First consider the case k = 0. Let v € BC"*(, Z) be given. Then

@) =vWllz _ @) =Wz . s
5o = 5 lle—yll¥
lz —yll} |z — yll¥

< p(O,Sz)(’V) : (diamQ)Szfsl ‘
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5.3 Lie groups associated to Hélder continuous functions

This shows BC%*(Q, Z) C BC%*(Q, Z) and

P0,s1) (") < (diam€Q)** 7" - p(g ) ()

This inequality can be generalized for arbitrary k£ € Ny with a simple induction argument.
So, we get:

BC™*(Q, Z) C BC™*Y(2, Z) and pg s, () < (diam®)™ " - pig 5, ().

The corresponding inequality for ||| ,,y and [|-[| s,y follows immediately. O
Lemma 5.3.4. Let (k,s) € Nox]0,1] and zp € Q be fized.
(a) The linear operator
BCH(9,2) — (Symh (X,2), |1
v ") (o)
18 continuous.

(b) The linear operator

BC*4Q,7) — BC*Q, Z)
Yoy
18 continuous.
The operator norms of these operators may be bounded by constants depending on k, )
and xg, but not on Z or s.
Proof. For k =0 both (a) and (b) are trivial. So, we may assume k > 1.

Before we show (a), we show how (b) follows from (a):

M0y = Lo + P9y ()
< Ml + @]
oo

= [l + sp [
€N op

Sl

o)

< V)loo +sup Hv(’“)(w) — ) () o

< Voo + P05 (") - (diam)?

o kAl
op

< [llo + (diam) - piey (1) + 1O 0|

The first two summands are obviously continuous with respect to [|-; ;) and the conti-
nuity of the third summand follows from part (a).

87



5 Examples of ascending unions of Banach Lie groups

Now we prove (a): Since 2 is open, there is an ¢ €]0,1] such that BX (z9) € Q. Let
v € X be a vector with ||v]|y < 1. Since v € BC*($, Z), it is in particular FC* and
therefore we can use Taylor’s formula (Proposition 1.1.11 (b) ) and obtain:

Y(xg +egv) =T, 07(501)) + Ry(gov) (%)
with
@) (2 ’
5Y £v) Z g 0) ) 20
i<k

and

11 _ pyk—1
Ry(eov) = /0 % <’y(k) (zo + tegu) — W) (x0)> (v,...,v)ek dt.

First, we look at the remainder part Ry(ggv):

P A e R R
Z

<[ & Hw (@0 + teov) =7 Fao) | [l < at

1
1 S
< [ e ) el < a
§+s ek
< (=] 1Y sy < 1) 171l 1, ) -
———

=:C1

Now, we estimate the norm of the Taylor-polynomial:

()
Thy(eov)|| , = (o +eov) — Ry(eov)ll
< l(@o +2ov)llz + | R(eov)l
< llos +C1 Ik,
——
SV, s)
< G Il

Since v € Bi¥ (0) was arbitrary, this shows that the sup norm of the Taylor polynomial
on the closed unit ball is bounded by a constant times |[v[| 5. By Proposition 1.1.10
the norm of every homogeneous part is bounded above by the norm of the polynomial:

() el
Y9 (20)(+)e
% < Cs {7l 1, s -

op
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5.3 Lie groups associated to Hélder continuous functions

As we saw in the proof of Proposition 1.1.10, this constant does only depend on j and

k.

In particular, we have for the case j = k:
e, < il
which is what we had to show. O
Proposition 5.3.5. Let (k,s),(¢,t) € Ny x [0,1] be given. Assume k+ s < {+t. Then
BC*(Q, Z) € BC*(Q, Z)

and the inclusion map is a continuous operator whose norm can be bounded above by a
constant depending only on £, X and €.

Proof. This is a immediate consequence of Proposition 5.3.2, Proposition 5.3.3 and
Lemma 5.3.4 (b). O

5.3.3 Completeness of the Holder Spaces

Lemma 5.3.6. Let s € [0,1] and k € Ny be given. Then the map

k: BCKIYQ,Z) — BC(Q,Z) x BC*(Q, L (X, Z))
v o ()

s a topological embedding.

