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On the Four Terms in the Middle Theorem
for Almost Split Sequences

By

HENNING KRAUSE

Recently Ljy [2] has proved the following result, which generalizes remarkably the
¥ell-known Four Terms in the Middle Theorem of Bautista and Brenner [1].

Liws Theorem, Ler 4 be an artin algebra and let 0 - X — 11 Y, > Z — 0 be an almost

i=]
$plit sequence in the category of finitely generated A-modules such that all Y;'s are indecom-
Posable. Suppose that X has a projecti;re predecessor and Z has an injective successor in the
Auslander-Reiren quiver I'y of A. Then r £ 4 and r = 4 implies that one of the Ys is
Projecti Ve-injective and the others are neither projective nor injective.

We will show that Liu's proof can be translated into a purely combinatorial one. Before
e state our combinatorial result which implies the above-mentioned theorem, let us fix

Some terminology. _ _
Let 1 < (Lo, 1) be a quiver, that is, a locally finite oriented graph with set of vertices

foand set of arrows I . Suppose that I" contains neither loops nor multiple arrows. Given
4 Vertex x, denote by x " the set of vertices y such that there is an arrow x = y; the set
¥ consists of 4] vertices y such that there is an arrow y > x. A palr’(l‘ , T} IS cgllefi a
ranslation quiver, if ©: Ij — [, is an injective map for some subset Ij S I, satisfying
9" = - for all xe I};. It is convenient to put t°x = x for all xef;. The vertices in
Lo\ I are Called projective; those in I\ I, are called injective. Let 6:1; > INxNbea

Map and denote the values by é(a) = (4, ,, d, ) for eqch arrow ZIX Y. 'f.h;;jngi
(1, 9) is called a valued translation quiver, if the following conditions are satisii

0n-projective vertices x.

01 5, - s, . forall yex~.

(62 5u_y=5;,|xfor all yex™. : :
Finally, 5 map 7 : [, — N is called an additive length function for (I', 7, ), if the following
“onditions 4e satisfied for all vertices x.

“D 1@+ = 3 3, () if x is non-projectve

yex -
€2 x> X 0, . £(y), if x is projective.
yexX

U3 100> 8 00, if x is injective.
yex+
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The following is the main result of this note.

Theorem. Let (I, 1, 8) be a valued translation quiver and ¢ be an additive length function.
Let x be a vertex having a projective predecessor and an injective successor. Then

2 8%, < 4 and equality implies that x is non-injective and that x ' contains a projective
yext
vertex.

The following conscquence is the combinatorial version of Liu’s theorem.

Corollary. Let (I', 1, 8) be a valued translation quiver and { be an additive leriglth
Junction. Let x be a non-injective vertex such that x has a projective predecessor and ' %

- . - ’ . . N + L a
has an injective successor. Then ¥ 0%, £ 4 and equality implies that x™ contains

yext i
N . P . N N - . "1 e nor
projective-injective vertex y, with o, , = 1and x* \ {y,} contains neither a projectiv
an injective vertex.

Itis well-known that the Auslander-Reiten quiver of an artin-algebra together with the
usual length function satisfies all the assumptions of the preceeding result. Applying the
corollary in this situation one obtains Liu’s theorem. ) o of

The rest of this paper is devoted to proving our combinatorial result, using a series 0
six lemmas. We stress that all the assertions of the lemmas can be found in a representa-
tion theoretic formulation in Liu’s paper {2]. .

Recall that given a path y = x, > ... > x, > x, = x of length n = 1, the vertex y 1
called a predecessor of x and the vertex x is called a successor of y. If the path is sectlgnali
Letx; #x,,forallx,0<i<n—2, lying in I, then the vertex y is called a sectiond
predecessor of x and the vertex x is called a sectional successor of ¥y.

I
Lemma 1. Let x be a vertex such that 1"x is non-projective for all r = 0. Then al

N . : ) are
predecessors of x are non-projective if and only if all sectional predecessors of Tx
non-projective for all r 2 0.