Proof. For this proof we endow the product space
BC(Q, Z) x BC*(Q, L (X, Z))

with the norm [|(v,n)[| == [[7lle + I7ll(,5)- The map £ is clearly linear and injective.
We show the continuity of x with the following estimate:

£ = 17llo + HW'H(M) = Mllos + Pe,sy (V) + [|7]] o
< g1, + 1,09 -

By Proposition 5.3.5, [|-[|; ) is continuous with respect to ||-[|(; ) This implies the
continuity of .

On the other hand, [1lls1.5) = 1l + Py () < Ilee + 17l gy = I3 Henee,
K is a topological embedding. O

Proposition 5.3.7. Let s € [0,1] and k € Ny be given. Then the normed space
<BC’k’s(Q, Z) 5 Nl S)) is complete, hence a Banach space.
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5 Examples of ascending unions of Banach Lie groups

Proof. For (k,s) = (0,0), this is well known. Now, let k¥ = 0 and s €]0, 1].
For every v € BC(Q2, Z), define

@) =)

Ry:Uq — Z: (z,y) — .
[z = yllx

Here, Ug := {(z,y) € Q x Q: x # y} denotes the complement of the diagonal in Q x €.
Now, it is clear that BCY%(Q, Z) := {y € BO(Q, Z) : Ry € BC(Uq, Z)} and that

L: BCY"(Q,Z) — BC(Q,Z) x BC(Uq, Z)
7 — (1, R)

is an isometric embedding. Therefore it remains to show that the image of ¢ is closed in
the product of the two Banach spaces BC(Q2, Z) x BC(Uq, Z).

Now, let (v,7n) be in the closure of the image of ¢. This implies that there is a sequence
(Y)nen in the space BC™(Q, Z) such that (yy,),,cy converges uniformly to v € BC(€, Z)
and that (Rvy),cy converges uniformly to n € BC(Uq, Z). In particular, we have point-
wise convergence, hence the following holds for all (z,y) € Ugq:

'Yn(x) - 'Yn(y)
n—oo ||z —yll%

But the right hand side converges pointwise to Aﬁ%@;ﬁ%) since (n),en converges to 7.

Therefore 7 = Ry and therefore the image of ¢ is closed and BC%%, Z) is a Banach
space.

Now, we show the assertion for (k+1, s), assuming by induction that it holds for (k, s) €
Ny x [0,1]. We use the topological embedding from Lemma 5.3.6:
k: BCF19(Q,Z) — BC(Q,Z) x BC™(Q, L (X, Z))
v o (1Y)

Again it suffices to show that the image of  is closed in the Banach space BC(Q), Z) x
BC*(Q, £ (X, Z)) which by the inductive hypothesis is a product of two Banach spaces.

Now, let (v,7n) be in the closure of the image of x. This implies that there is a se-
quence (7,),,cy in the space BC*T15Q, Z) such that (v,),,cy converges to v in BO(Q, Z)
and that (v;,),cy converges to n € BC*¥Q, L (X,Z)). We have to show that v €
BC*1L5Q, Z) and that 4/ = 1.

To this end, let zg € 2 and v € X be given. Since € is convex and open, we can write
the difference quotient of ~,, at point xg € € in direction v € X as:

1 1
n (Yn(xo + tv) — Y (x0)) = /0 7;1(330 + stv).vds
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5.3 Lie groups associated to Hélder continuous functions

if |¢| is small enough. Now, we take the pointwise limit as n — oo and obtain:
1 1
i (v(zo + tv) —y(x0)) = / n(zo + stv).vds
0
For the convergence of the integral, we use that ||, — ||, — 0

Letting now ¢ tend to 0, the integral on the right hand side converges to n(xg).v. So, we
have shown that the directional derivative of v at point zg in direction v exists and is
equal to n(zg).v. Since v € X was arbitrary, all directional derivatives exist and are of
the form

dy: Qx X — Z: (z,v) — n(x).v.
This map is continuous and therefore v is C'! the Michal-Bastiani sense. But since

¥'(x) = dy(z,-) = n(x)

and n: Q@ — L (X, Z) is continuous by hypothesis, we can apply Lemma 1.1.3 and obtain
that v is FC!. Since 4/ = n € BC*YQ, £ (X, Z)), this implies that v € BC*19%Q, Z)
which finishes the proof. O

5.3.4 Products of Hoélder Continuous Functions

Theorem 5.3.8 (Products of Hélder Continuous Functions). Let Zy, Zs, Z be Banach
spaces over K € {R,C}. We assume that diamQ < 1. Let ®: Z1 X Zy — Z be a contin-
uwous bilinear map. We define the pointwise product of two functions vy, € BC’”(Q, Z1)
and vy € BC*(S), Z5) as

vieve: Q— Z:x— () @y (x).
Then the product is again in BC’k’S(Q, Z) and we have the following formula:

71 @ v2llk,sy < Ck - l1ollop- 111l k5 72l 1)

Here, C, > 0 is a constant, depending only on k, but not on s or on e (which will
important later on).

Proof. By replacing the continuous bilinear map e by its multiple Wo, we may assume
op
that HoHop: 1.

The claim is trivial for (k,s) = (0,0). The case Kk = 0 and s €]0, 1] is done in the
following way:

71 ®v2(2) =71 0 %2(y)llz <l (z) @ 12(2) — 1 (z) @ 2(y)l 4
+ [|71(z) @ 2(y) — 11 (y) @ 2(y)ll
<@z Iv2@) = 2w,
(z

+ (@) =@z 2@z
< (Ml Po,5)(72) + P(0,5) (1) 12l o0) 12 =yl -
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Therefore we have

P0,5) (711 ®72) < 710 P(0,5) (72) + P(0,5)(11) 172150
Now we add the inequality ||v1 ® 72|l < [[71ls [[72]loo @and the previous one:
71 @ 72ll(0,5) < 71 lloe P(0,5) (72) + P(0,5) (71) 172l + 1711l 172l o6

= [171llee P(0,5)(72) + 711l 0,5 172100
< lmllo,s) 12ll0,5) + 171l 0,5) 172l 0,6) -

This proves the claim for £ = 0 and s € [0, 1] for the constant Cp := 2.
Now assume the claim holds for k. We will show it for k + 1.
By Proposition 5.3.5, we know that the inclusion maps
BCHL(Q, Z) — BCH(Q, Z)
and
BCkL(Q, Z) — BCYQ, Z)

are continuous and that their operator norms can be bounded by constants Dy and Fj
respectively, depending only on k£, X and ().

Now, let v, € BC*1%Q, Z;) and 7o € BC*19(Q, Z5) be given. By definition, this
means that v, and v, are FC L and

r}/i € BChS(QVC(X’ Zl)) and Wé € BChS(QVC(X’ ZQ))
Now we define the following bilinear operators:

*q1 @ Z1 X E(X,ZQ) %ﬁ(X,Z)
(2,T) — (x— ze(Tx))

and

w0 L(X,Z0) % Zo — L(X,2)
(T,z2) — (x— (Tz)ez).

It is easy to verify that ||*1|,,, [|*2[lo, < 1. Therefore, we can use the inductive hypothesis

and obtain that ;%17 and 7} %272 belong to BC*¥(Q, £ (X, Z)) and we have the following
estimates:

711 % .y < o Imll sy 72l sy

and

H% *2 72”(1?,3) < Cg H%H(k,s) HV?H(k,s)
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5.3 Lie groups associated to Hélder continuous functions

By the product rule for Fréchet derivatives, we know that

(71 072)" =71 %175 + 71 #2 72
And hence (v, @ y2)' € BC*¥(Q, £ (X, Z)) which implies v, ® v, € BC*15Q, 7).