. . C e i

Proof. Suppose there is a path x, ... - x, = x with projective Xn- Ch;)OSath
minimal such that y = T'x; is projective for some s = 0. We obtain a sectional P
y—=... =>7x for some r > s, by induction on i.

Lemma 2. Let x,—... 5>x, > x,=x he a sectional path of length nZ LIf
2 0,5 f(¥) — £(x) = £ (x), then X, is non-projective.
yeX

. sacti d
Prool. Clearly ¥ 4, ,¢(y)—7(x,) 2 ¢(x,) implies that x, is non-projective a
ol o it
{(txg)= ¥ 8, .£()) — ¢ (xg) = £ (x,). Henc, x, is non-projective. Since X ¥ X2
hat 5 . . i ne
follows that 3 8, . /(y) —£(x) 2 £axe) = £(x,). Proceeding by induction, ©

yexi
shows that x, is non-projective.

- Then
Lemma 3. Let x be a non-projective vertex satisfying ¢ (tx) 2 ¢ (y) for all yEX - T
all sectional predecessors of x are non-projective.
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Proof Letx —
tion £(zx) > £ p >+ .. =Xy =X —> X be a sectional path of length n = 1. By .
2 £(x;). Therefore ,EZ— 0, L —4x)=4(x)+ /(zx)- [(xyl)dSZSU/n(’l)S

Using Lemm: .
& Lemma 2 we conclude that x, is non-projective.

Lemma 4, 1. ,
Suppose thay 5,” ); aznd;fyy be n'ot 7f;:’cessarily distinct elements in x* for some vertex x
i A X,y = & =Y. en xX) =/ 'Y 1 i y g ’ ’
non-projective and /£ (1 x) 2 35, x/(zjf_“;(: QEV)/JIT/;))/) implics that y, y' and x are

zEX "~

Proof. Th S
and £(ry) 4 {?ras,;im;tmn £ (X? 2 £(y) + £(y)) implies that y and y are non-projective
bollows g’ (212 2060 ~ 13} = () 2 200, Since 5, =0, 22 il y =, it
~ty) is non-projective and f(tx)= 3. 8, .¢(z) — £l = 5 ,
Y= f(‘fy') zex "~ SR = Z» :'XZ(Z)
ZEX

Lemma 5
I<i<n be. iﬁtet yl,...,. Y .be non-profective vertices in x* for some vertex x. Let ¢;
o egers satisfying 1 < &; S 8, ,, for all i and ¥ &; = 4. Suppose thai either lv
on-injective wi - g :
with £ (x) 2 ¢ (t7 x), or £(x) 2 Tel (3 Then x and il its predecessors

are non-projetive, i
P roof -
et - By our assumptions, we have 2 #(x) = Y&/ (y,). Choosing integers &/, & Z 0
isfying ¢ — o 4 . d ST
/(X)i 8 & =g, +¢ for all i and 3¢ =2=3¢, we have £(x) =X el(y) or
= ;5" ¢(y;). Therefore x is non-projective by Lemma4. Let zex~ "and define

Vg 1 :
=&~ 1L il z =ty and y, = ¢ otherwise. Then

LX)z /@) + Inlly)—Lxzi@+ Tl tx) - Ly -z /)

Ther,

efore 1 i .