It remains to show the norm estimate:

Prt1,5) (71 ©72) = P,y (11 ©72)") < Do) (71 %1 72) + D) (V1 %2 72)
< [l gy + 11 %2 72 1)

< Ce (Il 18l ey + 11 sy 12l )
= Ck [ lx.s) 172l + Ck 711l k) Pk,s) (1)
+Cj, H’YiHOO H’YQH(k,s) + Ckp(k,s)(%) H’YZH(k,s)
< Cy H%H(k,s) H’YZH(LO) + Cr H’YlH(k,s) ”’Y2H(k+1,s)
+ Cr [l 1,0y 172l k,5) T Ck 71l 1,5 1720l )
< Cr DB 1l kg1, 172l k1,6) + CeDr 17l 41,6 1721l 51,59
+ CrEg H%H(HLS) Dy, H72H(k+1,s) + Ck ||71||(k+1,5) Dy, H72H(k+1,s)
= 20, D(Ek + 1) [0l o1, 102l 1,9 -
Chyri=

This finishes the proof. O

5.3.5 Directed Unions of Hélder Spaces

From now on, we will assume that diam{) < 1. By Proposition 5.3.3, this implies that
for a fixed k € Ny and 0 < s1 < s < 1 the inclusion map

BCk*:Q, Z) — BC**(Q, Z)

is continuous with operator norm at most 1. However, this is not really a big restric-
tion since for every bounded nonempty convex open (), the scalar multiple % has
diameter 1 and it is clear that the Banach spaces BCk’S(Q, Z) and BCk’s( dia?nﬂ’ Z) are
topologically isomorphic.

Proposition 5.3.9 (Logarithmic Convexity Property for k& = 0).
(a) Let 0 < s <u < 1. Assume vy € BC*YQ, Z) and let X €]0,1[. Then we have

POxs+(1-N)u) (v) < (p(o,s)(W)))\' (P(o,u) (7))1_A-

(b) Let 0 < s <u<1. Assume v € BCOQ, Z) and let X €]0,1[. Then we have

Woseras <2 (Mlos) - (Mow)
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Proof. (a) We may estimate:

@) =Wl @) =@y - @) = @)l

As+(1—=Nu s (1-Nu
lz =yl lz = ylI3 - e =yl §
A 1-X
(@) =Wz [ @) =@l
lz —yl% = yll%
Sp(O,s)('Y) Sp(o,u)(’Y)
This shows (a).
Now (b) readily follows:
17l o rs+1=2yw) = T lloe + POAs+@-2)w) (V)
_ A 1-)
< IV - VIS + (0. ()™ (Pow ()
< lIo.e) - 1oy + IV Tos) - I lGomy - O

Proposition 5.3.10. Let (k,so) € No x [0,1] be given. Then the direct limit space
BCH>(0,7):= |J BC*(Q,Z2)
t€]so,1]

is Hausdorff and compactly regular.

Proof. Since for every t > sg the inclusion map
BC*(Q, Z) — BCP*(Q, Z) : v +— v

is continuous, it follows from the direct limit property that the inclusion map from the
direct limit space into the Banach space

BCk>5(Q, Z) — BC**(Q, Z) : v ~
is also continuous. Since it is injective, we deduce that BC*>%(Q, Z) is Hausdorff.

We prove compact regularity using Proposition 1.2.4. Thus, it suffices to show that for
every u €]sp, 1] there is a t €]sg,u] such that every space BC*(Q, Z) with s €]sg,1]
BCHYQ,7) (0).

So, let u €]sg, 1] be given. We choose ¢ €]sg, u[ arbitrarily. Let s €]so,t[. Since t lies
between s and u, we can write t = As + (1 — A\)u. Now, we apply Proposition 5.3.9(a) to
~¥) and obtain for every v € B

Pon ™) < (po.9 (™))

induces the same topology on the set B := Bj

A 1-X

: <p(0,u)(’Y(k)) >

<1

This inequality shows that the identity map from BC BC*¥Q, Z) to BC BC*(Q, Z) is
continuous. Since the continuity of the inverse map is trivial, we have shown that the
topologies coincide. O
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5.3 Lie groups associated to Hélder continuous functions

5.3.6 Lie groups associated to Holder continuous functions

In the following, G is an analytic Banach-Lie group over K € {R,C} with Lie algebra g.

As before, 2 C X is an open bounded convex subset of a real Banach space X with
diamQ < 1. Let (k,s) € Ny x [0,1] be fixed. We may define a pointwise Lie bracket
on the function space BC’k’S(Q,g) and by Theorem 5.3.8, this bracket is continuous
with operator norm at most C%. Throughout this section, C will always denote these
constants introduced in Theorem 5.3.8. Note that they do not depend on the space g.

Now we can compose each v € B Ck’s(Q, g) with the exponential function and obtain the
following map:

EXp(k,s) : BChS(Qa g) - C(Q’ G)
Y +— expg 0.

Theorem 5.3.11 (Lie groups associated with Hoélder continuous functions (Banach
case)). Let (k,sg) € Ng x [0,1] and a Banach-Lie group G with Lie algebra g be given.
Then there exists a unique Banach-Lie group structure on the group

BC**(Q,G) = <{€XPG oy iy € BCk’SO(Q,g)}> < 0(9,6)
such that
EXp(lc,so) : Bck’sO(Qa g) — Bck’SO(Q, G) : vy — expg oy

becomes a local diffeomorphism around 0.

Proof. We start by choosing a compatible norm ||-||, on g with the additional property
that

1
Iz 9l = - =l 19llq

for all #,y € g. This means that ||[-,-]||,, < C%C Then the space BC**((, g) carries a
continuous Lie bracket of operator norm at most 1, due to Theorem 5.3.8:

[, -]: BCF*(Q,g) x BC**(Q, g) — BC**(Q, g)

turning it into a Banach-Lie algebra. The Lie algebra g becomes a closed Lie subalgebra
of B Ck’SO(Q, g) by identifying elements of g with constant functions.

By Lemma 1.3.12, we know that in in a Banach-Lie algebra with compatible norm, the
BCH -series converges on

Ug:={(z,y) € g xg:|z] + |lyll <log2}

and defines an analytic multiplication: *: Uy —— g. Since BC’k’SO(Q,g) is
a Banach-Lie algebra in its own right, we also have a BCH-multiplication
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there:  x: Upchsqa,g BC**(Q,g). The BCH-series is defined only in
terms of iterated Lie brackets. Since addition and Lie bracket of elements in
BC**(Q, g) correspond to the pointwise operations in g, the BCH-multiplication in
B C’k’SO(Q, g) corresponds to the pointwise BCH-multiplication of functions.

Since G is a Banach-Lie group, it is locally exponential, therefore there is a number e, > 0
such that expg |Bg 0) is injective. Since the BCH-multiplication on g is continuous, there

is a 6 > 0 such that B (0) x B (0) C Uy and Bf (0) « B (0) C BE, (0).

Let C(€2, G) be the (abstract) group of all continuous maps from €2 to G with pointwise
multiplication. Then we define the following map

EXp(k,so): BCk’SO(Q, g) — C(2,G) : v+ expgoy.

BCF5qQ,g) (0)

The restriction of Exp(y, 4, to Be, is injective since expg; |gs (0) s injective.

. BC**q($,g)
Now, all hypotheses for Corollary 1.3.16 are satisfied for U := By (0)

_ RpBCMIQ,g) . -
V := B¢, (0) and H := C(£2,G). Therefore, by Corollary 1.3.16, we get a unique

C%-Lie group structure on the group BO**(Q, G) = <Exp(k780)(BCk’50(Q, g))> such that

)

EXp(k750)‘U: U C Bck’so(Q7g) — <Exp(k‘,so)(U)>
is a Cg-diffeomorphism. O

Theorem 5.3.12 (Lie groups associated with Holder continuous functions ((LB)-case)).
Let (k,s) € Ng x [0,1] be given.

(a) There exists a unique Lie group structure on the group
BCH>%9,G) = ] BCH(Q,G)
t€]s,1]
such that
Expi 5s) = Urejs 1) EXP(r,s) : BO®7(Q9) — BCO®29Q,G)
Y = €Xpg ©Y

s a local diffeomorphism around 0.