1s non- ?nY_Sectxonal predecessor of x is non-projective by Lemma 3. In particular. 1y;
Projective for all i and |

X)) 2 Y6l y) — £ 2 Dl ()~ )~ /(x) 2/
By induction, - l
ow &‘:CUOD, 7"x and all sectional predecessors of T x are non-projective for al r = 0.
¢ assertion follows from Lemma 1.
that ¢ither

Lemm

a . . . .

re vy 6. Let x be a vertex having an injective sectional successor. Suppose
.y >4, 0rr =4 and x* contains no projective vertex. Then all predecessors of x

yex+
are non-projective.
P To
of Let x = xq —... — X, be a sectional path of

The >
n70) 2 Z’ 3, ,£(y) — £(x,) by the dual of Lemma
4and x* < I}]. For any choice of integers

—~1fory=x;and 3 &, = 2, we have
yex*

length n = 1 with x, injective.
2 If r > 4, then the asserticn

follo yex
e y:s {r om Lemma 5. Therefore assume r =
»VEXT satisfying 0 < ¢, £ 4, ,forally, 5, = o,
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f(x) =2 ¥ ¢,(y) Therefore x is non-projective and £ (tx) 2 ¥ 8, ,£(z) — X &,/(ty)

ext zex ~ . yex*t
by Lemyma 4. We conclude that ¢ (z x) = 7 (z) for all ze x~. Thus all sectional predecessors
of x are non-projective by Lemma 3. In particular, x~ < I;. We have also Z+ Oy iy =
yex

Y dyx= X 6., =4, and so, since x has an injective successor, # (tx) = ¢ (x) by the
yex*t yex*t . .

dual of Lemma 5. Therefore tx and all predecessors of Tx are non-projective by Lem-
ma 5. This finishes the proof.

We are now ready to prove the main result.

Proof of the Thcorem. From the fact that x has an injective successor, we
obtainr = Osucheitherz = t"x has an injective sectional successor or z is injective. This
follows from the dual statement of Lemma 1. Choose » minimal and assume first that z
has an injective sectional successor. Then Y &, ,= ¥ &, ..., < 3 0., < 4 by Lem-

yex yez*

e . . -
ma 6. Moreover, equality implies that z* = 7" (x*) and z* contains a projective vertex.
But this is only possible for r = 0. Therefore x* contains a projective vertex an_(i hencg
x is non-injective. Now assume that z is injective. We have £ (z) 2 3 &, .-, ¢ {t”"y)an

yex*

2 0%y = X 0, .-, < 4follows from Lemma 5, since tTrxN eIy,

yex* yex+

Proofofthe Corollary. Combine the theorem and its dual with the following
well-known observation.

Lemma 7. Let x be a vertex such that x* contains a projective and an injective verlg
. Lo . S ns
Then x™ contains a projective-injective vertex vo with &, =1 and x* \{y,} contai
neither a projective nor an injective vertex.

Proof. Suppose y,ex* is projective. Then x is non-injective and we Obtalil
2 0l N+ Oy~ DE(yo)=£(t7 x) + £(x) — £(yy) < £ (t7'x). Therefore ¥

x*\{yo}
. T . .. C . i e
\ {¥o} contains no injective vertex and Yo is projective-injective by assumption. Mo

over, J, ,, — 1 = 0, since y, is injective. The dual argument shows that x* \ { yo} contain
no projective vertex.

The following example which was suggested by R. Betzler and R. Schmidrpcier illus-
trates the difference between Liu's theorem and the theorem presented in this note.

Example. Let k be a field and denote by A the k-algebra given by the following
quiver with relations:

x
1 l ﬂl
I 8,
5 &N 03 o BBy =8, =y By
Z3 * B

Denote by F, the indecomposable projective A-module corresponding to the vertex fand
let S; = Pfrad P, 1 £i < 4. There is an almost split sequence
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0—rad P, $, 115,115, P, - Pjsoc P, -0

he injective P
and an irreducible map P, — P;. The projective £y is a p ;edegttjlsogufinﬂjsoc FJ’ has no
is a sucessor of rad P, in the Auslander-Reiten quiver n(:the assumptwn “7 has an
injective successor. This example shows that in Liu’s theore successor” since the middle
injective successor” cannot be replaced by “.X has an 1nJCC[lVend However, the example
term S, LIS, 118, 11P, has no projective-injective s1:}rln ;nx?ote
satisfies the assumptions of the theorem presented in thi
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