(b) The Lie group BC*>%Q, Q) is strongly C°-regular-

Proof. (a) We wish to use Theorem 4.1.1. Let (t,),cy be a strictly decreasing cofinal
sequence in Js,1], e. g. t, := s+ (1 —s)- 1. For every n € N, set G, := BCR(Q,G).
The bonding maps jy: Gn — Gn41 are group homomorphisms. Since j,, 0 Exp, ;) =
Exp (i +,.,,)°tn With the continuous linear inclusion map i, : BCHt(Q, g) — BCkIn+1(Q, g),
we see that each j, is analytic with L(j,) = iy.
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5.4 Lie groups associated to ¢P-Spaces
Like in the proof of Theorem 5.3.11, we choose the norm on g such that

1
Iz vl = G- llzllg lyllg for =,y € g.

Note that this is possible because k € Ny is fixed and the C}, do not depend on s. This
implies that the Lie brackets on the Lie algebras BCk’t”(Q, g) and the bounded operators
in: BCk’t"(Q,g) — BCk’t”“(Q,g) have operator norm at most 1.

The locally convex direct limit is Hausdorff by Proposition 5.3.10, and the exponential

map Exp = U,gjs 1) Expr) is injective on the 0-neighborhood (Jye 1 Bicwﬂ’g) (0).

Hence, by Theorem 4.1.1, there is a unique complex analytic Lie group structure on G
such that Exp is a local diffeomorphism at 0. (b) By Proposition 5.3.10, the modelling
space is a compactly regular direct limit. So, we can apply Theorem 4.3.2 and obtain
the result. O

5.4 Lie groups associated to /’-Spaces

This construction follows the same idea as the one in Sections 5.2 and 5.3.

Let G be a Banach Lie group with Lie algebra g. We fix a compatible norm ||-||; on g.
For every p € [1,4+00[, we define on the Banach space

1/p

PNg) =3 f: N—g:[fll, = [ DI | <oo

JEN
the pointwise Lie bracket:

[f:91(n) := [f(n), g(n)lg-

In order to include the case p = oo, we set £*°(N, g) to be the Banach space of bounded
functions from Nto g, together with the ordinary sup-norm and the pointwise Lie bracket.

Lemma 5.4.1 (Inclusion operators). If 1 < p < ¢ < oo, we have
P(N,g) € (N, g)

and the inclusion operator
PN, g) — (N,g): f = f

has operator norm at most 1.
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5 Examples of ascending unions of Banach Lie groups

Proof. 1t is clear that | f(j)[|; < || f]l, for all j € N. Hence, ||f|,, < [[f[l, which proves
the case ¢ = .

For the case ¢ < 00, let f € (P(N, g) with | f|[, =1 be given.

IF1E =D _1F I

JEN
=D IFGIG- (G
<IIfll,
< A IAI P < 1. O

Lemma 5.4.2 (Generalized Holder inequality). Let p,q,r € [1,400[ such that %—l—% = %
Let f € (P(N,K) and g € t4(N,K). Then fg € {"(N,K) and

1791l < I1£1l, lglly -

Proof. This is just the usual Holder inequality applied to the functions |f|" and [g|". O

Lemma 5.4.3 (Interval lemma). Let 0 < s <t < u < oo. Let f € £*(N,K) N ¢*(N,K).
Then f € (*(N,K) and

ST < A1 1112
J

with

-1
and B :=(t—s) - , where =1
u—s u—s 00

o= S-

Proof. If u = oo this is easily verified. For u < oo, the proof becomes more technical:
Since a4+ 3 = t, we can write

FE=1F1 1 £1°.
If we set
s U
= — and ¢ := —
p o and q 3

one easily checks that 1/p 4+ 1/¢ = 1 and that we have

1710, = (71,0 and 1] = 10L)"-
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Thus, we calculate using the ordinary Holder inequality:
P
171l = (1117l

= 1117

< (s, HWHq)1

1

S (CIR(FIPRK
= 17 - Al O

1
t
1

Remark. More generally, the Lemmas 5.4.2 and 5.4.3 hold also for Banach spaces of the
type LP(£2,g) for a measure space 2. However, the next lemma is no longer true if one

replaces (P(N, g) by LP(Q,g).

Lemma 5.4.4. (’(N,g),[,]) is a Banach Lie algebra.

Proof. Tt is well-known that ¢P(N, g) is a Banach space. It remains to show that for
f,9 € £7(N,g), we have [f, g] € £7(N,g) and [[[f, glll,, < [If]l, lgll,-

1079, = | (W7 51l) | = | (07 gl
< [[ (1@l g,

< [1fllp N9l

nENHp

nGNHp.

by the generalized Holder inequality (Lemma 5.4.2). Since the inclusion maps ¢’(N, g) —
¢?’(N, g) : f — f have operator norm at most 1 (Lemma 5.4.1), the assertian follows. [

Proposition 5.4.5 (The space ¢<P). Let p €|1,00]. Then the locally convex direct limit

C<P(N,g) = | J (N, 9)

s<p

is a compactly reqular, Hausdorff and becomes a complete locally convex topological Lie
algebra with the pointwise Lie bracket.

Proof. By Lemma 5.4.1 each inclusion ¢*(N,g) — (P(N,g) : f — f is continuous.
Therefore, by the universal property of the locally direct limit, the inclusion operator

(<P(N,g) — P(N,g): f — f

is continuous linear and injective with values in a Banach space. Hence, the space

(<P(N, g) is Hausdorff.
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To show compact regularity, we use the criterion in Proposition 1.2.4. Henceforth, let
s <t <u<pbe given and set Q := B{ (0).

Let f € Q and apply Lemma 5.4.3:
£l < NN/t 11F12e.
N——

<1

This shows that ¢*(N, g) and £“(N, g) induce the same topology on €. Thus, Proposition
1.2.4 ensures that the direct limit is compactly regular and complete.

Now, Corollary 2.2 ensures the continuity of the Lie bracket on the locally convex direct
limit. This finishes the proof. O
We can use the same arguments as in Theorems 5.2.4 and 5.2.5 to obtain the following

two theorems:

Theorem 5.4.6 (Lie groups associated with ¢P-spaces (Banach case)). For p € [1, 0]
there exists a unique Banach Lie group structure on the group

(N, G) = ({expg of : f € (N, 9)}) < GV
such that

Exp,: (°(N,g) — #(N,G) : f — expgof
becomes a local diffeomorphism around 0.

Theorem 5.4.7 (Lie groups associated with ¢P-spaces ((LB)-case)). Let p €]1, cc].
(a) On the group
(P(N,G) := | J (N, G) = ({expgof : f € (N, g),s < p})
s<p
there is a unique Lie group structure turning
Exp := U Exp,: £<P(N,g) — (“P(N,G) : f € <P(N, g) — expgof
s<p

into a local diffeomorphism around O.

(b) This Lie group is strongly C°-regular.

Proof of Theorems 5.4.6 and 5.4.7. By Lemma 5.4.4, we know that each space ¢P(N, g)
is a Banach Lie algebra with respect to pointwise operations. Therefore, we can copy
the proof of Theorem 5.2.4 and obtain the Lie group structure on the (’(N, G). This
proves Theorem 5.4.6.
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In order to prove Theorem 5.4.7 (a), we fix a strictly increasing sequence (s,),cy With

sp — p and set G, := £**(N, G).

The inclusion j, maps between the corresponding Lie algebras are continuous linear
maps by Lemma 5.4.1. This implies that the bonding maps between the Lie Groups
Jn: Gn — Gpq1 are analytic, since j, o Exp,, = Exp,,, 1 o i,. The inclusion maps and
the Lie algebras have operator norm at most 1 by Lemma 5.4.4 and Lemma 5.4.1. The
locally convex direct limit £<P(N, g) is Hausdorff by Propostion 5.4.5. The exponential
map Exp = {J,, Exp, is injective on the neighborhood ., BL. (9 (0), where g5 > 0
is chosen such that ExpG\Bgo (0) is a diffeomorphism onto its image. Hence, by Theorem
4.1.1, there is a unique complex analytic Lie group structure on £<P(N, G) such that Exp
is a local diffeomorphism at 0.

(b) By Proposition 5.4.5, the modelling space is a compactly regular direct limit. So, we
can apply Theorem 4.3.2 and obtain the result. ]
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regular Lie group, 32
strongly C*, 32

regular local Lie group, 33
strongly C*, 33

smooth mapping, 11
symmetric k-linear map, 14
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Notation

BCE (Up, X) g

BC(I, 2)

Yl ks
BCkY(Q, 7)

BCF>59(Q, Z)
BCH*(Q, G)
BCH>%(Q,G)
BC% (V. Z)

B (a)

Cw
Cg
CR

s = 1)l
oy

dry
DiffGerm (K, X)
Doo(G)

Do (X)

Ds(G)

Dy (X)

(nn)neN
Evol(n)

evol(n)
/

(k)

FC*

bounded complex analytic functions on U, that van-
ish on the set K with bounded first Fréchet derivative
Banach space of bounded functions from [ to Z, en-
dowed with the |[|-|| ,-norm

(k, s)-Holder norm on BC*¥Q, Z)

Banach space of (k,s)-Holder continuous functions
from Q to Z

(LB)-space of Holder continuous functions
Banach-Lie group associated to BC**(Q, L(G))
(LB)-Lie group associated to BC*>%(Q, L(G))
Banach space of bounded FC*-functions from V to
Z with bounded Fréchet derivatives

open ball with radius r» around a in X

C*-mappings in the sense of Michal-Bastiani
complex analytic mappings
real analytic mappings

supremum norm of the Fréchet derivative

left logarithmic derivative of the curve ~

differential map

Lie group of germs of diffeomorphism around K
(LB)-Lie group associated with Dy (g)

(LB)-space of germs of X-valued Dirichlet series
Banach Lie group associated with Dg(g)

Banach space of X-valued Dirichlet series converging
absolutely on Hj

a useful sequence related to the BCH series
left evolution curve of the curve n
endpoint of the left evolution curve of 7

Fréchet derivative
kth Fréchet derivative of ~
Fréchet-C*-mappings

45

15

85
85

94
95
96
25

14

11
19
19

45
31
11
43
84
81
82
80

70
31
31

11
12
12
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Notation

(G,D,ma,1g,mc)
Germ(K, H)

Germ(K, b)

Germ(K, X) g

Ghy(C)

Holy, (Un, X)

S

= =l

S

L(G)
(N, g)
(N, g)
¢<P(N, g)
*(N,G)
(<P(N, G)
L(X,2)

P(k,s) (7)
(Polk (X

(Pow™ (

S ey n
(Sym! (X

C

UnZi En

V (61,02, ..

108

)

) l-llop)

—Z

) l-llop)

)5 l-llop)

local Lie group

Lie group of H-valued germs around K

Lie algebra of h-valued germs around K

(LB)-space of germs of analytic functions around the
compact set K

Lie group of germs of Cg-diffeomorphism of C"
around {0}

bounded complex analytic functions on U, that van-
ish on the set K

closed (right) half plane

open (right) half plane

Lie algebra of G

Banach space of bounded sequences in g

Banach space of p-the summable sequences in g
(LB)-space of all £5-functions with s < p

Banach Lie group associated with (P(N, g)

(LB)-Lie group associated with /<P(N, g)

Banach space of continuous linear maps from X to
Z, endowed with the operator norm

(k, s)-Holder seminorm on BC*9(Q, Z)

space of continuous polynomials from X to Y of de-
gree at most k together with the operator norm
space of continuous k-homogeneous polynomials from
X to Y together with the operator norm

formal Dirichlet series
space of k-linear symmetric continuous maps from
X% to Y together with the operator norm

locally convex direct limit of the ascending sequence

(E”)nEN

typical neighborhood in an (LB)-space

33
79
79
45

43

44

80
80

31
97
97
99
100
100
12

85

14

14

80
14

27

27



